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PREFACE

The objective of this contract is to define feasible and
useful experiments for employing-a large millimeter-wave
electronically steered array on the Space Shuttle generation of
vehicles. This report treats the limitations imposed on array
size by signal-to-noise considerations when no active devices
are used internally to the array. It also explores the tradeoffs
encountered when active devices are used at various levels of the
array organization.
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CHAPTER I

INTRODUCTION

Recent advances in the technology of manned space flight make it

reasonable to propose the use of very large high-gain antennas. By us-

ing large antennas on orbiting space vehicles, many desirable properties

can be obtained more easily, e.g., high gain and good resolution. How-

ever, certain physical considerations limit the performance of the sys-

tem as the size of the antenna is increased. One such consideration is

the thermal noise coming from the system itself. When the size of an

array is sufficiently large, the noise coming from the transmission ele-

ments must be taken into consideration in the evaluation of the perform-

ance of the array.

It is well known that noise phenomena greatly constrain the perform-

ance of a communication system. This thesis explores the effect of in-

ternally generated noise on communications and radiometer antenna per-

formance. In particular, we wish to show how the array organization,

i.e., the manner of interconnecting the elements in proper phase rela-

tionship, affects the signal-to-noise ratio.

Another consideration is the noise behavior of active devices

which may need to be inserted into very large antenna arrays. Active

devices not only amplify the input signal and noise, but also add

additional noise; however, the noise contributions of circuits which

follow the amplification are greatly de-emphasized. Consequently, as is

1
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well known, the earlier in the signal path we place active devices of a

given noise figure, the better the noise performance will be. We will

investigate this effect quantitatively and explore the noise performance

of very large antenna systems by using the principle of superposition.

In this thesis the methods of noise calculation are reviewed for

2-ports and some other multiports and then these methods are applied to

specific summing networks. With these results, the noise performance

of some large antenna arrays is calculated. The last part of this

study deals with the noise from active elements and compares the per-

formance of several different ways of inserting the active devices.

The available tradeoffs are indicated through the curves obtained as a

result of the calculations in the last two chapters.

For the sake of simplicity, all the performance curves are based

on a 30 GHz operation frequency, centrally located in the frequency

range to be used in remote sensing and radiometry in the Space Shuttle

experiments of the 80's [1. 2].



CHAPTER II

THE THERMAL NOISE OF PASSIVE JUNCTIONS

A. Introduction

The choice of junction networks for combining the signals origin-

ating at the array elements depends on the means by which the signals

are transmitted to the summing point. In the case of waveguides,

usually hybrid-tee networks are used to sum the signals. In the case

of transmission lines, hybrids can also be used or, as will be shown

later, under some special conditions signals can be combined in
parallel in order to sum the signal powers.

B. Thermal Noise

Thermal (or Johnson or Nyquist) noise is caused by the random

thermal motion of charges or polarizable molecules in lossy materials.

It is directly related to dissipation. Therefore, before considering the

noise behavior of junctions, we shall first look at the origin and trans-

mission of noise in the dissipative devices which are the sources of

noise.

Since thermal noise is caused by random thermal motion of mole-

cules, noise voltages arriving from different sources are statistically

independent and have zero mean. Therefore, noise voltages from different

sources are uncorrelated in time. As we will see later, the uncorrelated

property of thermal noise causes noise powers to combine in a way which

3 • '
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is quite different from that of correlated-signal powers. This is the

basis of the signal-to-noise improvement when signals are combined at

junctions.

C. A Brief Review of Noise in a One-Port Termination

My termination at temperature T will send out a thermal noise

wave. The emitted available noise power p in bandwidth (f-,,f0) isN i t-
given from quantum thermodynamics by [3, 4, 5].

where

h is Planck's constant (6.6257 x 10 joule-sec),

f is the, frequency in Hz,
9*3

K is the Boltzmann constant (1.38 x 10 Joule/°K), and

T is the absolute temperature of the termination in °K.

In another form, this can be written as

ffo . . .

PN = ^ s(f) df, (2)
f

where
1 hf
2 hf+ exp(hf/KT) - 1

is called the noise power spectrum.

For a fairly "narrow" bandwidth over which s(f) is a constant,

equation (2) can be expressed as



1 hf

or

PN = [ rh f +exp(hf /KT-

hf

(4)

PN ' [ ? h f + e x p ( h f / K T - D ] B (5)

where B = f~ - f, is the noise bandwidth measured in Hertz.

Fig. 1 shows the normalized available noise power (P../KTB) as

a function of hf/KT.

KTB '

KT

Fig. 1. The normalized thermal noise P^/KTB
as a function of hf/KT.

At room temperature, say, T = 300 K, and in the frequency range

up to 100 GHz, we find

— = 1.60 x 10"2 << 1 .
KT

Then P., can be approximated as (Fig. 1)

= KTB •

(6)

(7)



This is the form often used at microwave frequencies.

Consider a resistance R delivering noise power P.. = KTB to a

terminating element Z. The available noise power PN = KTB can be

KTB
R(NOISELESS)

e{| =4KTRB<

Fig. 2. A resistor delivers
noise power P.. = KTB
to a load Z.

Fig. 3. The noisy resistor in Fig. 2
can be replaced by a noiseless
resistor R in series with an
equivalent noise voltage e_ .

totally delivered to the load if and only if the load impedance is

matched with the source impedance, viz., Z = R. Then no reflection

occurs in the circuit and the average power absorbed by Z is given by

2
P -

4R
= KTB, (8)

where the bar on top denotes time-average and the underline a random

variable of time.

Therefore, we can use an equivalent noise voltage en, such that

e £ = 4 KTBR,
n (9)

which, in series with a noiseless resistor R, is fully equivalent to the

actual noise source in the resistor.



(NOISELESS)

ej = 4KTRB

Fig. 4. Equivalent noise circuit of a resistor at
temperature T.

Pure inductors and capacitors do not contribute any thermal

noise since they are not dissipative elements. Lossy inductors and

capacitors may be represented at any one frequency by either a series

or parallel combination of a resistance and a pure reactive element;

equation (9) may then be applied to the series (or parallel) resist-

ance.

Strictly speaking, R may also be a function of frequency. The

exact equivalent noise voltage e should be expressed as

R(f)s(f)df (10)

1

where s(f) is defined in equation (3).

Note that, while thermal noise is a random phenomenon, at thermal

equilibrium its statistics will not vary with time. At thermal equil-

ibrium, noise can therefore be considered a stationary process. P., is

o
the expected value of the noise power and e is the expected value of

the square of the noise voltage, while the expected value of the noise



voltage is zero.

D. Noise Flow in Lossy Transmission Elements

T

N

Fig. 5. A transmission element at temperature T.

Suppose we have noise power N^ (expected value) to be transmitted

through a lossy element at temperature T. Then the noise coming from

the lossy element should contribute part of its noise power to the out-

put noise power N . Thus we expect an equation of the form

NQ = AtN. + CKTB, (11)

where A. is the transmission coefficient of the lossy transmission ele-

ment. C is also a factor depending on the physical constants of the

lossy element; it can be determined as follows.

KTB

Nj«KTB

Fig. 6. Noise flow at thermal equilibrium.



9

Let N. - KTB and assume the whole system is at thermal equilibrium.

Then the same noise power must flow in both directions; so the noise out

put is also

NQ = KTB . (12)

Therefore we can determine C from equation (11) as

C = 1 - \ , ' (13)

so that equation (11) becomes

NQ = AfcN1 + (1 - At) KTB . (14)

For a lossy transmission line or waveguide having attenuation

constant a neper/m with length a,

and we have

-2a£
= e N. + (1 - e ' a ) KTB . • (16)

E. Noise of Directional Couplers

To determine the noise coming from a directional coupler, first

consider the ways by which a signal is attenuated in it. By this means,

we can find the dissipation of a signal in a directional coupler and then,

in turn, get the thermal noise coming from a directional coupler since

thermal noise is related to dissipation.

There are three mechanisms by which a signal may be attenuated in

a directional coupler: .
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1) The reflection caused by mismatched terminations;

2) Energy division at the junction; and

3) Attenuation caused by waveguide walls.

