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The objective of this study was te theoretically examine the open-
loop combusticn response of monepropellant droplets and sprays to im-
posed pressure oscilrations. The theoretical model is an extension of
an earlier response model developed for one-dimensienal liquid monopro-
pellant strand combustion. The theoretical appreach employed pertur-
bation analysis through first order, yielding linear response results.

The major azsumptions of the analysis were: a one-step, irrevers-
ible gas phase reaction; phase equilibrium at the liquid surface; con-
stant liquid phase physical properties; variable gas phase physical
properties; and neglipgible forced convection. The latter assumption
is known te bs valid at high reactivities, where the reaction zone is
close to the liquid surface. Transient 1iquid phase analysis was
coupled wich bath transient and quasi-steady gas phase models. The
calculations emphasized the quasi-steady gas phase case, since un-
steady gas phase effects largely became important at frequencies
greater than the most probable frequency range for cembustion insta-
bility. The calculations were conducted using preperties correspend-
ing to hydrazine decompssition.

The results of the study may bé summarized as follows:

STEADY COMBUSTION

1, The zero-order or ste.dy state caleculations gave predictiens
in good agreement with earlier measurements of liquid surface tempera-
tures and dreplet burning rates in combustion gases, for hydrazine.

2. Small droplets esséntially evaporate with Iittle reaction
effects while large dreps (about twe erders of magnitude larger) burn
with surface mass fluxes equivalent tc liquid strands. A simple ap~
proximate formula was developed which estimates burning rates for all
gizes with maximum errors oén the order of LOY,

DROPLET RESPONSE

1. Small dreps give low or negative response at all freguencies.

2, Large drcps previde a respomse mnear urity at low frequenciess.
Resporse declines zt frequencies somewhat in axecess of the cluaracter-
istiz frequenmey of the liquid phase thermal wave. - Tf tempeérature
gradients of sufficisnt magnitude are preseant in the liquid phase,
this decline is precssded by a respense peak in excess of unity.

3. 1If @ response peak occurs at liquid phase thermal wave fre-
quencies, it is associlated with a frequency regime where the surface
temperature ogcillatien leads the pressure oscillatien. At higher
frequencies the temperature escillation lags the pressure eoscillation,
and this behavier is associated with deelining response.



4. Large drops have a second response peak of order unity at
. frequencies associated with the gas phase rhermal wave; however, the
: frequency range of this peak is generally higher than frequencies
asseoclated with combustion instability.

A
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i
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‘ SPRAY RESPONSE

1. The total response of a menodisperse injected spray is Tless
than the response of the initial droplet size; although the frequency
range of ressponse peaking is similar. -

2, For a pelydisperse injected spray, the response depends
strengly en the spray distribution. BEved a low percentage of large
: droplets can yield an appreciable response, due to their lung life-
- time and high response.

3. At high préssures and low frequencies in the range asseoclated
with combustion instability, droplet lifetimes approach the cycle
périod for drop sizes of techmeological impertance., The response
asseciated with the lifetime was neot considered in this investigation,
and deserves further study, '
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CHAPTER I

INTRODUCTION
1.1 General Statement of the Problem

The phenomenon of rocket combustion instability is the direct
result of the coupling between the cembustion and fluid dynamies of
the overall combustien system. This coupling enables oscillatery
energy from the combustion Process te sustain these instabilities.
The eseillatiens will decay only by decreasing the eoupling mechanism
or by insuring the damping process, either natural or man—made has
sufficient magnitude to dissipate the supplied osc1lletory energy at
a faster rate than it is produced.

Almost every rocket engine development pregram has encountered
combustion instabilities in one,.form or other; thus, uﬁd'ere-tending .this
phenomena is of major importance. These escillations, which have
frequencieé in the range of SOOMSDOOOIHz.[l],-are_eepa%le of
pProducing vibraticns, dincreased heat transfer rates, decreasad
performance, uncontrolled impulses, and variations in the thrust
vectors of rocket combustion chambers [l] since rockets often
carry humans and/or expensive and very semsitiyg equipment, the
understanding and prevention of these destructive:eseillations are of
utinogt concern,

Instabllltles can be initiated 5pontaneeusly frem the inherent

nolse in rhe nombustian and mechanlcal proeesses or they can be

activated by a finite disturbance such as a chamber pressure

fluctuatlon or an explosion of accumulated propellants [1].
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Combustion instabilities can be suppressed by the use of
acoustie liners, Helwholtz reasonaters, baffles, other damping
devices, or by the redesign of the combustien chamber, in order to
eliminate resonant modes., The only true test of the stability of a
rocket engine, however, is frem an actual test firing. This further
underscores thg impertance of understanding the coupling mechanism
between the combustion process and the fluid dynamies.

The objective of the present study is to investigate one
aspect of the combustion instability problem, namely, the response of a
burping liquid monepropellant to impesed.pressure oscillations. The
iresponcse of a single droplet is considered first, folleowed by an
estimatian af fhe response of an entire spray. .

Hydrazine is selected as the monepropellant fuel in this study,

' since the hydrazine family of Ffuels are eXtemsively used in today's

space rocket programs. For example, the Apoelle command module
thruster and the lunér ascent and descent engines use hydrazine
fuels. The major emphasis of this study comcerms the theoretical
analysis of hydrazine.droplet combustion aﬁd burning rate response to

fluctuations in pressure.

1.2 Previocus Relzted Studies

-Consideration of pr&vioué work is divided inte three categories;
liquid moneptcpellant droplet combustion, quasi-steady menopropellant

spray combustion, amd oscillatery combustion.

1.2.1 Monopropellant Droplet Combustion,. A detailed summary ef

experimental hydrazine droplet and strand (large drop limit) combustion

. has been presented by Allisen [2, 3].

 REPRODUCIBILITY OF THE
 QRIGINAL PAGE IS POOR.
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Fendell [4] obtained a closed form analytical solution for the
burning of monopropellants in an inert atmosphere at the zero
activation energy limit,

Williams [5] restricted his approach to adiabatic burning with
a low Teactien rate and a one-step overall reaction. He developed an
analytical solution for small drops having low chemical reaction
rates and large activation energiea., His analysis_is limited by the
adiabatic and low reaction rate agsumptions.

Spalding and Jain [6], Jain [7], Tarifa [8], and Allison and
Faeth [9] have investigated monepropellant droplet combustion using
the thin flame approximations. Spalding and Jain [6] and Jain [7]
used the thin flame approximation in order to obtain anr analytical
solution for monopropellant:droplet burning rates, The energy
release of the decom@osition reaction is assumed to oceur in a thin
shell at some distance from the drop. The reaction rate dependence
on temperature is quite strong for large activatien energles, and
the flame éurface is located where the unreacted gas flows inte the
thin shell at the laminar burning velocity of the mixture, Spalding
and Jain.[6] were sble tc estimate the droplet burning rate as a
function of the lamimar flame speed, which is known from experiment,
for adisbatiec combustion.

Tarifa [8] assumed an Arrhenius glebal reaction rate in a
flame zome of finite thickness, and obtained an analytiecal solutisn
for monoproPBIlant combustion in an atmosphere of inert gases. Allison
and Faeth [9] used Spadling's [6] thim flame approximatien in order to
relate flame position to the laminar burning Velocityg An Arrhemius

correlation with two adjustable pParameters was used to approximate the
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laminar burning velocity. Allison and Faeth [9] also obtained
experimental droplet burning rate resulis which compare favorably
with results obtained in the present study.

Lotell and Wise [10)] comsidered the case of a singlé,

unimolecular overall reaction with no backward reaction. A two point

" boundary value problem was numerically soived in order to find the

burning rate eigenvalue,

Later work by Allison and Faeth [11] employed one-step
kinetics to describe the combustion of s ligquid hydrazine strand,
The 5teady state conservation equations were integrated numerically,
using an asymptotic expansion to formally satisfy the boundary
conditions at large distances from fhe liquid surface. This procedure
does npot invelve amy approximate mathematical treatment of the
combustion process, and since it minimizes uncertainties in the model,

this approach was employed in the present study.

1.2,2 Quasi-Steady Monopropellant Spray Combustion. The

problem of combustion instability is very complicsted and contains
many varisbles., There are several analiytical methods to describe
combustion imstabilities in conbustiscn chambers; hewever, they are
severely limited to idealized problems, and almost none have been
applied to the monopropellant case. A review of the current 1itefatuie
on this subject can be found in Reference [1].

Ihe present theorétical study uses a one.dimensional,.spray
combustion model. This model considers several drop size groups, in

order to simulate agtual spray characteristigs. The response

VLT Al



contribution from each of these groups is summed to obtain the overall

Spray response,

1.2.3 Oscillatory Combustion. A description of much of the

availgble literature on combustion instability is given in Reference
[1]. The present summary primarily considers liquid burning rate
response to impesed pressure oscillations.

Croece [12, 13, 14] uses the sensitiﬁe time lag theery im which
a time lag exisis between the time a fuel p.'articl_;e is injected inte
the combustion chamber and the time it is burned to form the final
combustion products. With this approach, the combustion-gas dynamic
coupling process is not explicitly considered, and the time lag
can only be fouﬁd from experimental observations.

Priem {15, 16, 17] realized that the thermal energy and the gas
release vates are of utmest importance in aﬁélyzing the.combustion
process, and he numerically solved the gas dynamic equations for the
combustion chamber to determine these factoré, Fluétua-tins in the
surrounding gaseous flow field and the umsteady burning rate response
of the droplets, which is the source term in the gas dymamic equations,
were alsoe investigated by Friem.

Williamé t18] and Strahie [19, 20] used a bipropellant fuel.
and assumed the Burke—Schumaﬁn thin diffusion flame medel in the.
leading edge Soundary layer of the burning dreplet. The droplet was
subjected to longitudinal standing wave fluctuations.while the
liguid temperatures were assumed to be constant. The response curves,
which depend on frequency, were flat with a peak at extremely high
frequencles. The difficulty with this analysis arises from the fact -

REPRODUCIBILITY OF THE
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that liquid temperatures are net constant for oscillatery combustion,
even at low frequencies, while the gas phase can be concidered to be
quasi-steady except at very high frequencies and pressures [21].

Heidmann and Wieber [22] also investigated bipropellant
droplets, assuming that at each point in time, the gas phase
combustion rate equalled the vaporization rate of the liquid fuel,
This is not a good assumptien at high frequencies where gas phase
transient effects become important. However, they did find response
pesks for gquasi-steady drops.

In the bipropellant analysis of T'ien and Sirignane [23], the
gas phase was ccnsidered to be quasi-steady with respect to the
liquid phase at low frequencies. The peaks in the response function
were caused by the liquid phase thermal lag; however, the response
Was not large enough ko provide a mechanism for instability. While
the liquid phase thermal wave does not give sufficient peaks for
bipropellants, this may not be the case foi monopropellants, which
were not comsidared in Reference [23].

Allison and Faeth [11] used a monopropellant hydrazine strand
model, similar to a model used by T'ien [24] for a solid propellant
response sﬁudyc They assumed low pressufe phase equilibrium ztthe
liguid sﬁrface, unsteady 1iquid phase, and both gquasi-steady and
'unstéadj gas.phasep' The liquid phase thermal wave for strand
combustion yielded peake capable of causing instabilicty. Liquid fuel
response was measured at ffequencies representative of the responée
of the liquid phase thermal wave, Agreement between theory and
experiment regardiﬁg-both the magnitude and phase lag of the combustion

respcnse was found to be good. The next logical step in this analysis
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would be the investigation of oscillatory combustion of droplets.

The present study seeks o complete this extension.

1.3 Specific Statement of the Problem

The déﬁelopment of 2 mathematical model of oscillatory
combustion ef liquid meneprepellant droplets is of significant value
due to the application of these propellants in actual rocket engines.

