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PREFACE.

The objective of this contract is to define feasible and
useful experiments for employing-a large millimeter-wave
electronically steered array on the Space Shuttle generation of
vehicles. This report treats the limitations imposed on array
size by signal-to-noise considerations when no active devices
are used internally to the array. It also explores the tradeoffs
encountered when active devices are used at various levels of the
array organization.
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CHAPTER I
INTRODUCTION

Recent advances in the techno]ogy of manned space flight make it
reasonable to propose the use of very large high-gain antennas. By us-
ing large antennas on orbiting space vehicles, many desirable properties
can be obtained more easily, e.g., high gain and good resolution, How-
ever, certain physiéa] considerations 1imit the performance of the sys-
tém és the size of the antenna is increased. One such consideration is
the thermal noise coming from the system itself, Nhen the size of an
array is-sufficient]y large, the noise coming from the transmission ele- .
mehts must be taken into consideratioh in the evaluation of the perform-
ance of the array. |

| It is well known that noise phenomena greatly constrain the pérform-
. ance of a communication system. This thesis exp]pres the effect of in-.
ternally generated noise on commuhications‘and radiometer antenna per-
formance, In'partic01ar, we wish to show how the'array orgqnization,
i.e., the manner of interconnecting the elements in proper phase rela- |
tionship, affects the signal-to-noise ratio.

Another consideration is-thé noise behavior of active devices
which may need to be inéefted_into very large antenna arrays. Active
devices not only amplify the.input‘signal and noise, but also add
additional noiSe; however, the noise cohtributidns of circuits which
follow the ampiification are great]y'de-emphasized. Consequéntly, as is

1
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- well known, fhe earlier in the signal path we p]aCe active devices of a
given noise figure, the better the noise performance will be. We will
investfgate this effect quantitatively and explore the noise performance
of very large antenna systems by using fhe principle of superposition. |
In thisitheéié fhe méthods bf'noise caicﬁ]ation are reviewed for
2-ports and some other mu]tipbrts and thén these methods are applied to
specific $umming networks, With these results, the noise performancé
of some large antenna érkays is calculated. The last part of this
sfudy deals with the noise from active elements and compares the per-
formance of several different ways of inserting the active devices.
The avai]ab]e,tradeoff§ are indicated through the curves obtained as a
result of the calculations in the last two chapters.
For the sake of simp]icity; all the performance curves are based
on a 30 GHz operation frequency, centrally located in the frequéhcy
range tp be used in remote sensing and radiometry in the Space Shuttle

experiments of the 80's [1, 2].



CHAPTER 11
THE THERMAL NOISE OF PASSIVE JUNCTIONS

A. ‘Introduction

The choice of junction networks for combihing the signals origin-
ating at the array elements depends on the means by which the signals
are transmitted to‘the summing pofnt. In the case of waveguides,
.usua11y hybrid-tee networks are used to sum the signals. In the case
of transmission lines, hybrids can also be used or, as will be shown:

later, under some special conditions sﬁgnals can be combined in
~parallel in order to sum the signal powers.

‘B. Thermal Noise

Thermal (or Johnson or Nyquist) noise is caused by the random
thermal motion of charges or polarizable molecules in Tossy materials.
It is directly re]éteq to dissipation, Therefore, before considering the
" noise behaviof of junctioné, we shall first look at the origin and trans-
mission of noise in the dissipative devices which are the sources of
noise.

Since thermaT noise is caused by randdm thérmainmotion of mole-
cules, noise voltages arkfving from different soukées are StétiStica11y
independent and have zero mean. Therefore, noise voltages froh different
sources are uncorre]qted in time, A§ we will séeilater, the.uhcorrelated
property of thermal noise cauéés noise powers to combine in a way thch

3 .
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is quite different from that of corre]eted—signal powers. This is the

basis of the signal-to-noise improvement when signals are combined at

wave,

- junctions,

A Brief Review of Noise in a One-Port Termination

Ay termination at temperature Twill send out a thermal noise

The emitted available noise power'PN in bandwidth (f],fz) is

given from quantum thermodynamics by [3, 4, 5].

where

where

f
_ 2 1 hf : _
LR i R T A—— R | M
-y 2 , . : .
h is Planck's constant (6.6257 x 10734 joule-sec),
f - is the frequency in Hz,
K. is the Boltzmann constant (1 38 x 107 -23 joule/oK), and
T is the absolute temperature of the termination in °K.
In another form, this can be written as |
. (fy . o ' ,
Py = J s(f) df, - o (2)
'I .
, o ‘ hf
s(f) = phf+ exp(hf/KT) - 1 ' S )

is called the noiée hower spectrum

For a fa1r1y "narrow" bandwidth over wh1ch s(f) is a constant,

- “equation (2) can be expressed as



_ 1 _ hf ) : E
Py T bt T - 1y d (fp - ) (4)
or
Py = [ 4 hf+ - 18 | (5)
Nt 7 exp(hf/KT - 1) ,

where B = f2 -.f] is the noise bandwidth measured in Hertz.
Fig. 1 shows the normalized available noise power (PN/KTB) as

- a function of hf/KT,

v
H

o 1 2 KT

Fig. 1. The normalized thermal noise Py/KTB
: as a function of hf/KT.
At room temperature, say, T = 300°K, and in the frequency range

up. to.100 GHz, we find

M e x102 <1, | | (6)
KT -

Then ﬁ“'canAbe approximated as (Fig. 1).

P,

ReEKBL @)



This is. the form often used at microwave frequencies,
Consider a resistance R delivering noise power PN = KTB to a

terminating element Z, The available noise power PN = KTB can be

Ir|Zx18 |
—_— R (NOISELESS)
¢ v
Rg | Z ¢2 =4 KTRB
Fig. 2. A resistor delivers Fig. 3. The noisy resistor in Fig. 2
noise power PN = KTB can be replaced by a noiseless
to a load Z. , ' resistor R in series with an

equivalent noise voltage e .

totally delivered to the load if and only if the load impedance is
matched with the source impedance, viz., Z = R, Then no reflection

occurs in the circuit ahd the average power absorbed by Z is given by
— : | |
P, = —— = KIB, | ' | - (8)

where the bar on top denotes time-average and the underline a random
variable of time.
Thereforé,'we can use an equiVa]ent noise voltage ens such that

e = 4 KTRR, | | (9)

which, in series with a noiseless resistof R, is fully equivalent to the

actual noise source in the resistor,



R § (NOISELESS)

<>3—3= 4KTRB -

Fig. 4. Equ1va1ent noise circuit of a resistor at
temperature T.

Pure inductors and capacitors do not contribute any thermal
- noise since they are not dissipative elements. Lossy inductors and
capacitors may be represented at any one frequency by either a .series
or para11e1 combination of a resistancé and a pure reactive element;
equation (9) may then be applied to the éeries (or parallel) resist-
ance. ‘

Strictly speaking, R may also be a function of frequency. The

exact equivalent noise voltage e, should be expressed as

f .

el - 4‘J 2 R(f)s (F)df (10)

L ,
where s(f) is defined in equat1on (3)

Note that, while thermal noise is a random phenomenon, at thermal

equilibrium its statistics will not vary with time. At thermal equil-

ibrium, noise can therefore be considered a stationary process. %{ is

the expected value of the noise power and en2 is the expected value of

the square of the noise voltage, while the expected value of the noise



-voltage is zero.

D, Noise Flow in lossy Transmission Elements

T

Ny No -

Fig. 5. A transmission element at temperature T.

 Suppose we have noise power Ni (expected.va]ue)}to be transmitted
"through a 1o§sy e]ément at temperature T; Then the nbise coming frém
the lossy element should contribute part 6f'its noise power to the out-
put noise power Nb. fhus Qé expect an equation of the'forh- |

No = A

N, + KTB, o | (17)
whéke_At is the transmission coefficient of the lossy transmission ele-
ment. C is also a factor depehdihg on the physical constants of the

lossy element; it can be determined as follows.

‘(_T_ ,,KTIB

> KTB

CNj=KTB
| . Ng.

Fig. 6. Noﬁse’fiow.at.therma1 equﬁ]ibrium.
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Let N, = KTB and assume’ the whole system is at thermal equilibrium.
- Then the same noise power must flow in both directions; so the noise out-

put is also

N, = KTB . _ | (2

Therefore we can determine C from equation (11) as

C = T-A, - ) ‘ | , (13)

so that equation (11) becomes

N0 = AN, + (1 - A£) KTB . | | | (14)

- For a lossy transmission Tine or waveguide having attenuation

constant o neper/m with length £,

At e42u9« ’ ' | . ) (15)
and we have

Ny = e b+ (1 - e PRy kg | -~ (18)
E. Noise of Directional Coup]érs

To determine the noise coming ffoh a direcfiona] coup]er,‘first
cons%der the ways by which a signal is attenuated in it. By this means,
we can find the dissipation-of a signa] in-a directional coﬁp]ér and then,
in turn, get the thermal noise coming from a directional coupler since
thermal noise is relatéd to dissipation.