The reflection of signal in each arm of a directional coupler will

cause imperfect transmission of signals. However, reflection loss is

not dissipatiye and therefore will not contribute thermal noise to the

circuit.

At the junction the incident energy is divided into several parts

which are propagated toward the ports. This division per se is not

dissipative; therefore, this mechanism is not a source of thermal noise

either.

The currents in the walls of imperfect conductors introduce dis-

sipation by resistive (Joule) heating. Therefore, energy is dissipated

in the waveguide walls. This dissipative wall loss does cause noise.

We'll treat this kind of loss by considering the lossy walls as trans-

mission or waveguiding elements and using the method described in the

previous section to evaluate the noise contributed from them.

Although the loss may be distributed through the coupler, a

reasonable approximation is to lump the dissipative loss at the input and

output ports, and then to treat the coupler as a lossless junction.

F. 4-Port Directional Couplers

Consider a lossless directional coupler as shown in Fig. 7, and

assume that port 1 is uncoupled from port 2 and port 3 from port 4. Such

a coupler is called a hybrid. Fig. 8 shows the physical structure of one

kind of practical hybrid.



11

1

2
2
8

Fig. 7. A directional coupler.

Fig. 8. Physical structure of a practical hybrid.
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If there is no reflection in each input arm when the coupled arms

are properly terminated in external impedances, the hybrid is often called

a "magic tee".

If the characteristic impedances of all arms are identical and the

network is lossless, then it has the scattering matrix [4, 5]

[S] = 0

0

/A

/[-I

0

0

-vHTS

/R

/A" /TTA"

-/PR /A"

0 0

0 0 (17)

where 0 - |A| - 1 . (18)

In the case of summing the input signals, A may be adjusted to be

real in order to get the summation of coherent input signals. If co-

herent signals are applied to ports 1 and 2, the output signals can

be computed by

03 (19)

04 .- A) ST - /AS2)' (20)

1

2 8

3

4

2

>2

Fig. 9. Transmission of coherent input signals.
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where S03 is the output signal power at port 3,

Sg* is the output signal power at port 4,

S-, is the input signal power at port 1, and

$2 is the input signal power at port 2.

Note that

n (21)

showing that energy conservation holds at this junction, as is proper for

a lossless network.

1
hiN2

1

2

S

8

5

4
No4=U-A)N|

Fig. 10. Transmission of incoherent noise inputs.

The incoherent output noise powers will be (see Appendix C)

03 (22)

(23)

where N,, Np are input noise powers at ports 1 and 2, and N and N are

output noise powers at ports 3 and 4, respectively.

Similar to the coherent-signal case, we have

N03 + N04 N2 • (24)
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If the input noises are identical, N-, = I\L = N, then we find

= N, (25)

i.e., the output noise at each output port will be independent of A and

the same as the single-channel input noise.

The S/N ratio at port 3, which is called the summing port because

of the + sign in equation (19), is

. . SQ3 . . [

AN1 + (1-A)N2

The value of A for which the optimum noise performance is achieved

is [8J : -

VS1
A = —9 --J- , (27)

N2 Sl + Nl S2

and the best SNR under this condition is

So Sl S2
• (28)

G. 3 - db Hybrid

In many situations, the two inputs of a coupler are symmetrical.

From equation (27), we choose for this case

A '= '\ , (28)

and the outputs become

S03 = T(/?i"+ ̂  • • (29)
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' , (30)

N04 = 2-(Nl + N2} ' (31>

This is called a "3-db hybrid tee" and its noise behavior is given

by equation (31).

Notice that, for identical input signals S-, = Sp = S , the network

still gives 100% power transmission to the sum port and none to the dif-

ference port,

SQ3. = 2S , (32)

SQ4 = 0 . (33)

With equal but incoherent noise powers applied to ports 1 and 2,

N-j = N2 = N, the sum-port output is .

N03 - No4 = N . (34)

which is the same as the single-channel input noise.

From equations (25) and (27), one can calculate the signal-to-noise

ratio

or
(Sn/Nj-
, ° ° = 2 (36)(W

showing a 3 - db SNR improvement over either of the inputs.
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H. Combination of More Than 2 Inputs

Suppose a n-port input and n-port output network, as in Fig.-11,

1

3 .

n 2

n 4- 1n T i

n i O+ c.
_ . •»n + 3

2 _n

Fig. 11. A n-port input and n-port output summing network.

consists only of lossless directional couplers to sum more than 2

input signals. Figure 12(a) shows an example used in practical cir-

cuits; Fig. 12(b) shows another example, where some lossy devices,

such as phase shifters, are inserted between directional couplers.

We shall consider a lossless network first, in this section, and

generalize to lossy cases later in this chapter.

Consider the lossless, reciprocal network in Fig. 11. By suitable
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1 — — —

4 — — —

*
2
8

-̂ 5

8
7,

. —

1 8 REPRE

|

SENT
— Vv6 HYBRID Tl

(a)

F1g. 12. Some examples of combining more than 2 inputs by using
directional couplers:
(a) Combiner with terminal 8 as the output.

9 10 15 16

(b) Beam-forming matrix using hybrid-tee devices
and phase shifters in a multiple-beam array.
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design, we can have all input ports and output ports uncoupled, respec-

tively, and all ports matched. The scattering matrix then is [9, 10]

S =

0 0 ' Sln+l ' ' • S12n

n+11

0 I Snn+l ' * ' Sn2n
_ I _ •= _ -

• Sn+ln ' ° ' . , • • v °

S2nl S2nn • •

(37)

The upper left quadrant indicates.that the inputs are matched and isolated;

the lower right quadrant indicates that the outputs are also matched

and isolated.

If all the characteristic impedances are identical and the junction

is lossless [11], the scattering matrix will obey

[S] [S]+ = [E] , (38)

where [S] is the.Hermitian conjugate of [S] and [E] is the unit matrix,

which has 1 for all elements on the principal diagonal and zero for all

other elements.

An equivalent statement is

i Ski (39)
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With the reciprocity relationship

sio •• sji • <4t»

the output signal of the summation at port 2n is

S0= I I S2ni ^l'

If all the inputs are identical and equal to S, then

n
S0 = I I S |2 S . (42)

The corresponding noise output is

n
N0 = I I S2ni !2Ni >

subject to all noise outputs being incoherent. (See Appendix C).

If all noise inputs have the same average power N, then equation

(43) becomes
n

N0 = E lS2ni!2 N V N (44)

since from equation (39), we have

j lS2nil2 -.'. . • («>

If all the inputs are equally transferred to the summing port,

then it follows

n
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or

l$2ni /n

In case that all inputs are identical, S.

(42) and (46) lead to

SQ = nS .

The output SNR then becomes

- n

(46)

S for all i, equations

(47)

(48)

Such a network therefore yields an n-fold improvement in SNR.

I. More General Cases .- ;

In some cases the characteristic impedances of the ports of a

multiport network are not identical; instead, let them be designated

Z-j, Z2, .;..., Zn for. ports 1 , 2 , - - . - - , n, respectively.

Suppose all these characteristic impedances are real, then the

scattering matrix for a n-port lossless network should be modified into

(see Appendix A)

A ..7 °

A AV -=5— a0, / -==— a

A Av -=7— a v / -==— a
I-. nl -=T— a.I nn

n (49)
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with the energy conservation relationship

n
= 1 , (50)

1=1 1J

(see Appendix. A), the reciprocity relationship

S.. S..
7^ - #L'

1 J

and the definition of the a..,

•u = '77ij- <52)

Substituting equation (52) into equation (51), we get

a.. - ... . (53)

The output signal power at port n is

S = (. Z ,|Sm. | VsTzT )VZn . (54)

provided that all the signals at the output are coherent.

Applying equation (52) to equation (54), we obtain

n • • ' ' • >
SQ = (1. |an.| /ST r'-. (55)

Suppose all the input noise is incoherent, the output noise at port

n will be

Applying equation .(52) again, we obtain



and

If all signal and power inputs are identical, then we have

n 2

i 'ani '' '

N =• N .o

22

(58a)

(58b)

Cnce again, we get the same output noise as the input single-

channel noise of any input provided that all these noise inputs are

identical.