Very few, if any, experimental studies of nonsteady liquid
droplef combustion have been conducted, The past procedure has been
te obtain pressure-iime data from actual rocket engine tests and then
attempt to deduce burning rate respomse, |

Allison and Faeth [11] studied steady and unsteady burning
of liquid strands of hydrazine, zand were able to obtain very good
agreement between experiment and theory, These one-dimensional
strands approximate the large drop limit, since the curvature effect
of a laxge spherical drop is negligible.

The present study will extend the work of Aliison and Faeth
[9, 11] to derive a mathematical model for unsteady oscillavory droplet
burning. The large drop values will bz zompared with the one-
dimensional strand burning results of Allison and Faeth [11]. The
forcing function will be the gas phase pressure osciliations, and
the burning rate or open-loop response will be examined.

Thus, the specific objectives of the present study are:

1. Develop a mathematical medel for the burning of a liquid

monopropeliant droplet for both steady state aﬁd ogecillatory

pressure conditions.



Theoretically investigate the steady state droplet burning
for both wet and non-wet bulb conditions, and compare the
results with available measurements,

Investigate the theoretical burning rate response for

wet and non-wet bulb conditions.

Develop a mathematical model for one-dimensional, quasi-
steady spray combustion, and calculate the overal spray
combustion response for hoth wet and non-wet bulb

conditions.
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CHAPTER. II

THEORETICAL CONSIDERATIONS

2.1 General Model and Assumptions

The theoretical model under consideration involves a droplet
that is burning in the absence of convection, yielding a spherically
symmetric flow field. While convection is important under actual
combustion chamber conditions, there is evidence to indicate that
the region where the droplet has a low (or zere) relative velocity
with respect to the avbient gas, is a very critical zone in
determining combustion instability characteristics [l]. For simple
evaporation without decomposition, the response due to velocity
effects has been found to be quite low [23], In addition, the
decomposition process near the dreplet surface reduces the influesnce
of convection over a fairly wide range of conditioms [251, [26].
This occurs since convection omly affects the process wheéen the outer
edge of the flow field interacts with the reaction zone, a situation
that is limited to very weak reactivity er very high Reynolds
numbers. Therefore, neglecting cenvection for monoprepellant droplets
puts fewer limitations om the practicality of the calculations, than
would be the case for bipropellants.

Similar to earlier response studies [11], [23], the ambiwnt

- pressure is assumed to be oscillating with a wavelength that is long

in eomparison to the dimensions of the combustion field of the
droplet. The period of oscillation, however, is assumed to be short

in comparison to the tctal droplet lifetime so that consideration does

B
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not have to be given to large changes in the position of the surface
during a pressure oscillation. This assumption allows the analysis
to proceed while only examining oscillatory solutions. The frequency
regime where this assumption breaks down will be discussed later.

Since the combustion rate of monopropellant droplets is much
higher than bipropellants, the usual assumption of a constant 1liquid
phase temperature (in the zerc order) is less valid than for
bipropellants. Thecefore, the presence of mean liquid phase
temperature gradienis must be considered in the analysis. Also,
examination of constant mean temperatures will be made, in order
to include the conventional steady combustion model, by equating the
bulk liquid temperature to the wet bulb temperature at a given
pressure.

A sketch of the theoretical model is shown in Figure 1., The
process is examined at an instant of time when the droplet radius is
ts*a Formally, this radius is taken te be fixed so that the mass
flux of fﬁel is time varying. This actually corresponds to porous
sphere cowmbustion; however, the two cases are equivalent as long as
the density in the liquid phase is large cempared to that of the gas
phase; and the peribd of osﬁillation is smail in comparison to the
lifetime of the droplet [27). When this is true, the motion of the
surface with respect to the mean surface position is negligible and
can be ignored. Exceptions to this assumption arise near the critical
peint and the present analysis is not valid in this regime. The
response portien of the analysis is invalid at frequencies having an

oscillation pexriod comparable te the lifetime of the droplet.
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In the true model of monopropellant droplet combustien, the
radius is net constant, but decreases with time, while mf* is zero.

. Also, as the droplet becomes smaller due to gasifiecation, the

temperature throughout the dreplet temds to approach the surfacé or

: wet bulb temperature.

F&r generaiity, gas phase transient effects are included in

: the model. The effect of variable preoperties 1s also iancluded, so

; that the model is equlvalent to the earliér strand cembustien analysis

' [111.

The remaining assumptieons of the.analysis are siﬁilar te these

of Reference [11]. They are as follows:

1. The process is spheriecally symmetrie with a Mach number
less than unity and negligible body forces. Inertial and
viscous terms in the momentum equation are meglected.

- . 2. The reaction progess 1s premixed and laminar. A cene-step,
irreversible chemical reaction takes plaee in the gas
phase and any time lags associated with the chemical
reaction itself are megligible, i.e., the chemical reactioen
is locally quasi=steady and obeys an Arrheuius equation,
Chemical reaction is neglected ir the liquid phase.

3, Radiation heat transfer is neglected.
4. The gas phase 1s taken to be an ideal gas and the Lewis
number is assumed te be upity.

. 5. All gas diffusion coefficients are =2qual, all molecular

weights are equal, all gas phase specific heats are equal

and censtant, the gas phasz thermal conductivity is

independent of compesition and varies lineariy with
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~emperature, and the liquid is compesed ef a single
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chemical species having constant properties.

6, Thée combustion products are assumed to be inseoluble in
the iiﬁuid phase and the gas phase fuel mass fraction at
the liguid surface is given by the Clausius-Clapeyron
eq.l.‘la‘i:ic.m° As in the case of the gas phase reactiom, the
equilibrium at the surface is assumed to oceur rapidly
in comparison to other tramsient effects in the system.

7. The wavelength of any periedic pressure disturbance is
assumed to Be long compatred with the diameter of the zone
invelving active combustien. Considgration of the momentum
equation,'along with Assumption'l, then impiies that
pressure is only a funetien of time.

A discussion of the appliesbility of thése aséumptioné is

provided in References [3] and ril.

2,2 Governing Equations

2.2.1 Dimensional Equations. Considering the above assumptions,

the dimensional conservatien equations can be obtained in spherical

coordinates from the general egquatiens given im Reference [28].

Liquid Phasge @ > 1% z_rs*

Conservation of Mass

pf* r*z vfﬁ* = ﬁf* = ronstant . (=1

Conservation of Energy

2 IBT‘* 2 . oT#* ] . 2 9T%
% 0 ok pERT ea e * * Rt F: i B % 2 ¢ i S -
pf Cf T Gy Df Cf T v e AL P (I ) (2 2)
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where ﬁf*, the mass flow rate per unit solid angle, is only a functiocn

of time,
Gas Phase rs* < R < oo
Conservation of Mass

agp* . L. B 2 =
Bg* ¥ k2 orF (p#r* vy*) =0 (2-3)

Conservation of Species

oy, Y, g 2 0%, .
L -l BT = o ADE s b ] e
e Ve BrF px2 0r* (r ARD® St Vi¥g =1, N
(2-4)
Conservation of Energy
9T o aT* _ 1 3 2,, 9T*|  3P% ,
PO o NG g = g e (M a“»?) aer F g (29)
r : :

where the stoichiometry of the one-step gas phase reactien is assumed

te have the form

N N
i§-=:'1 I iglvi" ‘[il e

The other terms in Equations (2-4) and (2-5) are defined as

. " < |
WF* = B*T*5[ﬁ;§;%%J exp [ﬁ%%;] | (2-7)
vy, _ -
== S
Vg T T (2-8)
N o
oo Ly, (2-9

where Vo = ~l. BSince the gas .is ideal

P¥ = pRRATH M* o (2-10)
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The gas phase mass flow rate per unit solid angle is defined

as
. 2 .
m¥ = pkr# vr* : (2-11)

The thermal conductivity is taken te be proportional to

temperature

AR = A H(TH/T_*) (2-12)

The unity Lewis number assumption prevides

*
Le = D*Q*C—P*— = 1 . (2-13)

Boundary Conditiens

Since the liquid is incompressible, it has a constant

temperature at the origim or cemter of the drop.
% =0 T* = Ti* (2-14)

In the case of steady cowbustien at the wét bulb temperatqre ef the
droplet, Ti* would be equal to the wet bulb temperature. However,
since monopropellants have higher gasificzation rates thanm mest
bipropeilants, cases exist where temperature gradients are present
in the liguid phase rhroughout the ilifetime of the droplet.
Therefore, Ti* ie taken as a parameter for the analysis im order to
investigate'the effect of these gradients on the respomse,

Temperature and pressure are continuous across the liquid-gas
interface. |

T # =T

% : . 2_15)
= et PRODUCIILITY OF THE'
ORIGINAL PAGE I3 POOR
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P #=pP =* {2-186)
Conservation of mass at the interface reduces to

% # = phy % -

Pf Ve P Vr (2-17)
fs 5

The conservation of energy equation, where the heat fiux

reaching the surface goes into the heat flux in the liquid phase =nd

the heat of vaporization of the gasifying fuel, reduces to

. T | BT#: )
% 227 = 3% f2) - % % Sal ok % & {n_
Ap ar*J A 3r*] Pe* vy FL(CpHR=C *)T_* + L#] (2-18)
- s+ fs

The insolubility of the product species in'the.liquid phase
implies that the total mass flux of the non-fuel spegies is zero at
the surface of the droplet. The conservation of species equation
then reduces to

E RS = = S Y. = : {2
DT e o Pe vrfs (ps = 1) \2-19)

r

The fuel mass fraction is related to the temperature at the

surface by the Clausius-Clapeyren equation.

5 . _Lff.f
ar L -
YFE = ?”‘? exp [ m] (2"20)
=3 .
Far from the drop surface all the fuel is consumed and the
temperature is only a fupnction of time.

T* = o Y =0 TH=T# (1) (2-21)

where T#%(&#) is a known fFfunction depending upon the specified

pPressure variation.

Ay,
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The previocus equations are

simplified by transformation inte the following dimensionless

variables.

m .
n

a*/p@#

=
1

- D*/Dm@*

=
Il

B#/RFT_

£
It

L*/C *T *
p %0

= L_%/RAT %
Lf Lf /R m@‘

o
2
]

BhC %[y kA K
o p ' Ts "o

o
i

p*/p *

Ko
it

%[0 KT %
q /CP ﬂmD

~
1

* [y *
r /rS

2

- = gE) R fp RO kR %
£ =t Awa /pmo Cp T

L]
n

T*/Two*
v, = Vr*pma*cp*rs*/kmo*
B = Cf*/cp*

Gf = af*/QWO*

A= AR/A K

p=p*p, " (2-22)

The conservatioen egquations cam now be rewritten in dimensionlessz

form as follows:

Liquid Phase r<l
Pt Ve, = T (2~23)
ar,, 2r_ %es [ 2or] (2-26)
ot fr dr L2 9r T o
' Gas Phase r > 1
LI N R | (éezs)
t r2 or
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. 2
mo= priv, (2-26)
3Y oY oY
_1 09 (2 i -
p(at Vr G ) :2" AT (r pD LTS + \Ji. W i=1, N (2—2.7)
3T 9Ty 1 3 (.2, 3T y -1} dp 2
p( t r or »2 Br(r A or +( Y } de T4V (2-28)
where the dimensionless treaction rate 1i& defined as
= A pnTa*nYF“ exp (~E/T) (2-29)
and A is a reaction parameter which is related to the drop size
CP*B*rS*szoé R_* ]“
A= £ TR = TERFT *J . (2-30)
==To3 . @R

The assumptions of an ideal gas, unity Lewis number, and thermal
conductivity proportiomal to temperature, reduce to the following

relationship

Boundary Gonditioens

The dimensionless beoundary condition egquations are:

At the center of the drop, t = o

TeT o (2-32)

T =T, (2-33)

g+ Ps+ (2-34)

g
il

U
Ag E). =r )
8= s+

- o v [T+ 1) 235y
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BYF
oD 5] = pv, (¥, = 1) (2-36)
s+ :
Y, = a exp (*Lf/T) (2-37)
Fur from the drop surface r = »

YF =0 (2-38)

