'3 ::rn, .N.O COMEUTER N76=23182

CALCULZTL THE HC $9.25
P0NS5:S OF PARTIAL *9

RINGs TO Unclas
E a (1assachusetts G3/03 .6928

(%3SA-Cr-1
FROGFIN OTy
732851707
B 2ND/C3 coME
BENGINS-50Te

(Yel

~
b BUE Bad
cwna
LR

(V]

-
tn
3y

¢ -

G b
-
5]

| rand

T () b

»

b ey Il?
ooy
'IJ"'!GC-\J

b=t rxy
= Ko]




o o

| R

@ ‘
1. Report No 2 Government Accession No 3 Recipient’s Catalog No
NASA CR-134907
4 Titie and Subtitie 6. Report Date
User's Guide to Computer Program.CIVM-JET 4B to Calculate the March 1976
Transient Structural Responses of Partial and/or Complete 8. Performing Orgamzation Cods
. Structural Rings to Engine-Rotor-Pragmen: Impact
7 Author(s) Thomas R. Stagliano | 8 Performing Organization Report No
Robert L. Spilker i ASRL TR 154-9
Emmett A. Witmer ) 10 Work Unit No
9 Performing Organization Name and Address
Acroelastic and Structures Research Laboratory 11, Contract or Grant No
Department of Aeronautics and Astronautics NGR 22-009-1339
Massachusctts Institute of Technoiogy
Cambridge, Massachusetts 02139 13 Type of Report and Period Covered
12 Sponsoring Agency Name and Address Contractor Report
National Acronautics and Space Administration 14 Sponsoring Agency Code

Washington, D.C. 20546

15 Supplementary Notes
Technical Monitors: Solomon Weiss, Robert D. Siewert, and Ray Maga
Aerospace Safety Research and Data Institute
NASA Lewis Research Centor

16 Abstract
Described in this rcport is a user-oricnted computer program CIVM-JET 4B to predict the

large-deflection elastic-plastic structural responscs of fragqment impacted single-layer: (a)
partial-ring fragment containment or defleztor structure or (b) complete-ring fragment containment
structure. Thesc two types of structures may be either free or supported in various ways.
‘ Supports accommodated include: (1) point supports such as pinned-fixed, idcally-clamped, or
supported by a structural branch simulating mounting-bracket structure and (2) elastic foundetion
support distributed over selected regions of the structure. The initial qgeometry of each partial
or complete ring may be circular or arbitrarily curved; uniform or variable thicknesses of the
structure are accommodated. The structural material is assumed to be initially isotropic; strain
hardening and strain rate effects are taken into account.

An approximatc analysis utilizing kinetic energy and momentum conservation relations is
used to predict the after~impact velocities of each fragment and of the impact-affected region of
v the ring; this procedure is termed the collision-imparted velocity method (CIVM). This imparted-
velocity information is used in conjunction with a finitc-element structural response computation
code to predict the transient, large-deflection, elastic-plastic responses of the impacted
structure whose deflections arc assumed to be in essentially one plane and, hence, these
structures are called two-dimensional (2-d). 1In this process the equations of motion of both the
impacted structure and the fragment are solved in small steps in time.

Provisions are made in the CIVM-JET 4B code to analyze the responses of 2~d structures
which arc subjected to imract by from 1 to 6 fragments each with its own size, mass, mass moment
of inertia, translational velocity, and rotational velocity. The effects of friction between
each fragment and the impacted structure are included.

17 Key Words (Suggested by Author{s)) 18 Distribution Statement
Turbojet Rotor Containment Large Deflections
Aiwrcraft Hazards Elastic-Plastic Unclassificd, Unlimited
Aircraft Safety Behavior
Structural Mechanics Strain Analysis -
Finite Element Method Computer Program
Transient Structural Response

L]

19 Secunity Classif [of this report) 20 Secunty Classif {of this page) 21 No of Pages 22 Price’

Unclassified Unclassifaied 295
. * For sale by the National Techmica! Information Service, Springhield, Virgimia 22151

- ORIGINAL PAGE IS
NASA-C-168 (Riv 6-"1) OF POOR QUALITX



S e

NASA CR-134907
ASRL TR 154-9

USER'S GQIDE TO COMPUTER PROGRAM CIVM-JET 4B
TO CALCULATE THE TRANSIENT STRUCTURAL RESPONSES ’
OF PARTIAL AND/OR COMPLETE STRUCTURAL RINGS
TO ENGINE-ROTOR~-FRAGMENT IMPACT

Thomas R. Stagliano
Robert L. SPilkef
Emmett A. Witmer -

Aeroelastic and Structures Research Laboratory
Department of Aeronautics and Astronautics
Massachusetts Institute of Technology
Cambridge, Massachusetts 02139

March 1976

Prepared for

AEROSPACE SAFETY RESEARCH AND DATA INSTITUTE
LEWIS RESEARCH CENTER

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION -
CLEVELAND, OHIO 44135

NASA Grant NGR 22-009-339



FOREWORD

This report has been prepared by the Aerocelastic and Structures Research
Laboratory (ASRL), Department of Aeronautics and Astronautics, Massachusetts
Institute of Technology, Cambridge, Massachusetts under Grant No. NGR 22-009-339
from the Lewis Research Center, National Aeronautics and Space Administration,
Cleveland, Ohio 44135. Mr. Solomon Weiss, Mr. Robert D. Siewert, and Mr. Ray
Maga of the Lewis Research Center served as technical monitors.

The cooperation and helpful suggestions of Mr. Weiss, Mr. Siewert, and
Mr. Maga throughout this research program are much appreciated.

The authors wish to acknowledge appreciatively the help and advice of
a former colleague Dr. Richard W-H Wu now with the Nuclear Eneégy Division
of the General Electric Co. Dr. Wu developed the JET 3 series of computer
codes and the preliminary version of the present program.

The use of SI units (NASA Policy Directive NPD 2220.4, September 14, 1970)
was waived for the present document in accordance with provisions of paragraph

5d of that Directive by the authority of the Director of the Lewis Research

Center.

ii



Section

TABLE OF CONTENTS

INTRODUCTION

GENERAL DESCRIPTION QF THE CIVM-JET 4B PROGRAM

2.1

2.2
2.3

Ring Geometry, Supports, Elastic Restraints, and
Material Properties
Fragment/Ring Collision-Interaction Analysis

Solution Procedure

DESCRIPTION OF PROGRAM AND SUBPROGRAMS

3.1
3.2

Program Contents

Partial List of Variable Names

USE OF THE CIVM-JET 4B PROGRAM

4.1
4.2

4.3
4.4

Input Information and Procedure

Input for Swecial Cases of the General Stress-Strain
Relations -

Description of the COutput

Guides and Restrictions for Code Usage

4.4.1 General Instructions

4.4.2 Use of Branches Vs. Use of Discontinuities
4.4.3 1Impact at or Near a Constrained Node

4.4.4 Comments on Strain Calculation and Mesh Sizing

COMPLETE FORTRAN IV LISTING OF THE CIVM-~JET 4B PROGRAM

ILLUSTRATIVE EXAMPLES

6.1

A Variable-Thickness Partial Ring ~- Includes Branches,
Slope Discontinuities, and an Elastic Foundation

6.1.1 Problem Description

6.1.2 Input Data

6.1.3 Solution Output Data

iii

12
12
15

16
lé

34
35
41
41
42
44
57

€0

171

171
171
173
181



| S

I N R A

Section

6.2

REFERENCES

FIGURES

APPENDIX A:

A Uniform-Thickness, Unsupported Complete Circulér Ring
Subjected to a TS8 Tri-Hub Rotor Burst

6.2.1 Problem Description

6.2.2 Input Data

6.2.3 Solution Output Data

GOVERNING EQUATIONS ON WHICH THE PROGRAM IS BASED

iv

Page

194
194
195
201

220
221

237



fem v b e ‘

/
i
t
&

| S

10

LIST OF ILLUSTRATIONS .

Illustration of a vVariable-Thickness, Arbitrarily-Curved

Beam

Examplé Geometrical Shapes of Structural Rings Analyzed by
the CIVM-JET 4B Program

Nomenclature for Geometry, Coordinates, and Displacements

of a Curved-Beam Finite Element

Schematics for the Support Conditions of the Structure
Schematics of Actual and Idealized Pragments
Idealization of Ring Contour for Collision Analysis

Information Flow Schematic for Predicting Ring and Fragment
Motions in the Collision-Imparted Velocity Method

Definition of Slope-Discontinuity Angles for an Illustrative

Fragment and C/D Structure

Problem Data, Geometry, Nomenclature;—and-Finite-Element

Modeling for Example 6.1

Problem Dhta, Geometry, Nomenclature, and Finite-Element

Modeling for Example 6.2

Page

221

222

224
225
228

229

231

233

236



SUMMARY

Described in this report is a user-oriented—computer -program CIVM-JET 4B
to predict the large-deflection elastic-plastic structural responses of frag-
ment-impacted single-layer: (a) partial-ring -fragment containment or deflector
structure or (b) complete-ring fragment containment structure. These two types
of structures may be either free or supported in various ways. Supports
accommodated include: (1) point supports such as pinned-fixed, ideally-clamped,
or supported by a structural branch simulating mounting-bracket structure and
(2) elastic foundation support distributed over selected regions of the struc-
ture. The initlal geometry of each partial or complete ring may be circular
or arbitrarily curved; uniform or variable thicknesses of the structure are
accommodated. The structural material is assumed to be initially isotropic;
strain hardening and strain rate effects are taken into account.

An approximate analysis utilizing kinetic energy and momentum conserva-
tion relations is used to predict the after-impact velocities of each fragment
and of the impact-affected region of the ring; this procedure is termed the
collision~-imparted velocity method (CIVM). This imparted-velocity information
is used in conjunction with a finite-element structural response computation
code to predict the transient, large-deflection, elastic-plastic responses of
the impacted structure whose deflections are assumed to be in essentially one
plane and, hence, these structures are called two-dimensional (2-d). 1In this
process the equations of motion of both the impacted structure and the fragment
are solved in small steps in time.

Provisions are made in the CIVM-JET 4B code to analyze the responses
of 2-d structures which are subjected to impact by from 1 to 6 fragments each
with its own size, mass, mass moment of inertia, translational velocity, and
rotational velocity. The effects of friction between each fragment and the
impacted structure are included.

vi
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SECTION 1

INTRODUCTION

The CIVM-JET 4B computer program is an addition to the series of
computer programs which are intended to be made available to the aircraft
industry for possible use in analyzing structural response problems such a3
containment/deflection rings intended to cope with engine rotor-burst frajments.
This computer program may also be applicable to crashworthiness problems which
are of interest to the automobile and nuclear power plant industries.

The computer program written in FORTRAN IV, permits one to prerict the
large, two-dimensional, elastic-plastic transient Kirchhoff-type response of a
single-layer structural ring, which may be a complete ring or just a partial
ring. The ring may be subjected to various restraints and supports* and to
rigid-fragment impact. The geometrical shape of the structural ring can be
simple circular or arbitrarily curved, and the ring may have independently-
varying thickness along the circumferential direction. The material behavior
may be elastic strain-hardening, and/or strain-rate sensitive.

The program employs the spatial finite-element representation of the
ring and the temporal finite-difference solution procedure. For predicting
the transient responses of the structural ring to rigid-fragment impact, energy
and momentum considerations are employed in an approximate analysis to predict
the collision~induced velocities which are imparted to the fragment and to the
affected ring segments. The presence of fragment/ring sufface friction is
taken into account. The pertinent analytical development and the solution
method upon which the program is based are presented concisely in Appendix A.
The reader is invited to consult Refs. 1, 2, and 3 for background information
and a detailed description of this solution procedure.

Section 2 of this report is devoted to describing the general organiza-
tion and capabilities of CIVM-JET 4B, including (1) the ring structural geometry,

supports, elastic restraints, and material properties accommodated, (2) circular

*
This includes "ring support brackets” which are treated as"branches”.



rigid-¢ragment collision interaction, and (3) the solution procedure. Next,
in Section 3, the main program and subprograms of CIVM-JET 4B are described,
including a partial list and explanation of the variable names used in the
program. The input data and output information are presented in Section 4.
A complete FORTRAN IV*listinq of the program is given in Section 5. Example
problems, including input data and the resulting solution data are given in

Section 6. Finally, Appendix A summarizes the equations on which the program

is based.
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SECTION 2

GENERAL DESCRIPTION OF THE CIVM-JET 4B PROGRAM

2.1 Ring Geometry, Supports, Elastic Restraints, and Material Properties

In the present analysis, the transient structural responses of the ring
are assumed to consist of planar (two--dimensional) deformations. Also, the
Bernoulli-Euler (or Kirchhoff) hypothesis is employed; that is, transverse
shear deformation is excluded.

The computer program can treat single layer structural rings. The layer
may be of independently-varying thickness; however, the total thickness remains
small compared with the circumferential dimension of the ring. The cross sec-
tion of the layer is assumed to be rectangular in shape, and the centroidal
axis is empluyed as the circumferential reference axis of the ring (Fig. 1).

The structure can be either a complete ring or a partial ring with or
without slope discontinuities. The ggometric shape of the circumferential
axis of the ring can be circular or arbitrarily curved. The outward-normal
direction is defined in such a manner that as one moves along the circumferen-
tial axis in the positive n direction from an arbatrary reference point, the
outward-normal direction is always toward one's left as shown in Fig. 2, where
XYZ is the globai reference Cartesian coordinate system with the X-axis point-
ing out of the paper. At any point on the circumferential axis, i is a local
unit vecter defined in the same direction as the +X axis, a is » unit tangent
vector along the positive circumferential axis direction, and n is a unit
outward-normal vector which is defined by the right-hand rule as n=1ix a.
Once the positive circumferential direction is defined, the outward-normal
direction 1s then determined accordingly (see Fig. 2). For any given C/D
structure, the positive circumferentiair direction must be chosen so that the
positive outward-normal is directed toward the "outside" of the C/D structure
such that fragment impact can occur only on the "inside" of the C/D structure.

In the spatial finite-element analysis, the ring is represented by an
assemblage of discrete (or finite) elements compatikly joined at the nodal

stations. The geometry and nomenclature of a typical arbitrarily curved ring



element are shown in Fig. 3, where the deformation plane 1is n,Z and the coordi-
nates n along and Z normal to the centroidal axis of the beam are employed as
the reference coordinates of the beam element. The nodal number is increcased

along the positive circumferential direction.
The behavior of each finite-element is characterized by a knowledge of

the four generalized displacements: v, w, ¥ = (3w/9n) - (v/R), and ¥ = (3v/3n)
+ (w/R) at each of its nodal stations where v and w are the reference plane
displacements in the tangential and normal direction, respectively; R is the
radius of curvature. The displacement behavior within each finite-element is
represented by a cubic polynomial in n for the circumferential displacement v
and a cubic polynomial in n for the normal displacement w, anchored to the four
generalized nodal displacements at each node (see Appendix A and/or Ref. 1 for
further details). For application to arbitrarily curved, variable thickness,
ring structures, the finite elements are described by reading in at each nodal
statinn (and eacn element end, for slope discontinuity) the global Y and Z
coor 1nates, the slope (the angle between the tangent vector and the +Y axis),
aad the thickness. Within each finite element, the slope is approximated by a

quadratic function in n and the thickness of each element is approximated as

being piecewise linear between nodes.
As for the support conditions of the structure, the program includes two

types of prescribed nodal displacement conditions (see Fig. 4a):

w=1=0)
0)

{1) Ideally-Clamped (v
(2) Smoothly-Hinged (v =w

and two types of elastic restraints (see Fig. 4b):
(a) Point elastically restrained (elastic restoring spring) at given
locations (3 directions: normal, tangential, and torsional)
(b) Distributed elastically restrained (elastic foundation) over a
given number of elements (3 directions: normal, tangential, and B

torsional).

A global effective stiffnessS matrix supplied by the elastic foundation and/or
the restoring springs will be evaluated in the program from the virtual-work
statement, for the case in which the structurz is subjected to one or both of

these two types of elastic restraints.
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The 2-d containment/deflector (C/D) structure may also be regarded as
being supported by attachment brackets as depicted, for example, in Fig. 4r
These attachment brackets (cr branches) are idealized to behave in the 2-d
fashion shown in Fig. 4d. These brackets are modeled as consisting of a single-
layer, variable-thickness, 2-d structure of arbitrary initial shape in the
plane of the C/D structure, and are connected compatibly wich the C/D struc-
ture; the other end of each bracket may be supported in any of the common
fashions (clamped, pinned, elastic support, etc.). Tne program provides for
a maximum of five support brackets. In the fragment attack, usually only the
C/D structure suffers physical impact; however, if the énalyst has a physically
plausible situation wherein the idealized support bracket could be impacte:
by a fragment (such a case is depicted in Fig. 4d), the impacted portion must
be defined az the main C/D structure since impacts‘on a branch are not accommo-
datecd in this program. It should be noted, however, that the actual brackets
in the bracket-supported C/D structure (see Fig. 4c) must undergo 3-d deforma-
tion -- this aspeét is not accommodated in the present 2-d model. Firally,

a support bracket {(or branch) may be attached to any nodal station of the main
2-d C/N structure.

) The main structure and branches can be of different elastic, or elastic,
perfectly-plastic or elastic-strain-hardening behavior. The strain-rate
effects of the material can also be taken into account. 1In the present analys.s,
the strain-hardening material is accounted for by using the "mechanica® sub-
layer model" (Ref. 1). A u§eful feature of this model 1s the inclusion of
kinematic hardening ard the Bauschinger effect. The strain-rate effect is
approximated by assuming that the uniaxial stress~strain curve i1s affected br
strain-rate only by a quasi-steady increase in the yield stress above the

"static"” value (Ref. 1)

2.2 Fragment/Ring Collision-Interaction Analysis

For analyzing the collision induced transient responses of two-dimensional
containment and/or deflector rings and fraigment motions, the fragment is 1deal-
ized as a8 non-deformable fragment of circular configuration (Fig. 5). The
modeled-fragment diameter, mass, mass moment of 1nertia, and velocity components

are specified by the user to correspond with those of the actual fragment.
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The process called the collision-imparted velocity method (CIVM) is used

for the collision-interaction analysis (see Refs. 1-3). In this process,

energy and momentum considerations are employed to predict the collision-

induced velocities which are imparted to the fragment and to -the impact
affected zone of the ring. Also, the following simplifying assumptions are

invoked:
(1)

(2)

(3)

(4)

(5)

The collision process is instantaneous and involves only the frag-
ment and the impact-affected zone of the target ring. The impact
affected zone is defined as the fraction of the ring that responds
to fragment impact instantaneously with momentum changes. The size
of the impact~affected zone of the ring can be estimated from the
speed of a longitudinal wave or from semi-empirical data.

In an overall sense, the fragment is treated as Leing rigid but at
the "immediate contact region" between the fragment and the struck
ring the collision process is regarded as acting in a perfectly
elastic (e = 1), perfectly inelastic (e = 0), or an intermediate
fashion (0<e<l), where e represents the coefficient of restitution.
The colliding surfaces of both the fragment and the target ring may
be either perfectly smooth (U = 0) or may be "rough"” (u # 0), where
U denotes the coefficient of sliding friction. Hence, respectively,
force and/or momentum (or velocities) are transmitted only in the
normal-to-surface direction or in both the normal and the tangential

direction.

During the collision, the contact forces are the only ones considered

to act on the impact-affected region of the ring and in an anti-
parallel fashion on the fragment. Any forces which the ring segment
on either side of the impact-affected region may exert* on that
segment as a result of this instantaneous collision are considered
to be negligible because this impact duration is so short as to
preclude their “"effective development"”.

To avoid unduly complicating the analysis and because of the small-

ress of the arc length of the ring finite elements, each affected

*
Such forces are termed "internal forces” as distinguished from the "external
impact forces".

|
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ring element is treated as a straight beam segment (see Fig. 6) in
the derivation of the impact inspections and equations. However,
for modeling of the ring itself for transient response-predictions,
the ring is treated as being arbitrarily curved and of variable
thickness.

An information flow schematic of the CIVM procedure is shown in Fig. 7.
Briefly, the analysis procedure indicated in Fig. 7 consists of the following

principal steps:
1. Motions and Positions of Bodies

The motions of the fragment and of the containment and/or deflector
ring are predicted and the (tentative) region of space occupied by each body
at a given instant in time is determined.

2. Collision Inspection

Next, an inspection is performed to determine whether a collision has
occurred during the small increment (At) in time from the last instant at
which tha body locations were known to the present instant in time at which
the body-location data are sought. 1If a collision has not occurred during
this At, one follows the motion of each body for another At, etc. However,
if a collision has occurred, one proceeds to carry out an (approximate) calcu-
lation of the time of fragment-ring contact.

3. Contact-Time Calculation

The fragment and ring-node positions, velocities, and accelerations
are known at an instant in time prior to ring-fragment collision. Using.this
information, the (approx‘mate) time of ring-fragment contact (within the small
increment, At, in time), and the point of contact on the ring are calculated.
When this information has been obtained, one then proceeds to carry out a
collision-interaction calculation.

4. Collision-Interaction Calculation

In this calculation energy and momentum conservation relations are
employed in an approximate analysis to compute the collision-induced changes

in (a) the velocities V_ (translation) and w_ (rotational) of the fragment and

£ 3
(b) nodal velocities of the ring impact-affected segments. The coordinates
which locate the positions of the fragment and of the affected segments are

thereby corrected from their tentative uncorrected-for-impact locations.

:I <«
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One then returns to step 1, and the process is repeated for as many time
" increments as desired.
The details of this analysis procedure as well as various considerations

and simplifying assumptions employed are discussed further in Appendix A.

2.3 Solution Procedure

The spatial finite-element approach is utilized in conjunction with the
Principle of Virtual Work and D'Alembert's Principle to obtain the equations
of motion of the structural ring which is permitted to undergo large~deflection
elastic-plastic transient deformations. In the interest of conciseness and
convenience in this report, the user is invited to consult Ref. 1 and/or
Appendix A for a detailed derivation and discussion of the equations of motion.
For present purposes, it suffices to note that the governing equations of
motion for the complete assembled discretized structural ring correspond to
the unconventional (improved) formulation of Ref. 1 and may be written in the

following form+:

[M']{"i‘f +{Pf 4+ ICMEEY! *[K:][f] = {0} (2.1)

where .

{q*} and {q*} are the global generalized displacement vector
and acceleration vector.

[M*) is the mass matrix of the complete structure.

{p+*} is a "generalized loads" vector representing
both elastic and some plastic behavior contribu-
tions.

[H*] {q*} represents "generalized loads" arising from both
large deflections and plastic strains.

[K;] represents the effective stiffness matrix supplied

by the elastic foundation and/or the restraining
spring.
In the present procedure, a diagonal "lumped" mass matrix is employed.

The justification for the use of lumped mass instead of consistent mass is

outlined next. A comparison of numerical results obtained using lumped mass

+ . . . . .
The right-hand side of Eg. 2.1 is zero since it is assumed that there are no
prescribed externally-applied forces acting.

8
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vs. consistent mass, given in Ref. 1, for ring-type structures shows similar
results for both mass systems. The use of a lumped mass matrix also cesults
in a decrease of the highest natural frequency, compared with the use of a
consistent mass matrix, for the assembled structure, and thus permits one to
use a larger time step, At, for the structural response calculations (as will
be described shortly). This fact, coupled with reduced storage regquirements
and additional savings of computation time in each time step because of the
simple form of the mass matrix, makes the use of a lumped mass matrix computa-
tionally efficient. Finally, in the collision interaction analysis the
element (and structure) mass properties are assumed to be lumped at éﬁe nodal
points. Thus, for consistency, the mass properties of the ring structure used
in the global timewise solution procedure should also be nodal lumped masses.
The resulting equations of motion afe'solved through the use of the 3-
point central difference time operator whereby one obtains a recurrence equa-
tion which provides a solution step-by-step in finite-time increments. Based
on computing experience, this operator is much more simple and requires a
minimum of storage and operations (compared, for example, with the Houbolt
operator) within each time step of calculation for advancing the solution ahead
in time. However, it should be noted that in order for the 3-point central-
difference operator to provide a reliable prediction, the time step size, At,
employed must be small enough. To insure a suitably small At, the following
procedures are built into the computer program utilizing this central-difference
operator so that the time-step size, At, can be either specified by the user
or the program will compute the largest natural frequency, wmax of the system
and will then choose a value of Atmax = 0.8 (Z/wmax), where At 5-2/wmax
is the stability criterion of a corresponding linear dynamic system; the
factor 0.8 is introduced in order to take large-deflection effects into account.
The Wk’ which represents the largest natural frequency contained in the
(linear) mathematical model of the structure, is obtained by an iteration

process applied to -

et [M*]{g*] - [k*] {9} 2.2



where‘[K*] is the usual elastic stiffness matrix of the structure which is
used only for the calculation of allowable At, and is not employed in the
global timewise solution because of the use of Eq. 2.1 in place of the "con-
ventional" equ;tions of motion.

Following the calculation of the allowable At, the equation of motion is

solved by using the central difference operator. Also, a collision inspection

\ and correction procedure is carried o&p for each time-step of the advancing
calculation. In the following, the general solution process is described
briefly.

First, information is provided to define the geometry of the ring includ-
ing”its prescribed displacement conditions and elastic restraints. In addition,

the ring material property constants and the attacking-~fragment parameters are

defined. Also defined is the structural discretization information and numer; N

ical integration data. It should be mentioned that Gaussian quadrature is
employed in the present analysis to evaluate the element-property matrices --
this requires that the stresses and strains be evaluated at a selected finite
number of Gaussian stations over the "spanwise" and depthwise region of each
finite element. Next, the mass matrix and the stiffness matrix for the entire
structure are evaluated by assembling the element mass and stiffness matrices.
Then the proper prescribed displacement conditions are imposed and a reduced
mass matrix and stiffness matrix are obtained by deleting the corresponding
rows and columns associated with those generalized displacements which are
prescribed to be zero. Also constructed are the discrete element property
matrices that do not change with time (and remain constant throughout the pro-
gram), such as the matrices relating strain to the nodal generalized displace-
ments, etc. The maximum natural frequency, wmax' of the structure is then
calculated from Eq. 2.2, and the maximum allowable step size, Atmax' is found.

This value is compared with the user specified value of At, and the smaller of
the two values is chosen for the timewise solution procedure. 1If the user has
chosen the time-step "over-ride" option, the user specified At will be used.

The ring structure is assumed to be at rest at time t,r and the position

. ' ; is in-
and velocity of the attacking fragments are known at time to. From this in

formation the generalized nodal and fragment displacements and displacement
Then, the fragment-

If one, or

increments are computed for the first time increment At.

isi i i i i ried out.
ring collision inspection and correction procedure 1is car

10
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mofe, ri&q-fragment collisions have occurred during this At, the coordinates
which locate the position of the fragment and impact-affected nodes of the
ring are thereby corrected from their tentative uncorrected-impact locations.
Next, the strain increment developed from to to tl at every Gaussian station
{or point) required over and depthwise through each finite element are calcu-
lated. From a knowledge of the prescribed initial stresses (if any) and the
strain increments, one can determine the stress increments, the stresses, and/
or the plastic strains and the plastic strain increments through the use of
the pertinent elastic-plastic stress-strain relations including the plastic
yield céndition and flow rule. Next, one can calculate the equivalent
generalized load vectors arising from large deflections and plastic strains.
Then, the proper recurrence equations, which is the finite-difference repre-
sentation of the equations of motion, are solved to obtain the ring-nodal
generalized displacements and displacement increments ;f the next time incre-
ment. The pertinent equations of motion for the fragment are also solved to
obtain the displacements and displacement increments of the next time incre-
ment for each attacking fragment. The process then proceeds cyclically for
as many time steps as desired. It should be noted that the ring structure
remains at rest until the first ring-fragment collision occurs.

For the present purposes, the above general description is considered
to be adequate; one may consult Appendix A and Refs. 1-3 for a more detailed

discussion of the solution and evaluation process.

11
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SECTION 3

DESCRIPTION OF PROGRAM AND SUBPROGRAMS

3.1 Program Contents

The CIVM-JET 4B program is composed of a main program and 23 subroutines

which appear in the program in the order listed. The names and functions of these

programs are as follows.

MAIN

. ASSEF

ASSEM

BRAN

CUBIC

Reads the rinqg geometry, material property data, the structural
discretization information, and/or the prescribed displacement
conditions and elastic restraints. Also, read in are the fragment
geometry parameters and the fragment velocity components. It
computes the quantities that are constant throughout the program
and initializes most of the variables used in the subroutines.

It controls the logical flow of infgrmation supplied‘by the various
subroutines and the overall time cycle. Also, the lumped mass

matrix [ M*] is generated by this routine and stored in row form.

This subroutine assembles the generalized nodal load vectors (due
to large~deflection elastic-plastic effects) of each individual
element into a generalized nodal load vector for the structure as

a whole.

This subroutine updates the structural stiffness matrix as the
element stiffness matrix is generated. The components of the
assembled stiffness matrix [K*], which is a symmetric.matrix, are
stored in a linear-array form; only the lower triangular part of

{K*] need be and is stored (row-wise) starting with the first nonzero

element in the row and ending with the diagonal term.

This subroutine reads the geometry, boundary constraints, and elastic
restraints for a branch. The global numbering system of the main
structure is then modified to include the branches. BRAN establishes
arrays which contain information facilitating the rotations required
in other subroutines. It also establishes identifier arrays which
distinguish between elements of the main structure and elements of
the various branches.

A slave subroutine of rooT4. Used to calculate one real root of a
cubic equation.

12
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DINIT

- ELMPP

ENERGY

ERC

FICOL

IDENT

IMPACT

IMPCTE

This subroutine initializes all ring response calculation vectors and

advances each of N fragments to its location at a time (which is

user specified) prior to initial impact.

This subroutine evaluates the element stiffness matrix (k), for
each discrete element, and then performs discrete element assembly
to form (K*] for the complete structure with respect to global
coordinates. Next, the prescribed displacement conditions (if any)
are imposed on [K*] to form a restrained matrix. Also evaluated
are the transformation matrices between the strain at each spanwise
checking (Gaussian, or other) station and the generalized nodal

displacement conditions of the element.

Computes the energies of the fragment and the ring at each printout
cycle. The ring energies are subdivided into the plastic energy,
elastic energy, kinetic energy, and energy absorbed in the elastic

foundations.

Imposes the proper prescribed displacement conditions to the [K*]
matrix by restraining the corresponding rows and columns of the

matrix.

Finds the corresponding location of an element in the linear array
expression to a location in a two dimensional array expression of

the [K*] matrix.

The IDENT subroutine is used to print out the values of certain
input parameters at the beginning of the run, and is used to

identify the type of run that is being made.

This subroutine is the controlling routine for carrying out the - -
search for impact occurrence involving one of N fragments on each
element of the ring for all fragments considered. When it is
determined that a fragment-ring collision has taken place, IMPACT
controls the application of appropriate correction factors to the

velocities of the fragment and the nodal points of the affected elements.

A slave subroutine of IMPACT. This subroutine calculates and

applies the appropriate correction factors to the velocities of

13



MINV

OMULT

PENTRN

PRINT

QREM

ROOT4

ROTAT

STRESS

the fragment and the nodal points of the elements affected when

a fragment-ring collision has occurred.

Performs the matrix inversion; a standard Gauss-Jordan inversion

method is used.

Performs the multiplication of a square matrix (stored as g vector)

and a vector. A vector results.

A slave subroutine of IMPACT. Given the position of the fragment
and ring nodes and the geometry of the fragment and idealized

ring structure, this subroutine determines whether any "overlapping”
(penetration) exists between the fragment geometry and the ring

geometry.
PRINT controls the program output and format.

Evaluates the effective stiffness matrix [K;l. supplied by the
elastic foundations and/or the restoring springs, and then imposes

the prescribed displacement conditions on [K;] accordingly.

A slave subroutine of TCONT. ROOT4 solves the quartic equation
which is encountered in the calculation of the time of fragment-
ring contact. Only real roots are calculated (imaginary roots

have no meaning here).

This subroutine generates the transformation matrix necessary to
rotate from the global displacement system to the element displace-
ment system. This matrix is then applied to the element [k] matrix,
the displacement vector and the equivalent load vector (as required)
to perform the rotation for the connecting branch elements and any

elements containing discontinuities.

This subroutine evaluates the generalized load vectors, (R.H.S. of
Eq. A.30a) arising from the presence of large-deflections and plastic
strains. First, the stresses and plastic strains are determined

at each quadrature station, which involves the use of the si.ain-
displacement relation and the stress-strain relation. The strain-
hardening and strain-rate sensitivity effects are taken in considera-

tion. Next, the appropriate Gaussian integration scheme is used

14
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to form the element generalized nodz' load for each discrete
element, and finally, an assembled ¢ .ieralized nodal load vector

is calculated.

A slave subroutine of IMPACT, This subroutine determines the
(approximate) real time at which contact of the fragment onto the
ring occurs (within a given increment in time). TCONT calculates
the time of contact, element contacted, point(in space) of contact,

and the fragment involved in this fragment-ring contact.

This subroutine is called during each problem run to compute Atmax
and to constrain the user-specified At to be < Atmax‘ It finds
the highest natural frequency, Wnax’ in the mathematical model of
a correspcnding linear dynamic system {M*] {g*} + (k*] {q*} = 0 by

using an iteration process, and then calculates a value of Atmax =

c.8 (2/wmax).

A slave subroutine of IMPACT. This subroutine calculates the

position of the ring nodes and fragment c.g. at time tl given the
position, velocity, and acceleration of the ring nodes and fragment

c.g. at time to (where tl may be greater than or less than to).

' 3.2 Partial List of Variable Names

A(I,J)

AA(JR,I,J)

ADOT (I)

AEPI,J,K)

AINT

{Al, an 8x8 matrix defines the transformation between the element

generalized nodal displacements {q} and the parameters {B} in the

assumed displacement field of each element. It is destroyed in
computation and is replaced by its inverse (A-ll.
A matrix that stores all of the (A-ll matrices.

The angqular velocity of the Ith fragment (rad/sec). Positive sign

denotes counter-clockwise rotation.
Transformation matrix which relates strain at Ith additional strain

point to the generalized nodal displacements of the element on which
it is located.