J. Parallel Connection of Transmission Lines

PORT I PORT n

PORT 2

PORT k

Fig. 13. Parallel connection of transmission lines.

1.* General Considerations

Consider a junction of n transmission lines with characteristic

admittances Y-pYp, ••• »Yn connected in parallel (Fig. 13). Suppose

every transmission line is externally terminated in its own characteristic

impedance, then we can have the scattering matrix as (See Appendix B)
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S =

. 2YT-EY. 2Y2

rv vv"Ti « Y •j j

2Y, 2Y9-EY.
' <- J

Z Y . S Y .j j

f\ \l r\\j

_i 2

2Yn. . EY .
J

2Vn
177

J

ow y w

• • • t-y

j

(59)

Notice that equation (59) satisfies equations (49), (50) and (51).

The output voltage at port n is

J"1 v T
n n '

Y

or

vn" • L -Mr

(60)

(61)

For identical input voltages,

VV2 i
and

= 0 ,

this yields

(62)

(63)



I 2YiV

. (64)

Even when the input voltages are not identical, the power output, by

using equations (52) and (55), is seen to be

n 2/Y.Y S.
so = .

=

subject to all input signals adding coherently at the output. When all

incident input powers are identical,

ST = S2 = S3 = . . . . = Sn^ = S , (66)

and the output is terminated in a matched load,

Sn = 0 , . (67)

then the output power will become

n-1 n-1
4( I VYT )\S

—̂  (68)

I- Y, ( I Y )
i=l -1 i=l n

/\nd the noise output power is

n 2
n-1 4Y Y (2Yn ' ? Yj)

N = - LJ2_ N. +
o >-. n o i n „ n

1-1 ( I Y )2 ( I Y-)2

Nn
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If all incident noise inputs are identical

= . . . = Nn = N (70)

then

NQ = N . (71)

If N =0, then we obtain

n-1

No =

4Yn - I. Y i N i

.J=l

It should be noted that, for the general case discussed so far, there may

be outward directed signal waves as well as noise waves at input ports.

The inputs will not present a match to their respective sources when

either equal incident voltages or coherent and equal incident powers are

applied. Special cases which allow such a matched condition are discussed

next.

2. Some Useful Special Cases

Suppose we have a port, say port n, having the characteristic ad-

mittance equal to the sum of those of all others, i.e.,

Vn ' "jj Y1 '

then the scattering matrix will be reduced to (Fig. 14)



O ~"

v 'n-1

V
Y2-Yn 'n-1

'n-1

Then equation (49) becomes

n-1 Y.
\/ ~ - v 1 \/ +
v" " iii ^ v' '

and the output voltage at other ports will be

V,' = I Y- V+ - V+ , J M.J i=1 Yn 1 j

Applying equal excitation voltages to the network,

V - VVI ~ V2

and terminating the output in Y , so that

we will have

26

(74)

(75)

(76)

(77)

(78)

(79)
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and all other output voltages will become

~ = 0 , j f n , (80)

i.e., one obtains 100% efficiency at port n for summing the signal

powers incident on all other ports whenever equation (73) holds.

PORT

PORT 2

PORT k

n-1
=Fig. 14. Connected parallel lines with the condition Y = I Y..

The output signal power and noise power are given, for arbitrary

excitation, by

i n-l o
(81)

(82)

c - ' I .V

° VlV1'1.

n-1 Y.
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, n-1
N = if- y
0 Yn 1=1

or
n-1 N.

N = Z
0 n 1=1

(83)

(84)

A frequently used special case (Fig. 15) of this network is that of

equal characteristic impedances of the input ports, so that

and

Zl = Z

Zm+l = Z

= mZ (85)

(86)

PORT

PORT 2

mz(

PORT k

Fig. 15. A special case,

Then we have

V.+

PORT m +1
SUMMING PORT

(I)

PORT m

(87)
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v i<?o m -is

m

and

No = i fa Ni • . <89>

respectively.

For identical coherent signal inputs and equal average noise power

inputs, one obtains

and

SQ = mS . (90)

NQ = N . (91)

Then the signal-to-noise ratio becomes

r-.. • m w • . ;

showing an m-fold SNR improvement over any of the single inputs.

K. Lossy Junctions

As stated in Appendix A, the more general case for a reciprocal

n-port network is that the scattering matrix is given by
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PORT I

PORT 2

PORT 3

PORT n

PORT n-l

PORT j

Fig. 16. A lossy network.
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(93)

9

I I - J 2 ^ 1 . (94)

and

a . . = a .. .
1J Jl

(95)

The output signal at port k is

ko • , (96)

The contribution of inward uncorrelated noise to the output is

N by input noise = J |a. |o .=1
.in (97)

and the total output noise is [12, 13, 14]
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where P^j is the thermal noise power defined in equation (1).

Our formulation differs from that of Wait in that equation

(98) gives the outward-traveling noise power at port i when all

inward-travel ing noise powers (including that at terminal i) are

specified, while Wait gives the available noise powers. The two

formulations become identical when port i is terminated in a

matched load.



CHAPTER III

NOISE PERFORMANCE IN PASSIVE ARRAYS

A. Introduction

As discussed in the previous chapters, noise behavior depends

on system (or network) parameters, which are closely related to the

element organization, i.e., the manner of interconnecting the ele-

ments. The theory developed in the previous chapter can be applied

directly to antenna arrays. For example, the beam-forming matrix

of Fig. 12b is precisely a multiport of the type shown in Fig. 11,

with the antenna elements connected to the input ports 1-8 and the

formed beams available at the output ports 9-16. If, as is usual,

the output ports are uncoupled with respect to each other, or if

there is only a single output, then the noise at the outputs will

consist of that contributed from the inputs and that originating from

within the network. The elements contribute noise because of two

effects. First, they receive noise just as they receive signal;

this noise is termed "external noise". Secondly, since they are

lossy, they contribute also thermal noise. In large arrays, the

thermal noise arising in the elements is usually much less than that

arising in the combining networks; at any rate the elements usually

can, to a good approximation, be represented as lossless elements

followed by a lossy network which can then be included in the

33 -
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multipoint. The thermal noise arising from the multiport (including

the thermal contribution from the elements) is termed "internal

noise",

In this thesis, only the internal noise will be considered.

One reason is that the definition of external noise depends strongly

on the application-for which the array is to be used. For example,

if an array in space is to be used to receive communication signals

from the Earth, the thermal emission of the Earth would be considered

noise. If the same array were to be used for radiometry, the same

thermal radiation would be considered signal. A second reason for

neglecting external noise is that it does hot appear incoherently

at the inputs; its contribution is therefore governed not only by

the array organization but also by the antenna pattern and the

brightness distribution of the external noise sources. This makes

it difficult to draw general conclusions when external noise is in-

cluded. A third reason for neglecting the external noise is that in

the frequency range under consideration it is generally not large

and, in any case, the limitations and trade-offs of large arrays

which are of interest in this thesis are related to the internal,

not the external, noise.

The quantity of most interest in this Chapter will be the

normalized, or relative, ratio of signal to internal noise. The

normalization factor is employed to eliminate variables which are

unrelated to the array organization. One such variable is the sig-

nal strength available from each element, which depends on the in-

cident signal power, its direction of arrival, and the directive
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gain of the elements. Similarly, the internal noise contribution

depends on the system bandwidth and the ambient temperature of the

combining multiport, which is restricted to be passive in this

Chapter (active combiners will be considered in Chapter IV).

We can write the ratio of signal to internal noise at an

output as

SQ/No =' R S/PN ~ RS/KTB , (D

where S is the signal power available at the terminals of each ele-

ment, R is the relative signal-to-noise ratio, and the other symbols

have the same meaning as in the previous chapters. The signal will

be assumed to be coherently sumtnable at the.output. A sufficiently

narrow band or cw signal arriving from a specific direction meets

this requirement for even large arrays. The meaning of R is simply

that of a number which, when multiplied by (S/KTB), gives the ratio

of signal to internally generated noise-,at the output. It does not

imply a signal-to-noise ratio relative to some other reference array

nor an improvement over some other technique of organizing the array.