T=T() (2-39)

The above equationg can be further simplified by introducing
the Shvab-Zeldovich variable, 8, a new dependent variable based on

the fuel mass fraction

8=qY +T (2-40)

After substituting Hquation (2-40) inte Equations (2-27)
to (2-29) and (2-36) to (2-38), along with some miner simplifications,

the pertinent equations can be summarized as follows:

Liguid Phase <1
aT AT 6f 8 [.2 3T
5t T Ver 9 - 2 E?(r 3 (2-41)
Gas Phase T > 1
p(a_+ . a—f)= i—g%(rzrﬂ 2 +‘x%) Liqgw  (2-48)
w =4 g " I9Bep - )R ayp (/T (2-45)

PROD Ty OF THE
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Boundary Conditions
T =o0
T=T, (2-46)
r=1
T=T_ (2-47)
aT _ 3T .
)tf -3?) = P -p Vr[(l-—B)T + L] {2-48)
S- s+
3(8 - T) _ _
T ———@E:*—)‘ =pv.(6-T-4qg) (2-49)
s+
8 - T = ag exp(-L/T) (2-50)
8 =7T=T(t) _ (2-51)

2.2.3 Perturbation Analysis. The imposed pressure oscillations

can be decompesed inte a constant mean.preSSure and an oscillatoxry
component having a small amplitude, E. Transforming the dependent
variables in the same manner, substituting intfo the conservation and
beundary equations, and geparating into like powers of €, results in
zéro—order ox éteady state equations (ED) and first-ordex or osciliatory
equations;(sl)c The higher powers of € are disrega;ded in the prasent
analysis, which'considers only linear respbnse, The éssumed

pressure oscillaticn and the dependent variables are representeq_as

follows:

M T A B
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P(t) =1 4+ g eiwt
T(r, £) = T_(x) '*“ETl(r)eiwt
B(r, t) = so(r) +E291(r)-eiwt
e, £ = () o+ 2 f (r)ett
fe () = fi + e h ™ (2-52)

where Tl, 81, My 5 and m., are complex quantities,

2.3 Zero-Order Problem (Steady State)

2.3.1 Equatiops. Substituting Equatiens (2-52) into
Equations (2-41) to (2-51), yields the following zerc-order, steady

state'equations:

Liquid Phase r=<1
: dT P
%—(rz =2 - =20 TD) =0 (2--53)
T Pely
ﬁfo = ﬁo = tonstant (2-54)
Gas Phase r > 1
faks)
d 2 o _ . - £9c
dr-(r r@ dr mo eo) 0 \2-35)
a7 .
d [ .2 o . 2 1-n 8-n T
wlt Lo -, TO +r q 4 T“ (80 T) exp(-E/To) =0 _ |
' {2-56)
Boundary Conditions
r=o

VL
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r =1
dTo dTD
e (F "l la,, TRl L (258
§= s+
d(@o - To)
TO P l.. = mD(BO - T0 - q) (2-59)
@O - To = aq exp(th/To) {2-60)
T = 90
B =T =1 o (2-61)
lo] 0

These zero-order equations are sufficiently general to allow
for any anbient conditions, either adiabatic or non-adiabatic. Since |
most combustion chambers are essentially adiabatic, and monopropellants
de not imvolve a local enthalpy defect in any stream, a condition of
adigbatic combustion can be applied to simplify the calculations. (This
is only strictly true.under the conditions of the present model which
allows for temperature gradients im the liquid phase. If there is
bulk heating of the 1liquid, small enthalpy defects will arise ig'the
spray.) This leads to the zero~order compatability condition between

dimensionless proparties as follows:
q9=1=-B7T +1L (2-82)

The flame temperature can be computed from the dimensional

form of Equation (2-62),

2.3.2 Liquid Phase Solution., An analytical solution can be .

obtained for the zero-order liquid phase Equatior (2-53) from the

s
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boundary conditions T0 = Ti at r = o and T0 = TOS at r = 1, as
follows:

T =T il
o T M1 o [, 1
— = exp | e {2-63)
Tos Ti 'pfﬁf \ *

The boundary condition of Equation (2-58) can now be simplified

by substituting the derivative of Equation (2-63) at ¢ = 1, and

" moting that B = ka/pfﬁf).

dT
(T Er-‘l = (I~ BT, +L) (2-64)
s+

2,3.3 Gas Phase Solution, Tor the case of adiabatic

combustion, integration of Equation (2-35) omce; application of the
boundary cenditions at the liquid surface; and simplifying through the

use of Equatien (2-62), vields

. 8 = - (2-65)

Integrating Equation (2-65) again, after transformatien te eliminate
explicit dependent on TO, yields after application of the outer

boundary condition
B =1 (2~66)

as a consequence of adiabatic cembustion. Substituting Equation

(2-66) into Equations (2-59) and (2-60) yields

- dT_
: ’ = ! - -
TO I m_{q + To L)S (2-67)
s+

=1 - -1 . f9_
Tos 1 -aq exp( Lf/Tos) (2-68)

1Lra - s’
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Equation (2-68) may be solved with an iteration procedure for the
temperature at the liquid surface. The cuter boundary condition,
Equation (2-61) is unchanged.

The zero order problem is now reduced to the solution of a
single, nonlinear, second order, ordinary differential equation,
Equation (2-56)., Equaticns (2-61), (2-67) and (2-68) provide three
boundary conditions to define the problem and determine the eigenvalue,
ﬁ0~

In the general case, Equation (2-56) is nonlinear apnd must he
integrated numerically., Since any practical range of numerical
integration must be finite with respect to r, the outer boundary
condition, Equatien (2-61) was handled by considering the asymptotic

behavior of Equation (2-56) for large r.

To find the form of Equation (2-56) for large r, let
vy (1 y
10 =1 g TB - (2-69)

where & is a small parsmeter. The radial coordinate is also stretched

by defining

]
r=£%nq (2-70)

where o' is a constant %o be determined by proper matehing. Keeping

' ; . (X :
the lowest order terms, in TOC ), the equation becomes:

(1) (1
dr daT .
d |2 "7 . ~a' "o 2a'4+n-1_2 : (L)n _
ﬁ(‘” “E‘n"—)"‘“o@ o f noAexp(oE) T,7T = 0
(2-71)

The form of the asymptotic selution depends upon the reaction

order, n. The combustion of hydrazine which was considered in

REPRODUCIBILITY OF THRE
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References {3] and {11], was best represented by n = 2, which is also
generally true for other monopropellants. In this case, a proper
match of terms can be achieved by sztting @' = 0, and balancing

convection apgainst diffusion. The resulting asymptotic equation

is:
(1)
dT
d 2 o . (ny .
dr E dr fs) To =0 (2-72)
with the cuter boundary condition Tocl) = 0, r = « from Equation

(2-69). Therefore, unlike the strand combustien case [3, 11] the
asymptetic solution for drcplets for mn = 2 does not involve the
reaction rate term., This oceurs since the area for heat conduction
increases as r2 rather than remaining constant, increasing the
gignificance of heat conductiom at large distances from the liquid
surface.

The solution of Equation (2-72) satisfying the outer boundary

condition vields:
TO =1—-C[1 - exp(*ﬁofr)] (2-73)

at large r, where the small parameter £ has been absqrbed into the
unknown congiant, C. The zonstanc C must be determined by macching
Equation (2-73) with the numerical salution of Bquation (2-56) in
conjunciion with the appropriate boundary conditions at the.liquid
surface.

Glven A, the solution procedure invclves guessing values for
dT

-9

dr

are determined from Equation (2-73) at some large bur finite valus

C and ﬁoe Starting values for the numerical soluticn (TO,

of r. Equation (2-56) is then integrated to the droplet surface, r = 1,
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using the fourth order Hamming predictor-corrector methed. At r = 1,
Equations (2-67) and (2-68) must be satisfied, detéfmining ﬁo and C
uniquely. Since Equation (2-56) is nonlinear, a aeuble iteration
technique must be used. The present procedu:e employed the Newton-
Raphson method for this iteration, Once ﬁo and ¢ are determined,

the outer boundary condition, Equation (2-61), iz only satisfied

at the true mathematical infinity, through Equation (2~73),

2.3.3.1 Solution for Small A {Small Drop Limit). TFor a

second ordexr Yeaction, the parameter A in Equation (2-56) is
Proportional to (po*rs*)z“ Therefore, for small droplet sizes, 4
approaches zere and the reactien terms may be neglected im the
conservation equatioms. Under these conditiens, Equation (2-56) may
be integrated to vield the following implicit equation for the

temperature distriburion,

Tc""q-'l
l) (2-74)

”w!__-..'..= -_ — - 98 -
mb(l . I, -T ot @-1 ln_T0+q-—l

The gasification rate ﬁo, may be determined by applying the cuter
boundary condition, To = 1 when r = ©, in Equation (2-74) to yield

e

o= 1 - Tés +(q-1)1n [1 - (1- T /gl (2-75)

The liquid surface temperature, Tos"qan be determined from Equaiion

(2-68).

2.3.3.2 Solution for Large A (L arge Drop Limi.:j= At any

Pressure, A increases as the size of the droplet increases. With
increasing A, the zerc-order reaction zone moves closer Eo the
droplet, reducing the influence of curvature on the solution. This

is alsc accompanied by an increase in ﬁo, dlthough Tos-remains
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unchanged. Reference to the liguid phase solution, Equation (2-63),
indicates a rapid decay of temperature as one moves into the liquid
phase, reducing the effect of curvature in this region as well.

The above discussion indicates that at large A, the process
approaches a cendition where temperature variation and reaction
effects ave confined to a thin region surrounding the liquid surface,
with little effect of curvature in the sphexical coordinate system.
Under these conditions, the characteristics of droplet combustion
and strand combustion approach one ancther and the results of
References [3] and [11] can be applied directly to the droplet
combus tion problem. Therefore, it is only necessax} to ceonvert Ehg
earlier zere-order results to the presént notation.,

In References [3] and [11], the expression for the liquid
surface temperature 1s equivalent to Equaﬁion (2~68) and no change is
required. Under the present assumpitions, particulsrly umity Lewis
ﬁumﬁer, the curvalinear coordinate system has no influence on the
surface temperature, This is also true in cases where the Lewis
number is not unity at the high activation energy limit where the
reaction zone is collapsed to a flame sheat [29].

In the case of strand combustion, the burning rate eigenvalue

is given in terms of a parameter As as follows:

e #0 4 & P %
A = =g =g o

S %y =2 x |RFT_ W[
(P V™) Cp : o

At the large dreplet lmit, with the combustion zone ¢lose to the

surface,

S A A A Bt T o & A

(2-76)

I -
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Therefore, ﬁo iz given by

L 1/2
hoo= (A/AS)
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(2-77)

(2-78)

Knewledge of the dreplet size and the chemical kinetic parameters

provides A; the quantity A.S is given as the eigenvalue of the zero

otder solution in References [3] and [11], completing the

determinatien of ﬁb’

2,4

Pirst-Order Preblem

2.4.1 Equations. Utilizing the general zero-order results

the firet order equations reduce to the following.