Pre-impact approach velocity of the fragment-impacted ring element

system normal to the ring element relative to the fragment.
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AL(I)
ALFA(I)
ANB(I)

ANG (I}

ANGDB
ANGDI (I)

APHA

APN

APT

ASFL
(1,J,K,L)

AXG (1)
AWG (1)

B(L)

BEP (IR, J,I,K)

BI(L)

BIG(L)

I N R R A

Element arc length of the Ith element.
Angular rotation of fragment I (rad.).
Same as ANG(I), applies to initial input for branch nodes.

The slope, which is the angle between the tangent vector and the

~ +Y axis, at the Ith node.

The slope, which is the angle between the tangent vector and the
+Y axis, at the Ith slope discontinuity. ANGDB refers to initial

input for branches.

The angle between the chord connecting the first node of the

element to the second node, and the +4Y axis.

Fragment-induced impulse normal to the impacted ring element

surface.

Fragment-induced impulse tanyential to the impacted ring element

surface.

Stress and/or plastic strain weighting factor on the Lth sublayer
in the Kth depthwise Gaussian point at the Jth spanwise Gaussian

station of the Ith element.

Input vectors with dimension NOGA: contain Gaussian quadrature

constants, X5 and weights, wi of

]
f,cm dx = 2 Fx0OW,
15
()

employed in the spanwise integration over each element.

Width of the ring (inches); L=1 for main structure; L>2 for

branches.

Transformation matrix which relates the strain at the Jth spanwise
Gaussian station to the generalized nodal displacements of the IRth

element ([DI], I=1,2,3, see Eq. A.14).
Same as B.5(L), for largest average nodal strain.

The largest computed strain at the Gaussian stations for the Lth
substructure , up to the present cycle. It should be ncted that
strains are computed at every cycle. IL=1 for main structure,
L>2 for branches.

16
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BIGA(L)

BINP(I,J)
BIMP(I,J)

B@NE

BTIM (L)
BTIMA (L)

BTIME (L)

CELAS
CINETF
CINETO

CPPY (1)

CPP2 (1)

CR{(J)

DALFA (I)

DCRTE

DELD (I}

DELTAT

DELTR

DENS (L)

The largest computed strain at the additional strain points, up

to the present cycle.

The longitudinal force and the bending moment, respectively, over
the cross section at the Jth spanwise Gaussian station of the Ith

element (see Eq. A.26).

The highest natural frequency squared of a corresponding linear

dynamic system.

Same as BTIME(L), applies to nodes.
The time at which the largest computed strain occurs at the addi-

tional strain points. L=1 for main structure, L>2 for branches.
The time at which the largest computed strain occurs at the

Gaussian stations.

Elastic energy stored in ring up to the present time.
Kinetic energy stored in fragment up to the present time.
Kinetic energy imparted to ring up to the present time.

Current global Y coordinate and Z coordinate, respectively, of

the Ith node.

Coefficient of restitution between the Jth fragment and the

impacted ring surface.

Impact-corrected angular displacement increment of the Ith fragment

at the current time step.

Critical distance used in calculating where a positive penetration
has occurred between a fragment and a ring element. It is egual

to the fragment radius plus onc half the mean element thickness.

Vector contains the generalized nodal displacement increment

during the current time step.
Time-step size used in the program, At.

Time remaining during a time step At. Used in impact inspection

and correction calculations.

Density of the Lth structural segment. L=1 for main structure,

2 4
L>2 for branches (lbs-sec /in').
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DFCGU (1)

DFCGW(I)

DISP(I)

DROT (L)

Ds(L)

DUMMY

EFLN(L)

ELK(I,J)
ELMAS (I,J)

ELRP (I,J)

EPS(L,J)

EPSI(I)
EPS@Z(I)

EXANG

FACTFN

Impact-corrected Y direction displarement increment applied to

the position of fragment I.

Impact-corrected 2 direction displacement increment applied to
the position of fragment I.
Vector which contains the generalized nodal disblacements at the

current time instant.

Stores information used in rotating a displacement vector into

the global system at a point of slope discontinuity.

Material constant used in the strain-rate sensitivity formula.

L=1 for main structure, L>2 for branches.

'

A dummy argument in the calling statement of Subroutine

ROTAT.

The effective impact length of the ring (inches). 1I=1 for main
structure. L22 for branches.

Element stiffness matrix of dimension 8x8 (Eq. A.18d).

Element mass matrix of dimension 8x8 (Zq. A.l6).

Element effective stiffness matrix of dimension 8x8 supplied by
elastic restraints.

Input quantities of abscissa of the uniaxial stress-strain curve
for the Jth mechanical sublayer material model. L=1 for main

structure, L>2 for branches.

Average axial strain on the inner surface and on the outer

surface, respectively, at node I.
If EXANG=360.0, the structure is considered to be a complete
ring. If EXANG # 360.0, the structure is considered to be a

partial ring.

Impact-‘induced correction ractor applied to the normal-to-impact
displacement increment of the attacking fragment at the time

of contac..
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FACTFT
"FACTFO

FACTN
FACTT

FARE
FCUR

FCGU(I)
FCGW(I)

FLVA(I)

FMASS (I)
FMPI (1)

FREQ

GFL(IR,I,J)

GZETA(IR,I,J)

H(I)
HB(I)

HTH (L)

e

Impact-induced correction factor applied to the tangential~-to-
impact displacement increment of the attacking fragment at the

time of contact.

Impact~induced correction factor applied.to the rotational dis-
placement increment of the attacking fragment at the time of

contact.

Impact~induced correction factor applied to the normal-to-

impact displacement increment of each affected node.

Impact~induced correction factor applied to the tangential-to-

impact displacement increment of each affected node.

Midplane axial strain and curvature increment, respectively, at

the selected spanwise Gaussian station of each element.
The global Y coordinate of the centroid of the Ith fragment.
The global Z coordinate of the centroid of the Ith fragment.

Assembled generalized load vector corresponding to large deflec-

tions and plastic strain presence; it equals {P*} + [H*] {é'}.
The mass of the Ith fragment (lb-secz/in?).
The mass moment of inertia of the Ith fragment (lb-senz—in).

The highest natural frequency of a corresponding linear dynamic

system of the ring.

Stress and/or plastic strain weighting factor on the Jth depthwise

Gaussian point at the Ith spanwise Gaussian station of the IRth

element.

Distance from the centroidal axis to the Jth depthwise Gaussian

point at the Ith spanwise Gaussian station of the IRth element.

Thickness of the ring at the Ith node.
Same as H(I), applies only to initial input for branches.

The branch thickness for the Lth branch at its connecting node.
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131 (L)
IBIG(L)

IBIGA(L)

10gL(I)

ICON

ICONT

IFLAG\I,J)

IK

IMCo
IMCOu

INUM(I)

IRRUN

ISTA(I)

ISTAA(I)

ISIZE

ISUR(L)

ISURA (L)

ISURF (L)

Same as IBIG(L), applies to nodes.
The element number whose strain, computed at one of its Gauscian

stations, exhibits the largest value during the present computer

run. L=1 “.r main structure, L>2 for branches.
Same as IB - ), applies to additional strain points,

Vector, of length NI, contains the column number of the first non-
zero entry in the Ith row of the structural mass and/or stiffness

matrix.

INDICATOR = 0 if last data input

1 if more runs are desired

INDICATOR, {f >0 then the program expects data for a continuation

run.

A flagging matrix which indicates whether element I has been

impacted by fragment J during a given time step, At.

Number of discrete elements into which the whole structure is
discretized for analysis.

Indicates the occurrence of an impact in the previous time cycle.

Indicates the number of impacts up to the present time instant.

Vector of dimension NI contains the corresponding position in
the linear-array of the first nonzero entry in the Ith row of the

structural mass or stiffness matrix.

A counter: is equal to the number of runs of CIVM-JET 4B in a

single computer submittal.

The number of the Gaussian station at which the strain is a

maximum.

The number of the additional strain point at which the strain is

a maximum.

Number of locations required for the storage of the structural

mass or stiffness matrix in linear-array form.
Same as ISURF(L), applies to nodes.

Same as ISURF(L), applies to additional strain points.

L=1 for main structure, L>2 for branches.

INDICATOR = 1 if largest computed strain occurs on inner surface

2 if largest computed strain occurs on outer surface

Refers only to strains calculated at Gaussian stations.
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IT
JF
KII

KRZW (1)

LATT

LBR(I)

LHIT(I)

IMT(I)

LNTMIN

MATT (L)

MIRP

MK (1)

MKE (1)
MM
MNEL (I)
Ml
M2

MPU

I

Current time-step (cycle) number.
The fragment number which is involved in the ring segment impact.
Number of nodes included in impact-affected region.

The row number of the. Ith irregular row in the structural mass

or stiffness matrix. R

Indicates how the branch is attached to the main structure:
= -] inner surface
= 0 midsurface

s ] outer surface

The number of a branch upon which a boundary condition is to be
applied.

Indicator array. I = branch number. If LHIT(I)=0, branch is to be

impacted; in the present program LHIT(I) must be set equal to zero.

Array which stores the element numbers of those branch elements

where impact cannot occur.

Element upon which the first impact has occurred during a given

time step.
Indicates the node at which the Lth branch is attached.

Indicates the first fragment that is released at a time after the

initial impact.

Vector which contains new .nodal numbers for the main structure,

given I as the old nodal number.

Indicates the substructure to which the Ith element belongs.
Time step (cycle) at which run is to stop.

Number of elements in the Ith substructure.

Cycle at which regqular printing starts.

Printout will occur every M2 cycles.

Irdicator for punched outnut: IF MPU = 0, no punched output.
IF MPU # 0, data is punched from

last time cycle. _
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MREAD
MWRITE
MPUNCH

NBS (1)
NBCB (I}

NBC@NB

NBC@ND

NBR

NDEX (I)

NDIS

NEDI(I)

NEDIB(I)

NELT(I)
NF

NFL

NI

NIRREG

Number for the data input tape unit, printed output tape unit,

and the punched output tape unit, respectively. These names
must be assigned a number in MAIN corresponding to the user's

computing facility requirements.
The prescribed-displacement condition identification number.
Same as NBC(I), applies to initial input for branches.

The number of nodes at which the prescribed displacement condition

is to be specified: refers only to branches. ’

The number of nodes at which the prescribed displacement conditions

are to be specified.

Indicates the number nf branches that are to be added to main

structure (not to exceed 5).

The corresponding position in the linear-array of the first non-

zero entry in thé Ith irregular row. -
The number of elements containing a slope discontinuity.

The main structurc element number of the Ith element containing

a slope discontinuity.

The branch element number of the Ith branch element containing

a slope discontinuity.
Number of elements in the Ith branch.
The number of fragments considered to be impacting the ring.

The number of depthwise Gaussian points through the thickness of
each layer for the numerical evaluation of stress resultants
(axial forces and bending moment) at each spanwise Gaussian

station.

Total number of degrees of freedom (unrestrained); it equals the

number of nodes times 4. Also, it is the number of rows in the

assembled structural mass or stiffness matrix.

Number of irregular rows in the assembled structural mass or

stiffness matrix.
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’N¢DBB(I) The node number along branch (I) at which a boundary condition

v

is to be applied.

N@DEB (I) The node number at which the prescribed displacement condition
NBC(I) is to be specified.

Tr aq ey T

' NODP (I) Nodal number (from main structure numbering system) at which the
. Ith branch starts.
' N@GA The number of Gaussian stations to be employed for the spanwige

numerical integration of the element properties over each element.

NgRP The number of point elastic restraints (elastic restoring springs)
N@RU . and the number of locally distributed elastic restraints, respec-

tively, which are to be specified over the structure.
NPP Number of positive penetrations during time DELTR.

NQR Indicator, which if > 0 indicates that this structure is subjected
to elastic restraints (point and/or distributed).

NREL(I) The element number at which the Ith point elastic restraint is
{
to be specified.
. NRST(I) The first element and the number of elements, respectively, over
NREU (I) which the Ith distributed elastic restraint is to be specified.
NS The total number of nodes. For a partial ring NS=IK+l. For a

complete ring NS=IK.

NSFL (L) Equals the number of mechanical sublayers in the strain-hardening
! material model; also is the number of coordinate pairs defining
the piecewise linear stress-strain curve of the substructure's
material. '
L = 1 for main structure, L > 2 for branches.
NTOVR Allows the user to override the automatic time check.
= 0 (or blank) time check used
= 1 User's DELTAT used regardless of value calculated by
subroutine TSTEP
NVEC(I,J) Array containing nodal numbers which form the end points of the
Ith element. J =.1 or 2 [First or second node, number clockwise
for main structure, outwards for branches, and inwards for a
branch attached to node 1 of a partial ring.] )
. P (L) _Constant used in the strain-rate sensitivity formula.

. L = 1 for main structure, L > 2 for branches.
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PAL
PAX

PIE

PLAST

QACL(I)

QVEL(I)

RCOS (I)
RSIN(I)

REX (I)

RFACTR

RL(I)
RMX (1)

RMASS(I)}

ROT(I,J)

RWORK
SCTP
SCTY

SCRP

Fractional distance from point of impact to first node of the

impacted element.

Fractional distance from point of impact to second node of the

impacted element.
Represents T = 3.141592653589793.

Total plastic work done on the structure up to the current time
step (mechanical work dissipated during plastic flow).
Vector which contains the generalized nodal accelerations at the

current time instant.
Vector which contains the generalized nodal velocities at the

current time instant.
Cosine and sine, respectively of the angle that element I makes
with the global Y axis. Used in transformation from impact to

local and local to global coordinate systems.

The length -coordinate along the centroidal axis from the node
NREL(I) at which the Ith point elastic restraint is to be
specified.

Strain rate factor used in the stress calculation.

Straight line length of ring element I used in the collision

inspection and correction analysis.

Lumped mass and moment of inertia values, respectively, at ring

structure node I.

Array which contains information needed to rotate a stiffness

matrix.
I = Number of branch \
J=10r 2

ROT(I,1) = 0.0 if Ith branch connects to first node
of main structure. Equals 1.0 for all other connecting

points. ROT(I,2) = Angle of rotation.
Total energy stored in ring, up to the current time.

The tangential and normal translational restoring spring elastic

constants, respectively.

The rotational restoring spring elastic constant.
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SCTU
SCTW
SCRU

$16(L,J)

SINT

Tangential and normal translational elastic foundation stiffness

constants, respectively.
Elastic foundation modulus in torsion.

Input quantities for the ordinate of the uniaxial static stress-

strain curve for the Jth mechanical sublayer material model,

L = 1 for main structure; L > 2 for branches.

Relative tangential velocity between the ring impact-affected

" nodes and an impacting fragment.

SN@ (N, L)

SNS(I,J,K,L)

SNY

SOL(I)

SPDEN

SPRIN(I)

STIFK(I)

TAII
TANX
TIME
TIMF

TMIN

Uniaxial static yield stress of the MNth mechanical sublayer
material model.

L = 1 for main structure; L > 2 for branches.

Axial stress of the Lth mechanical sublayer at the Kth depthwise
Gaussian point at the Jth spanwise Gaussian station of the Ith

element.

Uniaxial yield stress of the mechanical sublayer, taking strain-

rate sensitivity into account.
Contains the solution vector of a series of matrix equations.

Total energy stored in the elastically-restoring springs and/or

the elastic foundations at the current time instant.

The assembled effective stiffness matrix supplied by elastic

restraints (stored in a linear array form).

Assembled structural elastic stiffness matrix, stored in a linear-

array form.

Time of initial impact.

Boundary between rolling and sliding friction.

Current time (IT*DELTAT).

Time at which all calculations are to stop.

Time of first contact éc measured from start t; of the sub-

min
time step interval (see Egq. A.107).
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TNJ (J)
TPRIM(J)

TRAN(I,J)

TU(I)
T™W(I)

TWG (1)
TXG(I)

UDOT (J)

UNK (J)
VEL (1)

VELFA (J)
VELFU (J)
VELFW (J)

WDOT (J)

XDIST(I)

YK(I)

Indicates whether or not fragment J has been released before

the start of calculations.

Length of time that fragment J has been traveling prior to initial

impact of the first fragment.

Transformation matrix, used to rotate displacement vector and
element stiffness matrices into global coordinates. Used for

branch connection and slope discontinuities.

Trial Y and 2 coordinates, respectively, of the Ith node during

impact calculations. -

Input vectors with dimension NFL; contain Gaussian quadrature

constants x4 and weights, wi of

s/
I {(X) dxy = __z ‘(‘x.)ws
-1

used in the numerical integration of stresses and/or plastic

strains through the thickness.

Tne velocity component of the Jth fragment parallel to the global

Y axis.
Coefficient of friction for the Jth fragment.
Vector contains post impact nodal velocities.

Same as: ADOT(J)
UDOT (J) used_in_impact calculations

WDOT (J)

The velocity component of the Jth fragment parallel to the global

Z axis.

Distance from reference axis to attachment point of Ith branch.

- A general work vactor. It is finally used to store either the

number 1 or O for each element (I) to indicate whether a transfor-
mation is-necessary. YK(I) is used together with ROT(I,J) to

identify and aid in rotating an element’s stiffness =atrix.
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Y@UNG (L) Elastic (Young's) modulus (the slope of the lst segment in the
plecewise linear approximation of the.uniaxial stress-strain
- curve) .
- L = 1, main structure; L > 2 for branches.
¥Y(I) Initial Y coordinate and 2 coordinate, respectively, of the Ith
Z(I) node,
YB(I)} Same as Y(I) and Z(I); applies only to branch nodal input.
2B(I) -

\
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SECTION 4

USE OF THE CIVM-JET 4B PROGRAM

4.1 Input Information and Procedure

The information required to punch a set of data cards for a run of the

program is presented in a step-by-step manner in this section. The variables

to be punched on the nth data card are shown, and to the right is the format

to be used for that card; the definitjon of and some restrictions for each

variable are given directly below. This is done for each card, i4 turn,

until all are described.

Card 1 Format -

B(1l), DENS(l), EXANG 3D15.6

where

B(1) The width of the main structure (inches) (other structural
portions are called "branches")

DENS (1) The material density of the main structure (lb-secz)/in4

EXANG The angle (in degrees) that the ring subtends: for a complete
ring, EXANG = 360.0; for a partial ring, EXANG # 360.0.

Card 2

IK, NOGA, NFL, NSFL(l), MM, M1, M2, NF, TIMF 815,D15.6

where

IK The number of finite elements used to model the main structure.
The.total number of elements, including branch elements cannot
exceed 50 (however, this limitation may be relaxed by changing
the appropriate dimension statements of the program).

NOGA The number of spanwise Gaussian stations to be used for the
spanwise numerical integratiom over each element in evaluating
the element property matrices. NOGA=3 is used in CIVM-JET 4B.

NFL The number of depthwise Gaussian points to be used for the
numerical integration through the thickness at each spanwise
Gaussian station. This number cannot exceed 6.

"NSFL(1) See Card SA for description.
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MM The cycle numper at which the run is to stop.
M1l The cycle number at which the regqular prlntout is to begin.
‘ Ml must not equal 0.
M2 The number of cycles between regqular printout (i.e., print
. ) " every M2 cycles).
. NF The number of fragments considered to be impacting the ring.
: This number cannot exceed 6.
. TIMF The time at which the program will stop all calculations.
g card 3A ‘
: Y(1), 2(1), ANG(1), H(1) ’ 4p15.6
% where .
i Y(l)1 Initial Y coordinate and Z coordinate, respectively, of the
; Z(l)‘r first node (inches).
ANG(1) The slope (degrees) which is the angle between the tangent

! vector and +Y axis at the first node. An angle from the +Y
‘ axis to the tangent vector in a counter-clockwise direction
is defined as the positive direction. )
: H(1) The thickness of the ring (inches) at the first node.
Additional Cards 3B, 3C,... are punched in exactly the same format as
Card 3A until the total number of No. 3 cards equals the total number of nodes
of the main structure (IK+l) for a partial ring and equals IK for a complete

ring, where IK is the value appearing on Card 2.

Also the following two conditions must be satisfied by ANG(I) (where
I is the node number):
(1) 2180° < anG(1) < +180°

(2) An element cannot have a change in slope between its first node
and its second node that is greater.than 15°. This refers only
to the shape of one element (see Fig. 3); slope discontinuities
between two elements are handled on Card 4.

Note that for bookkeeping purposes, the nodal slope is defined to be identified
with the first end (left-hand end) of the element at that node for structures

with continuous slopes. However, where a slope discontinuity occurs on the



main structure, a node must be used and two slopes must be given: (1) one
(given on Card 3) associated with the second end (right-hand end) of the
pertinent element and (2) one associated with end one (L-H end) of the next

element; the ftem (2) situation is dealt with by Cards 4A, 4BA, 4BB, 4BC,

etc.
Card 4A
NDIS ’ 15
where
NDIS The total number of elements in the main structure having a

slope discontinuity at the first node of the element.
If there are no slope discontinuities on the main structure, set

NDIS = 0 and go to Card 5.

Card 4BA
NEDI(I), ANGDI(I) 4(15,D15.6)
where
I =1, NDIS
NEDI (I) The element (on the main structure) at which the Ith slope dis-
continuity appears on the element's first node. )
ANGDI (I) The appropriate slope (degrees; €for ine Ith slope discontinuity;
the slope 1is measured between the tangent vector to the element
at the station in question and the +Y axis (see Card 3A, ANG(1l)

for a description of the measurement system).

Additional Cards 4BB, 4BC, etc. are used until all of the "slope dis-
continuities" are described. (See Fig. 8 for a further description of the

discontinuity option.)

The sequence of cards starting with Card 5 and going through Card 5DB
contains all of the data for branches to be applied to the main structure,
except that elastic restraints must be handled as one unit on Card 15. If
no branches are to be applied, Card 5 has NBR=0; then proceed to Card 6. Only

5 branches are allowed, with a maximum of 10 elements in any one branch. A
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branch may not be connected to another branch. Branches may be attached to
any node on the main structure, or to the inner or outer surface of the main
structure at any node but only one branch may be connected to a given main-
_structure node. Note that if a complete-ring primary structure is specified,
no‘branch may connect to node 1 of the primary structure. The following

sketch shows typical permissible arrangements of the branches:

_. BRANCH #1 4—— BRANCH #2

~

“~MAIN STRUCTURE

Note the difference in the numbering schemes for branch 1 compared with
branches 2 and 3; the last geometry input card for a branch pertains to

its junction with the main structure. Numbering of the primary structure

is done independent of any branches. Typical branch numbering is given in
the above sketch. Note that all numbering in the above sketch is done in
each substructure's system. The program will renumber (in a clockwise manner)

the entire finite element systam.

The following describes the sequence of Cards (5A through SDB) needed
to accommodate branches (these cards are nested in such a way that each
branch's material and geometric properties are specified, branch by branch,
followed by slope-discontinuity information for all branches, followed by

boundary condition information for all branches):

Card 5 FORMAT
NBR 15

where
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NBR The numbe: of individual branches being added to the main
structure (NBR<5).

If NBR=0 GO TO CARD 6
Card 5A

NSFL(L), B(L), DENS(L), DS(L), P(L) I5,4D15.6

where ) -

L=2, NBR+1l, (L-1) is the branch number, and the values of these variables
when L=1 are equal to the maia structure's material.

NSFL(L) The number of mechanical sublayers in the strain-hardening
model of the material of the (L-1) branch, and is equal to
the number of coordinate pairs defining the polygonal approxi-
mation of the stress-~strain curve of the material (NSFL(L)<5).

B(L) width of the (L-l) branch (inches).

DENS (1) Mass density of the (L~1) branch (lb-secz)/m4

DS (L) } See Card-6

' P(L) (L-1) Branch

Card 5AA

EPS(J,L), SIG(J,L) 4D15.6
where

J = coordinate pair number < 5 -

(L-1) = branch number < 5

EPS(J,L) See Card 7 for definition of quantities
SIG(J,L)

Additional Cards 5AB and S5AC are puncned in exactly the same manner
as Card 5AA until the number of coordinate pairs equals NSFL(L) punched on

Card 5A. Do not include any unneeded (blank) cards.

Card 5B

NELT(I), NODP(I), LHIT(I), LATT(I) 4(I5)
where

1 =15 1s the branch number

NELT (I) Number of elements in Ith branch (NELT(I)<10)
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MNODP (I)

LHIT(I)

LATT(I)

Card 5BA
YB(I,J),

where

YB(I,J)
2B(1,J)
ANB(I,J}
HB(I,J)

i
|
i
i
)
L
i
)
i
i
t
|
—_—
i

Node of main structure (in original numbering system) at which
Ith branch is attached. See figure on page 31.

Determines whether or not branch can be impacted:

LHIT(I)=0 No impact

LHIT(I)=1 Impact

Note: 1In the present CIVM-JET 4B program, a branch cannot

be impacted; set LHIT(I)=0 for all branches.

Determines where branch is to be attached.
LATT(I)= -1 inner surface
o} midsurface of the main structu:e

1 outer surface

A

28(1,J), ANB(1,J), -HB(I,J)- 4D15.6

(I = branch number, J = node number). Nodes are to be

numbered 1 to 10 where node 1 is the first node of a branch

(not attachment point). Node is on circumferent. i axis of
branch.

Y coordinate of node (inches)

2 coordinate of node (inches)

Tangent angle measured to Y axis (degrees); see an'le 8 of Fig. 3.

Thickness at node J

Note: See Card 3A [ANG(l)] for sign convention used for ANB(I,J).

Note: If a branch attaches to node 1 of a partial ring (it

can not be attached to node 1 of a complete ring), the numbering

starts with the branch node farthest away from the attachment point.
Therefore, the (NELT+1l) node is the attachment point. If the
branch attaches to any other node of the primary structure,

start numbering with the node immediately after the attachment
point. Thus, node NELT -'il1l be the node farthest away from

the attachment point. However, node (NELT+1) will always be

the attachment-pcint node. Thus nodes 1 to NELT are alwavs
particular only to .the branch, and node (NELT+l) is the common

node with the primary structure. The subroutine BRAN autcmatically

33

—r————



R U R I A S

updates IK (the total number of elements), NS (number of nodes),
and NI (D.O.F.). Therefore, the initial input (Cards 1-4 and
6~-14) is punched as though the branches did not exist.

Cards 5BB, 5BC, etc., are punched until (NELT+1l) nodes have becn

described.

Card 5C
NDISB
where

NDISB

15

The number of elements in the branches having a discontinuity
at their first node. (Do not count the discontinuities due

to the attachment of the branch to the main structure.)

If there are no discontinuities on the branches, set NDISB = 0 and go

to Card 5D.

‘ Card 5CA

NEDIB,
where

NEDIB

NEBDI
ANGB

NBDI, ANGB 2I5,D15.6

The element number (along a branch) at which the discontinuity
occurs.
The branch in which the element NEDIB is contained.

The slope (degrees); See Card 3A [ANG(1)) for sign convention
used for ANGB,

Cards 5CB, 5CC, etc. follow until the information for all NDISB branch

slope~discontinuities has been given.

Card 5D
NBCONB
where

NBCONB

IS

The number of boundary conditions applied only to the branches.
(Total B.C.'s on structure < 7)

If Card 5D=0 go to Card 6.
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Card S5DA ,
NBCB(I), NODBB(I), LBR(I) 4 (315)
—where
I s 1, NBCONB

NBCB(I) Type of boundary condition. See Card 14 for description.
NODBB (I) The node number of the particular branch on which the B.C.
; is being applied (see sketch prior to Card 5 description).
LBR(I) The branch number on which the B.C. 1s being applied (see
sketch).

A total of seven boundary conditions is allowed, including the primary
structure and all branches. Therefore, Card 5DB is punched if more than 4

B.C.'s are to be applied to the branches. -

The cards grouped under the number 5 contain the complete description
of all the branches (except for elastic restraints). These cards are .nested
branch by branch, such that a branch's material and geometric layout are
completely described before starting the next branch. After all branches
have been described, and the branch slope-discontinuity information has been

given, then the boundary conditions are applied to all the branches.

An example is given below for a main structure containing two branches,
each of a different material, and five boundary conditions on the branches.
For each material a three sublayer model is used. The first branch contains
two elements, while the second branch has three elements. The first has one
slope-discontinuity, the second branch has none. The following list gives
the card number (described in this section) in the order they would appear

in the input deck:
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Branch 1 <

Card 6

F—
Card 5 : 4
Card 5A o Card SA N
Card S5AA : Card 5AA
Card 5AB ; Card 5AB
Card 5B | Card SB
Card 5BA : card SRa P Branch 2
Card 5BB ! Card SBB
, Card 5BC Card SBC
N go to tup of ‘ C’ard SBDJ
next column ._—__—-:t”’//
Card 5C Slope
Card 5CA Discontinuities
v
Card 5D
Card SDA > Boundary Conditions
Card 5DB
bDs(1), P(l), NTOVR 3D15.6,15

DELTAT,
where

DELTAT

NOTE :

Ml, and M2 on Card 2 based on a At = 1 microsecond.

The time step size, At (seconds) to be employed

for the central difference time-wise integration operator.
If the value of At is set equal to zero on this card, the
program will compute the largest natural frequency, mmax'
of the corresponding linear system and will then choose a
value of Atmax= O.8(2/wmax). If the user specifies a

At > At , the DELTAT is reset to At s
max max

If the user specifies DELTAT = O then the user should establish MM,

The program will then

adjust these cycle numbers to correspond to the internally generated DELTAT.

Ds(1)
P(1)

NTOVR

The values of the constants D and‘p, respectively, used in
the strain-rate sensitivity formula for the main structure's
material.

Override for automatic check of DELTAT.

= BLANK DELTAT is checked.
=1 DELTAT is not checked.
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Card 7AA
EPS(1,1), SiG(1,1), EPS(2,1), sSIG(2,1) 4D15.6
where
~EPS(1,1) The first coordinate pair of strain, €, and stress, O,
SIG(l,l))‘ curve of the main structure which is used to define tbe
polygonal approximation of the stress-strain diagram. ~The
stress-strain diagram from which these values (and those
following) are obtained must be upwardly-convex with non-
negative slopes; €(J,1)=in/in and 0(J,1)=1b/in°.
EPS(Z,I)} The second coordinate pair of strain and stress in the main

S1G(2,1) structure.

Additional Cards 7AB and 7AC are punched in exactly the same manner
as Card 7AA until the number of coordinate pairs equals NSFL(1l) punched on
Card 2. The total number of coordinate pairs must not exceed 5. --Do not-

include any unneeded (blank) cards.

Card 8
NOP, NASP 215
where
NOP Indicates the type of strain output desired (given at
inner and outer surface)
= 0 Average strain at each node i
=1 Average strain at each node plus strain at each
Gaussian station
= 2 Average strain at each node plus strain at
designated additional points
= 3 Strain for all three of the above options
NASP Mumber of additional strain points requested; NASP < 50

If NOP # 2 or 3, go to Card 9.

Note: It is suggested that the user use NOP=1 or NOP=3 in order to
obtain a complete set of strain output for a first run of a
problem. NOP=0 or 2 can be used for additional runs of the
same problem in order to reduce output costs.

Card BA 215,D15.6
N3BS(I), NSEL(I), AZET(I)
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where

I =1, NASP

NSBS (I) Number of the substructure on which the additional strain
point is requested: NSBS = 1 main structure;
if NSBS > 1 the substructure is a branch whose number is
(NSBS = 1)

NSEL(I) The element along the NSBS substructure on which additional
strain point is requested. No more than 10 additional strain
points are allowed on any ore element. -

AZET (1) The s coordinate of the additional strain point measured
from the first node of the element (s is a fractional length

(in/in) of the element itself).

Cards 8B, 8C, etc. are used until all the additional strain.points

have becen described.

Card 9AA

FH(I), FCG(I), FCGX(I), FMASS(I), FMOI(I) 5D15.6
Card 9AB

UK (I) D15.6
Card 9AC

UDOT (1), WDOT(I), ADOT(I), TPRIM(I), CR{I)

where I = number of fragment. I1<6
FH(I) The diameter of the circular disk model of the Ith fragment
(inches) .
FCG(I1) The Z coordinate of the centroid of the Ith fragment before

and at the time of its release. The positive direction
represents a location above the global Y axis f{inches).
FCGX (I) The Y coordinate of the centroid of the Ith fragment before
and at the time of its release. The positive direction
represents a location to the right of the global Z axis

. {inches) .
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FMASS (1)
FMOI (I)
UNK(I)

UDOT (1)

WDOT (1)

ADOT (I)

TPRIM(I)

SRS N [ R N S

The mass of the Ith fragment (lb-secz/in).

The mass moment of inertia of the Ith fragment (lb-se:z-in).
Coefficient of friction between the Ith fragment and the
ring inner surface.

The velocity component of the Ith fragment parallel to the
global Y axis before initial impact (in/sec). Positive
UDOT(I) represents a fragment traveling to the right.

The velocity component of the Ith fragment parallel to the
global Z axis before initial impact. The positive direction
denotes a fragment traveling in an upward (+2) direction
(in/sec).

The initial angular velocity of the Ith fragment (rad/sec).
Positive sign denotes counterclockwise rotation.

Time (seconds) that the fragment is allowed to trsvel before
program starts to track its location. One usage of TPRIM(I)
allows fragments to be released after the first fragment

has impacted and calculations have begun.

The fragments should be ordered as follows to allow
proper use of the TPRIM capability: Fragment 1 should be
the fragment that will make first contact with the ring.

Time zero is the time of release of this fragment. The

second group of fragments includes all of the fragments that

will be released before the first fragment impacts. The

fragmentscan be placed in any order within their group. The

third group contains those fragments released after the first

fragment impacts; these must be ordered such that the first

fragment to be released is first and so on within this group.

TPRIM(1) = Time of impact of first fragment minus time of

release. Since time of release of fragment one is equal to 0, TPRIM(1)

equals time of first impact. Actually, TPRIM(1l) must be less than

the time of first impact to guarantee a proper impact solution.
TPRIM(I) where I = 2, NF equals TPRIM(l) - Time of
release of the Ith fragment. Thus, TPRIM, for those fragments

released after the first fragment impacts, will be negative.

.
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CR(I) Coefficient of restitution between the Ith fragment and the
impacted ring inner surface; 0<CR<1, 1 for perfectly elastic,
0 for perfectly inelastic, O<CR<1 for intermediate, CR=1 is

usually recommended.