There are three mechanisms by which a signal may be attenuated in

a directional coupler:
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1) The ref]ect1on caused by m1smatched term1nat1ons,

2) Energy d1v151on at the junction; and

3) Attenuat1on caused by wavegu1de.wa1]s

The reflect1on of s1gna1 in each arm of a directional coupler w111
cause 1mperfect transm1ss1on of s1gna1s However, reflection loss is
not dissipative and therefore will not contribute thermal hbise.to the
- circuif. _
At the jUnCtion the incident energy is divided into several parté
’whicﬁ aré propagated.toward the ports. This division ber se is not
'dissipétive;_fherefore, this mechanism is not a source of thermal noise
eithef., : | |

'The'éurrenté*in'the‘walls of imperfeét conductors introduce dis-
'.sipation by fesistive (Joule) héating; Theréfore; eneréy is dissipated
in thé waveguide walls, Tﬁis dissipative wall ‘loss dde§ cause noise.
- We'114t?e$£ thﬁs kind of loss by COnsidering'the lossy walls as trans- .
| mission or wavegu1d1ng elements and us1ng the method descr1bed in the
prev1ous sect1on to evaluate the ‘noise contr1buted from them.

Although the loss may be d1str1buted‘through the coup]er,-a

reasonab]e apprbximatfbn'is_to}1ump'the dissipative loss at thé input and

output ports, and then to treat the coupler as a lossTess junction,

_}F. | 4-Port D1rect1ona1 Coup]ers

- Cons1der a lossless directional coup]er as-shown in F1g. 7, and_
'assuﬁé that port 1 s uncoup]ed from port 2 qnd,port 3 fromrport 4, Such
',é'coﬁp1er 1s_ba1ied‘a hybrfd. ‘Fig. 8 shows the phySiéa1»structure of one

kind of practical hybrid.



| —— ——3
8

‘Fig. 7. A directional coupler.

ARM | ARM 2

/

ARM 3

Fig. 8;. Physical structure of a practical hybrid,
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If there is no reflection in each inbut arm wheh the coupled arms
are properly terminated in éxtérna1 impedances,‘the hybrid is-often called
a "magic tee". | | .
If the éharacteristic impedances of all arms are identical and the

network is lossless, then it has the scattering matrix f4, 5]

~ | ﬁ

(sl = /T-K

3 o o

|

0o VR

I
SR o
L Y1- VR 0

where 03 ]A =1. o B (18)

oo;

b

(17)

~In the case of summing the input signals, A may be adjusted to be
real in order to get the summation of coherent input signals. If co-
herent signals are applied to ports 1 and 2, the output signals can

be computed by

Soz = (/7 + TEWS)? )
g = VRS - 0L (20)
l ] 3 ' _ 2
S —— I Sos= (VAS, +VII-AS,)"
Se —5—_ 3 Soq= (VAS, - VIT-ATS )%

Fig. 9. Transmission of coherent input signals.
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where 503 is the output signal power at port 3,
Sgq 1s the outputvsigna1 power-at port 4,
S] is the input signal power at port 1, and
S2 is the input signal power at port 2.
Note that |

So3 *S0a T S1*tS2s | - en

showing that energy conservation holds at this junction, as is proper for

a lossless network.

vN| —_l— E——z’——— N03‘= AN|+(|°A)N2'
y ———— S = (1-A)N; + AN
N2 — 83— Noa | 2

Fig. 10. Transmission of incoherent noise inputs.
The incoherent output noise powefs,wi]] be (see Appendix C)

N

03 A+ (1-AN, _ (22)

Nog = (1-A)N] + M, . | ' (23)

where N], N2 are input noise powers at ports 1 and 2, and N03 and N04 are
output noise powers at ports 3 and 4, respectively,

Similar to the coherent-signal case, we have

Ngg + Ngg = Ny + N, . | (24)

1
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If the input noises are identical, N] = N2 = N, then we find

b3 = Mg = M, - - - (25)

i.e,, the output noise at each output'port will be independent of A and
the same as the single-channel input noise.
The S/N ratio at port 3, which is called the summing port because
of the + sigh in equation (19), is |
, -
Sz L YRS+ 1-A)S,] |

= = ‘ | | (26)
03 AN.I + (]—A)N2 ' .

The value of A for which the optimum noise performance is achieved

is [8]

A = - | . (27)
2 2.
Np™Sq + NSy |

and the best SNR under_this condition is

(2 ay = ¥ he - : | (28)

G. 3 - db Hybrid
In many situations, the two inputs of a coupler are symmetrical.
From equation (27), we choose for this case |
A=l | ~ (28)
A 2’ . .

and the outputs become

1 e s 2 - -
So3 =z Sy r ST ~ | @)
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R )

Na = Nog = 3N+ N .o (31)

VAThis is called a "3-db hybrid tee" and its noise behavior is given
. by equation (31).

Notice that, fdr identical input signa]é S1 = 52.= S, the network’
' sti11'gives 100% power transmission to the sum port and none to the dif-

. ference port,

Sgg = O - (33)

With equal but incoherent noise powers applied to ports 1 and 2,

N] = N2 = N, the sum-port output is

Nz = Moa = N o | (34)
. ‘which is the same as the single-channel input noise.

From equations (25) and (27), one can calculate the signal-to-noise

‘ratio
s . | :
N9-= 2 %-,, : (35).
. 0 ' .
or - ( ) . ’ S
Sh/NL) : ' : '
(SN

showing a 3 - db SNR improvement over either of the inputs.
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H. Combination of More Than 2 Inputs

~ Suppose a n-port input and n-port output nétWork, as in Fig. 11,

| — n+|
2 n+2
3 — n+3
L4 [ J
° "\’\./J °
° W\"\ o
n — 2 2n

| Fig. 11. A n-port input and n-port output summing network.

consists on]ykof lossless directiona] couplers to éum more than 2

- input signals. Figure 12(@) shows an example used in_praéticai cir-
‘cuits; Fig. 12(b) shows.another'example,.where some.lossy devices,
such as phase shifters, are insérted between'directiona1 couplers.
‘We shall consider a lossless network first, in thié %ecfion, and

- generalize tq 1ossy-ca5es later in this chapter,

Consider the 1ossléss, reciprocal network in Fig. 11. By suitable
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22— 3 ) M T S— ) ==
3 > P 8 - REPRESENTS A
4 —— Bdl—r6 o HYBRID TEE

' (a) | ' '

Fig. 12. Some examples of combining more than 2 inputs by using.
directional couplers: '
(a) Combiner with terminal 8 as the output.

QUi
™Mb
o,
Mo
(s 2]

90°

\ .
8 X
T

452

sl  les

e o T we  Be 1516
- | . (b) ’ -

-(b) Beam—forming matrix using_hybrid-tee'devices
and phase shifters in a multiple-beam array.
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design, we can have all input ports and output ports uncoupled, respec-

- tively, and all pdrts matched. The scattering matrix then is [9, 10]

: ) S .. — |
. |
S = n
0 . 0 Snn+~| . e Sn2n (37)
—_— = - = = — _ - . - = .
Sne11 + o Spen L O 0
. - .
(. .
. " . -
T j
‘SZn1 . sZnn g 0 . 0

fh¢ ypper 1eft,quadf§nt 1nditates;fhat the inputsféré matched and isolated;
the ibwer right quad?ani~1ndicates that the:ou%puts éke also matched
‘and isolated. _A | |

If all the.chara;teristic-ihpedances are identical and the junction

_is lossless [11], the scattering matrix will obey.
[s1[s1" = (€1, o (38)

" where [S]+ is the. Hermitian conjugate of [S] and [E] is the unit matrix,
which has 1 for all elements on the principal diagonal and zero for all
. other elements. .

An equivalent statement is

i Sk T S o (39)
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With the keciprocfty relationship

Siy = S o | - - 0

the output signal of the summation at port 2n is

. 4
= : 2 -
So = |1 Sops VS5 17 - (41)
i .
If all the fnputs are identical and equal to S, then
_ . 2 :
So = 11 sy 15 o - (42)
o i=1 ‘
. The corrésponding noise output is
n ) :
. _ “ ) N N
Ng = 2 ISoni Ny s o - (43)
i=1 | |

~subject to all noise outputs being incoherent. (See Appendi x C).
If all noise inputs have the same‘average power N, then equation
(43) becomes |

|52ni| N = N _ 4 , (44)

since from equation (39), we have

S
1

2ni

Il t~1 30

2 =1 . | o (45)

If all the_inpUts-are equally transferred to the summing port,

then it fo]Tows.

2 .

. 2 B ) :

Nt~ s
—

"l S2ni
; |
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or
1 ,
|32m-| =7_n—‘. Lo o (46)
In case that all inputs arevidentica1, Si = S for all i, equations

(42) and (46) lead to
,SO = nS . : | : (47)

The outpht SNR then becomes
S : : :
0 _ S PN N

Such a network therefore yie1ds<anun—f01dvimprovement in SNR,

I.- More General (Cases

In some cases the characteristic'impedances of the ports of a
_gmultiport network are not identical; instead, let them be designated
12 Zos o i e s Zn for ports 1, 2, - - - ,'n, respectiye?y.
Suppose all these characteristic impedances are real, then the

scattering matrix for a n-port 1oss1ess‘netwbrk should be modified into

(see Appendix A)

//7?

F AR 12 - n
S = /_;E__dz]- _/%E"‘zz ' /%“én

7. . _
Z; “nl | zz"‘nz 7 "‘nn (49)
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with the ehergy conservation re]afionship

121 43

T o (s0)

(see Appendix A), the reciprocity relationship

5. .
i
4

w
. .
-
-
—
(6]
—
~—

and the definition of the TR

a,. = x/ééisij . | | (52).

1J

~ Substituting equation (52) into equation (51), we get
0r. = oes . | a - (53)
The output signal power at port n is |
n » 2' _ ' ‘
Sy = (121 IS 17533 )%/, B (54)

provided that all the signals at the output are coherent.

