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FOREWORD 

This repor t ,  prepared by the  Dynamics and Loads Section, Martin 
Marietta Corporation, Denver Division, under Contract NAS8-30761, 
presents  the r e s u l t s  of a study t h a t  developed a d i g i t a l  computer 
program f o r  dynamic a ~ l a i y s i s  of a f l e x i b l e  spacecraf t  wi th  ro- 
t a t i n g  components. The study was performed from Apr i l  1974 t o  
August 1975 and was administered by the  National Aeronautics and 
Space Administration, George C. Marshall Space F l igh t  Center, 
Huntsvi l le ,  Alabama, under the d i r ec t i on  of D r .  John Glaese. 

The repor t  is  published i n  th ree  volumes: 

Volume I - Analyt ical  Developments 
Volume I1 - Program Guide and Examples 
Volume I11 - Program Code 
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ABSTRACT 

This document d e t a i l s  a n a l y t i c a l  procedures and d i g i t a l  computer 
code f o r  t h e  dynamic ana1ys:s of a f l e x i b l e  s p a c e c r a f t  wi th  r o t a t i n g  
components. Two major s u b j e c t  a r e a s  a r e  considered: 

(1) nonl inear  response i n  t h e  time domain, and 
(2)  l i n e a r  response i n  t h e  frequency domain. 

The s p a c e c r a f t  is assumed t o  c o n s i s t  of an  assembly of connectcl  
r i g i d  o r  f l e x i b l e  subassemblies.  The t o t a l  system is no t  r e s t r i c t e d  
t o  a topc log ica l  connection arrangement and may b e  a c t i n g  under t h e  
in f luence  of pass ive  o r  a c t i v e  c o n t r o l  systems and e x t e r n a l  environments. 

The a n a l y t i c s  and assoc ia ted  d i g i t a l  code provide t h e  use r  wi th  t h e  
c s p a b i l i t y  t o  e s t a b l i s h  s p a c e c r a f t  system nonl inear  t o t a l  response 
f o r  s p e c i f i e d  i n i t i a l  cond i t ions ,  l i n e a r  pe r tu rba t ion  response about 
a ca lcu la ted  o r  s p e c i f i e d  nominal motion, genera l  frequency response 
and g raph ica l  d i s p l a y ,  and s p a c e c r a f t  system s t a b i l i t y  a n a l y s i s .  

The document is presented i n  t h r e e  volumes. 



PRINCIPAL NOMENCLATURE 

kinema t i c  c o e f f i c i e n t  (matrix) 

damping 

u n i t  vec to r  

f o r c e  (vector)  

modal displacement amplitude 

angu la r  momentum of s i n g l e  body (vector)  

u n i t  v e c t o r s ,  body re fe rence  t r i a d  

s t i f f n e s s  

r o o t  ga in  

Bode ga in  

l i n e a r  momentum of s i n g l e  body (vector  

u n i t  v e c t o r s ,  sensor  po in t  t r i a d  

body re fe rence  po in t  
mass 
no. of cond i t ions  of k inemat ic  c o n s t r a i n t  

body re fe rence  po in t  
no. of genera l ized c o o r d i n a t e s  

hinge po in t  
o rd ina ry  momznta component 

hinge p o i n t  
genera l i z e d  cocrdina  t e  

sensor  point  
Laplace v a r i a b l e  

t i m e  

t r a n s l a t i o n a l  v e l o c i t y ,  body r e f e ~ e n c e  t r i a d  



v e l o c i t y  (vector)  

a u x i l i a r y  v a r i a b l e  

di3placement,  body re fe rence  t r i a d  

s t a t e  v a r i a b l e  

system c h a r a c t e r i s t i c  matr fx  

t r a n s f e r  func t ion  c h a r a c t e r i s t i c  ma t r ix  

kinema t i c  t r a n s f  orma t i o n  (matrix) 

equ iva len t  v i scous  damping 
c o s i n e  (Ce = cos  8) 

Rayleigh c l i s s ipa t ion  f u n c t i c n  

f o r c e  (vector)  

o rd ina ry  fo rce  

p l a n t  t r a n s f e r  func t ion  

angu la r  momentum (vector)  

c o n t r o l l e r  t r a n s f e r  f u n c t i o n  

u n i t  v e c t o r s ,  i n e r t i a  1 r e f e r e n c e  t r i a d  

i n e r t i a  (matrix) 

l i n e a r  momentum (vector)  

no. of e l a s t i c  modes 

no. of system bodies 

no. of system hinges 

no. of system momentum wheels 

no. of system p o s i t i o n  c o o r d i n a t e s  



no. of s y s  tem a u x i l i a r y  d i f f e r e n t i a l  equa t ions  

c h a r a c t e r i s t i c  polynomials 

genera l i zed  f o r c e  

coord ica te  r o t a t i o n  transforma t i o n  

ex te rna  1 p l a n t  inpu t  

c o n t r o l  system no i se  inpu t  

s t a t i c  mass moment (matrix) 
s i n e  (S = s i n  8) 
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mode s e l e c t i o n  t r a n s f  orrna t i o n  (matrix) 

s y s  tem kine  t i c  energy 

torque (vector)  

t r a n s f e r  f u n c t i o n  

abso lu te  v e l o c i t y  

sys  tem p o t e n t i a l  energy 

work 

displacement,  i n e r t i a l  r e fe rence  t r i a d  

sansor  s i g n a l  inpu t  

prescr ibed displacement 

p o s i t i o n  coord ina te  

d i r e c t i o n  cos ine  

a d d i t i o n a l  ( con t ro l )  v a r i a b l e  

system damping 

e l a s t i c  displacement 



a t  t i  tude Euler angle 

Lagrange mul t ip l i er  

e l a s  t i c  displacement coordinate 

p o s i t i o n  (vector) 

mass dens i ty  
modal rota t i o n  amplitude 

sys  tem time constant 

ro ta t iona l  v e l o c i t y ,  body reference tr iad  

s y s  tern resonant frequency 



I. INTRODUCTION ----------.-------.------------------------------------------..-- 

Accurate a n a l y s i s  of the  dyt.amics and c o n t r o l  of planned f u t u r e  
s p a c e c r a f t  is  e s s e n t i a l  t o  the  assvrance oJ  adequate des ign and 
performance, I n  a d d i t i o n ,  accura te  math modeling can reduce 
the  amount of p r e f l i g h t  t e s t i n g  r?quired by po in t ing  o u t  d e f i -  
c i e n t  a r e a s  and by a c c u r a t e l y  s imula t ing  r e s u l t s .  E s s e n t i a l  t o  
accura te  modeling of a  s p a c e c r a f t  i s  the  f l e x i b i l i t y  of the  ve- 
h i c l e .  Also e s s e n t i a l  i s  the  a c c u r a t e  modeling of subsystems 
whose motions can in t roduce  sLgni f i can t  d i s tu rbances  i n t o  the  
v e h i c l e  (e.g. ,  CMG's) . These subsystems may be capable  of l a r g e  
r e l a t i v e  motions making convent ional  approaches inadequate .  
Thus, a  d i f f e r e n t  approach i s  requ i red .  Techniques developed 
us ing the quasi -coordinate  approach appear a b l e  t o  t r e a t  t h i s  
problem. 

The s t a t e - o f - t h e - a r t  dynamic response a n a l y s i s  of a  system of 
connected bodies is c u r r e n t l y  r e s t r i c t e d  t o  topo log ica l  systems 
of connected r i g i d  bodies wi th  (poss ibly)  f l e x i b l e  t e rmina l  bod- 
i e s .  Beceuse of the  complex o r b i t i n g  c o n f i g u r a t i o n  and mechan- 
i c a l  sys  terns proposed f o r  f u t u r e  space programs, the  l i rn i ta  t i o n s  
of the  c u r r e n t  technology a r e  s e v e r e l y  r e s t r i c t i v e .  I n  t h i s  
document we p resen t  a  more compreherrsive formula t i o n  t h a t  has  
the  c a p a b i l i t y  t o  cons ide r  any body of the  t o t a l  system a s  f l ex -  
i b l e  and t h a t  i s  not  r e s t r i c t e d  t o  a s p e c i f i c  connect ion arrange-  
ment. 

i 

i A. BACKGROUND 

Severa 1 i n v e s t i g a t o r s  have examined dynamic response of r i g i d  
and e l a s t i c  s p a c e c r a f t  . These s t u d i e s  can be broadly  grouped 
i n t o  th ree  c a t e g o r i e s .  The f i r s t  concerns r i g i d  s p a c e c r a f t  
wi th  f l e x i b l e  appendages; the  second concerns s e v e r a l  r i g i d  
bodies connected by r i g i d  and f l e x i b l e  members and the  t h i r d  
involves  study of the response of f l e x i b l e  s p a c e c r a f t  sub jec ted  
t o  e x t e r n a l  d i s tu rbances  caused by a  maneuver (e.g.,  docking). 

1. - Rigid S p a ~ e c r a f  t wi th  F l e x i b l e  Appendaaes 

The equa t ions  of motion f o r  the f i r s t  c l a s s  of v e h i c l e s  have 



been d e r i v e d  f o r  t h e  most g e n e r ~ l  s i t u a t i o n s  by L i k i n s  (Refer-  
ence  1-1). These e q u a t i o n s  a r e  a p p l i c a b l e  t o  d u a l - s p i n  and 
i n e r t i a l l y  s t a b l e  space  v e h r c l e s ,  and a  Llow £0; s eve ra  1 types  
of  appendages such  a s  s o l a r  p a n e l s ,  a r t i c u l a t e d  a n t e n n a s ,  and 
f l e x i b l e  booms. L i k i n s  d e s c r i b e s  t h r e e  approaches  t o  e q u a t i o n  
development- -d iscre te  c o o r d i n a t e s ,  modal c o o r d i n a t e s ,  dnd hybr id  
c o o r d i n a t e s ,  which a r e  a  combinat ion  of t h e  f i r s t  two. 

T h i s  hybr id  c o o r d i n a t e  method i s  g e n e r a l  and i n c l u d e s  t h e  op- 
t i o n s  f o r  v a r i o u s  p o s s i b l e  c ~ n f  i g u r a t i o n s  of s m a l l ,  compact 
s p a c e c r a f t .  It combines t h e  computa t iona l  advantages  of modal 
a n a l y s i s  and t h e  g e n e r a l i t y  of t he  d i s c r e t e  c o o r d i n a t e  approach.  
A g e n e r a l  system of e q u a t i o n s  i s  w r i t t e n  f o r  t he  f l e x i b l e  appen- 
dages  i n  terms of d i s c r e t e  c o o r d i n a t e s  u s i n g  Newton-Euler equa- 
t i o n s .  T h i s  l a r g e  sys tem of z q u a t i o n s  i s  coupled t o  t:le s i x  
r ig id-body v e h i c l e  e q u a t i o n s  f o r  t h e  a t t i t u d e  and t r a n s l a t i o n  
deg rees  of freedom. Although the  v e h i c l e  e q u a t i o n s  a r e  coupled  
t o  t h e  f l e x i b l e  member d isp lacement  c o o r d i n a t e s ,  t h e  hybr id  ap- 
proach seeks  t r a n s f o r m a t i ~ n s  t h a t  uncouple a t  l e a s t  t h e  appen- 
dage deformat ion  e q u a t i o n s .  For  p a r t i c u l a r  assumpt ions  and 
c o n d i t i o n s ,  t h e  appenddge e q u a t i o n s  c a n  be t r sn r fo rmed  t o  a  s e t  
of  uncoupled c o o r d i n a r e s  and t h e  h ighe r  f requency modes tunca t e d  
under t h e  assumption t h a t  t hey  a r e  l i g h t l y  coupled t o  t h e  vehi -  
c l e  e q u a t i o n s  and do a o t  a f f e c t  t h e  v e h i c l e  response .  Although 
t h e  appendage e q u a t i o n s  a r e  g e n e r a l ,  t hey  have seve ra  1 l i m i  t a -  
t i o n s .  I n  p a r t i c u l a r ,  they  assume t h a t  e a c h  f l e x i b l e  s i>pendage 
must be a t t a c h e d  t o  a  r i g i d  body. F u r t h e r ,  t he  appendage de- 
format ions  a r e  assumed t o  be s m a l l .  Although t h e s e  r e s t r i c t i o n s  
cou ld  be removed, t he  method r e s u l t s  i n  a  ve ry  complex s e t  o f  
e q u a ~ i o n s ,  A more u n i f i e d  and s i m p l i f y i n g  p r i n c i p l e  i s  needed. 

Reference 1-2 p r e s e n t s  cxsmples t o  demonst ra te  t he  u t i l i t y  of  
t h i s  method i n  the  des ign  of an  a t t i t u d e  c o n t r o l  system when 
p o t e n t i a l l y  d e s t a b i l i z i n g  i n f l u e n c e s  caused  by v e h i c l e  f l e x i -  

1-1 P. W. L i k i n s :  Dynamics and Con t ro l  of  F l e x i b l e  Space Ve= 
h i c l e s .  NASA Techn ica l  Report  32- 1329, Rev. 1, 1 5  Janua ry  
1970. 

1-2 P.  W. L i k i n s  and G. E.  F l e i s c h e r :  R e s u l t s  of F l e x i h l e  
S p a c e c r a f t  A t t i t u d e  Con t ro l  S t u d i e s  U t i l i z i n g  Hybrid Co- 
o r d i n a t e s .  AIAA Paper 7C-20, p re sen ted  a t  AIAA Eigh th  
Aerospace Sc iences  Meeting,  New York, J anua ry  1970. 



b i l i t y  a r e  present.  Reference 1-3 appl ies  the method t o  a dual- 
sp in  spacecraf t  with s o l a r  panels and a damped l i n e a r  o o c i l l a t o r  
t h a t  simulates a nu ta t ion  damper. 

2. Flexibly Connected Rigid Bodieg 

Studies of r i g i d  models of spacecraf t  have shown t h a t  the s ta -  
b i l i t y  of a spinning body depends i n  a complex way on sp in  r a t e ,  
o r b i t  e ccen t r i c i t y ,  and i n e r t i a l  p roper t ies  Chferences 1-4 and 
1-5). These s tud i e s  were extended i n  References 1-6 through 1-8 
t o  consider the e f f e c t s  of appl ied dis turbances on the motion of 
a ro t a t i ng  space s t a t i on .  

The nature of gravi ty-gradient  e x c i t a t i o n  on a deformable cable- 
counter-weight space s t a t i o n  i n  planar motion was s tudied by 

1-3 A. H. Gsie and P. W. Likins:  "Influence of F lex ib le  Ap- 
pendages on Dual-Spin Spacecraft  Dynamics and Control". 
J. Sgacecraf t and Rockets, Vol. 7,  No. 9, September 1870, 
pp . 1049- 1056. 

1 -  T. Kane and D. Shippy: "Atti tude S t a b i l i t y  of a Spinning 
Unsymnetrical S a t e l l i t e  i n  a Ci rcu la r  o rb i t " .  Journal  of 
the Astronaut ical  Sciences, Vol. 10, No. 4, Winter 1963, 
pp. 114-119. 

1-5 T. Kal aild P. Barba: "Atti tude S t a b i l i t y  of a Spinning 
S a t e l l i t e  i n  an E l l i p t i c  o rb i t " .  Transactions of ASME, 
J. Applied Mechanics, June 1966, pp. 402-405. 

1-6 P. Kurzhals and C. Keckler: Spin Dynamics of Manned 
Space S ta t ions .  NASA, Washington, D.C., December 1963. 

1-7 P. Kurzhals: An Approximate Solution of the Equations of 
Notion f o r  Arbi t rary Rotating Spacecraft .  NASA TR R-269. 
NASA, Washingt->n, D.C., October 1967. 

1-8 C. Howard and R. Philippus: Spinup Dynamics of Rigid 
Bodies. M-68- 16. Martin Marietta Corporation, Denver, 
Colorado, Apri l  1968. 



Chobotov (References 1-9 and 1-10} . These s t u d i e s  ind ica ted  the  
p o s s i b i l i t i e s  of i n s t a b i l i t y  through parametric e x c i t a t i o n  by 
per iod ic  g rav i ty -grad ien t  f o r c e s ,  and brought ou t  the  s i g n i f i -  
cance of s p i n  r a t e  and frequency of the  n a t u r a l  v i b r a t i o n s  of 
the  c a b l e  and of damping. 

Other au thors  have represented the  connection between the  end 
masses with  beams. Liu (Reference I- 11) employed f r e e - f r e e  
modes f o r  a  rod and formulated cab le  and motion equat ions  us ing 
I1 f i c t i t i o u s "  end masses t o  account f o r  end mass r o t a t i o n  and 
connections n o t  a t  the mass c e n t e r s  of the  end masses. hrilner 
(Reference 1-12) analyzed t h e  f r e e  v i b r a t i o n  of a  r o t a t i n g  beam- 
connected space s t a t i o n  wi th  a  model represen t ing  the  genera 1 
three-dimensional motion of the  system. 

The planar  analyses  r e f e r r e d  t o  above ind ica ted  t h a t  i n  "prac- 
t i c a l l ' a r t i f  i c i a  1 g r a v i t y  des igns  wi th  inheren t  damping, the 
pe r iod ic  g rav i  ty-gradient  e x c i t a t i o n  is  n o t  l i k e l y  t o  produce 
i n s t a b i l i t y .  However, a  s i n g l e  c a b l e  system lacks  t o r s i o n a l  
s t i £  f n e s s  and t h i s  in t roduces  d i f f i c u l t y .  Pengelley (Reference 

1-9  V. C1-zibotov: " ~ r a v i t y - G r a d i e n t  E x c i t a t i o n  of a  Rotating 
Cable-Counterweight Space S t a t i o n  i n  Orbit". J . Applied 
Mechanics, December 1963, pp. 547-554. 

1-10 V. Chobotov: " ~ r a v i t a t i o n a l  E x c i t a t i o n  of An Extensible  
Dumbbell s a t e l l i t e " .  J. Spacecraf t .  Vol. 4 ,  No. 10, 
October 1967, pp. 1285-1300. 

1-11 F. Liu: On Dynanlics of Two Cable-Connected Space Sta- 
t ions .  NASA TM X53650. NASA - George C.  Marshal l  Space 
F l i g h t  Center,  Huntsv i l l e ,  Alabama, August 28, 1967. 

I- 12 J . P!ilner : Free Vibrat ion of a Rotat ing Beam-Connec ted 
Space S t a t i o n .  NASA TN I).-4753. NASA, Washington, D.C., 
September 1968, 



1-13 and 1-14) d i scusses  the  dynamic s t a b i l i t y  of a cable- 
connected spinning space s t a t i o n  wi th  p a r t i c u l a r  a t t e n t i o n  t o  
('I) the  quest ion of s t a b i l i t y  wi th  end masses t h a t  a r e  f i n i t e  
r i g i d  bodies (po in t s  of connection not  a t  c e n t e r s  of nass ) ,  
(2) the  requirements f o r  "body-cable-body" s t a b i l i t y .  and (3) 
ob ta in ing  t o r s i o n a l  s t i f f n e s s  through mul t ip le  c a b l e s  and choice  
of i n e r t i a  con£ i g u r a t i o n .  

3. Dockina Impact Studies  

The t h i r d  s tudy category involves docking s imulat ion of two 
f l e x i b l e  space v e h i c l e s  (Reference 1-15). The equat ions  of 
no t ion  and the  a u x i l i a r y  d i f f e r e n t i a l  equat ions  t h a t  charac- 
t e r i z e  the  docking maneuver were c a s t  a s  a s e t  of simultaneous 
f i r s t - o r d e r  d i f f e r e n t i a l  equat ions  and the  implementation of 
the  numerical s o l u t i o n  evolved around the s t a t e  vec to r  concept. 
By numerically eva lua t ing  the  e t a  t e  v e c t o r  time d e r i v a t i v e ,  the  
inpu t  t o  a numerical i n t e g r a t i o n  a lgor i thm was obtained t h a t  
would y i e l d ,  i n  a stcpwise fash ion ,  the  time h i s t o r i e s  of the  
s t a t e  vec to r  time d e r i v a t i v e ,  the s t a t e  vec to r ,  and n ther  
a u x i l i a r y  v a r i a b l e s .  

It i s  noteworthy t h a t  tne  a n a l y t i c a  1 techpiques developed dur ing 
t h i s  s tudy a r e  genera l  i n  na tu re .  Although they were used f o r  
the  s o l u t i o n  of a s p e c i f i c  problem, namely s imulat ion of the  
dock!ng of two e l a b t i c  bodies ,  they a r e  no t  r e s t r i c t e d  t o  t h i s  
problem. I n  f a c t ,  these  techniques a r e  r e a d i l y  adaptable  t o  

1-13 C.  Pengelley: Preliminary Survey of Dynamic S t a b i l i t y  of 
14 a  Tasse l  concept" Space S ta t ion .  RL 40554. AIAA S p p o -  

sium on S t r u c t u r a l  Dynamics and A e r o e l d s t i c i t y ,  Boston, 
Massachusetts ,  August 30 - September 1, 1965, pp. 269- 
283. 

I- 14 C . Pengelley : "Preliminary Survey of Dynamic S t a b i l i t y  
of a Cable-Connec ted Spinning Space S ta t ion .  J. Space- 
c r a f t ,  Vol. 3, No. 10, October 1966, pp. 145691462, 

1-15 C. S. Bodley and A. Colton Park: Response of F l e x i b l e  
Space Vehicles t o  Docking Impact. Martin Mar ie t t a  Cormr-  
a t i o n ,  Denver, Colorado, March 1970. 



any problem concerning the  i n t e r a c t i o n  of sys  tens of conrota t i n g ,  
f l e x i b l e  bodies (Reference I- 16 j .  