Cards 9BA, 9BB, 9BC, 9CA, 9CB, 9CC,... should follow (in blocks of
—three cards) until the information for all NF fragments has been completely

specified.
Card 10 ]

AXG(1), AXG(2), AXG(3) 3D25.16
Card 11

AWG(l), AWG(2), AWG(3) 3D25.16
where

AXG(I)] Vectors, of dimension NOGA, contain Gaussian quadrature
AWG(I)I constants, Xy and weights, wi, respectively, for the numerical
evaluation of

j f()dx = 5 Fx) W,

¢t

The following data appear on Card 10, since NOGA=3:
0.1127016653792585D+00 0.5000000000000000D+00 0.8872983346207415D+00

and the data
0.2777777777777778D+00 0.4444444444444444D+00 0.2777777777777778D+00

on Card 11.

Card 12A

TXG(1l), TXG(2), TXG(3) 3D25.16
Card 12B

TXG(4) 3D25.16
Card 13A

TWG(l), TWG(2), TWG(3) 3D25.16
Card 13B

TWG (4) D25.16

Note: If NFL < 3, Cards 12B and 13B are eliminated.
If NFL > 4 the extra terms are added to Cards 12B and 13B.
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where

Card

Card

where

TXG(I) 1 Vectors, of dimension NFL, coniéin Gaussian quadrature
TWG(I) ; constants, xi, and weiqhts,*wi, respectively, for the numerical
integration of
+1
j;m:u . T FxO W,
- ‘
If NFL=4, for example, then the following data appear on Cards
12aA, and 12B.
-0.8611363115940530D+00 -0.3399810435848560D+00 0.3399810435848560D+00
0.8611363115940530D+00
and the data
0.3478546451374540D+00 0.6521451548625460D+00 0.6521451548625460D+00
0.3478548451374540D+00
appear on CArds 13A and 13B.
14A
NBCOND I5
14B
NBC(l), NODEB(1), NBC(2), NODEB(2). ...NBC(4), NODEB(4) 1415
NBCOND The number of prescribed displacement conditions to be
specified on the main structure. The quantity NBCOND + NBCONB
must not exceed 7. Note that the information on Card 14B
corresponds to the original nodal numbering scheme for the
main structure.
NBC(1) The identification number and the node number, respectively,
. NODEB(l)} for which the first prescribed displacement condition is to
be impoused.
NBC(2) ] The second data group of the identification number and node
NODEB(Z)I number, respectively, for which the second prescribed dis-

placement condition is to be imposed.
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The appropriate form of the data group NBC(I) and NODEB(I) should be
repeated NBCOND times. If NBCOND=0, that means there is no prescribed dis-

placement condition to be imposed on the main structure; then, skip to Card 15.

The prescribed displacement condition identification number can be

equal to 2 or 3, depending upon the type of the prescribed displacement

condition.

Its description follows:

NBC(I)=2 1Ideally clamped condition. Setting v, w, and Y at node

NODEB(I) to zero.

NBC(I)=3 Smoothly-hinged condition. Setting v and w at node NODEB(I)

Card 15
NQR,

where
NOR

-NORP

NORU

to zero.

NORP, NORU 315

Indicator, which if > 0 indicates that the structure is
subjected to elastic restraints (point and/or distributed).
The number of point elastic restraints (elastic restoring
springs) which are to be prescribed over the structure. This
number must not exceed 4.

The number of local distributed elastic restraints (elastic
foundations) which are to be prescribed over the structure.

This number must not exceed 4.

If there are no prescribed restraints on the structure, set NQR~-0 and

let NORP and NORU be blank.
Card 15A and Card 15B are included only if NQR > O in Card 15. If NORP=0,

skip to Card 15B.

Card 15A
SCTP,

SCTY, SCRP 3D15.6
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Card 15AA

_. NREL (1), REX(1), NREL(2), REX(2) ... NREL(4), REX(4) 4(15,D15.6)
where
SCTP The translational-tangential restoring spring elastic constant
(1b/in).
SCTY The translational-normal restoring spring elastic constant
(1b/in).
. SCRP The torsional restoring spring elastic constant (in~1b/radian).

REX(I)

NREL(I) ] The element number and the length coordinate along the
} reference axis from node NREL(I) of the element, respectively,’

at which the Ith point elastic restraint is to be specified.
(Note that the element numbers used here must be in the numbering system which

the program generates internally for the entire system after branches have
been added.)

The data group NREL(I), REX(I) should be repeated NORP times. If
NORU=0 in Card 15, omit Card 15B, and Card 16 follows directly.

Card 15B
SCTU, SCRU, SCIW 3D15.6
where
‘ SCTU Elastic foundation modulus in translation along the tangential
direction (lb/inz).
SCRU Elastic foundation modulus in torsion (in-1lb)/rad-in).
SCTW Elastic foundation modulus in translation along the normal
direction (lb/inzi.
Card 15C
NRST(I), NREU(I),:... NRST(4), NREU(4) 8I5
where

NRST(1) The first element and the number of elements, respectively,
NREU(l)'} over which the first elastic foundation is to be specified
(the first elastic foundation is distributed to element

NRST (1), through and including element (NRST(1)+NREU(l)-~1).

{(Note that the element numbers used here must be in the
numbering system which the program generates internally
for the entire system after branches have been added.)
NRST (2) The first element and the number of elements over which the
NREU (2) second elastic foundation is to be specified.

Data group NRST(I) and NREU(I) are repeated NORU times. °
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ICONT

where
ICONT Integer which {f greater than 0 indicates that this is a

continuation run. 1In order to use this option, it is
necessary to obtain the following continuation cards from a
previously run job. To do this, set the variable MPU=1 at
the beginning of the MAIN routine. This will cause the
following set of data cards (16A through 16IA) to be punched.
When using this deck, set ICONT=1 and use the same data cards
! as used befcro, except to change the values of MM and M1 on
Card 2. B
If ICONT=0, skip Card 16A - 161 and go to Card 17.

If the indicator ICONT is greater than zero, the continuation deck
produced from the output of the previous run follows immediately. The

continuation deck contains the following information:

Card 16A
‘ IT, TIME, IMCOU, TAII 2(15,D20.13)
where (L=1 for main structure; L=2, NBR+1l for branches):

IT The number of the time cycle at which the previous run had
stopped, and is the beginning time cycle of the present
continuation run.

TIME The absolute time at which the previous run stopped, and

) is the beginning time of the present continuation run.
IMCou The number of impacts up to the end of the last run.
TAIL Time of initial impact.
Card 16B
IBIGA(L), ISTAA(L), BIGA(L), BTIMA(L), ISURA(L) 215,2D20.13,15

where (L=1 for main structure; L=2, NBR+1 for branches):
3\

IBIGA

ISTAA Information for maximum "additional-point strain". Same as
) BIGA , their counterparts on Card 1leC.

BTIMA

ISURA
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N ' Card 16C

' IBIG(L), ISURF(L), ISTA(L), BIZi{L), BTIME (L) (315,2020.13)
. where (L=l for main structure; L=z, NBR+l for branches):

. IBIG(L) The element number whose computed tensile strain exhibits

the largest value during the previous run.
ISURF (L) Equals 1 means largest computed tensile strain occurs on the
inner surface; equals 2 means on the outer surface.
ISTA(L) The Gaussian station at which the maximum strain occurred.
BIG(L) The largest computed tensile strain during the previous run,
BTIME (L) The time a*% which the largest computed tcnsile strain ozcurred

during the previous run.

Card 16D
IRI(L), ISUR(L), BI(L), BTIM(L) 215,2D020.13

where (L=1 for main structure; 1=?, NBR+1 for branches):

IBI (L) )
ISUR(L) Information for maximum average nodal point strain. Same
BI(L) as their counterparts on Card 1l6C.
BTIM(L)
Card 16E
MIRP, TNJ(I),..., TNJ(NF) A I5,6D12.5
. where
NF Number of fragments impacting structure.
. MIRP Number of next fragment waiting to be released.
TNJ(I) - Indicates whether or not the Ith fragment has been released.
. TNJ (I)=0.0 not released
TNJ(I)=1.0 released -
Card 16FA
DISP(I) 4D20.13
DISP(I) The displacement of the Ith degree of freedom at time cycle
IT. Repeat cards until all degree-of-freedom displacements
are specified with 4 different values/card.
Card 16GA
DELD(I) 4D20.13
DELD(I) The displacement increment change of the Ith degree-of-freedom
of the structure at time cycle IT. Repeat c¢:rds until all
degrees-of-freedom are included, with 4 different values/card.
Card 16HA )
SNS (IR,J,K,L) 4D20.13
‘ SNS (IR,J,K,L) The axial stress on the Lth mechanical suklayer at the

Kth depthwise Gaussian point at the Jth spanwise Gaussian
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Card 161A
FOSUT) ,
FCGU(J)

FCGW(J)
ALFA(J)

UDOT (3) |
|

WDOT(J) Y

ADOT (J)

J = 1,NF

Card 17 -
ICON
where
ICON

station of the IRth element at time cycle IT. Repeat cards

until all values for the entire structure are included, with

4 different values/card.

FCGW(J), ALFA(J),. UDOT(J), WDOT(J), ADOT(J) 4D20.13
The centroidal position of the Jth fragment in the Y direction
r

at time cycle IT (inches).

The. centroidal position of the Jth fragment in the 2 direction
at time cycle IT (inc.aes).

The total angular displacement of the Jth fragment at time

cycle IT (radians).

Fragment velocities at time cycle IT (in/sec); see Card 9AC

for more details.

I5

Integer that controls the stopping of the entire program.
= 0 The program will stop after all of the required print-

outs are made for a particular run.

= 1 The program will expect a new set of Cards 1-17 for

another ring problem.

4.2 Input for Special Cases of the General Stress-Strain Relations

In the following, the specific input data for three special cases of

the general elastic, strain-hardening constitutive relation handled by the

computer program are given. Only the relevant data are noted. (L=1 for main

structure; L=2 to NBR+1l for the NBR branches):
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1. Purely Elastic Case
Set NSFL(L)=1 on Card 2 (Card 5A) and make EPS(1l,L) and SIG(1l,L)

on—Card 7 (Card 5AA) sufficiently high so that no plastic deforma-
tion occurs; for example, EPS(1,L)=1.0, SIG(l,l)=FE5(1,L), where
ES(1l,L) equals the elastic (Young's) modulus.

2. Elastic, Perfectly-Plastic Case
Set NSFL(L)=1 on Card 2 (Card 5A) and make EPS(l,L)=SIG(1,L)/
ES(1,L) on Card 7 (Card 5AA).

3. Elastic, Linear Strain-Hardening Case
Set NSPI(L)=2 on Card 2 (Card 5A) and set EPS(1,L)=SIG(l,L)/ES(1,L}.
Also EPS(2,L) and SIG(2,L) on Card 7 (Card 5AA) are taken sufficiently

high in order to avoid plastic deformation in the second subflange.
For example, EPS(2,L)=1.0, and SIG(z,L)=(1.0-EP3(1,L))*ES(2,L)+SIG(l,L),
where ES(2,L) is the slope of the segment in the plastic range.

4.3 Description of the Output

The printed output be ‘ins with a partial reiteration of the program
input which identifies the problem solved. This output includes information
-on-initial—geometry, the nodal and element numbering system originally assigned
by the ucer, the new uédated nodal and element system generaéed internally in
the program 1f branches are present, the branch attachment points, the ring
material properties for the main. structure and each branch, the ‘ragment
properties, the boundary conditions and elastic restraints that are input,
the Gaussiai stations and weights used in the program, tue lumped mass matrix
and the element arc lengths, the time step used in the program and the maximum
permitted time step, and the effective lengths associatea with the main
structure and the branches. (NOTE: If override option 1s used, the p:ougram
will calculate a maximum At value and print this out. However, the At used

in the program calculation will be the user-spucified At regardless of its

value.) Example outputs are presented in Section 6. After initial printout
has been completed, the fcllowing informatiorn is printed out (assume NOP=3
here) after cycle Ml has been completed, and at e ery }12 cycles thereafter

(see Subsection 4.1, Card 2):
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WORK AND ENERGY TO END OF TIME CYCLE IT = TIME =

FRAGMENT KINETIC ENERGY
[1T) [CINETF (11))

WORK INPUT INTO RING

RING KINETIC ENERGY .
RING ELASTIC ENERGY

RING PLASTIC WORK

ENERGY STORED IN ELASTIC RESTRAINTS

CYCLE = [IT}

ELEMENT SI STAl SO SI STA2 SO

1
2
3

CYCLE = {IT]

STRAIN AT ADDITIONAL POINTS SI
1
2

= [RWORK]
= [CINETO)
= [CELAS]
= [PLAST)
= [SPDEN]

SI STA3 SO

50 El EO
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FRAG NO.

SUBSTRUCTURE
1
2

SUBSTRUCTURE
1
2

SUBSTRUCTURE
1
2

where

e | } _ (

= [IT} TIME = [TIME]

PSI CHI copy corz L M STRAIN(IN) STRAIN (OUT)

FCGU PCGHW ALFA FRUV FRWV FRAV
\
MSTR ELE TIME STA
LARGEST ADD. PT. STRAIN® ELEM ADD. PT. TIME
LARGEST NODAL STRAIN NODE SURF TIME

IT = Cycle number

TIME = Elapsed time corresponding to the end of cycle IT (sec.)

II

CINETF (II)

Fragment number I1 = 1,NF

The current value of the kinetic energy remaining in fragmenc

I (in-1lb).
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‘RWORK = Total work imparted to the structural ring up to the present
time by fragment impact (in-1b).

CItETO = The current value of Kinetic energy present in the structural

ring* (includes both the rigid body and the relative kinetic

encrgies) (in-1b).

ELAST = Total elastic strain encrgy stored in the entire structural
ring at the present time instant (in-1b).

PLAST = Total plastic work * done on the structural ring (mechanical
work dissipated duiing plastic flow) (in-1b).

SPDEN = Total cnergy stored in the clastically-restoring springs and/
or the clastic foundations at the current time instant (in-1b),

if the presence of elastic restraints is specified.

sI = Strain at the inner surface of the ring

SO = Strain at the outer surface of the ring

sTAl '

STA2 ? = Spanwise Gaussian Station at which strain was calcuylated

STA3 |

EI ~ = Relative elongation at inner or outer surface, respectively,
EO ;' at the additional strain_points; obtained from El=/I:57;I - 1.

It should be noted that the rigid body part of the kinetic energy, which is
usei to accelerate the "rigid body" mass of the structure, can be extracted
and identified separately. However, for the present program dealing with
rather general structural geometries and with various support/restraint
conditions, it would be very unwieldy (but not impossible) to identify these
separate kinetic energies; hence, the total kinetic energy is calculated

and printed out.

**The plastic work done on the ring is estimated by subtracting the sum of the
clastic and kinetic energies present in the ring from the total input energy
(due to the fragment impact; i.e., RWORK=CINETO+ELAST+PLAST+SPDEN. It should
be mentioned that the approximate nature of this numerical calculation will
sometim?s yield impossible results such as negative values of plastic work or
values greater than zero when the ring has not yet reached a plastic condition;
thus, the value of plastic work should be considered only approximate, and
snurious results as noted above should be ignored. This form may also be
considered to contain, in addition, the energy dissipated by friction.
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PSI
CHI
(ole) 3 ¢

CoPZ

STRAIN (IN)
STRAIN(OUT)
FCGU
FCGW
ALFA
FRUV

FRWV

FPAV

e [——

Node number. For a partial ring, the value of the total
number of nodes equals the value of the total number of
elemcnté élus one. For—a-complete ring, the value of the
total number of nodes equals the value of the total number
of elements. ’
The middle plane axial displacément at node I (in).

The middle plane transverse displacement at node I (in).

The generalized nodal displacement ¢ = (3dv/3n) - v/R at

node I (rad).

The generalized nodal displacement x = (dv/3n) + w/R at

node I (rad).

The Y-location of node I in the global (inertial) coordinate
system (in).

The Z-location of node I in the global coordinate system (in).
Axial internal force resultant over the cross section at the
midspan point of element I (1b).

Internal bending moment of the cross section at the midspan
point of element I (in-1b).

Average strain on the inner surface at node I.*

Average strain on the outer surface at node I.*

Global Y coordinate of the centroid of the fragment at the
current time instant (in).

Global Z coordinate of the centroid of the fragment at the
current time instant (in).

Angular rotation of the fragment to the current time instant
(rad).

The current velocity component of the fragment in the Y
direcélon (in/sec).

The current velocity component of the fragment in the 2
direction (in/sec}.

The current angular velocity of the fragment (rad/sec).

Positive sign denotes counter-clockwise rotation.

*

At nodes on the main structure where a branch connection occurs, the contrib--

tion of strain from the branch is not included in the nodal averaging rrocess.
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l
‘ SUBSTRUCTURE = The portion of the ring being considered. i
1 = main structure
2 = 1lst branch
-3 = 2nd branch

Maximum strain on the substructure at a Gaussian station.

MSTR =
ELE = Element on which max. tensinn strain occurred.
TIME = Time at which max. tension strain occurred.
STA = Gaussian station at which max. tension strain occurred on element ELE.
NODE = Node at which largest average value of tension strain occurred,
ELEM = Elcment on which largest value of tension strain occurred
at an addftional strain point. ~
ADD. PT. = Additional Point Number
TIME = Time at which the max. tension strain occurred

Note: Checks for largest average nodal strain and largest additional-point
‘ strain are made only at print out cycles. Check for largest Gaussian~

station strain is made at each’cycle.

In addition to the above information which is printed out at each

desired time cycle, whenever there is an impact the following information

is printed out:

THIS IS IMPACT NUMBER [M] TIME = IT = FRAGMENT NO. = [JF]
ELEM NT NO. = [LNTMIN] LOCATION ON ELEM = [RPC]
where
M = The number of the impact (total number of impacts up until
that timel
TIME = The time of contact between fragment and ring
IT = Cycle during which impact takes place
JF = Fragment involved in this collision
LNTMIN = Element (on main structure) involved in the collision
RPC = Fraction of the element length from the point of ring-

fragment contact to the first node of the impacted element.



At the conclusion of the run, a final update of the maximum strain
occurring on each substructure (main structure and@ each branch) and for the
additional strain points on the main structurc and each branch is printed
out. Also, a note as to whether or not continuation cards were punched is
made.

~

4.4 Guides and Restrictions for Code Usage

4.4.1 General Instructions

The CIVM-JET 48 computer code is capable of handling a wide
varfety of transient, large-deflection structural response problems involv-
ing impact-induced loading. This capability is beneficial to the user since
it is contained in one computer program; however, it can be ‘unnecessarily
costly to run the program if all of the options included are carried along
but are not being used.

In order to save storage locations and therefore save computer
costs on each run, several subroutines can be removed when they are not used

during that particular job submittal.
The following is a list of subroutines which must be included in

every run of the CIVM-JET 4B program:

1. MAIN 9. IDENT 16. STRESS
2. ASSEF 10. IMPACT 17. TCONT
3. ASSEM 11. IMPCTE 18. UPDATE
4. CUBIC 12. MINV

§. ELMPP 13. PENTRN

6. ENERGY 14. PRINT

7. ERC 15. ROOT4

8. FICOL

The remaining subroutines: BRAN, DINIT, OMULT, QREM, ROTAT, and
TSTEP may be left out depending upcn the type of problem being solved.

Subroutine TSTLP may be optional when the user desirecs. 1If the
user inputs a time-step and does not wish this time step to be checked by

the CIVM-JET 4B program, the user merely omits including the TSTEP subroutine,
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and only inputs the following three cards instead of TSTEP.* -
SUBROUTINE TSTEP (KLOW, NDEX, NIRREG, DELTAT)
RETURN

END .
In like manner, if the user does not wish to apply any branches

to the maln structure, the BRAN subroutine becomes optional. If no br&nches
are used, BRAN is input as follows:

SUBROUTINE BRAN (NBR)

RETURN

‘ END i
Thus, for anysubroutine that is not being used for a particular

run, just submit the first card of the subroutine (the name card) and the
RETURN and END cards. This will save the user input costs, compilation costs,
and storage costs. The same procedure is used for QREM if no elastic restraints
are defined, for ROTAT if no branches or slope discontinuities are used, for
DINIT if continuation cards are being used for input, or for OMULT only if

TSTEP and-QREM are also left out.

4.4.2 Usc of Branches vs. Use of Discontinuities

In the present CIVM-JET 4B program, both branches attached to and
slope-discontinuities in the main structure can be. accommodated. Because of
the way in which these two features are handled in the program logic and, in
particular, for determining ring-fragment collision, certain general guidelines
should be followed by the user for morc efficient us of the computer code.

The dominant consideration involves the determination of ring-
fragment collision. In the present code, impact on a branch is not accommodated,
so that if branch impact is an important consideration for a particular problem,
then the slope~discontinuity option must be used in place of the branch option,
thus 1dentifying this region not as a branch but as a part of the main
structure. Note, however, that in all cases where three elements are to be
connected at a single nodal point (such as in the case of a branch at the

midspan of a beam), onc of the elements must be defined as a branch. In general,

Because the Central Difference Operator 1s conditionally stable, the use of
subroutine TSTEP is reccmmended for the first run of a given structural
geometry and finite-clement mesh arrangement to insure that a stable At will
be used 1n the timewise solution. =~
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at any node where three elements are joined, one of these elements fand all
subsequent elements in that portion of the structure) must be defined as
branch elements. However, two branches may not sta{t at the same node of the
main structure.

During each increment in time, At, a collision inspection is

carried out for each element on the main structure for ecach of the N fragments

considered, but no collision inspection is carried out for clements defined
as branch elements. This fact can be used to reduce the total computation
time; if the user knows a priori that no collisions will occur in certain
regions of the structure, then those regions should be defined as branches
wherever possible (note that branches cannot be specified to be attached to
another branch). -

As noted in Section 2, the positive n direction must be chosen
in such a way that the outward normal for each element is directed toward
the outside of the structure, where the fragments are considered to be in
the inside of the structure. 1In some special (but plausible) cases, the
outside region of a portion of the structure may overlap with the inside
region of another portion of the structure either in the initial structural
configuration or after some deformation of ‘the structure has occurred. Within
the current collision inspection program logic, such overlapping regions

cannot be accommodated. Consider the following initial structural configura-

tion: -

4]

b
2z}

fragment
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with the positive normal directlons N as shown (and considering the entire
structure as a main structure, using the slope-discontinuity option), the
outside regions of segments 1-2 and 3-4 would overlap with the inside region
of segment 2-3. To accommodate such a configuration, segments 1~2 and 3-4
must be defined as-branches so that no collision inspection is performed

for those segments. Consider now the following initial structural configura-

tion:
1] [ ] 4
Pt N //___‘\\ N =
- ~
pd N ~
/ t N
2 ~ 3
v
fragment

For the injtial configuration (solid lines), no inside-outside overlapping
occurs. However, after deformation of segment 2-3 (dashed line, assuming

fragment impact is as depicted above), the outside regions of segments 1-2
and 3-4 will overlap with the inside region of segment 2~3. Again, in this

case, segments 1-2 and 3-4 must be defined as branches.

4.4.3 Impact at or Near a Constrained Node

In the present CIVM-JET 4B program, the case of fragment impact
on br near a constrained node 1s handled in an approximate fashion. The
nature of this approximation 1s discussed briefly here as a guide to the
user in interpreting results when impact occurs on or near a con;tralned
node.

The assumption used 1s as follows: when i1mpact occurs near a
constrained node, the only nodes which can respond with impact-induced

- velocity changes are those nodes which lie within the 1mpact-affected region

and which are located on the impacted side of the constrained node. 1In

56



essence, no impact-induced information is allowed to prOpégate past the
constrained node (for the purpose of impact corrections), and a portion of
the impact-induced impulse is "absorbed" by the constraint. Although no
impact-induced information is allowed- to-propagate past the constrained

node for the purpose of impact-induced velocity, the impact-induced informa-
tion will filter through the constrained node ;h the global timewise solution,
if the constrained node is smoothly hinged. 1If the node is idcally clamped,
no impact-induced information will filter past the con;trained node in the
global timewise solution. It should also be noted that as the point of
ring~fragment impact approaches the censtrained node, the impact-induced
ring response approaches zero; when impact occurs directly on a constrained
node, the fragment simply rebounds and no impact-induced structural response
occurs.

For a morc thorough discussion of this topic, the reader is

referred to Appendix A.

4.4.4 Comments on Strain Calculation and Mesh Sizing

In the present CIVM-JET4B program, options are available which allow
the user to obtain strain printout at the spanwise Gaussian stations (which

includes the element midspan location), and/or at additional points on the

structure specified by the user. Nodal average strains are given automatically

at each regqular printout cycle. This. flexibility can be of great value to the
uscr, but certain precautions should be taken by the user in interpreting the
strain results.

The strain-displacement relation employed in the present curved
becam elements 1s given by Eg. A.12. An examination of this equation shows
that nonlinear terms are included only in the membrane behavior, and only
linear terms are included in the bending behavior. Thus, the membrane non-
linearities have becen dassumcd to be more significant than the bending non-

The calculated distribution of strain may be quite different from

linearities.

element to element, and the strain distribution within each element will, 1in

general, not be the same as the "exact"” distribution. This behavior corresponds

to the fact that in the present finite-elerment model the predicted strain dis-

tribution approximates the actual strain distribution in an average (intearal)

sense, and not 1n a pointwvise sease. Although the calculated distribution ma
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be the same as the "exact" distribution at some points within the element, the
choice of a "best” point (or points) for strain evaluation within an element is
not obvious. The choice of v,w,), and * as generalized nodal parameters assures
rembrane strain continuity at the nodes, but in general the bending strafin will
not be continuous at the nodes; thus, the predicted strains at the lnner and
outer surface of an element will not, in general, be continuous at the nodes.

Because of these facts, certain precautions should be taken by the
user when ssscssing gtrain distributions in space and/or time. 1f detailed
strain distributions are requirced over a portion of the structurc at a particular
time instant, it is suggested that several printout points be chosen in each
clement (e.g. Gaussian stations and nodal averaged points) in the region of
interest. When these calcylated values are plotted, the analyst can then make
a rcasonable "faired" estimate of the "proper" distributicn. It should be noted
that severe strain gradicents within an element do not necessarily indicate poor
behavior of the solution; however, it is in these regions where the analyst must
exercise the qreatest caution in making a reasonable faired cstimate of the
proper distribution. Although not conclusive, experience to date with the
_present CIVM=-JET4B computer code sugyests that these regions of predicted
severe strain gradients arce most often observed near clamped boundaries and may
be found near the region of ring-fragment impact.

If strain time-history information is required at various points
on the structurce, these points can be specified as additional strain points and
the time histories may be obtained directly. 1In addi<ion, it 1s recommended
that spatial distributions near these points of interest be obtained at scveral
time 1nstants to assess whether or not the strain at the point of interest is
1 recusonable agreement with the curve-fitted (or farred) distribution in that
region of the structure. If these steps arce followed, a reasonable enginecring
assessment of strain information should be obtained.

The equations in Appendix A have been developed within the assumption
of larqe deflections but small strains. Thus, reliable results may not be obtained
1in localized regions where large strains are predicted. However, the actual
strain level at which the "small strain" assumption becomes invalid 1s not known.
Thus, the limitations of the present analysis, for gractical engineering problems,
cannot be clearly stated; further study of the limitations of the present anralysis
versus appropriate well-defined experimental data 1s required. 1In the future

1t 15 recommended that models which can accommodate arbitrarily large strain be
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developed for both two-dimens}onal (planar) and three~-dimensional (non-planar)
deformations. In the meantime, however, it is believed that the capabilities
of the present CIVM-JET 4B analysis and program can provide useful engineering
estimates. ' -

In the present CIVM-JET 4B program, considerable flexibility is
given to the user in terms of defining the size and number of clements to be
used for a particular structural geometry. However, certain guidelines should
be followed in the sclection of a finite-element mesh for the present impact
analysis. 1t is recommended that a uniform mesh be employed for all analyses,
the only exception being in regions where structural detail dictates the use
of nonuniform elements. Clearly this reccommendation is justified for the
general case where the polnt of initial (and subsequent) impact is not known
a priori. Now consider the spocial (limiting) casc where it is known a priori
that all ring-fragment impacts will occur at (approximately) the same point on
the structure (e.qg. initially straight, uniform thickness, doubly clamped beam
with the only nonzero component of the fragment velocity being normal to the
beam midsurface, and initial impact occurring at the midspan of the beam). A
uniforr mesh i1s again recommended for this special case, based on the following
considerations. The impact effected length, chf' is directly related to the
size of the time step (i.e. L(___ff = % At) and when using the central difference
operator the allowable time step, At, is inversely related to the highest natural
frequency, Wk’ of the assembled-structure. -If the element size in the reyion
of impact is decrcased, then wmax is increased and At and, thus, Leff are decreased,
In the limit, as the element size is decreased, the impact-induced "loading"” will
become concentrated at the point of impact and unrea-onably high strain predictions
may be found near this region of concentrated loading. It is believed (based on
experience to date with the present CIVM-JET 4B program) that the choice of a

uniform mesh for this case will yield the most reliable predictions.
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SECTION 5

COMPLETE FORTRAN_IV_LISTING OF THE
CIVM-JET 4B PROGRAM

The CIVM-JET 4B prograin consists of the following main program and 23

subroutines:

1. MAIN

2. ASSEF 10. FICOL 17. PRINT
3. ASSEM 11. IDENT 18. QREM
4. BRAN 2. IMPACT 19. ROOT4
5. CUBIC 13. IMPCTE 20. ROTAT
6. DINIT 14, MINV 21. STRESS
7. -ELMPP 15. OMULT 22. TCONT
8. ENERGY 16. PENTRN 23. TSTEP
9. ERC ) ' 24. UPDATE

The prbgram is written in double precision arithmetic. A complete
FORTRAN IV listing of the program is given below in the above order. The
number of memory locations required on the IBM 370/168 computer at MIT is
approximately 415,000 bytes; this includes locations for the MIT computer

library subroutines.
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SECTION 6

ILLUSTRATIVE EXAMPLES

The following two examples are presented to assist the user in checking
the adaptation of CIVM-JET 4B to his computer facility.
6.1 A variable-Thickness, Partial Ring ~- Includes Branches, Sloupe Discontinu-

ities, and an Elastic Foundation

6.1.1 Problem Description

The geometry of the main structure, as shown in Fig. 9, is a partial
ring composed of an initially-straight portion and a circular portion. The
straight section is 10.0 in long, 1.5 in wide, and varies linearly in thick-
ness from 0.3 in at i{ts pinned end to 0.1 in where it joins the circular por-
tion. The circular section has a 5.0 in mean radius, a 1.5 in width, a 0.1 in
uniform thickness, and consists of a 60° arc. The partial ring is supported
by a pinned jo nt at its left-hand end, a branch connected at the straight-
circular junciion, and an elastic foundation located as depicted in Fig. 9a.

This foundation consists of arbitrarily chosen normal kN and tangential kT

stiffness equal to 1500 psi and 3000 psi, respectively.

The "main structure"” of the partial ring is called substructure
one (1) and is assumed to consist of aluminum material with a yield stress of
46,000 psi, an elastic modulus of 107 psi, and is represented by a two-
mechanical-sublayer model defined by the following stress-strain (o,¢)
pairs: cl,el = 46,000 psi, .0046 and 62, 5 = 58,000_551, 0.18000. The
strain-rate constants were chosen to be D = 6500 sec ~ and P = 4. The mass
density is 0.25 x 10-3 (lb-secz)/in4.

The branch (termed substructure 2) 1s a steel structure 1.0 1n
wide, 2.23607 in long, and has a constant taickness of 0.4 in. The branch has
a slope discontinuity between its two equal-length elements. The branch
attaches to the outer surface ot the main structure at the eleventh node of
the ring and is clamped at :1ts other end. The branch material 1is represented
by a three-mechanical-sublayer model defined by o 'El = 80,950 psi, .00279;

1

0,0Ey = 105,300 osi, .02250; and Oy€, = 121,000 psi, .20000 {with an elastic
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modulus of 29 x 106 psi and a yield stress of 80,950 psi). The strain rata

constants for the branch are D = 40.4 scc-l and P = 5, with a masa density of
0.733085 x 107> (1b-sec®)/in",

The variable-thickness straight portion of the structure is
mcdeled by 10 c¢qual-length finite elements; 6 equal-arc finite elements repre-
scnt the constant thickness curved section; and 2 equal-length elements repre-
sent the constant thickness branch., This makes a total of 18 finite elements
used for the entire structure.

The elements of the main structure are initially numbered conseccu-
tively from 1 to 16, and the branch elements are initially numbered from 1 to
2; this is depicted in Pig. 9b. The program will then renumber the elements
from left to right to include the branch elements in the global system; the
resulting renumbering is shown in-Fig. 9c.

The attacking fragment has the following parameters (sece Fig. 9a):

3

radius r, = 0.5 in, mass m, = ,385610 x 10 (lb-secz/in); mass moment of

£ 4 4

inertial I, = 0.482014 x 10~

components: Yf = 2607.96 in/se~x, éf = 1482.75 in/s:c; initial rotational

(lb-secz-ln); initial translational velocity

velocity 8. = 0.0; initial C.C. position Y. = 6.0 in, Z.. = -2.0 in. The
value of the coefficient of restitution, e, is set at 1.0 to represent a
perfectly-eclastic impact reaction, and the coefficient of friction is set to
0.0.

"he strain is to be calculated at each «: the three sparwise
Gaussian stations and eacl node of the main structure und the branch.
Also, 3 additional points at whicn strain predictions are desired are
requested. Two of these are on main structural elements 9 and 11; the
point on element 9 is located near the point of first impact and the point
on element 11 is located near the branch connection (s coordinates 0.53
and 0.05, respectively). The additional strain point on tne branch is leccated
at s = 0.50 of the first element. This corresponds to the same locaticn as
the second Gaussian station on this element. The strains should be exactly
the same at this point since both the Gaussian station a 31 the add.tional
point are at the same physical location.

The CIVM-JET 4B program will be used to calculate the structural
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responge of the ring and the motion of the fragment, using a time step of 1
microsecond. Printout of structurai respbnses and fragment position data are
desg: red at intervals of every 40 cycles until 600 cycles have been completed.

6.1.2 Input Data
The values to be punched on the daga cards are as follows:

FORMAT
Card 1 3p15.6
E(1) = 0.150000D0+01 .
DENS (1) = 0.250000D-03
EXANG = 0.360000D+02 (partial ring)
(arbitrary value; EXANG ¢ 360.0 for partial ring)
Card 2 815,D15.6
IK = 16
NOGA = 3
NFL = 4
NSFL(1) = 2
MM = 15860
M1 = 780
M2 = 40
NF = 1
TIMF = 0.158000D~-02
Card 3A 4D15.6
Y (1) = 0.0
2(1) = 0.0
ANG(1) = 0.0
H(1) = 0.3

Additional cards are provided until all 17 nodal stations of the

main structure are described.
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Y(17)
2(17)
ANG(17)
H(17)

Card 4a
ND15

Card 5.

