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PREFACE

»

This report discusses work performed under NASA Contract NAS-8-31342
for the George C. Marshall Space Flight Center, Marshall Space Flight
Center, Alabama  35812. The cognizant technical officer was Mr. Frank

Bugg.

.

No new technology was developed during the course of the program.



DEVELOPMENT OF A SOLID PROPELLANT
VISCOELASTIC DYNAMIC MODEL

k]

by

W. L. Hufferd and J. E, Fitzgerald
J. E. Fitzgerald & Associates

ABSTRACT

The results of a one year study to develop a dynamic response model

for the Space Shuttle Solid Rocket Motor {SRM) propellant is presented.

An extensive literature survey was conducted, from which it was con-
cluded that the only significant variables affecting the dynamic’response
of the SRM propeliant are temperature and frequency. Based on this study,
and experimental data on propellants related to the SRM propeilant, a
dynamic constitutive model was &eve1oped in the form of a simple power
law with temperature incorporateé in the form of a modified power law.

A computer program was generated which performs a least-squares

curve-fit of laboratory data to determine the model parameters and calculates

dynamic moduli at any desired temperature and frequency.

Additional studies investigated dynamic scaling laws and the extent
of coupling between the SRM propellant and motor cases. It was found, in
agreement with other investigations, that the propeliant provides all of
the mass and dgmping characteristics whereas the case provides all of the
stiffness. In view of this resuit, the usual direct geometric dynamic
scaling laws are valid for the SRM even though the propellant is a visco-
elastic material with strong frequency dependent properties.
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NOMENCLATURE

time-temperature shift function

propetiant grain inner radius

cross-sectional area

end-fixity parameter

propellant grain outer radius

specific heat capacity

motor case outer radius

Mooney-Rivlin constants

small strain tensor

tensile moduius

complex tensile modu}us

coefficient in power-law representation of dynamic modulus
coefficient. in power-ldw representation of relaxation modulus
Long-time equiTlibrium relaxatior modulus

short-time glassy relaxation moéuius

coefficients in the Proﬁ& series representation of the
relaxation modulus

relaxation modulus

acceleraticn of gravity

shear moduTus

complex shear modulus

ix



H(t)

Heaviside unit step function

area moment of inertia

first and second invariants of deformation tensor
scale factor or shearing deformation constant

buTk modulus

complex bulk modulus

stiffness matrix

propetlant grain length

exponent in temperature shift-factor representation
mass matrix

acceleration in g's

exponent in power-law representdation of dynamic modulus
hydrostatic pressure

poda] point disp]acemen% vector

nodal point force vector

strain rate in constant strain rate test

case thickness or stress tensor

temperature

experimentally determined constant in temperature shift-
factor representation

glass transition temperature

Tg + 50°C

reference temperature

strain energy



£ = dilatation or uniaxial strain

e¥ = complex strain amplitude
8 = loss tangent

GB = loss tangent in bulk

§: = loss tangent in extension
GG = Joss tangent in shear
§(t) = Dirac delta function

B = 1/8

%% = tfemperature use rate

o = density
T = characteristic time
Ty = time constant in Prony series representation of

retaxation modulus

g = uyniaxial {or shear) stress

a* = complex stress amplitude

v = Poisson's ratio

w = frequency

a = circular frequency coefficient
o = structural damping coefficient
Superscripts:

m = model parameter

prime = real part of complex quantity

1

double prime = imaginary part of complex quantity

xi



Subscripts:

o} = case property

p = propellant property



DEVELOPMENT OF A SOLID PROPELLANT
VISCOELASTIC DYNAMIC MODEL

I. INTRODUCTION

The overall objective of the work reported herein was the develop-
L]
ment of a physically realistic dynamic viscoelastic response model for
the Space Shuttle Solid Rocket Motor (SRM) propellant. Specific tasks

included:

TASK A: Literature survey to identify and delineate all
pertinent variables which affect the dynamic

viscoelastic response of the SRM propellant.

TASK B: Develop a dynamic viscoeldstic response model
for the shuttle SRM propeliant including the
effects of all variables found in TASK A to
significantly influence the propeliant dynawic

viscoelastic response.

TASK C: (1) Demonstrate coupling between the SRM pro-
pellant and the motoi case.
(2) Demonstrate scaling laws and give extrapo-

Tation Timits.



(3) Document and furnish the SRM propellant
dynamic viscoelastic respense model in the
form of a computer program compatible with

the MSFC UNIYAC 1108 computer.

A1l objectives hgve been met. The following sections describe the
investigations leading to the development of the dynamic response model
for the SﬁM propellant discussed in Section V.

The studies related to TASK C are presented 1n Section VI.

The Titerature survey compiled under TASK A and presented as a
special report [1]* has been updated and is included as Appendix A.

Appendix B includes a 1isting and documentation, including examples,
for the computer probram for the DYNamic VIScoelastic response model
(DYNVIS).. .A card deck for the computer code has been submitted to the
Marshall Space Flight Center as Appendix C to this report.

A11iprope]1$nt data used in the development of the dynamic consti-
tutive modei and its validation were obtained from published reports of
experimental studies conducted by Thiokol/Wasatch Division [2] and at the
University of Utah [3]. The University tests were conducted on UTI-610
prope11ant, an inert PBAN propellant used in dynamic model tests of the
SRM at the NASA/Langley facility. The Thiokol tests were conducted on
Tive and inert propellant with characteristics similar to the shuttle

SRp propellant.

-

®
Numbers is square brackets refer to references listed at the end of the
main body of the report.
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II. SUMMARY OF ACCOMPLISHMENTS

A11 requirements and objectives of the program have been met.

An oral presentation with viewgraphs was made at The George C.
Marshall Space Flight Center on 24 April 1976 to the Technical Monitor,
Mr. Frank Bugg and to personnel of Brown Engineering Company, led by
Mr. Malcolm Tagg. Suggestions and comments arising from that presentation

have been included.

2.1 TASK A - IDENTIFICATION OF PERTINENT VARIABLES AFFECTING DYNAMIC
RESPONSE

The T1terature survey was Eomp1eted and published as Specié]

Report No. 1 in August 1975. This report, updated, and included here as
Appendix A, 1i1sts pertinent references and includes a critical review or
abstract of each article.

The primary source was the extensive Solid Rocket Structural Integ-
rity Library developed originally undeyr cdntract to Edwards Air Force Base
by the Firestone Flight Sciences laborato?y of California Institute of
Technology, and Tater taken over and maihéained by the College of Engineer-
ing, University of Utah. This Tibrary includes not only open literature
sources, but extensive holdings of pertinent governmental laboratory reports
and industry technical reports which normally receive only Timited distri-
bution.

This source was supplemented and upéated by personal acquisitiong of

more recent reports with special emphasis on the NASA/Langley 1/8-scale
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dynamic model tests and Thiokol/Wasatch reports and data on the SRM
propellant physical properties.
The variables selected for examination were:

Temperature

Humidity

Frequency

Pressure

Strain Level {both static prestrain and dynamic strain)

Aging

Epoxy/Curative Ratio

Internal Heat Generation

Damage Effects

2.2 TASK B - DEVELOPMENT OF DYNAMIC RESPONSE MODEL
Based on measured prope?]aﬁt dynamic response over the anticipated

frequency and.temperature range of interest to the Shuttle SRM, a power

Taw of the form
- n
E E (waT} (1)

was se]ected for representation of the reai (storage) and imaginary (T1oss)
components of the propellant tensile or shear modulus. In Equation (1),
Eo-represents the baseline modulus at a temperature-reduced frequency,
wap, of 1 Hz; that is at a frequency of 1 Hz at a given refereﬁce

temperature TR' The exponent n represents the slope.of the 1og10(modu1us)

4


http:slope.of

Versus 10910( aT) curve and ar is the time-temperature shift factor.®
The variables found to have a potentially significant influence

on the SRM propellant dynamic response consisted of:

A. TEMPERATURE, accounted for through the use of the
t1me—temperéture shift factor ag (see Section 4.1).

B. FREQUENCY, accounted for as shown in Equation (1)

(see Section 4.1).

C. HUMIDITY may be accounted for through moisture-tiﬁe-
temperature superposition; however, the nature and
moisture diffusivity of the shd%t]e SRM is such as
to render humidity effects.negligible (see Section 4.2).

D. PRESSURE, over the range of bulk strain levels in the
shuttle SRM bressure effects are statistically insig-
nificant (see Section 4.4),

E. STRAIN LEVEL, inctuding static prestrain and dynamic
imposed strain, is insignificant {see Section 4.3).

F. AGING effects, for motors over six months old, are
accounted for by direct testing of aged propellant
samples. The counter-balancing effects of oxidative
cross-linking and/or continued post-cure reactions
versus hydrolytic chain scission produce negligible
effects for motors less than six months old (see

Section 4.5).

*A11 Togarithms referred to herein and in figures are taken to
the base 10.
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2.3
2.3.1

EPOXY/CURATIVE RATIO is the usual gquantity which is
adjusted, as a quality control measure, based on the
functionality of the pre-polymer tomaintain moduli
within specified Timits. Thus, its effect is not
included in the model (see Section 4.6).

INTERNAL HEAT GENERATION is nedligible for the
duration and level of dynamic strains encountered
in the shuttle SRM (see Section 4.7).

DAMAGE effects are concluded to be negligible for
the range of static and dynamic strain levels and
histories encounterad in the shuttle SRM {see

Section 4.8).

TASK C - COUPLING, SCALING AND COMPUTER CODE DEVELOPMENT

Coupling Between SRM Propelliants and Motor Case

Based on simplified assumptions and analyses, it is concluded that,

similar to other solid rocket motors, the SRM propellant provides the mass

and damping characteristics and no stiffness; whereas the case provides the

stiffness and has negligible contribution to the mass or damping character-

istics under vibratory loading. Analyses in support of these conclusions

are presented in Section 6.2.

