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ABSTRACT '
 

This report describes a study task dealing with the structural dynamics 
of solid rockets. The method used ,in gaining background materia-l and 
the use of this material in evaluating the structural dynamics of the SRB 
are described. Propellant modes which are self-excited are analyzed in 
detail. The necessity of testing propellant modes is established and the 
requirements for this test are described. 
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SYMBOLS AND UNITS
 

a = 	 bore radius of propellant core 

Ac = 	 area of normal cross-section of motor case (in z ) 

Ap = 	 area of normal cross-section of propellant (in)2 

b 	 outer radius of propellant core (in) 

c 	 viscous damping constant (#sec/in) or speed of sound in 
chamber gases (in/see) 

cc = 	 critical damping constant (# see/in) 

CI,C2 = 	 arbitrary constants 

E c = 	 modulus of elasticity of case (psi) 

E = 	 modulus of elasticity of propellant (psi)p 

EB 	 storage modulus (real part of complex elastic modulus) psi 

Ell 	 loss modulus (imaginary part of complex elastic modulus) psi 

f 	 frequency (Hertz) 

F t allowable = allowable tensile strength (psi) 

=t ultimate tensile strength (psi) 

g = gravitational constants or [K'] I tan a (section 4. 3. 2 only) 

u 


O shear modulus or modulus of rigidity (psi) 

G' = real part of complex shear modulus (psi) 

C"l 	 imaginary part of complex shear modulus (psi) 

h 	 thickness of motor case (in) 

£7
 



IC area moment of inertia of motor case (in 4 )c 4
 
(in 4
 

area moment of inertia of propellant case 
S= 

3 = zero order Bessel function of the first kind
0 

,T = first order Bessel function of the first kind 

K discontinuity factor or spring constant (section 4. 3. 2 only)
 

K I = real part of complex spring constant (section 4. 3. 2 only)
 

K"CI imaginary part of complex spring constant (section 4. 3. 2 only)
I 

L = length (in) 

m tangential wave number for acoustic modes or frequency number 

M actual mass 

M = equivalent mass for constant kinetic energy system 

n = radial wave number for acoustic modes or mode number 

p = pressure (psi) 

q = longitudinal wave number for acoustic modes 

r = radial coordinate 

RG = bore radius of propellant core (in) 

R 1I = inside radius of motor case (in) 

R2 = outside radius of motor case in) 

R = mean radius of motor case (in) 

s, s*= scale factors 

S. F. = safety factor 

t time 

V 



Ur radial displacement 

Us = cir cumferential displacement 

UZ = axial displacement 

W W(r) function r only 

YO= zero order Bessel function of the second kind 

Y = first order Bessel function of the second kind1 

Z = axial coordinate 

a = n I( + g2)I/Z I (section 4.3.2 only) 

a., characteristic value of tranverse wave (m n) 

Y = density (#/in ) 

= shear strainsre' yrz' 


A cubical dilation = @nr/ar + %z/r 4- (Ir) (au. /a e) +a Uz/3
 

Sr , sy Fz = normal strains in the radial, circumferential and axial 

= c/cc 

a = circumferential coordinate 

V = Polssont s ratio 

p mass density = Y/g (#sec2/in4 ) 

ar, Ga = normal stresses 

t re' Trz' qz = shear stresses 1/2 

W = circular frequency or -n" {p. + gZ)l/ + } (section 4,3.2 only) 

= circular frequency coefficient for the n the mode 

V2 = Laplacian = az/ r + (l/r) (a /8 r) + (1/r z ) (3 2/a Z) +a ?/a Z 

vi
 



1. 0 INTRODUCTION 

This report describes a technical study task which deals with the 
structural dynamics of solid rockets. The scope of the task was to 
first determine the dynamic properties of solid propellant such as 
PBAN and then to determine the dynimib'icar is-I-r-fT-lid 
booster for which analysis and/or test would be required in a solid 
booster stage development program. Tlietak was perforrmedfor the 
Structural -ynamicd-SectionAnalytical Mechanics Division, Astronautics 
Laboratory, Science and Engineering Directorate, Marshall Space 
Fl ight Center, National Aeronautics and Space Administration. 

During the initial phases of this study, a literature search was 
conducted to obtain reference material related to the structural 
dynamics of solid rockets including material properties of the 
propellant. Many applicable papers and handbooks were located 
and are referenced in the bibliography. Those references in the 
bibliography which are of particular interest are abstracted. 

Concurrently with the literature search, inquiries were made to 
U. S. Army and contractor experts to obtain reference material on 
structural dynamics of solid rockets and to determine what, if any, 
type of dynamic problems have been encountered in solid rocket 
development. 

At Redstone Arsenal, U.S. Army Missile Command, the Propulsion 
Directorate (AMSMI-RK) was contacted, It was ascertained that 
there are no case histories of dynamic problems related to Army 
solid rocket development wherein the dynamics during burn are 
involved. Where the rockets are subjected to transportation environ
ments for considerable time before use, fatigue in the propellant grain 
design must be considered. 

Two contractors, namely Thiokol Chemical Corporation (TCC) and 
United Technology Center (UTC) were contacted. At TCC, information 
related to experience with Minuteman First Stage and other solid rocket 
motor development was obtained. This information included the following: 

(1) Minuteman First Stage test reports 
(2) Several papers related to modal frequency analysis 
(3) Dynamic properties of PBAN Polybutadiene-acrylic acid

acrylonitrile terpolymer) 
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At UTC information related to the following was obtained: 

(1) Dynamics related to thrust termination 
(2) Effects of propellant on bending modes* 
(3) Dynamic properties of PBAN propellant 

During the study a review of the dynamic properties of a solid 
propellant was "niad .- Sfic'&dY-ria--op-etlz-ffis a viscoelastc 
material, the theory for a viscoelastic material and its dynamic 
properties are developed in Appendix A. Becaue1Ais most 
apt to be used in future development of the solid motor for the 
Space Shuttle, its propertes arFe-stu-ied and are presented in 
Section -. 3." 

A review was made of various modes of vibration that can exist 
for a solid propellant rocket and are discussed in Section 3. 0f 
all the various vibration modes studied, the study of the Fundamental 
Axisymmetric Longitudinal Thickness Shear Modes received the most 
attention. The reasons for interest in this mode are as follows: 

(I) 	 It may occur at approximately 18 Hertz, which is in the 
frequency range of interest (0-30 Hz). 

(2) 	 It depends only on the density, dynamic shear modulus and 
the inside-outside diameters of the propellant core, 

(3) 	 It can be excited by the longitudinal (closed-closed) motor 
chamber acoustic mode. 

(4) 	 The dynamic shear modulus varies with temperature, pressure, 
frequency and strain level. Specific shear modulus data for the 
service conditions of the rocket motor to be analyzed is therefore 
necessary.
 

Extensive analysis of the longitudinal thickness shear d&e-is-dtesc/ibed 
in Section 4. Both theoretical solutions and .STAN computer model 
solutions were obtained to show effects of hghia-nd low riar-d l-g and low 
strain and real vs complex modulus. Analysis was also performed to 
evaluate length and size effects on a test segment. 

Dynamic testing of the total Shuttle vehicle in the lift-off configuration 
is considered a necessary requirement to evaluate the complex total 
vehicle dynamic analysis. Dynamic testing of the individual SRB stage 
for those modes involving the SRB structure would therefore not be 
considered practical because of the difficulty of simulating the motion 
restraints which are introduced by the External Tank and Orbiter. 
Propellant modes, namely the Lobar and Longitudinal Thickness Shear 
Modes, would not however be affected by these restraints and could be 
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evaluated by individual SRB Stage tests. Furthermore both of thesemodes could be evaluated by a SRB segment test. Because excitationof the Fundamental Axisymmetric Longitudinal Thickness Shear Modeby the motor chamber closed-closed acoustic mode is expected,because and alsoof the difficulty of identifying the dynamic shear modulusdiscussed in (4) above, as
segment level listing of the Fundamental
Axisymmetric Longitudinal Thickness Shear Mode is considered
necessary. 
 Requirements for this test are described in Appendix C. 
Although no particular detrimental effects are expected from excitationof the Fundamental Axisymmetric Longitudinal Thickness Shear Modeof vibration, its frequency and therefore time of occurrenceto predict precisely. are difficultThe feasibility of a segment test and the requirement for a test to verify analysis were established during this study.It is therefore recommended that a segment test be conductedas as earlypossible in the SRB development program. 
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2.0 PHYSICAL DESCRIPTION OF SRB 

2.1 Introduction 

The particular solid rocket motor studied is the Solid Rocket Booster 
(SRB) proposed for the Space Shuttle, The physical size and other 
parameters for this booster were obtained from MSFC-S&E-ASTN-PE. 
At the time the SRB parameters were obtained, the development was 
in the conceptual design phase and therefore subject to change. The 
design studied consisted of a high strength steel case with an outside 
diameter of 142 inches and a length of 1325 inches. The rocket will be 
composed from three to five segments. The propellant, with a circular 
bore of 40 inch diameter, will be poured into each segment. The 
internal pressure will be 1000 psi during combustion. 

2.2 SRB Cast Definition 

The case material is high strength steel, D6AC, which has an ultimate 
strength of 195, 000 psi. Using a safety factor of 1. 4 and a discontinuity 
factor of 1. 2 the wall thickness can be calculated using the following 
equations: 

l't allowable = Ftu (1) 

S.F. 

and Ft allowable = K p R1 (2)
 
h
 

Combining equations the wall thickness is 

h =KpR1S. F, (3) 
lFtu 

or h = 0. 612 inches (4) 

2.3 Core Material Properties 

The propellant used in the study is PBAN (Poly butadiene-acrylic acid
acrylonitrile terpolymer) which is a viscoelastic material. It contains 
86% solids and 16% aluminum, has an operating temperature range of 
30 to 90°F and density of 0. 064 pounds per cubic inch. The properties 
of viscoelastic materials in general are discussed in Appendix A and 
the properties of PBAN in particular are discussed in this section. 

4 



2.3. 1 Poisson's Ratio 

In Section 2. 0 of Appendix A, it is shown that the Poisson's ratio 
for viscoelastic materials is 0. 5. This leads to problems when 
using existing computer codes due to the presence of a 1-2 v term 
in the denominator. The handling of this problem varies with 
contractors. Thiokol Chemical Corporation uses a value of 0. 495 
and United Technology Center rewrites their computer codes, to 
accept 0. 5. It is interesting to note that in the development of the 
equations of the thickness shear vibration, mcde (Section 4. 2) the 
1-2 v term in the denominator drops out. 

2. 3. 2 Elastic Modulus Shear Modulus 

In Section 3. 0 of Appendix A, it is shown that the elastic modulus and 
shear modulus for viscoelastic materials are complex quantities that 
vary with strain, frequency, pressure, and temperature. The effects 
of temperature can be disregarded due to the low thermal conductivity 
and the high burning rate of the propellant. The increase in pressure 
causes an increase in modulus, therefore, since the interest is in low 
frequencies, it will be cbnservative to use the modulus for atmospheric 
pressure. The effects of strain and frequency should be included in a 
modal analysis of a viscoelastic material. It was shown in Section 3: 0 
of Appendix A that the moduli increase with a decrease in strain. 
During the contacts with the propellant manufacturers the shear modulus 
for both high and low strains were obtained. The shear moduli for low 
strains was obtained from UTC and is shown in Figure 2-1. The 
equation for the shear storage modulus for low strains can be expressed 
as a function of frequency. It is 

G = 2800 f 0.220 (5) 

The shear moduli for high strains was obtained from TCC and is shown 
in Figure 2-2. The equation for the shear storage modulus for high 
strain is 

G'= 900 f 0.145 (6) 

It is seen that there is a large spread in the shear moduli for high and 
low strains. It is therefore evident that it is important to determine the 
strain levels in the propellant and the shear modulus at that strain. 
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Figure 2-1. Dynamic Shear Moduli for Low Strains 
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Figure Z-Z. Dynamic Shear Moduli for High Strains
 



2.3.3 Damping Ratio 

In Section 3. 0 of Appendix A, it is shown that the damping ratio is 
given by 

r C Ell 

ZE'cc 


The damping ratio for low strain can be found from Figure Z-1. It 
is 0. 18 in the frequency range of interest' (10-50 hertz). The damping 
ratio for high strain can be found from Figure Z-2. It is 0. 12 in the 
frequency range of interest (10-50 hertz). The damping ratio for both 
high and low strains is high, therefore, the propellant modes will be 
hard to excite and the propellant will act as an energy sink. 



3.0 STRUCTURAL DYNAMICS OF A SOLID ROCKET 

3. 1 Introduction 

A general objective for this work was to define the dynamics which are 
related to the interaction between structure and propellant. Since the 
modulus of solid propellant varies with so many parameters, the modes 
which result from resonance within the propellant were considered to be 
those to which this study should focus. These modes are the lobar 
(breathing) and longitudinal thickness shear modes. When considering 
the possibility of coupling of these modes with total Shuttle Vehicle vibration, 
the longitudinal thickness shear is the most significant. Particular
emphasis was therefore placed on this mode. During the study, however, 
reference material was obtained on the vibration analysis of the solid 
rocket in general. In order to present this information for future reference, 
other possible modes of vibration will also be briefly discussed in this 
section. 

3.2 Bending Modes 

Most applications of a solid rocket would require analysis for the
 
clamped-free and free-free bending modes. The mode shapes for
 
these modes are illustrated in Figure 3-1 for simple beams and can 
be found in most texts on vibrations of beams. The clamped-free 
bending modes would exist prior to release and the free-free bending 
modes could exist after release. The free-free modes of course 
continually change with the decrease in mass as the propellant is 
consumed. 