It will be seen below that for small arrays, the relative

signal-to-noise ratio increases as more elements are added. After

a certain size is reached, however, additional elements must be quite

distant from the sum port; the lossy signal path between the element

and the sum port then attenuates the signal and contributes thermal

noise increasingly as the array is made larger, so that R increases

more slowly, becomes stationary, and finally decreases as the array

size is increased. This effect is illustrated in this Chapter by a
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series of parametric calculations of the relative signal-to-noise

ratio, plotted with either the number of elements or the array di-

mension as the independent variable and such quantities as trans-

mission line loss factor and phase shifter loss as parameters.

A variety of algorithms may be adopted for increasing the

array size in the calculations. The weight or emphasis to be given

the added elements is completely at the designer's disposal. One

possible algorithm is to weight the elements in such a way that a

given aperture distribution is preserved. This has the disadvantage

that elements furthest from the output will be weighted most, since

they experience the greatest attenuation. Weighting these noisiest

elements heavily is very detrimental to the output signal-to-noise

ratio. Another algorithm is to weight each element according to its

signal-to-noise ratio; this produces an optimum output signal-to-

(internal) noise ratio. It also results in a high weighting of the

near elements relative to distant ones, and therefore in greatly

reduced directivity. The objectives of achieving high signal-to-noise

ratio ;and high directivity become incompatible, in general, as array

size is increased, and a compromise must be made. An infinity of such

compromises is possible; in the calculations the compromise is made on

the basis of computational ease. It should be noted that when the array

is small and has low loss, the range of compromises is small. The

choice of algorithm has a substantial effect only when the array losses

and internal noise are large. Under these circumstances the array is

likely to have limited utility. The calculations have been carried into

this region, not to provide design curves, but to show the generality of
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the deterioration of the relative signal-to-noise ratio as arrays

become large. An exception to the divergence of the criteria for

preserving the aperture distribution and optimizing signal-to-noise

ratio is the case of corporate-fed arrays. In these, equal attenua-

tion is maintained in all signal paths as the array size is increased;

thus, signal-to-noise ratio is optimized (within the class of corporate-

fed structures) and the aperture distribution is maintained simulta-

neously if the weighting algorithm is kept constant. The details of

the algorithms used to increase array size are given below for each

class of arrays treated. Here we wish only to call attention to the

fact that the aperture distribution is not necessarily maintained in

these calculations, and give the reasons for this procedure.

In principle, it would be possible to treat each feed configura-

tion as a multiport, evaluate the scattering matrix elements according

to the theory of Chapter II, and base the calculation of relative

signal-to-noise ratio on these. This approach is, however, difficult

to generalize to active multiports which are treated in Chapter IV as

a possible solution to the signal-to-noise deterioration of large arrays.

In order to allow generalization to the active case, the procedure used

also in this Chapter is to trace each signal from the element to the

output, keeping track of signal attenuation and noise addition as they

occur along the signal path. The theory developed for multiports is,

of course, used in evaluating the effects of the multiports used to

combine signal paths.
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B. One-Dimensional Parallel-Fed Arrays

REPRESENTS
A PHASE SHIFTER

Fig. 17. A linear parallel -fed array.

A linear array with the signals from all elements passing

through passive phase shifters, which are used to adjust the patterns

of the array, and connected to the input ports of a summing network

is shown in Fig. 17. If the number of elements is at all large, this

array organization is impractical; nevertheless, it is useful to cal-

culate the relative signal-to-noise ratio, assuming no loss in the

summing network, because this configuration minimizes the length of

the signal path and hence optimizes the noise behavior for a given

class of transmission lines (or waveguides) and phase shifters. It can

therefore be considered a case which establishes the performance limit

for one- dimensional arrays.

Suppose all elements are equally spaced and designate the

signal power received at the n-th element by S . Let the whole system

be at the same temperature T, so that we have the same thermal noise

powers P^ everyplace. (P.. is defined by equation (1.) and an



approximation is given by equation (7) in Chapter II). The phase

shift of each phase shifter is adjusted so as to have all signals
!

arrive at the summing network coherently in order to get the max-

imum reception. The summing network is symmetrical with respect to

all inputs. As stated in Chapter II, if all signals at the input

ports are equally transferred. to the output ports, we have

Vn) = TT <

where SK is the signal power received at the k-th array element in

watts ,

is the transmission through the phase shifter and the transmission ele-

ment used to connect the K-th element and the summing network, a is the

attenuation constant of the transmission lines or waveguides, in nepers

per meter, and d.. is the distance from K-th element to the summing net-i\

work.

8,, is the logarithmic transmission factor of the phase shifters,i\ " ."
it can be related to the required phase shifts by [15]

6K = F*K , (4)

where <*„ is the maximum phase shift required of the phase shifter betweeniv
K-th element and the summing network for all desired scan angles, in

degrees, and F is the figure of merit of the phase shifter, nepers per

degree.

S (n) is the output power of the summing network, which is
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assumed to have n inputs.
fl •

The transmission factor e~ K comes from the insertion loss of

a phase shifter, such as low-loss ferrite phase shifters, for which

the attenuation is proportional to the maximum required phase shift.

The output internal noise power is shown by equations (14), (43),

and (46) of Chapter II to be equal to
n

1 I P 0-A )

The S/N ratio of the n-element array is therefore

n „

T Vn> (>

K=l . "

With one more element, it becomes

N (n+1; .n+1

' K=l K- N

To yield an improvement for SNR of the array, we should have

(7)

or

By using this equation, one can estimate whether adding one more array

element will yield any SNR improvement.

If all elements have identical signal reception, i.e., if
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s1 = s.2 = s3 = . .... ... = sn = s do)
I

is true, equation (6) becomes

n 2

SQ(n) s (Jj ^ )

and equation (7) yields

n+1y,
n

K=l

/AT )2

vOTT )

n+1

> K=l
n

K=l

(1-AK)

(1-AK)

as the criterion for further S/N ratio improvement when elements

are added. This relationship is completely independent of S and PN,

but depends on a, dK and Q^, i.e., the physical constants of the con

necting elements. ,

Equation (12) can also be expressed as

Notice that A,, is always less than unity and decreases ex-

ponentially as K increases. What is more, I is a monotonically in-

creasing function as long as equation (13) holds. Therefore, the

right-hand .side of equation (12) gets larger but the left-hand side,

while increasing initially, eventually becomes smaller as the num-

ber of array elements increases. After reaching some sufficiently

large n, the inequality of equation (13) will be violated. At this

value the signal-to^-noise ratio will begin to decrease and the sys-
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tern will gain no further benefit by adding more array elements. This

type of signal-to-noise behavior is also typical of other array con-

figurations, as shown in the plotted results of the following sections

C. Two-Dimensional Parallel-Fed Arrays

tn
h-
z
tu

-i
UJ

n n

___n n

n

. n

n

__D D D

D

—D D CT

._n

n ELEMENTS

H--
D n

I I

D D D—

n n

Fig. 18. A centrally parallel-fed array of 4n elements,
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Two-dimensional (planar) arrays will now be discussed. Many

ways of connecting the elements are available, depending on the func-

tion of the array, and it is impossible to perform a signal-to-noise

analysis for all configurations. Instead, we shall examine again the

parallel-fed case as an upper limit of the signal-to-noise performance,

and some corporate structures as examples of more practical arrange-

ments of an array.

Consider a square centrally parallel-fed array as shown in

Fig. 18. By using similar arguments as in the previous sections, one

can easily get the following:

S (n) = (1- I I A K e-2admK-6mK)2 , (14)
0 2n K=-n m=-n mN

N» = — I I PN(1 - e-(2admK+V) ) (15)
0

 4p2 K=-n m=-n n

with m, K ^ 0, where d is the spacing of elements, and

dmK = d^-1^)2 + (K - 1/2)2 (16)

is the distance from the element in row m and column K to the feed

point.

2Suppose we have a lossless summing network with 4n identical

inputs, one for each element, and that the maximum required phase shifts

are symmetrical, leading to the relations

*mn

Then the equations (14) and (15) can be simplified as
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S>) = -V I I Ae-2admK -V)2 . (18)
0 4rT K=l m=l

NQ(n) = -1^( I ,1 .P.N.(l,'.,.e-.^inK-8raK)) . ,-'-' W

Notice we have kept the same assumptions as before,

(1) the summing network is lossless and adds all the

signals coherently at the summing port,

(2) all the noise adds incoherently since each term

represents thermal noise from a separate group of

dissipative elements.