S a t e l l i t e  S t a b i l i t y  Studies  

Meirovitch and Cal ico (Reference 1-17) presented a comparative 
study of s t a b i l i t y  metho2s f o r  f l e x i b l e  s a t e l l i t e s .  The au thors  
consider  chree approaches t o  the  s t a b i l i t y  of hybrid dynamical 
systems. Two of the  approaches, namely the  method of t e s t i n g  
dens i ty  func t ions  and the  method of i n t e g r a l  cocrd ina tes ,  lead 
t o  closed-form s t a b i l i t y  c r i t e r i a  i n  terms of c e r t a i n  system 
charac te r iz ing  psrameters. The t h i r d  method, modal a n a l y s i s ,  
i s  shown t o  y i e l d  more involved s t a b i l i t y  c r i t e r l a  than the  
o ther  two. 

A s i m i l a r  development of the mction s t a b i l i t y  of fo rce - f ree  
spinning s a t e l l i t e s  wi th  f l e x i b l e  appendages is  presented by 
the  same au thors  i n  Reference 1-18. 

The equat ions  of motion f o r  a spinning s a t e l l i t e  c o n s i s t i n g  of 
a c e n t r a l  r i g i d  body and long f l e x i ~ l e  appendages, which a r e  
n o r i n a l l y  i n  t h e  s p i n  plane,  a r e  developed i n  Reference 1-19. 
The authors  preface  t h e i r  d e v e l o ? ~ n t  of t h e  s t a b i l i t y  invrs-  
t i g a t i o n  by in t roducing the  idea  t h a t ,  i n  the  presence of 
f l e x i b i l i t y ,  the  c l a s s i c a l  "major a x i s  theorem" is  a necessary ,  
but no t  a s u f f i c i e n t ,  condi t ion f o r  s t a b i l i t y .  A development 

1-16 C. S. Bodley and A. Colton Park: O r b i t a l  Docking Dynamics 
Martin Marie t ta  Corporation,  Denver, Colorado, May 1971. 
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Vol. 11, No. 1, January 1973. 
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of the motion equations and an appl ica t ion  of Liapunov's i n d i r e c t  
method con£ i r m  t h i s  s u s p i c i ~ n  . 

5. Effects  of Environment 

The r e l a t i v e l y  mild environment of space has been used t o  advan- 
tage i n  designing compact and lightweight s t ruc tures .  However, 
these s t ruc tu re s  a r e  usual ly  very f l e x i b l e  and an  i n t e r a c t i o n  
between s t r u c t u r a l  f l e x i b i l i t y  and a t t i t u d e  con t ro l  systems can 
r e s u l t .  Inf l i g h t  d i f f i c u l t i e s  (Reterence 1-20) have been most 
numerous on spacecraf t  with extendible  booms and the majori ty  
of the i n t z r ac t i ons  have been a t t r i b u t e d  t o  the s u s c e p t i b i l i t y  
of the booms t o  the s o l a r  environment, including s o l a r  heat ing,  
s o l a r  pressure and grav i ty  gradient .  

Problem a r i s i n g  from s o l a r  heat ing f a l l  i n t o  two categories:  
s t a t i c  def lec t ions  from the nominal shape and thermally induced 
v ibra t ions .  Both types of e f f e c t s  can 1e.-d t o  a t t i t u d e  e r r o r s ,  
cause despinning o r  induce i n s t a b i l i t i e s .  S t a t i c  de f l ec t i on  can 
cause a t t i t u d e  e r r o r s  when f l e x i b l e  booms a r e  used f o r  gravi ty-  
gradient  s t a b i l i z a t i o n .  

B. THE SPACECRAFT SYSTEM 

The spacecraf t  undergoing ana lys i s  is  general ly  described a s  a 
c l w  t e r  of contiguous, f l e x i b l e  s t r u c t u r e s  (bodies) t h a t  com- 
p r i s e  the t o t a l  mechanical system. The e n t i r e  system (space- 
c r a f t )  o r  port ions thereof may be spinning o r  nonspinning. 
Member bodies of the spacecraf t  a r e  capable of undergoing la rge  
r e l a t i v e  excursions such a s  those of appendage deployment, o r  
r o t o r / s t a t o r  motions. The general  system of bodies is ,  by i ts  
inherent  nature ,  a  feedback system wherein i n e r t i a l  fo rces  (such 
a s  thos: due t o  cen t r i fuga l  and Cor io l i s  accelerat ion)  and the 
r e s to r ing  acd damping forces  a r e  motion dependent. Also, the 
system may possess a  cont ro l  system, wh: r e i n  c e r t a i n  pos i t ion  
and r a t e  e r r o r s  a r e  ac t i ve ly  cont ro l led  through use of r eac t ion  
con t ro l  j e t s ,  servomotors, or momentum wheels. 

1-20 H. P. Frisch: "Thermally Induced Vibrations of Long Thin- 
Walled Cylinders of Open ~ e c  tion". Journa l  of Spacecraft  
and Rockets, Vol. 7 ,  No. 8, August 1970. 



Bodies of the system may be interconnected by l inear  o r  nonlinear 
springs and dampers; they may be interconnected v ia  a mechanism 
that  is a combination of gimbal and s l i d e r  block, o r  any combi- 
nation of the  above. Also, any two bodies of the system may be 
f r e e  (one from the other) and possess six degrees of r e l a t i v e  
motion freedom. Also, several  or  a l l  of the six degrees of re:-. 
a t i v e  motion freedom, between two bodies, may be a prescribed 
function of time (including zero motion). 

For purposes of fur ther  introduction of the physical system, l e t  
us consider an i l l u s t r a t i v e  example, such a s  the system of bodies 
of Figure 1-1, and le t  t h i s  example be the prototype f o r  a l l  sub- 
sequect discussion and development. 

Body Reference Point I * 2  a H I ~ P  

n 
Sensor Point 

X I n e r t i a l  fierce 

F i g m  I-1 Labeling Scheme for Ecanpte System 



In  ~ i g u r e  1-1, w e  have de l ibe ra t e ly  indicated a nontopolvqical 
tree configuration. There a r e  f i v e  hinges and four bodies, thus 
one closed path. Consecutive in teger  l a b e l s  a r e  used f o r  body 
reference points ,  f o r  hinges, f o r  sensor poin ts ,  and f o r  momen- 
tum wheels, The nuwrical order  within each of the  four  l a b e l  
s e t s  may be randcm; however, i t  is understood t h a t  body 1 (which 
may be any body of the  system) is associated with hinge 1. 

For each body of the system, there  is a body-fixed, right-handed 
reference frame, whose o r i g i n  may be a t  the  body's mass center  
o r  a t  some s t r u c t u r a l  hard point  on the body (a body's e l a s t i c  
deformation is measured i n  its reference frame). 

In  t h i s  work a hinge is defined t o  be a pa i r  of s t r u c t u r a l  hard 
poin ts  (see Figure 1-2) witb. a point  s i t ua t ed  on each of tvo con- 
tiguous bodies. I n  Figure 1-2, poin t  p and point  q comprise a 
hinge. Clearly,  a t yp ica l  body may contain one o r  more hinge 
points ,  but  a hinge may be associated wi th  only two bodies. 
Unge 1 is given spec ia l  consideration. It is a l s o  a pa i r  of 
points;  but one of the p a i r  1s coincident with the reference 
point  of body l, and the  o ther  point  of the pa i r  is coincident 
with the i n e r t i a l  o r ig in .  Thus, motion "across the  hinges" is 
used t o  represent  system motion. The reference poin t  of body 1 
is located with respect  t o  the  i n e r t i a l  o r i g i n  by an i n e r t i a l l y  
referenced pos i t ion  vector.  The a t t i t u d e  of the reference frame 
of body 1, with respect  t o  the  i n e r t i a l  frame, is represented by 
three Euler angles.  Thus, there  are s i x  pos i t i on /a t t i t ude  co- 
ordinates  associated with hinge 1. 

Figure 1-2 Q~icaZ Contiguous Bodies of the System 



Fach i" the  remaining hinges is considered i n  a manner somewhat 
simi,.:i: t o  t h a t  of hinge 1. Ref e r r i n g  t o  Figure 1-2, w e  note 
tbla\. tnere  is an orthogonal reference frame at tached t o  point  p 
arid cllother t o  point  q. The t r i a d  of po in t  p may have a "natu- 
ra l"  (or undeformed) misalignment with respec t  t o  the  t r i a d  of 
body point  m p lus  add i t i ona l  misalignment due t o  e l a s t i c  de- 
fomaLion.  The same i e l a t i onsh ip  is t r u e  concerning the  po in ts  
n atid q .  

Now t .ere are ,  associated wi th  the  hinge of poLnts p and q,  six 
r e l a t  ve pos i t i on / a t t i t ude  coordinates.  Point  q i s  located from 
point p with a p-frame referenced pos i t ion  vector.  The a t t i t u d e  
of tht* q-frame with respec t  t o  t he  p-frame i s  represent& by 
three  Euler ro ta t ions .  Thus, i f  NH i s  the  number of system hinges, 
then there  a r e  6 x NH pos i t i on  coordinates  t o  be used i n  conjunc- 
t i o n  with modal displacement coordinates  t o  de f ine  t h e  system's 
pos l t jon  s t a t e .  Let i t  be noted t h a t  only t he  time v a r i a b l e  
pos i t ion  coordinates of the 6 x NH set of candidates  are consi- 
dered as s t a t e  vector  elements ( the  pos i t i on  coordinates  whose 
razes  a r e  constrained t o  zero a r e  not included; however, t he  po- 
s i : ion coordinates  themselves need not be zero).  

Thc: system of bodies general ly  has  a number of so-cal led "sensor 
po.ints." W e  de f ine  a sensor po in t  t o  be a s t r u c t u r a l  hard point ,  
wh:ch b s  a right-handed orthogonal reference frame at tached,  
t h ~ i  is used f o r  a va r i e ty  of purposes. A sensor point  may be 
used t o  enable t1 r program system t o  monitor t he  pos i t ion ,  at t i-  
tude, or the  races  associated with a s p e c i f i c  s t r u c t u r a l  hard 
point .  For example, a r a t e  gyro, a s t a r  t racking device,  o r  
o ther  mt ion /pos i t i on  sensing device is physical ly  s i t u a t e d  a t  a 
sensor point.  Also, a sensor po in t  is  used a s  a po in t  of appl i -  
ca t ion  of a fo rce  o r  torque vector  (see Figure 1-2). 

The sys ten  of bodies m3y contain bu i l t - i n  momentum wheels,' some 
of which a r e  constar.& speed wheels and o t h e r s  a r e  va r i ab l e  speed. 
The var iab le  speec. momentum wheels a r e  motor driven; t he  s h a f t  
torque r e s u l t s  6;om a given cont ro l  law. Each momentum wheel 
of ttre syste must be associated with a sensor po in t  because, 
f o r  a general f l e x i b l e  body, t he  gyroscopic coupling is  in f lu -  
enced b y -  e l a s  t i c  motion. 

As  < s  indicated i n  Figure 1-1, the  system may be i n  a non-topo- 
.-cal ':ree configuration. The methods employed i n  t h i s  develop- 

nent a r e  such tha t  closed loop configurat ions (general ly  re fe r -  
red t o  a s  non to~o log ica l )  may be  considered. I f  every body of 
t'le N-Body sy,tem is  r ig id ,  then of course there  m y  be no closed 
ioops, i;:cClse such a system has an indeterminate "load path." 



To accomrmodate closed loops, the system must contain s u f f i c i e n t  
s t r u c t u r a l  f l e x i b i l i t y  (compliance), and therefore  modal dis-  
placement coordinates,  t h a t  t he  kinematic equations of intercon- 
nection cons t ra in t  a r e  a lgebra ica l ly  consis tent .  

The program development is such t h a t  none, severa l ,  o r  a l l  bod- 
i e s  of the N-Body system may be f l ex ib l e .  The system may be 
"forced" by such environmental f ac to r s  as gravi ty,  g rav i ty  gra- 
d ien t ,  so l a r  pressure,  thermal gradient,  and aerodynamic drag. 

The computer program system described herein f a l l s  i n t o  severa l  
categories  of capabi l i ty :  (I.) synthesis  and time domain soltt t ion 
of the  nonlinear d i f f e r e n t i a l  equations of motion of the  com- 
p l e t e  spacecraf t  system ideal ized a s  a co l l ec t ion  of intercon- 
nected f l ex ib l e  (or r i g i d )  bodies, (2) l i nea r i za t ion  of the  
governing equations by numerical means, (3) time domain solu- 
t ions  of the  l inear ized  equations t h a t  descr ibe per turba t ion  
response of the complete spacecraf t  system about some predeter- 
mined (calculated o r  user-specified) nominal motion, and (4) gen- 
e r a l  frequency domain s t a b i l i t y  ana lys i s  corresponding co the 
l inear ized  spacecraf t  representation. 



11. THE STATE EQUATIONS FOR NONLINEAR TIME DOMAIN SIMULATION i 
i 
1 

A. SUM44RY OF SYSTEM CHARACTERIZING EQUATIONS 

The s t a t e  equations governing the  dynamic response of a system 
of interconnected f l e x i b l e  bodies, t h a t  may be ac t ive ly  o r  pas- 
s ive ly  control led and t h a t  may be "forced" by environmental fac- 
t o r s  such a s  so l a r  pressure,  g rav i ty  gradient ,  aerodynamic drag, 
e t c .  a r e  presented here i n  a concise summary form as :  

subject  t o  the cons t ra in t  equations 

[II-51 C [ b l j  {"Ij = { G I .  
j 

I n  Equations 11-1 through 11-5 the index j ranges from 1 through 
the number of bodies of t he  system. Equations 11-1 through 
11-4 represent  n f i r s t  order,  nonlinear,  ordiaary d i f f e r e ~ i t i a l  
equations while Equation 11-5 represents  m add i t i ona l  conditions 
of kinematic cons t ra in t .  Thus, the dimension nf the s t a t e  space 
f o r  a given system of control led bodies is (n-m). 'Chat is, 
there  a r e  n-m s t a t e  var iab les  required t o  def ine  the configura- 
t i on  a t  any in s t an t  of time t .  

S t a t e  var iab les  of the configuration space include absolute  ve- 
l o c i t i e s ,  {U} modal displacements {S!j, pos i t ion  coordinates 

j ' (both angular and ca r t e s i an  pos i t ion)  ( 81 ,  and add i t i ona l  var i-  
ab l e s  {ti} t h a t  we w i l l  subsequently r e f e r  t o  a s  cont ro l  var i-  
ables; they a r e  var iab les  associated with the d i f f e r e n t i a l  equa- 
t i ons  t h a t  def ine a given cont ro l  law. However, they may r e f l e c t  
any other  aux i l i a ry  d i f f e r e n t i a l  equations t h a t  a r e  necessary 
t o  def ine the ove ra l l  feedback system; fo r  example, they may in-  
clude thermal equilibrium s t a t e s  o r  other  s t a t e  var iab les  neces- 
sa ry  t o  complete de f in i t i on  of a state dependent environment. 



The right-hand sides of Equations 11-1 through 11-4 are func- 
tionally dependent on all the state variables and time, although 
the relationships may be only termsd implicit at this point, 
Let it suffice that, in a way of introduction, a description of 
the nature of the governing Equations 11-1 through 11-5 be given 
here, and that more explicit development and discussion follow 
in subsequent chapters . 
The Equations of 11-1 represent the dynamic equilibrium equations 
for the typical j th  body of the system. They are of the form 
shown whether the body is treated as rigid or flexible. They 
state, in effect, that a deformation dependent mass matrix [m],, 

J 

postmultiplied by a vector of relative accelerations I ,  pto- 

duces a vector of inertial forces that is balanced by all other 
state and time dependent forces {GI; and interconnection con- 

J 

straint forces, [bli {A). The vector {GI includes inertial 
j 

forces due to centrifugal and Coriolis acceleration, as well as 
elastic restoring forces, damping forces, control actuator for- 

T 
ces, and so forth. The constraint forces [b] {A) are necessary 

j 
in order that the kinematic constraint .equations (11-5) are sa- 
tisf ied; elements of the vector { A )  are .actually Lagrange multi- 
pliers, evaluated and used in the solution process. 

The Equations of 11-2 simply represent a selection transforma- 

tion, because the vector of modal velocities { E ) ,  is a subvector 
J 

of {U), . The Equations of 11-3, used to develop {b), represent 
J 

a kinematical transformation, transforming nonholonomi~c veloc- 
ities to time derivatives of position coordinates, Finally, 
the Equations of 11-4 are auxiliary differential equations that 
are user defined and may be used to implement control dynamics 
and other feedback effects. 

The constraint Equations of 11-5 are kinematic conditions of a 
form similar to those of Equation 11-3. In either case, we have 
a velocity transformation. We might term Equation 11-5 an ac- 
tive set of kinematic conditions and those of Equation 11-3 a 
passive set. The active set is used to ca1.culate m of the de- 
perdent elements of the {U), vectors in terms of the remaining, 

J 

independent elements and the prescribed velocities {&I, some of 
which may be zero and eoue user-defined functions of time. Thus, 
the constraint equations are of a general form because nonholo- 
nouic, rheonomic conditions may be so represented. Given that 
the {U), vectors satisfy the required conditions of Equation 

J 

11-5, then the position rates, { b ) ,  may be evaluated via the 
passive conditions of Equation 11-3, resulting in a kinematically 
consistent system. 



Note that there are m equtions of constraint represented by 
11-5. There are also m Lagrange multipliers in the vector [ A ) .  
Most often, in at~dies of dynamic systems, the Lagrange multi- 
pliers and the dependent velocities and accelerations are en- 
tirely eliminated from the governing equations. Such is not 
the case in our devslopment. We have chosen to involve Lagrsnge 
multipliers in our equations for two reasons: (1) we wish to 
monitor the multipliers as a function of system motion, as they 
are interconneztion forces and torques, and (2) for purposes of 
numerical implementation it is convenient to calculate and use 
the {A) vector in Equation 11-1. The Lagrange multipliers are 
calculated by differentiating Equation 11-5 and combining that 
result with equation 11-1 giving 

Notice the following functional dependencieb: 

thus 

[11-15,l {A} f {[I, {Bl. {Ul, {kl. {il. {kI; t . ( 1 
[11-161 and = f {El. IUl, ~ i l ,  {bl, {il; t 

where, in the above notation, we mean that the elements of the 
matrices/vectors on the left are functions of the elements of 
tne vectors on the right. The chronology of evaluations indicated 
is that which must be followed in the salution process. 



The differential equations of motion for the system are therefore, 
of the general form: 

and the atate vector and its time derivative are arranged as fol- 
lows : 

with NB the total number of bodies of the system, NB the total 
number of pceition coqrdinates necessary to orient the eyetem 
and N& the total number of auxiliary (control) differential 
equations required. 



NOW, given that the {y) vector is known (numerically) from pre- 

scribed initial conditions or from numerical integration of {i 1 , 
the primary task of the solution process is to numerically es- 

tablish the {?I vector. The I;) vector is numerically (step by 
step) integrated so as to produce an incremented ,{y) vucLor, thus 
a sequence of tima point solutions. 

In way of summary, a narrative description of the steps (numeri- 

cal evaluations) necessary to produce ($1  given {y), follows. 

The matrices [B] and [b] are kinematic coefficients that de- 
j j 

pend on position and modal displacement variables, and are eval- 
uated as the first step. 

iqow, if available numerical techniques (also computer software 
and hardware) were absolutely accurate, we would be assured that 
the {U) vectors, resulting from numerical integration of the 

j 
{;I vectors, would satisfy the constraint equation 11-5. This 

j 
is not the case, therefore the second step of :-he solution pro- 
cess is to calculate the dependent elements of the {U! vectors 

j 
by using Equation 11-5. In fact, due to anticipating numerical 
inaccuracies, only the independent elements of the {U) vectors J 
are obtained by numerical integration. There are only n-m "in- 
tegrators" involved in the solution process even though all of 

the elements of the vectors are numerically evaluated (by 
j 

use of Equation 11-1); we have good numerical resolution in the 

independent {b) elements due to using the Lagrange multipliers 
{ X I .  j 

A kinematically consistent system results from satisfying Equa- 
tion 11-5. rhe {U) vectors may now be uaed with the selection 

j 
and kinematic transformations as indicated by Equations 11-2 and 

11-3 to produce (numerically) all the modal velocities { I  and 

position coordinate rates {!31 completing the third step o/ the 
process. 

Sufficient calculation has been completed to this point to then 
evaluate-the control variable rates as per Equation 11-4, pro- 
ducing (6). During the process of calculating the 1 8 )  vector, 
all of the required control actuator torques (or forces) are 
calculated, because sufficient numerical information is avail- 
able. All of the constituents of the torques/force vectors IG),, 

J 
are now available and therefore {GI [mIj and ibl are numeri- 

j * j 
cally evaluated, (refer to the functional expreosions of Equa- 
tions 11-11 through 11-14), whish completes the fourth step of 
the process, 

11-5 



With re fe rence  t o  Equation 11-6, we n o t e  t h a t  t h e r e  is now suf-  
f i c i e n t  numerical  informat ion t o  e v a l u a t e  { A ) ,  which i s  then used 

i n  Zquation 11-1 t o  c a l c u l a t e  t h e  { G I  completing t h e  f i f t h  and 
j ' 

f i n a i  s t e p  of t h e  process.  