The pre-release bending modes of the Solid Rocket Booster for the Space 
Shuttle are more complex than the case described above. The two Solid 
Rocket Boosters (SRB) in one concept are attached to the External Tank 
fore and aft at stations 404 and 1515. The forward attachment points can 
transfer direct loads only to the External Tank. The aft attachment points 
are a sliding joint in the longitudinal direction. Direct loads in the radial 
and lateral directions and local bending moments are transferred by these 
joints to the External Tank. Figures 3-2 illustrates a simple model of the 
Space Shuttle for the lift-off configuration. The inflight model would be 
the same except the restraints at the base of the SRBs would be removed. 
No analysis of the Space Shuttle configuration was performed because it 
was not in scope. It can be seen from the above discussion that dynamic 
testing to evaluate the bending modes of the SRB would have to be performed 
on a cotal Solid Rocket Booster/External Tank/Orbiter Configuration. 
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It is significant to note that the properties of the propellant have 
little effect on the stiffness of a solid rocket in bending. This can 
be seen by examining the (El) terms for the case and propellant in 
Table 3-1 for the SRB. 

Note that the EI term for the total stage cross-section is only 1/2% 
greater than the case itself. Therefore the case stiffness is seen 
to dominate the total rocket stiffness for any analysis. 

Section O.D. I.D. I E El 

4 

Case 142 in 141 in .5563xlO 6ln Z8xlO 6psi 1.558x1013#in2
 

z 
Propellant 141 in 40 in .1928xl08in4 4000 psi . 008x10 3#in

1.566x103#inz
 Case & -


Propellant
 

Table 3-1. SRB Stiffness Terms
 

The free-free fundamentai bending mode for a solid rocket can be 
calculated by a method described in Reference 18. The solution assumes 
a rocket to be a moderately thick beam and therefore includes the effects 
of transverse shear deformation and rotary inertia. The reference 
solves for the fundamental frequency of a solid rocket having similar 
parameters to the SRB. Solution of these equations are very complex 
and therefore the fundamental bending mode of the SRB was not calculated. 
The solution of the example problem in Reference 18 is shown below since 
it illustrates the method used. Figure 3-3 shows the effective geometric 
parameters required in the solution. 

+Y ) 6+(X-6 2)i L2-2 Cosh yLCos 6L + |6- 7_ 2TSinh yL Sin 6L =0
j 
where 

X - gGcA- W2 'Y2=-, 6 2 =+2(AL 2=-a, a+a 

a=2 2YA)T (YI)T 

L QcFCAc 9t 1ci J 
(yA)
Se A 4 


2E0I0 [CCc - gECI] i 



I Ro 

.!q_ Rc2Rl 

bo 

Figure 3-3. Geometric Solid Rocket Parameters
 
Effecting the Free-Free Bending Mode
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Using the following values gives 

Rc = 77.74 in. 

R I = 77. 474 in. 

R o = 24.73 in. 

h 0. 526 in. 

A C = ZRch = 257 in2 

- R0
2 ) = 16, 940 in2 

Ap = 7r (R1 

Ic = iRc hh7.76x105 in4 

Ip = 7/4 (RI- Ro 4 ) 2.B8 XI10 in4
 

3
 
= .28#/in 

".
yp = . 064/in3 

+ php = Z. 01 x 106#-in(YI)T= YcIc 


1pAp1. 157 x 103 lb/in
( YA)T = YcAc + 


x 1 0 6 in 4
 
Gc= Ec/3 = 9.33 

f =5. 5 Hz
 

where f = 0/2
 

Rod Modes
3.3 	 Longitudinal Free-Free 

of the case wherein the
These modes are the longitudinal resonance 

of the propellant must be considered, but the stiffness of the 
mass 

to the stiffness of the case. These
propellant is negligible compared 

modes would exist only during transportation and/or handling operations 

of the SRB because in the assembled Space Shuttle configuration the 

to the External Tank. This 
case is restrained at its attachment points 

as obtained from
mode was determined from the following equation 

Reference 18. 

=fn V Acyc+ Ap Yp 

14 



Using the following values representative of the SRB give 

n = 1 for first mode
 

= 222.3 inz

A c 

A p	 = 14357. 9 in2 

=PC .28#/in 3
 

Pp = . 064#/in3
 

E = 28x1o 6#/in2
 

g = 	 386 in/sec2 

L = 1200 in
 

fl = 20. 6 Hz
 

3.4 	Case Radial Hoop Mode (Extensional) 

This mode is characterized by a cylinder whose radius is varying as 
some function of time. Reference 18 indicates that the frequency of 
this mode can be obtained from the equation of motion for a differential 
element, d 6, of a solid motor cross-section which is 

dmu+ku= f (p) 

The 	solution to this equation is given in Reference 18 as follows: 

f= (R 2 - Ro) M/M + R 

[ 	 ZgJ 
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Using the following values representative of the SRB gives
 

Ec = 28x 10 6 psi
 

h = 0.61Z in
 

g = 386 in/sec z
 

.3 

P - Z0 in
 

R 1 = 70,388 in
 

R = 70. 6 9 in
 

= .064 #/in3 
Yp 

Yc= .Z8 #/in3 

m/m 1800
 

f= 63. 6 Hz
 

3. 5 Lobar Modes (Inextensional) 

These modes are characterized by displacements developed in the propellant 
when the motor case undergoes arbitrary inextensional circumferential 
deformations. Strain variations within the propellant occur only within the 
lateral plane. The mode shapes of the case and propellant for the first 3 
modes are as shown in Figure 3-2. Methods for calculating the lobar fre
quencies are described in Reference 14. From "Frequency vs. Internal 
Diameter to External Diameter Ratios" plots in reference document the 
fundamental lobar mode for the SRB is expected to be approximately 7 Hertz. 

3.6 Thickness Shear Modes 

These modes are characterized by displacements developed in the propellant 
in the longitudinal direction. The mode shapes for the first 3 modes for 
the axisynrnetric and antisymmetric modes are shown for a slice of a solid 
rocket motor in Figure 3-3. The resonant frequency for the longitudinal 
thickness shear modes are claculated below by equations derived by 
Baltrukonis and Gottenburg (Reference 6) for an infinitely long hollow cylinder 
clamped at the outer diameter and free at the inner diameter. The infinitely 
long cylinder condition is one where only longitudinal displacements occur 

(i. e. , no radial or circumferential displacements). It is shown in Section 
4 that the infinitely long cylinder condition is approached by even segment 
lengths 	of the SRB.
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Figure 3-3. Longitudinal Thickness Shear Mode Shapes 
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Axisymmetric modes 

fm = 1/ IT 2 G/R1 

Using the following values representative of the SRB give 

G = 900 f0. 145 (from Section 2) 

p= . 064/g 

P' - Qz, and R23 = 2.74, 6. 85 and 11. 18 (from Reference 6) 
for Ro/R 1 = 20/70 = .2857 

fl1 fZ and f3 = 17. 9, 48. 1 and 81.5 Hz 

Antisymmetric modes 

= 1IiZf I m =I /z Qm VG%/-R I 

Using the same values for'G, P and R2 as above and the following, gives 

1,P.and°2 S3 = 3.48, 7. 15 and 11. 2 (from Reference 6) 
for R 0 /R 1 = 20/70 = . 2857 

flI' fl2 and f13 = Z3.2, 50.3 and 81.6Hz 
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3.7 	Motor Chamber Acoustic Modes 

Self-generating vibration environments depend on the motor chamber 
acoustic modes. Most of the modes will occur at frequencies too high to 
excite structural vibration modes of a solid rocket except the longitudinal 
chamber fundamental mode. Solid rocket manufactures have computer 
programs to accurately compute acoustic modes for even the most complex 
chamber geometries. Some of the techniques are described in References 
29 and 49. 

The fundamental chamber mode for the SRB can be calculated by treating 
the chamber as a cylinder (Reference 18). The acoustic frequencies can 
then be calculated from the following equation: 

fl'fr'nq' = 46ar)2+L (amn)a1R0 

Using the following values gives the frequencies listed in Table 3-3 
below. 

L = 	42, 275 in/sec 

L = 	 1190 to 1400 (effective length including effects of radial slots 
in propellant and segment joints) 

R =20in 
0 

a mu= 	values were taken from Reference 18 and are listed in 
Table 3-2 below. 

0 1 	 2 

0 0 1. 2197 2. 2331 

1 0. 5861 1. 697 2. 714 

3 0.9722 2.1346 3. 1734 

Table 3-2. Characteristic Value ( t) for Transverse Waves 
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Mode (fin, n) Frequency (Hz) Wave Motion 

fo 0, 1 15-18 Pure longitudinal (closed-closed) 

Pure tangential (fundamental)fl, 0, 0 620 

f2, 0, 0 1027 Pure tangential (second harmonic) 

f0, 0 1289 Pure radial (fundamental) 

f0,2, 0 2360 Pure radial (second) 

fl, 1, 0 1794 Coupled transverse 

2256 Coupled transversefZ11, 0 

2868 Coupled transversefl, 2, 0 

f 3354 Coupled transverse 
2, Z, 0 

Table 3-3. SRB Motor Chamber Acoustic Resonant Frequencies 

The longitudinal (closed-closed) acoustic mode, f0, 0 1' consists of an 
oscillating pressure wave within the motor chamber. The magnitude of 
the pressure at the closed ends of motor chamber varies sinusoidally. 
This pressure oscillation will introduce oscillating extensions in the 
motor case which can be expected to excite the longitudinal thickness 
shear mode (using G = 1365 for high strains. High response levels are 
not expected to occur however because (1) the propellant is a heavily 
damped material and (2) the longitudinal shear mode is excited by the 
case which is at a node point. A very high driving point mechanical 
impedance is therefore required to vibrate the case. 

3.8 Importance of Longitudinal Thickness Shear Mode 

The main effort of this study task was directed towards evaluating 
the fundamental longitudinal thickness shear mode. There are several 
reasons for this. First the fundamental axisymmetric thickness shear 
mot2 can be excited by the motor chamber longitudinal acoustic mode 

(see paragraphs 3. 6 and 3. 7). A thorough analysis of this mode is therefore 
considered necessary. Second, at the fundamental shear frequency and its 

overtones there exists a strong possibility of coupling with SRB flexural 
and other total vehicle (Shuttle) modes. Third, the requirements for a 

vibration test of the longitudinal thickness shear mode led to further study 

determine the feasibility of a segment test and an optimization of the sizeto 

of the test segment.
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4.0 LONGITUDINAL THICKNESS SHEAR VIBRATION MODE 

4. 1 Introduction 

This section will be devoted to the longitudinal thickness shear 
vibration mode of the SRB. First the eigenvalues, eigenvectors, and 
strain distribution for a hollow cylinder,which is traction-free at the inner 
stirface, willbe determined for real values of the dynamic shear modulus. 
This work will then be used to show the effects on the eigenvalues of the 
dynamic shear modulus for high and low striin values. Next, the eigen
value analysis for complex moduli will be compared with eigenvalue analysis 
for real moduli. This analysis will be supported with the comparison of 
the results of the real eigenvalue analysis and complex eigenvalue analysis 
and complex eigenvalue analysis of Nastran. The section will be completed 
with the discussion of the effects of length and diameter of a test segment. 

4.2 Hollow Circular Bar Clamped Along Its Outer Surface 

An exact solution of the three-dimensional elasticity equations of 
motion in cylindrical coordinates will be obtained for the axisyrnmetric 
thickness-shear vibration mode of a hollow circular cylinder which is traction 
free at the inner surface and clamped along the outer surface. The solution 
will consist of the eigenvalues, the eigenvectors, and the strain distribution. 
The-solution of this problem was presented by J. H. Baltrukonis and 
W. G. Gottenberg in "Thickness Shear Vibrations of Circular Bars" (Reference 6). 

For the axisymmetric thickness-shear mode, the cylinder is assumed 
to be infinitely long, since only then is pure thickness-shear vibration possible, 
and displacements occur only in the longitudinal z direction. Therefore, we can 
take the components of displacement to be 

ur U =0 (la) 

u7u7 (r, t) (lb) 

The three-dimensional elasticity equations of motion in cylindrical coordinates
 
are
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lp 	 .a) 

2 	 (2b) 
2z 1r 

" 	 (z/ (X 2p) --

9L + .8u+ 	 (2d)in which 

and 1 U. UO2 a~3 2 2 / (rita) 1, (Ze) 

In view of Equation (1) these equations of motion reduce to the following 

single equation: -

82u u uI z z , 	 z + Uz - _ z 

42 D uj (3)-tar 


If 	we now take 
u W(r) e 

, z-	 -(4) 

where W(r) is a function of r only, Equation (3) becomes 

•*W" + - + ) = -	 (0)
r G 

where primes denote differentiation with respect to r. This differential 

equation is the zero-order Bessel's equation whose solution is 

and J. and Y. are the zero-orderwhere C1 and C2 are aibitrary constants 

respectively,Bessel functions of the first and second kinds, 

cylindrical coordinates are givenThe strain-displacement relations in 

. . .. .
by : . . .. 


8 
 r 
r 	 (7a)

r 
_ 'u u(
 

(7b)1 0 r + rr 

-i au 

Z(
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u - 4(7d) 
'u u 8uE 

''rz - r (e ) 


er8 a Z r 86 (7f)
 

In view of Equations (1), Equations (7) reduce to
 

6 =£ Z Yxr (8a) 

8 uz 
= -. (Sb)-~rrz 

so that we have only one nonzero component of strain.
 

The stress-strain relations in 
 cylindrical coordinates are given by 

VG - (9a) 

=
ez(8 ZhG + (9b) 

=7 E .1 ZV-Z + (9c)
 

T 9 , TzJ TGZ = (Yre' rz' 'Y0 (9d) 

In view of Equations (8), Equations (9) become 

=T- r o z -- 're 'T z 0(10a)
T 


=G 
 a
 

rz E r (10b)
 

and we see that we have only a single nonzero stress component. By
Equations (4) and (6), Equation (10b) becomes 

! [ Jl (-G( Y1 (1) 

t 

2.4
 



The displacement function, Equation (6), and the strain function, 
Equation 11, were developed for arbitrary boundary conditions. The sub
stitution of the appropriate boundary conditions will give the solution of the 
axisyrnmetric thickness-shear mode of a hollow cylinder, traction free at 
the inner surface and clamped along the outer surface. These boundary 
conditions are 

u = 0 (i2a) 
r 

Tj = 0. (12b) 
r--a 

Substitution of Equation (12a) into Equation (4) and Equation (6) gives 

0 = CI Jo (b IV]pw 2 )+ C2 Y0 (b 4<) (13a) 

Substitution of Equation (lZb) into Equation (11) gives 

0 n CJ 1 (O + C Y1 (a (13b)
 
G VG
. 