Figures 19 to 21 show the relative signal-to-noise of centrally

parallel-fed planar arrays as calculated by using equations (18) and (19).

The choice of parameters in Figs. (19) to (21) was dictated by

the intended application of this work to a very large array aboard the

Shuttle Spacelab. Dimensions on the order of 10 to 30 meters square

were considered in the initial experiment definition. At 30 GHz,

these should lead to a resolution capability of better than one milli-

radian. If filled, an array of this size with spacings on the order of

one wavelength would require between 10 and 10 elements. To reduce

the cost, thinning is highly desirable for those applications for

which it is permissible. The calculations of Figs. (19) to (21) rep-

resent thinning factors of 100-400. In practice, such thinning would

be done on a random or pseudo-random basis, but the randomness has very

little effect on the relative signal-to-noise ratio since only internal

noise is considered here. Thus Figs. (19) to (21) should be representative
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of thinned arrays of these dimensions. Another approach being con-

sidered is to use subapertures, with dimensions on the order of the

spacings used in the calculations, to avoid the need for thinning.

Not all problems related to this approach have been solved, but en-

couraging results are being obtained, both in connection with this

program and by others [16].

In equations (18) and (19) the phase shifter loss for each set of

phase shifters characterized by a pair of values m, k was left arbi-

trary and designated 9mk. For the large arrays considered here and

reasonable scan angles, all phase shifters must have a phase shift

capability of 360°; this value was assumed in the calculations

together with a figure of merit of 300° per db to obtain the phase

shifter losses.

The range of attenuation constants corresponds, for the higher

values, to commercially available silver-plated waveguide. Since

attenuation in this frequency range depends on surface roughness and

can be reduced by electropolishing and other methods of reducing

roughness, the lower values represent an estimate of what might be

achieved with a customized technology. No loss was assumed for the

summing network since networks with so many inputs are not available

and no reasonable estimate can be made. It should be remembered,

however, that the parallel-fed array calculations are intended only

to show limits which practical arrays cannot exceed, not for system

implementation. The assumption of no loss is consistent with a very

conservative limit estimate.

The significant aspect of the curves presented in Figs. (19) to
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(21), is that they rise very rapidly for small arrays, but very slowly

for large arrays, and that eventually for large attenuations and di-

mensions they even decrease. In the range where the curves rise steeply,

added elements contribute as much as those already present toward an

improvement in the signal-to-noise ratio. Beyond the knee of each curve,

this is far from true. Moreover, as discussed in the introduction to

this Chapter, the algorithm chosen for increasing the array size in

these calculations is not one which preserves the array aperture dis-

tribution. For small apertures, the distribution is almost uniform;

for larger arrays it becomes tapered. For the bottom curve of Fig. 20,

the taper amounts to 33 decibels, so that the outer elements are not

effectively contributing to directivity either. Thus the parallel-fed

case shows that simply expanding array size in order to achieve better

resolution runs into fundamental signal-to-noise limitations. This is

shown also in the next section for the more practical configuration of

a corporate-fed array.

In all these calculations all elements are considered to behave

identically; edge effects are neglected. Coupling effects which per-

tain to an infinite array are included, but they are hidden because of

the normalization with respect to S/KTB. The signal power S available

from an individual element for a given field strength is a function of

the spacing.between the elements because of mutual coupling effects.

Thus, while the relative signal-to-noise ratio in Fig. 21 is a monotonic

function of spacing, this need not be true for the actual system

signal-to-noise ratio.
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Fig. 19. SNR performance of the array in Fig. 18.
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Fig. 21. SNR performance of the array in Fig. 18.
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D. Two-dimensional Corporate-fed System

As the previous results show, the loss caused by phase shifters

has a pronounced influence on the signal-to-noise ratio for parallel-fed

arrays. Here we examine another connection, a corporate feed as shown

in Fig. 22. The algorithm for increasing array size is the following.

Four adjacent elements are chosen as a primitive stage. A group

of four adjacent primitive stages forms a second stage; four of these

in turn form the third stage, and so on.

We have considered two different ways of locating phase shifters

in this kind of feed network. One is to place phase shifters in three

of the four branches of each stage, using the fourth branch as the

reference for the other three (Figs. 22 and 23). The other way is to

place all phase shifters in the primitive stages, one between each

antenna element and the first summing network. Si nee, the phase of the

received signal of each antenna element is adjusted by the phase shifter

following the element, any required phase-shifting combination can be

achieved. ,

The algorithm equations for the relative signal-to-noise ratio

of these configurations are quite easily obtained by using similar

techniques as before. For the configuration of Fig. 23, the equations

are

-!i
51 = le"2adl(3e 2 + I)2 S, • ; (20)

-• • • ; ^ - ' .-fz. • .' '
52 = Ie-

2ad2(3e 2 f I)2 S]s ( 2 1 )
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/a a a

Fig. 22. A corporate-fed antenna array.
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REPRESENTED BY

(a) THE l§t STAGE

REPRESENTED BY [2

• (b) THE 204 STAGE

REPRESENTED BY N

(c) THE ( K + l )th STAGE

Fig. 23. Another view of the antenna
array in Fig. 22.
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Fig. 24. The other way of arranging phase
shifters in a 4-element corporate-
fed antenna array.
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-2ad "J*. ?

SK = e K(3e + 1) S, (22)

and -Q

N = • — P [1 - e~2adl(3e +1)], (23)

1 9 H 69
N = - TP + (N - P )e 2(-fe- ^ + in (04}2 4 N 1 N ' / J > V"J

1 9 rl 9N = -L rp + (H _ P )e~ kf3e~ ^ + in (?5)
"ix n Lri\j V''|, i r|\|'c Voc ' / - I V-Jy

IS. H I' N™ I H

wnere dR = 2n"V2d (26)

is the transmission line length of the n-th stage,

d is the spacing of the elements,

S is the signal power available at the terminals of

any element,

S. and N. are the signal and noise powers, respectively,

at the output of the k-th stage, and

a and e are defined the same as in the previous sections.

In the evaluation of relative signal-to-noise ratio, we assume

that all the phase shifters except those of the first (or primitive)

stages are the same.

For the configuration of Fig. 24, one obtains

-el -63
, y~ ~— y

S ] =e '(3e 2 + e 2 ) 2 S , (27)

-2adL
S = 4e <• S (28)
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-2ad

k S (29)

and

- -2ad, - , - _
[1 - e ' (3e ' + e 3)] f (30)

, -2ad?

= i [PN + 4(N-,-PN)e «], (31)

1 "2adk
Nk = ? CPN + 4<Nk-l - V6 I- (32)

where d. , S, , N, , a and e are defined as before. The introduction

of <j>~ is for computational convenience. Setting <ji- to zero results

in the configuration of Fig. 23; setting <j>3=^ and <fu=0 gives the

configuration of Fig. 24; thus both can be calculated with a single

computer program.

Figures 25-34 show the noise performances for some system

parameters.

From the curves it is apparent that the configuration of Fig. 24

has better signal-to-noise behavior than that of Fig. 23. The physical

reason is that in the former the signal encounters only one phase

shifter between element and final output, while in the latter a path

may include as many phase shifters as there are stages and the vast

majority of paths include more than one phase shifter. For very

small arrays the configuration of Fig. 23 appears to be better, but

this is only a consequence of the computational algorithm. For a

single stage, the configuration of Fig. 23 reduces to four elements

with only three phase shifters, while that of Fig. 24 reduces to
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four elements with four shifters. One of these could of course be

omitted, and the two configurations would then be identical.

From the curves, we see that after the number of elements

becomes sufficiently large, the array will get no more benefit as far

as the SNR is concerned. One reason is that the signal from the outer

elements, being attenuated by the lossy transmission elements before

reaching the summing port, adds a relatively small amount of signal

while the transmission elements contribute a relatively large amount

of noise.