Ligquid Phase r< 1

.ﬁ] = geft
£1 constant

]

a .2 4Tl) T O 17 B
dr . dr pfﬁf dr 6f 1 pfﬁf dr
Gas Phase r > 1
dm
2 1 _ .
TO e iwr Tl iwr T0
§—~'r2 . del . dﬂl x 1mel . r2 - 1 i
dr edr J e dr Te Y
¢ frg T3}y a2, %
dr o dr o dr dr "1 dy
1/ T ]8 T B
‘ L (L1 1 BT.] «
trog Wo[ca_n) T 8 -T § + ;] -
o] o] e 2

(2-79)
(2-80)
(2—81)
(2-82)
il
Sl
[e]
(2-83)
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Boundary GConditions

r=0 T. =0 (2-84)

Mgy Ty Tis = Tiat (2-85)

dTl dT0 _ dTl
)\.f a‘_-r—) = T].. E_ + TO az - ml[(liB)TG + L] - mo (l-B)Tl (2—86)
5~ s+ s+

d(el - Tl)- _ dTo _
R R B figly = T 8 Q- T - a)
(2-87)
[ET
81 - Tl = aq exp(-Lf/Te) [;r§-— ; (2=88)
o]
Fax from the droplet, 61 and Tl must appreach a constant value.
T F®

The va;ue of Kl depends upon the case under consideratien. For an

unsteady gas phase,.since Bl = el(t) at lafge 1, the constant can be

detgrmined by considering the behavior of Equation (2-82) at large

t. In this case, K, = {(y-1)/y which is the form for iéentropic fiow.
In the case of a quasi-steady gas phase, with t:ansient

effects still impertant in the liguid phase, K. is the amplitude of

1
the ambient temperature variatiom due te the varying energy content
of the liquid at the surface of the dreplet {resulting from transient

epergy storage in the liqudd ph;se). In this case, K1 becomes a-

second eipenvzlue in the solution te be determined along with m At

1°

- e W el

el 5 0
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the limit where the liquid phase alse becomes quasi-steady, the
value of Kl goes to zero, since in the absence of transient energy
storage in the liquid phase, Equation (2-62) must be satisfied,

The equations for the first order are lipear. Therefore,
solutions can be combined to eliminate the need for iteratien in
order to determine ﬁl and,K1, Since the limits of integration extend
te infinity, asymptotic gas phase solutions are employed so that
numerical computations can be confined to a finite region., Numerical
difficulties are encountered when integrating the liquid phase
selutien to r = 0, therefore an asymptetic analysis is employed in

thie regien as well,

2.4,2 Liqgid Phase Solutien. Similar to the zero-sorder case,

the liquid phase selution is campleﬁed by applying the boundary
condition Tl = Tls at r = 1, zlthough Tls is not generally known
until the gas phase solutien is complete, This procedure allows
the liquid phase solutien to be decoupled from the gas phase.
In order to simplify the subsequent discussion, Eguation (2—80).

may be rewritten as:

L{Tl} = Mg, HS (2-90)
where
dz d
5 + Hl i + H2 (2-91)
dr
iz a2 linear operator, and
# .
2 .0
Hl == - __E;:?? (2-92)
Pel¢
_ . iw 01
H2 = 5 (2-93)
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ﬁl0 Iﬁo 144
H, = (T _-T.) 3 eXp = (l - —, (2-94)
3 o8 i (0.6 r2 )2 pfﬁf . T
£ff
The beundary conditiens on Equation (2-90) are
r =0, Tl =0 r =1, Tl = Tls (2-95)

The quantity ml‘is an eigenvalue to be determined from the complete
gas and liquid phase selufions. Expleiting the linearity of BEquation
(2-90), let

T, =T, + m., T % (2-96)
Equation (2-96) can be divided inte homogenecus and particular parts

Ty = Kp Tyy
* = g * :
T, Typ® + Kp¥ Ty _ (2-97)

~

where KT and KT* are constants to be determined from the boundary
conditions, The differential equaticns then become

Dy} =0 ; B{T, 5} = ia3 | (2-98)

~

The wvalues of K, and KT* are selected teo match the boundary condition

at ¥ = 1, toc yieid

- * -
T T1pe-"/T1pe- (2-99)

In order to match the liquid and gas phase solutions, the

derivative of Tl at the liquid surface is required. Combining

Equations (2-96). {2-97) and (2-99) this quantity is
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dTl
Af E*E—)s_ = H4 Tls +.H5 ey (2-100)

A dT
£ 1
= 3 . ‘ij (2-101)
Tll-ls- ( dr g
dT bl >
H =2 “ 11) ( 1Ps~ “4 ] (2-102)
5 £l d? . le dr _

The behavioxr of Equatiom (2+98) at small r yields the

where

following asymptotic ferms for Tll and TlP*, as r + 0

Tl'H' = exp{-ih /pfa r} (2-103)

] . :
: 1 - i} 11
1 - ;—)exp pfdf (l - ;).

To%=-—4(C_-T)
1¥ pfﬁf oS i

(2-104)

Equations (2-103) and (2-104) formally satisfy the boundary condition
Tl + 0, as * »+ 0, The arbitrary constant in the hemogeneocus

el

equation has been absorbed int@'KT and KT*.

The solution procedure imvelves employing Equations (2-103)
and (2-104) to generate starting values for the numexrical integration
of Bquations (2-98) at some small but non-zero value of r. The
equations are integrated to the liquid surface, allowing the evaluation
of 11-14 and HS from Egquatioms (2-101) and (2-102). Substitution of

these quantities into Equation (2-100) provides the needed expression

1s il _
from the gas phase solution, Eguations (2=96), (2-97), and (2-98)

in the gas phase boundary conditiens. Once T. and .. are determined

allow complete determination of T, in the liquid phase,

l.

2.4.3 Quasi-Steady Gas Phase Solution. A number of

simplifications are available for the analysis when the gas phase

T e ey EERS . P TS me eyt ELT
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can be assumed te be quasi-~steady. This limit arises since
frequency effects appear as w in the gas phase and w/éf in the
liquid phase. At atmospheric pressure, for hydrazine, 6f_1 has
the value 2071, and under these conditiens, transient effects in the
liquid become important at frequencies substantially below the
frequencies where gas phase transients are encountered. Since 6f
is propertional to the mean pressure, the gap between the two
characteristic frequencies progressively becomes smaller as the
pressure increases.

At the guasi-steady gas phase limit, ﬁl = mfl, a constant.
For adilabatic combustion, comsideration of the overall energy
balance and integration of Equation (2-82) shows that 81 = Kl’ a

constant as well., Equation (2+83) can then be simplified te yeild

1 = T -
L {Tl} by Ko A, ml + A | (2-105)
where
a> d
T —_ e—— ——— —
e — + Al e + A2 _ (2-106)
dx
and
; dT m
=ofl 0,1} _o -
4 = 2 ot > (2-107)
0 r T
o
dzT dT w r
A = 1l 0 2 o, o (§ - n) _ 0 + E ] (2-108)
2 T 2 rT dr T T (L -T ) 2
o dr “Ta . 0 _ o] TO J
qnw
S Ty Gy | (2-109)
. o [a) .
1 dTo
A[+ = 7 -&-r—- (2—'110)
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The boundary conditions at r = 1 become

!
AN +
b D {EEiJ +D,T. =D. @
| | 1lar [, .2 1s 3 ™M

- | ar,
Fl E;ﬂts+ + F2 Tl = F3 K. +F m

1
H
It
=
+
G

where

- de- .

s+ 4

D3 = (l—B)TDS + L + HS

F, = (1L=~T  =aq)

aq Lf
Gl =1 - ? exp (_Lf/TOS)
o]

G2 =agq exp(-Lf/Tos)

The outer boundary condition is r + oo, Tl + Kl=

Again exploiting linearity, define

34

(2-111)

(2-112)
(2-113)

(2-114)

(2-115)

(2-116)
(2-117)
(2-118)
(2-119)
(2-120)
(2-121)
(2-122)

(2-123)
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T =T, +m, T.% + K T (2-124)

Separating the functions in Equation (2-124) into hemogeneous and

particular parts

1 1P 18
T % = T p¥ + K Tyq
L =T,+KeT, (2-125)
where
Iz} = 0 T} = 4,
LT p*} = 4, L'{Tﬂ,} = 4, (2-126)

~

The parameters K, K* and K are eonstants which can be selected to
satisfy any eof the boundary conditions. Since the outer boundary
condition can be handled by the asymptotic selution of Equations
(2-126), Equation (2-114) was chosen to determine the values of the

K's., This yields

Fal G N
= {2 _ . -
K= (Gl Typs+| /T1mst (2-127)
L —— * -
K TlPs /T1H8+ (2-128)
R=(it -7 /. (2-129)
Gl 1Ps+ 1Hs+

The remaining two beundary conditidns at r = 1, Equations (2-112)

and (2-113), can be employed to determine the values of ml and Kl'
The result is
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Ky = Gy J9g = Tpp J13)/Wq9 Jp5 = T35 Io9) (2-130)
hy = (Jy3 Typ = Jg T932/Upy Tpp = T35 J59) (2-131)
where
ar *
= ——] w
TnTh ( a ), TP T T 73

dTl
: = — £
T12 701 (dr )s D) Tret

+
Ji3 = = Dyhar TP T
s+
&t *)
= = * -
T T BT tE T,
s
dT, * _
Jon = F1 a2 t Py Tiey - By
_ s+
ar, R
Taa = TlE |, ~ 2 Ties (2-132)

The derivatives in these expressions are obtained by differentiating
Equétibns (2-125) noting that the K's are constants.

In erder to complete the solution, the asymptotic forms of
Bguations (2-=126) at large r must be solved. Proceading in the

same manner as the zero-order case, the result is

. = 1 =7 % = - avnl—-m [y
']311:1 TIP TlP 1 - exp( mo/r)

TlP = exp (-t /1) : (2-133)

Equations (2-133) automatically satisfy the outer boundary condition

of the gas phase solution.
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The solution is obtained by calculating D F

l’ D2! D3’ l) F2}

FS’ F&’ Gl and G2 from the zero-order solution and the seoluticn of

the first order liquid phase. The parameters Al - AS are also

available from the zero order solution. Equations (2-133) are used
Lo generate starting values for the differential equations given by
Equations (2-126) at some large but finite value of r.  These
equations are then integrated to the surface of the droplet, The
parameters E, K*, and K can then be determined from Equations (2-127)

e

to (2-129), When these parameters are ascertained, Tls’ Tls*’

ﬁls’ and the derivatives of these quantities can be determined from
Equations (2-125) and their derivatives. Determining the Jij terms
from Equations (2-132) then allows Kl and ﬁl to be found from Equations
(2-130) and (2-131)., If desired, Tl can then be evaluated as a
function of r from Equation (2-124) for the gas phase (vielding Tls)

and from Equation (2-96) for the liquid phassa,

2.5 Wet Bulb Limit Equations

In the early phases of the lifetime of a droplet, and for
large droplets having strong decomposition effects, substantial

temperature gradients exist within a droplex [30]. The present

investigation examines this limit by considering liquid temperatures

at the center of the droplet that are lower than the equilibrium
surface temperature.

In the later stages of droplet gasification, particularly
for small droplets with relatively weak monopropellant decomposition
effects, temperatures throughout the droplet approach.the liquid

surface temperature [30]. This can also ocecur due to circulation
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in the liquid phase; however, this effect is difficult to determine
quantitatively. When temperatures throughout the dropiet are equal
to the surface temperature, droplet conditions are often referred
to as combustion at the wet bulb state, In order to cover the complete
range of possibilities, the present calculations alsc consider
response at the wet bulb state. In both cases; however, the overall
combustion process is assumed to be adiabatic,

The distincition in the determination of property values fox
the temperature gradient and wet bulb cases may be seen as follows.
For adiabatie combustion, the flame temperature ie given by the

dimersional form of Equation (2-62)

= #* % R - LF * -
Tog” = (q% + Co* T,% - L )/cp (2-134)

With temperature gradients present, Ti* can be cpecified (as the
liquid injection temperature, for example) and the flame temperature
can then be obtained from Equatien (2-134), The other dimensionless
variables are determined from Equations (2-22), and rhe liquid
curface temperature from Equation (2-68).

Tor wet bulb combustion, liquid temperatures are uniform and
Ti* = Tos*’ and both T4%* and Two* are unknewn. In this case,
BEquation (2-134) and the dimensional form of Equation (2-68) are
solved simultaneously to yield Ti* and Tmo*, followed by the
determination of the dimensionless variables through Equations

(2-22).

P ads
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CHAPTER IIT

STEADY STATE DROPLET RESULTS

3.1 Intreoduction

The physical property wvalues and the chemical kineric
parametzrs used in the calculations are representative of hydrazine
decomposition. The specific values, summarized in Table 1, are
identical to these used by Allison and Faeth [1l].