Card 5
NBR

Card 5A
NSFL(2)
B(2)
DENS (2)
DS (2)
P(2)

Card 5AA
EPS(1,2)
SIG(1,2)
EPS(2,2)
SIG(2,2;
EPS(3,2)
SI1G(3,2)

Card 5B
NELT(1)
NODP (1)
LHIT(1)
LATT(1)

0.143301D+02
-0.2500000+01
~0.600000D+02
0.100000D+00

0

I5

There are no slope discontinuities on the main structure; skip to

3

0.100000D+01
0.733085D-03
0.404000D+02
0.500000D0+01

0.279000D-02
0.809500D+05
0.225000D-01
0.105300D+06
0.200000D+00
0.121000D+06

11

15

15, 4Dl5.6

4D15.6

415



card 5BA - 4D15.6
ya(1,1} = 0.10500004-02
2B(1.,1) ~* 0.100000D+01
Ans (1,1 = 0.6343490+02
4p(1,1) * 0.400000D+00
Addicional cards SBB are provided until all pranch nodes of this
pranch are deacribed.

card 5BC below contains iniom\auen about the pranch a:tachment

point.
ypB(1,3) * 0.1000000+02
2B(1,3) = 0.0
ang(l,3) * 0.634349D+02
wp(L,3) = 0.4000OOD+OO
card 5C 15

NDISB = 1

card SCA . 215, pl15.6
NEDIB = 2
NBDI = 1
ANGB

%
e
4
22}
w
o
w
(=g
I
>
Sf

card 5D 15
NBCOND =1

Card S5DA ’ 4(315)
NECB(H = 2
NODBB(D = 2
tBrR(VY 7 1

card 6 3p15.6,15
DELTAT = 0.1000000-03
pstly < 0.6500000+04
p(L) _ 0.4000000+01
NTOVR = BLANK

175



Card 7AA
EPS(1,1)
S1G6(1,1)
EP5(2,1)
S1G(2,1)

Card 8
NOP
NASP

Card 8Aa
NSBS (1)
NSEL(1)
AZET (1)

0.460000D~02
0.460000D+05
0.180000D+00
0.580000D+05

1
9
0.530000D+00

4D15.6

215

215, Dl15.6

Additional cards are punched until all 3 additional strain points

are described.

NSBS (3)
NSEL(3)
AZET(3)

Card 9AA
FH(1)
FCG(1)
FCGX (1)
FMASS (1)
FMOI (1)

Card 9aB
UNK (1)

Card 9aC
UDOT (1)
WDOT (1)
ADOT (1)

1]

1
11
0.500000D-01

0.100000D+01
-0.2000000+01
0.600000D+01
0.385610D+01
0.482014D-04

0.0

0.260796D+04
0.148275D+04
0.0
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TPRIM(1)
CR(1l)

Card 10
AXG(1)
AXG(2)
AXG(3)

Card 11
AWG (1)
AWG(2)
AWG(3)

Card 12A
TXG(1)
TXG(2)
TXG(3)

Card 12B
TXG (4)

Card 13A
TWG (1)
TWG (2)
TWG (3)

Card 13B

TWG (4)

Card 14A
NBCOND

Card 14B
NBC (1)
NODEB (1)

0.960000D-03
0.1000000+01

0.1127016653792585D+00
0.50000000000000C0D+00
0.8872983346207415D+00

2.7777777771777778D+00
0.444444444444444p+00
0.2.77777777777778D+00

-0.8611363115940539D+00
~0.3399810435848560D+00
0.3399810435848560D+00

0.8611363115940530D+00

. 3478548451374540D+00
.6521451548625460D+00
.6521451548625460D+00

o O o

0.3478548451374540D+00
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ip2:.16

3D25.16

3D25.16

D25.16

3p25.16

D25.16
I5

1415



Card 15
NQR
NORP
NORU

Card 15B
SCTU
STRU
SCTW

Card 15C
NRST(1)
NREU (1)

NRST(2)
NREU (2)

Card 16
ICONT

Card 17
ICON

-2
=0
- 2
Ship card 15A and go to Card 158

= 0.300000D+04

= 0.0
= 0.150000D0+04

=0
Skip to Card 17

=1

——

315

3p15.6

815

IS

IS

Note: Setting ICON = 1 causes the program to search for another

complete set (Cards 1-17) of data cards.
example number 2 (described in Section 6.2.1) followed immediately after

In thxs.case the data cards for

the data cards for example number 1 and both problems were run during the

same computer submittal. If ICON = 0 the job will terminate.
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6.1.3 Solution Qutput Cata
The following is the cutput obtainod as a result of the CIVM-JET 4B

analysis of this partial ring ex~mple.

The numbering system for the nodes and elcments is listed as well
as an identification of the branch attachment point and the slopes at the
branch connection and at the slope discontinuity. The partial ring initial
geometry, boundary conditions, and elastic foundations are defined as well as
ali the necessary data pertaining to the impacting fragment. A "maximum
allowable" time step is computed and the user generated time step is checked
against this,

Each impact is recorded (there are 7 impacts during this run)
and the essential data concerniny element number, fragment number, time, and
location are output. For each printout cycle, an update of each nodal positiocn,
the fragment position, the strains at each Gaussian point, each node, and each
additional strain point is given.

Initial impact>occurs on element 9 at 967.796 microsecond after
fragment release. During this computer run the maximum strain reaches 5.79%
on the main structure and only 1.28% on the branch.

Note that for conciseness only a portion of the requested output
is presented here. Included are: all initial problem data, printout at time
cycles 980, 1020, 1060, 1100, 1140, 1180, ... skip to 1540, 1580 {(last); a

record of all impacts occurring up to time cycle 1580 is retained.
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THEAL AKP 19 ELMAUNTS ANL 19 #sULes
THLHL ARE 1 PHANCHES AND TUFY APX AT NODLS 7
Tie GLULAL SLOPE (AN AT PACH DhaRCy CONNECTIVY: 1.110715C¢00
THE ATTACHALNT POLNP COLZ PUN ThL } DNAICHLS $577 3S FOLLODS:
1
PRPLOCT EL M. NC, nooLt »0e2 3UBSIRESCTUL SU!S?; zLEa. MO,
1 2 1
2 2 3 1 2 .
3 3 . 3 3
4 ¢ L] ] L]
S L} [ 1 H
6 [ 7 1} 6
7 7 [} ) ?
8 [ ] 9 1 8
9 9 10 1 9
-10 W 11 t 10
n " ‘ 1% 2 1
12 L] 13 2 2
13 1" 1s 1 1t
14 1% 15 ] L P
15 195 16 1 AR ]
186 16 17 1 il
17 17 19 ] 15
18 18 19 ) 16

TH? USDATED NOD! NUYJERS FOR THe Fald STHUCIUS,, GI7:% [N TLELa OHLCINAL NUMUEZKING ORDER:

1 2 3 “ 5 ] 7 8 9 $0 " 16 15 16 17 18 19

NOTc: THE RLEMENT NUHDFRS AYFPPLALS TO BLELCW ARE PHTS7HT ELEANEMNT NUMBZRS

FLLRINTS THAT CAN ROT BZ [MOACTLC:
" 1”2 ] 0 J ) 0 v 0 0
9 0 0 J 0 0 ¢ v [}

ADDI"ICYAL STRALIA POINT LLEREMT S CulpIIuATY
1 9 €.930)300+¢9)
2 1" C.5LC320Le N0
3 1 0. 9CoLS0L-01

BACHH P THE POLLOJING SugAdNTL HAS A SoUPE LISCHORTINILTY AT (T. FIRST »0DE
12

THE GLOTAL SLOPE (FAD.) AT ZACH DISCOMTLNUITY i, TALS:
J. 45364HD+00
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PAUTIAL RIbe OCIVAJIT GU®® CONTALLAINT ANALTILS

S18C ProPrATILS

BATZALAL PHOPIPTL®S UF AALN STHULCTUGER Ank:

410%4 0P AlLLG{IM - 0, 15000000019 '

IENSLITY OF ALNG . 0.250L000-03

NUSILA CF TLrYENTS LI [

AJIL.H OF S'\iele™ GAUSHIAN /TS, - 3

ALAGSE FO DLOTH LSY GAURHIAN PI1S. s [}

NUACEN OF 8 CuAnICAL JULLAYLAS - 2

03 POL STIAIN MATS . 3.,65000C00000

P ron STRAIS HATZ s 0,4000000001
STaAle (1) = 0.4600000-02 STILSS (1) » 0.4600320005
STRaLS (2) = 0. 186C200p¢ 60 STeLSS(2) = €.58%000C005

BATTUIAL PHUPZRTLIPS OF HUANCH wUaBLE 1 482 A8 POLLQES:

dI13Td OF atni(lng L] 0. 1390000001

CINSITY AP PING v 0.73)CH50=-0)

ML 67 PL29INTS . 2

He®liZe 07 SPAnalS: GAUSSLaN PTa. L] 3

MEALLY AP DPTd 1P GAUSSLAN FIS, . []

WUASIS NP A'LnavICAL SULLAYZAS - b )

DS POR STHAlY RATZ L 0.406000L002

P POk STr\IW BATS L 0.%59900uDe 0

THICKNZS5S AT Tul CONNECTING hODE L4 0,4000005¢00
STeAty (1) - 0.27960uD-02 STarSS{1) » U.8C9500500%

STRaLY (2) » 0. 2250000-01 SINLSS(2) o

>TEAIN (3) = 0. 2C0000D* U0 STYNESS(Y) =
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noL mo, ¥ Cooerd 2 coond
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) 2 0.1300002¢07 0.0

3 0.2J00000001 0.0

. . 0.30€0000001 €. 0
S 0.400U0UDe Y 0.9

. 0.s0l0000e01 c.0

7 0.62C0000+01 0.0

s . 0.70CC000¢0) 0.0

ORIGIN Ay 1,
Poop QUiggv?
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0.16530000 06
€. 1210300006

BING TJUICKIESS AT 203 I

SLUPE(RAD.)
0.¢ 0.300000c+d0
0.0 0.2800000000
0.6 0.26000¢CD*00
0.0 0.2800000¢00
0.¢ i 0.220C000050
0.0 0.2000002¢20
0.0 6.1800000%%0
0.0 0. NOODOD;JO
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? 0,80C0000001 6.0 0.0 0. 1500000000
1" 0.9000000¢01 0.0 0.9 ! 041200002090
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6.2 A Uniform-Thickness, Unsupported Complete Circular Ring Subjected to a

T-58 Rotor Tri-Hub Burst

6.2.1 Problem Description

The geometry of the free-ring containment structure, as shown in
Fig. 10, is a free circular ring, 0.4 in thick, 2.5 in wide, with a mean
radius of 7.7 in. The ring is subjected to a tri-hub burst (consisting of
three perfectly symmetric fragments which are idealized as being circular and
non-deformable) with each fragment being released at different times. Forty
uniform finite elements are used to model the complete ring. )

The 4130 cast steel ring mateziai is represented by a three--
mechanical-sublayer model defined by ol'el = 80,950 psi, .00279; 02,82 = 105,200

psi, .0225; and 03,63 = 121,000 psi, .2000 with an elastic modulus of 29 x 10

psi and a yield stress of 80,950 psi. The strain rate constants are D = 40.4

sec-l and P = 5, and the mass density is taken to be 0.733085 x 103 (1b-sec2/1n4).

The attacking fragments (Fig. 10) have the following similar
properties: radius rf = 2.42 in; mass mf = 0.932 x 40-2 (lb-secz); mass moment

1

of inertia I_ = 0.666 x 10 (1b-sec2—in): initial translational velocity of

£
5515 in/sec and an initial clockwise negative angular velocity of -1972.0
(rad/sec). The value of the coefficient of restitution, e, is set at 1.0 to
represent a perfectly-elastic impact reaction, and the coefficient of friction

L is assumed for illustration to equal 0.5.

The fragments are located 120o apart from each other, and their
C.G.'s are at the same radial location 2.797 in. The TPRIM of the first frag-
ment equals 0.760000 x 10.3 sec and determines the start of the computer calcula-
tions. The second fragment is assumed to be released 160 useconds aftér the
first fragment; hence, its TPRIM equals 0.600000 x 10-3 sec. The third and
last fragment 1s assumed to be released 910 useconds after the first fragment;
thus, 1ts TPRIM equals ~0.150000 x 10_3 sec. (Note: the third fragment is
released after calculations have begun.) An additional strain point is specified
on element 40 near the point of first impact; the E-cooralnate equals 0.57.

The CIVM-JET 4B program will solve this collision interaction
using a time step of 2 microseconds. Printout starts several microseconds

after initial impact and will continue every 20 cycles until 300 cyles have

been completed.
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6.2.2 Inpui Data

The values to be punched on the data cards are as follows:

Card 1 3D15.6
B(1) = 0.250000D+01
DENS(1) = 0.733085D-03
EXANG = 0,3600000+03 (Complete ring)

Card 2 8I5, D15.6
IX = 40
NOGA =3
NFL =4
NSFL(1l) = 3
MM "= 690
M1 = 390
M2 = 20
NF =3

. TIMF = 0.138000D-02

Card 3A ) 4D15.6
Y (1) = 0.0
Z(1) = 0.770000D+01
ANG (1) = 0.0
N(1) = 0.400000D+00

Additional cards are punched until all 40 nodes of the main

structure are described.

Y (40) = -0.120454D+01
2(40) = 0.760520D+01
ANG (40) = 0.900000D+01
H(40) = 0.400000D+00
Card 4A I5
NDIS =0

Skip to Card 5 =

®

.
————— e




— e,
~
]

——

Card 5
NBR

Card 6
DELTAT
DS (1)
P (1)
NTOVR

Card 7aA
EPS(1,1)
SI1G(1,1)
EPS(2,1)
51G(2,1)
EPS(3,1)
$1G(3,1)

’ Card 8

NOP
NASP

Card BA
NSBS (1)
NSEL(1)
AZET (1)

Card 9AA
FH(1)
FCG(1)
FCGX (1)
FMASS (1)
FMOI (1)

Card 9AB
UNK

=0
Skip to Card 6

= 0.200000D~05
= 0.404000D0+02

= 0.5000000+01 -
= BLANK

= 0,279000D-02
= 0.809500D+Q5
= 0.225000D-01
= 0.1053000+06
= 0.200000D+00
= 0.121000D+06

it
w

1
40
0.570000D+00

L}

0.484000D+01
0.139850D+01
-0.242227D+01
0.932000D0-02
0.666000D-01

n

i}

= 0.500000D+00
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Card 9AC
UDOT(1)
. WDOT (1)
ADOT(1)
TPRIM(1)
CR(1)

Card 9CA
FH(3)
FCG(3)
FCGX(3)
FMASS (3)
FMOI(3)

Card 9CB
® st ()

Card 9CC
UDOT(3)
WDOT (3)
ADOT (3)
TPRIM(3)
CR(3)

Card 10
AXG (1)
AXG (3)
AXG(3)

Card 11
AWG (1)
AWG (2)
AWG(3)

0.275750D+04
0.477613D+04
-0.197200D0+04
0.760000D-03
0.100000D+01

———

SD15.6

Repeat the above block of 3 cards until all 3 fragments are
described.

=

=

]

[

[}

0.484000D+01
-0.279700D+01
0.0
0.9320000-02
0.666000D-C1

0.500000D+00

-0.551500D0+04
0.0
~-0.197200D0+04
-0.150000D-03
C.100000D+01

0.1127016653792585D+00
0.5000000000000000D+00
0.8872983346207415D+00

0.2777777777777778D+00
0.4444444444444444p+00
0.2777777777777778D+00
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Card 12A
TXG (1)
TXG(2)
TXG (3)

Card 12B
TXG(4)

Card 13a
TWG (1)
TWG (2)
TWG (3)

Card 13B
TWG (4)

Card 14A
NBCOND

Card 15
NOR
NORP
NORU

Card 16
ICONT

Card 17
ICON

~0.8611363115940530D+00
~0.3399810435848560D+00

0.3399810435848560D+00

0.8611363115940530D+00

0.3478548451374540D+00
0.6521451548625460D+00
0.6521451548625460D+00

0.3478548451374540D+00

o

Skip to Card 15

0
0
0

Skip to Card 16

0

Skip to Card 17

The program will now terminate its run.

o]
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6.2.3 Solution Output Data

The following is the output for about 600 microseconds of respon-c
after initial impgct of the complete ring tri-hub burst impact interaction.
Each fragment was released at a different time, and the positi.n of each
fragment is tracked separately during the run.

The first segment of output gives a breakdown of the ring initial
geometry and the defining quantities of the 3 fragments. A calculation of the
maximum time step is made and is used to check the user-generated time step.

Initial impact occurs on element 40 by fragment one, at 763.913
microseconds after the release of the first fragment. The second fragment
impacts on element 13 at 158,214 microseconds after the first impact. Fragment
3 was released at time 0.910 x 10-3 sec. and has not impacted during this run.

Strain information is printed at each Gaussian station, at each
node, and at the designated additional strain point. The maximum strain is
14.58% and occurs on the outer surface of element 13 at 245.087 microseconds

after initial impact.
In the interest of conciseness, only-a portion of the called-for

output is given. Included is all input verification information, scheduled
output at the end of time cycles 390, 410, 430, 450, 470, 670, and 690 (last),
and regular printout occurring at each ring-fragment impact (note that all
impacts are listed). This output listing is intended for use in verification

of the adaptition of the CIVM-JET 4B computer code to other computing facilities.
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THERE ARE NN GRANCHES CONNLCTED TN THE MAIN STRUCTURE , THEREFORE
THE NUMBER (™G SYSTCM FIR NNDES AND ELEMENTS RFMAINS UNCHANGED

ELEMENT S COORDINATE

ADDITIONAL
C 0.5700000¢00

STRAIN POIHT
1

COMPLETE RING oeCIVM=JET 4Bee CONTAINMCNT ANALYSIS

RING PROPERTIES

MATERIAL PROPERTIES OF MAIN STRUCTURE AREs

WIOTH OF RING(IN) s 0.2500000401
OENSITY OF RING = 0,7330850-03
NUY3ER OF ELEMENTS e 40
NUMMER OF SPANWISE GAUSSIAN PTS, - 3
NUMRER OF DEPTHWISE 3AUSSIAN PTS, . 4
NUMHER OF MECHANICAL SUBLAYERS . 3
DS FNR STRAIN RATE s 0.4040000402
P FOR STRAIN RATE s 0.5000000401
STRAlIN (1) = 0,279000D0-02 STRESSI1) =  0,0095000+0%
STRAIN (2) = 0,2230000-01 STRESS(2) =  0,10%3000¢06
STRAIN (31 =  (.2000000¢00 STRESS(3) =  0.1210000+06
. INITIAL GEOMETRY AT EACH NODE S AS FOLLOWS: .
NODE NO. ¥ Z00RD T COORD SLOPE(RAD.) RING THICKNESS AT NODE t
1 0.0 0.7700000401 0.0 0.4000000+00
2 0.1224550+01 0.7605200401 ~0.1570800+00 0.4000000400
3 0.237943D+01 0.7323140¢01  =0.3141590+00 0.4000200400
4 0.3495730+01 0.6860750+401 =0.4712390¢00 0.4000000400
5 0.6%25950+01 0.8229430+01  ~0.628319D400 0.400000D+00
) 0.544472D+01 0,.5644720001 =0.7853980+20 0.4000000400
7 0.622943001 0.4525950¢01  ~0.9424780+00 0.4000000400
8 0.6860750+01 0.349573040L  =~0.1099560¢01 0.4000000+00
9 0.7323140401 0.2379630401  ~0.1256640+01 0.4000000¢00
10 0.7605200+01 0.1206455D0401  =0,141372D¢0} 0.4000000+00
11 . 0.7700000¢01 0.0 ~0.15T0R00+01 0.4000000400
12 0.763520D¢01  ~-0,1204550¢01 -0.1727880+01 0.4000000+00
13 0.732314D0¢01  =0.2379430+01  =0.188496D+01 0.4000000¢00
® -
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21

22

23

24

25

26

27

28

29

30

31

32

33

34

s

36

37

38

39

40 -

0.6680750+01
0.6229630401
0,5464720¢01
0.4%2595N+01
0.349573001
04237943001
0.1274550+01
0,0
=0.123455D+01
~0.23796300
=0.3435730401
~0.4%525750401
-0.5446720401
-0.622943040%
-0.655075D2!
=0.732314D¢01
~0.7635200+01
-0,777000D#01
-0,763520D¢01
-0.73231304+01
-0.6060750+01
-0.622943D401
=0.5444720401
-0.452595D0+01
-0.349571De01
-0.237943D¢01

=0.1204550+01

~0,3495730¢0%

~0.4525950¢01

~0.5444720001

=0.,622943D¢0C1

~0.6860750401

t

=0.732314D+01

=0.7605200+01

=0,7700000¢01

~0.76052C0+01

=0.73231230+01

~0,6060750¢01

~0.6227430401

~0.5464720401

=0.452595D+01

=0.3495730+01

«~042379430D021

=0.1204550¢01

0.0

0.120455C+21

042379430401

0.349573D+01

0.4525950+01

0.5444730401

0.622943D+01

0.6860750401

0.7323140D+01

0.7605200+01

203

~0.2042040¢01
=0.219911001
-0.2356190001
=0,2513270+01
~0.2610350+01
~0.2827430401
~0.2944510401
0.3141590+01
0.2984510401
0.2027430¢01
0.2670350401
0.251327D+01
0.235619p+01
0.2199110+01
0.2042040001
0.1884960+01
0.1727880+01
0.1570800+01
0.1413720401
0.1256640+01
0.1099560+01
0.9424780+00
0.7853°80+00
0.6283190+00
04712390400
0.3141590+00

0.1570800+00

0.4000000+00
0.4000000400
0.4000000400
0.4000000+00
0.4000000+00
0.4000000+00
0.4000000+00
0.400600D+00
0.4000000+00
0.4000000¢00
0.4000000+00
0.4000000+00
0.4000000¢00
0400000000
0.4600000+00
0.4000000400—
0.4000000400
0.4000000+00
0.4000000+00
0.400000D¢00
0.4000000+00
0.4000000400
0.4000000+00
0.400000D+00
0.4000000+00
0.4000000+00

0.4000000+00
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PRAGAENT PROPERTILS

PRAG.NO. Ota. OF faac, masSs oF FasG, "OnENT OF INEATIA OF fFRaG, (1334
1 0.484000003¢ 0.9120000-02 ©.4400000-01 «0,2422270001
2 0.4840030401 0.9320090-02 0.8440000-01 0.2422210001
] 0,484C030001 0.9320000-02 9. 4543000-01 0.9

COLLESION PansmETEAS

PRAC,NO, V!( IN Y OIR. VEL In I OIR. ANGC. VEL. COEPF.OF RESTIT, IMETEAL RINETIC ENERCY
! 0.,27379%03 04 D.4778130+08 *0.1972000006 0,300000p+0} 0.271231D+08
3 0.2737900004  =0,477613D00s «~0,1972000404 0.1000000¢01} 0.2712310¢0¢
’ =0.9513000 04 0.0 ~0.1972000004 0.100000D¢018 0.2712310¢00
THERE (3 NG PRESCRIBED O1SPLAZCaINT CONDITICN
THERE aRE %O ELASTIC SPAING CONSTANTS
e TPRim ¢0a FACH OF Y FRAGWINTS 1S AS FOLLCHS
0.7600030-0% 0,56000000-0) ~0.1%C3700-019
SAUSSIAN STATICNS AND WEIGMTSS
a2} o 0.112770) 4593772%9 A ) e 0,277T71717117118
are 1 o 0.9¢Cn0c00CNCE" O UL S - T TV T Y Y Y TS
AXC 3 o O.RAI249 134829741 AWG Y e Q.2TITITIYIIRIIIIIG
TRG | & =0.86111%)1152°%) taf, 1 » C.3478% 943131496
TG 2 @ =0.3)77<1 061598458 Tute 2 & 0.8921651%50 %40
TG 3 & 0,33997104 1904436 Tl 3 o  0.0321631%48025%408
TIC & o 0.86113%311%0"%) e & = 0.3678%404651 3749

SILE OF ASSENSBLED STIFFNFSS »ATRIN ¢ 1432

THE TRANSLATIONAL MASSFS ENR FAIW wrDE afg-

~

™e

0.886679135%168797~9)
0.8606769224314150-0%
0.8%067%06073¢5273~0Y
0888873848714 010}
0.888626722131~19)-93
0.088579155%3%177 )20
0.088676922 4316000
G.88607%064 03208211201
0.B08874C 1438aATINAY
0.866672337)763195-0)

A0TATID 1AL ™A% ES A
0.1008078Ca ) 00 0nD0}
0.1C8024447724510,20)
0.108394797%371 1000
0.10%Q3 101N IO
Q.100809.442%213070-9)
0.1080vaGosInelent=ny
8. 18287044272 45237-0)
0.10880I0 1032110 1-0)
0.10809948 0 !nl 196lieny
0.10839397%51%104U-C)

V.8 N68T1527 V4759310-0)
T.ABANIIINNT|IR0003
2.9%475, 73674837 0-0)
R EY YRR IS Z TN SN RL Y 3
0,808 1927746,739130%
J.42047014°C1579C0-0)
DaaAnLTiieIr{THQ0=0)
D18 1821 14758)1M-0)
D.986ATA08% 4614 :-0)
0.8466182753574C 3700

tACH 40r¢ sac

Qal Ba 1687 48371I0-0Y
Vel 982914 20311200
0,104 9657 ,6¢)71 71120}
el fNa 1548 %° 5V401-01)
G108 2582 184118097020y
Q.1Ce 0o y*212%0Me00
Ql Q1" 1120197204100
D00 1S PL? V7110
V.40 08 e anehaCy
Q+101L1%07%55 380008

0.8806136469326270-0)
0.8A40749224314120-01
0.8%4679199%%691913-0)
0.89687472213187%-00
D.8A8BTIINGADINZAL IU-DY
V. AAA6T9C973508717-9)
0.8986207223314570-0)
0.804519154° 1647900
0.84607111264081692-0)
0.88601%504067326270-09

0.10%82747070391720-0Y
G, ANAC6442 ) 4577N=0)
G.1CRCI08 I 4unTennialy
Q.3155Ce68272387 7 0-CY
0. 1NALIINITNILICHQ
0.10933=5087877)e00-0)
0. 10407660, T215C0-01
0.310AC1606 348 PanN=G )
B,1042078402699176D-00
0.1CAC8I0ICIS1/00-0

204

0.1844782786950)90-03
0.84687427%6451390-7)
0.Ad66732714145370-C)
Q.88867118027118200-9)
0.%16875211416%410-0)
3.3°46768745594300-03
Q.n8n88782154743300-03
0.916670615:C18¢200-C)
0.9%407)774'43406060-0)
Q.804075273~105370-03

0.1C809%6675401400-0)
0,1CANINAS 154744CD-0)
0. 108076977653 7170-0)
Q.1Ca07 113146299300
0,10807%714537170-93
0.508075154.11%64N-0)
Q1780968 2%30147 =0}

0.10809%AN)12125970-0) *

0.10%99403N04592¢7N-0)
0.1C00763704937170-0)

({473
0.13%230000¢

0.1398300001

*Q0.2197000041

COtPF, OF PaiCT
0.3000000003

0.3000000¢00

9.90000C0000
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E1Ctn VECTOR OF MICHEST mODIE .
v [] (41 cnt
=0.2610810+00 0.45806570~02 0.3750160-01 =0.44186780¢00
044309930000 0,51 1672002 <0,6207)80-01 0.4043050p000
=0.982744ne00 0,06 V192002  2.839/220.C1 =9.3%001880000
0aTCB2290+40 ~0.1%08808N=02 +A, 153009009 0.2171340000
“GeB80+.2/042) PR LRSI Pl G, 1150080070 =0.,2029010000
0.87239TU+CO <D, 101416072 =0,12%3290070  0.1979740009
«0.9173330CO 0.11231720-42 0.155693N¢c0 =0.9343330-01
0.9675900000  «0.737%%40-03 =-0,1198%90¢C0  1.60%9630-01
=0,9083370490  0,5648490233  (,1 187700070 <0,4488780-0}
0.906430N¢00 ~0.40 1A aN~03 =C, 1412970400 0.348236D~-01
“0. 9937381000  0,278467D~08  £,142773De%0 <=0.2117310-01
0.1000000¢2} 0.6722602009 =0,1436270%3 =9,6813620-0)
“0.99301500C0 <0.4332°6N=03  0.1435120037  0.)494400-01
0.97CT%0600  0,97CI180«61  «A, 1998710007 «0.7710130-018

«0,9312990090  «0.19)/s70-02 0. 1315740000 0.1210610400 ~
0.674a500000  0.133/4%0+G2 =0.129%1%e"7 <~0.1606870000
~0,003373020D  «0.73571PN=~22 Oell196710e20 0.1801650002
0.7295030579  0,26%2480+72 ~0,1004820600 <0,1936740¢00
«0.46%2930000  «0.JV11V530+92 N.91960%0-01 0.182931D000
0.%802220430 Cel?99440+12 = .8)727%0-C1 <D.)1%9002D¢00
~0.9294380000 =0,1995240+02 0.7337940=01 0.12649220¢00
0.4840%113000 0323181032 20,8322710=C) +0.9812890-01
~0.4481630200 «G.132980002 QetbaltllIn=Ci 0.8218+90-01
0.415113%00 0.1211290-72 «N,5%53110-01 <0.8%4%170-01
~0.)7¢301ueCd  =0..309720-02 N,%«1 748C-C}| 0.1104680090
0.32302CD+C0O 0.4761310+02 =0.6574420-01 <~0.1%1760000
=0.2%12010000 <-0,2932750~*2 €. 3042290-C 0.2:9%%80000
0.1%73°1Me00D 0. VV12270-92  «M.2291%5)u~"1 =0.2420)8D000
~0. o0 i9TU=0[ 0. 3321 "¥0-0C¢ C.6830490=-C7 G. 332057000
«0. 79119 1u-C) 0e4223790~02 24113124021 <«0,3178670000
0.2030140000  «0.1333170~02 =0, 293178001 0.3227430000
~0.31e573ueCO S J23a=Ne0? Ca®557890-01 <«0.2%%319000
Q. 4011380003  =0,726776N=02 =0.5%1585D=C1  0.1792520¢09
~0.4533440400  0,1227190-12  0.6%7)820-01 <=0.8110840-01
0.663700D0¢00 0, 169929U~,3 «~,072%10-01 =0,2938860-01
~0.4293%0¢00 =0,1403e1D~"2 0.623%)70-0% 0+1427420002
0.3510730002 0.119760092 =0,%5105700-71 =0.2493440600
~0.2333970000 =N, 4299RC0~02  F,JeUInDe01  0.3399340003
O.8441710-01 €+%1356900~02 <0.,1269910-01 =0.4300870¢00
. 8870970-01  +0.9%80030L~02 =-0.1198750-01 Q.4411150400

WIGHEST MATUNSL FRECUE ICY (ARO/SEC) = 0.339785604869003690+06
THE COMPLETE VALUE OF THE =AX DOELTAT o 0.44470627331527070-0%

DELTAS SMOULD QUMY 0,4640)000-0%
THE VALUE OF OZLTAT USED IN TWf PROGRAW 33 0.2000000-0%

THE FOLLOWING NUMBERS ARE THME YALUES FOR THE EFFECTIVE LENCTMS SOR THE NOR PLUS | SECTIONS OF TME STRUCTURE
0.3970062+00

THE FOLLOWING 13 Tue TIw¢ SOLUTION OF TwE FRACHFNT- RING JwPACt
FmPACT NO. ] TINE 0.78%9130-0Y DURING CYCLE 382 ELEn &0 FRAG 1 oisTance 0.3671 00000

G49as0400q0c0stonsesreriqgneton
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t0secsoassoce
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ENERCY AND WORK
FRAGHLNT

1

2

3

WK TNPUT INT
REYG R INETIC €
R1G ELASTIC €

RING PLASTIC MWK

EERGY STO4ED

AT THE €NO OF TImME CYCLE

KINSTIC ENERCY

0.1718190008
93.,2712310«06
9.271231000

J.994120040%
2.6524660¢0%
J.6691320¢0¢
0.494741000%
IN ELASTIC RESTRAINTS

O AING .
4ECRGY [}
NERGY L]

L]

CYCLEs 390

ELEM st $Tal S0 st T
1 ~0.5%200-01 0,8705D-01 <0.1742p-02
2 0.59690-02 -C.16150-01 0.470%0-02
3 ~0.50250-02 -0,4344D-02 <~0.3180D-02
L3 «0.16310-02 «0.14000-02 <=0.89)60-0)
9 «0.16800-03 -0,16660-03- -0,10340-03
& =0.935640~0% -0.32%300-05 ~0.5%53740-0%
7 ~0.25380-00 -0.25220-06 =-0.14200-006
8 «0.30130-08 =0.29970L-08 -0.18%60-093
9 ~0.96240-1t =0.,95710~-11 <0.52340-11
10 0.0 0.0 0.0

11 0.0 ‘ 0.0 0.9

12 0.0 0.0 0.0

13 0.0 0.0 0.0

le 0.0 0.0 0.0

1% 0.0 0.0 0.0

16 0.0 0.0 0.0

t7 0.0 0,0 0.0

18 0.0 0.0 0.0

19 0.0 h 0.0 0.0

20 0.0 0.0 0.0

21 0.0 0.0 0.0

22 0.0 0.0 0.0

23 0.0 0.0 0.0

26 0.0 0.9 0.0

25 0.0 0.0 0.0

26 0.0 0.0 0.0

27 0.0 0.0 0.0

29 0.0 .0 0.0 '