2.3.2 Scaling Laws

theless

Again, based on simplfied assumptions and analyses, which are never-

representative of more detailed analysis results, it is concluded
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that simple straight geometric scaling can be used to predict the proto-
type SRM response based on scaled dynamic model tests even with the strong
frequency and temperature dependence of the SRM propellant.

Details of these analyses are presented in Section 6.1.

2.3.3 Computer Code Development

Based on the resuits of the above tasks a computer code has been
developed in standard ANSI Fortran IV which will perform a least-squares
curve-fit of master modulus versus tempera%ure-reduced frequency test data
to determine the parameters EO and n in Equation (1), and/or predict the
dynamic modulus as a function of temperatiire and frequency, given E0 and n.

The computer code is applicable to the real and imaginary parts of
the tensile or shear modulus and can predict response of any of these modu-
Tus components at different frequencies and temperatures. If both real

and imaginary components of the modulus are input, then the loss tangent

defined by

is also calculated,

Output of the computer program has been formatted in SI units;
however, scaling from British to SI units is such that “the inner logic
of the code permits either system of units to be used.

A 11sting and documentation for the computer code, including
examples of its use, are included as Appendix B to this report. A card
deck for the computer program has been submitted to the Marshall Space

Flight Center, care of Mr. Frank Bugg, as Appendix C,under a separate cover.
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2.4  NEW TECHNOLOGY
No new technology was developed during this program, inasmuch as the
purpose was the integration and utilization of proven technology in the

development of the SRM propellant dynamic response model.



I1I. VIBRATION OF SOLID ROCKET MOTORS

Generay surveys of vibration effects on solid rocket motors have
been presented by IBM [4], Hufferd and Fitzgerald [51, Fitzgerald and
Hufferd [6], Achenbach [7], and Baltrukonis [8]. An extensive bibli-
ography, including apstracts, was prepare& during the course of this
research [1] and is presented as Appendix A to this report. This section
presents an overview of the probiems associated with vibration of solid
rocket moters, structural analysis procedures, specific results of dynamic
analyses of the shuttle SRM, and a discussion of the complex eigenvalue

approach for solving viscoelastic vibration problems.

3.1 GENERAL DISCUSSION

Compared to other structures, solid propellant rocket motors possess
rather unique structural features. Whereas the mass of the propellant is
very large compared to the mass of the thin-walled case, the propellant is
generally compliant and contributes 1ittle to the stiffness of the composite
structure, affecting the gross dynamic behavior of the motor mainly through
its mass. Furthermore, since propellants are viscoelastic materials, the
propel lant provides-considerabie damping to the system. Consequently,
transient effects attenuate very quickly and steady-state osciltlations require
a high energy input since a large amount of energy is dissipated.

Energy dissipation can give rise to serious secondary effects due to
the characteristically strong temperature dependence of propellant mechanical

properties. A continuing energy input may give rise to substantial increases

-9-



in temperature with subsequent deleterious effects on propeliant response.
Moreover, in rocket motor vibrations, energy is coupled into the propellant
grain from the vibrating case by the inertial reaction of the mass of the
propelilant grain to the accelerating case. Disregarding inertia and material
property degradation, Targe temperature increases are encountered whenever the
applied stress or strain exceeds a certdin critical value. The combination

of temperature-dependent properties and inertia leads to the possibility of
temperature and displacement Jump instabilities which are similar to the
phenomena observed in a nonlinear spring-mass system in which the spring

" softens with increasing displacement.

In considering the vibration response of solid rocket motors, two
propellant physical property parameters are of particular signifﬁcaﬁce. These
are the log-log slope of the reduced relaxation modulus in the time-temperature
region of interast (slope of the curve Tog modulus versus log reduced time)
and the slope of the log shift factor, ap, Versus the temperature range of
interest. The amplication factbr at reschance (with or without jump instability
effects) which, alohg'with tée acceleration level, delermines the peak strains
imposed on the propellant is a furnction of the relaxation modulus slope only.
As this slope decreases (i. e., as the propellant becomes more elastic and
less viscoelastic) damping decreases and the propellant strain amplitude at
resonance increases. Conversely, as the slope increases, corresponding to
an incrpase in viscous response, the strains at resonance decrease and the
resonance broadens. With all other factors equal, a propellant with a large
slope would be subjected to smaller deformations at resonance.

The slope of the shi%t factor versus temperature curve is a measure of
the temperature sensitivity of the viscoefast1c properties of a propellant.

-10-



Since the mechanical property temperature sensitivity along with inertial
Toading conditions produces the nonlinear jump instability effect, it
fo]]ows that for otherwise identical conditions, the jump 1n stability effect
will be most predominant for propeilants which have a Targe shift factor
versus temperature slope.

The thermomechanxca1Jcoupling problem has been studied for rods
under longitudinal vib;ations [5], slabs under lateral vibrations [10] and
cylinders under axial shear vibrations [11]. Additienal studies have
investigated the influence of temperature-dependent properties and thermo-
mechanical coupling on propagating discontinuities [11 - 16]. For a shear
mode of vibration, for(examp1e, these investigations have shown that the
rate of mechanical dissipation, and hence heat generation, is proportional
to the square of the magnitude of the shear strain {or stress). This
result Teads to the observation that heat generation is greatest in areas
0% high local stresses or strains such as bccur at a star valley or a case-
grain termination point. Maximim dissipation also occurs at the natural
frequency of the system, although significant temperature rises have been
cbserved at frequencies equal to about bne-half the natural frequency.

Results have also shown that an intrease in slab thickness (i.e.,
grain web thickness) will increase the steady state temperature, assuming
that strain is unchanged. The equilibrium temperature is linear in
freguency and loss modulus, anda quadratic function of the slab thickness
and the strain [4,5]. Disregarding the temperature dependence of the loss
modulus, doubling the slab thickness (grdin web thickness) resuits in a
fourfold increase in the steady-state temperature.

~11-



The above discussion has been concerned only with what might be
called "reversible” thermomechanical effects resulting from the propellant
thermoviscoelastic properties and cyclic loading conditions. "Irreversible"
effects which 1nciude fracture, degradation or decomposition effects and
autoignition which can be the result of the combined high temperature and
cyclic strain conditions of the vibration environment have not been
accounted for. These phenomena, are, of course, also of paramount import-
ance; however, the establishment of a failure criterion for the thermal-
vibration environment is a difficult task. Experience has shown that for
the conditions usually encountered in sotid rocket motor vibration, frac-
ture or severe degradation will usually precede and prevent temperature
rises to leyels at which autoignition will occur. Propeliant suscept-
ibility to fracture under prescribed vibration conditions is a significant
factor in practical situations, however, and is Tound to vary significant]y
from propellant to propellant as well as for various transient loading
" conditions.

The problems of physical or chemical degradation for the combined
thermomechanical environment is undoubtedly the most difficuit and least
understood of the failure mechanisms knbwn to be significant for vibration,
of solid propeliant. Degradation of CTP% propellant under sustained
vibration has been shown by Tormey and Britton [17]. Degradation of other

composite propellant formulations has also been shown [12, 13, 15, 16].

3.2 STRUCTURAL ANALYSIS PROCEDURES
Depending on the particular loading conditions it 1s often sufficient
to study only the gross dynamic behavior of a solid rocket motor, whereas

-12-



other loading conditions require consideration of tocal dynamic

behavior.

3.2.1 Gross Dynamic Behavior

The analysis of gross dynamic behavior can be carried out by employ-
ing a simple model which describes the 16west “Flexural and Tongitudinal
modes only. The dynamic analysis of stcH a simpie model is straightfor-
ward and is discussed in many textbooks, see for example [18]. The one
difficulty is the selection of the appropiriate mass and stiffness para-
meters of the simple model. Geﬂ;rally the bending and Tongitudinal stiff-
nesses of the propellant grain are neg]ébfed retative to the casing stiff-
ness, but the mass of the propellant is taken into account. For gross
dynamic behavior such a simpie model is éﬁequate for engineering purposes,
as shown by Gottenberg [19], who has rep&?ted on an experimental investi-
gation of steady-state transverse Vibratfons of a long steel cylindrical
tube containing an inert propellant witﬁ a circular perforation. Many
bending modes were detected, and the lowest mode was compared with the
predictions of a simple beam theory as described above. The comparisons
were satisfactory. Difficulties were encountered in detecting modes other
than bending modes, but one axisymmetric: lontitudinal wode and a few
breathing modes were identified. For a full scale four-stage solid pro-
pellant research vehicle, ana?yﬁ%cal and experimental results on the
frequencies and mode shapes of the three Towest modes were compared by
Leadbetter, et al. [20]. In the experiments the fuel mass was sjmu]ated
by weights. Good agreement for the three mode shapes and the lowest

natural frequency was observed.
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From the above investigations it has been found that the maximum
amplitude ratio of the response to the excitation and the phase angle
by which the response lags the excitation are simply related to the loss
tangent of the propellant for the Towest longitudinal and flexural modes
of vibration. A slightly more complicatéd expression results for lateral
vibration of the case-grain interface with a higher amplification factor
because of the strong influence of the case stiffness. A typical value
of the loss tangent of composi%e site propellants is about 0.5 [5,6]. This
value gives use to an amp?ifica%ion factor between 2 and 2.25 [5,6]. The
log-log slope of the relaxation modulus curve typically ranges between

0.1 and 0.3 for propellants [S,Bj.