A second order reaction correlates the strand burning rate
of hydrazine at pressures above 1 atmosphere [11]. TFor steady state
conditions, the theozerical burning rate is relatively insensitive
to variations in the zctivation energy. However, [or oscillatory
combustion, the activation energy influences both the amplitude
and phase of the combustion response of strands. Allison and Faeth
(11] found that the value of E¥ given in Table 1 gave good
agreement between theasretrizal and experimental response determinacions
over their test range. This value also agrees with earlier values
teported for hydrazine decomposition [31]. With the activarion
energy given, the value of B* is found by matching the steady strand

burning rates.

3.2 Temperature Distribuiion

In order to check the accuracy of the zero-ordexr model,
predicted and measured liquid surface temperatures were compared as
a function =f pressure. The theorerical prediction of liquid surface
temperatures is independent of geometry under the unity Lewis number

assumption. Therefore, the comparison is identical &£ that made in
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Properties Used in the Theoretical Model
] Troperty’ Value
a* (N/m?) 3.0078 x 10%°
B* (m° /Kg—s) 8.385 x 10°0
€% (KT /KgK) 3.0961
CP* (KJ./Kg*.'-K) 3,0961
E* (KJ/Kg-mol) 111700
L*(KJ/Kg) 1715
Lf*(KJ/KG-le) 40794
Le 1
M* (Kg/Kg-mol) 24
n 2
q* (KJ/Kg) 4537
R* (KJ/Kg-mol-K) 8.3144
Ti-*' (K) 298
chm* (o) 1345
Y 1.126
5 0 | ”
Af# (T /m=s=K) 0.3%0 ,
.Kma* (J/m=5=k) 0.176
pe* (Kg/ m3 ) 1000 ' . f
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Reference [11l] between measured and predicted surface temperatures
in the strand combustion case. These results have been replotted
and are shown in Figure 2. The agreement is good throughout the
pressure range of the measurements (.51-19.8 atm.).

The test conditions shown in Figure 2 involved a liquid
temperature of 298°K far from the 1iquid surface. This is
representative of a non-wet bulb condition, with the liquid temperature
increasing as the surface is approached. A theoretical caleculation
for the wet bulb state is also presented in Figure 2, where the
liguid temperature is constant. TFor the wet bulb case, mo energy
is required to raise the liquid to the vaporization temperature,
resulting in a higher surface temperature than the non-wet bulb case
(fer a given pressure),

Steady state calculations were completed dvef a range of A
(essentially representing droplet size variatiens) and pressure
for both non-wet bulb'(with a centerline droplet temperature of 298°K)
and wet bulb conditions.

Figures 3 and 4 illustraté liquid and gas phase temperature
profiles for non-wet bulb conditions at a pressure of lOGN/m2
(approximately 10 atm.). Curves are plotted for various values of.Ae
When A = 0, theve is negligible reaction in the gas phase.surrounding_

the droplet, and the procass coerresponds to simple droplet evaporation,

' In this case, temperature variations are gradual and the effeet of

curvacure in the spherical coordinate system is important, As A

gasification also increases. The greater liquid flow rate toward the

surface of the droplet tends to sweep back the temperature profile
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Figure 3 Steady State Liquid Phase Témperaturas as a
Function of A at Approximately 10 Atm., Pressure
(Non-Wet Bulb Conditions) - : '
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in the liquid phase (Figure 3). The increased reactien rate also
causes the combustion zone in the gas phase to approach the liquid
surface as shown in Figure 4. Therefore, as A increases, temperature
gradients become confined to the region near the liquid surface and
the effect of curvature is reduced. These conditions correspond to

- the large drop limit, where strand combustien is similar te adisbatic

droplet combustion.

bulb case, vith remalning cenditions similar te the ealculations shown
. in Figure 4. For wet-bulb conditions the liquid temperature is
constant and equal te the surface temperature. These gas phase
temperature profiles are similar te the non-wet bulb case, becoming
steeper as the value of A increases., The major difference is the
slightly bigher temperature at the liguid surface for wet bulb
conditiens.,
Caleculations cempleted for pressures of 105 N/m2 and 107 N/m2
{(approximately 1 and 100 atm.) gave resulis that are generally

similar to these shown in Figures 3-35.

3.3 Mass Burning Rates

The wass burning rate of a liquid droplet dependé on the size
of the droplet (at a givem pressure) and approaches two asymptotic
limits: the large drop and small drop limit buxning rates., The
small drop limit represents a droplet vaporizing without reaction,
and tﬁe_large drep limit approximates a one-dimensional liquld strand
with the fiame very close to the liquid surface. The intermediate
drep sizes or tramsition range constitﬁta the majority of drops that

are distributed between the two asymptotic limits.
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Figure 6 shows the steady state mass burning rates as a
function of A at 1 atmosphere pressure for non=wet bulb conditions.
The comnplete steady state sblutien clearly approaches the large and
small drep limits. In erder to plet ﬁo as a function of A at che large
drop limit, values of AS were obtained from the strand combustion
calculations [11]. Equation (2-78) then yields the large drop limit
mass burning rate, mOLDL, as a function of A. The small drop limit
mass ‘burning rate, fh » 18 caleulated directly from Equations
(2-68) and (2-75) andsgg independent of A.

An approximation to the complete steady state solution is
shown in Figure 6. The approximation was obtained by simply adding
the gmall and large drop mass burning rates at each value of A, as

follows:
m = + m (3-1)

- The approximation of Equation (3=1) yields a méximum erfor of
approximately 12% over the entire range of A. Equation (3-1) wiil
be used later to evaluate spray combusticn characteristics since it
can be readily integrated to determine droplet lifetimes,

Data on hydrazine combustion w&s available from experimental
work done by Allison and Faeth [9]? This study involved droplet
burning in a combustion gas under décompoéition conditions, for
various droplet sizes, at atmospheric pressure, The data was
limited to the ambient temperature range 1660-2530°K; therefore, it
was ﬁecessary te extrapolate the measurements to the 1345°K ambient
temperature of the éfesent study. The values used in the experimen#al

comparison shown in Figure 6 are summarized in Table 2, The agreement
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between the predicted and measured burning rates is seen to be

reasonably gocd, lending confidence to the theoretical model.

Table 2

Steady Droplet Burning Rate Data (Non~Wet Bulb)?

d_*(diameter) 4rthg® x 106
(mm) (Kg/s)
1.3 + 70
6.3 1.4
19.1 B 135

“Extrapolated to Two™ = 1345K from data of Reference [9] at
atmospheric pressure. . Non-wet bulb condifrioens, Ti* = 298K.

Burning rate results at atmespheric pressure for wet bulb:

conditions are illustrated in Figure 7. The general behavior is

similar to the mon-wet bulb conditions; the major difference involves

a slight inersase in the burning rate throughout the entire range of
A,

Theoretical mass burning rates at pressures of 10 and 100

. atmpsherasg were compiéted and. gave results very similar to Figures 6

and 7. In all cases the transition region between the large and small
droplet limits falls approyimately in the range 104 <4< 109. The

approximation of Equation (3-1), was found to provide a good

. representation of the data (with maximum errors on the order of 10%)

over the entire range of the calculations,

[
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In order to empley the approximate burning rate expression,
it is necessary to have values for m and AS,. These quantities,
SDL

along with surface temperature predictions, are summarized in Table

3, over a range of pressures, for both wet bulb and non-wet bulb

conditions.,
Table 3
Summary of Steady State Calculations

Pb Ti Tos Tos*(K) | Tmo*(K) ﬁo As

- SDILL
Non Wet Bulb Conditions
10° 221 .278 374 1345 544 1.432 x 107
10° 221 ,335 450 1345 .509 1.432 x 10’
107 221 418 562 1345 554 1,432 x 10’
Wet Bulb Conditions
10° ,266 ,266 376 1417 1603 6.205 ¥ 10°
10° .306 .306 457 1498 629 2.660 x 10°
107 ,359 359 582 1623 668 8.162 x 10°

With increasing pressure, the surface temperature increases in
all cases, As noted earlier, the wet bulb suxface temperature
slightly exceeds the non-wet bulb surface temperature at each pressure.

The nondimensional surface temperatures are lower for the wet bulb
condition at a given pressure even though the dimensional surface

temperatures are higher. This is due to the fact that at the wet
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bulb condition, the flame temperatures and ambient temperatures
(Two*) are also higher. At the non-wet bulb limit, for fixed
centerline temperature, the ambient temperature is independent of
pressure.

While As is relatively constant with pressure at non-wet
bulb conditions, AS decreases with increasing pressure for the wet
bulb case, significantly inecreasing the mass burning rates for the
larger drops st a given value of A, This effectr 15 due to increased
reaction rates for the higher flame temperatures of wer buib combustion,
at elevated pressures,

At non-wet bulb conditiens, ﬁo decreases with increasing

SDL
pressure due to the reduction in the temperature difference between
the ambient gas and the iiquid surface. WMr the wet bulb case, the
increased ambient temperature compensates fer this effect and there
is a slight increase in @ with increasing pressure.

SDL
Using the properties of Table 1, the droplet size range

4<A<109)

cerresponding to the transition regien (takenm to be 10
is shown in Table 4, As the pressure increases, the droplet size
for the omset of the large drop limit is reduced., Notably, the size
range of technological importance for actual combustors falls
largely in the tranmsition region. At higher pressures, however, a

greater percentage of the'droplets present in a spray can be

represented by large drop limit results.
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Table 4

Droplet Size Range of Transition Regiona

PO* x 105 d * - d *
9 min max
(N/m") {11
1 25-7500
10 2.5-750
100 .25-75
aCorresponding to lO4 <A< 109a
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CHAPTER IV

FIRST-ORDER RESULTS

4.1 Introduction

At very low frequencies, the liquid and gas phases respond
rapidly te changes in the forcing functicn and a total quasi-steady
analysis is sufficient. As the oscillation frequeney is increased,
the 1iquid response is not rapid enough as the characteristic
frequency of the liquid phase thermal wave is approached, requiring
an unsteady analysis of the liquid phase. As the frequency approaches
-the characteristic frequenecy of the gas phase thermal wave, both the
liquid and gas phases are umsteady. At extremely high frequencies,
both the liquid and gas phases are unable to respond at all, and a
steady sState approximation can be assumed.

In order to analyze response, the burning rate respense

function is utilized [1]. In the present notation this quanticty is
P = Relf /i } {(4-1)

where Re denotés the real part; i.e., that portion of the burning
rate cscillation that is in-phase with the pressure oscillation. TFor
instability, Pr must be positive amd of order unity {(the sxact value
depends upon the degree of damping presént) at a point inm the
combustion chamber wherz the pressure is varying. It ﬁust be
understood that a droplet with Fr 2 1 will not in itself cause
instability, but rather the sum of the respomses of all the droplets

within the combustion chamber must be greater than the available

b

Rty

T L
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damping, in order for the combustion oscillation to

ETOW,

4.2 Small Dromw, qu_Eregugncy Limit

This section considers behavier at low frequencies for the
5ma11 droplet or evzporative limit, Figure 8 illustrates both the
wet and non-wet bulb responsze functioﬁ, Pr, and the magnitude of
the surface temperature oseillatiom, Tls’ plotted as a function of
pressure. The frequency for this plot is zero so that both the
gas and liquid phases are quasi~steady. (The present analysis is not
formally valid at w = o, since the mean droplet size varies during an
oseillation at this conditiem; therefere, the plot should be taken
as representative of conditions where it is stili valid to assume
that both gas and liquid phases are quasi-steady, but with sufficiently
high frequency so that changes in mean size can be ignored during a
peried of oscillation.)

At this condition, the respensze functiom is megavive, with
a relatively small magnitude, and with imcreasing pressure, the
response funttion becomes more megative., This is in contrast to
results for biprcpellant combustion where the response funcciom
generally approaches zerc or a positive limit for small w.