Poplying equation (52) to equation (54), we obtain

S. = (
o

i~
—

gl T2 ! , (55)

Suppose all- the input noise js.incoherent, the output noise at port
nowill be |

- ‘é .
No= L IS 1T N2 g (56)

:Ppplying equation,(SZ)Jagain, we obtain

N, . - . (57)
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If a]]'signé] and -power inputs are identicalgathén we have
o -|)2 S, A (58a)
and

NN o (s)

Once again, we get the same output noise as the input single-
channel noise of any input provided that all these noise inpﬁts are

jdentical.

J. Para]]e]'Coﬁnection of Transmission Lines

PORT k°

Fig. 13. Parallel connection of transmission lines.

1. Geheka]‘Considerationé

Consider a junction of_n trahsmission lines with characteristic
admittapcés Yi’YZ’ ces ’Yn ;oqnected-in parallel-(ng. 13). Suppose
every transmission ifne is externally terminated:in its own characteriétic

impedance, then we can have the écéttering matrix as (See Appendix B)
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A 2, 2y
Ty AR . TY
J J J
2v; 2~V 2y
S=1 Iy — v A
J Jj J
2y 2y, | 2y -Iy
momoLL L g
d J : N

Notice that equation (59) satisfies equations (49), (50) and (51).

The_output voltage at port n is

n
S AT ZYnij1Yj N
Vo = izl it o | (60)
' 1 vy P Y. |
j=1 j=1
or '
_oon vt o) |
Vo = .Z] n (61)
i= '
h s
Foiﬂidentical input voltages,
whoe oo = vt o=, (62)
and
Vo= 0, (63)

“this yields
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(64)

Even when the input_voltages are not identical, the power output, by

using equations (52) and (55), is seen to be

n 2/Y1YnSi 2
So= (1 w— - /5,) (65)
o i=1 %
ro,
=1

subject to all inpﬁt signals adding coherently at the output. When all

incident input powers are identical,

S-I = 52 = 53 ”= < v . = S . = S LI - (66)

S, =0, . y o o (67)

LS 4(.21,/VT )2Y, S
5, = 4 ) Y= — (68)
| 2o Y (3 v.)f
i=t | i=1
And the noise outpuf power 1is
) .
A Y 2
n-1 4Y.Y (2, - 1Y5)
N = ) in N, + J=1 N
0 ié] n 5 1 5 n
(1Y) (1 v
i=1 J j=1 J
n 4Y1Yn
=1 (N; = N+ N (69)
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If all incident noise inputs are identical

Npo= Ny o= o= N =N - (70)

>then '

N, - - | (71)

If N = 0, then we obtain

n-1
AR )
N = (72)
2 . .
| 2 Yl

=1 9

It should be noted that,.for the general case discussed so far, there may
be outward dire;ted signal waves -as well as noise waves at input ports.
The inputs will not present a match to their respective sodrces when |
either equal incident voltages or cohérent and equal incident powers are
applied, Specia]icases which allow such a matched condition are discussed

next.

2. Some Useful Special Cases
Suppose we have a port, say port n, having the characteristic ad-

mittance equal to the sum of those of all others, i.e.,
Y o= 7oY., o ' (73)

then the scattering matrix will be reduced to (Fig. 14)



Y=Y, Ig! .

i 'Xl. Yo-¥, ..
Yn Yn
oo
Yn Yn

+ o+
V] = ’V2 = .
and.terminating the output in Y
e
vio= o0,
we will have A
: n-1 Y,
-y i
Voo = L vV

26

Yn-l ]'_
an
Yn-] 1
y .
n
Y .
n-1
| 0 (74)
Yn ‘
, (75)
ports will be
ALY (76)
J B
‘voltages to the ﬁetwork,
+ .
=V o=V, (77)
ns SO that
(78)
I (79)
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and all other output voltages will become

V=0, g0,  (80)

i;e.,'one obtains 100% efficiency at port n for summing the Signa1

powers 1nciden£ on.all other ports whenever equation (73) holds.

—Yna
PORT n-

‘PORT k-

o o " n-1

Fig. 14. Connected parallel lines with the condition Y, = Y..

1 1

Ino~-l

i
‘The output signal power and noise power are given, for arbitrary

excitation, by

1 'h%] ) o
S =y (L WS, - @
n i=1 " : ,
n-1 Y, _ ; .
NO = Z -Y—N_I N ' (82)
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1 n§1 )
N = o Y.N. , (83
0 Yn i1 i1
or
N =1 YA .. (84)
o nin G .

A frequently used special case (Fig. 15) of this network is that of

equal characteristic impedances of the input ports, so that-

| v'and

PORT m +I
SUMMING PORT
(2)
PORT m
Fig. 15. A special case.
Then we have
Vo =%1' 51 V1'+ > ' (87)
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s = L% 2 (e
o m ‘.& i ? : '
i=1 : : .
and
_ 1 ?
: No = m .l Ni s | _ (89)
i=1
respectively,

For identical coherent signal inputs and equal average noise power
inputs, one obtains
S0 = mS o - (QO)

and

Ny =N | (91)
Then the signal-to-noise ratio becomes

N~ m %’s i . I (92)
o .

showing an m-fold SNR improvement over any of the single inputs.

K. Lossy JuUctions
- Bs stated in Abpendix A, the more general case for a reciprocal

n-port network is that the scattering matrix is given by



Fig. 16.

A Tossy network,

30
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r o : ‘ ' 7
/ZTOL / 1 Oqn / l a
ZT 11 ’ 7; 12 * 7; In
S =
/ z2 / Z2 l//"Z;
a a . .
7? 21 75' 22 7;-a2n
VA
/A /A LU
Tq'anl Z, *n2 Z ~mn ’ (93)
with
LR (94)
i=1 M
and
oy = oy (95)
The output signal at port k is
, g 2 A ,
Sko = (1i1 oy VS5 )T o (96)
The.contributioh of inward uncorrelated noise to the output is
| n 5 »
N, by input noise = Y e ] N, (97)

and the total output noise is [12, 13, 14]
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s 12 N+ (1=

i o,
mne i

N =
0 1 in

fHe~13

12) Py © (98)

e~

i=1
where Py is the thermal noise power defined in equation (1).

Qur formulation differs frOm that of Wait in that equation
(98) gives.thé outward-traveling noise power at port i.when all
inward-trave1ingrhoise powers (including that at terminal i) are
‘ specified,_whf]e Wait gives the available noise powers.‘ The two

formulations become identical when port i is terminated in a

matched load.



CHAPTER III
NOISE PERFORMANCE IN PASSIVE ARRAYS

A.  Introduction

As discussed in the previous chapfers, nofse-behavior depends
on-system (or network) parameters, which are c]osely related to the
element ofganization, 1.e.,.the manner df interconneéting the ele-
ments, The theory developed in the previous chapter can be applied
directly to antenna arrayé. For example, the beam-forming matrix
of'ng. 12b- is precisely a multiport of the type shown in Fig. 11,
with the antenna elements cqnnécted to the input ports 1-8 and the
formed beams available at the output ports 9-16. If, as is usual,
_the output ports are»uﬁcoup]ed with respect to each other, or if
. there is on]y:a single output, then the noise at the outputs will
consist of that contributed from the inputs and'that originating from
within the network, The elements contribute noise because of two-
effects., First, they receive noise just as they receive signal;
this noise is termed "externé] noise". Secondly, since they ére
.;1ossy, they cohtribute also thermal‘noise. In ]afge arrays, the
thermal noise'arising in tHe elements is usually much less than that
i arising in the combining netwqus; at any rate’ the elements usually
can, to a good approximation, be represented as lossless eleménts
followed by a 1ossy'ne£work which can then be inciuded in the

33 -
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mu]tiport.} The thermal noisé arising from the multiport (including
the thermal contribution from the e]ementé) is termed "internal
: ﬁoise"? - | -

In this_thésis, only theyinfernal noise will be considered.
One reason is that the definition of external noise depends strongly

on the application -for Which the array is to be used. For‘examp1e,

if an array in'space is_to.be used to reéeive communication Signals
from the Earth; fhé thermal emission of the Earth would be c&hsidéred
| noise, If the-same array were to be used for radiométhy,'the same
thérma] radiation would be considered signal. A second reasdn for
neg]ectingAexfernal.nqise is that it does not appear incbhekent]y
at the inputs; its contribution is therefore governed hgt only by
- the array orgahization but also by the antenna pattern and the
: brightness distribution of thé external noisé sources,. This makes
it difficult to draw general conclusions when external noise is in-
cluded. Atthird'reasoh for neglecting the external noise 1s'that in
the frequency range under consideration it is génera]]yfnot large
and; in any case, the limitations and trade-offs of large arrays
which are of interest in this thesis are related to the interna];
.nOt the extéfna], noise. | |

The quantity of{mosf interest in this Chapter will be'the_:
normalized, or relative, ratio of signal to internal noise. The
nofma]ization.féctor is. employed to eliminate variables whﬁch are
unrefated to the array organization. "One such variabTe'is the sig-
nal strength available from each e]ement;'which‘dépendé pn‘the in-

| cident signal power, its direction of arrival, and the directive
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géjn of the é]gments. Similarly, the internal noise contribufion
...depen&§ on the system béhdwiqtﬁ and the ambient tempé}ature of the
combining multiport, which is restricted to be passive in this
Chépter (active combiners will be considered in Chapter IV).