This system of two homogeneous, linear algebraic equations in the unknown 
constants C1 and C2 can have a solution only if the determinant of the coefficients 
of the unknown vanishes. Therefore, the frequency equation can be written as 

W ptg (14a)S~~~2 (bP 1 ( ~)~~~p) (b =0 
a G 

or 3o (Pm)Y1( mF lG(m)Y (Y2 hQ 0, (14b)
 
b 0
 

where g is a circular frequency coefficient given by 

42m 

(15)=b--

inG
 

the frequency number Yn being appended to identify the zero of the frequency 

Equation (14b) e. g. , a is the smallest value of( for which Equation (14b) is zero, 

22 is the next higher, etc. The zero of Equation (14b) are tabulated in Table 4-1 
for several inner radius to outer radius (a/b) ratios. 
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0.01 2.405 5. 522 8.66o 

0.1 Z.41.8 5.726 9.096
3 

0.3 2.7S06 6.09 11.39 

0.333 2.879 7.312 11.93 

0.5 j 3.5 88 9.604~ 15.82 

o,667 5.104 14.28 I 23.65 

0.7 5.619 13.85 26.26 

0.833 9.776 28.4o 47.20 

0.9 16.04 47.24 78.61 

0.95 31.74 94.36 157.1 
0.99 159.0 476.1 793.3 

Table '4-1. Circular Frequency Coefficients 

The eigenvalues can be found by using Table 4-1 and the following 

m n ' (16) 

The eigenvectors can be found by combning Equation (4), Equation (6), 
Equation (13a), and Equation (15), and by letting 

S = CI ei W t (17) 
b 

The eigenvectors are given by 

)T LJo (on' ;)rn 0Oj (18) 

The strain distribution can be found by combining Equation (11) and Equation (13a). 
The strain distribution is given by 

rr z J (19) 
rz = -SG m [T1 (b a m) "to (?m( wi Y1 (B (19) 

Equation (16) and Equation (18) will be used in subsequent paragraphs 

to find the eigenvalues and eigenvectors for different values of shear moduli. 
They will also be used for comparison in the test segment length investigation 
using Nastran. 
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4. 3 Effects of Properties on Eigenvalues 

In this section the effects of eigenvalues will be discussed. The 
discussion will begin with the calculation of eigenvalues for infinite length 
cylinder for high and low strains using the eigenvalue equations derived in 
section 4. 2 and the shear moduli of section 2. 3. 2. Then the effects of 
complex moduli on the eigenvalue will be shown. The disucssion will close 
with the presentation of Nastran results to show the effects of high vs. low 
strains and real vs. complex moduli. 

4. 3. 1 Eigenvalues for High and Low Strains 

The eigenvalues for an infinitely long hollow cylinder traction free 
at the inner surface and clamped at the outer surface were found in section 
2. 3.2 to be 

ca M CG(1 

where $m is tablulated in Table 4-1 for various a/b ratios. An outer radius 
of 70 inches and an inner radius of 20 inches will be used. Therefore a/b is 
0. 286, and Q, is found to be 2. 74 by interpolating in Table 4-1. In section 
2. 3. 2 the shear storage modulus for high and low strains were given as a 
function of frequency, therefore by substitution into equation (1) we can find 
the real eigenvalues for high and low strains. 

4. 3. 1. 1 Low Strains 

The shear modulus for low strains was found to be 

G = 2800 10. 22, (2) 

therefore the eigenvalue for low strain is 

=. 742800 f 0 . 2 X 386 (3) 
i 2. 0. 064 x 702 

Since 2f = to, (4) 

f.1.2.7 34 f 0.22 (5) 

or fl =25.6 f 01O (6) 
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Solving equation 	(6) 

=fI 38.1 hz. 	 (7) 

This corresponds to a shear modulus of 

Gt = 6244 psi (8) 

4.3. 1. 2 High Strains 

The 	shear modulus for high strains was found to be
 

1 4 5
Gt = 900f 0. (9) 

therefore the eigenvalue for high strains is 
0. 145 0 

2. 7 1 9°00 fl 1 x 386 	 (10) 
0. 064 x 704 

' 1 4 5  or 274 ;1108 fl °	 (11) 

Therefore fl = 14. 5 fO. 0725 (12) 

Solving equation (12) 

f, = 17.9 hz (13) 

This corresponds to a shear modulus of 

G' = 1365 psi . (14) 

4. 3. 1. 3 Normalized Eigenvectors 

The eigenvectors for an infintely long hollow cylinder free at the 
inner surface and clamped at the outer surface are given by equation (18) in 
section 4. 2. This equation will now be solved for a cylinder with an inner 
radius of 20 inches and an outer radius of 70 inches. The circular frequency 
coefficient, 9 1, 	 is therefore 2. 74. The eigenvetors are given by 

Uz=70S (0.039 r)- J o (2. 74) Y° (0.039r) (15) 

Equation (15) is normalized and plotted in Figure 4-1. These eigenvectors 
will be used for comparison of the computer results. 
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4. 3.2 Eigenvalue Analysis 

In this section a comparison will be made between real eigeavalue 
analysis and complex eigenvalue analysis for a multi-degree-of-freedom 
using matrix notation. A complex spring stiffness will be used for damping 
in the complex eigenvalue analysis. 

4. 3. 2. 1 Real Eigenvalue Analysis 

The differential equation for an undamped multi-degree-of-freedom 
system using matrix notation is 

[]x} []X 0. (1) 

assuming that 

(2){X JA} ePt, 

Equation (1) can be written as 

p2 [M] + [K] =0. (3) 

Therefore the eigenvalue is 

[K].~ (4) 

and the motion is harmonic with a frequency of;I[K] /[M] radians per second. 

4. 3.2. 2 Complex Eigenvalue Analysis 

The differential equation for a structurally damped multi-degree-of-freedom 
system using matrix notation is 

[M] { } + [K' + il {X} =0. (5) 

Assuming that 

{X} A e st, (6) 

Equation (5) can be written as 

s2 [ + [K! + iK'] = 0. (7) 
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The eigenvalue can then be written as 
t[K'] [K-]jl/2
 

[(8) 11/2 

S= iI[MI + [M]
 

2L]_ = 

Letting 
g= [4I

[Ku]$ (9) 

Equation (8) can be written as 

s =p l+ig(I/2 (10) 

Now to take a root of a complex number we must first express it in exponent 
form. Therefore 

where tan &= g. (12) 

now I +ig I =.I + 14 " (13) 

The exponential form of a complex number may be expanded as 

e =COST +1 sin. , (14)
 

which can be written as 

1/2 X1/2 (5 
e = (1+cos + i1-cose (15) 

Since cose (1 (16)
T,+_-29)ll 

Equation (15) can be reduced to 

e4 ij)1 +i 2(1+')a1_}jZ (17) 

Combining Equation (10, Equation (13), and Equation (17), the eige values can 
be written as 

s P 1 + gZ)1/2 + 1 + i 1 + gz) 1-I] (18) 
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If we take the undamped natural frequency as . 

= n i- (19) 

Equation (18) can be written as 
~ 221 { g2)lI/ Z } 1/ ±~~{c+g2}i/2+ } (20s =. n 1 ') / 1 1 2 +i W--- (I +g 2/2 

I 
(20) 

Therefore the equations of motion can be written as 

(- a+ o6)t1X1 ={A} e ,4 

where {pI g2)1/2-1 11/(22
 

N/2

+ 1/2and W , {( +4g')1gZ)/2+1} (23) 

Therefore the motion is harmonic with a frequency of w and decaying at the 

rate a . It is interesting to note that since g is a positive number 

{(l + g2)1/2 + 1} l/2 > 2 , (24) 

and the harmonic frequency of a system with structural damping is greater 
than that of the undamped system. 

4. 3. 3 Effect of Modtli on Nastran Results 

This section will show the effects of the high versus low modulus and real 
versus complex modulus on the eigenvalues and eigenvectors of the Nastran results. 
A comparison of the eigenvalues and eigenvectors will be made with the exact solu
tion for an infinitely low elastic cylinder from section 4. 3. 1. The computer model 
used in this comparison is 300 inches in length. A comparison of different 
segment lengths is made in section 4. 4. 1. 

Table 4-2 shows the effects on the eigenvalue caused by using a real 
and complex shear modulus 

F High StrainsLow Strains 

Theoretical Solution 38. 1 Hz 17. 9 Hz 

Real Modulus 38.2 17.9 

Complex Modulus 38.8 18.0 

Table 4-2. Effect of Moduli on Eigenvalue 
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associated with high strain and low strains. The shear noduli for the 
real solutions are 6244 psi for low strains and 1365 psi for high strains. 
The shear moduli for the complex solutions are 6244 (l+iO. 384) for low 
strains and 1365 (1+ i 0. 245) for high strains. Table 4-2 shows that there 
is good agreement of the eigenvalaes for the theoretical solution and the 
normal eigenvalue analysis. The eigenvectors are compared in section 
4.4. 1. Table 4rZ also shows that the eigenvalues for the complex analysis are 
higher than those from the normal analysis. This is expected for the reasons 
discussed in section 4. 3. 2. The increase is greater for the low strains 
because the complex part is a higher percentage of the real part. 

4.4 Effects of Size on the Thickness Shear Mode 

This section will discuss the effects of the segment size on the 
eigenvalues, the eigenvectors, and the strain levels. The effect of segment 
length will be shown by using Nastran models of different lengths. The 
effects of varying the segment inner diameter and outer diameter will be 
discussed by studying the equations developed in section 4. 2. To aid in the 
discussion, the eigenvalue problem of a solid circular cylinder clamped at 
the outer surface will be developed. 

4. 4. 1 Effect of Length 

Three different NASTRAN models were used to study the effects of 
segment length on the thickness shear mode. The models were identical in 
all respects except that one dimension of the elements was adjusted so that 
the model could have a total length of 100 inches, 150 inches, and 300 inches. 
The model is discussed in Appendix B. The model was run at both high and 
low values for the shear modulus using normal mode analysis. Table 4-3 
shows the effects of varying the length on the eigenvalue. Also shown are 
the theoretical eigenvalues for an infinitely long cylinder which were calculated 
in section 4. 3. 1. The eigenvectors for the various length are shown in Figure 
4-2. The eigenvectors for the infinite length are obtained from section 4. 3. 1. 

LENGTH HIGH MODULUS LOW MODULUS 

100 Inches 37. 0 Hz 17. 3 Hz 

150 37.7 17.6 

300 38.2 17.9 

38.1 17.9 

Table 4-3. Eigenvalues Versus Length 
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The eigenvectors shown are normalized and, therefore, are not influenced by 
a change in modulus. 

Table 4 -3 and Figure 4 -2 show that the solution of the eigeavalue 

pxoblem depends on the length of the segment. The solution of the problem 

approaches that of an infinite length as the length is increased. The length of 
the segmentwas not made greater than 300 inches due to the natural boundary 

conditions made during manufacturing. It assumed that a vehicle segment 

will be approximately 300 inches in length. 

4.4. 2 Solid Circular Cylinder Clamped at the Outer Surface 

The eigenvalue problem for an infinitely long elastic solid circular 
cylinder clamped at the outer surface will be solved to aid in the discussion 
of varying the outer diameter of the test specimen for a scaled-down test. 
The solution of the problem will be identical to that in section 4. 2, only the 
boundary condition will change. As in section 4. 2, the equations of motion can 
be reduced and solved as 

W(r) = ClJ o (r ) + C2 Y. (r jEE (1) 

The boundary condition for this case is 

uz = 0 (Z) 

r b 

In order to avoid infinite displacements at the axis of the bar, C2 must equal 
zero and therefore 

so (P m) = 0 (3) 

The zero values of fm are given in Table 4-4. 

I IIn 

1 2.405 

2 5.520 
3 8.654 

4 11. 79 
S 1 14.93 

Table 4-4. Natural Circular Frequency Coefficients for 
a Solid Circular Cylinder Clamped at Its 
Outer Surface 
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The deflection is given by 

z= S 3 0 _ ) (4) 
b b 

and the strain is given by 

T = .sC 2 m J (I m) (5)
b 

4. 4. 3 Effects of Size on Test Specimen 

The purpose of testing a segment is to reduce the cost of testing
the total vehicle or stage, but the test will only be valid as long as the parameters 
that are measured in the test are not affected by the size of the test specimen. 

In section 4.4. 1 it is shown that to produce the pure thickness shear mode 
the test specimen must be approximately 300 inches long. The effects of 
scaling the diameters is a more complex problem. 

Many things must be considered when determining the effects of 
scaling the diameters. The moduli are functions of frequency. The moduli 
are difficult to measure and, therefore; the frequency between the test specimen 
and the vehicle should not change. Since 

Omm - ()
pb 2 

and m is a function of a/b, as b is decreased a would also have to be decreased 
to keep the eigeuvalue constant. The limit would be reached when a reaches zero 
and the cylinder becomes solid. The limit for b can be found byusing section4.4 .2. 
Using the values for low strains and assuming that G is only a function of frequency 

()38. l x 2 = 2.405 

and solving, b = 62 inches. Therefore, the smallest diameter test specimen with 
no change in the thickness shear mode would be 124 inches if G was only function 
of frequency. But it is shown in Appendix A and in section 2 that the moduli are 
functions of frequency and strain. 