3.2.2 Local bynamic Behavior

To study local dynamic behavior it is necessary to consider a much
more complicated mathematical model in which the grain is represented by
a deformable viscoelastic contihdum. Azﬁgfanalysis of such a model also
provides guidelines to select in a more fational manner stiffness and
inertia parameters for the simﬁie models which are used for gross dynamic
behavior. To make the model tractable to analytical treatment, several
idealizations are normally made to deal with the .compTex geometry of the
port, the end conditions and the intricaté material behavior of the propel-
Tant. As an initial model one might consider an infinitely long compesite
cylinder with a rigid outer layer and a very compliant, linearly elastic
core with a circular port. The early aralytical work on the dynamics of
solid propellant rockets was generally concerned with éhis rather crude

model. This initial work, which was reviewed by Baltrukonis [8], has
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now been superseded by studies which include the effects of an elastic
casing by considering a composite cylinder of two concentric layers both
of which are infinitely Tong (see, e.g., [7]). Since the outer layer,
which represents the motor casing, is usually thin relative to its

mean radius, shell theory may be used in describing its behavior. Not
much progress has been achieved in recent years in dealing with probiems
resulting from the complicated internal perforations, and the state of
affairs with regard to ana1yticai solutions is largely still as reported
by Battrukonis [8]. The internal passages in the grain are usually three
dimensional in character with sﬁapes dictated by considerations of internail
ballistics. For an infinitely long rigidly encased elastic cylinder

with a star-shaped port some information on natural frequencies .of axial
shear vibrations has been obtained by empioying conformal mapping tech-
niques. The problem of end conditicns has been more successfully attacked
recently and a few studies are available dealing with models of finite
length [3].

The compiications stemmiﬁd from the viscoelastic behavior of the
propellant are conceptually not difficult to overcome 1T the material
behavior is essentially Tinear iS—?].

A major reason for the decline, in the last ten years, in tﬁe further
development of analytical vibration models has been the development of
finite element models for the steady state vibration of solid propellant
rocket motors [21-25].

The finite element models lead to definition of a stiffness matrix,

a mass matrix and a damping coefficient matrix for the discretized system.
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Lumped-mass and consistent-mass methods are used for defining the mass
distribution. The Tumped-mass method concentrates the element masses in
a manner that maintains the location of the center of mass of the struc-
ture, whereas, in the consistent-mass approach the mass is represented as
it is actually distributed in the structitre: In practice, better agreement
has been obtained using the Tumped-mass approach. This approach requires
a large number of coordinate points for dccurate analysis of systems with
primarily distributed masses; however, thHe mass matrix for the entire
structural assemblage is diagonal and positive definite, thereby reducing
computation times. On the other hand, the consistent-mass approach
requires excessive computationai effort to obtain a desired degree of
accuracy,

Damping matrices can be derived andlogous to those used'for the mass
and stiffness matriges of appropriate internal damping characteristics.
Propellant damping is accounted for using the dynamic comélex representa-
tion of material properties.

In dynamic problems, Hamilton's variational principle is frequently
used to derive Lagrange's equations of motion for the discrete system. In

the absance of damping the sys%em of equations to be solved has the form
M1 {#(r)} + [KI{r(t)} = {R(t)} (3)

where the mass matrix [M] is composed of the element masses, {R(t)} repre-
sents the vector of nodal point forces at time t, and {r{t)} represents
the vector of nodal point displacements at time t. The natural frequencies
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of the system are obtained by taking the nodal point force-vector R(t)
to be the null-vector.

For damped systems it is necessary to employ modal damping to obtain
solutions for the damped.structure. Several methods are available for
introducing damping for a propellant grain. An effective damping coef-

ficient, [Coepl may be defined by

I

(K] (4)

[Ceff] = w

-

where [K"] represents the imagihary part of the complex stiffness matrix.
Some structural codes, such as NASTRAN, employ a structural damping
coefficient, ¢, defined by
_B L 1y
L= g 5 tan 66 {5)

where G" and G' are, respectively, the inaginary and real part of the
complex shear modulus.

More directly, steady state dynamit viscoelastic analyses may be
obtained from the corresponding elastic tounterpart, employing the visco-
elastic-elastic correspondence principle? in which all elastic material

constants are replaced by theit corresponding viscoelastic counterpart

expressed as-frequency dependent complex numbers, i.e.,

E -+ E*(iew) = E'(w) + iE"(w)
G+ G*(iw) = G*(p) + 16" (w)
K -+ F*(iw) = K'(w) + iK"(w)

I

v (i) vi{w) + iv'{w)
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where K denotes the bulk modulus and v represents Poisson’s ratio. Lames
relations st111 hold among the compiex moduli in the frequency plane so

that

e
v(in) = 7 - Eati (5)

An elastic material is represented in this notation by a complex modulus
with a real part which is constant with frequency and mmaginary part
which is zero for all frequencies. The common assumption of a constant,
elastic bulk modulus implies that the dynamic Poisson's ratio will contain
a nonzero imaginary part as discussed in Section 3.4. Equation (3), for

the natural frequencies of vibratioen, then takes the form

[-o?M + K' + iK"] {r*} = 0O (6)
ar
-1 M + Kll Kll Y.l .
!
----- e B C ’0( (7)
R rwlmkt | g
)

The above replacement leads to a system of equations with twice as
many unknowns as the corresponding elastic problem; however, the solutions
may be obtained in a manner analogous to the static case. Obvious simpli-
fications are noted if the problem is handled throughout in complex

arithmetic.
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Two general techniques.are employed for solving the equations of
motion for vibration loading, The first consists of direct step-by-step
integration of the simultaneous differéntial equations. The response
h{story is divided into a sequence of time increments of equal length and
'the equations of motion are formulated on an incremental basis. The motion
computed during each time increment is added to the conditions at the
beginning of the increment to obtain the conditions ét the end. Thus, the
response is evaluated step-by-step through the desired time range, starting
with any given initial condition. In a nonlinear system the stiffness may
be changing as the structure responds, but 1t is normally assumed that it
remains constant during each time increment; provided that these 1ncrements
are made short enough. The acceleration is assumed to vary lingarly during
%he time increment, which leads to expressions for the change in accelera-
tion (and veiocity) in terms of the initial conditions and the change of
displacement.

The incremental equations of motion are solved by standard static
analysis methods; for example, &auss elimination.

In the second method of solving the equations of motion, the equations
are first decoupled by 'transforming to normal (mode shape) coordinates
which are solved independent]& mode by mode, and the modal results super-
posed to obtain the total response. In this method, knowﬁ as mode super-
position, the displacement vector is exﬁressed as a linear combination of
mode shapes. Substitution of this expression into the equations of motion

th

results in a single uncoupled equation for the n~" mode of the system.

The solutions of each modal response equation are obtained by any convenient
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procedure., For arbitrary loading histories, the Duhamel integral provides
an efficient solution, Once the time history for the generalized coordin-
ate of all significant modes has been obfained, the modal displacements
are obtained by superposition.

The mode superposition method is ddvantageous iF the essential
dynamic response of the structure is contained in the first few mode shapes.
This will be the case if the applied lbag can be approximated reasonably
well by inertia force patterns associated with the first few modes, and
if the frequency content of the input is largely represented by the corres-
ponding Towest frequencies. In cases whére the applied load distribution
is extremely complex or the time variation contains significant high fre-
quency components, it is necessary to include many modes of vibration to
obtain adequate accuracy by mode superposition. In this case, the step-by-
step direct integration may be more efficient. Direct integration must be
employed in any case if the structural response is nonlinear due to either
material or geometric effects.

The response to transient loading is mosE readily obtained by first
obtaining the response to a unit impulse by mode superposition or direct
integration and then using the ﬁuhame] convolution integral for the pre-
scribed loading. Random vibration is handled in a similar manner by inte-
grating the power spectral density curve describing how the excitation
energy is distributed over the frequency range to obtain an rms value for

the excitation Tevel.
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3.3  VIBRATION ANALYSES OF THE SHUTTLE SRM

Several vibration analyses of the space shuttle SRM have been con-
ducted by IBM [4,26] and Thiokol/Wasatch Division [2]. Additional one-
eighth scale dynamic model tests have been conducted by the NASA/Langley
facility with the experimental results presented in a preliminary report
[27]. Analyses of the one-eighth scale hodels has been éarried out by
Grumman Aerospace Corporation [28]. Some of the results of these investi-
gations are summarized herein for later tomparative purposes in Sections
6.1and 6.2 related to scaling of frequehcy response data and coupling
between the motor case and the propellant grain. The results also indi-
cate that reasonably good agreement is oBtained from simplified analyses
of dynamic response with more sobhistica%ed NASTRAN analyses and experi-
mental results.

IBM [4] conducted simplified and NASTRAN analysis for, among other
things, 1ongitudina] through the thickness shear vibrations. They also
investigated the effects of fodu] i and grain length. The properties shown
below, representative'of the shuttle SRM, were used in their analysis for

Tongitudinal shear vibrations:*

a = 20 inches

b = 70 inches
p, = 0.064 1b/inS
vp = (0.495

*Where data has been taken from.other sources in which the data was
originally presented in British Engineering units, we have not converted
such data to SI units to avoid introducing additional errors of trans-
lation.
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They assumed the outer boundary to be rigidly clamped. In additio&, based
on information received from United Techriology Corporation {now known és
United Technologies Chemical Systems Division, UTCSD)}, two different
expressions were used for representation of the dynamic complex shear

modulus, depending upon strain Tevel. For low strains the representation

G' = 2800 w220

was used 1n their simplified analysis, and
G = 6244 (1 + 0.3841)

was used in their NASTRAN complex éigenvalue analysis. A value of
G = 6244 was used in a NASTRAN real eigenvalue analysis.