The last few figures show the SNR performance versus the array

dimension. As we have been doing, the operating frequency is assumed

to be 30 GHz and the aperture amplitude distribution is uniform.

From these curves, it appears that for the present state-of-

the-art, i.e., assuming an attenuation constant for transmission lines

(or waveguides) of about 0.15 db/ft and a figure of merit for phase

shifters of about 300 degree/db, the 2-dimensional corporate-fed array

may get optimum SNR performance at around lOmxlOm. This, of course,

will not be the optimum size in practical usage since the rate of

signal-to-noise ratio increase decreases to zero at this peak value

and the array gains very little benefit at high cost by increasing its

size to near this value. Therefore, from the engineering point of

view, this kind of array should be considerably smaller than lOmxlOm.
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Fig. 25. SNR performance of the array in Fig. 23.
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Fig. 26. SNR performance of the array in Fig. 24.
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Fig. 28. SNR performance of the array in Fig. 24.
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CHAPTER IV

NOISE PERFORMANCE OF VERY LARGE ARRAYS
INVOLVING ACTIVE DEVICES

A. Introduction

Since the noise in a receiving system blurs the received
i

signal as the latter goes through the passive elements, it is useful

to increase the signal level before it gets corrupted. A commonly

used approach is to place active devices early in the signal paths

to amplify the signals to a sufficiently high level so that they

will not be corrupted very much by the internal noise of the system.

B. Noise Figure of an Active Device

The active devices, as well as the passive ones, contribute

noise to the amplified signal. This noise contribution is often

expressed in terms of a noise figure. The standard noise figure

[17, 18] is defined as the ratio of the available noise at the output

terminals to that portion of this noise which is engendered by the

input termination when the input termination is at the standard temper-

ature (290°K).

N l -KT jB
G, F

NOUT

Fig. 35. Noise figure of an active device
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Mathematically, this noise figure is given by

N , (when T. = 290° at all frequencies)
F = out ] ; (i)

G K T.J B lu

where

Ti = 290°K = TQl is the standard temperature of the

input termination, I

G is the power gain of the active device,

K is Boltzmann's Constant,

N , is the available noise output power, and

B is the equivalent bandwidth.

The output noise power can be considered as the sum of the

noise due to the input and that due to the internal effect of the

active device; i .e.,

N o u t = G N . + G N = N g i + N g ( 2 )

where

N = GN, = G K T, B (3)
ai ' i.

is the noise contribution from the input and

Ng = GN = G K T B (4)

is the noise power contributed from the internal effect. This is

often independent of the input noise power, and T is called the

equivalent noise temperature of the device, referred to the input

port.

Substituting equations (2), (3), and (4) back into equation (1),

we have
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(5)

or

and hence

T = (F - 1) TQ . (7)

F is called the standard noise figure since it relates the equivalent

noise temperature of the device to a standard input noise temperature.

In many cases, the effective noise temperature of a source

differs from the standard noise temperature (290°K). The noise figure

N
F =
o ~ G K . B

is called the operating noise figure and the noise output can be

obtained from this as

Nout = Fo G K Ti B •

The internally generated noise is the total noise output

minus that engendered by the input noise, i.e.,.

. B . (10)

This is usually not affected by the input noise (but depends

on input impedance), therefore, the total noise output can be

expressed by



= G K T 6 + G KT i B 7°

= G K (F -1) TQ B + G K Ti B (11)

as another way of calculating N ,.
0 U \f

Usually, F means standard noise figure when there- is not any

subscript o associated with it.

f!

C. Noise Benavior of Arrays with Active Devices

The noise coming from the internal effect of an active device,

N in equation (4), is statistically independent of that from other

devices since it is caused by the random motion of charges in devices;

therefore, we' l l treat noise contributions as uncorrelated when they

do not originate from the same devices.

For a very large array, it is well known that .the earlier in

the signal path active devices of a given, noise figure are placed in

a system, the oetter its signal-to-noise ratio. Nevertheless,

there are many factors affecting tne choice of array organization.

Among them are the availability and cost of various types of active

devices at very high frequency. Technical difficulties are often

reduced if the signal is converted from the high original frequency

to a lower one, so that the remainder of the system can be working

at this lower frequency. Following this frequency conversion, there is

an IF amplifier stage to amplify the signal. Unfortunately, the IF

amplifier amplifies also the original noise, and it also adds some

additional noise which is caused by the behavior of the active devices

in the converter and IF amplifier.

Another factor to be considered is that if we place all active

devices at each beginning stage, then the cost of the whole system
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will increase very greatly as the number of array elements gets

larger. The benef-it we gain by placing active devices in the

early stages must be balanced against the additional cost.

We shall now quantitatively analyze the performance of several

different arrangements from the noise point of view to see what
i

compromises between noise behavior and cost are available to a

design engineer. As will be shown later, it is generally not

possible to get an optimum operating condition with respect to both

noise and cost. The tradeoffs will depend on the requirements of

the system.

D. Noise Equations Including Active Devices

^ r-Fl

S,,T,

S2,'

S
k 'TK

5n«Tn

— 1 1

1U

n 2

!2J

* FK^^™ 1

iiu

nF"

s 2:
SOUT«TOUT

Fig, 36. A network summing all the received
signals after amplification.

We want to calculate the noise of a very large array involving

active devices. First, suppose all the active devices are situated

right after each receiving element. If the active device following the

k-th element has power gain G. and noise figure F. , the noise tempera-

ture and the signal power measured right after the amplifier would be
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Y =

(13)

where S^ is the received (input) signal power at

'k-th element,

T, is the received (input) equivalent noise

temperature at k-th element,

S. ' , T, ' are the signal power and equivalent

noise temperature after the amplifier,

respectively, and

T is the standard noise temperature (290°K).

From equation (98) of Chapter II, the summed noise and

signal at terminal m under the ideal situation, i.e., with all

terminals terminated in their respective characteristic inpedances

and all signals coherently added, are

out, m \=-\ k mk ' ~u=i m a '

sout,m
 = (j, A^v)2 <1 5 '

where T is the ambient temperature of the system. Notice we 've
61

assumed that the noise outputs T^' of all amplifiers are uncorrelated.

Substituting equations (10) and (11) into these two equations,

one obtains

Tout , .- j, [Tk + <Fk - " To] I'
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and

. (17)
, m

• K.

If every active device has the same noise figure F and gain G,

then the above equations reduce to

T . « t . . - s ( F - 1 ) T o

L
k=l

and

Sout, m = (^ k£ (

Considering the system noise only, we assume all the inputs

are signals and all input noise powers are zero, i.e.,

Tk = 0 (20)

and obtain

The last term (1 - J lamk' ^ Ta is Pr601"56^ the noi'se

calculated in the last chapter. For the same organization of
n 2

antenna elements, we can get I |<* -J from the procedures of that
K"* I

chapter and evaluate the noise performance of the corresponding

antenna array systems involving active devices by equation (21),

provided that F and G are given.
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E>
m

- Fig. 37. The second arrangement.

Another way of placing active devices is to have a single

active device situated after the summing port, which is usually

preceded by a beam-forming or summing network, as shown in Fig. 37.

Employing the same techniques, one can easily get

T = G
out, m

n
v
L xmk (i -

Lk=V

(F - 1) T

k=l mk

(22)

and

out, m
(23)

Note that if G and F are the same as those in the previous

case, then for the same network (or system), we would have the same

signal but different noise outputs.
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E. Effect of Internal Noise

We have shown that the signal output will not be changed no

matter where we put active devices. However, noise behaves quite

differently for the two arrangements. For the sake of convenience,

let

,»ki2 - A <24>
and assume the noise outputs of all array elements are negligible,

then the output noise temperature for the two different arrange-

ments would be

Ta • ( 2 5>

T • <2 6>

Tables I-III show the output noise temperature for a few

values of the system parameters. The antenna is very lossy if

A « 1 and lossless if A = 1. As seen from the tables, if an

antenna system is lossless, then the sensitivity of the array is

independent of the placement of the active devices but depends

only on their noise performance as specified by their noise

figure F (or equivalently to T) and gain G. As the antenna

array gets lossier, the thermal noise from the array contributes

more and more, and it can be seen that the placement of the active

devices becomes increasingly important in this case.