In section 4. 2, it was shown that the strain is a function of the outer radius, b, 
and the ratio of the inner radius to outer radius. The amount of strain variation 
can be seen by considering the term Yo (nIm) in equation 19 of section 4. 2. At 
certain diameter ratios this term car, go to zero. When this happens the strains 
can become infinite. This is only in a theoretical sense, but still, a large varia
tion in moduli and, therefore, frequency would occur. Therefore, only the full 
scale diameters should be used in vibration testing. 
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4.5 Summary 

The longitudinal thickness shear mode is a function of the modulus, 
density, and the physical configuration. The moduli are functl--ins of frequency, 
therefore the value used to calculate the thickness shear mode must correspond 
to the eigenvalue. The moduli are also functions of strain, therefore the value 
used should correspond to the strains. 

Using the complex modulus causes only a slight increase in the eigen
value. This was shown both theoretically and with NASTRAN. The increase 
is slight enough to disregard the complex stiffness and use only a normal mode 
analysis unless very accurate results are needed. 

An operation SRB segment should be used as the test segment to evaluate 
the thickness shear mode. If, however, the segment length is considerably longer 
than 300 inches, considerations should be given to reduce the length to 300 inches 
for the purpose of total test program cost reduction. The diameter of the test 
segment can not be sealed because the varying strain will effect the eigenvalues. 
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5.0 

5. 1 

5. 2 

5.3 

SRB TEST RECOMMENDATIONS 

Type of Testing 

The type of testing discussed in this section is development testing. 
The primary purpose of this type of testing is to evaluate the design and/ 
or verify the analysis. It should be distinguished from qualification testing 
which is primarily conducted on production hardware to certify the manu
facturing processes. Development tests are considered those tests which 
are conducted early in the program on prototype models before static 
firing and flight testing is performed. 

Requirements for SRB Dynamic Testing 

The precedent of previous vibration testing of solid rockets such as 
Minuteman and Titan suggest the need for full scale and individual stage 
vibration testing to evaluate the various modes of vibration including 
modes predominantly propellant oriented as well as structural modes. 
Although discussions with TCC and UTC indicated no design problems 
were revealed by development testing, they did afford a verification of 
analysis. 

The Space Shuttle contains an External Lox/LH. Tank, two Solid Rocket 
Boosters and the Orbiter. It is much more complex structurally than the 
Minuteman or Titan Vehicles. Experience with Saturn V dynamic testing 
has shown the deficiencies of dynamic analysis where a large complex 
launch vehicle is involved. Although the techniques of structural analysis 
have improved greatly from the development periods of the Minuteman, 
Titan and Saturn V Vehicles, certain assumptions and analytical modeling 
simplifications are still required. It is these assumptions and simplifica
tions which must still be verified by test. 

Lateral Bending and Longitudinal Structral Modes 

Dynamic development testing of the Space Shuttle Vehicle provides the 
ultimate configuration for evaluating the S. (B because the exact motion 
restraints of the SRB attachment hardware can be realized. All structural 
oriented modes such as lateral bending and.longitudinal modes can be 
ideally evaluated in the total Space Shuttle Vehicle configuration. Separate 

Separate dynamic testing of the SRB for evaluating lateral bending and longi
tudinal modes with reasonable accuracies would require elaborate and costly 
simulation of the External Tank and Orbiter interfaces. These interfaces 
would include local stiffness of attachment hardware and mass property 
simulation of the External Tank and Orbiter. It is doubtful that the cost 
of implementing a separate SHB test would be attractive if development 
costs of interface hardware were considered. 
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5.4 

5. 5 

5.6 

Because of the above arguments, it is recommended that the 
SIB lateral bending and longitudinal structural modes be evaluated by 
a dynamic test with the SRB in the complete Space Shuttle configuration. 

Propellant Modes 

Propellant modes as discussed in Section 3 are the Lobar and Longitudinal 
Thickness Shear Modes. 

The requirement to verify the analysis bf propellant modes stems from 
the fact that the shear and elastic moduli are complex quantities which 
vary with strain, frequency, pressure and temperature. Solution for 
the propellant modes can, therefore, vary considerably based on the 
shear moduli data used in the analytical model. 

Propellant modes are not dependent on the external motion restraints of 
the SRB. Separate full scale SRB stage testing could therefore be conducted 
to evaluate these modes. Also since it is considered necessary to evaluate 
the propellant modes with active propellant, there would be ignition hazards 
associated with propellant mode testing. It is therefore desirable to limit 
the risk and test the smallest configuration. 

The feasibility of evaluating propellant modes with (1) a segment of 
the SIB and (2) a reduced scale segment were evaluated during this study. 
The results of the evaluation, which are summarized in section 4.4. 1 
and 4. 4. 3, show that a segment test would be a satisfactory test specimen, 
but a reduced scale segment would be unsatisfactory. Furthermore the 
length of the test segment has been established at approximately 300 inches. 
Based upon the above arguments, it is recommended that the Longitudinal 
Thickness Shear Mode analysis be verified Wy a SRB segment test. 

Motor Chamber Acoustic Modes 

Motor chamber acoustic modes are a source of self-generated vibration. 
Only the Fundamental Closed-Closed Longitudinal mode is low enough in 
frequency to excite structural modes of the SKB. Analytical techniques 
are considered adequate to accurately determine this mode. No develop
ment testing is therefore recommended. 

Material Sample Testing 

Reference 9 has shown that the clastic modulus of elastomers can vary 
drastically as the amount of filler material is changed. The properties 
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of the SRB propellant will therefore most likely have to be completely 
e--aluated after formulation with regards to the amount of solids in the 
propellant is specified. Furthermbre, the data available from literature 
a.d from TGC and UTC is not adequate to show the specific effects of 
te-perature, pressure, frequency and strain level on PBAN. 

Is order to have the necessary data to accurately predict propellant 
r--zdes, it is recommended the sample testing be performed early in the 
development program so that "Dynamic Shear Modulus vs. Frequency" 
p>±s can be obtained in the range of 5 to 50 Hertz at several strain levels 
fz om the lowest to the highest strains expected. It is recommended that 
tite effects of temperature be evaluated at 30, 70 and 100 0 F, and the 
eiiects of pressure be evaluated at barometric pressure and 1000 psia. 

T---ere are many test methods that can be used to evaluate dynamic shear 
m.Ddulus. The methods described in Reference 10 are used in the pro
pt.illant industry and will probably give the best results. 
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APPENDIX A 

DYNAMIC PROPERTIES OF VISCOELASTIC MATERIALS 
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SYIBOLS
 

E = Elastic Modulus 

G Shear Modulus 

v = Poisson's Ratio 

K = Bulk Modulus 

F = Force 

a = Stress 

= Strain 

n Viscosity Coefficient 

- ReLation Time 

Er Relaxation Modulus 

E' Elastic Storage Modulus 

E" = Elastic Loss Modulus 

= Loss Tangent 

= 
cc 

= Pampingr PRatio 

H = Distribution of Relaxation Times 

T Temperature (Absolute) 

d = Density 

AT = Temperature Shift Factor 

G = Shear Storage Modulus 

G" = Shear Loss Modulus 

A = Magnitude of Harmonic Function 

w = Frequency 

t = Time 

E* = Complex Elastic Modulus Magnitude 

ed Dashpot Strain 

Es = Spring Strain 
OK Degrees Kelvin 
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APPENDIX A 

Dynamic Properties of Viscoelastic Materials 

1.0 INTRODUCTION 

The physical properties of viscoelastic materials required for dynamic 
analysis will be defined and characterized in this appendix. These 
properties are elastic modulus, shear modulus, Poisson's ratio, and 
the damping ratio. Only three of the four parameters are indepen
dent, since three of the parameters are related by 

E =2 (l + V)G. (1) 

The significance of these properties will be discussed as they relate 
to viscoelastic materials. 

2.0 POISSON'S RATIO 

Poisson's ratio is related to the bulk modulus and shear modulus by 
(Reference 19) 

3K-ZG 

which can be reduced to 

3-2. G 
(3) 

__ R 

K
 

It is customary to assume that viscoelastic materials are incompressible; 
therefore the bulk modulus is infinite (K = - ) and Poisson's ratio is one
half ( v 0. 5). Equation (1) can then be reduced to this simple relationship 

E = 3G (4) 

3.0 MODULI 

Since the relationship between the elastic modulus and the shear modulus 
for viscoelastic materials is given by equation (4), only one needs to be 
determined. The elastic modulus will be determined because of the ease 
in visualization. To aid in the development of the elastic modulus for 
viscoelastic materials, the stress-strain relationship for elastic materials 
and viscous materials will be presented. They will then be expanded to 
show the stress,strain relationship for viscoelastic materials. 
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3. 1 Elastic Materials 

In an elastic material (metals) operating below the elastic limit, stress 
is directly proportional to strain. .This can be modeled by a linear spring 
as shown in Figure A-i. 

F(t) 
=S(t) E e (t) 

Figure A-1. Model of Elastic Materials 

It is important to note that the dependent variable C (t) is directly 
proportional to the independent variable without a phase shift during 
dynamic excitation. The response to step stress co, is shown in 
Figure A-2, and the response to a step strain, Co, is shown in Figure 
A-3. 

C 
E=GO

E 

Figure A-2. Elastic Response to Step Stress 

t 

Figure A-3. Elastic Response to Step Strain 

3.2 Viscous Materials 

In a linear viscous material (fluids) the stress is directly proportional 
to the rate of strain. This can be modeled by a linear dashpot shown in 
Figure A-4. 

F(t) 

o 	 (t) = r d E(t) 
dt 

Figure A-4. Model of Viscous Materials 
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The response of a viscous material to harmonic excitation can be 
found by letting 

t (t)= A sinbit (5) 

then d ) = wA cos w t (6) 
dt 

and Y(t) = nuA cos w t (7) 

or (t) = 7 'A sin (wt + 7r) (S) 

By observing equations (5) and (8), two important facts can be seen: 

1) Stress leads strain by 90 0, and 

2) Stress is a function of the frequency of excitation 

The response to a step stress is shown in Figure A-5. The response 
to a step strain is an impulse function and is not shown. 

C E: (t) = G 

Figure A-5. Viscous Response to Step Stress 

3.3 Viscoelastic Materials 

As the name implies, viscoelastic materials (polymers) have some 
characteristics of elastic materials and some characteristics of 
viscous materials. Many mathematical models have been developed 
for viscoelastic materials. All of these models are various combina
tions of the spring and dashpot elements. Only the simplest model will 
be discussed. 

Viscoelastic materials can be modeled by the spring and dashpot element 
in series as shown in Figure A-6. The relationship between stress and 
strain can be found by substituting the following identities into the equations 
in Figure A-6: 
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F(t) 

(t) --s()+Cd(t) 
a(t) s (t)a(t) =0 

where 	s indicates spring 
d indicates dashpot 

Figure 	A-6. Simple Model of Viscoelastic Materials 

Qs (t) - (t)E 	 (9) 

and Sd (t)- (t--L dt (10) 

substituting 

d~) ut)+ f (t) dt (11) 

or d e(t) =d a(t) + aft)(12 
dt E dt 

By defining the relaxation time, t., as 

1 = ' ,(13) 

equation (12) can be reduced to the following form to give the relationship 
between stress and strain: 

E (t) (14) 
d+1 

dt 

It can be seen that equation (14) is far more complex than that for 
elastic behavior. Although thiL math model is very simple, it can be 
used to obtain an understanding of the response of viscoelastic materials 
to various forms of excitation. 
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3. 3. 1 Viscoelastic Response to Step Functions 

The response of a viscoelastic material to a step stress is commonly 
called creep. The strain resulting from a step stress is 

s(t Go + f5o di (1 5a) 

or F(t) =a° + -(Is) 
E n 

It can be seen that initially the spring elongates an amount equal to 
Go/E and then the dashpot elongates as a function of time. The response 
is shown in Figure A-7. 

(Yo E 
t 

Figure A-7. Viscoelastic Response to a Step Stress 

The response of a viscoelastic material to a step strain is commonly 
called stress relaxation. Since strain is not a function of time for a 
step strain
 

dt(t= 0 (16) 
dt
 

therefore 
dca(t) + a (t) = 0 (17)
 

dt
 

The solution of this differential equation is 

a (t) = o etr (1$) 

It can be seen that the initial deformation goes into stretching the spring. 
Then the stretched spring exerts a force on the dashpot which elongates 
and allows the spring to contract reducing the force. The response is 

shown in Figure A-8. 
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a 	 a (t) t,
0 

t 

Figure A-8. Viscoelastic Response to a Step Strain 

The curve in Figure A-8 is called a relaxation curve. The relaxation 
modulus is defined as 

Er (t)= = -t / x = E e -t/t (19) 

If'is inipor'tant to note that-the relaxation modulus is a function of time. 

The relaxation modulus will be discussed again later. 

3. 	3. 2 Viscoelastic Response to Harhf6nic Excitation 

The response of a viscoelastic material to harmonic excitation can give 
us important insight regarding the parameters required for modal analysis. 