I t  is noted i n  t h e  above d i scuss ions  t h a t  t h e  s o l u t i o n  process  
may be c a r r i e d  out  through completion,  providing t h e  s t a t e  vec- 
t o r  is n u n e r i c a l l y  known. A t  any s t e p  of a s imula t ion ,  t h e  {y) 
vec to r  is  known, of course ,  as t h e  r e s u l t  of numerical  in tegra -  
t ion .  The i n i t i a l  s t a t e  vec to r  i s  another  mat ter .  It is d i f f i -  
c u l t ,  i f  not  impossible,  f o r  a use r  t o  p r e s c r i b e  {U) v e c t o r s  

j 
t h a t  a r e  kinemat ical ly  c o n s i s t e n t  wi th  t h e  cond i t ions  of Equa- 
t i o n  11-5; a l s o ,  t h e  nonholonomic v e l o c i t i e s  of {U) when con- J ' 
s ide red  a s  a complete s e t ,  a r e  of a somewhat a b s t r a c t  nature .  
The use r  i s  i n  a much b e t t e r  pos tu re  t o  p r e s c r i b e  i n i t i a l  va lues  

of { b ~  and { i I  ( t h e  i n i t i a l  v e l o c i t i e s  t h a t  a r e  phys ica l ly  mean- 
i n g f u l  t o  him). Thus, t o  i n i t i a t e  t h e  s imula t ion  ( t h a t  i s ,  t o  
c r e a t e  an  i n i t i a l  s t a t e  v e c t o r  from informat ion t h e  use r  i s  i n  
a p o s i t i c n  t o  p resc r ibe )  some prel iminary s t e p s  must be taken,  
a s  follows. 

The user  must p r e s c r i b e  i n i t i a l  va lues  of t h e  {CI { t l ,  , {Bl, . j 
1 B I and { 6 I .vectors ;  a l s o  the,va:.iable speed momentum wheel s p i n  
v e l o c i t i e s  8. Now, i n  t h a t  { a )  ( t h e  p resc r ibed  p o s i t i o n  r a t e s ) ,  
a r e  e x p l i c i t l y  dependent on time and a r e  always a v a i l a b l e ,  t h e  
kinematic Equations 11-3 and 11-5 may be used toge ther  t o  estab- 
l i s h  i n i t i a l  va lues  of a l l  {U) The ques t ion  i n e v i t a b l y  a r i s e s :  

J ' 
a r e  t h e  number of equations represented by 11-3 and 11-5 s u f f i -  
c i e n t  t o  so lve  f o r  t h e  e l s ~ r n t s  of t h e  {UI 7 Let  us consider  

j 
t h e  t y p i c a l  {UI vec to r .  We no te  t h a t  t h e r e  a r e  s i x  re fe rence  

1 
frame v e l o c i t i e s  i n  each {U) namely, w w w u, v, and w. 

j * x' yB 2'  
There a r e  a l s o  s i x  r e l a t i v e  v e l o c i t i e s  a s s o c i a t e d  wi th  each 
hinge.  Now, i f  t h e  system i s  a topo log ica l  t r e e  conf igura t ion ,  
then t h e  Equatione of 11-3 and 11-5 comprise exac t ly  t h e  re- 
q u i , e d  number of equa t ions  t o  e s t a b l i s h  t n e  re fe rence  frame ve- 
l o c i t i e s ;  t h a t  is,  t h e r e  a r e  a s  many hinge p o i n t s  a s  t h e r e  a r e  
bodies  and even i f  every body were r i g i d ,  t h e  system would be  
determinate.  I n  t h i s  case ,  t h e  i n i t i a l  s e t s  of s i x  re fe rence  
frame v e l o c i t i e s  a r e  computed v i a  Equations 11-3 and 11-5; t h e  . 
prescr ibed i n i t i a l  !5) v e c t o r s  and momentum wheel s p i n  ve loc i -  
t i e s  a r e  simply placed i n  t h e  a p p r o p r i a t e  {UI. v e c t o r s ,  and the  

J 
i n i t i a l  s t a t e  v e c t o r  is  thus defined.  



I n  t h e  event t h a t  t h e  system is  n o t  a topo log ica l  t r e e  configu- 
r a t i o n ,  then t h e r e  a r e  more equat ions  (11-3 and 11-5) t o  be  
s a t i s f i e d  than t h e r e  a r e  re fe rence  frame v e l o c i t i e s  ( o r  i n  o t h e r  
words, t h e r e  a r e  more hinges  than bodies) .  I n  t h i s  case ,  e le -  
menta of t h e  E ~ I ,  vec to re  muat t ake  on t h e  r e s p o n s i b i l i t y  of 

J 
he lp ing  *.J a a t i s f y  t h e  kinematic condi t ions .  For each hinge 
i n  excese of t h e  number of oystem bodies  t h e r e  must be a t  least 
s i x  deformation modes, represented by 5 coordinates  , and they 
must be  d i s t r i b u t e d  throughout t h e  system i n  such a way t h a t  
t h e  kinematic condi t ions  of Zquation 11-5 a r e  independent. 
C lea r ly  then,  when t h e r e  a r e  more hinges  than bodies (nontopo- 
l o g i c a l  t r e e ) ,  one or more of t h e  bodies must be  f l e x i b l e  f o r  
t h e  system t o  be d e t e r n i n a t e .  Now, when t h e  conf igura t ion  is  
nontopological ,  t h e  user  w i l l  spec i fy  i n i t i a l  values  f o r  a l l  of 
tire i ,  bu t  he  must acknowledge t h a t  they a r e  no t  a l l  independent 
and t h e  dependent ones (automat ical ly  determined by t h e  program) 
a r e  c a l c u l a t e d  and rep lace  t h e  values  t h a t  he has s p e c i f i e d .  

From these  cons idera t ions ,  we no te  t h a t  t h e  i n i t i a l  s t a t e  vec to r  
is c rea ted  by t h e  program from information t h a t  is use r  supp l ied  
and t h a t  is phys ica l ly  meaningful t o  him. H i s  only concern, re- 
garding i n i t i a l  c o n d i t i ~ ~ s ,  is: whether he has suppl ied an ade- 
quate  d e s c r i p t i o n  of system f l e x i b i l i t y ,  i n  t h e  event of a non- 
topo log ica l  t r e e  conf igura t ion ,  f o r  t h e  system's k inemat ical  
equat ions  t o  be determinate .  

B. DYNAMIC EQUILIBRIUM EQUATIONS FOR A SINGLE BODY 

The d i f f e r e n t i a l  equations of motion and a u x i l i a r y  equat ions  t h a t  
c h a r a c t e r i z e  a phys ica l  system may take any one of s e v e r a l  equi- 
v a l e n t  forms. By equivalent  form, we mean t h a t  t h e  same physi- 
c a l  dystem can be  charac te r ized  by mare than one s e t  of mathe- 
mat ica l  v a r i a b l e s ;  i n  any case ,  t h e  number of v a r i a b l e s  rnust be 
t h e  same. For example, t h e  motion equat ions  f o r  a r i g i d  body 
might be der ived by using Lagrange's equat ions  ( r e s u l t i n g  i n  
s i x  second-order equa t ions ) ,  o r  one m i ~ h t  use t h e  Newton-Euler 
equat ions  where t r a n s l a t i o n a l  motion js represented by t h r e e  
second-order equat ions  whi le  r o t a t i o n a l  motion !.a represented 
by s i x  f i r s t -o rder  equat ions  ( t h r e e  moment-mornenturn equat ions  
and t h r e e  a t t i t u d e  equat ions) .  I n  each case ,  t h e r e  a r e  1 2  s t a t e  
v a r i a b l e s .  



There a r e  a v a r i e t y  of a l t e r n a t i v e  methods of a n a l y t i c a l  dynamics 
t h a t  one may s e l e c t  from t o  develop h i s  f i n a l  (programmable) 
equat ion format. A t imely and voJ.uable commentary accumpanies 
t h e  comprehensive comparative e v a l u a t i o n  of t h e s e  methods i n  a 
r e c e n t  r e p o r t  by Likens*. The b a s i s  f o r  our development i s  e f -  
f e c t i v e l y  included i n  h i s  d i scuss ion ,  

Our i n t e n t  :a not  t o  h i g h l i g h t  any p a r t i c u l a r  method of ana ly t -  
i c a l  dynamics a s  being s u p e r i o r  t o  the  o t h e r s .  C lea r ly ,  t h e  
methods a r e  a l l  equ iva len t  providing t h a t  they a r e  developed 
through completion . i t h o u t  any compromising simp1ificati .ons.  
The choice  of method i s  made a f t e r  cons ide r ing  t h e  requiremer.2~ 
a s s o c i a t e d  wi th  a p a r c i c u l a r  problem o r  computer s imula t ion  pro- 
gram. Our devslopment begins  wi th  a Lagrangian appruach, then 
throcgh a l g e b r a i c  manipula t ion we a r r i v e  a t  t h e  format of Equa- 
t i o n s  11-1 through 11-3. 

Lagrange's equat ions  f a r  the  g e n e r a l  s i t u a t i o n  appear a s  

f o r  ( j = 1 , 2 , * *  n )  

f o r  ( i = 1 , 2 , * *  m) 

I n  tnese  equat ions ,  T and V a r e  syst.em k i n e t i c  and p o t e n t i a l  en- 
e r g i e s ,  r e s p e c t i v e l y ,  and D is  the  Rayleigh d i s s i p a t i o n  func t ion  
(accounting f o r  i n t e r n a l  damping). The genera l i zed  c o n s t r a i n t  

f o r c e s ( q  a j i  ii) augment the genera l i zed  f o r c e s  9 ( t h a t  a r i s e  
j 

due t o  t h e  a c t i o n  of e x t e r n a l  f a c t o r s )  and a r e  necessary i n  o rde r  
t h a t  t h e  a d d i t i o n a l  cond i t ions  of  c a n s t r a i n t  ( t h e  sezond s e t  of 
Equation 11-18 be s a t i s f i e d .  The form of t h e  Equations 11-18 
is  complete and genera l ,  i n  t n a t  they inc lude  unconservative 
f o r c e s  ( e x p l i c i t l y  time dapendent Q, and d i s s i p i t i v e  f o r c e s  

an/ a s j  and t h e  a u x i l i a r y  c o n s t r a i i t  equa t ions  ( the  second set 

of Equation 11-ld) a r e  i n  a n  a l l  encompassiqg form, because 

-----------------------------"--------------------------,.----- 
*Likens, P. W., " ~ n a l y t i c a l  Dynamics and Nonrigid Spacecra f t  S i n ~  
u la t ion , "  Technical  Report 32-1593, Jet Propuls ion Laboratory,  
Pasadena, C a l i f o r n i a ,  J u l y  15, 1974. 



nolonomic cond i t ions  may be s o  reprasented.  The c o e f f i c i e n t s  
(ails 1 2. , n t )  may depend e x p l i c i t l y  on t h e  time ( t ) ,  

thus t h e  c o n s t r a i n t  cond i t ions  a s  s h ~ w n  account f o r  bo th  rheo- 
nomic and scleronomic s i t u a t i o n s ,  

I n  t h e  equat ions ,  n is t h e  number of general lzed coord ina tes  in- 
volved i n  t h e  r e p r f s e n t a t i o n  and m is  t h e  number of a u x i l i a r y  
condi t ions  of c o n s t r a i n t .  Note t h a t ,  al though t h e  q are gener- 

j 
a l i z e d  coordinates  (as  they must be f o r  t h e  Lagrangiau fonnula- 
t i o n )  they a r e  independent only i n  t h e  i s o l a t e d  c a s e  when m=O, 
o r  when t h e r e  a r e  ,.o a u x i l i a r y  c o n s t r a i n t  condi t ions .  The w r i -  
ter has observed t h a t  some eng ineers  s h a r e  a misconception on 
t h i s  po in t ,  th inking t h a t  i f  t h e  v a r i a b l e s  q are n o t  indepen- i 
dent  then they a r e  no t  general ized coord iaa tes ,  I n  view of t h e  
m const ra inL equat ions ,  we simply have a set of general ized co- 
o rd ina tes  t h a t  are not  independent. 

I n  cases  where a l l  of t h e  c o n s t r a i n t  equat ions  a r e  holonomic, 
i t  is t h e o r e t i c a l l y  poss ib le  t o  e l i m i n a t e  m of t h e  q i n  terms i 
of t n e  remaining n-m. However, i f  any of t h e  constraint: condi- 

t i o n s  a r e  nonholonomic, a Lagrange m u l t i p l i e r  (Ai) must be  used 

i n  conjunction wi th  t h a t  equation.  Lagrange m u l t i p l i e r s  may, 
of course,  be  used f o r  e i t n e r  hoionomic o r  nonholonomic con- 
s t r a i n t s .  

I n  t h a t  t h e  s imulat ion program inc ludes  mathematical representa-  
t i o n  of a c t i v e  o r  pass ive  c o n t r o l  f o r  elements of t h e  s p a c e c r a f t  
system, t h e r e  a r e  s t a t e  equa t icns  involving c o n t r o l  v a r i a b l e s  
t h a t  a r e  a d d i t i o n a l  t o  11-13. The manner i n  which t h e  a d d i t i o n a l  
c o n t r o l  equations e n t e r  i n t o  t h e  composite system s t a t e  equat ions  
is t h e  same whether w e  a r e  t a l k i n g  about t h e  form given by Equa- 
t i o n  11-1 o r  t h a t  of Equation 11-12. The c o n t r o l  systam s t a t e  
v a r i a b l e s  r e t a i n  t h e i r  i d e n t i t y  i n  e i t h e r  case  a l though t h e  con- 
t r c l  fo rces / to rques  necessary t o  "c lose  t h e  loop1' a r e  t rans-  
formed d i f f e r e n t l y .  I n  t h e  case  of ~ a ~ r a n g e ' s  equat ions ,  t h e  
c o n t r o l  torques c o n t r i b u t e  t o  t h e  general ized f o r c e s  Q whereas 

j 
i n  t h e  c a s e  of t h e  summary Equations 11-1, they c o n t r i b u t e  t o  
elemencs of (GI and may be i n t e r p r e t e d  t o  be ordinary f o r c e s  o r  
torques,  a c t i n g  a t  a s t r u c t u r a l  hard po in t  (o r  a t  a sensor  po in t ) .  
Thus we w i l l  postpone f u r t h e r  d i scuss ion  of t h e  c o n t r o l  system 
u n t i l  l a t e r ,  concentra t ing on t h e  "mainline" motiori equat ions  
u n t i l  such a p o i n t  when we can c l e a r l y  i n d i c a t e  c o n t r o l  system 
coupling. 



In order to "solve1' Lagrange's equations of motion, one must first 
define the explicit form of the kinetic and potential energy func- 
tions, the dissipation function D, and he must also define the 
form of the transformation relating ordinary cartesian position 
coordinates (positioning the typical system particle or element) 
to the generalized coordinates qi; the form of the transformation 

is necessary to be able to express geceralized forces Q, in terms 
J 

of external ordinary forces. Having defined the form of the en- 
ergy functions and coordina~e transformation, one merely per- 
forus tne indicated differentiations (11-18). He has not yet 
solved the motion equations but has only explicitly defined a 
system of ordinary second-order differential equations, which 
in many cases are nonlinear, and which require solution using 
numerical integration techniques. 

With numerical implementation and digital programming in mind, 
we wish to recast the form of the ordinary differential equa- 
tions. First of all, we would like for them to result in canon- 
ical first order form (the highest time derivatives appear un- 
coupled on the left hand side). Also, ve would like to group 
complicated combinations of generalized veiocities and displace- 
ments so that we may replace such groups with new variable names. 
The new variables we refer to ha-~e been called "quasi-coordi- 
nates" in the literature. This will simplify the required com- 
puter programing and minimize arithematic computation. Also, 
it helps considerably in organizing the numerical algorithms 
necessary co evaluate the left hand side of the state equations. 
Thus, recasting the form of the governing equations is suffi- 
ciently justified. 

We begin the recasting process by defining the forms of kinetic 
aad potential energj, and the required transformation. First 
let us note that bodies cE the system of flexible bodies are 
'sntatively tr,?ated as though they were completely independent, 
one of the atner. The 1nEiuence ci any one body an another is 
accounted for through the additional constraint conditions and 
the Lagrange multipliers. Thus, if we express kinetic and po- 
tential energies for the typical body and apply ~agrange's equa- 
tions to it, the ordinary differential equations pertainiag to 
it arz simply a subset of Equaticn 11-13; and we will have ac- 
counted for the total systelr through the representative form of 
the typical body. 



The generalized coordinates  chosen t o  represent  t h e  configurat ion 
of the  t yp i ca l  body include th ree  Euler angles  t o  i nd i ca t e  stti- 
tude of t he  body f ixed a x i s  system r e l a t i v e  t o  an i n e r t i a l  frame, 
th ree  project ions (conponents) of the  pos i t i on  vector  from t h e  
o r i g i n  of t he  i n e r t i a l  frame t o  the  o r ig in  of t he  body f ixed  ref-  
erence system, onto the  i n e r t i a l  axes,  and N e l a s t i c  displace- 
w n t  coordinates.  We note  t ha t  the o r i g i n  of the  body f txed a x i s  
system needn't necessar i ly  coincide with the body's mass center .  
Also, the  e l a s t i c  displacement coordinates  may be measurements 
of displacement k t  a d i s c r e t e  set of po in ts  on the  body o r  they 
may be coordinates associated with normal v ib ra t i on  modes. I n  
e i t h e r  case,  they represent  displacements measured i n  t he  body 

axis system. For the rth f l e x i b l e  body, e t abu la t e  its gener- 
a l i zed  coordinates as: 

At t i tude  
Euler Angles 

Body's Reference 
Point Pos i t ion  
Coordinates 

E l a s t i c  Displace- 
' ment Coordinates 

Now, there  e x i s t s  a transformation t h a t  r e l a t e s  a s e t  of nonhol- 
onomic v e l o c i t i e s  t o  the  generalized v e l o c i t i e s  t h a t  is exten- 
s ive ly  used i n  recas t ing  t he  equations.  Tbe transformation 
appears a s  follows: 



where i n  Equation 11-19 the  vector of nonholonomic ve loc i t i e s  
{tJl contains the three projections ( w  wy, oz) of the angular 

velocity vector F octo the body fixed axes (w is the angular ve- 
?.ocity of the body reference frame), the three projections of 
the  reference point t rans la t ional  veloci ty (u, v, w) onto the 

body fixed axes and the displacement r a t e s  It) .  The elements 
of the  transformation y ( i ,  311, 2, 3) a r e  direct ion cosines; 

i j 
the  subuatrix [y] is an orthonormal ro ta t ion  transfornation re- 
l a t i n g  the a t t i t u d e  of the body f i r e d  axis  system tt the  iner- 
t i a l  frame. TSe submatrix IT] is a l s o  a ro ta t ion  transfosma- 
tion; howzver, i t  i s  not ortnonormal because it r e l a t e s  vector 
components based on an orthogonal bas is  t o  those of a skew (non- 
orthogonal) basis; namely the axes about which Euler ro ta t i cns  
e r e  measured. 

In short,  we wri te  

Clearly the  elements of r B ]  a r e  functions of the three Euler 
angles. There a r e  12 possible s e t s  of Euler angles. Any one 
set is val id  fo r  use i n  subsequent development; the resul t ing  
equation form is  independent of se lec t ion  from the 12 s e t s  of 
angles. 



Slements of the transformtion [ B ]  may be explicitly defined in 
terms of three of the generalized coordinates (the Euler angles). 

The kinetic energy expression for the rth body is most easily 
expressed (initially) in terms of the nonholonomic velocities 
FU). Having done this, [ B ]  is used to replace {U) with [ B ]  ii). 
The kinetic energy is then expressed completely in terms of gen- 
eralized displacements acd velocities {the form necessary for 
applying Equation 11-18) . 
Kinetic energy for the typical body is 

where ?r is the velocity field, a is mass density, and where in- 
tegration is carried out over the volume V of the body. 

Tne inertial position of any point p of the body is (See Figure 
11-1. ) 

- 
with being the inertial position of the body's reference point 

(R, the origin of the body axis system), b~ positions the point 
pa (which coincides with p in the undeformed configuration) from 

point R, and where ? (x, y, z, t) is a measure of elastic dis- 
placement. 

The vectors zO and? are referenced to the body axis system, 
thus 

and 
i 

1 [XI-;&;] ii (x, y, Z ,  t) = 

i 
I 

the elastic dieplacement 7 is represented as the superposition 
of A finite number of single valued space functions Tk. 