At high strains, the correspondind representations were

&' = 900 w '

and

G = 1365 (1 + ,2451)

. . e o - .
The simplified analyses were carried out using the expression

Qn G! ( )
) = —_— g - 8
n Z pb2

where @ is a circular frequency coeffitient which depends on the ratio
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a/b, as discussed in Section 6.1. Table I presents the results for the
first natural frequency using Equation (é) and a NASTRAN real and complex
eigenvalue analysis, including the effects of length as determined from
the NASTRAN analysis.

IBM subsequently conducted a more compiete NASTRAN analysis of longi-
tudinal shear vibration including coupling with the case [26] and forced.
vibrations. These analyses treated several geometries which included more
realistic representations of propellant grain configuration with forward
and aft skirts, nose cone and nozzle attached. A constant shear modulus
of 1333 psi and a loss tangent of 0.246 were qsed in all analyses. The
resu{ts indicated several longitudinal modes below 50 Hz with the first
in the neighborhood of 15 Hz with a maximum shear strain of 0.95%.

The NASA/Langley Research Center has conducted dynamic tests of one-
eighth scale models of the shut£1e SRM aind mated external tank model.
Three propellant grain configurations were manufactured by UTCSD using inert
UTI-610 propellant which has the same binder-fuel-curative components as
UTP-3001 propellant used in the TITAN III-C with inert sodium chloride
and inert ammonium sulphate substituted for the live oxidizer, ammonium
perchlorate. A1l had 0.1875 inch thick aluminum shells and were 19.5 .
inches in diameter and 147.32 inches long. The propellant Tength was
approximately 145.4 dinches. The prope]f&nt grain inner diameters were
varied to represent 1ift-off, mid-burn and end-of-burn configurations.

The preliminary model test at NASA}Lang]ey [27] for the 1ift-off
configuration indicated the first bending mode at 54.1 Hz, the first

torsional mode at 135.3 Hz and the first longitudinal mode at 148.7 Hz.
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TABLE 1

RESULTS FOR THE FIRST NATURAL FREQUENCY RESPONSE

Equation (8)
Real Modulus

Complex Modulus

L = 100 inches
L = 150 inches
L = 300 inches

OF FIRST IBM DYNAMIC ANALYSIS

OF SHUTTLE SRM [4]

Low Strains

High Strains

38,1 Hz
38.2 Hz
38.8 Hz
37.0 Hz
37.7 Hz
38.2 Hz

24

17.9 Hz
17.9 Hz
18.0 Hz
17.3 Hz
17.6 Hz
17.9 Hz



Grumman [28] has also conducted dynamic analyses of the SRM models
tested at the NASA/Langley facility using NASTRAN. They used a constant
modulus of elasticity of £ = 25,000 psi (G = 8333 psi) and a loss tangent
of 0.52 based on material property data suppiied by UTCSD.*

The results of Grumman's NASTRAN analysis for the 1ift-off configu-
ration gave the first bending mode at 56.2 Hz (compared to 58.4 Hz for
simple beam theory)}, 168.3 Hz for the first torsional mode (compared to
161 for simple beam theory) and 196 Hz for the first Jongitudinal mode
(compared to 180 for simple beam theory).

Part of the reason for the discrepancy between Grumman's analyses
and the experimental results of NASA/Langley may be attributed to the fact
that the material properties used by Grumman are probably unrealistic for
the actual test conditions.

The final set of analyses conducted on the shuttle SRM, to be dis-
cussed herein, were conducted by Thiokoi/Wasatch Division [23] on a model
312 inches long, a grain 0,0, of 146 inches and an jnner port diameter of
67 inches using properties of T%-HTTZB and H-13 (inert TR-H1123} propel-
" lant, whichare similar to the shuttle SRM propellant. Their results indi-
cated a first longitudinal thickness shear mode at 14.6 Hz with G' = 650
psi for TP-H123 propellant and 11.4 Hz with G' = 380 psi for H-13 inert
propellant at 70°F. The natural frequencies varied from 8.6 Hz at 40°F
to 26 Hz at 90°F for the first 10ngitudiﬁa? shear mode.

*Subsequent conversations with Dr. Lamar Deverall of UTCSD indicated that
the data provided by UTCSD was obtained using a piezo-electric device
which results in strain levels of micro-inches/inch. These values are
unrealistically high for the shuttle SRM. -
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3.4  COMPLEX EIGENVALUE APPROACH TO SOLVING VISCOELASTIC VIBRATION
PROBLEMS
The usual relations developed for dynamic viscoelasticity apply
when only one modulus is involved, such as the tensile modulus, E', E";
shear modulus, G', G"; iu1k moduTus K', K"; or Poisson's ratio, v', v'.
However, when one more than one modulus is involved, or assumptions are

made regarding the bulk response, certain consistency relations are

required of the various loss tangents (i.e., damping coefficients),

tan &g = %T- {9a)
Gll

tan 6G = & (9b}

tan SK = %T (9c)
-\)ll

tan 6v = or - (od)

If the last listed, i.e., Equat%on (9d), is non-zero, then the Tateral
contraction is out of phase with respect to the major elongation which
is perpendicular to it. '
The consistency relations required between the various moduli and
their physical conéequences are discussed in this section. '
In. pseudo-1inear first order theories of isotropic elasticity and
viscoelasticity, Poisson's ratio, v, is defined in terms of Young's

modulus, ks and the shear’modu1uS, G, thrﬁhgh the well known Lamé relation
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~f

G = 5t
(T+v)

Solving (10) for v yields

™

- E _q.E26 11
v 1 56 (11)

]

For steady state vibration problems, one often uses the complex
eigenvalue approach wherein the moduli, E and G, are decomposed into real

parts, E', G' and imaginary parts E", G", i.e.,
E=E'+iE"; G=G'+ iG" (12)

[} N
Substituting Equation (12) into Equation {11) and grouping the real and

imaginary parts then yields the real and imaginary parts of Poisson's ratio,

Vs

v = v+ iyt (13)
where

;- G'(E'~26') + G"(E"-26)

v z(Gll + Guz) (14)
and

" _ EIIGI — EIGH

v= mul ¥ an) (]5)

-27-



Defining the loss tangent, tan §, as the ratid of the imaginary to
the real part of a modulus, the loss tangent in extension and the loss

tangent in shear can be denoted, respectively, as

tan §; = %T-; extensional loss tangent (16a)
- 87, (16b)
tan GG o shear loss tangent.

Thus, Equation (15) may be rewritter as

. (tan GE - tan 6G)E G

\Y 2(G|2 i GllZ) ' (}7)

In Equation (17), it is seen that the denominator 1s always a positive
real number for materials with shear resistance (as 15 the product in the
numerator), E'G'. Thus, either v" 1s zelb or non-zero.

If the Toss tangent in extensional tests differs from the loss

tangent in simple shear tests, the term in Equation (17)

tan 8. - tan 70 (18)

and v" is non-vanishing.
For materials of the above type wherein tan 6E # tan GG, an exten-
sional steady state vibration test will produce lateral strains out of

phase with the longitudinal strains. This will result in an oscillatory

-928-



volume change leading to possible damage and subsequent-extensional modulus

reduction of the waterial.

If, on the other hand, the Toss tangents are found to be equal in
extensional tests and simple shear tests, then from Equation (17) we see
that the imaginary part of Poisson's ratio vanishes; i.e., Vo= 0. The

experimental result of equal loss tangents means
tan 6E = {an 66 - "E"i' G (‘ig)

which when substituted into Equation (14) after rewriting, is

L _E'6 PG .
Vo= (677 + G" 1 'U/-O)
then yields
o 2!
Vo= .E;'.E.T._..(i_ (2])

Comparing Equation (21) with Equatibn (11) demonstrates that in the
case of equal loss tangents, Poisson's ratio is 'real, and has the same form

as im static elasticity with the real parts of £ and G being the determin-

ing factor.
For incompressibility in the above case, i.e., w= %3 the relation
between the real parts of F and G is giveh by
=B e =l (22)
Gt = 3 ifv=vl =5
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In conclusion, it must be emphasized that Poisson’s ratio can be
taken as a real number if and only if the loss tangent in extension tests
equals the Toss tangent in simple shear at the frequency of interest.

Consider now the bulk modulus reldtion under hydrostatic pressure, P.

Thg well known relation is
3 . 1
£ = - ‘E (1 - ZU)P = - k" p (23)

where € = ey + e, ﬁ'ea, the dilatation. Writing K= K' + iK" and substi-

tuting into Equation (23) yields after a little algebra with v real,

£ T+ 1 tan GE

T 3(0-2v) T+ 1 tan 8y (24)

Ki

where tan Sy is defined as k"/k;. If the Toss tangent in bulk response

equals the Toss tangent in extension, Equation (24) reduces to

L _E
K" = 301293 (252)
K" = K tan 6, (25b)

Thus, the fact, if observed experimentally, that tan ﬁE = tan GG requires
that v be real. This in turn Teads to Equation (24) where K' may differ
from the usual elastic relation if the Joss tangent in bulk does not equal

the Toss tangent for extension.
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If all three loss tangents are equal, i.e.,

tan 5E = tan 6G = tan 6K (26)
then
E=E"(1 +1 tan SE) (27a)
6=6"(1+1 tan GE) (27b)
K=K+ 2 tan 65) (27¢)
_ 4 _E' -2 (27d)
\) \) ZGI

It must be pointed out that the relations given by Equation (27)
hold only 1if Equation (26) holds and K cannot be taken as a fixed, real
number unless tan &¢ = 0 when v is real.