We can write the ratio of signal to internal noise at an

output as
: So/No = R S/PN z ‘RS/KTB . | : (1)

whefe-S~is the signal power available at the terminals of each ele-
ment, R is the relative signal-to-noise ratio; and the other symbols
have thé same meaning as in. the previous chapters, The signal will
be assumed to_be coherently summable at the output. A sufficiently
narrow band or cw signal arriving from a specific direction meets
this requirement fqr even large arrays. The meaning“of‘R is simpiy_
: thaf §f a number which, when multiplied by (S/KTB), gives the fatio
of sfgna] to internally generated noise at the output., It does not
imply a s1gna] to-noise ratio relative to some other reference array
nor an 1mprovement over some other technlque of organ1z1ng the array
It will be seen below that for small arrays, the relative-
signal-to-noise ratio increases. as more elements ‘are added. After
. a certain size 15 reached, howevef,»additiona1 e]éments must be quite
“distant from the sum:pOrf; the lossy_signa1 path between the element
and the sum porf then attenuates .the signal and contributes thermal
hoise increasing]y as the array is made 1arger, so- that R increases
more slowly, becomes stat1onary, and finally decreases as the array

size is increased. Th1s effect is illustrated in th1s Chapter by a
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series of parametric calculations of the relative signal-to-noise
ratio, plotted with either the number of elements or the'akray_di-’
mension as the independent'variable and such quantities as trans-
mission line loss factor and phase shifter léss as parameters,

| A vahiety of éigorithms may be édopte& for %ncré;sing the
érray size in the calculations. The weight or emphasis.to be'gjveh
the ddded elements is'completely at the designer's disposal. One
possible algorithm is to weight the elements in such a way that a
» given aperture distribution is preserved. ,Thfs has the disadvantage
that elements furthest from the output will be weighted most, sfnce
they experience the greatest attenuation. Weighting these noisiest
elements heavily is yery_detrimental toithe output signa]-to;noise
ratio. Another algokithm is to weight each element accordfng to its
signal-to-noise ratio; this produces an optimum output signal-to-
(internal) noise ratio. It also results in a high weighting of the
near ejemehts relative to distant ones, and therefore in great1y
reduced directivity. The objectives of achieving high signal-to-noise
ratio:and high dfrectivity become incompatib1e;'in_géhera1, as array
size is ihcreased, and a compromise must be made. An infinity of such
compromﬁses is possible; in the calculations the compromise is made on
the basis of computational eése. It should be noted that when the array
is §ma11 and haé Tow ]oss; the range 6f compromises is small, The.
choice of algorithm has a substantial effect only when the array losses
and internal noise are Targe. “Under these cirﬁumStances the array is
likely to have 1imited uti]ity. The ca]cu]ations have been carried into

this .region, not to provide design curves, but to show the generality of
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- the deteriorétion of‘the nelétive signal-to-noisé ratio as arrays
become iéngé.r An'exceptinniin thé divergence of the critéria for -
preserving the aperture diétribution and optimizing signa]-to-nnise
ratio is the case of corporate-fed arrays. In these, equal attenua-
3tinn is maintained in all Signai paths as the array size is increased;
thus, signal-to-noise ratio iS'optimizedl(within the class of.corpnrate;
fed struétures) and the aperture distribution is maintained simulta-
~neously if the weighting a]gorithm is kepf constant. The details of

" the aigoritnms used to increase array size are given below for each
class of arrays treated. Here we wish only to call attention to the
factAthat'the aperture distribution is not nécessari]y maintained in
these calculations, and'give the reasons for this procedure.

In principle, it would be possible tp'tneat each feed configura-
tion as a multiport, evaluate the scattering matrix elements according
to the theory.of Chanter II, and base the calnuiation of relative
signa]-to-noise ratio on these. This appfoach is, however; difficult
to generalize to active multiports which are treated in Chapter IV as
a possibie solution to the signal-to-noise deterioration of Targe arrays;
In order to a]iow generéiization to the active case, the procedure used
also in this Chapter is to fracé'each signai'from the element to the
output, keeping'tréck‘of signal attenuation and noise addition as they
occur a]ong~the signal'path.b The theory deVe]dpéd for mnlfiports is,
.of‘course, usédlin evaluating the effects‘oi the muitiponté nsed to.

combine signal,paths;
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B. One-Dimensional Parallel-Fed Arrays

¢ REPRESENTS

: A PHASE SHIFTER.
So: No

Fig. 17. A linear parallel-fed array.

A linear array with the signals from all elements bassing

through passive phasé shifters, which are used to adjust the patterns
~ of the arfay,'and connected to the input ports of a summing netwprk
is showﬁ in Fig. 17. If the numb¢r of e]ementé is at a1]'1afge,'this
array organizatioh is 1mpract1ca1;'neverthe]ess, it is usefd] to cal-
culate the relative signa]-to-hoise ratio, assuming no loss ‘in the
summing network, becéuse this configuration minimizes-the 1engtH dfl
the signal péth and hence optimizes the'hoise behavior for a given
class of transmission lines (or waveguides) and phase.shifteks; It can
therefore be cohsidered a.case whichrestablfsﬁes the performance limit
for onejdimensional afrays. .

| Subpose all elements are equally spaced and designate the |
signal power. received at the n-th element by S, Let the whole system
be at the same temperature T, so that we have the same thérma] noise

powers PN everypiace. (PN is defined by equation (1) and an
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approximatioﬁ is given by equation (7) in Chapter II). The phase
shift of each phase shifter is adjusted so as ioihavevall signals
arrive at the summing network coherently in order to get ﬁhe max-
imum reception, The summing network is symmetrical with respect to
all inputs. As stated in Chapter II, if all signals at the input

’ ports are equally trénsferred.to,the output ports, we have

' n
1 ¥ 2
So(n) = = ( Ké]v A S ) (2)
where SK is the signal power received at the k-th array element in
watté,' |
A= e (Zodgrod (3)

is the transmission through the phase shifter and the transmission ele-
ment used to connect the K-th é]ement and the summing network, a is the
attenuation constant of the transmission lines or waveguides, in nepers

per meter, and d, is the distance from K-th element to the summing net-

K
work,
eK'is the ‘logarithmic transmission factor of the phase shifters,

it can be related to the required phase shifts by [15]

wheré o is the maximum phase shift required of the phase shifter between
K-th element and the summinglnetwork for all desiked scan aﬁg]es, in
dégrées, and F is. the figure of herit of the'phase shifter, nepefs per .
degree; | | |

| So(n) is the output power'ofithe summing hetwork,:which_is
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assumed tq have n inputs.

- The transmission factor e'eK comes from the insertion loss of
.a phase shifter, such as low-loss ferrite phase shifters, fbrtwhich
the‘attenuationiis proportiona] to the maximum required phase shift,
The output internal noise power is shown by eQuatioﬁs (14), (43),

“and (46) of Chapter II to be equal to
)
: oy Vo) Py (1-A0) .
| No ()= & N K (5)
The S/N ratib of the n-element array is therefore

"qr—z

. - (6)
N Yo ‘
" f(m | |

‘With one more element, it becomes .

| A+ S
. s (n+1) (KZ] YRSk ) |
,1In+1 "N (n+1) ntl _ . » (7
_ : A 21(1-AK)PN -

To yield an improvement for SNR of the array, we should have

or

- | | | - | |
s | (8)
n . '
'/. S (nkal). - p
S S (h+1) ' o' TN .
29 +2 /A > (1-A_..) .
An+1 T-G‘T— n+l S.olnj -n+1 “Nolni s (9)

0

By using this equation, one can estimate whether adding one more array .
element will yield any SNR improvement.

If ali elements have idéntical signal feception, i.e,, if
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S, =S,=S;=. . . =S5 =5 . - (10)

- So(n) S ( Z] )
In = N, (n N ﬁﬁ' n . (11)
LA
. K=1
and equation (7) yields
n+] 2 n+l
( Z] /AR ) KX] (1-A,)
o, h | | (12)
(3 /MHE T (1A
K=1 K=1

as the criterion for further S/N ratio improvemenf when elements

are added. This‘re1ationship is completely independent of S and PN’
but depends on a, dK and By » i.e., the physical constants of the con-
necting elements, |

Equation (12) can also be expressed as

A)) > (1 -A

An+'l * ZJK;;l K n+1) In : . (13)

—
~
it~

—t

Notice'that AK is a]ways less than unity and decreases.ex—
ponentially as K increases. What is more, In is a monotonically in-
creasing function as long as equation (13) holds; Therefore, the
right-hand side of equation (12) gets.]érger but'the left-hand side,
while increasing initially, eventually beé&mes smaller as the num- .
ber of array elements increases. After reaching some sufficiently

large n, the inequality of equation (13) will be violated. At this

value the signal-to-noise ratio will begin to decrease and the sys-
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tem will gain no further benefit by édding more array elements. This
type of signal-to-noise behavior is also typical of other array con-

figurations, as shown in the plotted results of the following sections,

C.  Two-Dimensional Parallel-Fed Arrays

O___O

=
x
U

O__.O

n ELEMENTS

Y
n ELEMENTS

Fig. 18. A centrally parallel-fed array of 4n2 elements.
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Two-dimensional (p]anar) arrays will now be discussed. Many

7W;§§76f7cdgﬁgzt;ﬂéféﬁgwé{éﬁé;fé7é}é,aVéi1aBﬂe;idgbéhd{héréhrfhe %unc—
tion of the array,‘and it is impossible to perform a signal-to-noise
analysis for_é]] configurations. Instead, we shall eXémine again the
parallel-fed case as an uppek limit of the signal-to-noise pérformance,
~and some corporate structUres as examples of more practical arrange-
ments of aﬁ array. 5
o Consider a square centrally bara]]e]-fed array as shown in
‘Fig. 18, By using similar arguments as in the previous sections, one

can easily-get the following:

: n n . - -
So(n) = (l—- ) JgﬁK e"zade~emK)2 . (14)
2n K==n m=-n ' ’ '
, n n _ : :
No(n) - 7 7 pN(]__ e-(Zade+emK) B - (15)
2 = .

with m, K #0, where d is the spacing of elements, and

d = d/(m-1/2)% + (K - 1/2)° | (16)

is the distahce frbm the e]emént, in row m and column K to the feed
point. | | |

Suppose we have a lossless- summing network with 4n2'ident1ca]
inputs, one:for éach‘elemént;.and_that the maximum- required phase shifts

are symmetrical, léadihg to the relations

bmn T é;h-n _ ,“‘ | - an,

Then the equations (14) and (15) can be simplified as .
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n

1 0 -2ad boo- 2 D . _
s (n) = (F ) sk o2 |
o'" nZ KZ] mgl e‘ m mk ) ‘ _ (18)
N_(n) =‘—l§ ( E, TE,,P (];-,e'zade'emK));’f; a9 - -
O an® kA mer N ' | |

Notice we have kept the same assumptions as before,
(1) .the summing network is lossless and adds all the
~signals coherently at the summing pOrt,
(2) all the noiée adds incoherently sfnce each term
represents thermal noise from a separate group of
dissipative elements,
FigUres 19 to 21 show the relative sfgna]-to-noise of centrally
| , para]]e]-fed planar arrays as calculated by using equétions (18) and.(19).
. The choice of parameters in Figs. (19) to (21) was dictated by
the intended application of this work to a veﬁy large array aboard thé
Shuttle Spacelab. Dimensions on the order of 10 to 30 meters square
were considered in the initial experiment definitioh. At 30 GHz,
these should 1ead to a resolution capability of better than one milli-
kadian. If filled, an array of this size with spacings on the order of

6

- one wavelength would require between 10~ and 107 e]ehents.‘ To reduce

the cost, thinning is highly desirable for those applications for
which it fs permiésible. The calculations of Figs. (19) to (2]) rep-
reéent'thihning factors of 100-400. 1In pkactice,.suth thinning would
be done on a random or pseudo-rdndom basisA but the randomness has very
Tittle effect on the feiatiVe S{gnal-to-noise ratio since only internal

noise is considered here, Thus Figs. (19) to (21) should be representative
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of thinned arrays of these dimensions, Another approach be1ng con-

sidered is to use subapertures, w1th d1mens1ons on the order of the
spacings used 1n;the_ca1cu1at1ons, to avoid the need for thinning.
Not all preblems related to this approach have been solved, but en-
_couhagihg results are being obtained, both in connection with this
program and by others [16]. |

In equations (18) and (19) the phase shifter loss for each set of
phase shifters characterized by a pair of values m, k was left arbi-
trary ahd designated Bk * For the 1ahge arrays considered here and
reasonab]e scan ang]ee, all phase shifters must have a'phese shift
capability of 360°; this va]ue‘was assumed in the calculations
together with a f1gure of merit of 300° per db to obtain the phase
sh1fter losses,

The range of attenuation constants corresponds, for the higher
'va]ues, to\COmmercia11y available silver-plated waveguide.' Since
attenuation in this freqhency range depends on surface roughness and
can be reduced by eTectrdpo]ishing and other methods of reducing
"roughness, the 1owef values represent an estimate of what might be’

' achievea with a'customiied technd]ogy. No loss was assumed for the
summing network since networks with so many ihputs are. not ayai]eble
and no reasonable estiméte can be made, .It-shOuld be rememhered,
hoWevef that.the-parallel-fed array ca]cu]atfone are'intended only
| to show 11m1ts wh1ch practical arrays cannot exceed, not for system
'1mp]ementat1on. The assumption of no 1oss is cons1stent with a very
conservative limit estjmate.

The significant aspect of the curves presented in Figs. (19) to
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(21), is that they rise Very rapidly- for small arrays, but very slowly
for large arrays,vand that eventually for large attenuations and di-
mensions they even decreéseiw In the range whgrgﬂ@hgicyryes rise steeply,
é&d;d e1emenfs'contribute as much as those already present toward an

improvement in the signa]-to-noise ratio. Beyond the knee of each curve,

' this is far from true. Moreover, as discussed in the introduction to

this Chapter, the a]gorithm chosen for increasing the array size in
these calculations is not one which preserves the array aperture dis-
tribution.‘ For small apertureS, the distribution is almost uniform;
f0r 1érger'arrays it becomes tapered. For the bottom curve of Fig. 20,
the taper amounts to 33 decibe]s,_so that the outer elements are not
effectively contributing to diféctivity either, Thus the parallel-fed
case shows that simply expanding_array sizé in order to achieve bétter
‘resolution runs 1hto fundamental signal-to-noise 1im1tation$. This is
showh a]sovin the next section for the more practical conffggration of
a corporate-fed.array.

In all these calculations all elements are considered to.behave
jdentically; edge effects are heg]ected. Coupling effects which per-
.tain to an infinite érray are included, but they are hidden because of

the normalization with respéct to S/KTB. The signal power S available
from an 1ndfvidua1 element for a given field strength is a function of

 the spacing between the e]ements because .of mutual coupling effects.
fhus,'whi]é the relative signa]-to-hoise ratio in Fig, 21 1s-a»monoton1é
function of spacing, this need not be true for the actual éystem

signal-to-noise ratio.
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D. Two-dimensional Corporate-fed System

As the previous results show, the 1oss caused by phase shifters
has a’pronounceo inf]uence on the signa]-to-noise ratio for paré]]e]-fed
arrays. Here we examine another connect1on, a corporate feed as shown
7iant§.;22 ' The a]gor1thm for 1ncreas1ng array size is the fo]]onang

Four adjacent elements are chosen as a primitive stage. A group
of four adjacent primitive stages forms a second stage; four of these
in turn form the third,stage, and so on,

“ We have considered'tWO different ways of Tocating phase shifters
- in thié'kind of fEed‘netWOrk' One is. to place phase shifters in three

~ of the four branches of each stage, using the fourth branch as the
.reference for the other three (Figs. 22 and 23) The other way is to
place all phase shifters in the primitive stages,'one between each
antenna element and the first summing network. Since}the‘phase of the
received signal of each antenna element is adjusted by the phase shifter
fo]]owing the element, any required phase-shifting combination can be
achieved.. o | | o

The a]gorithm equations for the re1ative stgna]-to-noise ratio
of these configuration§ are quiteveasi]y obtained by using similar

techniqnes as before. For the configuration of Fig. 23, the equations

are
,_ 5
5 -]Ie‘z"‘dl(ae2 +1)% s, (20)
O -2 2
S, =qe (3 +1) S (21)
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A corporate-fed antenna array.

Fig. 22.
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Fig. 23. Another view of the antenna -
array in Fig. 22,
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Fig. 24. The other way of arranging phase
shifters in a 4-element corporate-
fed antenna array.
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-2ad T 7
K .. 2 2 '
.‘ Sy = e (3e +1)° s, (22)
and o ) 2udv. 1
' -1 - e"¢oq] :
Ny =3 el (3 | +1)1, (23)
7 2ads. B f
N, = %'[PN + (N] - PN)e *%2(3e 2 4 11, (24)
1 ady -2 | |
N =7 [Py + (N_p - PYe™ (3™ “+ 1)1 (25)
o _o,n=-1/
where d, = 2" '/2d (26)

is the transmission‘1ine length of the n-th stage,
d is the spacing of the elements,
S is the signal power available at the terminals of
any element,
Sk.and.Nk are the sigha] and noise powers, respectively,
~ at the output of the k-th stage, and
o and 6 are defined the same as in thé previous-séctions;
In the evaluation of relative signé]-toénoise ratio, we assume
"that'ail the phase shifters except thdse of the first (or primitive)
staées are the same. v |
For the configuration of Fig. 24, one obtains

;fl‘ _83
2

—Zad]
(3e + e

1
1° 3¢

-2a
4e d2 S

s, o (27)

w
n

. @)



—Zadk
S, = d4e Sk_1 (29)
“and -
-2ad -9 -9
1 1 1 3
Ny =g Py [1-e (e ' +e 9], (30)
1 - —2ad2
N, =z [Py * 4(N,-Py e 1, (31)
1 -20Ldk
Nk = E'[PN + 4(Nk-1 - PN)e 1, (32)
where d

K> Sk’ Nk’ a and 6 are defined as before. The introduction
of ¢3 is for cdmputational convenience, Setting 93 to zero results
in the configuration of Fig. 23; setting ¢3=¢] and ¢2=O gfves the
configuration of Fig. 24; thus both can be ca]cu]ated with a single
computek program,

Figures_25-34 show the noisebperformances for some system
parameters.

From the curves it is apparent that the configuration of Fig. 24
has better signal-to-noise behavior than that of Fig. 23. The physical
reason is that in the former the signal encounters only one phase
shifter between element and final output, while in the latter a path
may include as many phase shifters as there are stages and.the vast
Imajority of paths include more than one phase'shifter. For very
small arkays»the configuration of Fig. 23 appears to be better, but
this is only a consequencé of the computational algorithm. For a
single Stage, the configuration of Fig. 23 reduces to four elements

with only three phase shifters, while that of Fig. 24 reduces to
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four elements with four shiftérs. One of these could of course be
omi tted, and»the two configurations would then be identiéa],

From thé curveé, we see that after the number of elements
becomes sufficiently large, the array will get no more benefit as far
as the SNR is concerned, One reason is that the signal from the outer
elements, being attenuated by the lossy transmission e]emenfs be fore
reanhing'the summing port, adds a relatively small amount of signal
while the transmission elements contribute a relatively large amount
~of noise,

The last few figurés show the SNR performance versus the array
dimension, As we haVe been doing, the operating frequency is assumed
to be 30 GHz and the aperture amplitude distribution is unifbrm.