At this low frequency limit, the ambient temperature is
constapt since there is no transient energy storage in either phase,
The surface te¢ sperature varies in phase with the pressure oseillation,
and its magnitude increases as the pressure increases. This follows
primarily.from tha form of ‘the vapor pressure curve. At the quasi-

steady limit
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Figure 8 Respense and Perturbation Surface Temperature as a Function of Pressure
at the 8mall Droplet Limit for Wet and Non-Wet Bulb Condditions
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T, . &~ (4-2)

therefore, since Tos increases with increasing mean pressure, Tls
increases accordingly.

At the same limit, using the results for T

1s
5
T
M, 2 —prem 22 ’ (4-3)
1 Lffd +T =13

This approximate foxmula indicates negative response at the quasi-
steady limit, With increasing pressure, Tos increases, providing a
larger megative response.

Physically, the negative response at fhe totally quasi-steady
limit is caused by the fact that the gasification rate decreases as
the surface temperature increases (for a constant ambient temperature) .,
Therefore, pressures above the mean result in reduced gasification
rates, and pressures below the meam resull in increased gasification
rTates<yielding a negative respomse. At higher frequencies, energy
can be temporarily stered im the liquid or gas phases, causing a
filuetvation in the ambient temperature which can compensate for the
surface temperature fluctuation., This medifies the response for

small droplets as will be discussed later,

4.3 Large Drop Limit

Hoving from the evaporative limit (small .drop limit) to the
laxge drop limit, much greater response is observed for menpropellant
droplets. TFigures 9-11 illustrate the non-wet bulb response as a
funcrion of frequency (dimemsionless frequency for strand comtustion

from Reference [11]) for the large droplet limit at mean pressures of
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1, 10 apd 100 atmospheres., Figures 12-14 show similar results at
wet bulb conditions. In addition to the quasi-steady gas phase
approximation, results for the completely unsteady gas phase are also
shown . Thé non-wet bulb results are replotted from the calculations
of Reference [11], while the wet bulb results were calculated by the
present author,

The conversion.of T and Tys the strand burning rate and its
perturbation, is straight-forward at the large drop limit, namely
P_ = Re Ei- = Re {1} | {4-4)

mo, 1 '

since r, = 1. The dimensionless frequency for the strand combustion

case, U, is related te the present dimensionless frequency by

W, = (AS/A)w (4-5)

In all cases, the response approeaches unity at low frequencies,
where both liquid and gas phases are quasi-steady. This follows from
the fact that the burning rate is propertional to pressure, under
steady conditions, for a second-order reactiom [11].

With increasing freguency, at mon-wet bulb conditions, a
peak is observed in the response plot at frequencies near the
charactgristic frequency of the liquid phase. Beyond this peak, the
quasi-steady gas phase solution gives a continuously declining
response. The peak is dbsent in the wet bulb case, with the response
showing a neticable decline at the liguid phase characteristic
frequency. Thig increasing contrast beétween the two cases will be

discussed later in more detail.
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at higher frequencies, the analysis allowing for transient
gas phase effects begins to diverge from the quasi-steady gac phase
solution. S8ubstantial differences between the two models are
encountered for values of w, on the order of 10_1, which represents
frequencies near the characteristic frequency of the gas phase, At
dimensionless frequencies on the order of unity, a second response
peak is observed, in all cases, for the complete unsteady gas phase
solution. This peak is clearly associated with gas phssfe transient
effects and yields maximum values of Pr on the order of unity,

With increasing pressure, the frequencies of the two response peaks
approach one another due io the increase in gas density,

Table 5 lists the frequencies from Figures 9-14 whersz larpe
droplets have a positive response, the liquid thermal wave
characteristic frequencies, and the gae thermal wave characteristic
frequencies. In considering this table, it should be rezalled that
acoustic instability in rocket engine combustion chambers is
generally associated with the frequency range 500-30,000 Hz [1].

At pressures beiow 10 atmospheres, response peaks duve “c pag phase
transient effects largely fall within this range. At pressures above
10 atmospheres, response peaks due to gas phase transient effects
decline in importance since they are associated with very high
frequencies. In this pressure range, liquid phase phenomena are

more significant, providing response peaks in the critical frequency
range. Since the pressure range usually encountered in rocket
engines 1s above 10 atmospheres, gas phase transient effects do nok
appear to be a major Factor in causing instability for hydrazine

fueled engines. Based om this finding, furcher analysis in the

AT e AT
Pt Al
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: Table 5

Critieal Frequency Ranges for Hydrazine Strand Combustion

{Non—Wet Bulb Conditioms)

Liquid Thermal Gas Thermal
Wave Liquid Wave Gas
Mean Characteristic Transient Characteristic Transient
Pressure Frequency Range Frequency Range
(N/m?) (Hz) (Hz) (Hz) (Hz)
L‘!
107 0.02 < 1.8 210 270-1,900
10° 2.1 < 42 2,100 2,100-170,000
7
10’ 210 < 1,800 21,000 27,000 <°
{(Wet Bulb Concitions)
Liquid Thermal Gas Thermal
Wave Liquid Wave Gas
Mean Characteristic  Transient Characteristic Transient
Fressure  Frequency Range Frequency Range
(N/m?) (Hz) (Hz) (Hz) (Hz)
10° 0.02 <2 210 3301500
l®6 1.8 < 130 2,100 2,100-18,000
7 - o _ c
10 180 < 6700 21,000 6,7007-190, 000

aLiquid transient range ends where transient gas scurve intersects
P =0,
r

b . . . . ,
Gas transient range begins where second gas transient pezk intersects
P = o,

r

cLiquid transient range ends where gas transient range begins, at
low point in gas transient curve at approximately Pr = 0,14,



S e ey g

. WY,

67

transition region, between the large and small droplet regimes, was
limited to the case of quasi-steady gas phase effects,

The magnitude of the unsteady gas phase response peaks
approach unity at elevated pressures; however, these response peals
are smaller in magnitude than the transient liquid phase response
peak for the non-wet bulb cage. Also, the unsteady gas phase peak
Occurs near or beyond the maximum probable fregquencies that cause
instability, Table § lists the frequencies where the unsteady liquid
and gas phase response peaks occur. At the higher pressures, the
unsteady gas phase response peak is outside the critical instabilicy

frequenecy range,

Table 6

Frequencies of the Unsteady Gas and Liquid Phase Resporse Peaks

Mean
Pressure Liquid Transient Peak Gas Transient Peak
(N/mz) (Hz) (Hz)

(Non-Wer Bulb Condition)

10° 0.04 528

10° 17 | 11,000

107 11002 110,000
(Wet Bulb Condition)

10° — 670

106 _ 6,700

107 . 67,000

aCorresponds with first gas phase transient analysis peak.
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4.4 Complete Solution

Figures 15-17 show the quasi-steady gas phase non-wet bulb
response as a function of frequency at various drop sizes, ranging
from the small drop to the large drop limit, As A increases, the
response increases, caused by the combustion zone moving closer to

L s - 7 .
the liquid surface. At an A of approximateiy 10, a peak in the
response curve develops, increasing in magnitude and frequency as
the drop size increasss, until the large drop approximates the one-
. , 10 .
dimensional strand near the value of A = 10~°, As the pressure
increases, the peaks increase in magnitude and move to highe:x
. - . 10 e,
frequencies. It should be noted that when A = 10 , transient gas
. . 1 .
phase effects begin to appear at approximately w = 6. .98 x 10~. This
corresponds to w, = 107,

The quasi-steady wet bulb responses are plotted in Figures
18~20, as a funcztion of frequency for the complate range of drép
sizes. As in the non-wet bulb case, the response increases with
increasing A; however, no response peaks are observed. Droplet
combustion response is well approximated by the cne-dimensional strand

o 10
at values of A greater tham 107,

In order to better understand the difference in the responsge for
the wet and non-wet bulb cases, an investigation of the Jirst-order
“iquid phase temperatuve distributicn was undertaken.

Figure 21 shows the non-wet bulb perturbation surface
temperature, magnitude and phase angle, as a Funciion of Erequency

10

for a pressure of 10 atmospheres and A = 107", Ar low frequencies

the surface temperature, T is in-phase with the pressure

1s’

oscillation. When the frequency increases, a peak occurs in the

RV
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Figure 15 Quasi+Steady Gas Phage Response as a Punction of Frequency and A
at Approximately 1 Atm, Pressure (Non~Wet Bulb Conditions)
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Figure 21 Perturbation Surface Temperature Magnitude and Phase Angle as a
Function of Frequency and Pressure (Non-Wet Bulb Conditions)
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magnitude of T1S, which corresponds with the response peak. It is

also observed, that when the peak does occur, T < leads the forcing

1

function until the peak is reached, while at higher frequencies, Tls

lags the pressure oscillation.

Figure 22 is a plot of the first-order liquid phase temperature
distribution near the drop surface for a sinusoidal osciilation at a
nondimensienal frequency of 1.6, a pressure of 10 atmospheres, and

10

A= 107", This plot further illustrates the T phase lead. A

1s
frequency of 1.6 correspends to the maximum phase lead in Figure 21
for the perturbation surface temperature at 10 atmospheres. As the

pressure wave oseillates at o = 1.6, T . also oseillales at

1
approximately 4 degrees ahead of the pressure, Tls is unable te
Stay in-phase with the pressure escillation at this frequency because
the large values of Tls induce steep temperature gradients mear the
liquid surface which act as heat sinks, The increased heat loss
from the surface due to this gradient causes the temperature peak to
precede the pressure peak for this range of frequencies (amnd
conversely at the minimum pressure and temperature regions).

Figure 23 shows the magnitude and phase angle of the wet
bulb perturbation surface temperature as a function of frequenecy at
10 atmospheres for A = lOlO° It is5 observed that Tls never leads the
pressure oscillation in this case, in contrast to nmem—wet bulb
conditions (Figure 21).

In order to better undeirstand this phenomena, a plot similar
to Figure 22 is introduced. Figure 24 is an illustration of the
liquid phase first-order temperature distribution near the drop

surface at w = 50, a pressure of 10 atmospheres, and A = 1010. In



—
O3 F";""==l0G Nm®
A =10

w 5.6
%298k
T <1345k

)]
N
T

@}
T

THE REAL PART OF T,
O

: N
-0l /
-02
..03 -
1 1 1 A

90 92 54 96 98
: r

Figure 22 Perturbation Liquid Phase Temperature Distribution for a Sinusoildal
Pressure Oscillation and a Tis Phase Lead of Approximately 4 Degrees
(Non-Wet Bulb Conditicns)

LL

—

e ——

g



T,, MAGNITUDE X 10

51 T T - —L. = 1 T 8]
‘ -""‘"..,. \""--. 6,,,.2 T 2
~o -.JQ N/m ~_ 10 N/m
N JOPN/m?S A
4 N
| 107 N/m?
A s10°
e P
Ti 'To.s_
| ——Tis MAGNITUDE \ 4-20
" ——-T, PHASE ANGLE
O 1 1 3 1 H | l - 25
- — - o T 2 4
o 10 10 10! l 10 10° 10 10
W

Figure 23 Perturbation Surface Temperature Magnitude and Phase Angle as a Function of

Frequency and Pressure (Wet Bulb Conditions)

T, PHASE ANGLE (DEGREES)

8L



r

.03 - — T T - T T
P =10° N/m?
A =10
-.0:2" w =80
| k¥ _ ¥
= R 'TBs
L T, =1498K
O ol
|_-
<
=
<L
L
o -0+
xI
|._
=02,
_03 H 1 i ]
.80 82 94 86 98

X

Figure 24 Perturbation Liquid Phase Temperature Distribution for a Sinusoidal Pressure
Oscillation and a T1g Phase Lag of Approximately 5.5 Degrees (Wet Bulb Conditions)

,
."/f"/

6L

T -

L YRR VI

L



ah -

e e ey gy

80

this case Tls lags the pressure oseillation by approximacely 5.5
degrees. The wet bulb case differs from the non-wet bulb condition

because of the constant zero-order mean liquid phase temperature,

"which reduces the steepness of the first-order temperarure gradients

in the liquid phase near the surface.