The results from References 2 and 3, and the general Titerature show
that, for the space shuttle SRM, under its range of frequencies and strain
levels while under pressurization, the decomposition for the moduli used

in the model of Section V is vafid.
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1V, VARIABLES AFFECTING PROPELLANT DYNAMIC RESPONSE PROPERTIES

During the course of this investigation pertinent variables which
potentially could significantly influence the SRM propellant dynamic
response were identified. Due to its viscoelastic nature, time,
temperature and frequency were, of course, dominant. Additional variabies,

identified as noted previously, included:

A. Humidity Level
B. Pressure Level
C. Strain Level
Aging.

Chemical Parameters {epoxy/curative ratio)

Internal Heat Generation

o ™M MmO

Damage or Permanent Memory Effects

The foliowing subsections discuss the potential influences of these
variables on the SRM propellant dynamic response, and where the effects
are significant the mechanism for incorporating them into the dynamic

model developed in Section V.

4.1  TIME-TEMPERATURE-FREQUENCY RESPONSE

When considering the stress-strain relation of an elastic material,
it is evident that for a particular value of stress there is associated a
particular value of strain, and regardless of the length of time that the

stress acts on the body, or what path was followed in applying it, the
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strain remains constant. In viscoelastit matéria]s, on the other hand,
when a stress is applied to the body, thé strain state depends upon the
“manner in which the stress is applied; that is, whether the Toad is applied
rapidly or slowly. Thus, the history of loading, as well as the magnitude
of the load must be considered in describing the response of a viscoelastic
* material. In addition, a viscoelastic body will not maintain a constant
deformation under a constant stress, reﬁard1ess of the loading pattern;
rather, it will deform or creep with tinie. Also, if such a body is con-
strained at constant deformation, the stress necessary to hold it con-
strained gradually diminishes o relaxes with time.

The stresses-and strains at a point in a viscoelastic body may thus
be expected to vary with time, or the fréquency of loading. And conse-
quently, also with temperature, as will become evident,

The following paragraphs present a general discussion of the pro-
cedures for representing the viscoelastit response properties of solid
propellants. Additional details and justification of the applicability
of the. procedures to solid propellants are presented in References 5, 6,

29 and 30. The development herein is in terms of the modulus of the
material. Completely analogous results can be obtained employing the

creep compliance representation 6f the response.

4.1.1 Isothermal Response

A convenient representation for the uniaxial (or shear) stress, o,
in a Tinear viscoelastic material is the so-called integral or relaxation

formulation which, for the 1sot$erma1 case, has the form
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t

o (¢) =f B (t-0) Sl g (28)

-—00

Where E el (t-1) is the relaxation modulus in tension (or shear} and

g{t) is the imposed strain history.

The relaxation modulus is defined as the stress decay associated

with a step input strain £y With €=€OH(T), Equation (28) becomes
t

o(t) = f Erol (t-T) € 6(?5 dr (29)

or

t =
9_(_1_, = Ere] (t)

£

(30)
0]

where H(t) is the Heaviside unit step function and &§(t) is the Dirac
deita function.

For a constant strain rate test, with strain rate R (e =Rt),

Equation (28) yields

t
¥
= - (31)
a{t). R j; Eral (t-1) dt
Differentiating Equation {31) with respect to time, t, gives
. .
dE:s (t-1)
do(1) =_ i f Her 7Y
at REep (00 +R ] i T

L}

R Eper (09 - R s a7

RE, . (t)

rel
or
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Thus, the relaxation modulus for a linear viscoelastic material can
be deduced from differentiation of the stress-strain curve in a constant
rate test,

An alternative method of measuring, and expressing, viscoelastic
behavior is by considering steady-state response to forced vibrations.
Creep and relaxation experiments are not capable of providing complete
information concerning the mechanical behavior of viscoelastic solids.
In certain cases the response of a structure is sought to a loading for
times substantially shorter than the Tower Timit of time of usual creep
or relaxation experiments.

For a 1inea} system, both stress and strain will vary sinusoidally

with the same frequency as the forcing frequency;

e(t) eoe‘“’t > o*(w)e Wt

O_Oe'lwt > €*(w)e1 wi

i

o(t)

If the input to a 1inearly viscoelastic material is an oscillatory
stress,
(t) iwt

=g e (33)

° 0

then the strain response will be an osciilation at the same frequency

as the stress, but lagging behind by a phase angle 6. Thus,

i(wt-6)

elw) = e;) e (34)
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where €5 is the strain amplitude. The phase angle, &, is often called
the loss angle and is a function of the internal friction. It is con-

venient to write Equation (34) in the form

-16)e%mt - €*eiwt

e(w) = (ao e (35)
where &% is the complex straip amplitude defined by
e = g, e—iY = eo(cosé - i sins)
= cosﬁag i 51ns (36)
If the input is an oscillatory strain,
e(t) = € eimt (37)

then the stress response will Tead the strain by the phase angle §,

o(w) = g gl ot +8) _ o JTut (38)

where

ot =g e'% = ob(cosé + i sing) (39)

The compiex dynamic woduius is defined as the oscillatory stress

response to an oscillatory strain input; that is,
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o¥ o e
E*(UJ) 8_ = -
0 o
%
= Ew-(cosa + i sing)
0
= E'{w) + 1 E"(w) (40)

where E'{w) "is in phase with the strain and is called the storage modutus,
E' () = -2 coss (41)

The second term of the last line of Eguation (40), E"(w), is often called

the loss modulus and is defined by

%
E"(w) = — s1nd (42)
0

Equation (40) may also be written in the form

Ex(w) = |E*] &'° (43)
where

lex| = ‘/(E')2 + (€7 = o /e, (44)
and

§ = tan”! (% (45)
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The ratio defining tand 1s called the loss tangent or mechanical 1oss.
It gives a direct measure of the energy dissipation or damping charac-
teristics of the material, For an elastic material 6§ = 0 and E" =0
giving riseto an mnstantaneous response. For a viscous fluid § = = and
E' = 0 with the response 90 degrees out of phase. A viscoelastic solid
has a Toss tangent between these limits; f.e., 0 < § < o,

A representation for the complex dynamic modulus can be obtained in
terms of the stress relaxation modulus by substituting Equation (37)

into Equation (29). Then,

.t E .
= . . _ TWT 46
o(t) = g, iuw ~}t Erot (t-t) e~ dt (46)
Performing a change of varidbles by iétting u =t - 1, Equation (46)
becomes
_ . iwt o =jwu
o(t) = g, fwe ‘/; Erel (u) e du (47)
or
() = LB gy [ E o) e (48)
ot re u
€48

Recalling the definition of the Laplace Transform, Equation (48) is

seen to be

Ex (w) = iwg[x-:re](un | (49)

u=iw

Thus, if the stress reiaxation modulus 1is known, the dynamic modulus

can be obtained by taking the Laplace transform, setting the transform
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variable equal to (iw) and multiplying the result by (iw). This
observation is particularly useful if an exponential series (Prony
Series or Dirichlet series) is used to represent the relaxation

modulus. In this case,
n

Eper (8) = Eg # kz]: By exp {-t/1)) (50)
where Ee is the equitibrium relaxation meduius, and Ek and T) are

constants chosen to fit the experimental data. E' and E" are readily

determined from Equation (50} to be
n

IR o
B (o) =E, + Y Kk 5
w) € k=1 1 + (uﬂ:k)2

E, (wr))
= ] + (wTk)

For some viscoelastic materials, Ere](t) = E'{w).

and

E" (UJ)

4.1.2 Time-Temperature Superposition

The analyses of the previous section apply to isothermal conditions,
i.e., constant temperature conditions. 1In practice, it is impossible to
obtain either relaxation data or dynamic data over the time scales and
frequency ranges of practical interest in a solid rocket motor. In order
to obtain data in these ranges the concept of time-temperature super-
position is routinely employed. (See References 5, 6, 29, 30 and 31 for
a general discussion.)

It has been widely found that temperature has the effect of expand-

ing or «contracting the time scale of response viscoelastic materials and
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that an equivalence between time or frequency and temperature exists.
Time and frequency are roughly the inverse of one another so that short
time or high frequency response at cne temperature corresponds to longer
tiﬁe or lower frequency response at a Tower temperature. The converse
holds true at higher temperatures. Thus, by obtaining the propellant
response at several temperatures, a time-temperature shift function, ars
relating the equivalence of time or frequency and temperature can be
experimentally determined by horizontally "shifting" the test data so
that it superimposes to form a single curve at some given reference
temperature, usually 21 to 25°C. The resulting curve is known as the
"master" response curve and is expressed in terms of temperature-reduced
time, t/aT, in the case of the master relaxation modulus curve, or in
terms of temperature-reduced frequency, ways in the case of the master
dynamic moduli curves.

Thus, the previous analyses remain valid in terms of the master
relaxation and dynamic modu?i if time, t, and frequency, w, in the
previous expressions are replaced by temperature-reduced time, t/aT,
and temperature-reduced frequency, wWays respectively

The procedure for carrying out the analyses of this and the
previous section are discussed further in Section V in connection with

validation of the dynamic response model developed during this program.

4,2 HUMIDITY EFFECTS

The presence of moisture may severely degrade the mechanical and
chemical properties of solid propellants [4, 5, 29]. This degradation

is typically manifest as swelling of the binder matrix, reduction in
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modulus and retardation of propellant 1gn1t%0n. Often, leaching of
surface oxidizer particles is observed. The mechanism of this degra-
dation is primarily a reversion process in which chemical scission of
polymer network cross-links-andconsequent reduction in modulus is caused
by hydrolytic attack at cross-links.

Epoxide cured propellants are relatively insensitive to hydro-
lytic attack except for Mapo-epoxy cured CTPB propellants. Imine
cured propeliants have varying degrees of susceptibility. Double-base
propellants are usually less 1nfluenced by moisturé than composite
propeiliants.

Inasmuch as the shuttle SRM propellant is an epoxy cured PBAN
propellant, it may be anticipated that it will be relatively insensi-
tive to, at least, short time exposure to moderate humidity leveTls, This
belief has been borne out by relative humidity tests on the inert
UTI-610 propellant used in the NASA/Langley dynamic model tests [3],
in which some effect was observed on constant strain rate response but
no noticeable effect wés observed on dynamic response for exposure up
to 14 days at 70% R.H.