P i p r e  II-I h e  rth Plexibto Boa 

Body 
Axis System 

rth Flexible 



The velocity field 7 is obtained as 

%. with 'fR = - 
dt 

Tne velocity of the reference point R may be expressed in terms 
of components referenced to either the inertial frame or the 
body frame, that is 

- - -  
The unit vectors {i, j, k), (I, J, K} are related through the 
rotation transformation [y]  and it follows that 

At this point, let us introduce the repeated index summation con- 
vention to be concise. With this convention, when any two fac- 
tors of a term have the same index, sumstion over the range of 

that index is implied and thexsign is deleted. For example, 
the third term on the right of Equation 11-25 is 

and represents 

Now, if we substitute 11-25 into 11-21, the kinetic energy is 



or, in tzgr~  :ins term by t e n  hve: V, 

wilere we have used 



with 
1' 

and 

c yjzk =14yj 'zlc OdV 

Also, w e  have used 

and 

and also,  

A l l  other quantities involved i n  Equation 11-29 are obtained by 
cyclic  permutation of the indexes x, y, and 2 Finally, as the 
kinetic energy is of quadratic form i n  the elements of CU), w e  
may express i t  as  a tr iple  m s t ~ i ~  product 



with 

(Symmetric) I 
I 
I 

I e22 * *  e 
I 

or in short, 

[11-401 [m] = 

Using Equations 11-40, 11-19, and 11-36 gives 

Clearly, the elenents of imj depend on only the tk; the elements 

of [ B ]  depend on the Euler anglee and therefore kinetic energy is 
a function a i  gc~eralized velocities and the generalized coordi- 
nates themselves, thus, the functional notation 

ir app1if:abI.e; tenw such as aT 3q will come about and play an / 
importan: role in the oimulation. 



To continue i t  i o  neceoeary t o  express t he  p o t e n t i a l  energy V 
and d i s s ipe t ion  funct ion D. Let us assume .that the e l a s t i c  
s t r a i n  energy can be wr i t t en  a s  a pos i t ive-def in i te  quadrat ic  
form in t he  e l a s t i c  displacement coordinates,  o r  

the  synnnetric matrix [k] is  developed by standard f i n i t e  e le-  
ment techniques such a s  those embodied i n  NASTRPN. I n  the  event 
(5) is a set. of normal modal coordinates,  then [k]  is  diagonal 

I with the . j t h  diagonal element appeasing a s  
i 

I 
i with u, being the  j th  na tu ra l  frequency. Of course, normalira- 

J 

t i o n  of t he  eigenvectors (mode shapes) is assumed such t h a t  t he  

generalized mass fo r  tire j t h  v ib ra t i on  mode is  unity.  
. . 

IJow, s ince  
1 [11-441 

( € 1  = [olojI,l {?I 

- IS(] (41 

it follows t h a t  

Similar ly ,  D is wr i t t en  a s  

the  matrix [C] being equivalent viscous damping f o r  the  s t ruc-  
tu re ;  i t  is a l s o  developed using standard f i n i t e  element tech- 
niques. 

Let us  now r e f e r  back t o  Lagrange's Equations (11-la), and re- 
express them i n  matrix format , 

= - s t T  ([XI 1s )  + ICI 1 1 ~ 1  { i )  
I 

j l T  [ml IQI I ~ I  
I I 

10, jJ + 4 1 141 181T I. 1 [ B ]  {i) 1 + [a]T (.\I 

I I 9 

I 



and 

What i e  meant by [ B  1 and [rn ] is the p a r t i a l  der iva t ive  of , j 9 j 
every element of [ Q ]  and [mi with respect  t o  the j t h  generalized 
coordinate. 

L e t  us now define the ordinary momenta 

[II-491 {PI = [ml [ B ]  t i 1  

= [ml EUI . 
Aleo, s ince  {U) - [ B ]  {i) 

[II-501 i t  follows t h a t  {i) = [BI-' {U). 

Using Equations 11-49, 11-50. 11-67, a d  11-48. we may wr i t e  

[II-511 {;I = 

and 

Several obeervationi, cLn h e  inadti ou s tudying E q a ~ i  ,..s .'I-51 J I ~  

11-52: 

F i r s t  of a l l ,  r e c a l l  the form o i  [ B ]  and IS ] (Equations 11-19 
5 

and 11-44]. It is c l ea r  from these forms t h a t  

[11-531 ; IS&! T 

[11-541 and that [St] {ql - {(I  

[11-551 and I S E ]  - { k j .  

[ a ]  depend only on Ck, the f i r s t  s i x  

a r e  nu l l ,  thw 

[m,, I iUl/ . 



Further, we note that the matrix [81-lT transforms the general- 
ized forces {Q) to forces "acting in the quasi-coordinates," or 
let ur call 

thus { ~ ~ ~ l  containe ordinary forces and moments 'due to external 

sources and correeponds to time derivatives of the ordinary mow 
men ta . 
Because the transformation [B] depends only on the Euler angles, 
it follows that only the first six elements of the column 

are non-zero, and one finds after considerable algebraic manip- 
ulation that this column may be reexpressed as 

With these observations and definitions, the Equations 11-51 and 
11-52 may be reexpreeeed as 

[II-601 and [bIiU) = ii1 



where we have used 

[11-611 [b] = [a] [8 ] - ]  

and 

dotice that thu constraint equations (11-60) are now ex?ressed in 
terms of the nonholonomic velocities {U ' ; the coefficients [b] 
are obtained directly from relatively simple, vectorial expres- 
sions of kinematic constraint. The same [b] coefficients are 
tranoposed and used to multiply {A), producing constraint forces/ 
torques corresponding to the ordinary momenta. 

If wf. now define the {GI vector to be 

it follows that we may write dynamic equilibrium equations for 

the typical rth body is 

to be used in conjunction with system kinematic constraint equa- 
t ions 

which is the same form ae that given by Zquations 11-1 and 11-5. 

The last three terns of {GI given in Equation 11-63 zre inertial 
forces that involve velocitiee and displacements of the body. 
The matrix [m] i s  an instantaneous inertia matrix, depending on 
instantaneous values of the deformation coordi.~ates { E 1. The 
centrifugal and Cori~lis effects are completely accounted for 
within the framework of the aesumed velocity field (given by 
Equation 11-25), These effects would not be accounted for if 
we neglected "tangent~al" velocity due to elastic displacement; 

that is, if we arsumed that I T  x i i l < c l i i  r iTO I. In this caisa, the 
inertia would be constant, independent of {El. 



An accurate  de f in i t i on  of the  dynamic equilibrium equations 
c l ea r ly  hinges on a complete and accurate  de f in i t i on  of the  con- 
a t i t u e n t s  of the ( G I r  vector,  which includes the  i n e r t i a  matrix 

[mlr. Also, the kinematic coe f f i c i en t s  [bIr must be developed 

i n  an exact fashion. Kinematics and a more e x p l i c i t  development 
of {GI a r e  given i n  subsequent sect ions.  



C. HINGE POINT AND SENSOR POINT KINEMATICS 

From a Lagrangian formulation a l l  of the generalized forces ,  not  
der ivable  from a po ten t i a l  function, ord inar i ly  appear as CQ) on 
the  r i g h t  s ide  of Lagrangets equations of motion. We have accounted 
f o r  i n t e r n a l  damping forces  with the use of Rayleigh's d i s s i p a t i  n 
function D and fo r  generalized cons t ra in t  forces  through use of 
Lagrange's mul t ip l ie rs .  

Thus, the  generalized forces  t h a t  remain t o  dea l  with include those 
due t o  ex terna l  f ac to r s  such a s  aerodynamic drag, s o l a r  pressure,  
and other xmmonly encountered environmental loadings. 

We a l s o  intend t o  t r e a t  cont ro l  forces  iservodrive torques, reac- 
t i o n  jets, e tc . )  a s  though they were external .  They a r e  not  ex- 
p l i c i t l y  ex terna l ,  of course, because they depend on t i m e  through 
pos i t ion  a-d r a t e  e r r o r s  t h a t  a r e  funct ions of elements of the 
s t a t e  vector and on cont ro l  system s t a t e  var iab les  t h a t  a r i s e  from a 
given cont ro l  law. 

Let us assume t h a t  there is a f i n i t e  number of points  on the typ- 
i c a l  body where a force vector  (or  torque) is known t o  a c t .  Each 
of these forceftorque vectors  contr ibutes  t o  the  generalized 
forces  {Q). The generalized Eorces a r e  calculated by expressing 
the v i r t u a l  work of the ex terna l  ordinary forces  i n  terms of v i r -  
t u a l  displacements of the poin ts  3f force appl icat ion.  The trans- 
formation r e l a t t  .g ordinary coordinates t c  generalized coordinates 
is then used t o  def ine the e x p l i c i t  form of the generalized forces .  

For example, suppose t h a t  a force ? and torque T a c t  a t  point  p 
P P 

of the typ ica l  body. Their v i r t u a l -  work is 

i 
Notice t h a t  we created the v i r t u a l  ro t a t ion  6: a s  a vector quant i ty .  

P 
This is  va l id ,  even though a general ro t a t ion  is not a vector  quan- 
t i t y ,  for  the tl - t u a l  r o t a t i o n  is  in f in i t e s ima l  and therefore is 
a vector.  Further, because v i r t u a l  displacements a r e  inf in i tes imal ,  

we may express 6; and 68 i n  terms of v i r t u a l  displacements of 
P P 

the quasi-coordinates; t ha t  is 



and 

where (6r l ,  6r2, 6r3) a r e  components of v i r t u a l  displacement of 
the  body's reference po iu t  Rs (liex, 6ey, 6eZ) a r e  components of 

v i r t u a l  r o t a t i o n  of t he  body axis system, and bXj, J u ) 
y j S  'j 

are components of t he  jta space funct ion ii j represent ing e l a s t i c  

r o t a t i o n  a t  point  p (modal s lopes,  f o r  example). 

ihw, l e t  us assume t h a t  the  force  and torque vec tors  (x P and f P ) 

a r e  referenced t o  the  body axis system, thus they may be wr i t t en  
a s  

and 



We no te  t h a t  vir tual  displacemanta of tho quasi-coordinates a r e  
r e l a t ed  t o  v i r t u a l  generalized displacements by the  same trans- 
f o r m t i o n  t h a t  r e l a t e s  nonholonomic v e l o c i t i e s  t o  generalized ve- 
l o c i t i e s  (See 11-19). It follows t h a t  the  v i r t u a l  work due t o  - 
f and may be wr i t ten  a s  
P P 

The v i r t u a l  work is a l s o  expressed 

and because 6q is a r b i t r a r y  and independent ( i t  is  t rea ted  a s  
j 

though independent i n  the face  of Lagrange mul t ip l i e r s  and con- 
s t r a i n t  equations) i t  follows t h a t  

The Equations 11-71 o r  11-72 have a noteworthy geometrical in- 

te rpre ta t ion .  Notice t h a t  the  f i r s t  t h r ee  l i n e s  of [b ] 
Y 

- - 
a r e  components of the r e su l t an t  torque vector S(pg+rl) x 

P P ' 
ac t ing  a t  the body's reference point  R. The second three l i n e s  a r e  



components of the resultant force vect0r.T while the j th line 
pa 

(j>6) corresponds to the standard procedure (of structural d y n e  
icists) to calculate Q or as it is usually expressed, general- 

E j  ' 
ized forces acting in deformation modes are 

Also, recalling the form of IS], (Equation 11-19)' we note that 

[,lT resolves tire resultant torque vector (about orthogonal body 
axes) to components about skew axes about which Euler rotations 

T are me~sured wnile [ y ]  resolves the resultant force vector (about 
orthogonal body axes) to components along the inertial axes. Further, 
we notice that [b ] is a matrix of coefficients that relates the 

D 
velocity of any pbint p to the vector {U). This gives us some ad- 
ditional insight as to why the same coefficients that are used in 
the kinematic constraint equations (11-60) are used (in transposed 
forin) to multiply {A) producing resultant constraint forces. 

Thus, we have pointed out the remarkable duality of purpose asso- 
ciated with [b] type coefficients. They are initially expressed 
by writing simple kinematic velocity relationships. The coeffi- 

T 
cients [b] are then used to transform discrete ordinary forces 
and torques to equivalent forces and torques acting through the 
body's reference point R. The matrix [ @ I ,  which is also a velocity 
transformation, is transposed to produce the transformation to 
generalized forces (should they be desired). 

For our ordinary momenta equations we simply wish to express {G ex 
which (following Squation 11-57) is given by 

This iG given by 11-73 reflects only the contribution of the 
ex P 

forceltorque acting at a single point p. h e  total {Gex} must be 

obtained by summing over all the points of the body whe're forces 
and torqucs act, or 

NP 
[11-741 {Gex) = 

i-1 



Kinematic'coefficients [b ] such as those of the previous example, 
P 

will be required throughout in our formulation of the state equa- 
tions. They are used to synthesize the constraint equations, to 
prou~~ce {GI, and they are even involved in the velocity transfor- 
mation of 11-3. It is therefore advantageous for us to think of 
a "bank" or collection of all the required kinematic coefficients 
to be put together in a semiautomatic fashion by using input 
specifications to tho digital program. 

1. Sensor Point Kinematics - Force/Torque Transformations 
Consider the typical structural hard point s (See Figure 11-2). 
Let us assune a right-handed triad is fixed to point s and that 

the elements of the triad are unit vectors labeled x, m, and n. 
Now body n (which has point s on it) also has a right-handed 
triad fixed to point n. Suppose that, even when body n is in an 
undeformed state, the s-triad is misaligned with respect to the 
n-triad. Wnen the body deforms there may be further angular mis- 
alignment between :he two triads. Thus, the relationship linking 
the two sets of unit vectors is 

with [ R ,] and [ ,R ] being orthonormal rotation transformations, 
s s s n 

the first relating the "naturally" misaligned triads via constant 
Zuler rotations and the second accounting for additional rotation 
due to the body's deformation at point s. 

The structural deformation at point s is assumed to be sufficiently 
small that the Euler rotations associated with [ ,R ] may be eval- 

s n 
uated through use of 

where [a  ] is a (3xN) matrix of modal rotation amplitudes (each 
.S 

of the 14 columns corresponds to a deformation mode) at point s. 
Let us consiselv denote the triads associated with points n and s 

' 

by {Znl and {%I respectively. Then we may express the relation- 

ship linking the two sets of unit vectors as 



Figure 11-2 2bo @pica2 Contiguous Bodies of the System 



There is a requirement f o r  expressing t h e  abso lu te  ve loc i ty  of a 
t yp i ca l  s-point and the  angular ve loc i ty  of t he  t y p i c a l  s - t r iad ,  
i n  subsequent kinematic development, i n  terms of ve loc i ty  s t a t e s  
of a given body. L e t  us think of a s ix  long vector  (column) of 
ve loc i ty  components ( th ree  r o t a t i o n a l  and three  t r ans l a t i ona l )  

t h a t  a r e  project ions of 'ii and irs onto t he  s - t r iad  axes. It i s  
s 

r e l a t ed  t o  the  { U l n  vector  f o r  the  body by the  transformation 

s y m e t r i c  matr ix  accounting f o r  a vector  c ross  product, o r  

X 
I I 

I o l  1 [sRn] Y 

W 
Z 

u 

W 
s --- 

111-791 F"'] - 

The superscr ip t s  used i n  Equations 11-73 and 11-79 a r e  used t o  
i nd i ca t e  the  frame t o  which the  ve loc i ty  components a r e  referenced. 

t ,  . 
62 

. 

. 
'N 
L -. 

n 

with [hsl and [gS] represent ing matr ices  of displacement and ro- 

t a t i o n  amplitudes, respec t ive ly ,  and with [s'"'] being an an t i -  
ns 



Kinematic coe f f i c i en t s  such a s  those of Equation 11-78 a r e  gen- 
e ra ted  f o r  each so-called sensor point  of the  system of bodies. 
They a r e  used by t he  s imulat ion program t o  produce cont r ibu t ions  
t o  {GeX) from given force/ torque components i n  t he  manner indi- 

1 cated by Equation 11-74. 

I 
E 2. Hinge Point Kinematics 
! 

Kinematics associated with hinges follows a l i n e  of development 
somewhat s imi l a r  t o  t ha t  of sensor points .  Consider the  po in ts  
p  and q ( r e f e r  t o  Figure 11-2) t o  be two s t r u c t u r a l  hard po in ts  
associated with a  given hinge, A l l  necessary kinematics infor-  
m t i o n  pe r t i nen t  t o  t he  hinge i s  obtained through expressing t h e  
ve loc i ty  of point  q  r e l a t i v e  t o  point  p  and i.n expressing the  
r e l a t i v e  angular ve loc i ty  between the  q and p frames. It is  conven- 
i e n t  t ha t  t he  angular ve loc i ty  components a r e  pro jec t ions  onto 
skew axes (Euler angle  r a t e s )  and t h a t  t r a n s l a t i o n a l  ve loc i ty  c o p  
ponents a r s  p ro jec t ions  onto the  axes of t he  p t r i ad .  Let us as- 
selnble the  s i x  r e l a t i v e  ve loc i ty  components i n t o  a  column matr ix  
a s  

. 
with {elk being the  th ree  r e l a t i v e  Euler angle r a t e s  and { A I k  being 

the  th ree  r e l a t i v e  t r a n s l a t i o n a l  ve loc i ty  components a l l  per ta in-  

ing  t o  t he  lcth hinge. Now tne  column of r e l a t i v e  v e l o c i t i e s  may 
be expressed a s  

with 

1 and 



I n  Equaticns 11-82 and 11-83 t h e  r o t a t i o n  t ransformat ione [ R 1 
P m 

and [ R ] a r e  developed t o  inc lude  t h e  e f f e c t s  of s t r u c t u r a l  de- 
q n  

formation i n  t h e  sense  ind ica ted  i n  Equation 11-75; t h e  r o t a t i o n  

t ransformat ions  [n]'l and [ R ] a r e  developed i n  s tandard fash ion  
P 4 

us ing t h e  t h r e e  Euler r o t a t i o n s  { O ) k ,  

NOTE : 

Hinge l a b e l s  a r e  c i r c l e d ;  
body l a b e l s  a r e  n o t  c i r c l e d .  

Figure 11-3 To~oZogy of a TyptcaZ System 

For purposes of f u r t h e r  d i scuss ion ,  consider  the  system of bodies  
of Figure  11-3. Topology of the system is  simply i n d i c a t e d  by a n  
i n t e g e r  a r r a y  we c a l l  ITOPOL, which i s  a s  follows: 

1 2 3 4 5 6 7 8 -Hinge number 

[ITOPOL] = 1 2 4 3 5 6 7 7 Body (n) r e l a t i v e  t o  

- -- - 

The [ITOPOL] a r r a y ,  which is  actua: i n p u t  t o  t h e  s imula t i cn  pro- 
gram, is  used t o  d e f i n e  system topology a8 ind ica ted .  Now, w i t h  
re fe rence  t o  t h e  example shown i n  Figure  11-3 and tile correspond- 
i n s  (ITOPOL) a r r a y ,  l e t  us i n d i c a t e  t h e  form of t h e  v e l o c i t y  
transformation.  We may write 



where [b ] and [b 1 a r e  matrices a s  defined i n  Equations 
Pi , j  qi D J 

11-81 and 11-83. (with imHinge number and j-Body number). The ve- 
l o c i t y  transformations of Equation 11-84 represent  the "bank" of 
a l l  hinge kinematics coe f f i c i en t s  previously mentioned, and pro- 
duces every poss ib le  ve loc i ty  component per t inen t  t o  hinges. Re- 
f e r r i n g  t o  the  bas ic  system equations 11-3 and 11-5, we note  t h a t  
se lec ted  l i n e s ,  o r  equations,  from the bank (11-84) a r e  taken t o  
represent  cons t r a in t  equations or  pos i t ion  coordinate r a t e  equa- 
t ions .  The [B] and [ b J j  coe f f i c i en t s  of Equations 11-3 and 11-5 

.I 
a r e  simply subpar t i t ions  extracted from Equation 11-84. 



To implement ca lcu la t ion  of ~ a g r a n g c '  e mul t ip l i e r s  ( r e f e r  t o  
Equation 11-6) i t  is necessary t o  develop time der iva t ives  of [b] 

j 
coef f ic ien ts .  In  a manr.er similar t o  above, where a l l  [ b ]  co- 

j 

ef  f i c i e n t s  a r e  e r t r a r  ted from the  complete co l lec t ions ,  the ti], 
J 

matriceo come from a co l l ec t ion  of matrices whose members a r e  

[i 1 and [b 1 which a r e  d r  reloped i n  Appendix C. 
qi.j ' i t  j 



DEFINITION OF THE ORDINARY FORCES 

The equa t ions  of  dynamic equ i l ib r ium f o r  t h e  j th body of tho Eye- 
tams a r e  given i n  an  e a r l i e r  s e c t i o n  as Equations 11-1. A s  was 
noted t h e r e ,  t h e  right-hand s i d e  inc ludes  a so-cal led  {GI v e c t o r ,  

j 
which accounts f o r  a l l  s t a t e  dependent f o r c e s  except  f o r  those  
of in te rconnec t ion  c o n s t r a i n t .  Earlier i n  Chapter I1 (Equation 
11-63), the  {G)  v e c t o r  is presented i n  a somewhat more developed 
form. j 

The purpose of t h i s  s e c t i o n  is  t o  provide  more e x p l i c i t  develop- 
ment of t h e  e l e n e n t s  c o n t r i b u t i n g  t o  {GI Let  us account f o r  

1 
a l l  c o x ~ t r i b u t i o n s  i n  the  fo l lowing express ion  (we omit t h e  j sub- 

s c r i p t ,  understanding t h a t  we a r e  d e a l i n g  wi th  t h e  t y p i c a l ,  o r  j 
tia 

body) : 

[~r-ssl G I  = t ~ ~ ~ )  - K] i i i  - 11) + 161 1.1 { u i  

+ 4 (k j  IIII (UI \  - {UI + ~ G ~ I  + ( ~ ~ ~ 1 .  