29 0.0 0.0 0.0
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0.23750401 =0.5785000% +~0.2018000) -0.21630-02 =0.22%87-02
0.12220001 =0.3899000% =0.19)30+33 =0,171710-02 «0.19339=-922
~0.77620-03 =0.11870¢03 ~0.)4%9DeC =0.03+80-0) =G.83il0-}
=0.120%000! =0.34570006 ~0,02860001 -C 13650-03 «0.23260-0Y
=0.21790¢01 =2.66700¢0) =0.1{980+01 =0,3%7 ) U~0s “0.4886 u=C~
~0.34940001 ~0.7%90002 ~0.27390400 ~0,49750-0% “9.728%0-0%
“0.45280001 =0.1289DeC2 =0.22900-01 =(,%54406D-08 -0 8)290-0s
~0.54450001 <0.79120+00 ~0.1958D-02 =0,487e0D~01? ~0.7%3%0-97
-0,0227eCl <0.69220-01 -0.131920-03 -0.3:1770-0A “Q0.30960-C8
~0.064810¢01 ~0.31670-02 =0.02110-3% -0, 71 30-09 ~0,3826N-07
N.?31230001 <0.19760-03 =0.37430-N86 -9, 7230011 =0.18222-127
~0.700%0001  0.37240-0% 0.77e20-34 ~5,2315%0-12 «0.T1100-12
=Q.7722000t  0.23990-03 0.57950-06 0.)02%0-12 0.1.310-1¢
=0.76u%0¢CL 0.01920-02 0.12410-04¢ 0.11220-10 0.28'50-10
~0.71230001  0,13040030 0.2109D-73 0,26680-09 0.%6272=-09
=0.0C00100010 Q416990001 C.30990-02 N,.&7)90-08 0.92120-00
«0.63290001 0.1698C¢02 0.3572D0-91 0.73230-07 0.12120-0¢
*0.564350001 0.1%20¢0) 0,33(80e00 0.86330-08 0.13)240-0%
~0.43:260001 0.131G03D0e26 0.264480091 0.8°190-0% 0. 1tenu-23
~0.34960001 0.82310+06 0.14090¢062 0,%97330-06 Q. 7182008
=9.,23730¢01  0.26¢7900% 0,814350002 0,)1510-0) 0.+0192-3)
=0.12030901 0.7716D20% 0417780003 0.12580-02 0.1%210-C2
J.44920-C2 0.13)644D0006 0.4425000) 0,)1900-02 0.39135-02
0.12160¢21 0.1%5Ce0008 0.66200003 0.363?0-02 0.59820-02
0.233400C1 O.l1el4D008 0,43290¢0) 0.468)0-02 0.%52132-02
0.35140091 0.1))30006 =C.270800C) 0,42240-02 0.647130-02
0.45440¢01 0.12180¢06 =0,419%0+03 0,47390-02 0.%3223-02
0.%6610001 0.126%0906 0.173%0¢06 0,93480-02 0.680%0-02
0.6237000L 0.12260008 =0.4)240¢04 0,%1080-02 9.10210-01L
0.83590+01 0.13480006 -0.12030+0% 0.2C740-01} 0.45390-22
0.73760¢01 0.119600C6 ~0.43880604 0.73%40-01 =0.13130-01
Q.78890¢01 0.12370¢06 0.18200¢05% -0.1C510-01 0.44720-C1
FAUY FRUY » FAAY o
0.2156310004 0.3292980+04 <-0.1729620+04
0.2737500+04 =0.4776130004 -0,1972000004
=0.3319020+04 0.0 «0.1972000004
0-03
Tine suasace
0.8200000-03 2
Tine
0.8200000-03
1)
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ENERGY AND WORK AT THE (%D OF TIME CYCLE 430

FRAGMENT KINETIC ENCAGY
1 0.171819Le06
2 0.2712310<06 . /
3 0.2712310006
WOR% INPUT INTO RING =  0.994120000%
RING KINETIC ENERGY s 9.2399150405
RING ELASTIC ENEAGY s 2.565202D¢0¢
RING PLASTIC WORK = 2.697685000% -
ENERGY STORED IN ELASTIC RESTRAINTS . 0.0 -
CYCLES 430 )
ELEW $1  Srtat SO St STa2 so St STAY SO

1 =0.67190-01 0.94830-01 =-0.14930-01 0.1731D-0] 0.50310-01 -0.44510-01
2 0.2644D~01 =0.86210-02 0.29040-01 =-0.86130-02 0.33080-01 ~0.11390-01
3 0.29870-01 ~0.17550-31 0.22259-01 -0.951490-02 0.1%990-01 -0,72640-02
L 0.92690-02 -0.27310-02 0.51C61-02 -0.21450-03 0.18620-02 0.32560-02
5 ~0e.17680-03 C.57210-02 =C.TL620-04 0.5949"-02 <0.86290-03 0.50690-02
[ 0.,29530-03 0.40120-02 0.24960-02 0.37841-02 0.40020-C2 0.27880-02
7 0.42860-02 0.13830-02 «2B68r-02 0.24532-02 0.20840-02 0.36880-02
8 0.30540-C2 0.27130-02 0.30210-02 0.33640-02 0.36410-02 0.45030-02
9 0.3886U-0¢ 0Q.47980-02 0.39230-02 0.40810-02 0.40420-92 0.34690-02

1¢ 0.27550-C2 0Q.43240-02 0.27%2n-02 0.3151»-02 0.26830-02 0.1937D-02
11 0.20270-C2 0.2%930-02 «26800v-02 0.32620-02 €.364150-C2 0.403C0-02
12 0,41830-02 0.37170-02 0.38190-02 0.42860-02 0.3594N-02 0.50020-02
13 0.431530-02 0.31757n-02 0.2981N0-02 0.30520-02 0.14450-02 0.23840-02
le 0.14660-C2 0.11650-02 0.37160=-03 0.27&703-0% =0,72060-C) -0.61380~03
1% =0.9332C-C) -~0.1044C~0¢ =0.11388-02 =-0.13109-02 =-0.13130-02 ~0.15970-02
te ~0.14680-02 -0.14490-02 -0.11830-02 -0.13081-02 =0.92050-L3 ~0,11900-02
- 17 “0e94600-03 ~C.924660-03 ~0.68C20-03 -0.7&]10-03 =-£.42890-03 -0.57280-03

in =0.410CD=03 -0.40100-C) =0.2764N-03 ~0.293eN=-03 =0,14310-03 «0.20330-03
19 ~0.13170-03 =0.1276D-03 =0,795%0=-04 =0.3579D-0¢ =0.29000-04 =0.45670~-04
20 ~0.18760-C4 ~C.11190-0¢ 0.16490=04 0.17700-04 0.52070-06 0.4695D-04

21 0.66660-06 C.76340-04 0.1538CL-03 0.156570-03 0.26400-03 0.23830-0)
22 0.,27720-03 0.38120-0) 0,%3010-03 0.573+0-013 0.79340-03 0.77660-03
23 G.9+6C0-03 0.11380-02 0.1409%-02 0.15340-02 0.19990-02 0.19580-02
26 0.29060-02 -C.26290-02 0.28290-02 0.31120-02 €.37C30-02 0.36470-02
25 0.35080-02 0,44270-02 0.40197-02 0,44920-02 0.46020-02 0.456360-02
26 0.61660-02 0,4°680-02 0.37890-02 0.4436N-02 0.36440-02 0.41690-02
27 0.3836D-C2 ©0.3%700-02 0.2989n-02 0.3527n-02 0.20630-C2 0.361460-02
28 0.31850-02 0.23070-02 0.2%50n-02 0.28t130~02 0.184640-02 0.32230-02
29 0.2125C-02 0.26440-02 «23450-02  0.2344n-02 0.29350-C2 0Q.24330-02
30 0.18520-C2 0.30740-02 0.13890-02 0.20420-02 0.18790~-C2 0.201+0-02
i 0.12120-02 0.28000-02 0.13990-02 0.21750-00 0.23230+02 0.23310-02
32 0.21270-02 0.25090-22 0.16560-02 0.20210-02 0.15370-C2 0.23300-02
33 0e17900-C2 Q.24660-02 0.19480-02 0.229C0~0? 0.21400-C2 0.21550-02
3& 0.204C0-02 0.19860L-02 0.13967-02 0.22680-00 0.122640-32 0.30530-02
3 =0.468%0-03 0.49760L-02 =0.59730-0% 0,69350-02 0.10620-72 0.%6690-C2
36 0.89%540-03 0.%8090-02 0.31200-02 0.20570-02 C.76650-02 0.73640-03
37 0.10172-01 -0.2050n-0% 0.18680-01 -0.97240-02 0.3130D-01 -0.72%500-02
38 0.37000-01 -0.10690-01 0.37940-C1 -0.11370-01 0.48150-01 -0.26930-02
39 0.59720-01 -0.44600-02 0.2706N-01 0.29C9n-01 <-0.15000-01 0.53760-01
A0 =0.1296D-C1 0.4576D-01 =-0.30290-01 0.44830-01 <0.44)80-01 0.87080-01
CYCLE= 430

STRAIY AT AODITIONAL POINTS s SO €1 €0

1 ~Ce 314,53370-01 0.682415330-01 <0.339931650-01 0.0660595980-01
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o 430 Times 0,060000-03 TINE AFTEA INITIAL IMPACT o 0.9608740-0¢
] 31 cut cary cort t L) STRAINGINY STRAINICUTY

t v
1 C.02180-01 0.47220400 ~0,10170¢00 0.17790<01 0.42180-01 0.81720e01 0.293700% 0.1367040% ~0.40%40-01 0.11060¢20
2 ~0,6C210°01 CalB917eCQ = 20700070 =0.11990-91 0.11740:C1 Q. 77990001 0,94420°7% N,454I0s03 D.4A320-91 -0.31910-01
3 ~N.93210-01 0.217)002 =0, A6400=N1 O, 11660-%2 0,23280:01 Q.T1420e021 0,.59410+093 <0, 1420029 0, 3IVa90-01L -0.31240-Ct
& =0,69290-31 =3,68190-01 G.77°10=92 0.373C0=02 0.36370e01 0,6940Ne01 0.6632005% <C.57210004 0.12470-01 «0.490C3-22
$ “0.34000-5]1 =0.26620-C1 C.2%«N-21 0.23690+92 0,44840010]1 0,.62300001 0.77CL0e79 0.4743% %4 0,31740-03 0.350%%0-72
& «0.29170-01 «0.,72070-C2 0. Te98N=N2 0,16670-02 0.%«180:01 0.9:9901 0,91130+33% 0.12¢80¢% <0,.90860-0) 0.42010-02
P 20,2631Ne3] «0,8606%0-02 ©0.37930=32 G.33)91+02 0.,52080001 0.&%481NeB1 0,77220¢2% «0,4C100¢8) 0,4%960-52 0.21210-02
) § =0.17310-01 =0.52110-92 C€.33220-72 0.)0%6U~C7 0.68470001 0.351100C1 0.92m33+0% 0,331a0eCs 0.29730-02 0.33340-02
9 ~0.1%200+01 -0.17%30-02 0.31960=02 2.44370+92 0.73170:01 0.2)910001 0.11s10+76 0.14290¢93 0.39120-02 0.49880-02

19 =0.12190-91 -0,30060-%4 C,3678D0=02 12.36610~-N2 O0,76740001 0.121%0e01 0,8%89+C3 0©.39%80¢03 §.)4209-02 0.398630-02
14 ~0.87570-52 0.12080-02 Ca22190-02 0.21280~32 C.77511¢C1 ©0.67370-02 0.8A270+"S 0.35730+03 0.226%0-02 0.20090-C2
12 ~0.36160+02 0.20320-02 0.456%0~-03 0.39490~32 0.76080¢0] ~0.12010001 0,.11782¢96 "0,431%0003 0.)7860-92 0.39290-02
1) 0.11740-02 23.22910=92 <2.95710-23  D.83770-C2 0.732%0+0) ~0,23810071 0,86790¢79 0,106520+03 0.¢1710-02 0.40010-22
16 0,46390-02 0.1%7920-C2 =Ce14900-72 J.1805C~22 0.6960C*01 =0.3%5010¢01 0.93710+Ce ~0.931940+02 0.14060-02 0.183542-92
19 0.4%720-32 0.11800-C2 ~7.110T0=12 =0,95810~0) 0.4228N0]1 «Q,.431010e0] «0,.33%1N40% «0,.16¢30+0) =0.97170-0) =0,723495-03
16 0.29490-92 3,3909D-0) «Cab68530=23 =9,19260-02 0.9443003] =0,944/0001 =0,3014640% =0,12190e4) =0,14600-02 «C.15900-92
7 0.13367-30 0.22700-C3 =0.2944D-23 <0.10030-32 0.452507L =C€,623C002L =0.27630479 =0.9784De02 =0.93540-03  =0.10700-C2
18 0.30860-33 2.72390=04 =, 7672004 =J,46120-2) 0,.3475001 «0.84617e31 =0,839)2004 =0.22170¢22 =0.40)70-0) «0.478%0-0)
19 O levw, =03 0.18720<Na ~C.27160-"4 =3, 16370-93 0,23790:91 =0.73230001 «0,239%0¢04 =0.65270¢01 =".12930-0) «0.1%08tC~0)
20 0,473850-36 J.27900-C9 ~0.921060-0% =3.26322-04 O0.120%0001 ~0.T00500C1 0.49010+03 0.11670eC1 =0.2]1740-0s =0.26090-Co
21 0.6%410-04 =3.¢3C10=1% ~LollmD=54 Q49911004 =0.8Pe10-G4 =0, T7C0D00) 0, 463%004 O0,11480002 0.57130-04 0,66090-Ce
22 0,26570-03 =0 3370D=04 +7,4793D0-C4  0,26%60-03 =0,12050e01 ~0.700%0e01 0.16010D+7% 0.41080+02 0,23790-0) 0.29349-03
23 C.94830+0) =J.13290-23 ~0.17260-73 0.89%20-9) -0.23800001 ~0.73220e01 0,42710+%% GC.12CINeC) Q.77900-C) 0.93230-03
26 0.27790+02 =0.63210-CY ~£,558D=83  £.213C0-02 ~0,3698De0) ~3.6459DeCL 0.°6200erS 0.27)aDe0) 0,19745-02 0.22920-02
2% 0,6%5040-02 =3.11990-02 ~%.16160-92 0.31490-02 «C.49310001 «0.62250+01 0.123%0+76 0.45860+03 C.36090-92 0.61170-02
26 0.3198De2) =0.2698D~32 ~).24%N=22 0,61289-02 =0,56510¢01 ~0,5%«36%01 0§,.11920+C8 0.062930¢C3 O0.4554D-C2 0.493)p-C2
21 C.1759D=01 =C.512%0-%2 «£.49.0D-02 5.Y%010-42 -0.62380°3} ~0.4509NeCLl 0.93070+0% 0.61750+4C3 0.)8960-02 0.38635C-72
28 0,2291D-21 =0.82500=72 =1 ,6158D=N2 0,27190-02 =0,6R640+0) ~0,3673De01 0,73920¢23 0.39390+0) 0.2587D-92 0.29040-52
29 D,2729U-31 =Col2110=r1 <0, 1930=02 0,74315-32 =0,737C0eL1 ~0.2)33CNeCl  0,6591000% =0.32350023 0.19680-22 0430%60-02
30 0e32310=31 ~0418770-01 ~C,1%600-02 0.20270=32 <0,79940+9) ~0.,31/CDelL C.69770e0% 0,8315De03 0.2671D-02 0.30630-02
M C,IT920-01 0,22230-"1 «G.997190-07 0.215e0-12 -0.76780+01 0.371920-01 0.%1180¢3% 92,8V540¢33 Q.17e70-722 0V.26810-02
32 0.44200201 =7.29440-01 =N, 11960-01 0.2%030=02 -0.7%569031 0.1Jesnedl 0.50619+05 0.96320+03 0.26020-02 0.2666302
33 Q.%1780-0% -S.37270-91 «13700=31 0420949092 =0.72720421 0.26170eC1 C£.42)0Ce05 0.27CiNe03 C.1°260-02 0.295¢53-02
3 0.60748D-01 =J.45910-01 =0 1473001 0,20300-02 «0.67920¢01 0.)3529000) 0,4623I0e0% «0.17160+03 0.22680-02 8.20810-22
. 33 0,70850+21 =2.54310+91 =F,17420="1 0,21570=02 ~0.6144D001 0,65510°01 0.4030NeN3 0.3993D¢04 0.39400-0) 0.42280-02

38 0.9344D-1 =0,72790-Ct =0.12380-C1 0.31710-22 ~0.93340+01 0.5+320031 0.599950+0% «0.19700004 0.99980-0) 0.64932-02

37 Q.1G030eCT «0.10290002 =3,2928D=01 0,47C20-32 -0.43860001 0,63070eN1l 0.47310¢0% «0,19470+0% 0,87950-02 0.140890-02

e 38 0.1250U¢00 =0.84890-31 Y.444a0-C"1 0.1374D=01 =0431683001 0,6d4420008 0,4149000% -0,47290¢04 0,37280-01) ~0.76420-02
39 C.1375000C 0.7A780-01 0.19350000 0.8526C-02 -C.22730+91 0.74410001 0.3270000% 0.92980°0¢ 0.60¥30-01 «0.63770-02

0.95710-01 ©.38C90+00 Qo 18090070 ~0.21030+02 ~0.11680001 0.79900001 0,39420003 0.12460+0% ~0.18740-01 0.49480-01

FRAC O,» fCCy = FlCu = ALFA = FRUV @ FRAWY » FRAY »
1 ~0.1083970¢C0  0.5363460¢01 =0.1672030¢01  0.213431000¢  O.3292980+04 =~0.1729620404
H 0.43352920001 <=0.1944790+01 =0.1360400¢01 0.2757350040¢ =0,4772130+04 <~0,.1972000¢04
] 0.0 «0.2797000+01 0.0 «0.9331500000¢ 0.0 ~0.197200D+0~
. SUPSTAUCTURE L33L] €LE suse sta Ting
[} 0.9482070~01 |3 2 1 0.84600000~0)
sSuastTauCTyReE LARGEST AND. #T, STRAIN ELEN 400. PT. Timg SURBACE
1 ) 0.8824150-01 «0 1 0.8400000-03 2 .
sSusstRUCTURE LARGEST wGNay  STAAILY NOOE SURF Fine
[} 0.1120420+00 ) 2 0.84000C0-0)
- sa e e 9000080000000 . o000 L seon s0c0e0 .
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ENERGY AND WORK AT THE END OF TIME CYCLE 430

FRAGMENT KINETIC ENCRGY
1 0.171819006 :
2 0.2712310¢06 -
3 0.2712310008
wWOK INPUT INTO RIYG - 0.7941200+09%
RING REMETIC FNERGY s 0.2220380¢05
R1NG ELASTIC ENExGY L4 0.533954D¢04 -
R1I4C PLASTIC wWURK - 0.7186860+05
ENEAGY STOUAED (N ELASTIC <ESTWAINIS - 0.0
CYCLE= 450
ELEM s $TAl SO St $TA2 p1] S! STA) S0

] ~0.2t1310-01 0.73700-31 ~0,20350-01 0.17860-01 0.43220-01 -0.-2620-01
0.20320L-01 -0.P677D-02 0.24281-01 -0,88283-02 0.26820-01 -0.10%80-01
3 0.226400-71 -0.90200-92 0.18811-01 -0.12510-01 0.17130-01 =C.14160-01 R
. 0.13489-01 -0.12280-01 U.16031-02 -0.74230-02 0.52180-02 ~C 50870-02
5 0.33880-02 -0.3144D-02 0.94237-03 -0.16610-02 =0.13970-02 =«0,71400-06
] =0.43420-02 0.2726D-02 +«0.61787-02 0.3}/Cr =02 =0.38830-02 C.37780-02
7 =0.31%60-02 0.25790-02 =~0.21160-0{ 0.25042-03 0.13220-93 -0.79770-03
3 0.20790-02 -C.2416D-02 0.3583"-03 -0.1876D0-02 -0.30670-03 ~0.31640-04 .
9 ~2422590~06 0.6496%0-03 <~0.°9261-03 0.57210=-03 =0.10020-22 0,19750-03 i

G -0.83960-C3 0.11500-03 0.12237-03 0.11650-0) 0.39060-02 ~C.62350-03
i ~0.70{20-03 2.52740-03 0.61872-03 0.343061-03 0.14720-02 0.,10910-02
12 0.91950-03 0.16530-02 0.55210-03 0.10sPD-02 0.40€10-C3 35.72050-0)
13 0.93502-03 0.2%770-0) f.92607-03 C.11130-02 0.70990~-03 0.20260-02
16 0.20210-07 C(Ca1381D-02 0.26190-02 0.2556571~02 0.2832D0-02 0,37640-02
1% 0.31490-02 0.37300-02 0.31u00=-02  0.32u51-02 0.31000-02 0,.27310-02
1 0.2097D0-02 C.3%650-02 0.27400-02 0.30430=-C2 0.364270-02 0,.25870-02
1 0.26740-02 0.3925D-02 0.41167-02 C.é481401=C0 0.57830-02 C.59410-02
18 0.81660-n2 0,8711D-02 0.66070-02 0.745%1-0/ 0.73110-02 0.84660-02
19 C.7736D-n2 C.90%%0-02 0.67570-02 0.75120=-00 0.9%3950-02 C.71460-02
2% Ce59940-C2 C45911D-02 0.4116%+02 0.%6372-00 0.264210-72 C.36520-02
21 0.24380-02 0.20230-02 0.11060=-92 0.13547-02 =0.22940-03 0,68050-03
22 0.1330:-93 =C,42600-03 <0.21407-03 -0.25011-03 ~0.572C0-C3 ~2,3537D-04
23 ~0.47350-03 -0.15370-03 ~0.32200-03 ~0.26790-03 <0.17680-03 -(.38840-03
26 -0.56367=03 0.15360-06 <~0.3695n<03 -0.27820-0) <-0.2206D-0)3 -0,62390-0)
29 =0.93320-2) (Q.56V34U-06 <~0.0620,0-03 -0.76460-0¢ =0.2601D-03 -0.16500-03
26 =C.32902-C3 -0.90130-04 ~0.64130-03 O0.1601U-04 <=0.3404L0-C3 0.33740-03
27 C.3679.-0% =L.349270=-03 ~0.57210-03 -0.16067-04 ~0.145640-02 0,40290-0C)
28 =0.,20¢0=-0% = 3%850-0% ~0.7C840-03 -0.5811"-0) <~0.140690=-02 -C.47320-03
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22 0.19480-01 «0.27640-01 =Co81420=C2 =0.14%30(6 =0,12150001 ~0.7473N¢0] «0. 12670003 0,79660002 ~0,951720-0} 0.52130-03
23 0.17840=71 <0 J2470=01 =0,41020-N2 27, 7252L-0) ~0.23480001 =0.72860+01 =0.186080¢0% §,4309023 -0,10%940-232 «0.37490-03
26 D 20410201 -0.3546N0] +7,57830=32 «3,%537060=C) ~0,39710e0) =9,89190¢01 0.80300404 0,74690+03 =0.61880-0) =0.36330-0)
2% 0.3065D~01 =0,67170=01 «0.706A0-02 0,913180-C3 «0,69270001 «0.01790¢91 002706053 0.9,120¢0) 2,81220-0) 0.10210-02
46 0.38250-71 =3.4%460°01 =0,10020=01 0.577)0=93 -0,9437000] =0,3)0%0¢G, =0,37220006¢ O,71%4Ne03 0,29180-0) 0.1063D0-02
21 0,693%0-01.=C.%33%0-01 0,1318D=01 «3,5%96D=’% =0,56213000] =0,443/N00] =7,47430009 0,264670003) «0,49830-0} «0,46790-0)
28 0.5296N=01 =Q.83160=01 ~0s13370-1 «3,20400=C2 ~0.68300001 ~0.34210e"| =0.00770¢03 0,35960+C3 =0.,24290-C2 ~0.14510=-02
29 C.00700-51 -6.6738N=] «2,143060=31 =0.27120-02 =0.12760e01 +0,23501000| =0, 7274000% 0.39¢2040) =0, 318630-82 =0,20470-02
30 2.09020-91 =3,73670-91 =0, 160610=9] 0. 1414U~02 =0,73538000) =0,112%0¢31 ~0.73%4029 0,22820006 =0,23120-02 =0.63600-0)
3 0,789)0=C1 «0.9229%0=01 =({.J3920-01 =5,21990~C2 =0.76090+01 0.7373N-01 ~0,%35%0D¢9% =0, 788iNe0Y =0,2R000-02 «0.91830-0)
32 0.91560-C1 «0s1C4220C0 =/, 2172001 =2.22340=C2 «0,7eAsNoN]l 0,12700001 =0,437350+0% «0,62190403 0, )8090=0) «0.43r00~-02
33 NL1UT6009) =0.116h0e00 =0, 1993071 =),20760=02 <L, T10L0¢0] O,2668N01 ~0.64720003 0.786230004 -0,42920-02 0.49100-0)
36 0,12630000 0.1 06100CO =C, 1 6C%0=0] =0,22340"C2 =0.608%N¢01 0Q,1%4000J] =0.1336000% {.42090¢04 «C,1¢970-C2 0.53160-02
39 D.1ad%0PS0 -5, BYI0400 =", bbb 1D=01 »3,10760=C2 =0.3993N901 0.4531608C1 OC.4108N*0% =0,8124D0e0a «0,13230-0) 0.12290-02
30 0.18080e00 +0,23520030 =0, 44c40=01 J.43310-02 =0,91920001 0,3+080¢"1 0,964I000% =0,}I820¢09 0,12740-01 «0.21030-02
3V 9.222710033 =0,22220033 0,1 174D=03 3.06%670-02 =0.42150¢01 0.612810001 0.44080003 ~C.919)0¢06 0.,20800-01 =0.704620-02
38 0.29590030 =0,10420008 ~,11260¢70 23.569490~"2 <0,32190¢01 Q.00810001 0,13690¢0% 0,222)0006¢ 0,3143D-014 ~-0.%0%970-02
39 0.2%De00 0,13980¢00 0.233%0010 =9,2%9340-02 =0,21810¢01 0,7953%0001 O,L7810eC3 0O,.20400006 0,%5300-01 =0.98200-02
40 0.18780000 0,33%40000 0,23120090 =3.12220-01 =0,10960¢01 0,81340+01 =0,21180003 =0,70460¢0& -0,14790-01 0.43940-C1
FRAGC NQ.s FCCU o PCCw » ALFA = FAYY o ANV o FRAV ¢
) 0,4%06770-01 0.%600930+01 ~0.1307120004 0.1831980404 0.2177400+04 =0.16102%50¢04
2 04453673000t =0.2308210+01 =0.1334400001 0.1840390004 ~=0.3731)6000¢ =0.1761435D00¢
3 - «0.1764800000 ~0.2797000+01 ~0,831040D0-01 =0.5513000¢0s 0.0 ~0.1972000004
SUBSTRUCTURE nyrR €LE SURF sTa Ting
1) 0,101 7300400 14 t § 1 3 0.9400000-03
SuastaucTune LARGEST ADD. PT. STRAIN fLEn A00, rt, Ting SURFACE
) 0.0874130-01 L1 [} 0.9000030~03% 2
SUBSTAUCTURE LARGESY NODAL STRaly NCDE SURF Ting .
1 0.11%613n000 1s 2 0. 940G000~0)
80009000t d0eRe e s o8svepes 4000000800000 00 oo
ImPacT %0, L) Tint 0.1C00280-02 OURING CYCLE 301 ELEN 13 FRAG E 4 DISTanCE Ce.8106100000
ImPACT WO, 1] Tiug 0.1039070-02 ouRiING CYCLE 320 [{VL] 1 FRAGC 1} 0ISTANCE 0.82706480000
Imvact NQ. [} Tine 0.1083140-02 OUR NG CYCLE 332 (18 1] 40 Frac [} OISTANCE 0.4031310s00
ImPact no. 14 Tine 0.1067380-02 OURING CYCLE S3a ELEN 13 FRAG 2 OlSTanCE Q.2061770000
IrPACT MO, ] TinE 0.111%900-02 OURING CYCLE 330 ({8 {] 3 PRAC 1 01sTanceE C.el17920000
InPaCT NO. 9 Tive 0.114§940-02 QURING ZYCLE 371 ELEn 13 FRAG 2 OisTance 0.4313310000
thPaCl NO. 10 TinE G.11%54770-02 OURING CYCLE 3T0 (48 { ] 1 FRAC 2 DIstance 0.3857140000
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Jnrall NO. 1
impact 0. 12
(#Pact N0. 13
IRPACLT N0, 14
ImPact NO. 1

Tine  0.1220700-02
TInE  0.1248920-02

Tint  0.1297v80-02
Ting 0.1300%80-02

Ting 0.1934080-02

——

ENEACY AND WORK AT THE END OF TIMg CYCLE o670

FRAGHENT

1
2
3

WORK [NPUT INT
RING RINETIC €
RING ELASTIC €
RING PLASTIC w

0 RING
NERCY
NERGY
bELY

ENERGY STORED I ELASTIC RISTRAINTS

CYCLE. 70
({11 ] st st
1 =0.71210~01
2 «0.40390-01
3 0.11000-01
[} 0.20920-Ct
s 0.204%0-04
. 0.14980-01
? 0.17470-01
[ ] 0.34510-01
L} 0,34130-01
10 0.16430-01
i1 0.27460-01
12 0.42030-01
1 0.44790-01

1e =0.83930-01
is ~0+38330-01

is 0.26%60-02
17 Q.17940-01
18 0.29310-01
19 0.271510-01
20 0.16010-01
n 0.48690-0)

22 «0.18320-02
2) =0.71330-02
2 «0.32310-02
29 «0.40440-02
26 0.16980-02
2 0.13%60-07
26 «0.46620-02
2e «0.90440-02
30 =0.70140~-02
in «0.836%0-03
32 =0.11%9%0-02

» 0.19960-02
3% 0.986130-02
33 0.21810-01
38 0.35% 10-01
37 0. 34040-01
3 0.3%98u-01
3o 0.32900-04

.0 «0.27)30-01

CYCLEe 470
STRaln AT ADDITIO%
}

Y] $0
0,10450+00
0.61870=0)
0,99710-02

=0.6)3930-n2

=0.11970-014

«0.,99780-02

«0,6%890-02

=0.762069~02

=0,19880-01

*0,90930-42

~0,911%0-02

=0.13100=01
0.1910u-01
0.13%10%00
0.67740-01
0.6 1060=02
=0,7e640-02
=C.18410-01
=0.14230-01
=0.13250-Ct
0.44620-0)
0.34760-02
0,91010-02
8.91780-02
0.19660-02
Cote970-0)

“0.40490-0)
0.,41320-02
0.74%30-02
0.3%900-02
0.)5870-02
Ous07C-02
0.)38t0~-02
=0.43t10-02

=3 12%60-01

~0.1%660-01

=0.1%d4N=01

«0.93840-02
Ge24120-01
J.03720-08

AL POINTS

OuRING CYCLE 458 w@en 19 rRAG H OtSTANCE  0.4818020400
DURING CYCLE 429 “"win 2 FRAG ) OISTANCE  0,3203090¢00
DURING CYCLE  #29 s 1 FRAG 2 OISTANCE  0.)144340000
OURING LyCLE 631 HLin 3 uaG ) O1sTance 0,4393990000
DURING CYCLE 668 [ {8 L] 13 [ LT1 2 0187anCE 0.2480030400
o800
.
RINGTIC CNEAGY
0.7630810+0%
0.8909730+0%
0.2712)10008
0.3770970¢06
0.7080v90+0%
0.7327500004
0.2709190004
- 0.0
1) $raz $0 £t $Tas $0
=0.46704D=C1 0,80870-01 =0,03040-02 0.33110-01
=0,10280-01 0.32910-0¢ 0,18%80-01 0.19040-02
O.1834n-01 =0.28740-02 0.22340-01 «0.93830-02
0.26000-01 +0.13CCN-01 0,329%0-01 «0.17990-01
0.20930-05 ~0.11580-01{ 0.16490-01 =0.101%0~-01
0.1500n=-04 «0,10980+01 0,17420-01 =0,9915%0-02
0.22%0-01 ~0.78170-02 0.30120-01 =0.648080-02 \
0.4220n-01 ~0.i0itN-01 0.32610-01 =0.10040-01
0.07600-01 ~0.189%0-01 0.21970-01 =0.12100-01
Q.1%040-01 ~0,10330-04 0,20390-C1 ~0.%1820-02
0.30260-01 ~0.898%0-02 0.37290-CL <0.356960-02
0.2%8100-01 Q.%9981-02 0.l4070-01 0,28380-0}
«0.118640-01 0,72600-01 <«0.71930-01 0.133%0000
=0.%1610-01 0.78010-01 0.28140-03 0.39000-01
=0.23701=01 0.399%0-01 =0.62000-02 O,14440-01
Q.12690-01 ~0,12090-02 0.21640D0-Ct =-0.83780-02
0.2%620-01 ~0.18790-01 0.29880-01 =0,23820-0)
0.299217-01 ~0.16800-C1 0.29770-01 =0.14890-01
0.21810-01 ~0,1al71=0t 0.174%0-01 129%0~01
0.109%50+01 ~0.9%380=02 0.62170-02 =0.34180-0"
«0.,19260-G3 0,22550-02 <~0.1%4)D0-02 0.33780-02
20.42690-02 0,83890+07 «0.69%500-02 0,90470-02
«0.36830-02 0.703%0-C2 ~0.64180-03 0.30620-02
=0.1989n-02 ¢.99300-02 =0.20710-02 0.8¢930-02
=0.,24730-02 0,42170-02  0.)8140-03 0.18%60-02
0.062450=-03 0.118%0-0) 0.20910-03 0.)4320-~u)
“0.97510-03  0.19970-C2 <~0.38510-02 0.)8640-02
~0.6019M-02 0.54100-02 <«0.77560-02 0.82610-02
~0.744aN=02 0,%0370-02 =0.56+390-07 0.41210-02
=0.%0230=02 0.50120-02 =0.23810-C2 0.46790-02
=0.24190-02 0,41680-07 <~0.28400-02 0,99710-02
0.21720-03  0.302%0-02 0.29180-02 0.23940~02 .
03906003 ~0.82A70-0)  0.81490-02 ~0.35%60-02
0.14900-01 =0.10%10=01  0.214%0-04 =0.1e140-0}
0.2806Nn-01 «0,14100-01 0.3%440-0| =0.16680-0)
0.14723N0=01 ~0.19400-C) 0.350%-CL =0.18810-01
0.29971-01 ~0,.1%610-01 0.32150-01 =0.43230-02
0.1%2491-01 -0.10360-02 0.38350-01 0.11270-0)
0.0139N-07 0,47)20-01 ~0.28900-0F 0.83110-01
=0.39150-01 0.82770-0C1 'y.SOIZD-OI‘ 0.10000+00
st $0 (1] [ ]
~0.414009290-01 0.035684190-0]) «0.4229313790-01 0.822977380-01