Letting E (t) = A sin wt (Z0) 

in equation (14) yields 

da(t) + a (t) = AtE cos wt (21) 

dt T
 

The solution of this differential equation is
 
1 

a(t)= wEA (cI sin wt +- cos Wat)
T(22) 

+-W 

Since cos tE sin (wt + w 	 (23) 

EA sin _ + -EA7(sin,,t + ) (24) 

1 +o lI + W 
Tz 	 Tz
 

or 	 a (t) =w 2 T2 EA sinawt + - wTEA (sine t + 2) (25) 

+ W4 	 T + w 

Aq
 



Since F (t) = A sin byt, it can be seen that there are two components in 
the relationship between stress and strain. One stress component is in 
phase with strain and the other stress component is 90 out of phase with 
strain. This relationship can be written as 

CY(t) =(E "+ iE it)(6 Mt (26) 

or I(t) = E' + iE" (27)
 
e (t)
 

Where E represents the in phase component and E" represents the out 
of phase component. They are given for our simple model as 

= t _T 2 E (28) 

and E" =mT E (29)1+-W4 
3. 3. 3 Storage Modulus and Loss Modulus 

El is known as the elastic storage modulus and E" is known as the 
elastic loss modulus. It is important to note that the moduli are 
functions of frequency. The relationships between the components 
are shown in Figure A-9 and Figure A-10. It should be noted that the 
strain lags the total stress by the phase angle 6 . Since the relationship 
between stress and strain is a complex number, it may also be written 
as 

6
E + E"E e (30) 

where ="(EI)2 + (EI92? 1/2 (31) 

and 6 tan' E l' (32)E4
 

Total

\f
 . Viscous 


- / 'Stress / 
02t 

90 Elastic Sts or Stra~L 

Figure A-9. Relationship Between Stress Components 
and Strain 
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a 3.4 	Comple.c lodulus and Loss Tangent 

The vectur sum of the storage modulus E',and the loss modulus E", is 
"
defined a the complex modulus E This is shown in'Figure A-10. 

E st 

El
S 

Figure A-10. Vector Representation of Complex Modulus 

The para---neter 6 is called the loss tangent and is related to the damping 
ratio by 

C= = tan6 = E" 
cc z 	 (33)

3.3.5 	Shear ivftdulus 
It has therefore been shown that the relationship between stress and 
strain fz- our simple model of viscoelastic materials is a complex 
number 7t-.hich is a function of frequency. Although we elected to use 
the elastic modulus for our development, we could have just as easily 
used the shear modulus. In fact, the relationship between the shear 
modulus and the elastic modulus given in equation (4) holds true for 
the corm=-lex moduli. Therefore the shear storage modulus, G', andII 

the shear loss modulus, G , are given by 

E' = 3G' (34)
 
and- El = 3G" (35)
 

3.3.6 	Relaxation Modulus and Dynamic Moduli Determination 
Equatio--s (9) thru (29) were developed for a one sprng-dashpot system 
with a relaxation time of t . By comparing the mathematical model 
response in Figure A-8 with the experimental response in Figure A-11, 
it can be seen that the model is not representative of measured data over 
long tim- periods. A better representation can be found however, by 
using an infinite number of relaxation times. Therefore, the relaxation 
modulus can be expressed as 

Ei(t) = Eze I -t/ + E3fe-ttZ 3... (36) 

or Er'(t) = lia " Ei e't/r 	 () 

- i=l 
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Equation (37) can be written in integral form as 

Er(t) fE( T)e - t /t dT + E0 (38) 
0
O
 

E - is added after integration because after an infinite time the 
relaxation modulus ceases to decay without having reached zero. 
E - represents the value of the relaxation modulus at that time. 

Since the distribution of relaxation times is very broad, it is convenient 

to use logarithmic notation. 

Letting H (In T T E (r) (39) 

Erot) H(ln T )e -t/Td(n r) + E.E --In- - -T 
(40)fim (I 

H(in T) can be calculated a number of ways. A crude approximation 
is (Reference 17 ) 

H (In )-d [kr(t)]
d t (41) 

A more accurate approximation is (Reference 17) 

[Er (t)]It d2d (Int)4grm)d lnt-- 
H (In T)=9 1 - IE + (42) 

Equations (41) and (42) are evaluated under the conditions that t =T 
In order to get an accurate approximate distribution of relaxation times, 
the experimental data should cover at least eight to fifteen decades of 
time. Returning to Equations (28) and (29) for dynanc moduli, they can 
now be expanded to give

W 
E= (fT (Int) + E. (43) 

and E" =f H(Inx) wT. d(nT) (44) 

- I + tn2 t 2 

Therefore, the complex modulus for dynamic analysis can be found by 
measuring the response to a step strain. 

From the stress relaxation curve, the distribution of relaxation times 
(H (InT) ) can be found. This distribution can then be used in the appro
priate equation to determine the dynamic moduli. Computer codes have 
been written to aid in the mathematics. To obtain an accurate distribution 
of relaxation times, the relaxation curve must be known over eight to 
fifteen decades of time. To reduce the test time required to generate 
the relaxation curve and to alleviate the difficulties of obtaining data for 
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short times due to the inability of test equipment to apply an exact step 
strain, a time-temperature superposition principle may be used. This 
principle is explained in detail in Reference (17) and is next summarized. 

The time-temperature superposition principle states that in viscoelastic 
materials time and temperature are equivalent to the extent that data at 
one temperature can be superimposed upon data taken at a different 
temperature merely by shifting curves. The procedures involve shifting 
of stress-relaxation curves taken at different temperatures along the log 
time axis until portions of the curves all superimpose to form one contin
uous curve. Before the experimental relaxation curves can be shifted 
to make the master curve the modulus values should be corrected for 
density and temperature. This correction is 

Ei(t) reduced = Ta Er (t) (45)
Td 

where the subscript ro' indicates a reference temperature. After this 
correction has been made, the curves may be plotted and then shifted to 
obtain a master relaxation curve. The amount of shift is given by the 
following equation. 

log AT = log t/t o = -8.8Y6_T-243 (46)No01.6 T-243
 

Where T is in 0 K, the log AT. gives the decades of time that the 
relaxation curves should be shifted. The principle can be illustrated 
by referring to Figure A-I where the test data corrected for density 
and temperature is shown on the left, and the log shift factor, log AT., 
is shown in the upper right. It can be seen from Figure A-1l that 
the log shift factor for -400C is approximately +4, therefore the test 
data taken at -40 0 C should be shifted 4 decades to the right. The master 
curve in Figure A-Il does show that the test data taken at -400 C and 100 
hours has been shifted to 10-4 hours. 

Another method (Reference 10) for determining the parameters for dynamic 
analysis is an emperical technique developed for determining GI and G". 
The method involves vibrating a disk of the viscoelastic material and 
measuring its response. From .his response, G' and G" can be mathe
matically determined. 

It was shown in Equations (43) and (44) that E' and E" are functions of 
frequency. Therefore, in a dynamic analysis the modulus used has to 
be based on the frequency of interest. In addition to frequency, the moduli 
also depend on strain, temperatu-e, and pressure. The effects of each 
will now be discussed. 
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3.3.7 Effects of Frequency 

The theoretical development of the dynamic moduli showed them to be 
functions of frequency, A master curve of dynamic shear moduli for a 
viscoelastic material is shown in Figure A-12. It is seen that the moduli 
increase with frequency at first and then decrease as the frequency is 
further increased. 

5.0 
5.0 

Gl.0 	 4.0
 
00 

O.0TE: Measurements mnade at 3 x 105rms strain- -0 

LogaT= 0at 25 C 	 ~ 
2.0 . 0 41.0 _.0 10.0 	 12.0 14.0 1 .0 18.0 

Log w, min 

Figure A-12. 	 Frequency Effect on Dynamic 
Shear Moduli 

3. 3. 8 Effects 	of Strain 

An increase in 	strain has been found to decrease the dynamic moduli 
(Reference 9 ). The variation is shown for typical viscoelastic materials 
in Figure A-13 and Figure A-14. 

6 	 50%3:h.50%xh. 

25 C 
10.4 	 0. 0056
 

C=0. 
0076 
10.2
 

10. 	 0195
 

9.8
 

9.6 F 	
0.04 

I ...I 
0 1.0 2.0 3.0 4.0 5.0 6.0 7.0
 

Log t, sec 

Figure A-13. 	 Effects of Strain on Relaxation 
,.Modulus 
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o PureGun' I 	 ] 

0.001 0.01 0. 1 	 1.0 10 

Log (100 x Dynamic Strain) 

Figure A-14. 	 Absolute Elastic Modulus vs. 
Amplitude of Sinusoidal Strain at 0. 5 cps 

3.3.9 Effects 	of Pressure 

An increase in pressure has also been shown to increase the dynamic 
-oduli. Figure A-15 shows the increase in the relaxation modulus 
-with an increase in pressure from ambient to 1000 psi. The operational 
-pressureof the SRB will be near 1000 psi. 
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Figure A-15. Influence of Pressure on Relaxation Modulus 

3. 3. 10 Effects of Temperature 

A decrease intemperature causes an increase inthe dynamic modulus. 
The increase in the relaxation modulus as temperature decreases is 
shown in Figure A-i. Due to the rapid burning rate and the low thermal 
conductivity of the propellant, the temperature of the propellant will not 
increase significantly during its flight. Therefore, the temperature 
used for dynamic analysis should be the ambient temperature. 
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4. 0 SUMMARY 

The physical properties of viscoelastic materials required for dynamic 
analysis has been defined and characterized. These properties are 
elastic modulus, shear modulus, Poisson's ratio and the damping ratio. 
It was found that viscoelastic materials are incompressible and therefore 
Poisson's ratio is 0. 5. It was also found that the dynamic elastic modulus 
and the dynamic shear modulus are complex and can be represented in the 
following form. 

E ( -E' + H:" ()(47) 

and G(:)=G'( )+ G" () (48) 

It was shown that E' (w,and E" (w) could be determined from the time 
response to a step strain, Er(t), or Gt (I ) and G"(wt ) could be determined 
by measuring the response of a vibrating disk. Dynamic shear modulus and 
dynamic elastic modulus are related by
 

E(f)= 3G(w) (49)
 

The damping ratio, 6 , was found to be 

E! (50)-r
2E7 

The dependence of the storage moduli and the loss moduli on frequency, 
-_ strain, -pressure, and temperature were discussed. - All of these .effects 

must be considered during a dynamic analysis. 
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APPENDDC B 

NASTRAN Computer Model 

The trapezoidal ring element is used to generate an axisymnretric model of a 
hollow cylinder to evaluate the thickness shear mode. The propellant is repre
sented by a 10 x 10 grid as shown in Figure B-i. The z dimensions of the ring 
elements are varied to obtain cylinders of different lengths. 

For data card preparation, only the cards which are different than those for 
normal mode analysis will be discussed. As mentioned previously, rigid format 
seven or ten can be used. In rigid format seven, the displacements of the grid points 
are used as the degrees of freedom, and in rigid format ten the normal vibration 
modes of the undamped system are used as the degrees of freedom. 

The METHOD card, which specifies an EIGH card in normal mode analysis, must 
be replaced by a CMETHOD card which specifies an EIGC card. The EIGC card 
selects the method for eigenvalue extraction and the search region. The specifi
cation of the search region was found to be the most critical area in complex
eigenvalue analysis. If the search region is not specified with some degree of 
reasonableness, the computer time to extract the roots can become excessive or 
they cannot be found at all. The eigenvalue lies in the complex plane. Better 
results are obtained when a normal eigenvalue analysis is first made and an 
estimate is made of the decay rate based on the amount of damping. A typical 
search region is shown in Figure B-2. It is important to note that the search 
region for a system with less than critical damping lies in the second quadrant. 

The complex stiffness is calculated by NASTRAN by two different methods. All 
elements can be given equal damping by specifying G on a PARAM card or each 
element can be given a different value of damping by specifying GE on the element's 
material property card. Viscous damping can be specified by using a scalar damper 
or a viscous rod element. 

One other property which must be input is Poisson's ratio. As mentioned previously 
Poisson's ratio for viscoelastic materials is 0.5. NASTRAN cannot accept this 
value due to a 1-2 v term in the denominator of some equations. For this reason 
a value of 0. 495 is used. It is interesting to note that in the thickness shear mode 
motion only occurs in one direction, therefore, Poissonts ratio does not appear 
in the differential equations of motion. Computer also made usingruns were a 
Poisson's ratio of 0. 3. The eigenvalues did change by a small percentage probably 
due to radial motion still present in the computer model. 

A sample NASTRAN listing is given inAttachment. 
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,v 	 14- CTRAPRG 14 15 16 27 26 20
 

15- CTPAPRG 15 16 17 28 27 20
 
16- CTRAP G 16 17 18 29 28 20
 
17- CTRAPRG 17 i8 19 30 29 20
 
18- CTPAPPG 18 19 20 31 30 20
 
19- CTRAPQG 19 20 21 32 31 20
- CTtAP G 20 21 22 33 32 	 20
 

21- CTRAPRG 21 23 24 35 '34 20
 
22- CTRAPPG 22 24 25 36 35 20
 
23- CTPAOR 23 25 26 37 36 20
 
24- CTRAPRG 24 Z6 27 38 37 20
 
25- CTRAPRG 25 27 28 39 38 20
 
26- CTPAPRG 26 28 29 40 39 20
 
27- CTRAPRG 27 29 30 41 40 20
 
28- CTQAPQG 28 30 31 42 41 20
 
29- CTrAPRG 29 31 32 43 42 20
 
30- CTRAPRG 30 32 33 44 43 20
 
31- CTRAPRG 31 34 35 46 45 20
 
32- CTPAPRG 32 35 36 47 46 20
 

-__33- CTPAPRG 33 36 37 48 . 47 	 20 
34- CTRAPRG 34 37 38 49 48 	 20
 
35- CTRAPRG 35 38 39 50 49 20
 
36- CTRAPRG 36 39 40 51 50 20
 
37- CTPAPRG 37 40 41 52 51 20 
38- CTRAPRG 38 41 42 53 52 20
 
39- CTRAPRG-39 42 43 54 53 20
 
40- CTRAPRG 40 43 44 55 54 20 
41- CTPAPPG 41 45 46 57 56 20
 
42- CTPAPIG 42 46 47 58 57 20
 
43- CTRAPRG 43 47 48 59 58 20
 
44- CTR4PPG 44 48 49 60 59 20
 
45- CTRAPQG 45 49 50 61 60 20 
46- CTRAPRG 46 50 51 62 61 20
 
47- CTPAPRG 47 51 52 63 62 20
 
48- CTPAPRG 48 52 53 64 63 20 
49- CTRAPRG 49 53 54 65 64 	 20
 
50- CTRA"PG 50 54, 55 66 65 	 20 
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SORTED BULK DATA ECHO
 