The f i r e r  term {Gex) has a l r e a d y  been discussed i n  the  previous  

s e c t i o n  (See Equation 11-74). but  we n o t e  he re  t h a t  t h e  o rd ina ry  
f o r c e / t o r q u e  components t h a t  produce {G may be  though of a s  a 

ex 
miecellaneoue f o r c e  vec to r .  Its preaence provides  t h e  program 
use r  l a t i t u d e  t o  inc lude  a v a r i e t y  of a d d i t i o n a l  e f f e c t s .  C lea r ly ,  
i t  is t h e  implement through which c o n t r o l  f o r c e s / t o r q u e s  a r e  
"fed back" t o  the  dynamic system. 

The second and t h i r d  terms 3f Equation 11-35 have been p rev ious ly  
introduced.  There is no i m p l i c i t  r e s t r i c t i o n  on t h e  s t i f f n e s s  and 
damping mat r i ces  [k]  and [C], nor i s  t h e r e  a r e s t r i c t i o n  on d e f i -  
n i t io f i  of t h e  coord ina tes ;  they w i l l  l i k e l y  be  coord ina tes  
a s s o c i a t e d  wi th  orthonormal v i b r a t i o n  modes i n  t h e  major i ty  of 
cases .  However, they may be phys ica l  (o rd ina ry -d i sc re te )  d i sp lace -  
ment coord ina tes  a s  wel l .  I n  the  l a t t e r  case ,  t h e  [k] and [C] 
mat r i ces  a r e  g e n e r a l l y  coupled. 



The l a s t  two terms of Equation 11-85 a r e  included t o  account f o r  
monentum wheel coupling and g rav i ty  e f f e c t s  r espec t ive ly .  The 
treatment given t o  b u i l t - i n  momer.tum wheels is such + h a t ,  i n  ad- 
d i t i o n  t o  producing a contributior.  t o  {GI, t \ e r e  is  a l s o  a re-  
quired extension t o  t h e  form of t h e  [m] matr ices .  This is  be- 

1 
cauee momentum wheels a r e  inertiaZZy coupled. Thus, t h e r e  is  
s u f f i c i e n t  requirement f o r  a dedicated development concerning mo- 
mentum wheels, The following two s e c t i o n s  d e a l  exc lus ive ly  wi th  
mbmentum wheel and g r a v i t y  e f f e c t s ,  r e spec t ive ly .  

The remaining terms c o n t r i b u t i ~ ~ g  t o  (G! a r e  b a s i c  i n e r t i a l  e f f e c t s  
and involve t h e  mat r i ces  [m] ,  [m I ,  and I&]. With re fe rence  t o  , k 
Equation 11-39, t h e  form of [m] is given corresponding t o  t h e  
case  w h e ~ e  one has  s i n g l e  valued space func t ions  Tk a v a i l a b l e  t o  

him. Ord inar i ly ,  one does not have access  t o  such a d e s c r i p t i o n  
of the  s t r u c t u r e ' s  deformation modes, due t o  the  s t r u c t u r a l  com- 
p l e x i t y  of t y p i c a l  spacecra f t .  The a n a l y s t  should always be a b l e  
t o  ob ta in ,  a s  d a t a ,  mat r i ces  of modal amplitude r a t i o s  ("mode 
s h a ~ e s " )  and the  ccrresponding s t r u c t u r a l  mass matr ix  (generated 
by use of f i n i t e  element techniques) .  To accommodate d a t a  based 
on t h e  more p r a c t i c a l  d e f i n i t i o n  of s t r u c t u r a l  c h a r a c t e r i s t i c s ,  
i t  is necessary t o  r e c a s t  t h e  i n e r t i a  mat r i ces  [m] i n  a s i m i l a r  
but more genera l  format. The g e n e r a l i t y  of t h e  development of 
Sect ion 1 I . B  i s  not compromised by extending t h e  form of t h e  in- 
e r t i a  matrix.  The extended, o r  more genera l ,  i n e r t i a  m a t r i x  i s  
developed i n  Appendix A, but  h e r e ,  f o r  purposes of developing 
i n e r t i a l  con t r ibu t ions  t o  the  {GI veccor,  l e t  us accept  t h e  re-  
s u l t i n g  form; and p resen t  t h e  k i n e t i c  energy express ion a s  

wi th  t h e  repeated index summation convention i m ~ l i e d ,  and wi th  
[mo] of t h e  form 

t h a t  i s  i t ,  is j u s t  l i k e  the  [m] given ~y Equation 11-39 except 
i t  i s  cons tan t ,  independent of deformation. The cons tan t  ine r -  
t i a  matrix [mo], a s  given by Equation 11-87. i s  always of t h e  

form shown r e g a r d l e s s  of the choice  of "modal" columns. The form 
of t h e  matr ices  [mi] and [m2] i e  such a s  t o  accommodate t h e  gen- 
e r a l  s i t u a t i o n ;  t h a t  i s ,  t h e i r  d e f i n i t i o n  inc ludes  i n e r t i a l  i n t e -  
g r a l s  a s  def ined f o r  a continuous system, (Equations 11-30 through 
11-37>, o r  a s  def ined by s t r u c t u r a l  mass matr ices  t h a t  a r e  c a l l e d  
"lumped1' o r  "consis t e n t .  " 



The i n e r t i a  mat r ix  assoc ia ted  wi th  5 ,  i s  

(Symmetric) 

L. 

and t h e  one assoc iz ted  wi th  5 5 js 
j k 

'c12 'cl3 

<?; 'c23  

c3 3 

t- 

(Symmetric) - 
Ilow, f o r  fl deformatl-on modes assoc ia ted  w i t h  a given body, it, is 
understood t h a t  t h e  range of t h e  i n d i c e s  j and k is 11, thus  t h e  
c ~ e f f i c i e n t s  (Cl l )  jk, ( C l z )  j,c, * *  ( C  a r e  s t o r e d  is 9 (1W) 

XY :k 

O O O C  
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0 

a r r a y s  of i n e r t i a l  i n t e g r a l s  whi le  (b 1) (b2) j, (b6) and 
j ' 

( a )  , (a2) j s  * (a9)l a r e  s t o r e d  a s  a (6x11) a r r a y  and a (9xPl) 
J 

.irray r e s p e c t i v e l y .  Thus, from a programming s tandpoin t ,  we 
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note t ha t  t h e r e  a r e  9~~ + 15M storage loca t ions  required t o  ac- 
commodate the  i n e r t i a l  i n t e g r a l s  necessary t o  account fo r  t he  
deformatior? dependent mass matrix. O f  course, i f  a pa r t i cu l a r  
body is  r i g i d  (NtO) then only the  f i r s t  (6x6) diagonal p a r t i t i o n  
of [mol i s  used. 

\#en the  body is f l e x i b l e  ( W O )  then the  i n e r t i a  matrix is cal-  
culated from deformation s t a t e s  ( F  )and i n e r t i a  i n t e g r a l s  i n  t he  

1 
manner indicated by Equation 11-86; t he  redundant operations due 
t o  symmetry and n u l l  operations a r e  a w i a e d  i n  the d i g i t a l  code. 

Having an instantaneous numerical evaluat ion of t he  i n e r t i a  ma- 
t r i x ,  t h e  term [n] [m] CU) is calculated and added t o  (61, con- 
s i s t e n t  with the  expression of Equation 11-58. 

I t  is  now possible  t o  express e x p l i c i t l y ,  t h e  combination of t h e  
remaining two i n e r t i a l  force  vec tors  i n  terms of t5e  i n e r t i a l  
i n t e g r a l s  given i n  Equations 11-88 and 11-89. For purposes of 
fur ther  development, l e t  us def ine the  coinbination a s  

Thus, t he  f i r s t  element of { G  I ,  corresponding t o  w i s  
C X 

the second element, corresponding t o  w is  
I 

Y 

the t h i rd  element, corresponding t o  uZ is  



the fourth element, corresponding to u is 

the fifth element, corresponding to v is 

[rI-grl G C  = - 1  (a,), + wy 5 )  + UZ a ,  
j 

and the sixth element, corresponding to w is 

Finally, for the element k+6, corresponding to an inertial force 
acting in the Skcoordinate we have 



From examining the  composition of t he  i n e r t i a l  fo rce  (G ) we c k+6 
note t h a t  the  f i r s t  s i x  bracketed terms represent  cen t r i fuga l  
forces  (d i s tance  x omega-squared) ac t i ng  i n  the  deformation co- 
ord ina tes ,  while the  l a s t  bracketed terms of Equation 11-97 rep- 
resen ts  Cor io l i s  forces  (ve loc i ty  x omega). 

E. MISCELLANECUS CONSIDERATIONS 

Imbedded Momentum '6jhe.els 

Tine spacecraf t  system undergoing ana lys i s  may have seve ra l  "built-  
in" momentum wheels. A momentum wneel is general ly  taken t o  
mean a  cy l ind r i ca l  o r  disk-shaped mass t h a t  sp ins  about an a x i s  
t h a t  is f ixed  t o  a  s t r u c t u r a l  hard point  of a given body, The 
wheel can be spun up o r  despun by an e l e c t r i c  motor whose ro to r  
is pa r t  of t he  ro t a t i ng  mass. The s h a f t  torque t h a t  a c t s  t o  ac- 
c e l r a t e  the  wheel a l s o  a c t s  on the body i n  a  negative sense pro- 
viding ac t i ve  a t t i t u d e  control .  The s h a f t  torque is general ly  
governed by a  conrrol  law tha t  "senses" a t t i t u d e  and r a t e  e r r o r s  
of t ne  body. In  t h i s  development a  momentum wheel i s  assumed t o  
be i n s r t i a l l y  symmetric about i ts  sp in  axi;. 

Figure 11-4 TijpicaZ Body-Momentwn Whee i'. Re Zationship 



To develop the i n e r t i a l  coupling e f f e c t s  of the typ ica l  momentum 
wheel l e t  us consider th ree  u n i t  vector  bases: 

The f i r o t  t r i a d  is the body reference t r i a d  f o r  body n, the  second 
is a sensor point t r i a d  (f ixed t o  point  s ) ,  and the t h i r d  t r i a d  
is f ixed i n  the momentum wheel. Now, one of the three  un i t  vec- 

t o r s  of 1; 1 is coincident with one of the  un i t  vectors  of 1; 1; 
-8 - W 

t h a t  is, 11, m, o r  may be the  sp in  axis depending on the  prefer- 
ence of the  analyst .  In  Figure 11-4 we have e lec ted  t o  show - - 
n = nO a s  the common, o r  sp in  axis.  

The absolute  angular ve loc i ty  of the  \owl frame can be expressed 
as 

where {pW) is an elementary 3-long p o s i t i ~ n  vector ( i t  i s  n u l l  

except f o r  uni ty i n  the  f i r s t ,  second, o r  t h i r d  loca t ions  tor- - - 
responding t o  II, m, o r  n being the  sp in  ax is )  and is the rela-  

t i v e  angular speed of the  lewl frame with respect t o  the  1; 1 
f tame. S 

I With the i n e r t i a l  cha rac t e r i s t i c s  ass~nned (axisymmetry) f o r  the 
wheel, and with the  ve loc i ty  expression of Equation 11-101 the  
t o t a l  angular momentum vector f o r  the wheel may be wr i t t en  as 

with [Jw] diagonal with a l l  diagonal values equal t o  JT except 

the  pos i t ion  corresponding t o  the sp in  ax i s ,  which i s  Js: JT i e  

the mass moment of i n e r t i a  about any a x i s  perpendicular t o  the 
sp in  a x i s  and Jc is  the sp in  i n e r t i a  f o r  the wheel. 



The torque a c t i n g  on the  wheel ( resolved t o  t h e  [ZS] frame) is 

where w e  d e f i n e  a n  SK* opera to r  such t h a t  

[Qs] = Sic* {usl, o r  

The torque a c t i n g  on body n a t  po in t  s, 
and i t  d r i v e s  t h e  body's quasi-coordina 

- 
due t o  t h e  wheel i s  -T 

.te a s  

w t t h  

and a l s o ,  as can be e a s i l y  shown, 

111-1J71 [CSl {Uln a [SK*([,R,] I t h l n ) l  {uln.  

idow, t h e  s h a f t  torque is simply t h e  p r o j e c t i o n  of T onto  the  
s p i n  a x i s ,  o r  

- - 
Squations 11-1JJ and 11-193 a l low us t o  now express  t n e  coupled 
equat ions  f o r  body n and s e v e r a l  momentum wheels a s  



The i n e r t i a l l y  coupled body-momentum wheel equa t ions  ( f o r  two 
wheels) a r e  shown a s  Equation 11-109 simply f o r  t h e  purpose o f  
i n d i c a t i n g  t h e  form. One may notice t h a t  wi th in  t h e  equa t ions ,  
t h e r e  e f f e c t i v e l y  r e s i d e s  t h e  o r i g i n a l  form of t h e  dynamic equi- 
l ib r ium equat ions  f o r  body n,  namely 

which govern i n  t h e  event  t h a t  t h e r e  a r e  no momentum wheels asso- 
c i a t e d  wi th  body n. I n  Equation 11-110 we have placed t h e  c a r e t  
(-1 over  G t o  represen t  t h e  right-hand s i d e  f o r c e  v e c t o r  exclud- 
i n g  momentum wheel e f f e c t s .  

Now, on f u r t h e r  s tudy  of t h e  form of t h e  Equations 11-109, we 
note  t h a t  i f  t h e  "locked" momentum wheel e f f e c t s  a r e  a l r e a d y  in- 
cluded i n  the  d e f i n i t i o n  of [m], (which i s  t h e  otandard p r a c t i c e  

when i n e r t i a l l y  coupl ing systems toge ther ) ,  then t h e  (1, 1 )  par- 
t i t i o n  of t h e  c o e f f i c i e n t s  on t h e  l e f t  of Equation 11-109 becomes 
simply [m],,. Also, t n e  second column on t h e  r i g h t  of Equation 

11-199 is  absorbed i n  {;In, having a l ready  been accounted f o r  i n  

development of dynamic equ i l ib r ium equations.  



Thuo, it  fol lows t h a t  i n  o rder  t o  implement momentum wheel cou- 
p l i n g  wi th  one of t h e  f l e x i b l e  bodies,  it is  only  necessary  t o  
extend t h e  CU) vec tor  t o  con ta in  momentum wheel s p i n  va lues  

n 
(i), t o  extend t h e  i n e r t i a  (except f o r  t h e  [ l ,  1 1  p a r t i t i o n )  ae 
i n d i c a t e d  i n  Equation 11-109 and t o  add t o  t h e  right-hand e i d e  
fo rce  v e c t o r  

The va lues  f o r  s h a f t  torque P t h a t  appear i n  IG-I a r e  es tab-  
8 

l i s h e d  by a given c o n t r o l  law, i f  t h e  wheels a r e  t o  be considered 
v a r i a b l e  speed. I f  a given momentum wheel i s  of cons tan t  speed 
(used only f o r  "gyroscopic damping") then the torque equat ion f o r  
it  is de le ted  from t h e  form of Equation 11-109; however, i ts 
e f f e c t s  a r e  s t i l l  included i n  t h e  upper  p a r t i t i o n  of t h e  v e c t o r  
{G 1 ( the  gyroscopic torque due t o  cons tan t  6 ) .  mw 

Clea r ly ,  t h e  eqca t ions  of dynamic equ i l ib r ium f c r  a body, a f t e r  
having been augmented t o  inc lude  momentum wheel coupling,  a r e  
s t i l l  of t h e  genera l  form 



h p & g  of the Gravity Gradient 

At t i tude  dynamics of o r b i t i n g  spacecraf t  can be  s i g n i f i c a n t l y  
influenced by the  g rav i t a t i ona l  force  t h a t  i s  d i s t r i bu t ed  accord- 
ing t o  the  system's pos i t ion  and deformation s t a t e .  The gravi- 
t a t i o n a l  force  per  u n i t  mass va r i e s  ( in  a c e n t r a l  fo rce  f i e l d )  
simply because d i f f e r e n t  mass p a r t i c l e s  a r e  a t  d i f f e r e n t  d i s tances  
from the  ea r th ' s  mass center .  Figure 11-5  describe^ the  geometry 
associated with a typ i ca l  e l a s t i c  body. 

~ a r t h '  s 
Center 

Figure 

Typical 

M 

II-5 Geometry for Gravity E m a t 8  on a IlSpicaz Body 

For a c e n t r a l  force f i e l d ,  the  g rav i t a t i ona l  force  per u n i t  mass 
is  given a s  

which, t o  a f i r s t  o rder  approximation, i s  

where GM is  the Earth's g r av i t a t i ona l  constant ,  

mi is the  t yp i ca l  mass p a r t i c l e ,  

g is  l o c a l  g r av i t a t i ona l  acce le ra t ion  
C 

% is a u n i t  vec tor  d i rec ted  along Kc 

and c is  the  o r i g i n  of t he  body reference system. 

Body 



The v i r t u a l  work due to  g rav i t a t i ona l  force  can be wr i t t en  a s  

with n~ replaced by d i f f e r e n t i a l  mass odV. 
i 

The v i r t u a l  displacement f i e l d  is  expressed i n  terms of v i r t u a l  
displacements of the  quasi-coordinates a s  

I n  combining Equation 11-115 with Equation 11-116, t he  torque 
about po in t  c ,  due t o  grav i ty  gradient  e f f e c t s ,  is 

where 2 is the  f i r s t  mass moment about po in t  c ,  
= 

and J is the  instantaneous i n e r t i a  tensor  (deformation dependent) 
f o r  the  body. 

The r e s u l t a n t  force  due t o  grav i ty  e f f e c t s  is  

and the  force ac t i ng  i n  t he  k th  deformation coordinate,  tk, is 



Now, the un i t  vector  eR has project ions onto the body a d s  system 

t h a t  continually vary a s  the body changes a t t i t ude .  Let us express 
the u n i t  vector  ZR i n  terms of d i rec t ion  cosines and the three  u n i t  

vectors  associated with the body reference frexe a s  

and a l so  def ine  

I t  [ I - 1  [s] = SK* 1s f , 

[II-1241 and l a /  k = )  141 adV . 

With these de f in i t i ons  and the  force and torque expressions of 
Equations 11-117, 11-118, and 11-119, i t  follows tha t  the f i r s t  
three elements of the contr ibut ion t o  the right-hand force  vector ,  
due to  grav i ty  e f f e c t s  are:  

the second three elements a r e  

and the force,  due t o  grav i ty ,  ac t ing  i n  the  k th  deformation mode is 



where t h e  i n e r t i a  i n t e g r a l s  
(bn) 

, (n = 1 , 2 , * * 6 ) ,  and 

(k,m - 1 ,2 ,3 ) ,  a r e  c o n s i s t e n t  wi th  t h e  development of Chapter 11, 
Sect ion D and Appendix A. 

3 .  Thermal Environments 

A l l  problems a s s o c i a t e d  wi th  thermally-induced d e f l e c t i o n s  have 
i n  common t h e  requirement of knowing t h e  s p a c e c r a f t ' s  a t t i t u d e  
r e l a t i v e  t o  t h e  aun t o  d e t e r n i n e  t h e  e f f e c t  of s o l a r  hea t ing .  
This requ i red  informat ion can b e  e x t r a c t e d ,  a t  any p o i n t  i n  t ime,  
from t h e  s t a t e  v e c t o r .  It  is the: necessary  t o  have a model of 
t h e  f l e x i b l e  s t r u c t u r e ' s  response,  e i t h e r  s t a t i c  o r  dynamic, t o  
s o l a r  hea t ing .  

Considerable work has  been done on modeling f l e x i b l e  appendages 
i n  thermal environments* and t h e  r e s u l t s  i n d i c a t e  t h a t  t h e  response 

&For example, r e f e r  t o :  

1 )  F i x l e r ,  S. 2. , "Effects  of Sold.: Environment and Aerodynamic 
Drag on S t r u c t u r a l  Booms i n  Space." J. Spaceoraft, Vol 4, No. 
3,  March 1967, 

2) P r i s c h ,  H. P., "Coupled Thermally-Induced Transverse P lus  
Tors ional  Vibrat ions  of a Thin-Walled Cylinder of Open Sect ions ,"  
NASA TR R-333, March 1970. 

3) Goldman, R. L . ,  " ~ n f l u e n c e  of Thermal D i s t o r t i o n  on t h e  Anomalous 
Behavior of a Gravi ty  Gradient ~ a t e l l i t e , "  A I M  Paper 74-922, 
AIAA Mechanics and Control  of F l i g h t  Conference, Anaheim, C a l i f -  
o r n i a ,  August 1974. 



depends on t h e  r a d i a t i o n  p r o p e r t i e s  of  t h e  booms and the  a t t i t u d e  
r e l a t i v e  t o  t h e  sun. 