Furthermore, moisture enters a solid propellant or Tiner-propellant
interface through a diffusién process. The depth of penetration appears
to be controlled by the relative humidity level, the ratio of volume to
surface area exposed and the duration of exposure. The time conslant
associated with diffusion is much slower than that associated with
temperature changes, where, in the case of the SRM, an equilibyrium
temperature will not be achieved for 60- 90 days foT]owihg a step

temperature change. Accordingly, under normal circumstances moisture
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will, at most, have only a Tocal effect on the surface of the SRM
propellant. Even this Tocal effect can.be avoided to a large extent
by sealing the SRM motor segments and dessicating the interior.

The effects of relative humidity have also been observed to be

reversible to a certain extent. The original properties of a propel-
Tlant grain wh%ch has been inadvertently exposed to a high humidity Tevel
but which has not yet structurally failed, are substantially recovered
by dessication of the motor interior. As a general rule, the drying °
. recovery time is the same as the exposure time to moisture. Dessication
of unaged propellants also tends to remove water introduced during mix-
ing, casting and curing operations.

In view of the above comments it is concluded that it i$ not
necessary to specifica]]y—account for moisture effects in the dynamic
response model for the SRM propellant. It is recommended that the SRM
segments be sealed and dessicdated during all handling, transportation
and storage operations prior to firing Jaunch. If a segment should
inadvertently be exposed to excessive Humidity levels (say, greater
than 50% R.H.) for an extended period of time (say, 14 days), then the
segment should be sealed and dessicated for the appropriate period of
time. If it is necessary to evaluate the dynamic response of the SRM
under high moisture conditions, this can be accomp1ishe& conducting
laboratory dynamic characterization tests under the appropriate moisture-
exposure conditions and inputting this laboratory data into the dynamic
response model developed herein.

A]ternativeiy, moisture versus exposure-time tests can be conducted

over a broad range of humidity levels, exposure times and temperatures
-47-



and a moisture-time-temperature shift function developed in a
manner anajogous to the time-temperature shift factor development. A
master dynamic modulus versus moisture-temperature-reduced frequency
curve can then be determined and directly input to the dynamic response

model developed herein.

4.3 STRAIN LEVEL EFFECTS

Strictly speaking, the response of a linear viscoelastic material
cannot be a function of strain level; otherwise the material is no
longer linear. However, many propellants have been shown to have strain
dependent properties, particularly at strain levels where substantial
dewetting takes place (see, for example [5.6,32,33]). Further impetus
for concern over strain level effects comes from the IBM dynamic
analysis of the shuttle SRM, reported earlier in Section 3.3 [4]. As
noted in Section 3.3 they used dynamic properties which were, 1n fact,
strain dependent. The modulus wused for Tow strains, however,
as noted previously, was obtained from unrealistically Tow strain
Jevel tests {on the order of microinches/inch) where it is well known
that abnormally high values of moduli result which are not repre-
sentative of conditions in an actual rocket motor under its expected
use conditions.

Thus, one ;spect of this program involved evaluating the extent
of nonlinearity, if any, that could be expected of the relaxation and
dynamic moduli of the SRM propeliant and incorporating such effects,

if necessary, into the propellant dynamic response model.
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It may be noted that if the propellant properties do depend upon
strain level it is still frequently possible to use the analysis of
Section 4.1 by incorporating a "strain-Tevel shift function” in a
manner analogous «to that by which a time-temperature or moisture-time
temperature shift factor is introduced [4,5,32].

As it turns out, however, based upon the analyses and discussion
in the following two sections, and the experimental test data presented
in Section 4.3.3, it is concluded that neither static nor dynamic
strain levels in the SRM are such as to have a statistically observabie

effect on dynamic moduii.

4.3.1 General Discussion of Strain Level Effects on Propeliant Response

As mentioned previously, it has often been observed that the
response moduli of solid propellants appear to be influenced by strain
level. This phenomencn is caused by several interacting effects:

A. Dewetting —

B. Finite Strain Levels

C. Free Volume

Dewetting is the result; under strain, of the propellant's poly-
meric matrix adhesively failing at the surface of the ammonium per-
chlorate and/or aluminum particles. Quite often under strain, voids
may form in the polymeric matrix itseif. 1In any event, the result is
the creation of a solid propellant with many distributed voids, The
observed effects on propellant response are a drop in the various moduli,
and a volumetric expansion.

Generally, strain-induced moduli weakening for propellants with

an 86% solids-weight ratic do not show this effect until strain levels
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are of the order of 10%'at room temperature. For 88% solids loading,
the onset of dewetting is generally below 10% strain and for very Tow
temperatures, dewetting occurs at even lower strain leyels.

Factors which apparently inhibit the dewetting phenomena below
10% strain in the 86% (by weight) solids loaded Thiokol SRM propellant,
are:

A. The balanced size distribution of perchlorate

particies.

B. The excellent elongation capabilities of the PBAN
propeliant at temperatures if the vicinity of room
temperature.

A second factor affecting moduli under strain is the fiﬁite strain
produced by normal stresses during shear testing: An ordinary lap
shear testing apparatus does not, generally, provide the transverse
restraint required for simple shear. Certain special test fixtures do.
The Gottenberg disk test apparatus by its construction provides
inherent capability to prevert motion normal to the shear direction,
i.e., in the radial direction under shearing in the direction of the
symmetry axis.

The free-volume effect under high overall compression can lead
to increased observed moduli, However, as noted in the following
section, very large transverse compression of the order of 14% is
required for this increase to occur, With the properties of the SRM,
this degree of transverse compression could only be reached at pressure
levels of exceedingly high values, For example, assuming the bulk
modulus of the SRM as a constant under very Tlarge degrees of compression
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(which it is not but eventually increases with pressure) we can calcu-
1ate a lower bound for the case pressure wherein the free-volume
decrease would produce shear modulus changes. For a 10% volumetric
change the mean pressure would be of the order of 350,000 KN/mZ, or
over 50 times the SRM maximum éxpected operating pressure,

4.3.2 Second Order Deformation Effects in Simple Shearing and
Torsion lests

Before discussing the experimental implications of the previous
section, some second order elasticity Effects are first introduced.
These effects have been knowr for many years based upon observation
and experiment,

The first phenomenon which is associated with simple sheéaring is
called the "Kelvin" effect. it exhibi%s itself in the tendency of some
materials requiring a finite transverse force to maintain a simple shear
geometry. Highly filled p51ymers exhiBit these second-order effects
rather strongly. Thus, consideration must be given to second-order
effects in the SRM propellant,

The second phenomenon, associated with torsion, is the "Poynting"
effect. It exhibits itself in the tenéency of some materials to elon-
gate when subjected to torsion.

Let us consider in some detail the simple shear test as shown in
Figure 1. In order to formulate the stress response, we assume that
the propellant is (1) incompressible, and (1i) has a strain energy
function, W. Without loss of generality for our purpose, we assume

that the strain energy function has the form of a Mooney-Rivlin material.
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This assumption is known to apply fairly well to polymeric materials.
Without going fhrough the details of the derivation, which are widely
availabie [34], we simply state the results.

The Mooney-Riviin form of the strain energy function is given

by

W= C](I1-3) + CZ(IZ-B) (53)

where s 62 are constants and I], 12 are the first and second invar-
iants of the deformation tensor., For the geometry of the simple shear

test shown in Figure 1, these invariants are equal and given by

2 (54)

I1 = 12 =3+ K
Assuming that the stress component paraliel to the x1-axis acting on
a face perpendicular to the Xy-=ax1s is zero, the stress components

are given by

t;; = 0

oy = - kz(c1 + Cyp)

tyy= - 2K G

b3 = T3y -0

£, = 2K(Cy + C,) (55)

The notation tyo means the stress component in the x1—direction acting
on a face normal to the xz—direction, i.e., the simple shear, It is

noted that t12 is Tinear in the displacement k with a constant of
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propartionality, Z(C] + CZ)‘ Defining this constant as the ordinary

shear modulus, G, Equation (55) can be rewritten as

2

ty= 0
tas = - 2k°C
33 1
2
tyy = - Gk (56)

Thus the stress system needed to maintain the simple shear geometry
postulated as the defining test for the shear modulus, G, is as shown

in Figure 2 (noting that t]2 = t21 by the symmetry of the Cauchy stress

tensor).

The mean stress is the average of the three principal stresses,

B
th = 3 (Bg7 ¥ Ty * t3) (57)

which, from Equation (55) and {56} may be written in the form

2

ct
I

(58)

2 2 _ 1
= - 5{20; + C)K" = - 3 (6 + 20, )k

For propellants, the ratio CE/C1 is approximately 0.2 so that Equation

(58) becomes

K2 = - 0.6 k%6 (59)

~F
1

m = - 1.45 C'I
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Since the shear stress, given by Equation (56) is linear in k we can

rewrite t22 and tm as

tm = -0,6k t12 (60b)
with

Thus, the prediction for simple shear 1s that the shear stress
is Tinear in the shear strain, k, even for large deformations, This
fact is borne out by experiments on propellants for shear strains up to
50%, k= 0.51[12,15].