- From these curves, 1t»appears that for the present state-of-
the-art, i;e.,:assuming an attenuation constant for transmission lines
(or waveguides) of about 0.15 db/ft and a figure of merit for pnase
shifters of about 300 degree/db, the 2-dimensional corporate-fed array
may ge§ optimum'SNR performance at around 10mx10m, This, of course,
will not be the optimum size in practical usage since the rate of
signal-to-noise ratio increase decreases to zerovat this peak value
and the array gains very Titt]e benefit at high cost by increasing its
size to near this value. .Therefore, from the engineering point of

view, this kind of array should be considerably smaller than 10mx10m,
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CHAPTEﬁ'IV
NOISE PERFORMANCE OF VERY LARGE ARRAYS
- - INVOLVING ACTIVE DEVICES -

A. Introduct1on

S1nce the noise in a receiving system blurs the rece1ved
signal as the latter goes through the passive e]enents,~it is useful
to increase the-signal level before it gets corrupted. A commonly
used approach is to place act1ve devices early in the signal paths
to amplify the s1gnals to a sufficiently high level so that they

will not be corrupted very much by the internal noise of the system.

B. Noise Figure of an Active Device

The active devices, as well as the passive ones, contribute
noise to the amplified signal. This noise contribution is often
expressed ih terms of a noise figure. The standard noise figure
[17, ]8] is defined as the ratio of the available noise at the output
term1nals to that portion of this noise which is engendered by the - |
input termination when the input termination is at the standard temper-

ature (290 K)

N; =KT,B Nour

"G, F

Fig. 35. Noise figure of an active device
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Mathematically, this noise figure is given by

Nyt (when T. = 290° at all frequencies)

F = GKT, B (1)

where _,,' 7 L
Ti = 290°K = TO’ is the standard temperature of the
input termination, !
G is the power gain of the active device,
K is Boltzmann's Constant,‘
Nout-is the available noise output power, and
| B is the equivalent bandwidth.

The output noise pbwer can bé considered as the sum of the
noise due to the input and that due to the internal effect of the
aétive deviceg i.e.,

| N ¢ = 6N + GN ¥ANg1_+ Ng | : (2)
where _

Ng, = O =G KT, B | | (3)
is the noise contribution from the inpdt and’

Ng's GN=GKTB (4)

is the noise -power contributed from the internal effect. This is
often independent of the input noise power, and T is called the
equivalent noise temperature of the device, referred to the input

port.

we have
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Substituting equations (2), (3), and (4) back into equation (1),



To + T : 7 i
.F =‘ T o ’ ) 7 o B B (5)
or
T
F=1+= , (6)
To _
and hence
T=(F-1DT, . o - (7)
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F is called the standard noise figure since it relates the equivalent

noise temperature of the device to a standard input noise tempefature{

In many cases, the effective noise temperature of a source

differs from the standard noise temperature (290°K). The noise figure

= out _ : )
Fo "X T, B o (8)
is called the operating noise figure and the noise output can be

obtained from this as

NOut = F0 G K Ti B . , (9)

AThe internally generated noise is the total noise outbut

minus that éngendered by the input noise, i.e.,

N =N - Ngi = (FO -1)G K Ti B . | (10)

This is usually not affected by the input noise (but depends

on input impedance), therefore, the -total noisé output can be

~ expressed by
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=
1l

out GKTB+GK Ti B

G K (F-) T, B+ GK T, B (11)

as another way of calcu]atinngout.
' Usually, F means standard noise figure when there is not any

subécript orassociated with it.

C. - WNoise Beﬁﬁvior of Arrays with Active Devices

The noise coming from the internal effect of an active device,
Ng in equation (4), is statistically independent of that froh'otner
devices since it is caused by the random motion of charges in devices;
therefore, we'11 treat noise contributions as uncorrelated when they
do not originate from the same devices.

For a very 1arge'array, it is well knbwh that the earlier in
the signal path active devices of a ‘given noise figure are placed in
a system;_ the better its signé]—to—noise ratio.. wNevertheless,
there.are many factors affecting tne choice of arraY‘organization.
Among them are the aVai]abi]ity and cost of various types of active
devices.at very high fkequehcy. Technical difficulties are often
reduced 1f'the signa} is converted from thé.high original frequency
to a Tower one, SO fhat-the remainder of the system can be working
at tnis lower frequency. 'Fo]jowing this frequency conversion, there is
an IF amplifier stage to amplify the signal. Unfortunately, the IF
amplifier amplifies also the original noise, and it also adds some
additioné] noisebwhich is caused by the behavior of the active devices
in the conVekugr and IF amp]ifiek.

‘Another factor to be considered is that if we place all active

devices at each beginning stage, then the cost of the whole éystem
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will increase very greatly as the number of array elements gets

langer. The benefit we gain by placing active»devfces in the
early stages must be balanced against the additiona] cost.

We shall now quantitétive]y analyze the performance of several
different arrangements from the noise point of view to see what
-compromises between noise behavfor»and,cost are avai]hb]e to a
design énginéer, As will be shown later, it is gener?]]y not
possible to get an optimum operating condition with réspect to both

noise and cost. The tradeoffs will depehd on the reqpirements of

the system,

D. Noise Equations Including Active Devices
Fy
ST, Gy
o Fa
SZ'TZL/, LE& | SiOUT TOUT
| . S =
. * Fy
Sk Ty 9“%
- Fn

S+ Ta 9— G,

Fig. 36. A network summing all the received
signals after amplification,

We want to ca1¢u1ate the noise.pf a very large array involving
active devices. First;;sﬁppose all the active devices are situated.
right after each receiving element, If the active device following the
k-th eleMent_has power gain Gk and noise figure Fk’ the noise temperé-

ture and the'sjgna] pbwer measured right-after the amplifier would be



Vo ) ’ ' . )
Sk = Gk Sk , _ _ (12)
Tk' f Tk Gk +(F - 1) TO Gk . _ . (13)
where : Sk is the received (input) signal bower at

‘k=th element,
T, is the received (input) équivalent noise
temperature at k-th element,
Sk', Tk' are the signal power ahd equivalent
noise temperature after tne amb]ifier;
respectively, ahd
_ T0 is the standard noise temperature (290°K).
From équation (98) of Chapter.II, the summed rioise and
signal at termina]‘m'under the ideal situation, i.e., with all
terminals termiﬁatéd.in their respective characteristic inpedances

“and all signals coherently added, are

T - Y e Brea-Ye B T, on)
out, m L. 'k %mk T L 1%k a’

k=1 ‘ . k=1 _

0 |
Sout, m (kg] ViS¢ ‘?‘mk) (15)

where Ta js the ambient temperature of the system. Notice we've
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assumed that the noise outputs Tk' of all amplifiers are uncorrelated.

Substituting equations (10) and (11) into these two equations,

one obtains

~ (18)
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and ,

A I T~ . \2 : '
Sout, 1 (ﬁ S, Gy amk) . | (17)_

If every active device has the same noise figure F and gaih G,

then the above equations reduce to

: 1 2. 1\ 2
Tout, _— (F-1) T, ) Jamkl +G ) |amk| Te
k=1 k=1 : _
-1 2
+ (1 _.ki] Iamkl ) Ta _ , (18)

“and
A 2 o -
Sout, m - (ké]\/s_k"amk> G . (19)
Considering the system noise only, we assume all the'inputs

are signals and all input noise powers are zero, i.e.,

T = 0o o (20)
and obtain

Tout, m =8 (F-1)Tg

(21)

The last terh (1 - E l“mklz ) T, is precisely the noise
ca]cu}ated in the last chapter. For the. same organization of
antenna e]ements, we can get E l“mklz from the proﬁédures of that
chapter and evaluate the hpi§;1performance of the corresponding

~antenna ahray_systems involving active devices by equation‘(Zl),-

provided that F and G are given. ’
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T
9___——2 F
%_—km G

. Fig. 37. The second arrangement.

Another way of placing active devices is to have a single
active device situated after the summing port, which is usually
preceded by a beam-forming or summing network, as shown in Fig. 37.

Employing the same teéhniques, one can easily get

B L S o
Tout, m ~ ° é"amk‘ i s o 1) Taj
+ G A(‘F - 1) To. (22)
and
Ve 2
Sout,'m - WA Sk .amk) G . (23)

Note that if G and F are the same as those in the previous
case, then for>the same network (or system), we wdu]d have the same

signal but different noise outputs.



E. Effect of Internal Noise
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We have - shown that the,signal.output will not be changed no .

matter where we put active devices. However, noise behaves quite
differently for the two arrangements. For the sake of convenience,

let

e~13

k o |2 = A (24)

1 .
and assume the noisé outputs of all array_e]ements are negligible,
then the output noise temperature for the two different arrange-
nenté would be |

(T_.) =G (F-1) ToA+ (1-A)T (25)

out’arr I a °?

(Todt) arr 11 = & [(F - 1) Tt (1 - A) T;} ’ (26)
Tables I-IIT show the output noise temperature.for a few

values of the system parameters; The antenna is very lossy if

A << 1 and lossless if A= 1. As seen from the tables, if an

antenna system is 1oss1e$s, then the sensitithy of the array is

independent of the placement’of the active devices but depends

only on fheir noise performance as specified by their noise.

figure F (or equivalently to T) and gain G. As the ahtenné

array gets 1bssier, thé thermal noise from the array Eontributes

more and more, and it can be seen thét the placement of the active

devices becomes increasingly important in this case.