The s imula t ion  program accounts f o r  time-dependent thermal de- 
formations i n  t h e  fo l lowing manner. I t  is  assumed t h a t  a model 
e x i s t s  whereby t h e  s t r u c t u r a l  deformation of a f l e x i b l e  boom ( o r  
appendage) r e s u l t i n g  from s o l a r  h e a t i n g  can be  determined from 
elements of  t h e  s t a t e  v e c t o r  and t i m e .  This deformation is  sub- 
t r a c t e d  from t h e  a c t u a l  deformation;  t h e  d i f f e r e n c e  is  premul t i -  
p l i e d  by t h e  appendage s t i f f n e s s  matr ix .  The r e s u l t  i s  a v e c t o r  
of modif l e d ,  genera l i zed  r e s t o r i n g  f o r c e s  f o r  t h e  appendage, which 
is  summed i n t o  t h e  {GI v e c t o r  f o r  t h e  appendage body. 

j 

I n  terms of  t h e  development i n  Sec t ions  1 T . B  and 1 I . D  where 
-[k]{E) 1s seen  t o  b e  the  genera l i zed  r e s t o r i n g  f o r c e s  ( i n  t h e  
deformation c c o r d i n a t e s ) ,  w e  n o t e  t h a t  t h i s  i s  replaced wi th  
- [k]  ({CI - 15,)). The thermal deformation s t a t e  (5,) is t h a t  

which must be  e s t a b l i s h e d  from a thermal deformation model. 

I n  t h i s  way, a c losed loop response a n s l y s i s  can b e  achieved 
us ing  e x t e r n a l  subrou t ines  t o  develop t h e  thermal deformations.  
Some problems may r e q u i r e  on ly  open loop opera t ion  i f  t h e  va r i -  
a t i o n s  of  ( 5  i n  time i s  slow wi th  r e s p e c t  t o  genera l  dynamic 

e 
response.  

Rather than b u i l d i n g  i n  a r i g i d  ( o r  i r r e v o c a b l e )  model af thermal 
de fo rmj t ion ,  t h e  dynamic s imula t ion  program provides  the  use r  
wi th  an i n t e r f a c e  whereby he  can f o r m d a t e  and code a p a r t i c u l a r  
model, thus l a t i t u d e  wi th  r e s p e c t  t o  use r  requirements is  r e t a i n e d .  



111. LINEAR SYSTEM SYNTHESIS AND FREQUENCY DOMAIN SIMULATION 

The mainl ine  non l inea r  t ime domain a n a l y s i s  i s  s t r u c t u r e d  t o  nn- 
semble a  c o l l e c t i o n  of in te rconnec ted  bodies ,  inc lud ing  a  c o n t r o l  
law. The genera l  form of  t h e  governing equat ions  may be conc i se ly  
i n d i c a t e d  a s  

and t1.e form of t h e  func t ion  F is  t h e  essence of t h e  non l inea r  
time dcmain s o l u t i o n .  I n  f a c t ,  i t  can b e  s t a t e d  t h a t  Equation 
111-1 is t h e  fundamental b a s i s  f o r  tile e n t i r e  DYNAMO program. Al- 
gorithms f o r  e v a l u a t i n g  t h e  n o n l i n e a r  s t a t e  vec to r  time de r iva -  
t i v e s  (and a u x i l i a r y  equat ions)  a r e  cen te red  i n  a  subprogram and 
i ts  suppor t ing  rou t ines .  These same f u n c t i o n a l  a lgor i thms a r e  
used f o r  l i n e a r i z i n g  the  governing equa t ions  about a  s p e c i f i e d  
s t a t e .  In  a d d i t i o n ,  i t  has  been found d e s i r a b l e  t o  i n t r o d c c e  
some new v a r i a b l e s  inc lud ing  sensor  s i g n a l s ,  XsS, and c o n l i o l  

torques ,  d .  These new v a r i a b l e s  extend t h e  number of equat ions  
and these  a d d i t i o n a l  express ions  a r e  l i n e a r i z e d  along wi th  t h e  
b a s i c  s t a t e  rqua t ions .  Addi t ional  remarks concerni!lg t h e  use and 
manipulation of t h e  a d d i t i o n a l  v a r i a b l e s  i s  de fe r red  f o r  a  l a t e r  
s e c t i o n .  The remainder of t h i s  subsec t ion  w i l l  address s p e c i f i c s  
r e l a t i n g  t a  t h e  l i n e a r i z a t i o n  process .  

We f i r s t  focus our a t t e r . t ion  on a  s i n g l e  v a r i a b l e ,  and i t s  
.l k ' 

dependence on t h e  system s t a t e ,  y L ,  through a  known (though pos- 
s i b l y  non l inea r )  f u n c t i o n a l  r e l a t i o n s h i p .  Arguments begin by 

i consider ing an i n i t i a l  system s t a t e ,  Y (0) , and a  f u r ~ c t i o n a l  a l -  

gorithm wi th  which t o  eva lub ie  t h e  express ion  d  
9 Yk = dt Y k .  We 

f i r s t  express  the  unknown, y  i n  terms of a  Tay lo r ' s  s e r i e s  ex- 
k '  i 

yansion abcut the given s t a t e ,  Y (o )  a s  

As our  i n t e r e s t  l i e s  i n  t h e  l i n e a r  $ a r t  only ,  the  s e r i e s  i s  t run-  
ca ted f o r  a l l  p a r t i a l  d e r i v a t i v e s  g r e a t e r  rhan one and we have 



The task  a t  h p d  then is t o  e s t ab l i sh  t h e  p a r t i a l  der iva t ives  
indicated a s  y  

k , j  ' thus y ie ld ing  an expression of t he  form ( f o r  

Because i t  would be 2 nearly impossible ( ce r t a in ly  impract ical)  
t ask  t o  general ize  determination of t h e  p a r t i a l  der iva t ives  as 
e x p l i c i t  ana ly t i ca l  expressions involving t.he independent s t a t e  
var iables ,  w e  have adopted a  numerical approach. This t a sk  is 
accomplished by employing numerical per turbat ion techniques i n  
conjunction with quadrat ic  functions t o  e s t ab l i sh  t h e  desired 
p a r t i a l  der ivat ives .  Symbolichlly, we seek t o  determine t h e  
elements of Hi such t h a t  , j 

where i t  is  a s s u e d  t h a t  

i 1) The functions,  Y , are  indeed l i n e a r  s u f f i c i e n t l y  near the  

s t a t e ,  yi(o) 

i 
2) The functions,  Y , (although possibly nonlinear) can be rep- 

resented as a quadrat ic  (or  lower order) i n  t h e  neighborhood 
i 

of Y (0). 

The bas i c  approach i s  concisely summarized i n  two s teps:  

i 
1) E ,ablish quadra t ic  coe f f i c i en t s  f o r  Y i n  t hc  v i c i n i t y  of 

the s t a t e ,  yi(o) 

i 
2) Evaluate the  p a r t i a l  der iva t ives  H a t  the s t a t e ,  Y (0) , 

i , j  
using the  quadrat ic  coe f f i c i en t s  and p e r t u ~ b a t i o n  values on 
the independent var iab les .  

A. THE LINEARIZATION PROCESS 

Pi th  reference t o  the sketch, the quadrat ic  formula can be s t a t ed  
i n  matrix form as  



Y q  I 
I 
I 

I 1 
I I 

I 

I 
? ( i )  ' ( i+l )  

CI 
- ( i+2)  

where n i s  a l o c a l  s p a c i a l  coordinate  wi th  o r i g i n  corresponding 
a f t o  q(i)  and i t  i s  d e s i r e d  t o  e s t a b l i s h  t h e  d e r i v a t i v e ,  - 
a q , 

uated a t  q 
( i )  ' 

I n  genera l ,  t h e  required p a r t i a l  d e r i v a t i v e  is  

The t h r e e  va lues ,  f  
( i )  ' ' ( i+*)  ' '(i+2) ' a r e  eva lua ted  v i a  t h e  

previously  d iscussed f u n c t i o n a l  a lgor i thm,  thus  these  values  do 
i n  f a c t  s a t i s f y  Equation 111-6. More s p e c i f i c a l l y ,  consider  

and by mat r ix  manipulation i t  follows t h a t  

where t h e  l o c a l  coordinate ,  n ,  is def ined t o  be 
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S e l e c t i c n  o f  an i n i t i a l  p e r t u r b a t i o n  va lue ,  q(i+2) , from an i n i -  
t i a l  s p e c i f i e d  s t a t e ,  q(o) = Y (0) , is somewhat a r b i t r a r y .  A k 
va lue  of 1% of t h e  i n i t i a l  v a l ~ e  has  been s u c c e s s f u l l y  used f o r  
a l l  example prcblems dur ing  t h e  course  of t h e  s tudy.  I n  t h e  case  
where the  i n i t i a l  va lue  i s  n u l l ,  an i n f i n i t e s i m a l  va lue  must be  
chosen. A va lue  of 1x10 '~  has  been accommodated i n  t h e  d i g i t a l  
code. The in te rmedia te  choice  of n ( i + l )  = 112 was s e l e c t e d  f o r  
o t h e r  reasons. Consider f i r s t  t h a t  a  s i n g l e  e v a l u a t i o n  of a  

p a r t i a l  d e r i v a t i v e  af i s  no t  s u f f i c i e n t  t o  q u a l i f y  i ts  v a l i d i t y .  
ayi 

We have employed an approach whereby two success ive  e v a l u a t i o n s  
i of af/aY obta ined by success ive ly  c u t t i n g  t h e  p e r t u r b a t i o n  i n  

h a l f  must agree t o  a  predetermined number of s i g n i f i c a n t  d i g i t s  
(e.g., 5). The choice of n ( i+ l )  = 1 / 2  r e q u i r e s  bu t  a s i n g l e  new 

-i 
e v a l u a t i o n  f o r  each element i n  y  a t  each success ive  reduc t ion  
i n  t h e  p e r t ~ r b a t i o n  value .  I n  summary, t h e  l i n e a r i z a t i o n  em- 
p loys  an i t e r a t i v e  technique t o  e s t a b l i s h  t h e  d e s i r e d  p a r t i a l  
d e r i v a t i v e s .  

B. SYSTEM RESONANCE PROPERTIES 

The l i n e a ~ i z a t i o n  process  has  provided a system of f i r s t  o r d e r  
d i f f e r e n t i a l  equa t ions  t h a t  desc r ibe  the  dynamical s imula t ion  
i n  terms of  p e r t u r b a t i o n  v a r i a b l e s  about an equ i l ib r ium s t a t e .  
The l i n e a r i z e d  canonical  form appears as  

'The coef f i c i e r , r s  H c o n t a i n  a l l  of t h e  resonance frequency 
i b j  

p r o p e r t i e s  o f  t h e  dynamical system. The s t andard  e igensolu-  
t i o n  form j.s i n d i c a t e d  by t a k i n g  the t ransform of t h i s  expres-  
s i o n  

Ex t rac t ion  of t h e  r o o t s  (e igenvalues)  from H then g ives  t h e  
i , j  

r o o t s  of t h e  dynamical system. There w i l l  be  N of t h e s e  r o o t s  
and any complex r o o t s  w i l l  appear as conjugate  p a i r s  because t h e  
elements of H a r e  a l i  r e a l .  The imaginary p a r t  of t h e  complex 

i b j  

p a i r s  r e p r e s e q t s  t h e  resonance ( o r  c h a r a c t e r i s t i c )  f requencies  
of t h e  system. 



C. EXCHANGE OF VARIABLES AND SIMILARITY TRANSFORMATION EVALUATION 

It is o f t e n  necessary f a r  t h e  ana lys t  t o  r e q u i r e  a d d i t i o n a l  
v a r i a b l e s  wi th  which t o  a s s e s s  t h e  st a b i l i t y  c h a r a c t e r i s t i c s  
of t h e  dynamicd. system. These a d d i t i o n a l  v a r i a b l e s  o rd inar -  
i l y  t ake  t h e  f  o m  of  p l a n t  sensor  s i g n a l s  and c o n t r o l  system 
ou tpu t  fo rces  and torques.* Although t h e  d e s i r e d  v a r i a b l e s  
may not  be e x p l i c i t l y  conta ined i n  t h e  system s t a t e  vec to r ,  
i 

Y , they a r e  known i n  terms of t h e  s t a t e  v a r i a b l e s  through an 
express ion of t h e  form 

Recal l  a l s o  from previous  d i scuss ions  t h a t  e i t h e r  d i r e c t l y  o r  
through l i n e a r i z a t i o n  we have e s t a b l i s h e d  

Now r e w r i t i n g  Equation 111-20 i n  mat r ix  form and i d e n t i f y i n g  
v a r i a b l e s  t o  r e t a i n ,  Y 1,  and v a r i a b l e s  t o  e l i m i n a t e ,  Y2, gives  

and i t  can r e a d i l y  be e s t a b l i s h e d  t h a t  

[III-231 {Y\ = [R] 121 

where 

and 

Thus, t h e  s t a t e  equat ions  f o r  t h e  dynamical system can be 
w r i t t e n  ( i n  terms of v a r i a b l e s  t h a t  inc lude  the  d e s i r e d  p l a n t  
sensor  s i g n a l s  and c o n t r o l  system forces  and torques)  a s  

* I n  these  developments we r e f e r  t o  the  p l a n t  ( spacecra f t )  
s u b j e c t  t o  a  c o n t r o l l e r  ( a c t i v e  o r  pass ive  c o n t r o l  system) 



and the transformation A = R-I H R, i s  commonly re fe r red  
i j i l j  

t o  as a s i m i l a r i t y  transformation. The matr ix  A is sa id  t o  
il 

be the  transform of H by the matrix R.* 
i '3 

The s i m i l a r i t y  transformation A possesses a unique property 
i j 

i n  t ha t  t he  eigenvalues of A a r e  equal t o  t h e  eigenvalues 
il 

of H ! A simple proof e s t ab l i shes  t h i s  point .  
i ' j  

Proof: 

The c h a r a c t e r i s t i c  matrix of A i s  given by 
i j 

(111-251 
("ij 

- s1 ) = (R-I Hi, R - SI )  - R-' ( H ~ , ~  - R* 

It follows tha t  Q(s),  the  c h a r a c t e r i s t i c  polynomial of A is 
i j  ' 

i j  - sl) = det  R-'(det ( H i S j  - SI ) )  det  R Q ( s )  = det ( A  

and as ( d e t  R'L) = A 
det  (G) it is  apparent t h a t  

Q(s)  = det  ( H ~  - s1) = P(s)  , j 
where P(s) is the  c h a r a c t e r i s t i c  polynomial of H . Thus i t  

i , j  
is evident t h a t  t h e  matrices H and A have the  same char- 
a c t e r i s t i c  equations i '3 i j  

and theref , j ra ,  t he  eigenvalues of A a r e  equal t o  t he  eigen- 
values or' H i j 

i ' j '  

Application of t h i s  property now permits i s o l a t i o n  of t h e  p lan t  
and con t ro l l e r ,  even f o r  k s t a t e  space representat ion of an in-  
herently nonl inear  pystem tha t  can be  l i nea r i zed  about a spec- 
i f i e d  s t a t e .  Separation of p lan t  and cont ro l  system var iab les  
is an important face t  of l i n e a r  system s t a b i l i t y  synthesis .  

............................................ -.-- ----------- 
*S. Hovanessian and L. A. Pipes: D ig i t a l  Computer Methods i n  
Engineering, ItcGraw-Hill Book Company, New York, 1969. 



This  d i scuss ion  relates t o  a  procedural  approach f o r  detcrmi- 
na t ion  of t h e  s i m i l a r i t y  t ransformat ion matr ix ,  [R], t h a t  w i l l  
r e l i e v e  t h e  use r  from t h e  burden of having t o  s e l e c t  those  
v a r i a b l e s  t o  e l i m i n a t e  from t h e  o r i g i n a l  s t a t e  vec to r  such t h a t  

i 
t h e  a u x i l i a r y  v a r i a b l e s ,  B and Xssi, can become an independent 

c o n s t i t u e n t  of t h e  modified s t a t e  v e c t o r  f o r  use  i n  t h e  l i n -  
ea r ized  s t u d i e s .  With r e f e r e n c e  t o  Equation 111-22, a l l  of 
t h e  Cij c o e f f i c i e n t s  a r e  known a s  they have been o b t a h e d  

through l i n e a r i z a t i o n  of t h e  a u x i l i a r y  equat ions .  The C co- 
i j  

e f f i c i e n t s  simply d e f i n e  t h e  dependence of t h e  a u x i l i a r y  v a r i -  
i 

a b l e s ,  J , on t h e  o r i g i n a l  s t a t e  v a r i a b l e s ,  Y . I n  genera l ,  
i t  is  no t  p o s s i b l e  t o  d i r e c t l y  p a r t i t i o n  t h e  C i n  t h e  C1 and 

i j 
C2 p a r t i t i o n s  a s  ind ica ted  i n  Equation 111-22, f o r  we  have y e t  
no t  made t h e  dec i s ion  a s  t o  which s t a t e  v a r i a b l e s  t o  r e t a i n  
and which ones t o  diucard i n  preference t o  in t roduc t ion  of t h e  

1 a u x i l i a r y  v a r i a b l e s ,  k . I n  t h i s  l i g h t  w e  would l i k e  t o  make 
a  bes t  possible choice  wi th  regard t o  which o f  t h e  v a r i a b l e s  

t o  e l imina te  from t h e  state vec to r ,  yi ,  such t h a t  t h e  a u x i l i -  

a r y  v a r i a b l e s ,  w' , may b e  included. Many times t h e r e  w i l l  be 

a  one t o  one v a r i a b l e  exchange between an  element of J and a n  

element of yi. Tn any c a s e  a  v a r i a b l e  exchange i s  necessary  
t o  s t r u c t u r e  t h e  to ta l .  system i n t o  t he  d e s i r e d  p l a n t / c o n t r o l l e r  
framework whereby t h e  p l a n t  and c o n t r o l l e r  can be  i s o l a t e d  
along wi th  t h e  p l a n t  sensor  s i g n a l s  and t h e  c o n t r o l  system in-  
pu t s .  

The fol lowing approach i s  employed i n  t h i s  s imulat ion t o  ac- 
complish t h e  des i red  r e s u l t  ; namely, an optimum s e l e c t i o n  

j from yi as  t o  which v a r i a b l e s  t o  e l i n i n a t e  such t h a t  w can be 
introduced a s  a  p a r t  of t h e  s t a t e  vector .  With reference t o  
Equation 111-22 we can w r i t e  

Our primary focus  of a t t e n t i o n  is  now d i r e c t e d  t o  a  sys temat ic  
examination of t h e  C c o e f f i c i e n t s  such t h a t  t h e  v a r i a b l e  ex- 

i j 
chanre i s  accomplished i n  an optimum manner. We w i l l  f i r s t  
make no te  of some s i z e  i d e n t i f i c a t i o n s  t o  h e l p  c l a r i f y  t h e  
discuss ion.  



C has s i z e  NR by NS 
i j  
i Y has s i z e  NS by 1 
J w has s i z e  NR by 1 

and 

NJQ = NS + NR. 
Clearly,  t he re  e x i s t s  a t  l e a s t  one nonzero element i n  each row 

i 
of t h e  C array.  Otherwise Y does no t  represent  an indepen- 

i j 
dent set. 

Now a search through the  f i r s t  NS elements of row 1 i n  t he  
matrix array 

w i l l  i den t i fy  t h e  l a r g e s t  element (absolute  value) i n  row 1. 
Assuming tha t  t h i s  elemant occurs i n  column JBIG ( 1  < JBIG ( NS) 
allows us t o  divide each element of row 1 by t h i s  l a rges t  
element and subsequent elementary row operat ions on rows 1 
through NR w i l l  elim!.nate those elements below t h e  p i v o t a l  
element i n  column B I G .  

This procedure i s  repeated fo r  each of t h e  NR rows contained 
i n  the matrix and t h e  following observations a r e  noted; 

1) t he  appearance of a one (1.0) i n  a row i d e n t i f i e s  a var i -  
able  t h a t  w i l l  be e l iminated i n  preference t o  inc lus ion  

of an element of wj. 

2) The absence of a zero o r  one i n  columne of a given row 
ind ica tes  which var iab les  w i l l  survive t he  exchange process. 

3) A l l  va r iab les  i n  (NR o: them) w i l l  become p a r t  of a new 
and independent s t a t e  vector  ( t h e  modified s t a t e  vector) .  

4) The transformation, R ( i ,  j = 1 . . . NS) can be con- 
i j 

s t ruc t ed  from the matrix t h a t  remains a f t e r  t h e  procedural 
approach has exhausted a l l  of the NR rows of t h e  expression 
111-27. 



TRANSFER FUNCTION EVALUATION 

The e n t i r e  system t r a n s f e r  funct ion synthes i s  can be concisely 
summarized i n  a chronological sequence of s t eps  t h a t  began with 
l i n e a r i z a t i o n  of t h e  coupled mechanicallcontrol law equations 
t ha t  govern the  dynamical motion. This process iucluded l i nea r -  
i z a t i on  of addi t iona l  equations t h a t  contained s p e c i f i c  var iab les  
required f o r  fu r the r  consideration-in-the.stability ana lys i s ;  
namely, p l an t  sensor s i g n a l s  and con t ro l  - system outputs.  A 
s i m i l a r i t y  transformation has been introduced which i n  e f f e c t ,  
exchanges o r i g i n a l  s t a t e  var iab les  f o r - t h e s e  des i red  sensor s ig-  
n a l s  and con t ro l l e r  outputs  euch t h a t  t he  r e s u l t i n g  m d i f i e d  
s t a t e  vector  s t i l l  is  represen ta t ive  of an independent s e t  of 
s t a t e  var iab les .  Th2 r e s u l t i n g  system of s t a t e  - space equations 
is l a t e r  icienticied a s  Equation 211-28. 