Consider now the practical implications of the above results in
a properly run simpie shear test, such as the double-lap chevron speci-
men of Figure 3. For a typical propellant, let us set the value of G
equal to 1000 psi (6.95 x 106 N/mz). Let the static shear strain be
typical of that found in a solid rocket motor under thermal cooling

stresses, say 10% (k = 0,1). Equation {60) then yields

ty, = 100 psi (6.95 x 10° N/m°)
tyy = - 10psi (- 6.95 x 10" w/m")
t = - 6psi (- 4.17 x 10% N/m) (61)

For the more highly strained regions, a value of k = 0.2 may be more
typical, yielding
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t1, = 200 psi (13.9 x 10° N/n)

- 40 psi (- 27.8 x 10% N/m%)
- 24 psi (- 16.7 x 10% n/m?) (62)

¢+
3
H

Low strain areas, say k = 0,01 yield stresses

ﬁ-
H

10 osi g, 2
12 psi (6.95 x 107 N/m"™}

-1 pst (- 6.95 x 10° N/m%)
0.6 psi (- 4.17 x 10° N/w°) (63)

[l
I

It may thus be seen from Equations (62) and ﬂ63) that the trans-
verse normal force required to run a correct simple shear test varies
from a negligible value at low strains to a value of several atmos-
pheres compression at higher strains. Unfortunately, many of the shear
tests run on propellants (and other pofymers) do not provide the
necessary transverse, compressive restraining force, too- At very
Tow shear strain measurements, this above fact is of no consequence.
For the case, however, of large dynamic strains at high frequencies,
the experimental observations can be very misleading. For example,
Beyer {35], reporting on some published work by Payne (Figure 4) shows
a drop in the dynamic shear modulus by a factor of 3 as the sinusoidal
strain increases from 1% to 10% at 0.5 Hertz for a 31% carbon black
filled natural rubber. The pure gum stock showed no change in modulus
with strain level.

Beyer's results can be examined in 1ight of second-order elastic

7

effects. The shear modulus from the reference was G = 30 x 10" or
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14,400 psi.*

For low strain, k = 0,01, G = 30 x 107 N/m2 (43,200 psi)

t, = 6k = 30x10° N/ (432 psi)
thy = - ktp, = -30x10° WmE (- 4.3 psi)
t = - 0.6ty = -18x10° N/m° (- 2.5 psi)

For medium strain., k=0.7, G = 30 x 107 N/m2

t, = Gk = 30x 10% n/m® (4320 psi)
tyy = - kig, = =30 x 10° N/m (- 430 psi)
b= = 0.6y, = -018x10° Nn (- 250 psi)

-

‘ Figure 4 shows an observed modulus at k = 0.1 of G = 10 x 107 N/m
(14,400 psi). However, the test method used did not provide the trans-
verse constraining stress of 30 x 10° N/mz (430 psi) nor the accompany-
ing average confining pr?ssure of tm = - 18 x 105 N/m2 (250 psi hydro-
static compression}.

The fact is, that dynamic {or static) shear tests run without the
required transverse pressurés (or eduivalent hydrostatic confinement)
yield results for the shear modulus G which are far too low. This is
because in the absence of, in the above case, the t22 transverse pres-

sure, we have the equivalent of a shear test run under tension. This

*The ordinate 1isted as E in Beyer's paper was actually G in the
original.
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situation is shown in Figure 5, The properly run confined shear test
field is shown as element A with the (in the previous case) confining

compressive stress for a 10% shear strain of
= 5 2 .

A vertical motion is now allowed by superposing in B, a tensile stress
of t,, = 30 x 10° N/n® (430 psi).* The resultant stress field is
shown in, C, for simple shear stresses only, ~

The physical action of the tensile field, B, is to cause exten-
sive dewetting of the matrix to oxidizer particles in the propeilant,
leading to a greatly lowered modulus as observed by Beyer and Payne.
This reduction is not a reduction in G measured in true simple shear,
but is a reduction of the apparent G when the sample is elongated
vertically (dewetted) and then tested in simple shear.

The assumption cf incompressibif%ty holds when there is no dewet-
ting. With dewetting, a volume expansion occurs and all elastic
{viscoelastic) moduli decrease.

Again, for the test results shown above, 1f the simple shear tests
were run under a superposed hydrostatic pressure but with no deliberate
transverse constraint, one could conclude that if the hydrostatic
pressure equaled a tm of 18 x 105 N/m2 (250 psi hydrostatic compression},

then no decrease in dynamic shear modulus would be observed at a shear

*Wh1le we can superpose the stress fields, we do not 1mply the strain
fields superpose linearly.
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strain of 10%.” Commensurate results can be produced for any other
tevel of shear strain.

A second confirmation of the above argument can be seen in Figure
6, which is reproduced from Figure 17 in Beyer's paper [35]. This
figure shows the independence of shear modulus G on transverse compres-
sion strain for strain values up to 15%. Again, the suppression here
of the transverse extension serves to suppress dewetting, hence, Teaving
the shear modulus essentially unchanged.

Since the SRM will be operating at internal pressure lTevels well
over the above figure, dynamic calculations should use the shear modu-
lus determined from very smal] fixture strain, unpressurized tests with
the Gottenberg disk test which provides the needed restraint. . One should,
however, run a large strain pressurized test to confirm the above analy-

sis when simple tension tests are used to obtain the data.

4.3.3 Experimental Data on the Effects of Strain on Propellant

Dynamic Response Properties

L

Dynamic tests have been conducted at the University‘of Utah [3]
on the inert UTI-610 PBAN propeliant used in the NASA/Langley dynamic
model tests and by Thiokol/Wasatch [2] on live and irert TP-H1123 PBAN
propeliant which closely resembles the actual SRM propellant.

Dynamic tension and shear tests were conducted at the University
of Utah [3] using a Rheovibron dynamic tester. Thin slabs, 0.1 c¢m
by 0.3 cm by 0.2 cm (0,04 in by 0.72 in by 0.8 in) were used for the
dynamic tension tests and slabs 0.15 c¢m by 0.15 c¢cm by 0.3 cm {0.06 in

by 0.06 in by 0.12 in) were used for the dynamic shear tests.

—~
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Dynamic tension tests were carried out at 3.5, 11, 35 and 110 Hz
and 0.1, 0.5, 1.0, 2.5 and 5.0 percent static strain levels at 18°C
(0°F}, 4°C (40°F), 25°C (77°F) and 49°C (120°F}). Dynamic shear tests
were carried out at the same frequencies and temperatures at strain_
levels of 0.5, 1.0, 2.5 and 5.0 percen% pre-imposed static strain.

A fixed half-amplitude dynamic d%splacement of 50 ym was used for
all dynamic tests. The length of the specimens for the 0.1 percent
strain Tevel tests was 5 cm (2 in) rather than the 2 cm mentioned
preyiously. For this test the dynamic strain level was equal to the
imposed static strain of 0,1 percent. In all other dynamic tests,
the dynamic strain level varied between 0.23 and 0.25 percent.

The average dynamic tension resui%s of at least four specimens
are tabulated in Tabies II-a through II-d and the average dynamic shear
results are tabulated in Tables III-a through III-d.

With the ex&epticn of the 0.1 percent static strain tension tests,
no dependence on strain level is noted. This static strain is consider-
ably below that which will occur in the SRM as a result of thermal cool
down from the cure temperature to ambient temperature and axial or
radial slump.

Thiokol [2] conducted dynamic shear tests using a moaified
Gottenberg disk test technique on 1ive and inert TP-H1123 propellant;

a propellant, which as noted previously is very similar to the actual
SRM propeliant.
In Thiokol's ?est, a cylindrical disk of propeliant 3,31 inches

outer diameter by 0.33 inch thickness with an inner diameter of
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TABLE II-a
DYNAMIC TENSION TEST RESULTS

AT A FREQUENCY OF 3.5 Hz

T VE e e G e
(%) (MN/]TI ) (MN/m ) (MN/m )
0.1 -18 0.32 313 299 95.1

4 0.47 65.3 59.0 27.8

25 0.45 16.5 15.0 6.74

49 0.38 3.92 3.68 1.36

0.5 -18 0.32 179 170 b4.4
4 0.45 45.6 41.5 18.8

25 0.43 13.5 12.4 5.3

49 0.32 5.91 5.58 1.82

1.0 ~-18 0.33 175 166 53.7
4 0.45 43.8 40 17.9

2b 0.43 12.6 11.6 - 4.67

49 0.30 5.42 5.17 1.58

2.5 -18 0.34 166 158 52.3
4 0.45 39.9 36.6 16.3

25 0.42 11.6 10.53 4,34

49 0.30 4,68 4.48 1.35

5.0 -18 0.35, 138 131 42.3
4 0.43 34.8 32.1 13.4

25 0.39 10.9 9.42 3.11

49 0.26 4.0 3.85 1.09
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TABLE 1I-b

DYNAMIC TENSION TEST RESULTS
AT A FREQUENCY OF 11 Hz

TEMPERATURE

STATIC
p tan é l EI EI "
N o) (n?)  (mmd) (/)
0.1 -18 0.34 333 315 107
4 0.50 70.8 63.3 31.5
25 0.47 19.7 17.8 8.35
49 0.42 6.75 6.17 2.72
0.5 -18 0.33 207 197 63.3
4 0.48 53.8 48.5 23.5
25 0.48 15.0 13.6 6.49
49 0.38 5.99 5.6 2.11
1.0 -18 0.33 214 204 66.4
4 0.49 52.5 47.2 3.2
25 0.47 14.0 12.6 6.0
49 0.37 6.22 5.85 2.13
2.5 -18 0.32 213 204 62.6
4 0.48 55.8 50.33 24.2
25 0.47 14.7 13.2 6.32
49 0.36 6.48 6.08 2.24
5.0 -18 0.33 185 177 52.5
4 0.46 48.5 44,0 20.5
25 0.44 13.8 12.6 5,64
49 0.35 5.88 5.54 1.97