2
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“’t STETLY® o e e yan o - § mr e cn mee e .-

J= 870 Ti®Ce 0.134000-02 TINE APTER INITIAL INPACT » 0.3740870-0%
] \J ] (41] [4]] cory cornt [§ L] STRALNLIVY RSLTYLITIN Y
. 1 0.73800:00 O0,14%00001 =0,8374D-01 0.24880-0) 0,7388D0000 0.91900001 0.14310000% 0.78100¢04 =0.81370-01 0.11%02%00
2 04679350000 0,1299000) =0.3713D000 ~0.8476D-0] O, 18730401 0,8774Ne0) 0,30086D¢0% 0,146070008% ~0,22390-01 0.30110-0t
3 0.17040000 0,71000¢70 «0,5226000 «0.13830¢00 0,27¢70001 0.79440601 0.27960+0% 0,10940¢0% 0,19370-91 0.821%50-Cy
& «0,41%10-31 0,11120000 =2,45990000 =0,10700¢07 0,33090001 0.,6979%0e01 0.2397TNe2% 0,10350604 0.21720-0% “0.15027-02
9 =0.117)0¢CO =0,09440¢"] =0, 3471000 «31330=01 0,41930001 0.33710:J1 0,12290079% =0,4716000¢ 0,322%9-01 ~Y.1911-01
& *0.70790-01 =0.17446D000 =Ne26770000 «0.28890=01 Q.40480¢01 0.4946N001 0.37940+06 =0,903%0eNs  0,1%020-91 “N,94A%40=02
T 0,4%5640-01 =0,1%36090) 20,173906N0 =0,99970-02 0,%210+01 0,38790001 0,2029N059% =0,11310¢0% 0.17599-01 =0,7849D-02
$ 0022270035 =0.11700001 +0.79050-01 0.10930+01 0.39200001 0.27660001 0.1858020% =0.1662709% 0.346730-01  =0,88343+02
9 0.41860000 =0,13120901 0,81710-01 N,81210-07 0Q.8376000) 0.1n)60¢01 0.1087/0¢09% =0,19717060% 0.34800-01 *%.16370-01
10 0.57290000 =0,89320¢"0 0,17470470 ~0,14390-01 0Q,568180¢01 0.49930¢00 O, 1727Ne09% =0,93190¢06¢ 0.19030-01 «0.98720-02
11 0.,89%30000 =0,379600N0 0.,27300e00 ~0.27%590-01 Q.7190000% =0.65930000 0.75700¢03% 0A,.15720003 0.2%CIN-Ct «0,49180-02
12 0.6644D030 =0.87110-02 0.371800N00 «8934C=01 0,74980¢01} 21860001 0.1217009% 0,839C000s 0,48540-01 -0.81320-02
I3 0.49%00030 0.01770e00 0.45%60+00 =0, 8(1n0-C( 0.77600s0( =0,30420001 0.39810+95 0,14250003 0,349CneN1 0.12413-01
16 0,28270¢00 0.11830001 0.17630en0 0,19960=01 0.77700+01 «0.42700001 =0.1199D¢03 "0,16940009 -0.833%0-01 0.16129000
19 0.1C800¢CC ©.11220091 =0.19410400 0.78970=0) 0.70730401 «0.32710001 0.72)40204 0,14810008% «0,129%0-01 0,43770-01
16 ©0.987100) C,71130¢C0 «0.39210000 =0, 71410=31 0,60310001 ~0,5993N01 0.40400¢04 0,1235000% =9,11010-02 0.68290-02
17 =0.25760400 0,26387¢00 =0,39220¢00 =0.%402D0-01 Q.4976N+01 «0.62730¢01 =0.6279742¢ 0.31210°Ce 0.2C66D 01 «0,68010-02
18 =0,31480000 =C.1648D0000 =5,20140000 «0.21790~01 0Q.I7T 00Nl =0,5%880001 0.82430004 =0,840¥7004 0,31¢4,0-01 =0.21003-01
19 ~0,274020000 =0,41750¢00 =0,9.370=01 0.30110-C2 0.2%91%50401 «0,68470008 0.1917009% =N,15262003 0,29830-01 «0,14043-01
20 *%.19990030 ~C.09060¢CO  0.16580-0L 0,17160=07 0,132%50+01 =0,70910¢C1 0.1909D¢C% =0,11760008 0.1702C-01 =0.13310-01
21 2241299000 =0,+80400C0 0474%60-01 =0,20730-02 0.12990400 ~0.72%00e081 0Q.IINTD03S =N,96740003 0,26760-02 «0.23910~02
22 =0.63760-01 «0,37200000 0.71170-01 =0,11970~N12 -0,1083040) =0.72670s01 0,3218000% 0,41%00% =0,18140-92 0.30812-02
23 +0.11670+2] =0,301560¢00 0.3878D+01 0,22910~03 «0,22730401 -0,70360e01 0,%1070¢0% €,173193+06 ~0,80)03-02 0.99940-02
26 043529N-01 =0.293%50000 0.490202C2 0.22040-02 <0Q.3379000) =0+65727¢C1 0,479100%% 0,74090e0¢ «0,197100-02 0.84)00=02
23 0.85%5010+21 =0,29440070 =0,2736D=N1 0.20960=92 *0,446240001 =0,9943Ce01 0,26127099% 0,620680006 =0,14490.02 0.845%20-02
26 7.13340070 =0,3753%+%0 «3,37180-01 0.22141)=7) =0,9)090+01 =0,91200001 0.107%U¢0% =0,49100+03 0.18090-C2 0.11520-02
27 0.1884600C0 -3.3%950007 «0.40N6T0=0L =0.81800-C) <0.60680+01 =0o.010%0001 0.8CCINeCs Q,103IDeCos 0,10900-02 =0.3%640-0)
28 0.26400030 +0.38429000 =0,57610=-0]1 ~0,19440-02 06270001 «0,31030001 ~0.2929020% 0.94960006 =03,45780-02 0.40140-02
29 0.3040Ce3) =0.4)180¢20 «0,92170-91 ~0,5%2160-02 =0,70C60+01 =0,337%01 «0,20#4D¢CS% 0.88410406 «0,91870-02 0,727170-02
30 0.3A100CO =C.%77D000C =0. 13260000 «0:92090-C2 =QeT1520¢01 =0.73700eCO =0.1228N0C% C.T6{A0e06 -0,01780-02 0,49670-02
31 0.46%9700%0 =0,0307000% «0,16780070 ~0,11560=01 -0.7086%50+01 0.46390000 =0,8/780e04 (,17.80004 =0.ANTI0D-01) 0.43360-02
32 051720070 =0,7647N009 «0.182800N0 ~0,14430=-91 =0,67500¢01 0.1817060L 0,2242D29% «0,24290006 =0,20730=%2 €.60330-32
33 0.8%0700C0 ~0.935100GC <04 L7L1ID200 =0,15120-01 =0.82000°01 0.I7200001 O.1e88D*9% =0.45480¢Cs 0,27090-02 0.37510-02
34 0.T82(09CO =0.52160601 =0.17410+000 =0.14210-08 =0.%631000%1 0.37320¢01L 0.25150+1% =0,1333040% 0, 10690-02 =0.35%30-02
3% 0.9)%380000 =0.10970¢71 =0,1C0130¢70 =0,19170-02 «0,40220001 0.400J0001 0,3671000% ~0.1262000% 0,21510+01} «0.45190-01
36 0.11020eC1 =P,29070¢C0 0.26%00-01 0.84473-02 -0,39910¢01 0.9%%920¢01 0.%51900¢0% -0.10800005% 0.395.0-CL =0.17870-01
37 Q.12310001 =¢.83520000 €.17110400 ~0,91190-02 =0.313700C0 0.663%0e01 0,6/06007% =0, 74490+06 0,37210-01 =0.18850-01
38 0.,12%90¢04 =0,11670000 0.32870+00 =0.32930-01 ~0.23210000 0.73200¢C1 0.284000C% 0,.10610¢005 ©0,306220-01 «0.29960-02
30 0,11570s31 0,3670D000 0.429712¢00 ~0,87320-01 -0.)6400001 0.819¢000] 0.3314N00% 0,32780:CS 0.)8700-0) 0.1%860-01
40 0.94840000 0.11900+01 Ce30650000 =0.32300-01 =0.43390000 0.89290+C1 0.36970¢00% 0,1043000% =0,33710-01 0.41990-01
PRAG NO.s FCCy FCCw o MEA » FAUY o FANY o PRAY o
1} 05623210000 0.64097860001 <«0.2390910401 04112949004 0.13951060004 =0.13020810004
2 0.95140990001 =0.33080%0001 =0,216378001 0.10230%0+04 <=0,1873820¢08 =0,1427340¢04
*0.2302480001 =0.2797000¢0% <=0.8319040000 <=0.5315000004 0.0 =0.1972000¢06
SUBSTRUCTURE (234 e SURF $Ta Tine
[} 0.143344D000 13 ] 0.1008000-02
SUBSTRUCTURE LARCEST ADD, #T. STRAIN THner ADD. T, Ting SURFACE
) 0.8874730-01 40 ) 0.1200000-02 2
SUsSTRUCTUAE LARGEST NODAL  STRAN LI sume Ting
t 0.1004030200 1e 2 0.9400000-0%
etese [IXT LY

S00000000400T00EPIRCI0TRE000000008000000000000000000000800000000000
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Ct LN raGE -

J‘:thg $2[]




———

fmract wo. te Tine 0e1309¢20-02 OURING CrCLe 679 tHin 2 rALC 1
tmealt no, [§4 Tint  0.1133450-02 DURING CYCLE 678 (UL L) SRAG 2
1nragy N0, 30 Ting  0.1344190-02 QUAING CYCLE o8) eLEs 3 FAAC ]
impalt N0, 19 Timg 0.13a7000-02 DURING CYCLE 484" " 12 FRAG 2
LIXIY] P008000000000000030000000008009060000000003 6800000000 L]
CNERGY AND MORN AT TNE ENO OF TINE CYCLE 490
PRAGRENT RINETIC ENEACY
t 0.47294060008
K 0.8170130009
3 0.2712310000
WORK INPUT INTO RING o  0,)933870008
RING RINEFIC CNEAGY o 0.951957000%
REYG ELASTIC ENERCY e 0.3539490¢06
RING PLASTIC WhaK e 0,2488920408
ENEAGY $FONLD IN ELASTIC RISTRAINIS . c.0
CycLe» (11
ELen 31 star so 1 sTaz g0 st s743 SO
1 =0.09790-01 0,10020000 «0,46720-01 0.58380-01 -0.86780-02 0,.33200-0t
2 ©0,64400+01 0,67220-01 ~0,119%0-01 0.33an0-0t  0.19830-01 0.107960-02
] 0.02610°02 0.79310-72  0.1231D~01 =0.L1260-02  0.192%0-Ct -0.86410-92
. 0.21310=01 ~0.11810-72  0.2%9)U~01 ~0.124%0-01  0.)1730-01 -0.4+100-0}
s 0.25%90-0° <0, 1814038  O,/7154+n} =0, 19C40-01  0,1888n-71 ~C.1107D-01
. 0.18000~01 ~0.11700-01  0.17970+51 =0.12850-01  0.19220-01 =3.12960-01
[ 042001001 ~0.11860-01  0,29042+01 =0,11490-C1 0, )2090-91 -0.94570-02
. 0.46200-01 -0.12310-01  0.3%¢71-01 -0.14320-01  ©,37100-91 =0.18+70-01
’ 0.39770-31 =0.3230u-00  0,.31230+01 =0.18%45-01 €, 230R0~C1 -3.14640-01
10 C.16480-01 -0.iC6a0-01  0,18350+CL ~0.94370-C  0,2381N-31 -0.3L160-02
1" 0,30410-01 =0.1091N-01  0,33270-01 ~C,12939-01 0, 3811D-C1 -0.49370-02
12 O.e30f0-01 =0.9726L-02  0.237%1'~01 0.74570-C2  0,86790-0¢ @.3e250-01
1) 0.34300-01 0.200200-01 ~0.19310~21 0.7%03'~01 =7,568100-31 J.12840¢00
1e ©0,24310-01 0.1129N0000 <0,49771+01 O.TRT§)I=0f =0.9406¢0=C3 2,39300-01
) =0.40450-21 0.70330-01 =0,2741N+01 0.4%600-01 =G, 11120-01 0.26910-01
1s 0.72070-0) 0.12CIN-01  0.13290+~01 0.6%370-0%  0.29%20-G% =J.10390-01
13 0.226%0-01 =0.99990-02  0.23600~-0L +0.18360+01  0,30080-03 =0.21470-01
ts 0,23850-01 -0,16779-01 LJTA0D<01 ~0,1%370-C1  0,27780=01 =0, 13250-01
19 0.2%920-C1 =0.11310-01  0.219:0-01 ~0.15C9D-0t  0.20180-"1 =C.14740-01
0 0.17350-01 -0.14040-01  0,100/0-01 =C.1CeAN-01  0.46140-02 =0.49770-02
HY 0,67980-0) ~0.12460-02  0,7C)140~0) ~0.23270-02 ©€,1900D-02 =0.26130-02
22 0.17630-02 =Ce202l0-02 =0.023IN-02 0.273/0-C) -0,56480-02 0.37820-02
23 ~€.60020-02 Q.¢4380-32 <0.%810L-02 0.4)010-07 -0.492%0-0Z 0, §9970-0Z
Y ~0,449%0-02 0.9192u-92 ~0,78170+02 Q.101I0-31 -2.77260-02 0.10730-01
2% ©0,62130-02 0 71330-C2 =C.639350~00 0.39870-02 =0.12230-02 0.22990-02
20 ©0.11630-02 0.34090-02 =C.7%%00-C) 0.37030-0" +0,826400-G3 0.)9130-02
HL ~0,41730-02 0.er61(1-02 =0.18450~02 0.42170-02 =-0.2397D-92 0,%7270-02
20 ©0.23230-0) &.352501-C2  <0.10840L-02 0.41180-C2 -C.15%00-€2 0.%0)20+02
29 ~0.187)0-02 0.74CAP-00 =~0.61750-02 0.17110-02 <0,40820-32 C.94810-02
L] =0,70410-02 0.118t1-01 =0,32580-02 0.99s10-C? -0,28790-C2 0.92320-02
n =0,19720-07 0.%890-02 =~0,24127-32 2.689i0-C" -0,21430-92 0.61890-02
» =0.02980-3Y (.s44800-02 0.l2%60+02 0.PR1IO-0F €.80380-°2 -0.16810-02
» 0.%0840-02 -0.32%20-0) 0.721010~02 =0.4e33%0-C2 0.9791p-C2 =2.82800-02
3 0.84710-07 +0.0)980-02  ©.1308°-0% -0.10270-01 0 17620-01 =0Q.15060-0¢
113 0.20190-01 =0.1474p-0} L29020-CL =0.17)4r=C1  0,)9790-01 =0.21770-01
3 0.38929-00 -0.29310-01  ©0,3V389M3| =0.321'0-01  0.33190-C1 ~0.1e910-01
114 0e31190-01 =Co1a170-01  0.289C0~01 =0.109&D-01  0.)3610-0t -0.47390-0}
1] 0.38700-01 =0.96496N=32  0.J0ILOCL =0.13977-00  0.3)190-P1 0.18920-01
3 0.28250-01 0.298%0-01 =0.7976e0~0% 0.30780-01 =0.3%900-51 0.68390-01
40 =0.31560-02 0.6)33D0-01 =0.)7870~01 0.7986D-01 =0.46010-01 0.9)410-0}
CYCLEe 30
STRAIN AT ACDITIONAL POINTS ] 30 €1
1 =04 394497410-01 0.820793270-01 -0.402601020~01

218

o1sTANCE
Disrance
o1svaNCE
OlsTaNCE

055333940000
0.9791230+00
0e4383790000
0. 7029910400

V00000000000 0000000000008000000000000000000r

€0
0.789303100~01



Jo 490

v
t 0.83100¢00
2 0.%620De00
3 0.20)0e00
& =0,44800-02
$ +0.91090-01
& =2.%54180-01
T 0,81980-Ct
8 0,29910+00
9 0.471300e00
10 0.64120009
11 0. 7367000
12 0.70970.30
13 0.%9)360000
1s6 0.33770:72
19 C.1l240000

TinEs 0.130000-02

L4
Q.13°70+91
0.129%0e0}
Q.74120e00
0.1180ne20

0.8 4420000
+0.850 ey
0, 11570.C 1
*0.1334Ge01
=0.1aeD001
EUIR R P TR ]
“Us"4513Dec0
=0.26210-) ¢
0.67%60000
0.127¥0e3
Q.422We3

rst
~C. 7189%0-01
“0. 3977930
~0.%46290000
*0,%0.90000
LOPBLLLITD B
“0. %2y
PLPRT YL IARY]
Q. RI_1J-01
-s 836CD=91
D 2TheND
Js 3080600
PEE I NCRT T ]
Q.alem 200
3.137%0000
“%e1a7%00.0

(4.1
G.22C80-01
-0.06720-01
“N.1%140000
=2.12880+09
~%.0610060-01
. 39m00-014
=J.18070D-01
T 93060-Q2
J.74850-~C2
=0.21460-01
-0.337120-01
~0.76330-01
~0.33610-71
0.170490-01
C.10140-C7

TINE APTER INIT(AL INPACT @

cery
0,8310C+00
0.17630+01
0.20390001
0.3%44De01
J.41M90008
Qual9%0eny
2.94190001
0. %81 008
0.8°6/0001
C.8728Ne01
07197001
0.76¢9.:DeC?
0.785200010
9, 7819001
0.71110+08

(2121
0.92270001
0.84000001
0.13%60001
0.04680001
0.39330e08
Q.08180001
0.3791De0 |
Q.2071007%
0.1%31ne01
Q.o 34neng

“0.7)61700C9
=0 19080091
=0, 3980001
=0.63290008
=0,953320CL

40870-0)

L
«0. 17380009
«0.26210004
0.20910+04
0.309/000%
Q.e159030 0%
U.2914000%
~0. 15130004
0. 848770+04
0.1879000%
2. 64590005
. 32CINeNY
6.2497000%
0.2161De3%
O.18280003%
0.11¢%0°0%

L]
8.30820¢00
Q.1621000%
OellZe. 00Y
C.ln)80e0n
“0.800el0eCo
~0.LInNey
“2e1%05000Y
<G t82C00cs
«0.1%370¢3%
=0.1t12000%
=0.2%8060006
9.10540+09%
0.16080009%
Cel O8N0y
LR LER{TT-1)

STRBINItINY
«0.,490500-C1
*Q.d4070=C1
0.1+010-01)
0.21330-01
C.3Ce80-C1
0.19240-01
0.1410-01
Co38760-Co
0,429%0-0,
0.174%0-0¢
0.29090-01}
0.46950-0}
0.24980-01
=0.4C630-01
=0.1%170-01

16 =0.9949G-0, 0.41320000 “0. 410 W00 =N, 01910-00 0,060970001 =0,%3792001 3.84310003% I.137%0+09 -0,5:260-02
1T «0,271800N03, Q.299710+30 =0, 31V326%0 =0.03330=01 0.49210¢08 =0.8J01D«C1l 0.39%40¢103 0.10330003 0.24320-01
18 =0,38510eC0 =0,14820020 «r,J6rsDe )0 =0,264%0-0) 0,371380001 «0,6%760001 0.12210099% +2.579xNe% 0.31620-0)
19030290000 «0.41120000 «0.11%90090 0.92440=0) 0.29680401 =0,069140e01 0.164270 4 +1,1802000% 0.277110-0}
20 =3,238900990 =0,%0499030 <L, ¥N11D=02 0,28270-92 C.13%30¢01 ~0.70440s01 «0,30CI0e 04 ~3.1144000% 0.2:360-01
21 20415130470 =0.314705)9 £, 9315071 20.17160-72 0.,151950000 =0,7,340¢01 =3.1671000% +9.64%0¢%6  J,17530-02
22 =“0.T771689-01 =U,e33'20C00 G.6717=01 «0.23790-02 «0.19%8U+01 «0.71650001 =0.24717000% +0.33C00e08 0.2724C-02
2V =A,134AD-01 =0 14790600 J.60.73-01 =0.27C00-02 <0.22670001 ~0.008600C) ~3,2106000% 0.60940+06 =n,81210-02
26 03793021 =0.321300C0 1.27660201 ~0.7CH30-03 «n.338111008 ~0.62520¢01 -J.20r18000% A.1141002% ~0,62140-02
29 0.8347D-01 <N, )1e1DsN0 «N, 201100, 0.80980-03 ~0.éel 30001 =N,53230001 =0, 10410004 0,7902D004 =0.10420-02
20 013210020 «0, 3670030 =0.6459201 «0,JTEQN=CY =N, 52990101 =0,5103Ne0] 3,3947009% 0.49573000¢ -0.0,870-C})
27 C,19620e32 =0,)14500G000 «U0.6)4n )20 +0.beeTD=C) -0.,00320¢01 ~Q0ool400eCi OQ.3781D0005 C.4T7CLO0CO =0.01270-0%
20 0.2%99De5) =9,63% s C “0. 841N +Q,18320-N2 «0.85410001 =0,37650e01 9,32800005 0.36%90+04 =0,.126%0-02
29 0,3)360000 =0,5013C0N0 = ,,99%19-I1 <0.)1340+02 «0,89470001 «0.191IreNL 0,6783000% J3.7%970+34 <J,2e790-02
30 0.,437930000 «0,397INeCY «0, 131990000 ~0,068220-92 -C.7C290¢01 ~0.7G)20000 0.84900¢C8 (,199700C% -0.%4820-02
31 0,49870058 @G 71107079 = 131920CO ~0,12920=-01 -0,67890+01 0.64920¢0°0 0.3192001% 0.438%0¢04 -0.17230-02
32 0,8C39GCeCN =0,A8 10e"0 =L, 2102027) =N, 20170-01 =0.86%°0001 0.12830001 0,20C7000% -0.84110+04 -Q0,1e2060 &2
33 0,.72%Ue07 20,1 GPes] «0,2.927000 0. 10400=0L1 =0,61330001 0.27330¢31 2,16%43000% =C. 1091009 C.95190-02
34 0.87150:00 =0,11240051 «0ul7 10000 =G,13490-01 -0.96060001 0.37820¢71 =9.1180006 =0.11640e08  0,28190-02
3% 0,15600001 =0,i1eaDeQ| =0, 1402320 ~0,13620-02 =N.4A720+81 O, ee950¢”L 0.1116000% =5,1671040% 0.1%660-01
36 0.12170601 =C,.10 el J.41L°0=0L 0.09C50-92 -0.39700901 0.959910¢91 0.3166000% =0.13410+C% 1.39220~Q1
37 0.13470eC) =0,00aC00AA  C.21730¢3C <0.13760-01 -9.30570¢01 0.66980001 0,93%960003 «2,19190+%e 0.34290-C1
38 0,13710001 =0, 2171701 (43376000 ~0,37A810-01 =0,223I0000 0,76020e01 0.86520+C6 0.94762004 0,39980-01
3% 0,12970201 0,32180e%50 0.4)280070 ~0.87350-01 =0.13870401 0.02760°C01 0.1904009% 0,17370¢35 0.33340-01
40 Q.1C46000L 0.13430091 0.278103C ~0.25330-01 «36750000 0.89970¢CL 0.10420¢03% 0.61690004 =0.38300-01
PAAG MO.» FCLU o FCGw = ALFA - fryv = LL UL FaAY o
) 0.602384D+00 0.6439150'01  =0.2432140°01 0.9421420+0) 01116030008 =0,130020004
3 0.3180070001 <=0.344038040) =0,2222180°01 0.0808540003) <0.1727410004 <0.1309190e0Ce
] «0.260308040% <=0.2797000+0%1 <=0.9307840000 =0,3515000¢0¢ 0.0 «0.1972000006
SUBSTRUCTURE L314] ELe SUns sTa Tne
1] 0.1438440+00 1) 2 3 0.1008000-02
$UBSTRUCTURE LARIEST 400. PP STRAIN €LEn 600, PT. Tine SURFACE
1} 0.8874730-01 “C |} 0+1260000-02 2
SUB STRUC TURE LARCEST wNOOAL  SToaly NODE sune Ting
L 0.1804050+00 . 2 0.9800000-03

STraINtOUT)
0.10920000
2.4910%0-01
0.919/N-0%

«0.92990-02

=0.10971-01

=0.t112-01

«0.120¥-0"

0 0800u-02

=0.20680-01

«0.12123-0t

«0.80%50)-02

*0.64040-02
0.22010-01
0.1%470000
9.510)10-01
O.10410-01

«0.96110-C2

<0.18911=-01

*0.12¢%0-01

“0.16379-01

=0.20140-02

»0.29C%0-02
C.4%10=02
0.02730-C2
0.90150-02
0,212%1-02
Q.00 Y=n2
0.47003=02
C.8380.-Q2
0 10%iD~0¢
0.2L%20=G2
0.38497-02

«0.63640-03

=0.72729-02

=0.1%¢10=01
=0.24213=-21
=0.,14391-0|

«0,17190-03
6.218%0-28
0.84693-04

———

00000000 C00000000.000. 0000800000000 0000 RRIttrraiauiestIritnnitasaiolorsonitrtecrelesnirosiitcinieosaesdectetosneneetnectolnscsosecn

THE LAAGEST COmPUTID STRAINS FOR EACH SUBSTRUCTURE-- MALN AND BRANCHES <~ ARE PRINTED BELOW, 1o [NNER 2o QUTER SURP

SUBS ERUCTURE nsra €L surs sta vime -
1 0.1656660000 L3 2 3 0.1006000~02
$uUBSTRUCTURE LARGEST ADO. PT. STRA(IN ELEM ADO. *TV, fing SURFACE
1 n.8874730-0¢ .0 1 0.1260000-02 ?
SUBSTRUC TUAE LARCEST wODAL  STRAIY NODE sues ring
\ 0,18060%09¢C0 1s 2 0.9800000-0)
RO CARUS PUNCHED OURENG THIS ALN FOR CONTINUATION.
v .

DRIGINAL PAGE I
DE POOR QuaLITY

219



-———

REFERENCES

Wu, R.W.H., and Witmer, E.A., "FPinite-llement Analysis of lLarge Transient
Elastic-Plastic Deformation of Simple Structures, with Application to the
Engine Rotor Fragment Containment/Deflection Problem"”, ASRL TR 154-4, MIT,
January 1972 (available as NASA CR-120886).

Wu, R.W.H., and Witmer, E.A., "Computer Program-JET 3 - to Calculate the
Large Elastic-Plastic Dynamically~Induced Deformations of Free and Restrained,
Partial and/or Complete Structural Rings", ASRL TR 154-7, MIT, August 1972
(Available as NASA CR-120993).

Collins, T.P., and Witmer, E.A., "Application of the Collision-Imparted
Velocity Method for Analyzing the Responses of Containment and Deflector
Structures to Engine Rotor Fragment Impact", ASRL TR 154-8, MIT, August
1973 (Available as NASA CR-134494).

Goldsmith, W., Impact: The Theory and Physical Behavior of Colliding Solids,
Edward Arnold (Publishers) Ltd., London, 1960.

Selby, S.M. (Editor-in-Chief of Mathematics), CRC Standard Mathematical
Tables, 20th Edition, CRC Press,- Cleveland, Ohio, p. 106.

220

——



f

'n.‘,,.“ e e .
’ ” STV T o oo e '

Lol
[}
L]

>
Cal

Py

- CENTROID

E,n,L - REFERENCE AXES

FIG. 1 ILLUSTRATION OF A VARIABLE-THICKNESS,
ARBITRARILY-CURVED BEAM

221

3



.1 RING CONTOUR
- - REFERENCE AXIS -

OUTER SURFACE

INNER +n DIRECTION

SURFACE

n,w

INNER

<:;i?RFAC°

OUTER SURFACE

S — x & -

{(a) Variable-Thickness Arbitrarily-Curved Partial Ring
AN
3
OUTER —
SURFACE
2

k k-
(Yk,Zk)

K+1 4 k-1 /////
; +1./4n DIRECTION
+n DIRECTION

{b} Variable-Thickuess Arbitrarily-Curved Complete Ring

FIG. 2 EXAMPLE GEOMETRICAL SHAPES OF STRUCTURAL RINGS ANALYZED
- BY THE CIVM-JET 4B PROGR M

®



- ?-W:"l":'—Aﬂ,F;r;‘v—.—‘n—:-’ l"""‘d‘"’""“»""“’- l ety :,—-rvv‘w*l P -2 2o "'v"‘l W OILD § e e lgpmm :wr:o-x‘ [P Jpu TS Y Y S

’

"OUTER

+n DIRECTION +n DIRECTION

{c) Variable-Thickness Partial Circular Ring

RING CONTOUR
~— - —-— REFERENCE AXIS

"OUTER
SURFACE"

+n DIRECTION +n DIRECTION

(d) Variable-Thickness Complete Circular Ring

FIG., 2 CONCLUDED

223



L

CENTROID

Q
]
(]

ELEMENT NODE

NUMBER
>y
—o< -
) 1572 ¢, ~ 6; 20
-180° < ¢, < 180°
@® $(n) =b_+ b, n+b, n°
S o) 1 2
h=h, (1-29+n, B2
i ng i+l N
LOCAL SYSTEM CARTESIAN REFERENCE
£, N, L - COORDINATES Y,% ~ COORDINATES
VoW, X - DISPLACEMENTS Y.z ~ COORDINATES
ql'qz,...qs - ELEMENT GENERALIZED

DISPLACEMENTS

FIG. 3 NOMENCLATURE FOR GEOMETRY, COORDINATES, AND DISPLACEMENTS

OF A CURVED-BEAM FINITE ELEMENT

224



{

BT TR T’Wl*f’m‘::’m.—“ -

~ .

.
VL

I

n
<

it
o

;DEALLY-CLAMPED V=W

“SMOOTHLY-HINGED

(a) Prescribed Displacement Conditions
DISTRIBUTED ELASTIC

RESTORING SPRING
(ELASTIC FOUNDATION)

POINT ELASTIC 1{
RESTORING SPRING

(b) Elastic Restraints

FIG. 4 SCHEMATICS FOR THE SUPPORT CONDITIONS OF THE STRUCTURE

=

|
WLIn T ST T AT TSI N ey s et [ eveapea | e .‘I B e TE P T 1



SUPPORT
BRACKET

ENGINE CASING

\DEFLECTOR

Zi SIMILAR SUPPORT
BRACKET AT END

(c) Schematic of a Bracket-Supported Fragment Containment/
Deflector Structure

FIG. 4 CONTINUED

226



-——

FIG.