The system c h a r a c t e r i s t i c  matrix,  A , provides t h e  b a s i s  f o r  
i j 

evaluat ing t h e  coupled mechanicallcontrol system resonant char- 
a c t e r i s t i c s  (na tura l  frequencies) as w e l l  a s  providing the fun- 
damental basis f o r  spec i f i ca t i on  and determination of t he  var ious 
types of t r a n s f e r  functions.  .The next subsect ion addresses some 
of t he  more s p e c i f i c  d e t a i l s  regard ing-spec i f ic  t r a n s f e r  funct ion 
re la t ionsh ips .  A p a r t i c u l a r  t r a n s f e r  function is  i d e n t i f i e d  by 
a type along with t h e  desired output l input  va r i ab l e  designa- 
t ion .  An eigenvalue problsm i s  then s t a t e d ,  which leads  t o  . 
determination of t he  numerator roo ts  (zeros) and denominator 
roo ts  (poles) f o r  the p a r t i c u l a r  t r a n s f e r  function. Onc2 the  
poles  and zeros  a r e  known fo r  a t r a n s f e r  funct ion,  t h i s  in for -  
mation can be f u r t h e r  processed and displayed by any of t he  
conventional display modes: Bode, Nichols, Nyquist, and/or 
root  locus.  
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f 4 .  T I  pZant,'Contro 2 Zer Block Diagram - - a - -  

The conventional block diagram representation for the cou?led 
plant /controller system (Figure 111- 1) provides additional in- 
sight for determination of system transfer functions. 

The first-order differential equations for the system are written 
a S 

and it is helpful at this point to express the equation in ma- 
*i 

trix form and indicate the separate partitioned subsets of Z , 

I The following observations are noted; 



and Equation 111-29 can be restated as 

Equations 111-30 are the operating basis for stating particular 
transfer function relationships for the plant/controller system. 

The general procedure is to establish a system transfer function 
between inputs 5 and R and outputs XSs and Bo Loops may be s 
opened to provide open loop information by manipulation of the 
A coefficients to prohibit certain feedbacks. 
ij 

To symbolically describe specification of a transfer function 
we begin by consolidating the b coefficients and taking the La- 
place transform of Equation 111-30 to give 

and then employ Cramer's Rule to evaluate a given element Z P 
- (8) 

due to a particular input U 
I(s) 

where 
I 

and where aug (Is - A1 is accomplished by placing column q of b 

into column p of 18 - . I A I  * 
The Q-R algorithm is a useful tool with which to extract the 
indicated determinants in Equation 111-33. 

i t  

J. G. F. Francis,  h he QR-Transformatinn - A Dnitary Analogue 
to the LR-Transformation." The Computer Journa l ,  V~lume 4, Octo- 
ber 1961 (Part 1) and Volume 5, January 1962 (Part 2). 



The Root Extraction Process 

With reference to Equation 111-33 it is desired to evaluate both 
the numerat02 and denominator roots. The denominator root extrac- 
tion is straightforward in that we wish to find pl, p2, p3, * * *  
from an expression of the form 

such that 
n 

This evaluation is completed by extracting the characteristic 

roots of the matrix Aij.  In general these roots will be complex 

because A is not symmetric. i J  
The process employed for evaluating the numerator is best illus- 
trated with an example. Consider that we have the (4x4) charac- 
teristic system inatrlx, 

and the column of coefficierits bi which premultiply the desired 

input variable uq. Further, let it be desired to obtain the 
transfer function relating output of the third variable in the 

4 state equations yg to tha input U . 
The state equations for this system would appear as 

and, with reference to Equation 111-33, the numerator is 

N(e) = aug(le - A [  or 



(111-361 N(s) = de t  

A E t s r  performing elarnentary row operations,  Equation 111-36 can 
ba ree ta ted  i n  the form 

or ,  i n  symbolic terms a s  

(111-3a1 N ( S )  = b3 de t l  [IS]  - [ i l l  

where the  matrix 5 is given a s  

Note t h a t  the previous expression f o r  N (s) is f i n i t e  only i f  b3 f 0 
and the  queotion is--can b3 r e a l i s t i c a l l y  be nu l l ?  The answer is  
yk?e a s  t h e  following example ind ica tes .  

Examp Ze 

Consider the simple mechanical system cons is t ing  of two masses 
connected by a s ing le  spr?.ngldaahpot combinai;ion a s  shorn i n  the  
sketch. 

The s t a t e  space representat ion i e  

111- 14 



and the frequency domain (or transformed) equatio?~ in 8 are 

where 

Consider now the tranrfer function I ! a) IF1 where tho augmented 
numerator io 

N ( S )  - det 1 l/m1 -elml k/ml -kinl 

0 s + c/m2 -k/m2 k/m.* 

0 0 8 0 

0 -1 0 8 

and the pivot elemant is the (1, 1) element or l/ml # 0, On the 
l~ thc~r  hand, the transfer function Xl(s) IF1 hae the augmented 
n~mera tor 

acd the pioot element is the (3, 3) element, which fe ,  null, 

N(s) = det o + c/ml -c/ml 

-c/m2 e + c/m2 0 l m l  k/mp I 
- 1 3 0 3 

1 "  - 1 0 8 



The problem we now address involves e~aluation of the numerator 
determinant ~ ( s )  when the pivotal elemett is null, The particu- 
lar mathematical problem m;?y be restated as 

[III-391 N(S)  = det I [i]s - [i] I 
where 

I is the identity matrix ['I [I] of sire N with a null diagonal 
element. 

Addition and subtraction of the quantity I x where x is an ar- [-I ( r.,, 
bitrary constant not equal to one of tie roots of I A I  ) yields 

L J I  

[111-401 N(s) = det 

and if we define (s - X) E '/p, there results 

T-he roots, (Pi, i=l,ii) are fcund as the eigenv.lues of the e r  
pression 

[ W  - [i] [i] 

and t~le ~igenso1u;ion permits N(s) to bz written as 

We now make the iollowing observ-tion: a pi equal to zero im- 

plies a root at infinity (or a chara-teristic polynominal having 

order less thsn A), Thus, the null p ' s are eliminat ?d from the i 
expression giving the chara~teristic polyminal an order n, which 
is less than iJ. It is a rather common occurence for the number 

of zeros (orc;>r of ~ ( s j  ) to be significantly less than the num- 

ber of poles (crder of D ( s )  ) . With reference to Equation III- 
43, tne numerator expression, W(sj can be written as 



N 111-44 1 1 (s) = (-1 det - j xx1 -:) - 2 
* * *  (1 - pn 

P P 

1 
and, recalling that p -, yields 

s-x , 

Next, we note that 

a d  it follows that 

The numerator root gain, kg, can now be identified as 
n . - I 

il-n n p det A - 
[III-481 k, = (-1) i=l i . . I IXl 

and the aode gain, kg, for the numerator is 
m 

= \ (-i)mn s where rn L n. 
i=l i 

Transfer Function Classification 

With reference to Figure 111-2 it is poss-;ble to directly iden- 
tify six transfer function types. Each type is characterized by 
the specific variables involved and by the presence of feedback. 
Additionally, a seventh type will also be described whereby cer- 
tain of the control variables fsted back and others do not. This 
ty~c is similar to an open loop transfer function but treats se- 
lected channels of the controller as part of the mechanical sys- 
tem (plant). During the course of this discussion it will be- 
come apparent that additional transfer function types are easily 
accommodated by rather sim~le manipultaions with the system char- 

acteristic natrfx, A ij' 



I n  general  i t  ehoald be noted tha t  t he  process of obtaining the  
desired t r ans fe r  funct ion involves but  a few bas ic  s teps .  The 
t r ans fe r  funct ion c h a r a c t e r i s t i c  matrix, and the  desired ij* 
force  coe f f i c i en t  vector ,  b aL a obtained d i r e c t l y  f r o s  the  .;ys- 

t an  c h a r a c t e r i s t i c  r a t r i x  iij. These t w l  matr ices  a r e  then pilt 

i n  a form such t h a t  the  0-it algorithm can be emplnyed t o  ex t r ac t  
system roots .  

me I (Plant Only)- 

Type I i s  the  forward path t r ans fe r  funct ion f o r  +he plan t  with 
no feedback and is of t he  form 

The cont ro l  var iab les  d i  and con t ro l  outputs ,  B ~ ,  do not  feed 
back i n t o  the  p l an t ,  The matr ix  expression depic t ing  the system 
of i n t e r e s t  is 

[ I I ~ - ~ ~  '"I 1 = pll a" 1 + p:] In\ 
d t  Xss a21 a22 

The matrix. Aij,  t o  use i n  t he  general  expression given a s  Equa- 

t i o n  111-33 is r e f e r r ed  t o  a s  R i j  o r  the  reduce4 A matrix, 
i j 

The augmented[Rij matrix i s  obtained by removing the  column cor- 

responding t o  the  input vaziable ,  R:, from the expression b and T 
i n se r t i ng  t h i s  column i n t o  the  column i n  . which corresponds 

Ri j 
t o  the  desired output,  Xss. The r e s u l t i n g  t r ans fe r  funct ion is 

then given a s  



Type I1 (Cont ro l l e r  Only) 

Type I1 r e p r e s e n t s  t h e  feedback path ,  ii(s), f o r  t h e  c o n t r o l l e r  
only.  The d e s i r e d  t r a n s f e r  func t ion  r e l a t e s  c o n t r o l  system out- 

p u t s  B~ t o  sensor  s i g n a l  inputs .  X' 
ss' 

The reduced c h a r a c t e r i s t i c  mat r ix  and t h e  corresponding in- 
i j 

put  c o e f f i c i e n t s ,  bik, are given as 

Type I11 (Open Loop, GH) 

Type I11 f a l l s  wi th in  t h e  framework o i  t h e  c l a s s i c a l  open-loop 
t r a n s f e r  func t ion  des igna t ion  and r e l a t e s  c o n t r o l  system out- 

i j 
p u t s  B t o  e x t e r n a l  p l a n t  i n p u t s  k. The a l g e b r a i c  express ion f o r  

I 

a given output  v a r i a b l e ,  B', due t o  a n  e x t e r n a l  inpu t ,  R ,  is in- 
d i c a t e d  a s  

The open-loop system c h a r a c t e r i s t i c  mat r ix  R and corresponding 
il 

input  coeff  i c i e n c t s ,  bik, a r e  

Previously  it was noted t h a t  a31 = a41  = a13 = a23 = 0 and, i n  ad- 

d i t i o n ,  the  p e r t i t i o n s  a14 and a 2 4  are set t o  zero t o  p r o h i b i t  
i 

t h e  B feedback. Thus, t h e  loop i s  opened t o  e s t a b l i s h  GH, t h e  
open-ioop t r a i . s f e r  func t ion  i n  s. Note t h a t  t h e  negat ive  s i g n  

i 
i n  the  bik c o e f f i c i e n t s  simply i n d i c a t e s  t h a t  t h e  B feedback is 

nega t ive  wi th  respec t  t o  t h e  e x t e r n a l  p l a n t  i n p u t s ,  4. . 



Type I V  (Open Lcop, HG) 

An a d d i t i o n a l  open-loop t r a n s f e r  func t ion  is  o f t e n  desLred t o  
a s s e s s  t h e  p l a n t  sensor  s i g n a l  ou tpu t s  due t o  c o n t r o l l e r  n o i s e  in- 
puts .  The t r a n s f e r  func t ion  then r e l a t e s  sensor s i g n a l  ou tpu t s ,  
i 

XSS' 
t o  c o n t r o l  system no ise  inpu t s ,  R' . The p l a n t  sensor  s ig-  

6 

n a l  vec to r  does n o t  feed back i n t o  t h e  system s o  t h a t  we have 

and t h e  system c h a r a c t e r i s t i c  matr ix ,  ( R i j ,  and t h e  e x t e r n a l  in- 

put  c o e f f i c i e n t s ,  bik, a r e  i d e n t i f i e d  a s  

I ? ~ t e  t n a t  t h e  a32 and a42 p a r t i t i o n s  have beer, nu l l ed  t o  elimi- 
n a t e  sensor  s i g n a l  fesdtacic, 

Type V (Closed Loop - Control  Rat io)  

The system c o n t r o l  r a t i o  i s  given as t h e  t r a n s f e r  f u n c t i o n  t h a t  
r e l a t e s  p l a n t  v a r i a b l e  ou tpu t s  t o  e x t e r n a l l y  app l ied  p l a n t  i n p u t s  
wi th  t h e  c o n t r o l  system e n t i r e l y  a c t i v e .  We express  t h i s  t r a n s f e r  
func t ion  a s  

snd t h e  system c t l a r a c t e r i s t i c  n a t r i x  and t h e  e x t e r n a l  input  
i j 

c o e f f i c i e n t s  bik a r e  i d e n t i f i e d  a s  

The negative: s i g n  i n  t h e  matrix bik i n d i c a t e s  t h a t  t h e  feedback i s  
negat ive  . 



, " . * VI (Closed Loop) 

An a d d i t i o n a l  closed-loop t r a n s f e r  func t ion  has  been accommodated 
wi th in  t h e  d i g i t a l  s imulat ion.  S p e c i f i c a l l y ,  Type V I  r e l a t e s  
p l a n t  sensor  s i g n a l  ou tpu t s  t o  sensor  s i g n a l  n o i s e  inp l i t s  wi th  
a l l  c o n t r o l  system loops a c t i v e .  The t r a n s f e r  f u n c t i o n  is  sym- 
b o l i c a l l y  i n d i c a t e d  as: 

1111-611 xsF' = ( t r a n s f e r  func t ion)  R~ 
ti S 

where t h e  system c h a r a c t e r i s t i c  matr ix ,  Ri j ,  and corresponding 

i n p ~ t  c o e f f i c i e n t s  a r e  i d e n t i f i e d  as 

Qpe V I I  (Quasi-Open Loop) 

An a d d i t i o n a l  t r a n s f e r  func t ion  type i s  i d e n t i f i e d  h e r e  and re- 
f e r r e d  t o  a s  quasi-open loop. I t  is  of t h e  open loop type i n  

i 
t h a t  w e  a r e  i n t e r e s t e d  i n  c o n t r o l  system ou tpu t s ,  B , due t o  p l a n t  

j v a r i a b l e  inpu t s ,  RT. For example, suppose t h a t  f o r  a  multi-channel 

c o n t r o l  system (such a s  a z i q u t h  and elek . t i o n ) ,  w e  d e s i r e  ou tpu t s  

B~ on the  c o n t r o l l e r  channel t h a t  do n o t  feed back and t h a t  t h e  
o t h e r  channel i s  a c t i v e  i n  t h a t  i t  feeds  back i n t o  t h e  p lan t .  

Snannel 1 

Channel 2 I 
For t h e  c o n l i g u ~ a t i o n  ind ica ted ,  a t y p i c a l  Type V I I  t r a n s f e r  func- 
t i o n  (TF) would be  given by 

04 = ( t r a n s f e r  func t ion)  



and t h e  form of t h e  system c h a r a c t e r i s t i c  matr ix ,  and p l a n t  
i j  ' 

inpu t  c o e f f i c i e n t  mat r ix  bik would be  

The s u b p a r t i t i o n s  iI4 and Z Z 4  i n d i c a t e  modi f i ca t ion  of the o r i g i -  
n a l  p a r t i t i o n s  a14 and az4. S p e c i f i c a l l y ,  Smn is  a s u b s e t  of a 

i d  
obtained by keeping only tnose  n columns of am t h a t  correspond 

i 
Lo t h e  B v a r i a b l e s  t h a t  feed back t o  t h e  p l6n t .  

Transfer-Functions - Polynominal Descr ip t ion  

This subs -c t ion  i s  addressed t o  implementation of c o n t r o l  system 
t r a n s f e r  func t ions  descr ibed as t h e  r a t i o  of two polynominals i n  
the  frequency domain, s. S p e c i f i c a l l y ,  we consider  

where 

and 

aecause t h e  previously  descr ibed governing equat ions  have been 
s t a t e d  i n  cpnonical f i r s t - o r d e r  form, w e  propose t o  r e s t a t e  t h e  
polynomir,al d e s c r i p t i o n  f o r  t h e  t r a n s f e r  func t ion  i n  t h e  form 

The block diagram f o r  t h e  system is  

1111-661 frcm whicn we w r i t e  



i 
B 

1 and expansion of t h e  implied o p e t a t o r  i n  s r e s u l t s  i n  a d i f f e r -  
e n t i a l  equat ion of t h e  form 

i 
$ n n-1 m m-1 

[III-671 an 6 + a n 1  - 6 + b m b  + a 1  : + a 0 6  = b m U + b p l  U + * * * + b l f + b 0 ~  

i 
wnere '; = fi . 

i : 
1 d t n  

I n  genera l ,  t h e  order  of P (s) w i l l  be no g r e a t e r  than t h e  order  of 
Q(s)  o r  m<n. 

We d i v i d e  Equation 111-67 by an  t o  o b t a i n  

a i bi 
where C = - and di = - 

i a a n n 

An example w i l l  be  used f o r  i l l u s t r a t i o n .  

ExumpZe: Consider t h e  equat ion w i t h  m=n=4, .... b * .  . .... 
6 + C 3  6 + C 2  6 + C16  + Co6 = dy U + d3'fi0 + d2b0 + d16 + dOU - 

o r ,  i n  opera to r  form 

s46 + s3 C36 + s2 C26  + Cls6 + C 0 6  s4d4u + s3d3u + s2d2u + s dlU + doU. 

This can be r e w r i t t e n  as 

S * ( S  - d43) + s3(c36 - d 3 u )  + s2 (c2&  - d2U) + s ( ~ 1 6  - dlU ) + ( ~ ~ 6  - d0u)= 0 

and t h e  s u b s t i t u t i o n  

61 a 6 - dsU 

permits  a reduct ion i n  order  t o  

s3(kl + C 3 6  - d 3 ~ )  + s2(c26 - d2u) + s Ic16  I - d l u )  + ( c ~ L I  - .!ou) 0. 

we can aga in  in t roduce a new v r ~ r i a b l c  



and r e w r i t e  t h a  previous  a s  

It fa l lows t h a t  i.? we d s f i n e  

ti3 = 6 2  i C26 - d2U 

t h e r e  r e s u l t s  

and t h e  s u b s t i t u t i o n  

61, i 3  + C16 - dlU 

g ives  

The v a r i a b l e  6 can now be e l iminated from cdch of t h e  above ex- 
t h  press ions  and t n e  r e s u l t s  general tzed t o  n order  sys tens .  

The r e s u l t  is conc i ss ly  s t a t e d  as a mat r ix  equat ion t h a t  i s  recog- 
nized t o  be of t h e  d e s l r e d  form i n i t i a l l y  given as Equation 111-65, 

where 61 and 
ted as shown 
f e r  func t ion  

6 ,  t h e  o r i g i n a l  v a r i a b l e  of t h e  equat ion,  a r e  re la -  
prevtously  and U i s  t h e  inpu t  v a r i a b l e  t o  t h e  t rans-  
express ion a s  ind ica ted  i n  Equation 111-65. 

The genera l  express ion f o r  t h e  case  where m c a  i s  e a s i l y  accomo- 
dated by r e s t r i c t i n g  t h e  di c o e f f i c i e n t s  t o  r e f l e c t  the  l i m i t  m. 

Commonly, only t h e  do c o e f f i c i e n t  will be f i n i t e .  



4. Frecper.cy Response 

Transfer function poles, zeros, and root gain can be converted to 
the standard Bode form for frequency response by combining time 

~. . !  constants, damping, and resonant frequencies as 

where the Bode gain is 

ill 
k g R k -  where k = root gain and 

; p j  
j=l 

T = system constants 

5 = system damping at frequency w 

w = system resonant frequency. 

The frequency response is then calculated by substituting j w  for. 
s and evaluating the transfer function expression at various w '  s. 
The digital simulation uses a vernier frequency incrementing ap- 
proach that autonatically introduces smaller frequency increments 
near the poles and zeros. This variable frequency incrementing 
tecnnique permits better transfer function resolution near the 
resonances where amplitude and phase can vary rapidly. 

5. Roc t Locue 

The root locus method of analysis and design is based on the re- 
lationehi? between the poles and zeros of the closed loop transfer 
function and those of the open :.oop transfer function. The method 
is used to determjne the iocation of the roots of the character- 
istic equatlcn as a f~nction cf z single open loop gain param- 
eter. The locations of these roots are indicative of the relative 
system stability. The analyst may use the ~ethcd 3s a design tool 
by adjusting the poles and zeros and the open-loop gain parameters 
in such a way as to yield a closed loop system with satisfactory 
critical frequencies (poles and zeros). 



To f u r t h e r  d e s c r i b e  t h e  t h e o r e t i c a l  b a s i s  f o r  t h e  method w e  re- 
f e r  t o  t h e  convent ional  c ~ n t r o l  r a t i o  f o r  a  feedback system as  
shown i n  Figure  111-2. 

Figure 111-2  Conventional Feedback Control System 

The c o n t r o l  r a t i o  C (s) /R (s) i s  

and t n e  open loop t r a n s f e r  func t ion  ~ ( s )  H (s) i s  i d e n t i f i e d  as 
a  r a t i o  of two func t ions  i n  s ,  

The c h a r a c t e r i s t i c  system equat ion i s  

[111-731 1 + G (s) ~ ( s )  a 0 

The conventiorlal r o o t  locus  p l o t  p o r t r a y s  t h e  l o c i  of t h e  va lues  
of s t h a t  s a t i s f y  t h e  c h a r a c t e r i s t i :  equat ion a s  k  v a r i e s  from 
zero t o  i n f i n i t y  and we n o t e  

1) a t  k m O ,  t h e  r o o t s  of t h e  c h a r a c t e r i s t i c  equat ion a r e  equa l  t o  
t h e  r o o t s  of Q ( s ) ,  which a r e  t h e  same a s  t h e  poles  of t h e  open 
loop t r a n s £  er func t ion ,  k &) ; 

Q(s) 



2) a s  k approaches i n f i n i t y ,  the roo t s  approach the  roo t s  of P(e) , 
the  open loop zeros. 