The other important result we can see from these results is

that for the noisier active devices (Table III), lowering the

ambient temperature gives very little benefit with respect to the

SNR performance of the antenna system.



Table I. Comparison of Output Noise Temperatures of
Putting Active Devices in Two Different Ways

Low Noise Active Devices

G = 10db, F = 2db (T = 169.6°K)

76

Ambient
Temperature

Ta =

290°K

T =

Arrange-\ A
ment \

I

0 I 0.25 0.5 0.75 1 0.9
i i

. i -
290 ! 641 993

II i 4596 ! 3871 3146

1344 1555

2421 1986
i

The system is at standard temperature

I 150- | 536 923' 1309
3 !

150°X ; II J3196 J2821 2446 2071

Ta =

50° K

• i i I
The system is at T = 150°Ka

I

II

50 ! 461 873

2196 12071 1946

The system is at T = 50 °K

! 1 •

1284

1821

1541

1846

•

1531

1746

1

1696

1696

1696

1696

1696

1696
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Table II. Output Noise Temperature for More
Noisy Active Devices

G = 10db, F = 3db (T = 290°K)

Ambient i Arrange- v A
Temperature ment \

Ta =

290°K

a ~

150°K

Ta =

50° K

I

I I

The system

I
•

II

0

290

5800

is at

150

4400

0.25

942

0.5

1595

5075 4350

standard

837

4025

temper

1529

3650

The system is at T = 150°Ka
I

II

50 762 1475

3400 3275

The system i
1 ;
t

3150

s at T = 50°K
a i

0.75

2247

3625

ature

2212

3275

2187

3025

0.9

2639

3190

2625

3050

2615

1

2900

2900

2900

2900

2900

2950 2900

.
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Table I I I . Noise Response with Noisy Devices

G = 10db, F = 6db (T = 864.5°K)

Ambient
Temperature

T =

°
290°K

T =
a

150°K

Arrange-X A > Q
nent \ -'

I

II

The systetr

I

II

The s

Ta = I

50°K II

290

11540

0.25

2378

10820

0.5

4467

10095

0.75

6556
•
9370

is at standard temperature

150 2273 4397 6521
! i
I

10140 9770 9395 ;9020

ystem is at Ta

50 2198

9145 9020
i

The system is at T• . a
: i

= 150°K

4347

18895

= 50°K
i

|

'6496

i8770

.0.9

7809

8935

7795

8795

7785

1

8645

8645

8645

8645

8645

8695 ; 8645

•
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F. Signal-to-noise Ratio Improvement

As pointed out in the last section, the signal-to-noise

ratios for different active device placements will differ from each

other only in the noise parts because the signal parts are the same.,

no matter where the devices are placed. Therefore, it follows that

<s/N'a,r I <Tout'arr II ,„,
<S'N'arr II = 'Tout>arr I ' ( '

where arrangement I is the system having the active devices at the

beginning of each signal path (see Fig. 36) and arrangement II is the

other one (Fig. 37).

Considering the internal noise only, i.e., T. = 0, we obtain

by equations (23) and (24)

F - 1 T + 8 1 - A T

R i F - 1 i T A + (I Al T *
I T U I r — 11 n ' I I — n I I_

I 0 3

since A - 1 from Chapter II and G > 1 (29)

(S/N) j
arr L- * 1 (30)

i.e., the first kind of arrangement will always yield better noise

performance.

Equation (28) can be simplified as

'S/N'arr I (F - 1) T, + |l - A) T. . (31)

(S/N'arrll " ^> To A + <1 ' A) Vs

Figs. 38 to 40 plot the ratio of the signal-to-noise ratio of

Fig. 36 relative to that of Fig. 37 for several different cases.
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Fig. 38. SHR improvement of one antenna organization
(Fig. 36) relative to another (Fig. 37).
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T0 =290° K
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Ta= 50°K

Ta = 290°K
Ta = I50°K

0 '/60.2 0.4 O.6 0.8 1.0

Fig. 39. SNR improvement of one antenna organization
(Fig. 36) relative to another (Fig. 37).

From these curves, we see that if the system is very lossy,

i.e., A « 1, the improvement depends greatly on F, G, and T
3

While these computations are for the active devices placed at the

very beginning or the very end of the signal paths, intermediate

placement is of course also possible. In general, the earlier in

the path the devices are placed, the better the signal-to-noise
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Fig. 40. SNR improvement of one antenna organization
(Fig. 36) relative to another (Fig. 37).
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ratio. This improvement comes at increased cost, however, since

more active .devices-are required. The actual placement must be a

compromise based on these computations.

G. Systems Using Converters

At 30 GHz and above, reliable low-noise amplifiers are difficult

to obtain. Instead of RF amplifiers, usually down-converters are

used in receiving systems to convert the high frequency signals into

intermediate frequency ones, for which amplifiers are readily avail-

able. The noise coming from the converters and IF amplifiers can

be evaluated in a way parallel to that used in RF amplifiers. Since

all noise sources are thermal or shot noise, which are statistically

independent [19], they are uncorrelated with one another.

The noise figure of a converter-IF amplifier system is defined

in the same manner as that used for an amplifier,

F = fiy- (32)
bt Ni

where N . is the output noise power in the intermediate frequency

band, N- is the standard- temperature noise power available in the

effective RF band at the input port, and G^ is the overall gain.

It has been shown [20, 21] that the noise figure of the overall

converter (a mixer followed by an IF amplifier) is

F = L (F. f - 1 .+ NR) (33)

for single-sideband conversion, and

F = r(Fif - ] + N R ) (34)

for double-sideband conversion.
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Fig. 41 The noise figure of a converter.

In the above equations, N is defined as
R

T (when T. = 290° K)
— " 1

= 290°K
(35)

L is the insertion loss of the mixer, and F.f is the noise

figure of the IF amplifier.

The definition of the excess noise ratio NR is not very

useful for calculations because it does not relate directly to

available device parameters. It can be shown that it is also

gi ven by

NR=Fm /L (36)

where Fm is the mixer noise figure. Barber has shown that for

Schottky-barrier diodes F and L both are functions of the pulse

duty ratio, and hence of local oscillator drive [22]. If the local

oscillator voltage does not contain appreciable noise components,

N values in the range 0.5 < NR < 1 can be calculated from Barber's
K •*
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values of F and L. When the IF amplifier noise figure F. f is high,

the value ND = 1 is sometimes used in equations (33) and (34) to
K

get as useful but rough estimates

F *L F.f (37)

for single-sideband operation and

F %lL F.f (38)

for double-sideband operation.

After passing the converter stage, a signal S., translated to

the intermediate frequency, has amplitude

V = USi (39)

and a noise temperature

It is clear that we can replace equations (12), (13) by

equations (39), (40) for a system employing converters, and then

use the techniques and formulas for amplifiers from the preceeding

sections. Of course, F in equation (4) is different from that used

in equations (12), (13), and is given by equations (33) and (34).

In this manner, the results of the previous sections can be applied

directly to the case of a system using converters.



CHAPTER V

CONCLUSIONS

Ways of calculating the noise behavior of circuits were reviewed

by using the scattering matrix and the energy conservation concepts.

It was shown that by use of the voltage transmission factors of a

system, it is possible to predict its thermal noise response as well

as that of the signals.

The noise performance of some very large antenna arrays was

calculated for passive arrays in Chapter III and the results of

several different arrangements were plotted in terms of their relative

signal-to-noise ratios. The results show that one cannot extend the

size of an array indefinitely without running into serious signal-to

noise ratio problems. The maximum size of an array depends on the

manner of interconnecting the elements, their physical constants,

and the application.

Chapter IV deals with the noise performance of arrays involving

active devices. The noise contributions of an active device were

specified by its noise figure. The effects of placing active devices

at various locations in a very large array were determined in terms

of the noise figure and gains of active devices as well as system

parameters such as the ambient temperature and the degree of loss of

the passive parts of the circuit. The tradeoffs were shown by means

86
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of curves comparing different system arrangements and different

devices. For a given class of devices, characterized by gain and

noise f igure , the signal-to-noise ratio improves as the active

devices are moved forward in the s ignal path (closer to the array

elements), but this requires more devices and therefore increases

cost.