(d)

4

. DENOTES VARIOUS
~--Y  PERMISSIBLE SUPPORT
CONDITIONS; FOR EXAMPLE:

MAIN FRAGMENT C/D STRUCTURE

Idealized Two~-Dimensional Model of the Configuration
Depicted in (c)

CONCLUDED

[}
(1%}
~)



———
——
—

—

PRE-TEST

e ~ FINAL
- -~ -~ Vs -~
Rl RN 5‘\ ~
/ N\ // \

b LSRR
—

NON-DEFORMABLE

{a) Single Blade Fragment

P ——— ACTUAL

IDEALIZED

BEFORE IMPACT POST-TEST

(b) Bladed-Disk Type Fragment

FIG. 5 SCHEMATICS OF ACTUAL AND IDEALIZED FRAGMENTS

228



’ RING CONTOUR
== =—=——— ACTUAL

IDEALIZED FOR
A 2 COLLISION ANALYSIS

FRAGMENT
L "Y
(a) Pre-Impact Location
ZA .
O -1 NODE j N
NODE j+1

Leff \y j+2
IMPACTED RING SEGMENT
(ELEMENT j)

~ EFFECTIVE LENGTH
OF IMPACT

Leff

—» v

'

{b) Fragment and Impact-Affected Ring Segment

FIG. 6 IDEALIZATION OF RING CONTOUR FOR COLLISION ANALYSIS



——

FIG.

m T T

——

FRAGMENT COLLIDES WITH RING

!

e

CONTACT-TIME CALCULATION
P

COLLISION-INTERACTION CALCULATION

RING

VELOCITIES IMPARTED TO
RING IMPACT AFFECTED
SEGMENTS

4

CALCULATION OF MOTION
AND STRUCTURAL RESPONSE
OF RING

T T T

I
|
!
I
|
!
|
|
|
I
|
|

==
|

— T T T T

FRAGMENT

POST-COLLISION
VELOCITIES OF FRAGMENT

OF

CALCULATION OF MOTION

RIGID FRAGMENT

y

RIGID FRAGMENT

MOTION OF

MOTION AND STRUCTURAL
RESPONSE OF RING
e e —— L
i COMPARE
No lcornrsion |_Yes

S S

S S — ov— — a— -—-Tl-

!

y

CONTINUE FOR NEXT
TIME STEP OF

7

1

CALCULATION (OR
STOP, IF DESIRED)

us |
-

INFORMATION FLOW SCHEMATIC FPOR PREDICTING RING AND FRAGMENT

MOTIONS IN THE COLLISION-IMPARTED VELOCITY METHOD

230




"Z
9 10
]
' 4
\\\ /,
v .
. NUMBERS SHOWN ARE NODE NUMBERS
FRAGMENT
(POSITIVE)
—> v
Q (a) Illustrative Fragment C/D Structure with Slope Discontinuities
N
ANG(6) = +a

DISCONTINUITY ANGLE
CONTRIBUTION 6

- L ¢
(b) Exploded View of Node 6 -- Angle Definitions

FIG. 8 DEFINITION OF SLOPE-DISCONTINUITY ANGLES FOR AN
ILLUSTRATIVE FRAGMENT AND C/D STRUCTURE



\\‘ ANG(9) = a

DISCONTINUITY ANGLE
CONTRIBUTION 8

v,w ~-- GLOBAL DISPLACEMENT
DIRECTIONS AT NODE 8

VIEW B

- o —

=

(¢) Exploded View of Node 8 -- Angle Definitions

FIG. 8 CONCLUDED

232

————— -



T°9 JTdWUXIT d0d ONITIAOW LNIWITI-FALINIJ ANV ‘TUOLVIONIWON ‘AULIWOID ‘YIvA WATE0dd 6 °9Id

2IN3ETOUSWON pue A133W0d9 (e)

(QISUVING)
HONV4 g
€V €92 (
° 3
0°T‘S°0T=2
olS"9Z:

me\ZH 0°000€ = ALIDOTIA TIVNOILVISNWAL

3
DdS/NI SL°2Z8VT1="2
NI v 0—" :

03s/NI 96°L09z=7x  [TuaHIS)
NI 0°S=y .
\ NI 0°2- ‘NI 0-9+=32°3% o
41\\\\\\\ (WONIWNTY)
\ 009 NI S-0=%2 (1T a¥nLoNYLSANS)
. 5 0= TANLONALS
NI T°0 R
0t NIV
og ©
o] =™ NI c 0'0=2"'%A
ISd 000 = Ux A {
T
i ISd 00ST = NI €°0
NOILVANNOd DJILSVIA
Tw>> NI OT >
Y 7

NI v°0=U

(1331S)
(2 TWALONYLSHNS) HONWUd




aNOOd JHY S, °0°9 ¥O0d dIasSN SYIEHAN TIVAON

GINNILNOD 6 °DId

waysAs butaaqunN pajeasauan-iasn (q)

“duiiuId SIHL NO

$3LON

"ON JJON
/ [4 1

S

ALINYLS 222\

/
{

"ON LNTZWETI

234



e

¥

2 T"‘L“.W:’:‘:’m '7] L ¥=d

@ e g

X

it

QIuNIdNod 6 "9id
wailsAg butasqunpy Teqoly DPo3eaausy iasindwo) (o)
"GT pue ‘pT ‘€1 SINIWATI SudAQD
Z# NOILVANNOJ DJILSYTII T pPu® ¢ SINIWITI SYINOD
T8 NOILVANNOA DILSVTIA “IWIHOS ONIYILGHAN SIHL
WOHd SHIEWAN NOILVANNOJd DILSVII ALVNIANID ISAwW ¥ISA  :JLON "
o~
ezm:o«zm.l\\A”HHv
\\nluoz G0N
01T 6 8 L S b € 4 1
ttJot]se |8 L 9 S |7 £ z 1
ANLONYLS NIVM ///:;oz LNIWITd



. NOTE: FRAGMENTS ARE MATERIALLY SYMMETRIC, THEIR C.6G.'S ARE
RADIALLY SYMMETRIC, AND THEIR TRANSLATIONAL AND
ROTATIONAL VELOCITY MAGNITUDES ARE EQUAL

’

FREE RING
(STEEL) ~\

FRAG. #2

FRAGMENT
SPACING=120

TRANSLATIONAL
VELOCITY

FIG. 10 PROBLEM DATA, GEOMETRY, NOMENCLATURL, AND FINITE-CLEMENT
MODELING FOR EXAMPLE 6.2 o

‘/
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APPENDIX A

GOVERNING EQUATIONS ON WHICH THE PROGRAM IS BASED

A.1 PFormulation for Variable-Thickness Arbitrarily-Curved Beam Elements and

Structures

The geometry and nomenclature of a typical curved beam discrete element
are shown in Fig. 3, where the deformation plane is n,{ and the coordinates n
along and 7 normal to the centroidal axis of the beam are employsd as the
reference coordinates of the beam element. ~he slope, ¢, of the reference
circumferential axis, which is the angle between the tangent vector and the
y;axis of the local~reference Cartesian coordinates may be approximated by a

second degree polynomial in n as follows:
¢5(7)= b+ bn+b, rl" (A.1)

where the constants bo' bl' and b2 can be determined from the known initial
geometry of the curved beam element. Assume that the change in element slope

between nodes i and i+l is small so that

cos (&, - H) =1 (A.2a)

and
sm(d, -b)= ¢, -b (a.2b)

This restricts the slope change within an element to < 15 degrees. The arc
length, ni, of the elemunt is approximated to be the same as the length of a
circular arc passing through the nodal points at the slopes ¢i and ¢1+1; nl
is given by

Lt. (¢", - ¢g)
7. = (A.3)

ZSH}(J?Z%Q(¢‘ )
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where L; is the length of the chord joining nodes i and i+l and is given by

i

v/
Li. N [_(.z‘“_ Z.)z + (Ys'bc_ Y. )z ] * (n.3a)

and Yi and zi are the initial Y and Z.coordinates, respectively, of the ith

node. The three constants in Eg. A.l are then determined from the relations

$(1:0) = P,
$(1210)= ¢, (A.4)

4N R
gs-’nckdv‘-.-'. f¢d7= o]
° o

From Eq. A.4, the constants in Eq. A.1 are found to be
by = 4": .
b, = -2(#’;”-*24{)/,1‘.

b= 3(9,,+ 4 )/ )

{A.5)

Accordingly, the radius of curvature, R, of the centroidal axis may be expressed

as R = - (6¢/3n)-1 = - (b1 + 2b2n)-1, and the coordinates Y(n) and 2(n) of the

centroidal axis are given by

1
Y= Y, + [ cos [dca) 4] dn (A.6a)
7}
and
! ]
Z(q): Z_+ i s [y o e (A.6b)
where ’
/( Zua - Z«-
X = tan —_— (A.6¢c)
Yul - Y\ )

The thickness variation of the element is approximated as being linear

between nodes; thus

°
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Employing the Bernoulli-Euler hypothesis, the displacement field ¥, w of
the beam may be specified by the reference plane displacements v and w, and

the rotation, ¢, as follows:

Y, $)= ved = $ ¥lq)

~ (A.8)
W(’?.y)= W("() f
where
dw v
Wiq) = 1 R (A.8a)

To account for the strain-inducing modes and the rigid~body modes, the assumed

displacement field takes the form:

. | { V} cosd  sind ~(2-2,) coslPsa) 4 (¥-¥ ) sim (4x)
w -smé  cosd (2-2,) sm ($+x)+ (Y-Y,) cos (d4)
3 e, (A.9)

or in more compact matrix form, Eq. A.9 becomes
G, (1) ‘
R RV -
{u§= { } = Gw("l) {ﬁ} - [U(’\) {&} (A.9a)

The generalized displacements {q} are selected so that there are four degrees

of freedom v, w, {, x=(dv/dn) + w/R at each node of the element:

(A.10)

fof= Lvowi vl X0 v we, b %o 7= L3 8]
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where
[ -
cosd, Sind, o o o o) o o
“%nd, Cos P, o (o] o O (@] (o}
(o} (o) | (@] o (@] o
[A] =
cos ¢c.ol Sm¢“’ A53 1. o o 'lsl i ’l?
-%Sin é", cos ¢"‘ A‘5 (o) . r‘f‘ ']'3 0 fo)
o o bl 2n 327 i) 7))
o o o 1 W v 2
{A.1lCa)
and

455 = (y“l_ Y, ) s (8, +x) - (Z‘_',,- Z,) cos(¢‘_~+a{)
! (A.10b)
A‘j = (Yy¢: 'Y.) COb(éuol"*) + (ZMI -zl) Sin (¢L"I+d) i

Corresponding to the assumed displacement field Eq. A.9, one finds

Y=o o - 29 34 -1

-2 Mej= Ly e

and

- 1t o’
X Loool.R 2

zq 3% | {sf = La,){g} (A.11b)
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Under the Bernoulli-Euler hypothesis, the only nonvanishing strain com-
ponent and corresponding stress component are the axial strain, €, and the

axial stress, 0. For this case, the nonlinear strain-displacement relation

may be expressed as:

T(,3)= €N+ T H(q)

(A.12)
where )
- . ,
een= (5e%) 4 (528) +2(57%)
= !-6:-’{“.‘ + ';:L“J{'3-}‘.5,]{“}-biLuJ{Bz}LB‘J{u} (A.12a)

K= -2 (57 -%) = 180 {u]

Combining Eqs. A.9 through A 12, one obtains

[«f= [U('17] [A"] {Q} (A.13)

and
£= LO.J{Q]+:z’—Lg-/{a,i[_D,jfgqué-Lg/{p)}’_olj{g}
’ (A.13)
*=L0,){gf
where
(o, J=Le jLulla”] for i = 1, 2, 3 (2.14a)
and

—-———



Le,l (u]=[o o o —72¢' -3¢’ 27 371"
le][U] = LO o |/ 7¢/ 27 371 7z¢/ ']”ﬁl_/ (A.14b)

LBJJ [U] = LO o O '¢'-7¢” -2 -57 .27¢’.71¢u _371¢/_7,¢,,J

In the process of solution, it is necessary to evaluate the strain incre-

ment AEm from time tm—l to time tm. Using Egs. A.12 and A.14, one has

A€, = €, + T oK (A.15)
lwhere
4€m= LO I{ag 4 L. 1{0 L0 ag [+19.1{0,{10,1(eg ]
-_Zl. LAQNJ{D'} LDJJ {gm] -21 Ldga—-"[D)/loA’j[?"’} (A.15a)

‘

47(,.. d LDQJ {A$m;]\

In the formulation of the impact analysis scheme, a lumped mass model

has been assumed. For consistency a lumped (diagonal) mass matrix must be
employed in the global timewise solution (note that the use of lumped mass
also results in additional storage and computational efficiencies when compared
with the use of a consistent mass matrix whigh is, in general, fully populated).

The lumped mass matrix of the ith discrete element is given by the following

expression:
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Ly

where .

Mg, = '!i (ht*hwr)b?q- ("C’)

"MRu ='é' (h-."'hul)bprl. <
11(‘ = Cz"l? bp (1-¢,)

e

(243

= cz’?? b[oc'd

and where the thickness-dependent constants, ¢y and Cyo are given by

(2h,, +h,.)
3(hb +h“l)

2

hgz‘ 4/"; hia "‘ht.'u

CZ
36Ch, *hie)

s

(A.16)

(A.16a)
(A.16b)
{A.16¢c)

(A.16d)

(A.16e)

(A.16£)

In these expressions, p is the mass per unit volume of the beam element, b is

the width of .the ring, nl 1s the arc length calculated from Eq. A.3, and Eq.

A.7 has been employed to accommodate the variable-thickness properties of the

beam element.
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The effective stiffness matrix supplied by the elastic restraints may be
obtained from the variation of the work done by the elastic restoring spring

forces, Gws:

4

']
bW, = g(-&vvév sk, wEW PR, Y EY ) ddp
o

(A.17)
or
. y
—bwsz‘ILév Sw 5%‘_‘[6]{\# dr{
o 4 (A.17a)
where
4, O o
[c]= |0 *. o©
@) (@] ‘kf' (A.17b)

and kv and kw' respectively, are the linear elastic spring congtants and kw is
the torsional elastic spring constant.

Substituting the assumed displacement function into Eq. A.17, one has

n
—6w>=LégJ[A"]TX [nT [e] [nTap [a7]{a}

(A.18)

m

Lsg) [#. ] {¢]

where

[%,7- [&] j [n]T[C] [N] ay [A7] s
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= effective element stiffness matrix

supplied by the elastic restraint

In the present analysis, the equations of motion for the compleie dig-
-cretized structure are based on an "unconventional” formulation in which the
conventional elastic stiffness matrix, (K], does not appear explicitly. How-
ever, in order to calculate an allowable time step size, At, for the condi-~
tionally-stable central~difference timewise operator, the largest natural
frequency contained in the (linear) mathematical model of the structure must
be determined. To perform this calculation, the elastic stiffness matrix for
the assembled structure must be computed. The elastic stiffness matrix for
an element is obtained by considering the variation of the work of the axial

stress, GUi, expressed in terms of displacements and plastic strains, Ep in

the form:

5u‘=Sgsgdv z gg(g+)’1(-‘£,")(é£+jék)dv (A.18b)
v

Ve .

Employing the strain-displacement relations given by Egs. A.12 and A.14,
Eq. A.18b becomes

su.= Log T (kT {9} A F-{F] - {£5F ) (A. 18c)

where (k] is the element elastic stiffness matrix and is given by

. fEbW(y) © D

n
- D, D 3 ---]d
[k] = X to, 2 o g_b.b__(:‘) o) 1 (A.183)
o 12 3

The additional terms in Eq. A.18c are equivalent loading vectors corresponding
to geometric and material noalinearities. These terms are employed in the
conventional formulation of the equations of motion for the assembled struc-

ture, but are not employed in the unconventional formulation used in the

CIVM-JET 4B analysis. Again it should be emphasized that the elastic stiffness



matrix is used only in the calculation of the largest natural frequency of
the structure, and is not used in any subsequent calculations.

The equivalent nodal force which corresponds to the internal axial stress,
g, can be obtained from the expression of the varliation of the work of the

axial stress:

a Sc-éi'dv =ja‘(5£+15f<)dv (A.19)

v, 'A

sV

19

Substituting Eq. A.14 into Eq. A.19 and introducing the stress resultants for

the beam cross section

L= {oda , M=S¢SdA (A.20)
AL A

where the integrations are taken over the cross section, Ai of the ith beam

element, I, is the internel force, and M is the internal bending moment of

the cross section, results in
7t
du = Lég [ j({D,]L + {o,] M)y
7.
+[ ({0101 +{p,f10,0)td {5]]

< Lsg) ({p]+ [h1{2}) .21

where

7.
(P[:!({D,IIL +{031M}d7
’Il
DJ:f<{.0'}LD’J*{Dz}[D¢/)Ld7 (A.22)
o
Note that {p} and (h] are quantities pertinent to the unconventional formula-

tion of the equations of motion, Eq. 2.1. The integrations along the centrcoidal
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ax{s length of the beam element which apbeaz in {p} and (h] of Eq. A.22 are
performed numerically by using the Gaussian quadrature scheme. The axial

force L and moment M at those spanwise stations will be described and evaluated

next.

-,

Because of nonlinear material behavior, although the strain variation
through the beam thickness, by the Bérnoulli-suler hypothesis, is linear, the
variation of stress across the thickness may be nonlinear. For computational
convenience, the stresses are evaluated at selected Gaussian points across
the thickness, and the corresponding weighting factors are used in evaluating
the pertinent integrals by Gaussian quadrature. The strain-hardening behavior
of the material may be accounted for by using the mechanical sublayer model
in which the material at each Gaussian station is treated as consisting of
equally~-strained sublayers of e}astic, perfectly-plastic material, with each
sublayer having the same elastic modulus but an appropriately different yield
stress. For example, if the yield strain of the kth sublayer is eok’ the
yield stress of that sublayer is

Con = E Eoi (k =1, 2, ... , n) (A.23)

where E is the elastic (Young's) modulus.
An illustration of the method of computing the avial stress and/or
plastic strain increment is presented as follows. One begins by knowing the

sublayer stress cjk m-1 1t time t _, for the kth sublayer of the jth depthwise
’
Gaussian station, and the strain increment Aej m 2t station j at time tm (that
’

is the strain increment from time_tm_l to time tp). One then takes a trial

value (superscript T) of ojk m which is computed by assuming an elastic path:
T
6-)|‘\m = O_Jk,m-a + EAE—),M (A.24)
A check 1s then performed to see what the correct valuve of GJk m must be.
247



T h [ 4
If -0 & Sjum € ok then  Sjum ® Sum and  BE, = O
-
o, -G
- ] e ok
I S > ok then Ty * Ton  and 0g, v —F—
O‘T + Soi
-+ P i, - °
1f Sjkem < - Sok then Sik,m = ~ Gy and o, =

sk, €
‘ (A.25)
This procedure is applied to all sublayers of each Gaussian station j;

having done this, the axial force and moment of the beam cross section can be
determined by

M=[oYda =bh ZJ‘,(E’%o-,kAJk) ' (A. 26)

where Ajk is a combination of the mechanical sublayer weighting factor and the

Gaussian weighting factor wj, which is defined by
W
A = =2 (ek - €40)) (A.27)
In Eq. A.27, W. is the Gaussian weighting factor and
J

£ - Ok = Su-y (A.28)
k - Sy cer———————————————
€k - £1<-/

is the kth slope of the polygonal approximate stress-strain diagram.

If desired, the sublayer yield stresses may be treated as strain-rate

dependent. Since the strain increment at the jth Gaussian station and hence
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the strain rate is known at this stage of computation, the rate-dependent
yield stress o&k of this kth sublayer at station j is

L
Sy = Ou (|+ ]flet_/") (A.29)
(o]

where D and p are empirically-determined constants for the material and may,
in general, be different for each sublayer, aok is the static uniaxial yield
stress of the kth sublayer at any jth Gaussian station.

Finally, by employing the standard finite-element assembling procedure,
the resulting equations of motion for the "complete discretized structu}e"

are (for impact-induced loading only)

Erm*I{5*] + {p7) + Tu*]{%] + LK, {s%)= 0 . 20

where the nomenclature of each term is explained in Subsection 2.4. 1In the

computer program it is convenient to employ Eq. A,30 in the following form:

[ 1{g*f = Lo/~ [a]{s- [x:] {2/ (r. 20
where the terms on the right hand side are treated conveniently as one vector.

A.2 Collision-Interaction Analysis, Including Friction
In the present collision-interaction analysis, the curved variable-thick-

ness containment/deflection ring is represented by straight-line segments
(Fig. A.1l): (a) to identify in a simple and approximate way the space
occupancy of the beam segment under imminent impact attack and (b) to derive
the impact equations. The inertia effects of the impacted beam segments are
taken into account by means of a lumpgd-mass collision model; that is, the
ring is treated as having only point masses lumped at each nodal station as
indicated in Fig. A.2. Other simplifying assumptions which are invoked in
the present analysis are described in Subsection 2.2.

For the lumped-mass collision model, the impact-affected beam segments
are represented, as depicted in the exploded-line schematic of Fig. A.2, by
ceer M (or i+k-1), respectively, where

concentrated masses m cees M
t 1! ’ ]+l'
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the ring-fragment collision point is encompassed by the jth segment which is
bounded by nodal station j and j+l ---- a clockwise numbering sequence is

used. In the collision analysis, it is convenient to resolve and discuss
impulses, velocities, etc., for both the fragment and the ring impact-affected
nodes in directions normal (N) and tangential (T) to the straight line segment
j: the positive normal direction is always taken from the inside toward the
outside of the ring, while the positive-tangential direction is along the
straight line from node j toward node j+1 (see Fig. A.2a}. Consequently, the
lumped~mass velocities for each of the impac‘.~affected nodes and the idealized-
fragment velocities are expressed with respect to this local N,T inertial
coordinate system as (VIN' VIT)' (VZN‘ VZT) -———- (ka‘ VkT)' and (VfN’ va)
in the exploded schematic shown in Fig. A.2a.

It is assumed that the 1nstan£aneous collision process results in a
normal-direction impulse ?N and a tangentially-directed impulse ?T applied to
the ring, and in equal but anti-parallel impulses to the fragment. The
impulses applied to the ring are assumed to be distributed over the impact-

affected nodes (see Fig. A.2b) as

Is, )

~ ! o~
2 Cx
Lets ) & ¢ Po

P+ € (1

(AR.31)
v 2, K

c«/F,

Pev C.(l- e )ET

Lets

where (see Fig. A.2b) the effective length*, Leff' bounds the impact-affected
zone of the ring, which is the fraction of the ring that responds with momentum

changes due to the collision of a fragment, s; 1s the distance measured from the

For present purposes, Le £ is taken to be equal to the finite-dlffet?95e-
calculation time intervaf At times the longitudinal wave speed (E/p) of
the structural material; one may employ other estimates of L £ if desired.
In the preceding, E is the elastic modulus and p is the masseper unit
volume.
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impacted point to the ith impact-affected node, and the constant, C, is
determined by assuming that the sum of the impulse applied to each impact-
affected node equals the total impulse imparted; thus,

k K .
S\ Pu = ’P\; (O" Z P(‘r = Pr )
s Lt/
Ry (A.31a)

therefore, one has

k
C= /Z'(I-ELI = /f o \ (A.31b)

{=/ L!(‘ L

The impacted-affected nodes are those nodes located within the impact
affected zone; that is [si|<Leff' However, it is assumed that the two-mass
nodes j and j+l of the segment j which encompasses the impact point always
respond to impact with momentum changes, even if the distance from the impact
point to one or both of the two nodes (j and j+1) is greater than Leff’ Let
B and y be the distances measured from the "point of fragment impact" to

masses m, and m , respectively, as indicated in Fig. A.2. The distribution

b} J+1

of the impulses is-estimated-in-the following manner:

(1) IfB > Leff and Y < Leff’ then (Fig. A.2¢):

P = PJN = C‘*,’ FN -

(A.32)
Pr= Py = C o, Pr
where
~‘A ’ K ,
o= i and C- '/‘Z“ o<, (A.32a)
(2) If B < Leff and y > Leff' then (Fig. A.2d):
- / —
pk"" - P(JH)N = Cay Pu (A.33
Pur = p(Ju)‘r = C O“: 57
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where
&

s . ’
<, = 3 o, , and _ c ’/‘Z‘; it (A.33a)

(3) I1f 8> Logg and ¥ 2 L ../ then (Fig. A.2e)

Puw= P, = CY¥BE, = Cx'B, , (A.34a)

Bre B, = C¥B = Cxp, (A.34b)

where

C = '/(ﬁ+,-) (A. 34c)

It should be emphasized here that the determination of which mass nodes
fall within the impact-affected region is a discrete process in the sense
that only mass node locations are considereé instead of considering the true
volume of mass included in the i‘mpact~affected region of the structure. Such
an approximation is made necessary by the use of a lumped-mass model in the
collision~interaction analysis. In essence, the use of a lumped-mass model
implies that the nodal mass represents the mass distribution in a region of
the structure surrounding the node, and, thus, by including a mass node in
the impact-affected region, one is automatically including, in the impact-
affected region, that portion of mass in the region of the node. It is clear
that, in general, this approximate technique will result in having more or
less structural mass included in the impact-affected region compared with the
true structural mass within Leff' However, in an average sense, this dis-

crepancy is within the overall approximate nature of the impact-interaction
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analysis. In addition, the calculation of Leff' which defines the distance
the collision-imparted impulse "signal" travels in the structure during a
finite time interval, is baged on the global increment in time, At. This
implies that the collision occurs at the beginning of a time step, and that
the "signal” travels for a length of time equal to At. As will be shown in
detail in Subsection A.5, the scheme employed in the present program can
determine ring-fragnent collision at any time within a given At. 1In general,
a collision will not occur at the beginning of a time step, so that the signal
propogates for a time, At*, which is less than At, and éﬁe true Leff is then

less than the Leff
and is based on At. '“his approximation of Leff counterbalances the discrete

based on At; however, Leff @s assumed to remain constant

process of determining which mass nodes fall within the impact-affected region.
It is believed that these calculations, although approximate, will yield

reascnable results for the fragment-impact-induced structural response.

Denoting by primes the "after-impact" translational and/or rotational
velocities, the impulse-momentum law may be written to characterize the

"instantaneous impact behavior" of the system, as follows:

Normal-Direction Translation Impulse-Momentum Law

me LV, - Veu ] = - By (fragment) (A.35)

] o~
m,LVIN_\/HJ] = “1 pu
(ring impact-affected

~

m (V) -v,, T = <. B : nodes) (. 36)

"My [Vkld = Vi ] el 5;:/

Tangential~Direction Translational Impulse-Momentum Law

m, (Ve - Vyr ) = B, (£ragment) (A.37)
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[vi-v.]= w5 |
m LVip=Vis J = %P
(ring impact-affected
m, [Vzlr"vzr]= o Py r nodes) . (A.38)
/ - -
m (Vo = Ver 1= o By )
Rotational Impulse-Momentum Law
(fragment) (A.39)

IJ'[“,;""’}]=':"F?

where

me = mass of the fragment

If = mass moment of inertia of the fragment
about its CG

re = the radius of the circuilar disk model
of the fragment

P = normal-direction impulse

N
ﬁT = tangential-direction impulse
a;, = proportional constant which is equal to (Ca;) as defined

by Egs. A.31 through A.34.

The relative velocity of sliding S” and the relative velocity of approach A’
at the immediate "contact points" between the fragment (at Cf) and the ring

segment j (at c ) are defined by

S' = [.V;; - wf"ff ] - [“/VI; + v.:l'r + L + oy Vx’-r ] (A.40)
’ 4 B
A= V{:, - [Oﬂ V:,:; + “LV.zIN +oee o 4 Vi J (A.41)

Substituting Eqs. A.35 through A.39 into Eqs. A.40 and A.41, one obtains

’

S =5, - 5, ’?’; (A.42)
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A= A, - B, F, (A.43)

where the initial (pre-impact) relative velocity of sliding so' the initial

relative velocity of approach Ao' and the geometrical constants B, and B_, are

1 2
given by
So= [Vgp -4z ) - [ Virdot,Var+ -0+ 4 Vir ] (A.44)
A,’: V;N - [K, V'N + dl VZN + - ’ ‘ + “‘ vk”] ’ - ‘A.45)
{ v «® « 2
B=—+ L + : 4 Z 4 ... pad3 (A 46)
my £ ”m, ”, my
F3 z 2 ’
= Loy Xy %2 ... [ ]
8, i, = =3 (A.47)

where in Eqs. A.44 and A.45 by defintion A > O; otherwise, the two bodies

will not collide with each other. Also, if S, > 0, the fragment slides
initially along the ring segment. It perhaps should be noted that sliding of
the bodies on each other is assumed to occur at the value of "limiting friction"

which requires that p,_ = Iupnl, and when PT<]UPN|. only rolling (i.e., no

T N
sliding) exists. For a given value of e and a given value of p which, respec-

tively, describes the degree of "plasticity" of the collision process, and
accounts for the frictional éroperties (roughness) of the contact surfaces,
2(k+1)+3 equations (Eqs. A.35 - A.39 and Eqs. A.42 - A.43) can be solvad to
obtain the post-impact quantitites (VIN' \ IT)' (VZN’ VZT)' cee s (ka' va),

(v;v, V;T) and w; as well as §N and ﬁT; these are the 2 (k+1)+3 "unknowns".

The graphic technique which provides a convenient way to obtain the

» -

values of 5“ and §T at the instant of the termination of impact as described
I

in-Ref. 4 1s employed in the present collision-interaction analysis. In this
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technique, the trajectory of an "imagef point P in the plane formed by the

~impulse coc dinates ?N and ?T (Fig, A.3) represents the state of the colliding

bodjies at each instant of the contact interval. The image point.F which is
initially located at the origin and is denoted by ﬁo (§N = 0, §T = 0) will
alwayg proceed in the upper half-plane with increasing ﬁN' The locations of
the line of no sliding S' = 0 and the line of maximum approach A' = 0 are
determined by the system constants B, and B_,. From Egs. A.42 through A.47,

1 2

it is noted that Bl and 82 are poritive always; also the lines S' = 0 and

A' = 0 are parallel to the ?N axis and the §T axis, respectively, and inter-

sect with each other at point P3 in the first quadrant of the P ?T plane as

’
shown in Fig. A.3. Depending on the values of the coefficient gf sliding
friction u, the coefficient of restitution e, the system constants Bl and 82,
and the initial conditions So and Ao, several variations of the impact pro-
cegs may occur and will be discussed in the following.

First, the cases in which the coefficient of sliding friction U ranges
from 0;u<w will be considered; the two special cases with U = 0 (perfectly-

smooth contact surfaces) and § = @ (completely rough surfaces) will be dis-

- cussed shortly thereafter.

Case I: If O<ju<w, the friction angle v and the angle A formed with the

P axis by the line connecting P, and P, are defined by

N 3

+a.n /4,(

+an'(/<féfé
6, A,

Initially, the image point P travels from point Po along the path POL which

v

and

i

(A.49)

subtends an angle v with the ﬁN axis because the limiting friction impulse

PT = upN is developed during the initial stage of impact. Subsequently:
(a) if y = tan v < tan A (Fig. A.3a), line POL will intersezt
the line of maximum approach A° = 0 at point P., before

1
reaching the line of no sliding S = 0. The intersection

256



(b)

point P, represents the state at the instant of the

1
termination of the approach period. This is followed
by the restitution period; the impact process ceases

at point P’ (path P, =P - P°). The coordinates of

P’ are
7 = (1+¢)py, (A.50)
Pr = pp, = (l+e)p,, (A.51)
where Py1’ the ordinate of point Pl is determined from

the simultaneous solution of equations PT o upN and

A’ = 0, and is g.ven by
Ao : (h.52)

However, if u = tan v > tan A (Fig. A.3b), line POL
will intersect the line of no sliding §° = 0 first
at the intersection point P2 which marks the end of
the initial sliding phase. The image point P then

will continue to proceed along the line of no sliding

S° = 0 through the intersection point P3 with line

A = 0 to the end of impact at point P” (path P - PZ-

Py - P”). The final values of §N and ﬁT are:
g, = (1+e)p,, (A.53)
~ _ 5
b, = 7;_ (A.54)

1
where P is the ordinate of point P3 which represents

N3
the end of the approach period and is given by
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A
Pvs™ g, (A.55)

The above solution process can be specialized to

represent the cases with 4 = 0 and 4 = =,

Case II: If y = O (perfectly smooth contact surfaces), line POL
coalesces with the §N axis. The image point P will move along the §N axis to
the end of impact. Thus

B= (1+e) A (A.56)
B,
p, = O (A.57)

Case III: If y = = (completely rough contact surface), point P moves
. initially along the §T axls to the intersection with §° = 0, then will follow
the line §° = 0 to the end of impact. The post-impact value of EN and ET are

B, = (1+e) %{3 (A758)
r N
P, = % ‘ (A.59)
]

Knowing the values of §N and §T at the end of impact for the above dis-
cussed various impact processes, the corresponding post~-impact velocities then

can be determined from Egs. A.35 through A.39 as follows:

/ - Ay °(l pN
Vlu - ‘///v + ”,
Node 1 (A.60)
- ; o E’.
=V + !
Vl'r T oo

® >



/ L% E;
Vks; = Vk:d m:l
4 oy, 51'
= +
Vir Vit -
/ Pr
Vin = Vw7 S0

Node 2

Node K

Fragment

(A.61)

(A.62)

(A.63)

Thus, this approximate analysis provides the post-impact velocity information

for the impact-affected nodes of the ring and for the fragment so that the

timewise step-by-step solution of this ring/fragment response problem may

proceed.

Note that these post-impact velocity components are given in direc-

tions N and T at each node of the idealized impact-affected ring segments; as

explained later, these velocity components are then transformed to (different)

global directions appropriate for the curved-ring dynamic response analysis.
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A.3 Prediction of Containment/Deflector Ring Mntion and Position
The timewise solution of the resulting equations of motion for the
"complete assembled discretized structure"”, Eq. A.30, may be accomplished by

employing an appropriate timewise finite-difference scheme. The 3-~point

central-difference operator is chosen for use in the present analysis. 1In

this solution scheme, the relations between displacements and displacement

increments at any instant of time are

{ea*f, (9%, ~{9*f... (A.64)
and

{9, - {7’/0 4{43‘/} oo o# /49'/"’ (A, 65)
At time tm, the acceleration and velocity may be expressed in terms of

displacement increments by the following central-diffcrence finite-diffcerence

expression:

it e it £ 8 s = £49,,,- (2,
(3%, 14 @Zt){ 2](“) 8870+ O(t) . 060

{'* -m Z"fﬁ}mw - { ! m-) = {A *}M*' + {A 'jm ¢
7«3’ 55D 2 ¢ 5% 2 + O(at) (A.GGb)

Employing Eq. A.30, the unconventional form of the dynamic equations of motion

at any time instant tm becomes

[M‘]{é’f* = - (w1 {3%. - [p%,. -[n2], (9%, (A.67)

Since the right-hand side of Eq. A.67 is known, one can solve for {&*}m
Because the assembled mass matrix, [M*], is a diagonal matrix, the "inversion”
of [M*] required for the solution of Eq. A.67 is-éccompllshed simply by taking
the inverse of each diagonal term in [M*]. 1In practice, only the diagonal

entries in (M*] are.retained in the computer storage. With {&*}m now known,

one can calculate {Aq'}m+1 from Eq. A.66a as
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{29}, = {09, + (o)* {47, (A-68)

Thus, from Eq. A.64 one has . . -

{9/, = {37 + {e3°f..,, (A.69)

The calculations of {Aq'}m+l and {q*}m+1 have been made assuming that no ring-
However,
m+1’ this
found from Eq. A.68. Thus, one

fragment collisiona have occurred between time instants tm and tm+1'
a ring-fragment collision may occur between time instants tm and t
would require a "correction" to the {Aq‘}m+1
first uses Eq. A.68 to form a trial value (overscript T) for {Aq'}m+1, and,

hence, a trial value for {q*}m+1:

.

{g* SRR E 3 {22} ., (A.70)

Next, the collision inspection and correction procedures, which will be
described in Subsection A.6, are performed to determine the actual displace-
ment increments {Aq*}m+1. Then the actual displacement at time t .. is given
by Eq. A.69.

After the calculation of {Aq'}m+1 and {q*} the strain increment at

’
any point in the element can be obtained. Withm:;e strain increment available,
the stress increment and stress is computed from the stress-strain relation.
Then the stress resultants are obtained. Equations A.67, A.68, and A.69
furnish the displacement increment and displacement for the next time step.
The process is cyclic thereafter.

It should be noted that no "commencing sequence" is required in the
present analysis for the central-difference timewise operator. This is
because there are no prescribed initial velocity distributions or prescribed
externally-applied forces in the present analysis; only impact-induced
_structural motion is taken into account. Thus, the ring structure is assumed

to be at rest (thus {Aq*}m = {q*}n = 0) at all time instants prior to initial

fragment-raing collision. Wwhen initial (and subsequent) fragment-ring collision



occurs, a nonzero value for {Agq*) results, which is determined from the

m+l
impact-interaction scheme, and no additional starting sequence is required.

A.4 Prediction of Fragment Motion and Position

In the present analysis, the fragment is assumed (see Ref. 3) to be
nondeformable and, for analysis convenience to be circular; hence, {ts equérxonq

of motion for the case of no externally-applied forces are:

. mg YJ_ = O (A.71)
m, 2“ = 0 ) {A.72)
1,6 = 0 (A.73)

where (vf,zf) and (;f, ;f) denote, respectively, the global coordinates
and acceleration components of the center of
gravity of the fragment (see Fig. A.2).
‘ @ represents the angular displacement~of the

fragment in the +Wg direction (Fig. A.2).

In timewise finite-difference form, Egqs. A.71 through A.73 become

i}

(8%),.,, = (8%)., (A-74)
T .