Thus, a s  k va r i e s  from 0 t o  i n f i n i t y ,  t he  l o c i  of the  closed loop 
poles  migrate from the  opcn loop polss  t o  t he  open loop zeros 
and the  d i r ec t i on  of migration depends on the s ign  of t h e  open 
loop gain parameter, k. 

Rewritt ing Equation 1 1 1 - 7 3  y ie ld s  a more conventional expression 
fo r  the  c h a r a c t e r i s t i c  equation as 

and two condi t ions a r e  required; 

P (8) /Q (8) = i aoO,  k>, 0 . 
The f i r e t  of these condi t ions can be expressed a s  

f o r  those values of s tha t  s a t i s f y  the  angle  c r i t e r ion .  The con- 
d i t i ons  t ha t  govern t he  migration of t he  roo t s  i n  the complex 
plane can be solved by an i t e r a t i v e  procedure. The i t e r a t i v e  
procedure f o r  evaluat ion of a s i n g l e  roo t  locus* i s  described i n  
Appendix E. 

E. LINEAR RESPONSE I N  THE TIME DOMAIN 

The l inear ized  canonical f i r s t -order  s y s t e m  of equations can a l s o  
provide a bas ie  fo r  stud-ling system time h ie tory  i n  terms of per- 
turbat ions about a spec i f ied  s t a t e  when the  syaLem indeed behaves 



I n  a l i n e a r  manner i n  t h e  v i c i n i t y  of t h e  e t a t e .  The nonhomogen- 
eous form of the  equat ions  was t h e  b a s i s  f o r  de te rmina t ion  of 
a:ystem t r a n s f e r  func t ion8  and appeared p rev ious ly  a s  

k 
The e x t e r n a l  system i n p u t s  a r e  t h e  elements of U . It is  con- 
ven ien t  t c  e s t a b l i s h  t h e  s o l u t i o n  f o r  t h e  above system through \ 
use  of a r e c u r s i v e  formula numerical  i n t e g r a t i o n  procedure r a t h e r  
than through t h e  Runge-Kutta approach. 

Co;nsider t h e  Adams' c o r r e c t o r  formula* a t  time t + l ,  

where h is  t h e  incremented time s t e p .  

Appl ica t ion of t h i s  formula t o  our system of eqva t ions  g i v e s  
r 7 

and oan ipu la r ion  y i e l d s  t h ~  s o l u t i o n  f o r  a l l  t h e  zi a t  time s t e p ,  
~ + l  

:!cte tlra requirement f o r  ii a t  time s t e p  t-2; hence, t h e  reqvire-  
~ e n t  f o r  a s t a r t e r  (a.g., Runge-Kutta) t o  i n i t i a t e  t h e  s o l u t i o n  
process.  

lk 
F. Schied. "Theory and Problems of 14umerical Analysis." 8. ham ' 8  
Outline Ser ies ,  McGraw-Hill Book Company, N ~ : J  York 1968. 



APPENDIX A--INERTIAL INTEGRALS 

. I n  t h e  development of t h e  equat ions  of motion (Refer t o  Chapter 
11, Sect ions  B and D.) t h e r e  a r e  c e r t a i n  i n e r t i a l  i n t e g r a l s  
i d e r a t i f l e d  t h a t  a r e  cequired t o  account f o r  t h e  deformation-depen- 
dent  i n e r t i a  mat r ix  and t h a t  a r e  involved i n  c a l c u l a t i n g  t h e  e f -  
f e c t s  of c e n t r i f u g a l  and C o r i o l i s  fo rces .  

The b a s i s  f o r  c a l c u l a t i n g  these  i n t e g r a l s  i s  a t r i p l e  matr ix  pro- 
duct  involving a so-cal led  d i s c r e t e  mass matr ix  [MI, which is as- 
sembled by use of f i n i t e  element techniques,  and which may be  used 
i n  c a l c u l a t i o n  of v i b r a t i o n  modes. The o t h e r  c o n s t i t u e n t  of t h e  
t r i p l e  mat r ix  product i s  a nodal  t rz3sformat ion t h a t  transforms 
ord inary  v e l o c i t i e s ,  a s soc ia ted  wi th  the  f i n i t e  element model, t o  
t h e  v e l o c i t i e s  of the  TU) vec tor .  

j 

Let  u s  r e f e r  t o  t h e  t ransformat ion a s  [ $ I ,  thus the t r i p l e  matr 'x 
product i s  

which is  t h e  b a s i s  of t h e  k i n e t i c  energy express ion of Eqcntion 
11-21. Now, t h e  mass mat r ix  [MI is Ir lvar iable  wi th  respec t  t o  
the boti>'s deformation. The modal t ransformat ion [$]  does ,  hcw- 
evcir, depend on t h e  { 5 )  i n  a l i n e a r  f a s h i m ,  o r  we may expar.d 
141 a s  

wi th  [ $ ]  a matrix of cons tan t  elementr, and [A$] v a r i a b l e  wi th  
0 

r e s p e c t  t o  deformation. 

On s u b s t i t u t i n g  Equation A-2 i n t o  Equation A-1 and r e f e r r i n g  t o  
liquation 11-66 it follows t h a t  

and 



Assume t h a t  the  f i n i t e  element model of t he  body has a "global" 
ca l t e s i an  frame i n  which the  ordinary v e l o c i t i e s  a r e  mea~ured,  
and fu r the r  assume tha t  the generalized coordinates of the  f i n i t e  
element model a r e  grouped (or ordered) such t h a t  a l l  the  x-trans- 
l a t i o n s  a r e  toge:her, followed by a l z  the  y- then z- t r ans l a t i ons ,  
and t h a t  -32 t r ~ ~ ~ l a t i o n s  a r e  followed by sets of x ,  y ,  and z ro- 
.ations.  ' d i t h  t h i s  implied order ing,  i t  follows t h a t  t he  d i s c r e t e  

ntnss matrix is  pa r t i t i oned  i n  the form: 

1 (SYMMETRIC) 

with p ,  q ,  and r corresponding t o  ro t a t i on  coordinates about x ,  
y ,  and z axes,  respect ively.  Similar ly ,  the modal transformation 
is  pa r t i t i oned  as 

! mw 

YF 
m 

zp 

PP 

Each square subgar t i t ion  of Equation A-6 has rows equal t o  the 
number of s t r u c t u r a l  j o i n t s  (co l loca t ion  points)  of the f i n i t e  
element model, as  does each subpa r t i t i on  of Equation A-7. The 
submatrices i n  the  l a s t  column p a r t i t i o n  of Equation A-7, 
( lhx] ,  [h 1, , [az] )  , have columns equal t o  the number of 
deformatign modes used to  represent the body and a r e  matrices 
of modal t r ans l a t i on  and ro t a t i on  amplitudes. 

m 
xq 

m m m  
Yq 

m -  
zq 

m m m  
PQ 

m 
94 

m 
xr- 

Y r  

m 
z r  

Pr  

m 
q r  

m 
rr - 



The form of [+o]  & 1 of [Ad] is seen immediately from Equation 

A-7 i n  tha t  the only nonzero p a r t s  of [ A $ ]  a re  due t o  the {n} 
vectors .  Tlie [dl  matri.x is e f f ec t i ve ly  a kinematic ve loc i ty  t rans-  
formation cons is ten t  with the form of Equation 11-25, and i t  
follows tha t  

and { q Z }  = [hzl{C} 

In  the  Equation A-4, there  is  seen the  product of two constant 
matr ices ,  namely [MI [$o]. The two t r i p l e  products on the  r i g h t  

o i  Equation A-4 requi re  evaluat ion of only the  f i r s t  th ree  row 
p a r t i t i o n s  of [MI [40]. Th~is l e t  us def ine 

(The f i r s t  3 row p a r t i t i o n s  of [MI [ $  1) = 
0 

- .  
[A-9 1 l P Y l l  lPY2; fp  1 ~ 3 1  I IPy4) IPy5/ 1Py61 P yk 

I 

- - 
with, f o r  example, 

and 

It j s  unnecessary t o  expand each p a r t i t i o n  of Equation A-9; the  
p a r t l a l  product is numerically obtained and the  examples of Equa- 
t ions  A-10 and A - 1 1  a r e  j u s t  f o r  purposes of i l l u s t r a t i o n .  



[A-121 

[A-131 

[A-141 

[A- 15 ] 

[A-16 ] 

[A-171 

[A-181 

[A- 19 ] 

[A-20 I 

Now with reference t o  t he  intermediate  constant ffiatrices given 
by Equation A-9 and the de f in i t i ons  of Equations A-4 and A-5, the 
following i n e r t i a l  i n t e g r a l s  a r e  developed ( the  reader is  urged 
to  r e f e r  back to  Chapter 11, Section D ,  p a r t i cu l a r ly  Equations 
11-88 and 11-89) : 





APPENDIX B--ROTATION TRANSFORMATIONS ................................................................ 

There a r e  12 p o s s i b l e  orthonormal r o t a t i o n  t ransformat ions ,  i n  
tzrms of Euler ang les ,  t h a t  the  a n a l y s t  may choose from i n  o rder  
t o  o r i e n t  one or thogonal  t r i a d  wi th  r e s p e c t  t o  another .  For each 
one of t h e  12 orthonormal r o t a t i o n  t ransformat ions  t h e r e  is an  
assoc ia ted  r o t a t i o n  t ransformat ion t h a t  i s  n o t  arthonorma1 and 
t h a t  i s  used t o  transform angular  v e l o c i t y  p r o j e c t i o n s  (onto a 
nonorthogonal v e c t o r  b a s i s ) ,  which a r e  time d e r i v a t i v e s  of Euler  
ang les ,  t o  p r o j e c t i o n s  (onto an or thogonal  vec to r  b a s i s )  t h a t  
a r e  common:i r e f e r r e d  t o  a s  time d e r i v a t i v e s  of angular  quasi -  
coordinates  (ux, w and uZ). 

Y 

It is poss ib le ,  f o r  purposes of d i g i t a l  computation, t o  automate 
the  generat ion of t h e s e  t ransformat ions ,  given a s e l e c t e d  o r d e r  
of r o t a t i o n .  It is t h e  purpose of t h i s  appendix t o  i n d i c a t e  t h e  
s t e p s  and numerical manipulations t h a t  a r e  required.  To t h i s  end,  
l e t  us consider  one of t h e  1 2  types (say a 2-3-2 permutation) as 
an i l l u s t r a t i v e  example. 

Consider t h e  two orthogonal vec to r  bases ,  whose r e l a t i v e  o r i e n t a -  
t i o n  we want t o  desc r ibe ,  t o  be 

and 

Now i f  e l ,  Z 2 ,  and e 3  a r e  t h e  t h r e e  success ive  Euler  r o t a t i o n s  
about axes (2-3-2) r e s p e c t i v e l y ,  then i t  follows t h a t  



and 

On combining Equations B-3, B-4, and B-5 the re  r e s u l t s  

Now, a 2-3-2 permutation megns t ha t  the  f i r s t  r o t a t i o n  (81) is  
about t he  2nd ax i s  of the  ( a )  b a s i s ,  t he  second r o t a t i o n  (82) is 
about the  3rd ax i s  of t he  Ce'? bas i s  and the t h i r d  ro t a t i on  (e3) 
is about the 2nd a x i s  of t he  (7') bas i s .  

Consider the  following reference t ab l e ,  which shows the  correla-  
t i o n  between Euler ro t a t i ons  and the corresponding axis :  

TabZe B - l  CorreZation of EuZer R~tatfons and Axes 

Now i t  is  c l e a r  t h a t  the elementary r o t a t i o n  transformations ([T1], 
IT2], and [T3]) always involve 81, 0 2 ,  83 respec t ive ly ,  but any one 
of them may have three  d i f f e r e n t  forms depending on the  ax i s  asso- 
c i a t ed  with i t s  ro t a t i on .  That i s ,  when ei ( i  = 1, 2, 3) is about 

ax i s  (1) then 

when ei is about ax i s  ( 2 ) ,  

8 

2 ,J  

1 ,  

3.i;" 

7 

2,J 

l,i' 

2.P' 

9 

3,K 

i,iO 

2,j" 

2 

1,1 

2,T' 

1,P' 

b 

Type 

e l a b o u t  

0, about 

8, about 

6 

2 , J  

3 ,k0 

2,p' 

3 

1,1 

3 ,  

1 ,  

1 

1,1 

2,T' 

3,i;" 

10 

3,K 

1,i' 

3,i;" 

4 

1 ,  

3 , '  

2,j" 

11 

3,K 

2,T' 

3 ,p1  

5 

2,J 

3 ,c0 

I,?' 

1 

12 

3,K 

2,T' 

1 , ~ "  



and f i n a l l y ,  when O i  i s  about a x i s  (3 ) ,  

Thus, i t  is  evident t h a t  one need only specify a ro t a t i on  type 
( r e f e r r i ng  t o  Table B-1) and the  th ree  Euler ro t a t i ons  t o  c r ea t e  
h i s  required orthonormal ro t a t i on  transformation Equation B-6. 

The associated ro t a t i ona l  ve loc i ty  transformations a r e  developed 
a s  follows. Consider, again,  the 2-3-2 permutation. For t h i s  
case,  i t  is  possible  t o  express the  angular ve loc i ty  vector  w 
i n  two ways: 

and a s  

- - 
[B-ll] , = j-6, + ?ti2 + p i 3 .  

Combining Equations B-10 with B-11 there  r e s u l t s  

Jow, the  inverse tranformation of Equation B-12 is  required f o r  
hinge kinematics appl ica t ions ,  o r  i t  is  necessary to  express 



with [El an elementary row interchange transformation, which f o r  
the (2-3-2) example is 

and causes ([El [*]I)  t o  be  of the  form: 
- 

such t h a t  

with a = s ine2 ,  

and 8 = cose2. 

The form of Equation 8-17 is the  same f o r  a l l  12 types of Euler 
rotations;which was the  purpose of introducing [El ,  and t h i s  is 
convenient with respect  o t  programming considerations.  It follows 
tha t  

f o r  types 1, 5, 9 a = cos02, 6 = s ine2 ,  

f o r  types 2,  6 ,  10 a = s ine2 ,  B = cose2; 

and f o r  types 4,  8, 12 a = cose2, 6 - -sine2. 

Also, f o r  each of the  12 types,  there  is an elementary row in t e r -  
change transformation [El t ha t  can be constructed from simple 
inspect ion of the  permutation in tegers  of Table B-1 (2-3-2 f o r  
example). I n  f a c t ,  it is ur.necessary t o  ac tua l ly  construct  [El 
because information t o  construct  i t  is merely appl ied t o  [T3] 
(interchanging i t s  rows), which produces [E][T3]. Thus, t he  
ve loc i ty  transformation of Equation B-14 can be created f o r  any 
one of the  12 poss ib le  types with comparative ease.  



APPENDIX C--TIME DERIVATiVES OF KINEMATTC COEFFICIENTS .......................................................... 

The formulation and numarical implementation of motion equations 
for the system of interconnected bodies involves a vector of La- 
grange multipliers, {A) (Refer to Equations 11-1 and 11-6). In 
order to numerically evaluate {A) there is seen to be the require- 
ment of calculating time derivatives of kinematic coefficients 
(velocity transformations) associated with hinges. 

With reference to Chapter 11, Section C, it Is noted that for 
each hinge there is a [b ] and a [b ] matrix of kinematic coef- 

P 4 
f icients. The basic form of these matrices is repeated here, 
then the sequence of steps ~iecessary to develop their time deriv- 
atives is indicated. 

The ib,] array is 

and 

i?ow to develop [i 1 and [i 1 it is necessary to expand the fol- 
P q 

lowing as: 

and 



The 3x3 matrix time derivatives defined by Equations C-3 through 
C-6 have factors (also 3x3 matrix rime derivatives) that are ex- 
panded in terms of p,eviously defized quantities as follows: 

"n')][qRn]B 

with 

[c-la] [n:~:] - SK* ([R] P * ({u m 1 + [ap] {i,,,}) 
- r R 1 [ R 1 ( {un~ + [aq] !in} )) 

P Q  'In 

Finally, the time derivative of [n]-l requires additionai consid- 
eration. Refer to Appendix B. 

The rotation transformation [TI-' is developed as 

and it is ohom, that the form 

holdo for each of the 12 possible Euler rotations. In that [El 
is coastant, [A] depends only on O 2  and [T3] depends on22 on 83, 
it follows that 



LC-161 [TI-' = i2 [i] LEI IT31 
d t 2 

where the Euler m g l e  rates (i2 and jl) are numrica1l.y evaluated 
before their uoe in  Equation C-16 through application of Equation 
3 tilac is ,  they reside i n  that part of the s tate  vector t h e  

derivative {y ) that hao been evaluated. 



APPEN3IX D--SYSTEM MOMENTA AND ENERGIES. ------.-.------------...-------------..---------------.-------- 

Development of state equation6 for predicting dynamic response of 
a system of interconnected flexible bodies involves a consider- 
able amount of complicated formulation and programming code, This 
is certainly a true statement, independent of the pcrticular 
method of analytical mctc!lanics on which one might select to base 
development. 

The inherent complexity of ouch a digital simulation program gives 
rise to the question: is there any way of checking the program 
validity? In an attempt to answer this question, one might sug- 
gest comparing results with those of other dynamic simulations 
or hardware teats. If such a comparioon is positive, then cred- 
ibility (to a degree) is established. However, there is another 
absolutely necessary (if not sufficient) conditicn that must be 
passed to establish validity. For a dynamic system free of ex- 
ternal forceo and torques, angular and linear momenta must be 
conserved; also, total energy (kinetic plus potential) mt. t not 
increase in time. 

It is a desirable feature for such a digital simulation progran 
to have a built-in monitor of momenta and energy. The purpose of 
this appendix is to develop (in term of previouoly identified 
state variables and system parameters) the expressions for total 
system angular and linear momentum vectors and the total system 
energy. 

The total angular momentum about the inertial reference can be 
expressed (from definition) as 

with the summation over the number of bodies (NB) of the system, 

with 3? being the vector positioning the elmental mass (dm) from 

the inertial origin, with being the aboolute velocity of dm, 

and with integration taken over the volume of the j th body (v,) . 
Also, from definition, the total linear momentum with reopect to 
the inertial frame is 



- 
10-21 L = dm. 

j-1 v 
j 

Now, concietent  with the  not ion of a body f ixed  a x i s  system and 
with a zoneis tent  ve ioc i ty  f i e l d  aoeumed (Refer t o  Chapter 11, 

Section 4.1, it f.111-w8 that, over t he  .olume of the jth body, 

and 

On subs t i t u t i ng  Equations D-3 and P 4  i n t o  D-1 and D-2and integra-  
t ing ,  i t  becomes c l e a r  t h a t  t he  f i r s t  e i x  elements of the product 

a r e  project ions of t he  jth body's angular and l i n u r  momentum 
vec tors  onto the  moving body a x i s  system. In  f a c t ,  (3,) includes 

t he  e f f e c t  of momentum wheels (See Equation 11-109). which su re ly  
must be accounted fo r .  

Thus, t he  angular momentum of the  .ith body (about i t s  body-origin) 
is  

while the  i fnea r  momentum of the jth body i s  

where ITj] i a  the u n i t  vector  basin a ~ ~ o o c i a t e d  with the  body f ixed  

reference t r i ad .  



Now r o t a t i o n  traneformations t h a t  r e l a t e  v e c t o r  components i n  
each body system t o  t h e  i n e r t i a l  system e x i s t ;  a l s o ,  p o s i t i o n  
vec to r  from t h e  i n z r t i a l  o r i g i n  t o  t h e  r e f e r e n c e  p o i n t  of each 
body e x i s t s .  It fol lows t h a t  

NB 

J [o-al =C 
J P 1  

and t h a t  

The t o t a l  angular  and l i n e a r  momentum v e c t o r s  a r e  c a l c u l a t e d  by 
t h e  program i n  t h e  manner ind ica ted  i n  Equations D-8 and D-9. For 
a v a r i e t y  of torquelforce-f ree  conf igura t ions  t h a t  have been ex- 
amined, momentum has  been conserved wi th in  accep tab le  numerical  
to lerances .  

The t o t a l  energy is c a l c u l a t e d  (Refer t o  Equations 11-38 and 11- 
42.) a s  

The k i n e t i c  energy c o n t r i b u t i o n  of embedded momentum wheels is  
included (as  i t  must be ) ,  because [m]. inc ludes  momentum wheel 

J 
i n e r t i a l  coupling terms and { U I 4  includes  momentum wheel s p i n  

J 

r a t e s  (Bg). 

P o t e n t i a l  energy, a d d i t i o n a l  t o  t h a t  shown i n  Equation D-10, comes 
about i n  t h e  event t h a t  t h e r e  is a "sprung" hinge; say f o r  example, 
a ssoc ia ted  wi th  t h e  Bk coordinbte.  I f  t h e  s p r i n g  f o r c e l t o r q u e  is 

l i n e a r  wi th  Bk, then a d d i t i o n a l  p o t e n t i a l  energy is 
-. 

(add i t iona l )  k 
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