- --CARD 

COUNT 1 2 3 4 5 6 .. 7 .. 8 *. 9 .. 10 
51- CTPAPPG 51 56 57 68 67 20 
52- CTRAPRG 52 57 58 69 68 20 
53- CTRAPRG 53 58 59 70 69 20 
54- CTPAPRG 54 59 60 71 70 20 
55- CTRAPPG 55 60 61 72 71 20 
56- CTRAPRG 56 61 62 73 72 20 
57- CTRAPRG 57 62 63 74 73 20 

-
U 58 CTPAORG 58 63 64 75 74 20
 
CTAPRGP59- 59 64 65 76 75 20
 

60- CTRAPRG 60 65 66 77 76 20
 
CTRAPPG 61 67 68 79 78 20
 

62- CTRAPAG62 68 69 80 79 20
 
63- CTRAPRG 63 69 70 81 80 20
 
64- CTPAPPG 64 70 71 82 8l 20
 
65- CTPAPRG 65 71 72 83 82 20
 
661 - CTRAPRG66 72 73 84 83 20
 
67- TPAPRG 67 73 74 85 84 20
 
73- CTPAPPG74 75 86 85 20
 
79- CTPAPRG 69 75 76 87 92 20
 
70- CTRAPG 70 76 77 94 7 20
 
71- CTRAPRG...71 78 79 90 89 20 

72- CTRAPPG 72 79 80 95 90 20
 
73- CTRAPRG 73 80 8l 92 91 20
 

.7- CTRAPRG 74 85 82 93 92 20
 
75- CTRAPRG 75 
 82 83 94 9J 20
 
76- CTRAPRG 76 83 84 95 98 20
 

______77- CTPAPR 87 84 90 03._ 10 20
 
78- CTRAPRG 7 89 6 9 96 20 
7- CTRAPRG 79 86 87 903 90 20 
80- CTRAPRG 80 87 88 99 98 20 
81- CTRAPRG 81 89 90 101 100 20 
86- CTRAPRG 82 90 950 2 6105 20 

_ 83- CTRAPRG 03 91 92 __1031 -02 20 

84- CTPAPRG 84 95 93 107 106 20
 
85- CTPAPRG 85 93 94 105 104 20
 
86- CTRAPRF 89 97 95 106 105 20
 
87- CTRAPRG 87 95 96 107 106 20
 
88- CTRAPRG 96 108 107 20
18 97 

89- CTRAPRG 89 97 98 109 108 20 
90- - CTPRG 90 98 99 110 109 20 

92- CTRAPQ 92 101 102 113 112 20
 
93- CTRAPRG 93 102 103 .14 113 20
 
94- CTRAPPG 94 103 104 315 114 20
 
95- CTPAPQG 95 104 105 116 115 20
 
96- CTRAPPG 96 105 106 117 1L6 20
 
97- CTRAPRG 97 106 107 li 117 20
 
98- CTPAPRG 98 107 108 119 118 20
 
99- CTRAPRG 99 108 109 120 119 20
 
100- CTRAPRG 100 1.09 110 121. 120 20
 



NO4MAL MODE ANALYSIS _ __SEPT&MBLR 5,.1973 .NASTRAN 5/l4/72 PALb 

SCRTED BULK DATA E C H 0 

COUNT 1 2. 79 a .. 10 
-o-- IGC It INV MAX _______ _...... MW.. 
102- I.Fi I -36.0 0 243.0 o AnZ190.0 -3.0 20 . 
103- £fC2 -92.0 500.0 -92.0 550.0 20.0 1 1 ABC3 
104- &BC3 -104.0 590.0 -104.0 640.0 20.0 1, ABC4 

--.-- LO 5- &RC4 -338.0 760.0 -138.0 810.0 20.0 1 1 ABC5 
106- &8C5 -180.0 995.0 -180.0 1045.0 20.0 1 1 

OT- GRDSET 2456 
108- GRID 1 20. 0.0 0.0
 
109- GRID 2 25. 0.0 0.0
 
iD- GPID 3 30. 0.0 0.0
 
iii-I GRID 35. 0.0 0.0
I11- 4 

112- GRID 5 40. 0.0 0.0
 
113- GRID 6 45. 0.0 0.0
 
114- GPID 7 50. 0.0 0.0
 
S115- GRID 3 55. 0.0 0.0
 
116- GRID 9 60. 0.0 0.0
 
117- GRID 10 65. 0.0 0.0
 
118- GRID 11 70. 0.0 0.0
 

_ 7119- GRTD 12 20. 0.0 30.
 
120- GRID L3 25. 0.0 30.
 
121- GRI) 14 30. 0.0 30.
 
122- GRID 15 35. 0.0 30.
 

W 123- GRID 16 40. 0.0 30.
 
2 4-7G4FD 17 45. 0.0 30.
 

125- GRID 18 50. 0.0 30.
 
[26- GRID 19 55. 0.0 30.
 
127- GRID 20 60. 0.0 30.
 
128- GRID 21 65. 0.0 30.
 
L2Q- GRID 22 70. - 0.0 30.
 
130- GRID 23 20, 0.0 60.
 
131- GRI'D 24 25. 0.0 60.
 
13?- GRID 25 30. 0.0 60.
 
133- GRID 26 35. 0.0 60.
 
134- GRID 27 40. 0.0 60.
 
135- GRID 28 45. 0.0 60.
 
136- GRID 29 50. 0.0 60.
 
137- GRID 30 * 55. 0.0 60.
 

- 138- GRID 31 60. 0.0 60.
 
139- GRID 32 65. 0.0 60.
 
140- GRID 33 70. 0.0 60.
 
141- GRID 34 20. 0.0 90.
 
142- GRID 35 25. 0.0 90.
 
143- GRID 36 30. 0.0 90.
 
144- GRID 37 35. O.0 90.
 
145- - GRID 38 40. 0.0 90.
 
146- GRID 39 45. 0.0 90. 
147- - GRID 40 50. 0.0 90. 

148- GRID 41 55. 0.0 90.
 
149- GRID 42 60. 0.0 90.
 
150- GRID 43 65. 0.0 90.
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S 0 P T E D BULK D AT A ECH 0 
CARD
 

OU-T. 	 1.. 2 . 3 .. 4 .. 5 .. 6 .. 7 .. 8 .. 9 .. 10 
151- GRID 44 70. 0.0 90.
 
152- GRID 45 20. 0.0 120.
 
153- GRID 
 46 	 25. 0.0 120.
 
154- GRID 47 	 30. 0.0 120.
 
155- GRID 48 	 35. 0.0 
 120.
 
156- GRID 49 40. 0.0 120.
 
157- GRID 50 45. 
 0.0 120.
 
158- GRID 51 50. 0.0 140.
 

..... 159- - GRID 52 55. 0.0 120.
 
160- GRID 53 60. 0.0 120.
 
161- GRID 54 65. 0.0 120.
 
162- GRID 55 70. 0.0 120.
 
163- GRID 56 20. 0.0 150.
 
164- GRID 57 25. 0.0 150.
 
165- GRID 58 30. 0.0 150.
 
166- GRID 59 35. 0.0 150.
 
167- GRID 60 40. 0.0 150.
 
168- GRID 61 45. 0.0 150.
 
169- GRID 62 50. 0.0 150.
 
170- GRID 63 55. 0.0 150.
 

- 171- GRID 
 64 60. 0.0 150.
 
172- GRID 65 65. 0.0 150.
 

_______ 173- GRID 66 
 70. 0.0 150.
 
174- GRID 67 20. 0.0 180.
 

n, 	 175- GPJD 68 25. 0.0 180.
 
176- GRID 69 30. 0.0 180.
 
177- GRID 70 35. 0.0 180.
 
178- GRID 71 40. 0.0 180.
 
179- GRID 72 
 45. O.O 180.
 
180-' GRID 73 50. 0.0 180.
 
181- GRID 74 
 55. 0.0 180.
 
182- GRID 75 60. 0.0 180.
 
183- .__ _R I._. 76 65. Q0 180
 
184- GRID 77 70. 0.0 180.
 
85 GRID 78 20. 0.0 210.
185-


186- GRID 79 25. 0.0 210.
 
187- GRID 80 30. 0.0 210.
 
188- GRID 81 35. 0.0 210.
 

R189- 32
RID 
 40. 0. 210.
 
190- GRID 83 45. 0.0 210.
 
I191TGRI 
 4 	 50. 0.0 210.
 
192- GRID 85 55. 0.0 210. 
193- GRID 96 60. 0.0 210. 
194- GRID 87 65. 0.0 210. 
195- GRJD 98 7Q- oo ? __jQ.
196- GRID 89 20. 0.0 240.
 
197- GRID 
 90 	 25. O.0 240.
 
198- GRID 91 30. 0.0 240.
 
199- GRID 
 92 35. 0.0 240.
 
200- GRID 93 40. 0.0 240.
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SORTED BULK DATA ECHO
 
CARD
 
COUNT. 1.. 2.. 3.. 4.. 5.. 6.. 7.. 8.. 9 .. l0
 
201- GRID 94 45. 0.0 240.
 
202- GRID 95 50. 0.0 240.
 
203- GRID 96 55. 0.0 240.
 
204: GRID 97 60. 0.0 240.
 
205- GRID 08 65. O. 240.
 
206- GRID 99 70. 0.0 240.
 
207- GRID 100 20. 0.0 270.
 
208- GRID 101 25. 0.0 270.
 
209- GRID 102 30. 0.0 270.210- GRID 103 35. 0.0 270. 

211- GRID 104 40. 0.0 270.
 
212- GRID 105 45. 0.0 270.
 

21-GRID 106 50. 0.0 270.
 
214- GRI10 10 55. 0.0 270.
 
2.- GRID 10 60. 0.0 270.
 
216- GRID 109 65. 0.0 270.
 
217- GRID 110 70. 0.0 270.
 

-- - - RID [1 0, .0
"2 300. 

GRID 114 35. 0.0 300.
 

222- GRID 115 40. 0.0 300.
 

223- GRID 116 45. 0.0 300. 
224- fF 

__ 225- GRD0 Ila 55. 0.0 300. 

226- GRID 119 60. 0.0 300.
 
227- GRID 120 65. 0.0 300.
 
228- GRID 121 70. 6.0 300.
 

__229- MATI 20 6244.0 0.495 1.658E-4 0.364
 
230- PARAM COUPMASSI
 
231- SPCI 30 13 11 22 33 44 55 66 XYZI
 
232- cYZi 77 88 99 110 121
 

ENDDATA
 

-- - GRD 117 50d. O.T -j00. 

**NO ERRORS FOUND - EXECUTE NASTRAN PROGRAM** 

**btICQ 1 Il0%ATt fl M"SSAr" 1171, 



_ _ 

**USER INFORMATION MESSAGE 3028,
 

3SAR 0 23 CBAR 9 0 R U 46
 

)EC.OM.POSITION TIME ESTIMATE IS
 

L - _ 
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C 0 M P L E X E I G E N V A L U E A N A L Y S I S S U M M A R Y tINVERSE P3WER WITH SHIFTS<
 

NUMBER OF EIGENVALUES EXTRACTED ...... . . . I 

400C 
_ ._______________ 

NUMBER OF STAPTING POINTS USED .. ...... .1. 

NUIMBFk OF STARTING POINT OR SHIFT POINT MOVES . . 

TotAL NUMttIt CiP TRIANGULAR DOLCOMPUi r IONS . . . . 

. 

0 

I 

TOTAL NUMBER OF VECTOR ITERATIONS ........ 10 

REASON FOR TERMINATION ... .... .......... 6 
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COMP LE X E I GEN VALUE SUMMARY 

ROOT EXTRACTION EIGENVALUE FREQUENCY 
NO. ORDER TREAL< tIMAG< %CYCLES< 

1 1 -4.299365E 01 2.438104E 02 3.880362E 01 
2 2 -8.961200E 01 5.081758E 02 8.087868E 01 
3 3 -1.046121E 02 5.932393i 02 9.441696E 01 
4 4 -1.450609E 02 8.226182E 02 1.309238E 02 

. 5 5 -1.800453E 02 1.021009E 03 1.624987E OZ 

bi 

*1' 

DAMPING
 
COEFFICILNT
 
3.52bSUL-U.
 
3.SZba /t-OI 
3.526810t-01
 
3.52boUIL-U 
3.52wIUL-01 
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COMPLEX EIGNVALUE 0 -4.299365E 01, 2.438104E 02
 
C 0 M P L E X E I G E N V C T 0 R 

9_REAL/IMAGINARY< 
NO. . 

POINT ID. TYPE Tl T2 T3 RI R2 R3 

G -1.218973t-01 
6.469821E-07 

0.0 
0.0 

9.805287E-01 
-3.207562E-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

2 G -1.008059L-01 
4.763742E-07 

0.0 
0.0 

9.631643E-01 
-5.123048e-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

-3 G -8. 555853 -02 
3.468022E-07 

0.0 
0.0 

9.144636E-01 
-5.6827925-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

4 -7.3625E22-02 
2.475405C-07 

0.0 
0.0 

8.434793t-01 
-5.456513E-37 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

5 G -6.309706E-02 
1.704041E-07 

0.0 
0.0 

7.545497L-0l 
-4.696535h-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

6 - -5.282917-02 
1.107600E-07 

0.0 
0.0 

6.511883 -01 
-3.607460E-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

... 7 G -4.217958:-02 
6.585117E-08 

0.0 
0.0 

5.365742E-01 
-2.386519E-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

-. .8 -3.0U9758F-02 
3.386248E-08 

0.0 
0.0 

, 4.135358L-01 
-1.229655E-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

9 G -1.915107E-02 
1.334267E-08 

0.0 
0.0 

2.841575E-01 
-3.2723505-08 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

10 G -7.7358LE-03 
2.772419E-09 

0.0 
0.0 

1.488124E-D 
1.4063365-08 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

I1 G 0.0 
0.0 

0.0 
0.0 

0.10 
0.0 

0.0 
6.0 

0.0 
0.0 

0.0-
0.0 

- 12 G -2.562813E-02 
8.326465F-07 

- 0.0 
0.0 

1.000000E 00 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

.. 13. G -?.130374F-02 
6.007166b-07 

0.0 
0.0 

9.709264E-01 
-1.073025L- 0.0.0 

0.0 0.0 
0.0 

0.0 
0.0 

14 G -1.8155155-02 
4.311067C-07 

0.0 
0.0 

9.174005E-01 
-1.630L01E-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

5 0 -1.551128R-02 
3.017041E-07 

0.0 
0.0 

8.405590L-01 
-1.662753E-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

16 G -1.298326-02 
2.018667E-07 

0.0 
0.0 

7.444257E-OL 
-1.320381E-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 
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COMPLEX FIGENVALUE # -4.299365E 01. 2.438104E 02 
C O M P L E X E I G E N V E C T 0R 

tREALIMAGINARY< 
NO. 