The other important result we can see.from these results is

that for the noisier active devices (Table III), lowering the

ambient_température giVes very little benefit with respect to the

SNR_pekformance of the antenna system.



Comparison of Output Noise Temperatures of
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Table I. Noise
: Putting Active Devices in Two Different Ways
" Low Noise Active Devices
6 =10%, F=2® (7= 169.6°)

Tenmeraure ﬁé;;ﬁgge:\\ﬁ 0 é 025 o5 | 0.5 |09 |1
T, - ; 5 290 5'641 é 993 | 1344 1555 1696
290°K 11 4596 13871 3146 2421 1986  |1696

The system%is at étandard;tempérgtUre' ‘
T - I 'i 150° 53 923 1309 1541|1696
150°K : 11 %3196 2821 2446 12071 1846|1696

| The system is at T, = 150°K

) ’ .
T I | 50 4ol g 873 {1284 1531 {1696
£0°K II - |2196 2071 11946 |1821 1766 11696

The‘s%stem i% at'Ta % 50°K
L i |
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Table II, Output Noise Temperature for More
Noisy Active Devices

6 = 10%; F = 3% (7 = 290°K)

Arbient T Arrange-\ A — ~
Temporature | ment. N\ | 0 0.25| 0.5 | 0.75 0.9 | 1
T, - I 290 | 942 |1595 | 2247  |2639 | 2900
! i
290°K 11 5800 | 5075 |4350 | 3625 3190 |2900

The system is at standard temperature

T - o 150 | 837 (1529 |2212 |2625 |2900

150°k. | II 14400 |4025 | 3650 | 3275  |3050 |2900

The system is at T_ = 150°K

}

T, = : I * 30 762 1475 | 2187 2615 2900 |

50°K II 3400 | 3275 3150 | 3025 2950 52900
 The syStem is at Ta 50°K

i : i 1

S
1




Tabte I1I. Noise Response with Noisy Devices

6 =109, F= 6% (7= 864.5%)

78

. )
_ Temperature | ment 0~25: 0.5 - 0.7 .

.0.9.

Ambient Arrangef\\Ag 0

T = i 290 | 2378 4467 6556

a | . |
200°K | 1l 11540 10820 10095 (9370 %

" The systeé is at}standara temperéture %
L T g 150 | 2273 é 4397 26521 %
sk | IT howo | 970 9395 9020

| The ;yétem is at T, % ]50°KE E
T - 1 50 | 2198 %4347 6496 g

1

P The system is at Ta % 50°K é
; i ; | P

| | g | , |
50°K 11 19145 9020 8895 (8770 | 8695

7809 -

8935

7795
8795

7785

|
| 8645
| 8645

8645

§8645

18645
. 8645
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F. . Signal-to-noise Ratio Improvement

’As:pOintednout infthe»last section; the signal-to-noise
ratios for different active deviée placements will differ from each
other only in the noise parts because fhe signal parts are the same,,
- no matter where the dévices are placed. Therefore, it follows that

(S/N)arr I _ (T
(S/Nyarr Il -

)
t 11 ,
Tou )arr _ (27)
out’arr 1 :
where arrangement I is the system having the active devices at the
beginning of each signal path (sée Fig. 36) and arrangement II is the
other one (Fig. 37).
Considering the internal noise only, i.e., Tk = 0, we obtain
by equations (23) and (24)
G (F-1) T0 +G (1 -A) Ta

(S/N)arr I - _ (28)
(S/N)arr 1 6 (F-T) T A+ (1 - A) T,
since . A =1 from -Chapter II and G > 1 (29)
(S/N) arr I s ’
arr I1 :

i.e., the first kind of arrangement will always yield better noise
performance,
Equation (28) can be simplified as

(S/N) .

arr I - (F-1) Tb + (1 -A) Ta . (31)
(S/N)

—.(?1]) T0 A+ (1 - A) Ta/G

arrll

Figs. 38 to 40 plot the ratio of the signal-to-noise ratio of

Fig. 36 relative tb that'of Fig. 37 for sevefa] different cases.



G =10d8
F=24dB

20

Tq = 290° K
/

Ta =150° K

15 ./-ra-soc

o

Fig. 38. SNR improvement of one antenna organization
, (Fig. 36) relative to another (Fig. 37).
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G = 10dB

To=290° K
Tq= 150°K "

15 -

H S ——1¢=50°K .
=
o
A<t
<
N
2 o}k
o~
-
< |
[+ 4 1
—~< i . T°=290°K
2 sl N\ e = 150K
b [ T =50°K
: |
|
|

l ———————————

) A N e
6 0.8 1.0

01/g0-2 04 "06 0.8

Fig. 39. SNR imbrbVeménf of one antenna organization
(Fig. 36) relative to another (Fig. 37).
From these curves, We,see that if the system is very lossy,
Jj.e., A << l,bthe_improvement dépends greatly on F, G, and Ta.
While these computations are for the active devices placed at the
~very beginning or the Veny end of the_éignai paths, jhtermediate
.p]acement is of coufsefaisd poésiﬁie. In genera],-the earlier in

the path the devices are placed, the better the_signal-to-noise

81
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100¢

H
x
i <
Q-<
<
»n 10
-
«
a
<
=
& Tq = 290°K
- Ty = 150° K
50° K

.F1'g. 40. SNR improvement of one antenna organization
: (Fig. -36) relative to another (Fig. 37).
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ratio. This improvement comes at increased cost, however, since

- more active .devices-are.requivred, - The actual placement must be a

“compromise based on these computations.

G, Systems Using Cohverters

At 30 GHz and above, reliable low-noise amplifiers are difficult
to obtain. Instead of RF amplifiers, usualTy down-eonverters are
used‘in receiving systems to convert the high frequency signals into
intermediate frequency ones, for which amplifiers are readily avail-
}able. The noise coming from the converters and IF amplifiers can
be eva]uated in a way para]]e] to that used in RF amp11f1ers Since
all noise sources are thermal or shot noise, wh1ch are statistically
1ndependent [19], they are uncorrelated w1th one another

" The noise f1gure of a converter-IF amplifier system is defined

in the same manner as that used for an amplifier,

N

F= o2 | | - (32)
t i S ‘
where Nout is the output noise power in the intermediate frequency

band, Ni' is the standard-temperature noise power available in the
effective RF bend'at the input port, and Gv is the overall gain.
It has been shown (20, 21] that the noise f1gure of the overall

converter (a m1xer fol]owed by an IF amp]1f1er) is

(33)

F = L (F - ] + NR) :
fdr single-sideband convers1on,Hand
z(Fyp -1+ Ny =0

| for doub]e-sideband conversion.
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MIXER ' IF AMPLIFIER
. ] -1 L___T = ———
i i
( i T, T, BaFye L KB
S : | - G — S
-—— Rfﬁ - ’l-r IF —

Fig. 41 The noise figure of é converter,

In the above equations, NR is defined as

o TX (when Ti = 290° K)

R T T T, = 290°K - (35)

- N

L is the insertion loss of the mixer, and Fi¢ is the noise
figure of the IF amplifier.

“The definifion-of the excess noise ratio NR is not Qery
useful for calculations because it does not relate directly to
évai]ab]e'device paramefers. It can be shoWn that it is also

given by

Ng = Fm//t (36)
where Fm is the mixer-noise figure; Barber has shown that for
Schottky-bafrier diodés Fm and L both aré functions of the pulse
duty ratio, and hence of local oscillator dfive [22]. 1f the local
oscillator Qoitage dogs.not contain appreciable noiée compbnents,

NR values in the range 0.5 < NR < 1 can be calculated from Barber's
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values of Fm and L. When the IF amplifier noise figure F1.f is high,

the value NR = ] is somEtimes used in equations (33) and (34) to
get as useful but rough estimates

FalF.c - (37)
for single-sideband operation and |

FaslF., (38)

2 if o
for double=sideband operation.
After passing the converter stage, a signal Si’ translated to

the.intekmediate frequency, has amplitude
1 o G
S;' =T S; | (39)

. and a noise temperature

=L [To (F- 1)+ Ti] . (40)
. It is clear that we can replace equations (12), (13) by
equations (39), (40) for a system-employing converters, and then
use the techniques and formulas for amplifiers from the preceeding
sections. Of cdurse, F in équation (4) is different from that used
~in equations (12), (13), énd is given by equations (33) and (34).
In this manner, the results of the previous sections can be applied

directly to the case of a system using converters,



CHAPTER V
CONCLUSIONS

~ Ways of calculating the noise behavior of circuits were reviewed

by using the scattéring matrix and the energy conservation concepts.
It was shown that by use of the voltage transmission factors of a -
system, it is possible to predict its thermal noise response as well
as that of the signals.

The noise_pérformance of some very large antenna arrays was
ca]cu]ated:for passive arrays in Chapter III and the results of
several different arrangements were plotted in terms of their relative -
éignél-tb-noise ratios. The results show that one cannot extend the
size of an array indefinitely without running into sekious signal-to
‘noise ratio problems. The maximum size of an array depends on the
manner of intefcoﬁnecting the elements, their physical constants,
and-thevapplicatidn. _ _ |

Chapter IV deals with the noise performance of arrays involving
acthe devices;. The noise contributions of an active device were
‘specified by 1ts_noise figuke. The effects of'blacing active devices
at.variousjlocations in a very large array were'determined in terms
of the noise figure and gainé of active devices as well as system
pafaméters such as.the ambient temperature and the degree of loss of

the passive parts of the circuit. The tradeoffs were shoWn by means

86
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of curvesACOmparing different system arrangements and different

;devices. For a gfven class--of devices, characterized by gain.and —
noise figure, the signal-to-noise ratio improves as the active

'devices are moved forward in the signal path-(CIOSer to the array

e1enents), but this requires more devices and therefore increases

cost.