(a2.),,.,, = (8%), (A.75)

(48)

(s0).. (A.76)

mi |

where overscript "T" signifies a trial value which requires modification, as

explained later, if ring-fragment collision occurs between tm and tm+1.
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A.5 Calculation of Ring-Fragment Time of Contact
In this subsection, an improved method* for determining the time of ring~

fragment contact will be developed. It is assumed, based on the ring node
and fragment c.g. locations at time tm' that no overlapping of ring-fragment
geometries occurs at time instant tm' , based on the {trial) ring node

and fragment c.g locations at time instant,tm+1, that overlapping of ring-

“fragment geometries does occur at time tm+l' Thus during the finite increment

in time, At(= tm+1

problem, then, is to determine at wha+ time, between tm and tm+1, ring-fragment

- tm), ring-fragment contact must have occurred. The

contact occurs, and where on the C/D structure it occurs.

In the present development, only a single fragment and single element
need be considered; a similar calculrtion can be carried out for each element
separately and for each fragmen: being considered. Consider the uniform-
thickness straight beam element shown in Fig. A.4. As noted in Subsection A.2,
the (generally) curved elemeni! is approximated, for the impact analysis, as a
straight beam, and, in addition, the variable-thickness element will be assumed
to be of uniform thickness (equal to the average thickness, h, of the element)
for the impact analysis. The global Y,2 coordinate system is taken as the
reference system for this analysis. Define vectors ?1 and fz (see Fig. A.4)
such that 51 is the vector from node 1 to node 2 and 32 is the vector from
node 1 to the fragment c.g. The vectors ?1 and"ls2 define the relative posi-
tion of node 2 and the fragment c.g., respectively, with respect to node 1
at time” instant tm, where it has been assumed that no ring-fragment overlapping
occurs at time tm.

T@e perpendicular distance, d, from the fragment c.g. to the vector Pl

(midsurface of the element) at time tm can be obtained by using the vector

cross-product:

PxP = (pp, sin6)t, (A.77)

where P; is the magnitude of the vector ii and 6 is the angle from‘fl to'ﬁz.

Denotinj the nodal coordinates by Yi and zi (i =1,2) and the fragment c.g.

coordinates by Y_ and Z_, the vectors 31 and 52 can be expressed as

f f

*Improved compared with that used in Refs. 1 and 3.
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Po (Y,-Y) %y + (2,-2) %,

<

(A.78)
. P~ (Y-8, + (2,-2)1%,
and the digtance, d, at time tm is calculated by
PP L L (S C AT BV S RIRL) I T

P [(v,-¥ )+ (2,-2) )%

In order to calculate the time of contact, the perpendicular distance, 4,
from the fragment c.g. to the element midsurface must be known as a function
of time. The element nodal and fragment c.g. velocities and nodal accelera-
tions arc known at time tm, and the accelerations are assumed to be censtant

over the finite increment in time, At(= t - tm). Denote the velocities and

m+1
accelerations in the Y and Z directions at no@e L by v ., v ., a , and a _,

yi' zi yi zi
respectively, and the fragment c.g. velocities in the Y and 2 directions by
vYf and Vg respectively. The position of node 1 (for example) as a function
time, Yl(t), can then be expressed by the following Taylor series expression:

Yoe) = Y+ Vyt+ £ ayt? (A.80)

where the time reference has been shifted in such a way that t=0 corresponds

to time tm' Expressions similar to Eq. A.80 can be obtained for the quantities
yz(t), zl(t). zz(t), yf(t), and zf(t) where it is noted that the acceleration
of the fragment is zero. When these expressions are substituted into Eq. A.79,
an expression for the distance, d(t), from the fragment c.g. to the element

reference surface, as a furction of time is obtained in the form

dt) = AtT+ B + Ct?+Dt+F : (A.81)
[Ft? +Get3 + He2 + It +J’]/"



where

A= 7((ay+a,)@s - (ag+as)ay] (r..82a)

B= 'é'[(vy,-Vy,)(‘lz.‘dzz) * (%, -V, )4y, , (A.82b)
+(sz‘Vl¢)(qYl'aY¢) * (VYz' VY:) ai‘f]

C= 3 [CYe-v)(@r,-aa,) + 2(Vip-W) (vee -12.)+ (2. -2.) ay, (A.82c)
H2,-Z)(ay-ay) *+ 2 (Ve Ve)(Vie-Wi)* (VoY) @2, ]

D= (%Y, Vo) + O, %) (2,-2) (A.828)

+(21"Zf)(Vy‘-Vy,) "'(Vlt'vl{)(Y&'X) -

E£= (2-2)n-%) - (Y-%) (2.,-2p) (A.82e)

F= #[(ayl-ay.)z + (az,'az,)aj (A.82f)

G = Cay, -ay,) (V- ) +(@2, -a3) (Yo, Va.) , ~(a.82g)

H = (VYZ 'VYI)Z + (Vég -Vén)z *(Qyz -aYa)(YZ"Yo) +(alz'a!,) (22 'Z,) (A.82h)

I= 2[(%-Y)(w,-w) + Cz,-é.) (Ve, - Vo) ] (a.821)
J= (Y.-Y.) +(z, ~Z,)2 (A.823)

It should be noted here that the coefficients in Eq. A.81 are dependent only
on the element nodal and fragment c.g. locations, velocities, and accelerations
at time instant tm. The time of contact is defined as that time at which dl(t)
15 equal to the critical dastance, dc’ where the critical distance 1s the sum

of the radius of the fragment, Py and half the average element thickness, h:
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d. = e "aLi' (A.83)

Thus, the calculation of the time of contact, tc' reduces to the solution of

the following eguation:

JC: At"f-Bt’f Ctz*‘Dt +E (A.84)
[Fel+ GtI+ He2 41t + T]%

or

Ati+ B+ Ct?+Dt +E = d. [Ft+GtP+Ht2+1t +J 2 (aes)

Several approaches for the solution of Eq. A.85 may be envisioned. However,
before discussing the alternate approaches, it is important to note that the
only solution of Eq. A.85 which is of interest in the calculation of time of
contact must be non-negative and less than or equal to At since contact must
occur between time t_and time t (recall that At = tm+1 - tm). Since At is,

5 _6m+1
or 10 ~, the solution method chosen must be able to

typlically, of order 10~
solve Eq. A.85 accurately for small values of t. )

Because no closed-form solution of Eg. A.85 is available, the use of a
numerical iterative (approximate) solution scheme such as the Newton Raphson
procedure would be necessary. However, such schemes often suffer from poor
convergence behavior unless an accurate "initial quess" is made. For the
general impact problem, the use of such numerical iterative schemes has thus
been judged to be too unreliable and more direct methods have been sought for
the solution of Eq. A.85, as discussed next.

The right-hand-side of Eg. A.85 (term in brackets) is expanded in a Taylor

series about t=0 as

) I 2z
[Ft'+Gt* v Het+ [e+J]%= T" +(e‘ff=)t+(5.—”J—,,;8——I_.,,,z t*
4 2
L I -/ IH /3 I*H _ 5 I _ H%6I6 (a.86)
"(/'Z' J'?A q T% * e%—’,'z)ta"'(% J”'7a 28 TV 83—-‘7& A

- 55)t + O@?)
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h - i
If the terms of order ts are neglected and Eq. A.86 is substituted into ,
Eq. A.85, the following quartic equation results:

2 4 2
(A-de (BLH -/ Tm- G350C + ) ] e

'*'[B'C{c (7'3 j[":?z - Z;L-'}-"g? "é%’/l)]ta +[C'Jc Ca"{;"/a =
)]t +[Dd (F)]e + [E-4.5%] = © |

The advantage of using Eq. A.87 in place of Eq. A.85 is that closed-form solu-

(A.87)

tions to quartic equations are available (see, for example, Ref. 5); thus, a
computer subroutine which obtaing the real roots (imaginary roots are of no
interest in the present time-of-contact solution) of a general quartic equation
has been included in the present CIVM~JET 4B program. The coefficients in t
Eq. A.87 are determined from known displacement, velocity, and acceleration
information using Eqs. A.82, and the calculation of the time of contact is
thus reduced to the solution of Eq. A.87.

Numerical experimentation with the solution of general quartic equations
suggests that the roots of larger magnitude;are predicted'more accurately.
In particular if, for example, the exact solution of a given quartic equation

6 and another real root of order 1, then_the

has one real root of order 10~
order 1 root will be predicted accurately, but large errors will be found in
the prediction of the order 10.6 root. In the present impact analysis, the
roots of interest are of the order of At (typically 10-6). To avoid errors
in the prediction of these small roots, a change of variables, namely t=1/x
is made in Eq. A.87, and the resulting quartic equation in x is solved. 1In
this way, the x roots of interest are large (corresponding to small t roots)
and accuracy of these roots is assured. It should be noted that if the constant
term in Eq. A.87 is zero, then t=0 is a valid root and the solution of the full
quartic is not required.

Finally, it is important to clarify under what conditions the use of
Eq. A.87 instead of Eq. A.85 1s valid. The only approximation employed in the
development of Eq. A.87 is that the right-hand-side of Eq. A.85 can be approxi-

mated by a Taylor Series expansion, retaining only those terms up to order t .
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The coefficients in Eq. A.86 are related only to 1ntorma§ion at the nodes of
the element and, in fact, Eq. A.86 is an expressipn for the change in the
length of the element as a function of time. The use of Eq. A.87 in place of
Eq. A.85 is deemed valid if for the values of t of interest (i.e. 0 < t < At),

the Taylor series of Eq. A.86 can be show~ to behave as

[Ft‘fGt’+Ht"+It +T] v. J"/z[/*OC/O")* O(/o")*O(/o")'...](A.em

where lez is the element length at time zero. It can be shown, after Qome
manipulation, that the behavior of the Taylor series is (at worst) that given
by Eq. A.88 if the relative displacement in the time increment:, At, of node 2
with respect to node 1 in a direction parallel or perpendicular to the element
midsurface does not exceed 10% of the element length at the beginning of the
time increment (i.e. at time tm). This condition should be satisfied for all
conceivable engineering applications of the current ring-fragment impact
analysis and, thus, the use of Eq. A.87 to calculate the time of ring-fragment
contact (impact) is jistified.

In summary, when ring-fragment impact is determined to occur betweén
times tm and tm+1’ Eq. A.87 (along with Egqs. A.82) is employed to calculate
the time of ring-fragment contact, ts within that time interval. 1In practice
(as will be explained in detail in the next subsection), this calculation is
performed for each element in order, considering each of the n attacking
fragments one by one. The only roots of Eq. A.87 which are considered valid

are those real roots which satisfy

O = t £ at = tmn-tm (A.89)

When a valid value is found for tc' the point of ring-fragment contact,

P, can be calculated by the following vector dot product:
—_ e

- kR

[4 ‘,? (A.90)
t

where the vectors‘?1 and'Fz are evaluated at time t = tc. The quantity pC 13
the distance from node 1 to the point of contact divided by the element length
(at time tc). The point of contact, as defined by Eq. A.90 must be between

0 and 1 for contact to have occurred on the element length, i.e.
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O <R £| (A.91)

If Eq. A.91 is not satlsfied, contact has not occurred on the element lenqgth.
Thus, both Eqs. A.89 and A.91 must be sati<fied for element-fragment contact
to be valid. Note that the method developea in this subsection will, in
general, determine contact between a fragment (assumed to be circular) and
an infinitely-long stralght "element" passing through nodes 1 and 2 of the
actual structural element under consideration, and thus, the condition given

in Eq. A.91 must be imposed.

A.6 (Collision Inspection and Solution Procedure

A.6.1 One-Fragment Attack
The collision inspection and solution procedure will be described first

for the case in which only one idealized fragment is present. With minor
modification this procedure can also be applied for an n-fragment attacik as
discussed in Subsection A.6.2.

At various stages in the impact inspection and solution procedure, the
updating of ring node {(or fragment) positions and/or velocities is required.
In the interest of conciseness, the form of these updating equations is
presented now, and reference to these equations will be made. The locaticn

(denoted by an over-bar) of the ring nodes {E*}t, ¢, -ome tame t' is given by
-— - - #* - .
[‘L )?t’ {7, _{o + {‘l_ft' {A.92)
vhere {E*}o is the initial (i.e. t=0) location of the ring nodes and {q*}t,

is the total displacement of the ring nodes up to time, t=t'. The lccaticn

of the ring nodes, {E*} e at a time, t=t'+At' (within a time increment

t'+A
At), 1n terms of the location {q*}t,, velocity {q*}t,, and acceleration {Z*}

'’
of the ring nodes at time, t=t', 1s given by the following Taylor Series

2Xpancion:

{i*jt'mt' = { iyt + CAtl) { i*ff' +‘2L(At,)z[i. jt' (2.93)
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It should be noted that Fq. A.93 can be derived from the central difference
expressions, and is thus consistent with the central difference timewise
operator employed in the present CIVM-JET 4B program. Finally, the velocity

at some time, t=t'+At’', {s given by the expression

{iﬂjt’«u' : {i*jt. +(At') {i?t C(A.94)

Equations A.92 through A.94 have been written for the ring nodes; the updating
equatjons for the fragment are of the same form with the acceleration of the
fragment taken to be zero. It should be noted that the acceleration of the
ring nodes {s assumed to be constant within a time increment and is equal to
the ring-node acceleration at the beginning of the time step being considered.

The following procedure indicated in the flow dlagram of Fig. 7 may be
employed to predict the motions of the ring and rigid fragment, their possible
collision, the resulting collision-imparted velocities expericnced by each,
and the subsequent motion of cach body: \

Step 1: Let it be assumed at time t that the displacements {é*}m. (Yf)m,
and (Zf)m and displacement increments qu'}m, (AYf)m, and (/.\Zf)m
arc known. One can then calculate the strain increments (Ae)m
at all Gaussian stations along and through the thickness of the

ring.

Step 2: Using a suitable constitutive relation for the ring material, the
stress increments (Ac)m and the plastic strain increments (Asi) az
corresponding Gaussian stations within each finite element can be
determined from the known strain increments (Ae)m. This informa-
tion permits determining all quantities on the right-hanrd side of

Eg. A.67.

Step 3: Solve Eq. A.67 for the nodal accelera;ions, (h*}m, then solve for
the trial displacement increrents, {Aq*}m+l, by using Eq. A.68,
the trial ring displacements, {é*}m+l' by using Eq. A.70, and use
Eqs. A.74 thiough A.76 for the trial fragment displacement incra-

(AE ) , and (Lg) . In addition, the ring

f'm m

+1" +1 +1
node velocities (q*}m at time tm are calculated by using Ey. A.7€2

ments (Agf)
m



for those nodes not impact-corrected during the previous time
cycle, and using the impact-corrected'veiocity updated to the
end of the previous time cycle for those nodes subject to impact
corrections during the previous time cycle. It is assuméd that
the fragment velocities, (Qf)m' (éf)m’ and (6f)m at time tm are
known.

Since one or more ring-fragment collisions may have occurred

between tm and tm+ » the following sequence of steps may be employed

1
to determine whether or not a collision occurred and, if so, to
ceffect a correction of the displacement increments of the impact

affected ring segments and of the fragment.

In the present scheme, several collisions may occur during a given

global time step At = (t ., = tm). Thus, the global At will be

subdivided into subincrements in time which will be denoted by
At*, where At* is the time remaining in the global At and is given

by
ot* = £, -t (A.95)

where t; is the reference "beginning” time for the current colli-
sion inspection cycle. Thus, for the first inspection for a given
At, t; must be initialized to o and At* must be initialized to

At. In subsequent inspections (if any) within this At, the value

of t; will be updated to the time of ring-fragment contact, and

Eq. A.95 will be used to calculate 4t*. Because the impact inspec-
tion is most conveniently carried cut in the global Y,Z coordinate
system, one first trarsforms the nodal displacement, velocity,

and accelerat{on vectors at txme-tm. {q*}m. {é*}m, {ﬁ*}m, into the
global Y,Z coordinate system {(note that the fragment information

1s already in the global Y,Z system). Then the ring node ard
fragment locations, {E*}m, (Ff)m' etc. at tame tm are calculated

by using Eg. A.92 and the trial ring node and fragment locations at
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Step 4a:

Step 4b:

Step 4c:

T T
{q'}mu' (Y,) .., etc. are calculated by using Eq. A.93

time tm+1' £ mel
(where c'-tm, and At'=At*). Having completed these initializations,
the following sequence of substeps may be employed to determine
whaether or not a collision occurs within the subincrement At*

(sAt on this first inspection).
To chec -k for the possibility of a collision between the fragment
and ring element j (approximated as a straight beam) as depicted

m+l
from ring node j to point cf at the centﬁr of the fragment, upon

in Fig. A.S5, compute the trial projection (Ej) of the line

the straight line connecting ring nodes j'And j+1, as follows, at

time instant tm+1:

(;J )nul = [{} - er ]mal cos(é,)mu
(A.96)

T T T
+ £Z.J - f‘ ]mu Sm(b’)m”

where the Y,Z are inertial Cartesian coordinates obtained from
T T

{q"}m+1; (Y)m+1 e
illustrated in Fig. A.5a.

. T
tc. Now, examine (pj)m+l' three cases are

AY
T T -
< 3 > 2, where £, > 0, a collision between
If (pj)m+1 Gor if (pj)m+1 3 3 '
the fragment and ring element j is impossible. Proceed to check
ring element j+l, etc., for the possibility of a collision of the
fragment with other ring elements. Mote that lj is the length of

the jth element at time tm+1'

T
<
I£ 0 < (By) ) <

2j, a collision with ring element j is possible,
and further checking is pursued. Next, calculate the fictitious

"penetration distance” (EJ)m+l of the fragment into ring element

j at point Cr by (see Fig. A.5b}:

-
(;J)m4l = [é (h,J +“ZJ)+':‘J,,,,, - [d_,],,,*, (A.27)

272



where
[%%hij + hzj)] = average distance from the reference surface
to the inner surface of the ring element
which is approximated as a straight beam in
this "collision_calculation".

r_ = radius of the fragment.

s . . .
<QJ)M: - [YJ -Yflmn 5‘"(6:)mu

(A.98)

+ [éj - if]m¢:<°s(LJ)m4t

= the projection of the line connecting node
j with the center of the fragment upon a
line perpendicular to the line joining nodes
j and j+l.

Next, examine (2 which is indicated schematically in Fig. A.S5b

j)m+l
and is given by Eq. A.97. -

' T
Step 4d: If (aj)m+l < 0, no collision of the fragment upon element j has
occurred during the time interval from t; to tm+1' Hence, one
can proceed to check element j+1, etc. for the possibflity of a

collision of the fragment with other ring elements.

Step 4e: If (gj)m+l > 0, a collision has occurred. Steps 4a throug'. 4d

are repeated for each element; if no positive values of (gj)m+1

have been found, no ring-fragment collis.ons have occurred; then

proceed to Step 9. If any positive values of (gj)m+l have been
found, ring-fragment collision has occurred; proceed to the next
step.

Step 5: Since ring-fragment collision has been determined to have occurred

between times t; and tm+1' the following sequence of substeps ray
be employed to determine the time and location of ring-fragment

contact:
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Step Sa;

Step Sb:

Step 5c:

Given the locations and velocities of the fragment and the nodes
of element j at time e form the coefficients A-G given by Egs.
A.82 and solve for the roots of Eq. A.87. Chonse th: smallest,
positive, real root, 1f this root satisfics Eq. A.89 (where At in
Eq. A.89 has been replaced by At* here)

*
Ost s ot (A.99)

¢

then this root is the time of contact (tc) for element j, and

. 3
proceed to the next step. If this root does not satisfy Eq. A.99,

set (tc) equal to a large negative number and proceed to the next

3

element.

Special consideration must be given to the case where (tc)jﬂo.
Becaugse the present scheme.allows for several subincrements, At*,
in time within the "global" inc}ement in time, At, for the purpose
of collision inspection and correction, the value of (tc)j=0 is
allowable only if this element has not been impacted at some prior
time during the current global increment in time, At. Thus, a
"flagging" array is set up at the start of each At to determine
whether or not a particular (tc)j=0 is allowable. If (tc)j=0 is
not allowable, set (tc)j equal to a large negative number and

proceed to the next element. Otherwise, proceed to the next step.

The point of contact, (pc)j, on element j is now calculated by
using Eqg. A.90. This value is then 1inspected to determine whether
or not contact occurs within the actual boundaries of element 3.

If (pc)J satisfies Eq. A.91 (repeated nere for convenience)

Os (p) < | (A.100)

then contact has occurred on elerent j, and one proceeds to the
next element. If Eq. A.100 is not satisfied, contact has not
occurred on element j: set (tc)j (for the jth element) equal to

a large negative number and proceed to the next element.
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Step 5d

Step G:

Steps Sa through Sc are repeated for each element until all ele-
ments on the main structure have been considered. In practice,
several allowable values of tc can be found, corresponding to
different elements, in orie subincrement in time, At*, the desired
value being the minimum (tc)j value of all allowable values. Thus,
a quantity, (t)) in’ which is-the minimum of all calculated (allow-

cm
able) values of (tc) is initialized to At* just prior to Step

j'

Sa, Following Step 5c, the calculated value of (tc) is compared

3
with the current value of (tc)min' If the following condition is
satisfied

O (t); ¢ () (A.101)

mn

then the value of (tc)min is redefined to be the value of (tc)j.
When all elements have been processed, the quantity (tc)min will
contain the actual minimum value of all values of (tc)j. The
element number and point of contact associated with this value of
(tc)min’are also identified. Because of the form of Egq. a.101,
if equal values of (tc)j are calculated for two or more elements,
the higher element number will be associated with (tc)min (ele-
ments are processed in ascending numerical order). Following the
determination of (tc)min' a "flag" is set for the element corres-~
ponding to (tc)min indicating that a va%ue of (tc)j=0, for this
element, is not allowed during the remaiider of the current global

increment in time, At.

Having determined the time of ring-fragment contact, the ring-node
positions, {E*}m, and the fragment position, (;f)m' etc., are

updated to the time of contact by using Eq. A4.93, and the ring-

‘node velocities, {q*}m[ are updated to the time of contact by

using Eq. A.94. For both calculations, t'=t*, and At' = (t ) .

m c'min
Again, 1t should be recalled that (tC)mln 1s the time of contact,
refecrenced to time t;. The reference beqginning time, t;, 1S now

updated to the time of contact by
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‘ 'tm = tm + (tc)min (r.102)
and the time subjncrement, At*, remaining in the global increment
in time, At, is updated by using Eq. A.95. The quantities (a'}m,
{&’]m, (?%)m' etc. are no longer needed, so their values are
replac=d by the apprcpriate updated values. Thus, the quantities
ar ppe v 7 5) ¢ )
{q }m' {q }m' (Y) » (Z) . and (9) now refer to the ring node
locations and velocities and fragment locations in the global ¥,2
coordinate system, at time t; which is the time of ring-fragment

contact (see Eq. A.&OZ).

Step 7: Based on the collision-interaction analysis developed in Subsection
A.2, the post-impact velocitics of the impact-affected ring nodes
and the fragment arce now calculated. That is, the pre-impact
nodal velocities ({q*} at time t = t*) and fragment velocities
(Yf, Zf, Of at time t = t;) are updated to their post-impact
values using Eqs. A.60 through A.63.

(Note that Egs. A.60-A.63 are written in terms of an N,T coordinate
cystem, as defined in Subsection A.2. Thus, the nodal and frag-
ment velocities, assumed to be in the global Y,2 coordinate system
prior to the collision-interaction analysis, must be transformed
into the N,T system at the staré of the collision-interaction
analysis, and the resulting post-impact velocities, calculated in
the N,T system via. Egqs. A.60-A.63, must then be transformed back
to the global Y,Z system after comgletion of the collision-inter-

" antion analysis).

For convenience, the post-impact velocity information, in the
global Y,Z coordinate system, 1s assumed to "replace" the pre-
impact veliocity information. Thus, the quantities {é'}m, (?f)m,
(éf)m' and (’;f)m now refer to the post-imi.act velocity of the

rainj-nodes and fragment at the time of contact, tx.



Step 8:

Step 8a:

A decision must now be made concerning whether or not to continue
on to another col}?sion inspection. The collision inspection/
corraction process is repeated: (1) if the value of At* is posi-
tive and (2) if the number of collision inspection/corrections
within the current At has not exceeded u specified maximum+ {equal
to 50 per fragment in the present analysis), If e{ther of these
conditions is violated, no further inspection is performed, but
if both conditions are satisfied, further collision-ihspection is

carried out. In either case, the next step is followed.

Before proceeding to the next collision inspection (or proceeding

to Step 9, if no further inspections are to be made), the ring-

node and fragment (trial) positions at g}me tm , must be updated

using their pos;tions. post-impact velocities,+:nd accelerations
(ring nodes only) at time t;, but using Eq. A.93 with t'=t;, and
At'=At*. If further collision inspection is to be done, Steps 4a
through 8a are then repeated to determine whether or not a ring-
fragment collision occurs during the subincrement of time, lt*,

from time t; to time tm and, if so, to effect a correction of

’
the impact-affected rxnglnodes and fragment velocities. 1If no
further collision inspections are to be carried out (because of
the conditions stated in Step 2) the next step (Step 9) should be
followed. At this point, the reason for the special consideration
given to the case (tC)J=0 in Step Sb can be clearly seen. The
ring node and fragment positions have already been updated to

the time of contact, t;, via Step 6. On the next pass thro.gh
Steps 5a~5d (calculation of the time of contact during the sub-
interval in time At*), the ring and fragment are, in fact, in
contact (recall that a contact time of zero corresponds to time

t;) and a value of (t ) w1ll be obtained from Eq. A.87 for

1=0

+In the present impact inspection scheme, corrections must be made for all
ring-fragrent collisions to avoid spurious results in subsequent inspec:ions.
The specified maximum of 50 has ovs=en 1included only to guard against user
Lput errsrs.  In practlce (assur:ing correct user inpus informetion) ta:is
lirut should never be exceeded.



Step 9:

Step 10:

that element impacted during the previous At*. Thus, the special
consideratior and flagging procedure described in Step Sb must be
employed so tuut multiple corrections for the same ring-fragment

collision can be avoided.

This step will be executed when no (further) ring-fragment collisions

are found up to time t The corrected ring-node and fragment

m+l’
displacements in the global Y,2 coordinate system at time tm

are now calculated by solving Eq. A.92 for {q*}t, where t'=t

+1

] m+l’
The velocity at those nodes affected by one or more impacts is

then updated to time t using Eq. A.94 where t’=t;, At'=At* and

m+]1
assuming that {ﬁ'}t, > {Q‘}t . 1t should be noted that the velocity
m
at time tm+l for those nodes not affected by impact is calculated

using the central~-difference expression as discussed in Step 3.
The corrected nodal displacement and velocity vectors, currently
in the global Y,2 coordinate system, are now transformed back inte

the appropriate ring coordinate system. Following this transforma-

tion, the corrected ring node and fragement displacement increments
{Ag* - Cee
({8g }m+1' (AYf)m+1, etc.) are calculated by subtracting the dis

placements at time t (i.e. (q'}m. (Yf)m. etc.) from the corrected

displacaments a. time =

tlaving determined the corrcctcd+ displacement increments and dis-
placements for the ring elements and fragment, this time cycle of
calculation 15 now complete. One then nroceeds to calculate the
ring nodal coordinate increments and the fragment coordinates for
the time step from tm+1 to tn+2' starting with Step 1. The pro-
cess proceeds cyclically thereafter for as many time increments

as desired.

+ .
It should be noted that in this approximate calculation, only the coordinate
incrermencs of the fragment and of the impact affected ring segments are

corrected..
correcs.

Those for all other ring segments are regarded as already being

The time increment At 1s rogarded as be:ng sufficiently small to

make these approxinations acceptable.
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This solution procedure may be carried out for as many time steps
as desired or may be terminated by invoking the use of a termination criterion
such as, for example, the reaching of a critical value of the strain at the
inner surface or the outer surface of the ring. Appropriate modifications of
this approximate analysis could be made, 1if desired, to follow the behavior
of the riné and ‘the fragment after the initiation and/or completion of local
fracturing of the ring has occurred; however, this has not been done in the
present program.

Finally, note that it is possible for the fragment to come in
contact with two ring elements simultaneously. In this situation, a correc-
tion would be made for the higher-numbered element first as noted in Step 5d.
The higher-numbered element will then be "flagged" as being impacted and on
the next subincrement in time, At*, a value of (gc)j-o will be found for the
lower-numbered element and a correction will be made. A similar situation
arises when multiple fragments impact the ring simultaneously, as will be

discussed in the next suksection.
A.6.2 N-Fragment Attack
In the case of "attack" by n idealized fragments, each with its
r_, w., V

g Tgr Wgr Veyr 3nd Ver
each At*, the collision-inspection procedure is carried out for every fragment;

individual me, I . a similar procedure is used. During
none, some, or all of these n fragments may have collided with ore or more of
the ring segments. If any positive penetration distances are computed, the
calcalation of ring-fragment contact time will follow for each element and
each of the n fragments in turn. This calculation sequence will identify the
first ring-fragment contact within Lt*, and the fragment number and element
number involved in the collision. The appropriate corrections, as a result
of this collision, will be made, and the process will be repeated for the

next it*. During the next At*, the same fragment or a different fragment may
collide with the ring structure; the apcropriate corrections will then be

made for this collision. This rrocess is repeated until eirther (1) more th-n

50 ring-fragment collisions occur for a given fragment, or (2) the value of

At* 1s zero, which occurs at t=t Ry or (3) no (more) ring-fragment collisicns
o

are found witnin the global time step, &6t. After all of the corrections ha+e



been carried out for the present At time interval, the calculation process of
Fig. 7 proceeds similarly for the next At.

Note that it is possible for two or more fragments to impact the
ring structure simultaneously. This plausiﬁia situation {s accommodated in
the present scheme. Because of the "flagging" scheme discussed in Step 5b
of the previous subsection, the coflision involving the higher fragment number
will be corrected for first ( and will be flagged). On the next At* (sub) step,
the next highest fragment number involved in the simultaneous impact will
vield a value of (cc)minmo and a corraection will be made corresponding to
this ring-fragment collision, and so on, until corrections have been made for
all fragments involved in the simultaneous impact. In essence, the ring
structure and fragment positions remain unaltered while a series of corrections

is made (with (t ) , =0), ‘corresponding to all of the fragments which impact

i
simultanesusly.

Finally, it should be noted that no provisions have been made for
collisions (or interactions) betwcen the fragments themselves. Thus, all
collisions (and subsequent 1nterdctions) are assumed tn be between a fragment

and the ring structure.

A.7 Ring-Fragment Col. sion on »nr Near a Constrained Node

The impact-interaction analysis presented in Subsecticn A.2 is based on
the assumption that all nodes within the impact-affected reqgion are free to
respond with velozity changes as a result of ring-fragment collision. 1If any
of the nodes within the wmpact-affected reqgion are constrained, then the
analysis of Suksection A.2 rust be ~odified slightly. These modifications,
and thear subsequent applicition to the present analysis, are described in the
present subsection.

For the pressnt analysis, assume that one of the nodes within the imract-
affecned reglon is constrained Tuct that no norral or tangential motion s
permitted. Denote this node namber Sy the subscript “c". At node ¢, the
constralnt will costribute a react.sn foree (or reacticn impulse) so that the
translational 1mp.ise-more-zum relzsions (Egs. A.36 and A.38) at node ¢ must

row be written as
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where the additional terms p: and p: are the reaction impulses at node ¢ in
the normal and tangential directions, respectively. The pre-impact velocitics,
VCN and ch, must be zero and because of the constraint, the post-impact
velocities must also be zero, thus Eqs. A.103 state that the restraint “absorbs"
all of the impulse associated with the constrained node.

The analysis developed in Subsection A.2 can be followed exactly if the

value of a for the constrained node is set equal to zero, {.e.

o, » O (A.104)

This is equivalent to introducing equations of the form of Eq. A.103 and
immediately solving for the reaction impulse, which yields a total value of
zero on the right-hand side of Eq. A.103 1In practice, the use of Eq. A.104
allows one to treat the special case of impact on or near a constrained node
within the framework and equations developed in Subsection A.2.

It should be noted that the quantity o' for the constrained node is not
set equal to zero. This quantity defines the relative portion of the total
imparted impulse which is associated with a given node which lies within the
impact-affected region, and is calculated by using Eq. A.31 whether or not
the node is constraingd. 1In general, the constrained node may fall anywhere
within the impact-affected region. Because of the character of the present
impact interaction analysis in which only tranclational (not rotational)
motion of the ring is considered (both translational and rotational mot:ion N
are included in the glcbal timewise solution), it is difficult to include the
effects of i1mpulse propogated past the constrained node. For the case where
the node is ideally clamped, no information can propogate through the con-
straint. But 1f the node 1s pinned-fixed, rotational information .ould propo-
gate past the constrairt; to accommodate this situation, rotational effects
would have to be included i1in the analysis of Subsection A.I. An alternate,

1nterim measur® 1s taken in the present analysis, and is described next.
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Assuma that the point of contact and the effactive length, Leff' are such
that the constrained node and nodes beyond the constralned node fall within
the impact-affected region. Because the analysis cf Subsection A.2 cannot
predict the propagation of impact information past the constrained node, the
effective length, Leff' is, in the present scheme, artificially reduced (for
the current At only) in such a way that the constrained node falls within the
impact-affected region but no nodes past thé constrained node fall in the
impact-affected reqion. Having redefined Leff in this fashion, the equations
of Subsection A.2 are then followed exactly with Eq. A,104 being employed at
the constrained node. This approach has the effect of concentrating the
impact-induced impulse at those ring nodes on the impacted side of the con-
straint, with a portion of the impact-induced impilse being absorbed by the
constraint, and no impulse being felt at nodes beyond the constrained node.
However, it should be recognized that, although no impulse information is
passed through the constrained nodez by the impact interaction analysis, the
impact information will propogate through the constrained node, if physically
possible, -in- the global timewise structural response solution.

For the case where impact occurs directly on a constrained node, only
that constrained node is assumed to lie within the impact-affected region.
Following the wquations in Subsection A.2 and employing Eq. A.104, the frag-
ment will simply rebound (as 1f impacting a rigid wall) and the ring stucture
will experience no momentum changes for this impact.

Finally, it should be noted that the present approach is an interim
measure, and further effort is required to develop a more compreliensive
approach for treating impact near a constrained node. However, the present
method is believed to be sufficiently general, within the current overall

assumptions of the analysis, to yield reasonable results for current engineer-

ing applications.
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