POINT ID. TYPE Tl TZ T3 RI R2 R3 

17 G -I.033861E-02 
1.257787C-07 

0.0 
0.0 

6.330248E-01 
-7.577830E-08 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

is G -7.501747E-03 
6.992326t-08 

0.0 
0.0 

5.104187E-01 
-1.351583E-08 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

19 G -4.560620E-03 
3.177631E-08 

0.0 
0.0 

3.807130E-01 
3.886636E-08 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

20 G -1.812063E-03 
9.097075C-09 

0.0 
0.0 

2.481694E-01 
6.649805E-00 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

III _ 

21 G 7.491151F-05 

-5.152405E-10 

0.0 

0.0 
1.174533E-01 
5.659170E-08 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

- 0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

G230 -3.145144E-03 
1.268146E-06 

0.0 
0.0 

9.923275h-01 
6.432858E-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

...... 

a' 
24 G -I 049328L-03 

9.071106E-07 
0.0 
0.0 

9.687438t-01 
5.256587[-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

25 G -3.8960OOE-05 
6.491471-07 

0.0 
0.0 

9.1917ET0 ___.0 
4.5291555-07 0.0 

-O_. 
0.0 

00 
0.0 

26 0T 5.2Z;T26r-04 
4.543343F-07 

0.0 
0.0 

8.372628E-01 
4.0474991-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

27 0 1.019q64r-03 
3.046951E-07 

0.0 
0.0 

.3_99346 
3.733484E-07 ,0.0 

.0 
0.0 

0.0 
0.0 

28 G 1.29i800O-03 
1.908630E-07 

0.0 
0.0 

6.273241E-01 
3.489028E-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

G Q91.39 5 9o3 
1.072219!-07 

0._9 
0.0 

5,039493E:OL._.._ 
3.211370E-07 0.0 

__o.0P 
0.0 0.0 

30 G 1.2595131-03 
4.976563E-08 

0.0 
0.0 

3.745328L-01 
2.800233E-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

31.__3. 8.99502e204__00 
1.504150E-03 0.0 

2,440590UE01 
2.167030E-07 

,xA 
0.0 

0.0 
0.0 

0.9p 
0.0 

32 .... 219_87-04 
-3.703391E-10 

0.0 
0.0 

1.1641552-01 
1.244841E-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 
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_____COMPLEX EIGENVALUE 0 -4.299365E 01, 2.438104E 02 
C O M P L E X E I G E N V E : T 0 R NO. I 

%REAL/IMAGINARY< 

POINT ID. TYPE TI T2 T3 RI R2 R3 

33 G 0.0 0.0 0.0 0.0 0.0 0.0 
0.0 0.0 0.0 0.0 0.0 0.0 

34 G 1.149066E-03 0.0 9.794863E-01 0.0 0.0 0.0 
1.682043=-06 0.0 1.554316E-06 D.0 0.0 0.0 

35 G 2.395362E-03 0.0 9.5979862-01 0.0 0.0 0.0 
1.205703E-06 0.0 1.436731E-06 0.0 0.0 0.0 

36 G 3.11459OF-03 0.0 9.090770E-01 0.0 0.0 0.0 
8.630889E-07 0.0 1.324816E-06 0.0 0.0 0.0 

37 G 3.3858609-03 0.0 8.33342BE-01 0.0 0.0 0.0 
6.046Z62"-07 0.0 1.209190E-06 0.0 0.0 0.0 

38 G 3.330474E-03 0.0 7.377120E-01 0.0 0.0 0.0 
4.062583-07 0.0 1.084350E-06 0.0 0.0 0.0 

G39 2.999298E-03 0.0 6.267717E-01 0.0 0.0 0.0 
2.553075F-07 0.0 9.471724E-07 0.0 0.0 0.0 

40 G 2.428752E-03 0.0 5.051230E-01 D.0 0.0 0.0 
1.4417555-07 0.0 7.947182E-07 0.0 0.0 0.0 

441 G 1.675395E-03 0.0 3.774077t-V1 0.0 0.0 0.0 
6.749576E-08 0.0 6.Z455632-07 0.0 0.0 0.0 

42 G 8.615635c-04 0.0 2.482598E-01 0.0 0.0 0.0 
2.076525Z-08 0.0 4.352262E-07 0.0 0.0 0.0 

43 G 2.602155E-04 0.0 1.213872E-01 0.0 .0 0.0 
-3.023306E-10 0.0 2.266545E-07 0.0 0.0 0.0 

44 G 0.0 0.0 0.0 0.0 0.0 0.0 
0.0 0.0 0.0 0.0 0.0 0.0 

- 45 G 8.!91620E-04 0.0 9.708875E-01 0.0 0.0 0.0 
1.963525C-06 0.0 2.654735E-06 0.0 0.0 0.0 

46 G 1.449163E-03 0.0 9.525841E-01 0.0 0.0 0.0 
1.409411C-06 0.0 2.556211U-06 0.0 0.0 0.0 

47 G 1.858214E-03 0.0 9.039427E-01 0.0 0.0 0.0 
1.009693'-06 0.0 2.404514E-06 0.0 0.0 0.0 

48 0 2.026225E-03 0.0 8.3038791-01 0.0 0.0 0.0 
7.073825C-07 0.0 2.205611E-06 0.0 0.0 0.0 
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=.COMPLEX EIGENVALUE 

.... 

# -4.299365[ 01, 2.4381042 
C 0 M P L E X 

_ _ 

02 
E I G E N V E : T 0 R 

_ %REAL/JMAGINARY< 

NO. I 

POINT ID. TYPE TI T2 T3 RI RZ R3 

______.49 G 1.962661E-03 

4.752676E-07 
0.0 

0.0 
7.367498E-01 

1.965017E-06 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 

-50 0 

___C__ 

706332E-03 

?,(RA,')fIhU- 07 
0.0 

0,0 
6.276-329-01 

1_______.e111,4 111C-0 

0.0 

0).0 
0.0 

0.0 
0.0 

00 
---- 51 G 1.306009E-03 

1.687405:-07 
0.0 

0.0 
5.074988E-01 

1.3823002-06 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 

5C G 8.366492E-04 
7.9066q2E-08 

0.0 
0.0 

3.807095E-01 
1.053110E-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

53 G 4.086204c-04 
2.438256E-08 

0.0 
0.0 

2.513349E701 
7.07946 E-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

S1.075936-04 
-2.8434902-10 

0.0 
0.0 

I.232286E-01 
3.542937E-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

W i 
..... 55-

56 

G 

G 

0.0 

0.0 

-3.939645S-06 
2.060445i-06 

0.0 

0.0 
0.0 

0.0 

0.0 

9.680140E-01 
3.864448E-06 

0.0 

0.0 

0.0 
0.0 

0.0 
0 .0 

0.0 
0.0 

0.0 
. 0 

0.0 
0.0 

57 G -2.825185[-06 
1.477583E-06 

0.0 
0.0 

9.500389E-_01 
3.792674E-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

58 G -2.020747E-06 
,.1.056863-06 

0.0 
0.0 

9.0204682-01 
4.601053E-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

59 ----- G_____.. I ._ZA95E0_.. 
7.387416F-07 0.0 

829383Ef_.O.O 
3.310635E-06 0.0 

0.0 
0.0 

0,O 
0.0 

60 0 -9.461.629E-07 
4.948533c-07 

0.0 
0.0 

7.3648962-01 
2.940058E-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

3.098906E-07 0.0 2.507265E-06 0.0 0.0 0.0 

62 G -3.3329332-07 
1.7431842-07 

0.0 
0.0 

5.084775E-OL 
2.029777[-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

_ _.63_ -1. 552484E-07 
8.119872&-08 

0.0 
0.0 

3.83S!5-1O____ 0.9 
1.5243802-06 0.0 0.0 

0.0 
0.0 

64 0 -4.728210F---08 
2.473050F-08 

0.0 
0.0 

2.523409E-01 
1.007290E-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 
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__ COMPLEXFIGENVALUE 9 -4.299365E 01o, 2.438104E 02 
C O M P L E X E I G b N V t C T 0 R 

ViEAL/IMAGINARY' 
NO. 1 

- "DINt ID), IYet T fU fI2 f.. 

-.--. 65 G 1.0390092-09 
-5.427849E-10 

0.0 
0.0 

1.237865E-0. 
4.941268E-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

66 G 0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

____ 67 G -8.2565e204 
1.9569826-06 

0.0 
0.0 

9.70 8a E-92LO.0 
5.09709dE-06 U.0 

0.0 
0.0 

0.0 
0.0 

__ -- -(37G; - 15- 33 o2-o61 
1.397832,"06 

0 .0 
0.0 

9.5257932-0I 
5.049449L-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

69 G _ -1,862047-03 
9.948490E-07 

0.0 
0.0 

9,039381E-01-
4.812719E-06 

0.0 
0.0 

0.0 
0.0 

00.0 
0.0 

70 . -2.028900C-03 
6.911.993'-07 

0.0 
0.0 

8.303837E-01 
4.424269E-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

71 G -1.964449t-03 
4.595932E-07 

0.0 
0.0 

7.36746tE-0I 
3.917166-06 

0.0 
0.0 

q. 
0.0 

O. 
0.0 

-72 G -1.707455-03 
2.850667E-07 

0.0 
0.0 

6.276297E-01 
3.322441E-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

... .... 73 G -1.306714E-03 
1.533102E-07 

0.0 
0.0 

5.074964E-01 
2.669432E-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

-. 74- -8.369389L-04 
7.23853flE-03 

0.0 
0.0 

3.807077E-01 
1.986332E-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

.. 75 G0 -4.0891 63E- 04 
2.111750c-08 

0.0 
0.0 

2.5 q38-
1.298597L-06 

0.0 
0.0 

0_.0 
0.0 

0.0 
0.0 

76 G -1.0759082-04 
-1.14368qF-09 

0.0 
0.0 

1.232281E-01 
6.295029C-07 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

-. 77 G 0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

78 0 -1.15541E-03 
1.672905E-06 

0.0 
0.0 

9.794773C-01 
6.266179E-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

79 G -2.399936E-03 
1.1866062-06 

0.0 
0.0 

9.597895E-01 
6.226535E-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

____8. 

80 0 -31 351-03 
182435E-07 

0.0 
0.0 

9309182-01 
5.933413[-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 
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CO"4PLEX hIGENVALUE II-4.299365e 01, 2.438104E 02 
C 0 M P L E X E I G E N V E C T 0 R 

%REAL/IMAGINARY< 
N3. 1 

POINT I. TYPE 


... ... 8 __ G 

82 G 


00 83 G 

I 


84 0 

85 G 


tj 86 G 

.. . 0... 

bJ-

I 8 G0.0 


0 

89 0 

90 G 

.. .... 91 G 

92 0 

93 G 

94 G 

95 -G 

96 

TI T2 T3 Ri R2 R3 

-3.398121E-03 0.0 8.333347E-01 0.0 0.0 0.0 
5.776104:-07 0.0 5.444286ZE-06 0.0 0.0 0.0 

-3.331977E-03 0.0 7.377049E-01 0.0 0.0 0.0 
3. 796906F-07 0.0 4.805522E-06 0.0 0.0 0.0 

-3.000228E-03 0.0 6.267658BE-01 0.0 0.0 0.0 
2. 313700E-07 0.0 4.056881E-06 0.0 0.0 0.0 

-2.429266-03 0.0 5.051183E-01 0.0 0.0 0.0 
1.247898c-07 0.0 3.238052E-06 0.0 0.0 0.0 

-1.675627c-03 0.0 3.774043L-01 0.0 0.0 0.0" 
5.412210F.-08 0.0 2.388529E-06 0.0 0.0 0.0 

-8.616298E-04 0.0 2.482576E-01 0.0 0.0 0.0 
1.388743.-08 0.0 1.546768E-06 0.0 0.0 0.0 

9 =2. 0 }06L=0 0. . ... ],2 I 06i(3C-01 0.0 0.0 0.0 

.3197 819E'09 -'0.0 7 424t39 7-7 0 o.0 0.0 0 0 

0.0 0.0 0.00 00 0 
0.0 0.0 0.0 0.0 0.0 0.0 

3. ?4246E-0O3 0.0 9.y2 A4_E-Q._00 Q.0 0.0 
1.293364E-06 0.0 7.279742E-06 0.0 0.0 0;0 

1.045843E-03 0.0 9.6873IOE-01 0.0 * 0.0 0.0 
9.155754F-07 0.0 7.209034E-06 0.0 0.0 0.0 

3.•64T 6791._- Q 0.0 9,h L49Q35LzT0 L_. O, 0 0.0 0.0 
6.495297E-07 0.0 6.851943E-06 0.0 0.0 0.0 

-5.943561.-04 0.0 8.372515E-01 0.0 0.0 0.0 
4.4966092-07 0.0 6.2800451-06 0.0 0.0 0.0 

-1.021113 -03 0.0 7.399248[-01 0.0 0.0 0.0 
2.965974E-07 0.0 5.534296E-06 0.0 0.0 0.0 

-1.292510E-03 0.0 6.273159E-01 0.0 0.0 0.0 
1.805830F-07 0.0 4.659594E-06 0.0 0.0 0.0 

-1.399283C-0 3 
9.607572-0S 

0.0 
0.0 

5.0394282-01 
3.702295E-06 

Q.0 
0.0 

0,0 ___ 
0.0 

0.0
0.0 

0-2896835-030.0 3.745281E-01 0.0 0.0 0.0 
3.948328E-08 0.0 2.710136E-06 0.0 0.0 0.0 
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C0 4OP LEX E!IGFN VALUE- 0 -4.299.365E 0 1,.- 2.438104E2 02 ______-