APPENDIX A.

To get eqUationS (49) and (50), write the scattering matrix equa-

tion explicitly as

Y 511 12 Sin | N
- +
v, So1 S22 Son Yy
- - i +
v S Sm2 -« Sam | Ve |
L JL (A1)

We'll confine ourselves to the case that all the characteristic im-
pedances are real to simplify the calculations.
Ppplying a voltage V = 1 volt at port i, and letting all the other

input vo]tages equal to zero, i.e.,
v, =1, o (A2)

88
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V. o=0, §#i, , (A3)
we obtain from the scattering matrix the outgoing voltages at each port

=12, ...,n. (A4)

T N
P.T =V (L) = 7 (A5)

subject to all characteristic impedances being real, and zero for other

ports.

The power flowing out of fhe junction from each port j is
1 | |
v (A6)

Applying to the input power and the output power the energy conservation

relationship
n - .
PT2 Y e (A7)
=1 |
yields
n
% Lolsyl? (s8)
iog=1 Y j
Define o
_ j
then
n é : _
Ilagsl®<1. o - (m0)



30

Now, the scattering matrix becomes

Ja. /. / -
T “nl Z, n2 /7T %mn s

In case of the lossless junction, we have the'equaT sign in equation (A7).

" This leads to the equa]-sigh in'equation (A10), i.e.,

RETHLES F o (m2)

Equations (Al1) and (Al12) appear as equations (49) and (50) in Chapter II,
To get the reciprocity relationship (51) first apply a unity voltage
at port 1, and set all the other input voltages equa1 to zero, we then
have a corresponding output current at port j
- 'Sji B o !
J A
Second app]y a unity 1nput vo]tage at port J and let all other input

Vvo1tages be zero, we then get a correspond1ng output current at port i
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S.. :

- _ '|J

Ii = 7 : (A14)
~ Since we have Vi+ = Yj+ = 1, from the reciprocity theorem
I; ‘=‘ Ij | : _ (A15)
and hence

S.. S.: . :

J - 1J y :
el = (me)

This is equation (51) in Chapter II.

Notice that the theory stated in this section is quite general and
is applicable to a Junction of 61rectipna1 couplers as well as that of
transmission lines. Hence equations (A9), (AI0) .and (Al6) are true for
any linear, reciprocal'n-port. |

For a lossless junction, all the equations are still true except

equation (A10) can be simplified into equation (A12).



APPENDIX B
’SCATTERING MATRIX OF N PARALLEL-CONNECTED TRANSMISSION LINES

Consider the junction of n transmission lines connected in par-

allel. The characteristic admittances of the transmission lines are

:y'

Yi | :

Fig. B1. n transmission lines connected in parallel,

Y], Y2,

can be written as

Y

3, .o e e s Yn‘ The voltage and current on each of the lines

V.= V. +V.",  di=1,2,...,n (Bl
I.=1.7 +1.,7, i=1,2,...,n (B2)

~where each line current and the corresponding.voltage are related by

I Tl S ()
1 1

92
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with all the voltages and currents referred to the junction terminals.
To find the scattéf%ng matrix; ffrst attach a generator at port i

. and adjust its voltage so that the junction voltage V is unity
v o= 1 | (B4)

while all other ports are terminated by their own characteristic im-
pedances.

Then we have

V‘i +V1. 51- | (B5)
vj+=o, it (86)
vj' =1, j#i. (B7)

LW o= v, _ (B8)
.7 = -Yjvi , (B9)
1J.+ =0, J#i, - | | (810)
=AYV = o-y. . | (B11
Iy = Y5 ' (B11)

Poplying Kirchhoff's Current Law at the junction, i = 0, gives

o+ - - ‘
Ii + % + .Z Ij = 0, . (B12)
- J=1
3t

anq by use of equations (B6) to (B11) in equation (B]Z), one obtains

ot - _
AR NAYE

v v, . | (B13)

1 J

N ~13

J



Solving equations (B5) and (B13) gives

¥

R
wtoe a1
i ZYi

n
2Y. - Y.

V.o = L
i 2Y1

From these two equations we obtain

. oy n
- - 1
= .,.1__. = . J=
Si = v.te0
vt n
i |[for j#i LY.
_ 3= J

From equatidns (B7) and (B14) one gets

| A 0
GiEyF vt T o a3
i ’ Y;
J=1

Therefore; the scattering matrix is given by

v, W,
. - Efl_ 2Y2 - EYj
oY . )
V. | 2,
2
i 2 Y
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(B14)

(B15)

(B16)

(817)

(315)



APPENDIX C

- SUMMATION OF UNCORRELATED NOISE IN MICROWAVE CIRCUITS

For a linear system, we can sum up the contributions from the

noise inputs, measured at the output, by adding the products obtained by

multiplying each input noise power by the square of the absolute value

of the corresponding voltage transmission factor to get the output

noise. This will now be shown.

(onsider a microwave system having the scattering matrix

| 1 S12. 513 S1n
s= |
S Y, . Son
Sip Sng ... s,

where all the terms are expressed in terms of w,
domain.

The output signal at port n is

-
—
<
~—
0]
S~

1 Sy () VT

This is suitable for deterministic signals.

95

()

in the frequency

(c2)

Since we want to treat
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uncorrelated noise, which is a random and stationary process, we intro-

duce the impulse function hij(f) such that [23]

s..w) e, | (C3)

- 00

i.e., hij(t) is the inverse Fourier transform of Sij(w)'
Then the output voltage, without including the internal noise of

the system, would be

L=
>

1
—~
o+
~—
1]

It 0N 35

hos(E) * Xif(t) - (c4)

- L { : ' :
where * represents the convolution operation and the underline distin-

guishes random variables,

hn'i(t) * _V..'_(t) J'-m hm. (t-a) _\ﬁ._(oa) do

j_mhm.(a) Y_l (t-oc.)‘ dq . (C5)

Define the crosscorre]ation function of V's as

o

Rig (tstp) = EQG(5)Vy(8))) . (o)

where E denotes the expected vaTue. If the V's are uncorrelated and

stationary, then (C6) can be simplified as

Rij (1) =0 for i #J (C7)

Ry () = Ryy () = EQY(8) v (1+a) (c)

which is an even function of <.
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Therefore the output autocorrelation function is, by definition,

Rn-(r)

t

E(V;(t) V;(t+r))

=]

non ” + .
= Eji1 121 h;(a) Xi. (t-a)dahnj(s)yi-(t+r-8)d6
10 4 4 +,, .
=7 7 hos(@dh S(B)E(V, " (t-a) V." (t+1-8))dads .
j=1 i=1‘ 7 J L N
| - (09)
The spectral density Sn(w) of the output is given by
S, (w) = J R(r) e~ IWTyr (ao)
n n N ' + Wt
Sn-(W)='ZT .E] hni(u)hnj(B)Rij(T+a-B)e J dadBdt .
J: '|= -C0/ O/ o 0O
n oo o0 oo . ,
= ] J I hni(a)da J hni(B)dBRi+(r')e_Jw(T -a+8)dr'
. 1.=‘I 00! 00 - OO . :
n > J'WaA ” _ij +
= 121 °ohm.(m)e da _“ﬁni(s)e dgs. " (w)
Q * ’ .+ . .
= _L] Sni (w) Sni(w)si (w) s {C11)
'|=
- no 2 o+ | |
S ) = 1Sy IT s . (C12)

In this we have used the relationship
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Sx(w) = } RX(%)e'jWTdr . | ‘ (C15)

Sx(w) is often called the power spectrum,
The variance of the output voltage is
N = E(V2(t) = R (0)

n n

n

= %;-J S, T(w) dw (C14)
OY'-
Nn; = J °Osn‘(w) df . | (C16) .

Substituting (C12) into this equation yields

- ¢ 2 o+
N = -.L1 |snj(w)| S; (w)df . (C17)
oK '|= -

~ For an impedance-normalized circuit, i.e., one for which the scat-
‘7tering matrix is wri;tén with respeét_fo identical charécteristic-ﬁmped—
ances atvall pbrts,Nn' js the output noise power.coﬁtributed by the
input noise_powers.

Note that the input noise powef is giveh by

N J,‘si+(w)df . R ~(as)

For a bandpass system having'equivalent bandwidth B = f2 - f] and

over which Sni(w) and Si+(w) can be considered constants, N is given by
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N

I 15,412 s:*(28)

2 o+ _ :
2) |sn1| 5,8 ] _ | (€19)

The term 251+B is Jjust the input noise power at port i,

=
1t

J S;(w)df
: j

e

. .

257 B , (C20)

subject to S;Kw) being constant over the frequency band f, - f

1
Therefore, for an impedance-normalized circuit, we have

2.

N =

2 . +
) 12 N,

1517 N | (c21)

Il 13

i=1
which is the formula used throughout this thesis. The book by

Davenport and Root [24] has a derivation parallel to what is given here,



APPENDIX D
COMPUTER PROGRAMS

The computer programs used to plot the relative SNR curves in
Chapter III are listed hefe. Subprograms LOGAXS and ROGAXS p]ot the
coordinate axis in log-Tog scale. The details are explained through
the comment statements in the programs. The equations used in the
calculations are.éxp]ained and listed in Chapter III. The Fortran

Tisting follows.
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