APPENDIX A

To get equations (49) and (50), write the scattering matrix equa-

tion explicitly as

V

V

Vn"

Sll S12 Sln

S21 S22 ' * * S2n

Snl Sn2 ' ' ' Snn

V"
V2+

C
(Al)

We' l l confine ourselves to the case that all the characteristic im-

pedances are real to simplify the calculations.

Applying a voltage V = 1 volt at port i, and letting all the other

input voltages equal to zero, i.e.,

(A2)

88
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V.+ = 0 , j M ', (A3)
J

we obtain from the scattering matrix the outgoing voltages at each port

V = SJi' J = 1. 2, . . . , n . (A4)

The power flowing into the junction at port i is

P/ = V.+ ( l .+ ) *=^_ , (A5)

subject to all characteristic impedances being real, and zero for other

ports.

The power flowing out of the junction from each port j is

* 2 1

j

Applying to the input power and the output power the energy conservation

relationship

n
Pi - .1 Pj~ (A7)

yields

i n 9
I > V Ir I i

"I I = I "" ~

Define

-2 I I S I 2 - (A8)

aii = / 7- Sii » {A9)
Ji / £ • J i '

J

then

n
(A10)
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Now, the scattering matrix becomes

S =

/7i~ -A"

>z-2 K
a21 /

(All)

In case of the lossless junction, we have the equal sign in equation (A7).

This leads to the equal sign inequation (A10), i.e.,

n 9

|a..r = 1 . (A12)-i i I • • \ /

Equations (All) and (A12) appear as equations (49) and (50) in Chapter II.

To get the reciprocity relationship (51), first apply a unity voltage

at port i, and set all the other input voltages equal to zero, we then

have a corresponding output current at port j

li (A13)

Second, apply a unity input voltage at port j and let all other input

voltages be zero, we then get a corresponding output current at port i
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If = -^ (A14)

Since we have V. = V. =1, from the reciprocity theorem

and hence

S.. S. .
J 1 _ 1 J • / AT C\-f— ~ 7— (Alb)J' i

This is equation (51) in Chapter II.

Notice that the theory stated in this section is quite general and

is applicable to a junction of directional couplers as well as that of

transmission lines. Hence equations (A9), (A10) and (A16) are true for

any linear, reciprocal n-port.

For a lossless junction, all the equations are still true except

equation (A10) can be simplified into equation (A12).



APPENDIX B

SCATTERING MATRIX OF N PARALLEL-CONNECTED TRANSMISSION LINES

Consider the junction of n transmission lines connected in par-

allel. The characteristic admittances of the transmission lines are

n -I

Fig. Bl. n transmission lines connected in parallel

Yl ' Y2' Y3' ' ' ' ' Yn*
can be written as

Volta9e and current on each of the lines

i = U2,

i = 1, 2,

(Bl)

(B2)

where each line current and the corresponding voltage are related by

V. Vi
zi = 77 (B3)
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with all the voltages and currents referred to the junction terminals.

To find the scattering matrix, first attach a generator at port i

and adjust its voltage so that the junction voltage V is unity

V = 1 (B4)

while all other ports are terminated by their own characteristic im-

pedances.

Then we have

V.+ + V." = 1 (B5)

V.+ = 0 , j M , (B6)
J

V - = 1 , j M . (B7)
J

From equation (B3), we find

I/ = Y. V.+ , (B8)

i i i *

I,+ = 0 , j ^ i , (BIO)
J

I," = -Y,V." = -Y. . (Bll)
J J J J

Applying Kirchhoff's Current Law at the junction, £i = 0, gives

./ * I," i j; I/ = 0 , (B12)

and by use of equations (B6) to (Bll) in equation (B12), one obtains

Y. V.+ + Y.O-V.") = J Y. . (B13)
i - i T X T ' L t * * '



Solving equations (B5) and (B13) gives
94

YV1 (B14)

2Y1 V v
L Yi

V (B15)

From these two equations we obtain

2Y.
V . '

for j

(B16)

From equations (B7) and (B14) one gets

V."
J

n '
/v Y.

(B17)

Therefore, the scattering matrix is given by

E Y2 2Y_

S =

2Y1 -
tY,

2Y, 2Y

ZY 2Y 2Y - 2 Y . i
' (B IO)



APPENDIX C

SUMMATION OF UNCORRELATED NOISE IN MICROWAVE CIRCUITS

For a linear system, we can sum up the contributions from the

noise inputs, measured at the output, by adding the products obtained by

multiplying each input noise power by the square of the absolute value

of the corresponding voltage transmission factor to get the output

noise. This will now be shown.

Consider a microwave system having the scattering matrix

S =

S12 S13

S21 S22 >2n

5n2 nn (Cl)

where all the terms are expressed in terms of w, in the frequency

domain.

The output signal at port n is

= % Sni(w) Vi+( (C2)

This is suitable for deterministic signals. Since we want to treat
95
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uncorrelated noise, which is a random and stationary process, we intro-

duce the impulse function h..(f) such that [23:]
' J

e1wtdw , (C3)

i.e., h..(t) is the inverse Fourier transform of S . . (w ) .
* \J 1 J

Then the output voltage, without including the internal noise of

the system, would be

n

where * represents the convolution operation and the underline distin

guishes random variables,

h ( t ) * v.(t) =n1 h. (t-a) V.(a) dan.

hni(a) V. (t-a) da

Define the crosscorrelation function of V's as

(C5)

(C6)

where E denotes the expected value. If the V's are uncorrelated and

stationary, then (C6) can be simplified as

RJ.J (T) = 0 for i f j

= R^ (T) = E(.V.(t) V.

(C7)

(C8)

which is an even function of T.
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Therefore the output autocorrelation function is, by definition,

= E(V-(t) V-

n n
v v
L I h . (c . ) V.+ (t-a)dah .(e)V,+(t+T-B)de

III I ' ^ J vJ

n n
= .1 .1 j j hni(a)hnj(B)E(Vi/(t-a)V.j

+(t+T-e))dade
*J oo

(C9)

The spectral density S (w) of the output is given by

Sn'(w) = (CIO)

n n

"A ,1, _ . _ .
h .(a' nj

n

,1, hm.(a)da

Sni * M Sn1(w)Sl
+(w) (Cll)

n

1=1
I2 s,+( (C12)

In this we have used the relationship
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or

-jWTS (w) = Ry(t)e-JWTdT . (C15)
J en

S (w) is often called the power spectrum.
X

The variance of the output voltage is

V = E ( V
n ~ ( t ) ) = R

n

1 I Sn '(w) dw . (C14)

Nn S -(w) df . (C16)
« oo n

Substituting (C12) into this equation yields

I |Sn i(w)|2 Sj+dOdf . (C17)
. - °° i=1 '

For an impedance-normalized circuit, i.e., one for which the scat-

tering matrix is written with respect .to identical- characteristic -imped-

ances at all ports,N ~ is the output noise power contributed by the

input noise powers.

Note that the input noise power is given by

., ,..,.-. . (C18)
1 J _ o o 1

For a bandpass system having equivalent bandwidth B = f,, - f-| and

over which S .(w) and S. (w) can be considered constants, N is given by.

I |S - ( w ) | 2 S . + (w) df
n '' ' '
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~ y is i2 s +<i iin1i i,- (

=2l |Sn.|
2 S.+B . (C19)

The term 2S- B is just the input noise power at port i,

N,+ = S+(w)dfv JB i

= ZS? B , (C20)

subject to S.(w) being constant over the frequency band f.. - f^.

Therefore, for an impedance-normalized circuit, we have

O 4.

IS -r N. , (C21)

which is the formula used throughout this thesis. The book by

Davenport and Root [24] has a derivation parallel to what is given here.



APPENDIX D

COMPUTER PROGRAMS

The computer programs used to plot the relative SNR curves in

Chapter III are listed here. Subprograms LOGAXS and ROGAXS plot the

coordinate axis in log-log scale. The details are explained through

the comment statements in the programs. The equations used in the

calculations are explained and listed in Chapter III. The Fortran

listing follows.
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