C O M P L E X E I G E N V E : T 0 R NO. I 
%REAL/IMAGINARY< 

POINT ID. TYPE TI T2 T3 RI R2 R3 

97 G -8.899940E-04 0.0 2.44056LE-01 0.0 0.0 0.0 
7.942024E-09 0.0 1.731771E-06 0.0 0.0 0.0 

98 G -22198826E04 - 0.0 1.184142E-01 0.0 0.0 0.0 
-2.124421E-09 0.0 8.208930E-07 0.0 0.0 0.0 

G99 0.0 0.0 0.0 0.0 0.0 0.0 
0.0 0.0 0.0 0.0 0.0 0.0 

G000 2.562455E-02 0.0 9.999847E-01 0.0 0.0 0.0 
1.0374402-06 0.0 7.984262E-06 0.0 0.0 O.0 

101 .... :'... Im I%02ll-O(L0.0 _____ 9.7091t23-Q1 0.0 (_____.0 ________0.0 ________ 

1.709')M1-07 0.0 7.859415E-06 0.0 0.0 0.0 

102 1.8153232-02 0.0 9.173859E-01 0o0 0.0 0.0 
5.761815E-07 0.0 7.487722t-06 0.0 0.0 0.0 

103 1.550989F-02 0.0 8.405455 -01 0.0 0.0 0.0 
4.256486'i-07 0.0 6.877421E-06 0.0 0.0 0.0 

104 G 1.298229E-02 0.0 T.444139E-01 0.0 0.0 0.0 

3.0560705-07 0.0 6.075591E-06 0.0 0.0 0.0 

105 G 1.033797E-02 0.0 6.330148E-01 0.0 0.0 0.0 
2,0q3P42P-07 0.0 5.129852E-06 0.0 0.0 0.0 

106 7.501367E-03 0.0 5.104108L-01 0.0 0.0 0.0 

1.298604E-07 0.0 4.088665E-06 0.0 0.0 0.0 

107 .G__ 4.560426C-03 0.0 3.807074E01 0.0 0.0 0.0 
6.821460E-08 0.0 3.000698C-06 0.0 0.0 0.0 

... 108.... 1 b -03 00 .481658i-01 0.0 0.0 0.0 
2.357728E-08 0.0 1.914841E-06 0.0 0.0 0.0 

1.109 G -7.490840t-05 0.0 1.1745176-01 0.0 0.0 0.0 
-1.109870E-09 0.0 8.81127bU07. 0.0 0.0 0.0 

. .£I61G 0.0 0.0 0 0.0 
0.0 0.0 0.0 0.0 0.0 0.0 

ILI G I.Zt 89Z9-o 0.0 9.805125L-01 0.0 0.0 0.0 
1.620439E-06 0.0 8.149491E-06 0.0 0.0 0.0 

.12 G 1.008025E-01 0.0 9.631476E-01 0.0 0.0 0.0 
1.281400E-06 0.0 8.202421E-06 0.0 0.0 0.0 
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COMPLEX EIGENVALUS f -4.299365E 01, 2.438104E 02 
C O M P L E X E I G E N V E C T 0 R NO. I 

TREAL/IMAcINARY< 

POINT 10. TYPE TI T2 T3 PRi R2 R3 

113 G 8.555585E-02 
1.030063F-06 

0.0 
0.0 

9.144474E-01 
7.869553L-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

114 G 7. 362384E-02 
8.355046!-07 

0.0 
0.0 

8.434644E-01 
7.2801542-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

115 ........ G 6.309545E-02.T4l'(,279ft----1i 0.00.0 7.545364E-016.4941032-O6 0.00.0 0.00.0 0.00.0 

0 
11 0 G 5.282794C-02 

5.326319Z-07 
0.0 
0.0 

6.511770E-01 
5.559921E-06 

0.0 
0.0 

0-0 
0.0 

0.0 
0.0 

117 
-

G 4.217869F-02 
4.02672P-07 

0.0 
0.0 

5.365651E-01 
4.522720-06 

0.0 
o.0 

0.0 
D.0 

0.0 
0.0 

-- 0G 3.089698 -02 
2.805867E-07 

0.0 
0.0 

4.135290E-01 
3.424676E-06 

0.0' 
0.0 

0.0 
0.0 

0.0 
0.0 

119 G 1.9150732-02 
1.662643E-07 

0.0 
0.0 

2.841530E-01 
2.301465E-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

120 G 7.735681F-03 
6.4541212-08 

0.0 
0.0 

1.488102E-01 
1.174074E-06 

0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

____G__ _- 0.0 
0.0 

0.0 
0.0 

0.0 
0.0 

00 
0.0 

0,0 
0.0 

0.0 
0.0 
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TITLE: SRB Segment Test Requirements 

1.0 	PURPOSE 

The purpose of conducting tests on segments of the SRB is to evaluate 
the analysis of prcpellant modes. 

2.0 	OBJECTIVE 

The objective of tLe segment tests is to determine the resonant frequencies, 
deflection responses, mode shapes and stress distribution in the first two 
longitudinal axisyr--netric thickness shear modes at several burn times. 

3.0 	 TEST SPECIMEN REQUIREMENTS 

The test segment shall be fabricated from a typical motor segment case. 
The dynamic properties -of the propellant shall be identical to the SRB 
operational propellant. Grain design including liner and flap design shall 
be representative of actual SRB flight hardware at a forward segment 
representative of thae smallest bare diameter. 

The length of the segment shall be approximately 300 inch. If SRB 
operational segment length is less than 300 inch, it shall determine the 
length of the test segment. 

The propellant shall be configured to several different bore diameters repre 
sentative of motor segment conditions or burn times as follows: 

1) 	 Preignition 

2) 	 Fundamental acoustic combustion resonance equal to fundamental 
longitudinal shear 

3) 	 A bore diameter which yields the highest strains (See Section 4. 4. 3) 

4.0 	 TEST ENVIRONVENT 

The vibratory exci:ation shall be sinusoidal sweep. The test frequency 
range shall be 10 to 50 Hertz. The sweep rate shall be one octave per 
minute. 
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Vibratory excitation forces shall be applied longitudinally to the motor 
segment case at the fore and aft interface. The forces shall be uni
formily distributed at the case/exciter interface. The net force at each 
interface shall be equal in magnitude, in phase and sufficient to cause 
(1) a ig peak sinusoidal acceleration and (2) an excitation equal to the 
maximum expected levels at the interfaces for each burn time. 

The test segment shall be maintained at a uniform ambient temperature 
for a sufficient time prior to starting test so that a uniform temperature 
through-out the segment is obtained. This same ambient temperature 
shall be maintained during the test. 

5.0 INSTRUMENTATION 

Test input and response vibration levels shall be measured with accelero
meters. A sufficient number of accelerometers shall be placed on the 
fore and aft motor case interfaces to monitor the motion. Accelerometers 
shall also be attached to the surface and embedded within the propellant 
to evaluate the fundamental mode shape through-out a cross-section formed 
by the longitudinal axis and radius vector. Measurements shall be made at 
grid points formed by radii and longitudinal lines within the plane. 

Strain gage measurements shall be made at the same grid point measure
ments defined for accelerometers so that the strain distribution can be 
evaluated. 

6.0 DATE REQUIREMENTS 

Data shall be taken during each test to insure that frequency response, 
mode shapes, acceleration and strain levels can be evaluated. 
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Referencas and Bibliography 

The bibliography consists of two sections. Section I contains those 
references which were found to be very useful. These references are 
abstracted for future reference. Section 2 contains those references which 
were used, but not considered as applicable as the references in Section 1. 

Section 1. 

I.Achenbach, J. D. : "Axial Shear Vibrations of a Cylinder of 
Decreasing Thickness, " AIAA Journal, Vol. 4, No. 7, pp. 1233-1240, 
July 1966. 

This paper presents an analytical study of the axial shear vibrations 
of a long hollow cylinder that is subjected to time-dependent body 
forces in the axial direction. The outer surface of the cylinder is 
bonded to a rigid case, and the inner radius increases monotonically 

with time. An expression is determined for the shear stress at the 
bond interface. It is shown that the instantaneous frequency of the 
shear bond stress increases, anid that its amplitude decreases toward 
burnout time. The axial shear vibrations of an ablating viscoelastic 
cylinder are discussed briefly . 

2 Anon. : "Final Report Frequency Investigation of the TU-l22-1511. 11 

Minuteman Motor, " TR Thiokol Chemical Corporation. 

This report investigates the incut to the first stage Minuteman motor 
during transportation. The critical speed was determined for traversing 
road course with different height boards. 

3.Anon. : "Final Report Resonance Search and Response Test Stage 1 
Minuteman Motor with Embedded Instrunentation (TU-IZ2-1834. 1062, TTM 009), 
TR Thiokol Chemical Corporation. 

4 .Anon: "Final Report Resonace Search Stage I Minuteman Motor 
(TU-122-1834. 633; TTM-010)" TIR Thiokol Chemical Corporation. 

These test reports identified the resonant frequencies of the first stage 
Minuteman motor which could he excited during transportation and 
handling. The frequencies ident iied were the coupled thickn.ess shear 
mode, the lobar mode, and lateral bendilg modes. Also identified 
were the resonant frequencies oi the dome and nozzle. Responses were 
measured at the various resonances with embedded instrumentation. 
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5. Anon. : "Ground Dynamic Tests (WS-133A)", Test No. T2-1704, 
Boeing Airplane Company, Seattle, Washington, January 1961. 

Tests were conducted on a full-scale Minuteman missile, containing 
inert propellant, to determine structural dynamic characteristics 
of the airborne vehicle. 

Objectives of the Test were: 

1. 	 To define modal characteristics (frequencies, mode shapes 
and damping); 

2. 	 To obtain slope measurements at anticipated flight control 
sensor locations; 

3. 	 To monitor auxiliary equipment resonances; 

4. 	 To measure the missile's response to a lateral thrust component, 
simulated by a sinusoidal force applied at the nozzle hinge. 

6. Baltrukonis, J. H. and Gottenberg, W. G. : "Thickness-Shear 

Vibrations of Circular Bars, " Space Technology Laboratories, Inc. Report 
No. GM-TR-0165-00518, Nov. 1958. 

Exact general solutions of the three-dimensional elasticity 
equations of motion in polar cylindrical coordinates are obtained 
for axisymnretric and antisyrnmetric thickness-shear vibrations. 
These solutions are applied in solving five solid and hollow circular 
bar 	problems. Natural frequencies are tabulated and mode shapes 
are 	plotted. 

7. Baltrukonis, J. H. : "A Survey of Structural Dynamics of Solid 

Propellant Rocket Motors, " NASA CR-658, Dec. 1966. 

In the paper a survey of the dynamic problems of solid propellant 
rocket motors is presented starting from the simplest model thereof 
and proceeding, step-by-step, to the consideration of more sophisti
cated and realistic models. The consideration is restricted to 
infinitesimal deformations of propellant grains with linear mechanical 
properties. Substantial progress has been achieved towards the 
solution of many important dynamical problems. Pertinent develop
ments are summarized and indications are made along which lines 
future study should proceed. A few illustrative solutions are 
included in areas wherein progress has been substantial. 
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8 "Baltrukonis, J. H. , Gottenberg, W. G.; and Schreiner, R. N. : 
"Axial-Shear Vibrations of an Infinitely Lcng Composite Circular Cylinder," 
3. Soc. No. pp.J Acoust. AM., Vol. 33, 11, Nov. 1961, 1447-1457. 

Exact general solutions of the three-dirnensional elasticity equations 
of motion in polar cylindrical coorci-nates are written for axisymmetric 
axial-shear vibrations. The freacency equation follows immediately 
from the boundary conditions for the problem of the infinitely long, 
composite cylinder with two conce-tric circular-cylindrical layers 
which are perfectly bonded at their interface. The branches of the 
frequency equation are plotted and analyzed. The conditions are 
pointed out under which it is possiblJe to obtain reasonably accurate 
estimates of the natural frequencies by assuming that the motions 
of the casing and core are uncoupled. 

9.Beyer, E.B. : "Nonlinear Mechanical Behavior of Solid Propellants, " 
AIAA Paper No. 65-159. 

The mechanical response of standard solid propellants was studied 
by extensive analysis of data measz-red under conditions of constant 
strain rate. constant strain, and d-ramic shear strain. Nonlinear 
viscoelasticity has been found to occur when propellant samples are 
strained beyond a few tenths of one percent by tensile test methods 
currently used by most investigators. Studies conducted over a wide 
range of strain rates (107 to 10 ni-n" 1) indicate that nonlinearity can 
occur (1) by loss of reinforcement due to dewetting and (2) by the 
"Mullins Effect" in a matrix with chLemical adhesive bonding between 
binder and filler. In case (1) dewetzing was observed to depend only 
on the applied stress and the temperature. The linear viscoelastic 
response obtained from small conszant strain rate and dynamic data 
differed from the constant strain (2 zo 5 percent) stress-relaxation 
modulus by as much as an order of--nagnitude. At very low strain rates 
equilibrium behavior was obtained =p to strains as high as 7 percent. 
The time and temperature dependence of both the reinforced and non
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