The only two types of moncpropellant dreplets which have been
considered, are the wet bulb droplet with a zero mean temperature
gradient (constant mean temperature) and rhe non~wet bulb droplet with
& steep mean temperature gradient. For the pacamezers listed in
Table 1, a response peak is observed in the non-wet bulb :zase, while
the opposite i true for the wet bulb caze. Under realistic
conditions, the droplets will have temperature gradients ranging
between the wet and noa-wet bulb limits.

From the present study it can be concluded char a response
peak will only occur when the mesn temperature gradient near the
droplet surface has sufficient steepness so that enough energy will
flow from the surface towards the ecenrer of the drop, causing the
perturbation surface temperature to lead the pressure. When the
mean temperatuve gradient is not steep enough, the perturbarion
surface temperature will never lead the pressure. Also, as the
droplet size decreases while it is reacting, the liquid tenparature
gradient will temd to approach the wet bulb limit; thus, eliminating
the response peak.

Once the response peak begins to appear, T leads the pressure

ls
wave, As the frequency ic increased, the nen-wet bulb temper ature
gradient loses its influence on the droplet surface, enzbling che

Tls phase angle to begin to decrease. When the frequency is furcher

varrasl
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increased, the first-order surface temperature and the pressure wave
are again in-phase; thus, the burning rate is maximized and the
responsSe peak is reached. Any additional increase in frequency

will decrease the response as the lag in surface temperature

continues to increase.



CHAPTER V

SPRAY COMBUSTION MODEL

As discussed éarlier, a combustion chamber will become unstable
when the total response of all the droplets in the spray exceeds the
available damping. Using the droplet respense results of the

9revieus chapter, an analysis of Spray response will net be undertaken.

5.1 Deseription of the General Model

For the spray cembustion model, the spray is assumed to be
telatively cenfined, with the pressure field identical for all parts
of the spray,

The open=-leop response function for am individual drop is

defined on page 130 of Reference [1] as follows:

Jiter B\

{ - ) (5-1)
PRV [k

vhera P*' and t*' are the instantaneous perturbations of pressure and
burning rate, and P anﬂ T are the réspective steady state walues,
| For a menodisperse spray, Equatlon (S -1) can be extended to
compute the total respomse of a sprav consisting of numetrous drops
of varying sizes as follews:
. . -

; P
m,

Prt = el P¥' G-2)

h %
T

where ET* and mT*' are the respective total steady state and

perturbation mass burning rates of all the dreps in the spray,
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The total number of droplets in a spray, N, ir;:: é-.;zl_k:l l:.u" the
droplet injection rate multiplied by the droplet lifet _me. The
number of droplets in a size inerement drs* is Nfdrs*., where £ is a
function of rs*, pressure, and the combusticn characteristics. The
fraction of dropleia in a given interval d‘rs* is fdirs*.

With these definitions, the total Steady state mass burning

rate for all dreps in the spray is

m* =g *:‘[Nfénﬁa* dr % o (5-3)
T DT o} s
o

. where I—?'le* is the steady state mass burning rate per unit selid

angle and is a funectiom of rS* at a given pressure,

The total mass burning rate perturbation is

0o
T * = - Ty % F3 D —
hy f NE4Ihh, dr_ (5-4)
S o
o
where
. ]_3:‘: hee ! . - }_-J:k . ) -
ml* = —%-— . * = T mT*' (5=5)
- ‘ T E 7

and n'ql* is the perturbation mass burning rate per unit seolid angle

and is a functien of rs*, frequency, and pressure for the gquasi-

steady gas phase case.
.Sub_stit_:u‘ting_ Equatiens (5-3) and (5~4) into Equation (5-2)"

yields the total spray response, 'Prt’ for a monodisperse spray

f NE4THh & dr .
) l 8 i
0 '

j’ NEI % dr *|
: o] 5
.

(5-6)

it e
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Introducing the dimensienless radius

= & -
R, T /rso* (5-7)

where rso% is the radius of the droeplet initially injected inte the
combustien chamber; recalling the definition of the dimensionless

mass burning rate from Eguatien (2-22); and noting

Re {ﬁl} = Pr mo | (5-8)

Equation (5=6) becomes:

Prt T e}y T ' : (5-9)

Equation (5-9) can beisoi&ed nuﬁeriéally by dividing the spray
distribution into finite inerements of JQRS and summing.the weighted
responses of all the size groups.

When a polydisperse spray (more than ene initial size droplet)
is injected into the combusticn chamber, the oferall spray can be
thought of as many separate spray sets being injected into the
chamber, where each 5pré§ set is a monodisperse spray.

The number of droplets from each spray set in an increment
drs* is Nfdrs*, where N is the total number qf droplets in each spray
set and is related to'fhe number eof drops injected per unit time per
set, and £ has the saﬁe-definition as foxr a monodié@erse spray;

The number of dreps injected per unit time in an initial size

|

nterval dﬁna* ig Igdrso*, where I is the total number of dreps
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injected per unit time, and g is a funetien of rso*’ pressure, and
the injector. The fractien of droplets injected per unit time in
a given interval dr * is gdr_*,

S0 =To]

Two new dimensienless radil are defined as fellows:

r %
R £ — .* 0 < R < l
. " =By _—
ref (=10 J.ef
ref
r %
R = 20 . = 9 <R 21 (5-10)
50 r = S0 -
ref S0 ref
ref

where Tio % is the largest drop injected inte the combustion
ref
chamber,

Substituting Equation (5-10) into Equation (5—9) and taking

inte account the pelydisperse spray, gives the following result

g 8 1 ' : 17 1
f g NfP B R AR AR,
o o E ref “ref ref |
Prt = Ré-j:?%mrr T - A ¢(5,11)
[ g f me R dRS ‘ dRSG
: ref ref ref

The polydisperse spray can be selved numerically by separating
the spray into drop size groups and individual spray sets, by a
simple extension of the method used for monodisperse sprays.

The rémaiﬁing-assumptions are similar to these empleyea-in the
response analysis. The effect of droplet heat-up is ignored, with
temperatuté gradieﬁts-aésumeé'ﬁe persiét in the liqﬁid phase. The
effect of convection is also neglected so that speclflc combustion

chamber configurations need not be con51dered at thls lent.
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?é The distribution of droplet sizes in the combustion chamber
.i ) depends upen the range of droplet sizes injected and.the steady
_; combustion characteristics of each size. Figure 25 outlines the
'E N process, schematically, Each Spray set has a total lifetime, L%,
; The number of drdplets in the chamber originating from a gilven
g; initial size rso* is equai'to the number of droplets of that size
‘é A injected per unit time, times the lifetime of that size. The pumber
_; of drops per Size group, resulting from a given initial size, is
ii 'given'by the fraction of the 1ifetime spent within any subsidiary

size group. |

9 When more than one size droplet is injected, the additional
} Spray sets can ceﬁtribute to droplet size groups of the primary Spray
1 ) Set as indicated in Figure 25. 1In thig case, the size distribgtion

of the droplets within the Spray must be obtained by summing over all

drop size groups.

3.2 Life History Analysis

As indicated earlier, the time variation of droplet size must
be known in order to determine the spectrum of droplet sizes in a
-spray from the injected size distribution. This can be determlned

i by considering the mass balance of the droplet

. .
: alir_%? pp Fs™ = - 4T (5-12)
J ax
where
. Rk = rs*Amo* fi/Cp% | {5-13)

. The dimensionless Steady state mass flow rate per unit selid

“angle for_any given sized droplet, .can be approximated (as explained



A b e e e S TR R LA T T g

"0 TIME FROM INJECTION
1*

Figure 25 Spray Comhustion sodel

8

Tl T ST IR e A e e T



B H-_Hmh,ﬂx';" e g
ORI VR T )

IY Sy
e

Ok M T e C T T
L

.
.

SRR E 0 L

et

B e

i

in Chapter III) By the sum of the small drop limit and the large drop

limit mass flow rates as follows:
h =t + (5-14)

The lafge drop limit mass flow rate is a function of A;/z from

Equation (2-78) and can be transformed into
°rpr 14 Tso'l

where rso* is the initial drop radius, A.0 is the value of A for rSO*

and the combustion chamber ptessure, AS is obtained from the one-

dimensional.strand analysis, and ﬁOSDL is calculated from Equation
(2-75). Thus, the mass flow rate ofla given sized droplet ¢an be
appreximated by o

e

"o m"s‘m Clag

®) (5-16)

In order te put EquatiOn (5=12) iﬁt@ a generalized form, Rs and

£F)
D
= = 2 =
& ®C ®
Tao Pt P

(5~-17)

are introduced. _
Combining Equaticns (5=12), (5-13), (5-16), and (5-17) the -

fellowing relationship is obtained

Separating-variablés-amd:integrating Equation (5-18), ﬁoting.

that T =0 at Rs = 1, yields
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Ao ,1/2
th il + |— R
- Rs) PSDL 0S_DL As S
o N e (3]
As s °sDL As
where mo and A_ are functions of pressure (As for the non-wet bulb
SDL

case 1s relatively constant with pressure tor E = 10 and n = 2) and
Ab is a glven constant depending upon the injected droplet size,

Por the limit as AD/AS approaches zero, integrating Equation

(5-18) yieids
T =g ' (5-20)

which represents the size variation for a small droplet.

Setting Rs = @ in Equatiens (5-19) ex (5-20) yields the
dimeénsionless lifetime T# for drops'oiiginating with a radius rsD*.
The fraction of these droplets in a size range RS' - RS" is then

given.by'
FR' - R.") = (TR - (R, /Ty - (5-21)

The response has beén determined as a functien of w and A,
at a given pressure and injected liquid temperéture= These quantities

are related to values based upon the injected radius, mo, and Ao

" as follows

, W, = K o (5-22)

for any size group, j. The response of each size group, j, &s then
summed using Equatien (5-9) to give the total respomse. A second

weighted sum is required if more than ome initial drop size is



o)

BB e o VTR

L

90
injected. In this case a reference size is mere convenient and
r *® 2 r * 2
SLi Sj
Aj = Ao Rk =1 wj =@ AE - (5-23)
re S°1;ef re S0 ¢

In the following, the reference size has been taken to be the largest
dreplet size injected, and the total response is calculated from

Equation (5-11},
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CHAPTER VI

SPRAY COMBUSTION RESULTS

6.1 Droplet Burning Time

Employing Equation (5-9), calculations of droplet lifetimes
were completed for a range of conditions. Figure 26 shows the
nondimensional droplet lifetime as a function of AO/As and pressure,
for both the wet and non-wet bulb cases, At the large drop limit,
the dimensionless lifetime is relatively independent of pressure.
This is true for a second order reaction, where the burning rate per
unit area is proportional to pressure. At the small drop limit for
the non-wet bulb case, T increases with increasing pressure, due to
the reduction in mOSDL with pressure. For the wet bulb case, T
decreases with increaéing pressure at the small drop limit, since
ﬁésnL increases with increasing pressure at this condition.,

Figures 27 and 28 show the variation of dimensionless radius
with dimensionless time and AO/AS; at a pressure of 10 atmospheres

for both non-wet and wet bulb conditioms. These figures show that

as AO/AS increases, TL decreases for a given pressure, This is due

. to the increased gasification rate caused by decompositien near the

droplet surface. Results at 1 and 100 atmospheres are similar to

Figures 27 and 28,

Table 7 lists the dimensional droplet lifetimes as a function

of pressure and initial drop radius,

egr - -
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Figure 27 Nondimensional Droplet Burning Time as a Function
of Nondimensional Droplet Radius at Approximately
10 Atm, Pressure (Non-Wet Bulb Conditians)
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Figure 28 Nondimensional Droplet Burning Time ac a Function
of Nondimensional Droplet Radius at Approximately
10 Atm, Pressure (Wet Bulb Conditions)
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Table 7
Dimenslenial Droplet Lifetimes as a Function of
Initial Radius and Pressure
P % - r *#() = 10 100 1000
(N /m2) | 0
(Non-Wet Bulb)
. (seconds)
105 0.00158 0.128 4.79
l06 _ 0.00135 0.0489 0,728
107 0.000507 0.00734 0.0788
(Wet Bulb)
(seconds)
105 0.00141 0.109 - 3,61
106 0.000955 0.6272 0.361
10’ 0.000179 0.0020 10,0229

The wet bulb dreplets comsistently have shorter lifetimes

because of their higher mass burning rates.

For all cases, at a given

inigial radius, the lifetime decreases with increasing pressure.

This is caused by the fact that a given radius corresponds te a

larger value of A at higher pressures, yielding a greater mass

burning rate. At a constant pressure, tha lifetime inereases with

drep size, which is to be éxpented.

The response portien of the present analysis is net valid at

frequencies having an oscillation period comparable to the lifetime

of the droplet. This provides a minimum droplet size that cam be

T e AT
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considered by the present analysis., The probable osecillation periods

3 to 3 x 10—5 secends/cycle

of instability range from 2 x 10"
(corresponding to the 500-30,000 Hz range indicated in Reference [1]).
At the oscillation period limit of 2 x l0—3 seccnds /eyele, the minimum
droep radius is approximately 13 u at pressures of 1 and 10 atmospheres,
for beth wet and non-wet bulb conditions. At a pressure of 100
atmospheres, the minimum drop radius is approximately 30 p at the
noen-wet bulb condition, and approximately 95 u for the wet bulb caée.
At the other limit of 3 x 10_5 seconds/cycle the minimum droplet
radius is approximately 2 W at all pressures and both wet ahd non-wet
bulb cenditions. This indicates that at lew frequencies, appreciable
respanse may be generated_by droplet lifetime characteristics, a

mechanism that has not been considered in the present investigation,

6.2 Quasi-Steady Gas Phase Spray Response

If a monodisperse spray is injected into the combus tion
chamber, the totai teséonse, Prt’ is the weighted sum of all drop
sizes existing in the chamber, Figure 29 illustrates the non-wet
bulb total response of a monodisperse spray as a function of freguency,
wg, for a pressure of 10 atmospheres, The valuez of AO were chesen
so that the first drop size group (which has the largest mass
fraction) has an A for which the droplet responge has previously
beeﬁ computed. The solid linpes correspond to the entire spfay while
the dashad-lines_correspond'to_the situation when it dis assumed that
all drxop sizes are approximated by a constant drop size equal to AO.
For these two cases, the peaks occur at appfoximately_the'same

frequency, while the magnitude of the peak is élightly larger when
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the drop size is assumed constant. The reduction in the response
peak of the spray is due te the reduced response of the smaller
dfaﬁlets. It should be noted that for the case when the drop size
is constant at Ao 5 1,234 x lOlO, transient gas phase effects begin
to appear at approximately w = 6.98 x lOl. This cor;esponds te

W, = 1061.

Figure 30 is the wet bulb total response for a.monodisperse
spray.as a funetion of W at 10 atmespheres pressure, The same
conclusion can be drawn as from the non-wét bulb case. The total
responses at pressures of 1 and 100 atmespheres for both wet and
non-wet bulb conditiens give similar results., The shapes of the
total respense curves in Figures 29 and 30 are very similar te the
shape of the individual response curves fer Ab' In all cases, five
drop size groups were used, in which approximately 60% of the total
mass occurred in the first group.

When 2 polydisperse spray is introduced inte the combustion
chamber, the spray is separated into discrete spray sets, each with
its_own AD. The smaller initial drop size spray sets aze placed in
the corresponding size groups of the largest spray set as shown in
Figure 25, The re&pbnses are weighted and summed, and the total
responsSe is eobtained,

Figure 31 is a plot of a non-wet bulb polydisperse spray . at a

pressure of 10 atmospheres, comsisting of three spray sets with Ab's

of 1.234 x lOLO, 1 x 109) and 1.234 x 106. The respomse from each

size group is weighted and summed in order to obtain the total
response., The mass fractioms of the spray sets and injection rates

are varied, as listed in Yigure 31, The total responses are greater

vasls &l "



\T-——---—-—-————-—-—

os
T =1498K
— DECREASING DROP
~5[F  -—- CONSTANT DROP

T SIZE = A,

o*  10® g2 1o | 10 10?108

Figure 3® Total Responée as a Functien of Wy for a Mor-iedisperse Spray at Approximately
10 Atm, Pressure (Wet Bulb Conditions)

66



=l BF=10° N/m?
] S
i = ;

T =1345K

10

b —— - - -

"% MASS % DROPS/SEC.

% MASS/SEC.
I NJECTED

IN CHAMBER INJECTED
Agx10% | 123 | 10 |o123 {123 | 1o [ere3

123 10 |.o123 |

a T

% o | o lioe®

(£ol0] e [ O

{oe]

o o

|-==-=] 10 | 30| o |.001 [.053 [se0as

1 1.4 | 98.5

—-—=| 60 | 30 | te |.005 |35 |sscs

34 | 77 |ess

~-=-—| © | 0 |106°| o | o |i00?]

|[~~--—| 495] 295 1.0 | 08 | a.98 |9a.97f11.47 [ 51.78 [ 3675

o | o ji00%]

Figure 31 Total Respomse as a Function of w_ for a Pol

Pressure for Varying Spray

“ALL DROPS IN THE SPRAY
CONSTANT SIZE A,

ARE AT A

ydisperse Spray at Approximately 10 Atm.
Bet Mass Fractiens and Injection Rates (Non-Wet Bulb Conditions)

00T

- . -

B LA ALAL M N e e - mn

-
k
5
i




S

101

than unity when the larger Ae spray sets comprise about 30% of the

i
4
i
Ei
B,

i
&

i

injected spray mass, The results indicate, however, that even a
very small percentage of large drops in the injected spray can result

in substantial respomse. Findings at other pressures for both wet

and non-wet bulb conditions are similar; however, for the wet bulb

case, no peaks greater than unity are observed.
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CHAPTER VII

_ SUMMARY AND COWNCLUSIONS

7.1 Summary

The bresent study considered the steady stéte combustion and
osclllatory response of a single monopropellant droplet subjected to
imposed pressure oécillations, fellowed by an estimation.of the
characteristics of an entire spray. The specific objectives of the
study are as follows:

1. Develop a mathematical model for the burning of a liquid
menepropellant droplet for beth steady state and
oscillatory pressure conditions.,

2. Theoretieally iﬁﬁestigate the steady state droeplet
burning_for both wet and non-wet bulb conditiens; and
compare the results with available measurements,

3. Investigate the theoretical burning response for wet and
nen-wet bulb‘coﬁdi&iﬁns.

3. Develop a:mathematical medel for one-dimensional, quasi-
steady spray combustien, and caleulate the overall spray

- combustion response for both wet and non-wet bulb
conditions.

The present theoretical model is an extemsion of ;he'one—

dimensional strand model developed by Allison and Faeth [11], The
major assumptions in the anhalysis are: a ome-step, irreversible

gas phase reaction, conventional low pressure phase equilibrium at

‘the liquid surface; constant liquid phase physical properties, and

st OO
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variable gas phase physical properties, The present calculations were
based on the reaction and the physical property characteristics of
hydrazine,

A limitation of the work invelves neglecting forced convectien,
yielding a spherically symmetric flow field. It is believed that
low dreplet velocities represent a critical eenditien for imstability
f1], and forced convection is of minor importance when the reaction
zone 1s very near the surface [25, 26], a conditien wﬁere the response
for menopropellants is greatest,

The theoretical approach empldyé the use of a perturbatien
analysis in which the amplitude of the imposed pressure oscillatioen
is taken as the small perturbation parameter.

The eseillatory (first-order) seolution involves a transient
liquid anﬁ beth tranéient'and quasi-steady gas phase effects; Thé
fesults indicated that most of the transient gas phase effects lie
outside the probable instability range at realistic coﬁbustion
chamber pressures, Therefore, the spray response calculations were
confined teo conditions where a quasi-steady gas phase is valid.

Finally, a one—dimensional quasi-steady spray combustion
medel is developed in.which.the spray is divided inte éize groups, and
the response 1s weighted and summed over all groups, to give the

total spray response.

7.2 Coriclusions -

This seetion is divided into three parts: steady state

combustion, oscillatory combustion, and spray combustion.
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7.2,1 Steady State Combustion. The major coneclusions of the

steady state portion of this study are as follows:

1, The theoretical droplet surface temperaturces are identical

to the measured and predicted strand values frem Reference

[11].
2. Steady state droplet mass burning rates can be divided

into three regions: large, intermediate, and small drop

regions, The large drep region can be approximated by a
one=dimensional strand, while the small drop region is
similar te a small drop evaporating in aﬁsence'of reaction.
Most drop sizes of technological importance fall within
the intermediate region (104 < A< 109).

3. At the non-wet bulb small drop limit, the burning
‘rate decreases with increasing pressure because.the
higher pressures raise the surface temperature, while

the ambient temperature is constant. The reduced

temperature difference between the liquid surface and
the ambient gas causes a reduction in the droplet
gasification rate.

4, The wet bulb small drop limit burning rate increases
with pressure, This is cgused by the increase in the.
ambient temperature with pressure, which compensates 1.1
the increase in surface temperature.

5, At all preésures, the ﬁet bulb burning raﬁe is ﬁigher
than the non~wa; buld case. ¢ This is due to the_fact that

the wet bulb droplet has a higher ambient temperature, and

from the fact that the heat conducted back into the wet
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bulb droplet goes only into vaporizing the liquid, not

in heating the droplet liquid.

7.2.2 0Oscillatory Combustion. The major cenclusions of the

oscillatory portion of this study are as follows:

1.

At the small drop limit, the response is negative and
becomes more negative with increasing pressure. This
results from the gasification rate decrease as the surface
temperature increases for a constant ambient temperature.
(The wet bulb response is less negative than the non-wet
bulb case,) Therefore, pressures above the mean result
in reduced gasification rates while pressures below the
mean result in increased gasification rates - yielding a
negative response.

The large drop limit results give good agreement with the
otie—dimensional strand results of Reference [11].

At the non-wet bulb large droplet limit, response peaks
ocecur near the characteristic frequency for the liquid
and gas phase thermal waves, With increasing pressure,
these liquid and gas phase peaks approach each other

and increase in magnitude.

At the wet bulb-large drop Limit,; no resPOnse.péaks

occur from liquid transient effects,

As the érop size degreases, the.résponse also decreases..
The transient gas phase response is not a major
contribﬁtor to combustion imétability at the frequencies

and pressures where instability has a high probability
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of occurring. Thﬁs, a quasi-steady gas phase analysis

can be assumed in most instances.

A response peak will occur only when the mean temperature
gradient near the droplet surface has sufficient steepness,
80 that enough energy will flow from the surface towards
the center of the drop, causing the perturbation
temperature to lead the pressure. When rhe mean
temperature gradient is not steep enough, (which occurs
near the wet bulb case for properties used in the present
calculations) the perturbation surface temperature will

lag behind the pressure at all frequencies.

7.2,3 Spray Combustion., The major conclusions of the spray

combustion portion of the study are as fol ~ws:

lI

The total response of a polydisperse spray is lesé than
the response of the largest droplet injected.

Relatively small humbers of injected large drsps greatly
influence the spray by adding a substantial response.

A spray response of order unity, due to the liquid phase
thermal wave, has been observed, indicating that this

is a viable mechanism for producing combustion instability.
A; high pPressures and low frequencies (on the order of

200 Hz) the lafge burning rates of monopropellant dropieﬁs.
providg drpplet lifetimes near the cycle period fof

drop sizes of teéhnolcgicﬁl importence, Under these
cenditions, droplet lifetime effects contribute to the

response; thus, this phenomena shculd bhe investigated

next.
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