TABLE TI-c

DYNAMIC TENSION TEST RESULTS
AT A FREQUENCY OF 35 Hz

I
(%) MN/m"™) (MN/m~) (MN/m")
0.1 -18 0.42 105 374 153
# 0.68 7t1.2 58.9 35.7
25 1.08 25.0 17.2 18.0
49 0.64 8.8 7.43 4.72
0.5 -18 0.26 269 260 67.3
4 0.55 75.2 65.9 36.2
25 0.62 21.8 18.5 11.4
49 0.47 8.37 7.56 3.57
1.0 -18 0.26 276 267 69.3
4 0.55 75.2 65.9 36.2
25 0.62 21.8 18.5 11.4
49 0.47 8.37 7.56 3.57
2.5 ~18 0.26 263 2h4 66.1
4 0.52 76.3 68 34.7
25 0.58 21.6 18.8 10.7
49 0.46 8.66 7.85 3.64
5.0 -18 0.27 243 234 61.8
4 0.48 71 64 30.8
25 0.50 18.6 16.7 8.24
49 0.45 7.92 7.23 3.24
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TABLE 1I-d

DYNAMIC TENSION TEST RESULTS
AT A FREQUENCY OF 110 Hz

STATIC

TEMPERATURE

s tan & El £ E"
5{%’)"1” (°C) | My/me)  (MN/me) (MN/m)
0.1 -18 0.375 512 482 171
4 1.1 120 87.2 78.1
25 1.24 33.5 27.1 24.2
49 1.25 12.3 8.06 8.94
0.5 -18 0.27 316 ’ 304 81.4
4 0.53 102 90.4 48.0
25 0.59 - 30.2 26.0 15.4
49 0.54 . 12.2 10.8 5.81
1.0 -18 0.26 328 308 80.7
4 0.53 105 92.6 49,2
25 0.58 31.1 26.8 15.8
49 0.53 12.2 10.7 5.72
2.5 -18 0.25 324 314 75.8
4 0.50 108 96.9 47.8
25 0.56 31.6 27.6 15.5
49 0.51 12.3 11.3 5.59
5.0 -18 0.26 299 289 73.4
4 0.48 103 9z2.0 44.4
25 0.52. 0.3 PR.A 14.0
49 0.48 1.7 10.6 5.12
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TABLE I1I-a

DYNAMIC SHEAR TEST RESULTS
AT A FREQUENCY OF 3.5 Hz

STATIC TEMPERATURE .

STRAIN (°C) tan 8 &l &, &,
(%) (MN/m") (MN/m") (MN/m™)
0.5 -18 0.052 1.2 11.2 0.59

4 0.174 8.06 7.94 1.33

25 0.29 4.33 4.16 1.18

49 0.31 1.89 1.81 0.55

1.0 -18 0.061 11.0 11.0 0.67
4 0.21 7.35 7.16 1.49

25 0.33 3.44 3.27 1.05

49 0.31 1.71 1.64 0.51

2.5 ~18 0.061 11.1 11.1 0.68
4 0.21 7.29 7.13 1.48

25 0.33 3.26 3.12 1.01

49 0.32 1.59 1.52 0.48

5.0 -18 0.059 11.1 11.1 0.66
4 0.205 .  7.35 7.2 1.45

25 0.33 3.26 3.1 1.01

49 0.32 1.54 1.47 0.47
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TABLE III-b

DYNAMIC SHEAR TEST RESULTS AT
A FREQUENCY OF 11 Hz

STATIC TEMPERATURE

STRAIN (°c) tan & G| ) G, 6,
(%) MN/m” ) {(MN/m") (MN/m®)
0.5 -18 0.023 12.63 12.6 0.30

4 0.10 10.5 10.4 1.08

25 0.24 6.5 6.32 1.51

49 0.31 3.42 3.28 0.99

1.0 -18 0.023 + 12.8 12.8 0.31
4 0.1 10.4 10.3 1.14

25 0.27 6.0 5.78 1.55

49 0.33 2.99 2.67 0.95

2.5 -18 0.023 12.8 12.8 0.31
4 0.11 10.5 10.4 1.71

25 0.27 5.86 5.64 1.59

a9 0.34 2.82 2.67 0.91

5.0 -18 0.023 12.8 12.8 0.30
4 0.093 10.5 10.4 1.02

25 0.28 5.55 5.33 1.53

49 0.34 2.58 2.43 0.85
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DYNAMIC SHEAR TEST RESULTS

TABLE IiI-¢

AT A FREQUENCY OF 35 Hz

STATIC TEMPERATURE 1
. tan § G| G G"
STRAIN (°C) MN/mz) (MN/mz) (MN/mZ)
0.5 -18 (0.036 14.67 14.67 0.58
4 0.15 11.5 11.4 1.82
25 0.31 65.26 5.97 1.85
49 0.41 2.46 2.29 0.91
1.0 -18 0.045 14.3 14.3 0.68
4 0.22 9.83 9.58 2.18
25 0.41 3.8 3.52 1.43
49 0.42 1.59 1.47 0.61
2.5 -18 0.05 14.0 13.9 0.75
L4 (.23 9.13 3.85 2.16
25 0.44 3.28 3.01 1.28
49 0.42 1.23 1.13 0.47
5.0 -18 0.072 13.2 13.2 1.03
4 .28 7.8 7.5 2.09
25 - 0.45 —— 2.97 2.72 1.23
49 0.42 0.99 0.9} 0.37
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TABLE II1-d

DYNAMIC SHEAR TEST RESULTS AT A
FREQUENCY OF 110 Hz

STATIC TEMPERATURE

STRAIN (°C) tan & 6| &, e,
(%) MN/m") (MN/m“} {MN/m°)

0.5 -18 0.036 22.0 22.0 0.84

4 0.12 18.0 17.9 2.13

25 0.29 10.9 10.4 2.98

49 0.41 4.99 4.65 1.91

1.0 -18 0.046 22.2 22.2 1.08

4 0.14 17.6 17.4 2.50

25 0.34 9.77 9.25 3.08

49 0.43 4.48 4.12 1.77

2.5 -18 0.046 22.4 22.4 1.12

4 0.15 17.2 17.0 2.58

25 0.35 9.33 8.8 3.09

49 0.45 4,01 3.65 1.66

5.0 -18 0.049 . 22.0 22.0 1.14

4 0.16 16.8 16.6 2.66
25 0.37 8.49 7.96 2.94 .

49 0.46 3.07 2.79 1.30
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0.688 inch is used as a test specimen. The propellant disk is bonded
to steel outer and center rings. ‘

Tests were carried out at frequencies ranging from 10 to 50 Hz
at 40°F, 70°F and 90°F. Analytical studies of the shuttle SRM center
segment and the Gottenberg disL test specimen were performed to arrive
at appropriate static and dynamic disp%écements for the test. A
Gottenberg disk static center Eody deflection of 0.075 inch was required
to simulate the propellant strains resulting from the worst case SRM
thermal shrinkage, while a vibratory (dynamic) center body displacement
of 0.0006 inch peak-to-peak is required to simulate maximum propellant
strains resulting from a 0.5 g zero-to-peak, 2 to 50 Hz, longitudinal,
sinusoidal vibration input to the case. Since the above dynamic dis-
placement was below the minimum amplitude 1imit of the test apparatus,
tests were conducted at dynamic displacement ampiitudes ranging from
0.007 to 0.004 inch and imposed center body, static displacements

, ranging from 0.009 to 0.022 inches.

Experimental test results as a function of dynamic displacement
are presented in Table IV for TP-H1123 1ive propellant and in Table V
for TP-HT123 1nert propellant (designated H-B). Similar results are
presented in Tables VI and VII as a function of static displacement.

While the data presented in Tables IV through VII indicate signif-
icant influence of temperature and frequency, as expected, a Duncan
Multiple Range Test indicated no statistical influence of static or

dynamic displacement amplitude.
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TABLE 1V

DYNAMIC SHEAR MODULUS OF LIVE TP-H 1123 PROPELLANT
TEST DATA FOR VARIOUS DYNAMIC DISPLACEMENTS

Dynamic Frequency Temperature tans G &' G; o

Displacement Ty (oF) o) (pa1) (o)
0.001 50 40 .44 3597 3064 1363
40 .52 3014 2670 1398
30 47 2573 2328 1095
20 .38 2168 2029 765

15 .32 1949 1856 596
10 .25 1757 1705 423
0.002 50 40 .53 3294 2909 1545
70 58 1472 1206 704
90 62 801 680 423
40 40 52 9856 2532 1322
70 .58 1178 1019 590
90 .61 660 562 345
30 40 47 2426 2196 1030
70 .53 974 859 457
90 57 331 402 262
20 40 .38 2017 1888 710
70 4] 782 722 298
90 A7 414 374 177
15 40 .32 1824 1737 558
70 33 680 656 220
90 .39 366 334 130
10 40 .25 1632 1584 393
70 24 606 590 140

90 28 298 287 79.7
0.0027 50 40 53 3292 2908 1544
40 52 2852 ' 2592 1319
30 47 2438 2200 1032
20 .38 2026 1896 714
15 .32 1828 1740 558
10 24 1655 1608 392
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TABLE IV (continued)

DYNAMIC SHEAR MODULUS OF LIVE TP-HT1123 PROPELLANT
TEST DATA FOR VARIOUS DYNAMIC DISPLACEMENTS

Dynamic ’ ) "
?}22;:§§ment Fr?gg?ncy Tem?sg?ture tané (ég!) (gsi) (pgi)
0.003 50 70 .58 1289 1116 645
90 .62 793 674 a17
40 70 .58 1089 942 544
90 .61 655 559 342
30 70 .53 904 797 425
90 .57 526 458 259
20 70 .42 733 676 283
90 .48 397 357 173
15 70 .34 699 618 209
90 .43 322 295 128
10 70 .24 547 532 127
90 .30 277 265 80.3
0.004 50 70 .57 1315 1140 656
90 .52 777 663 406
40 70 .56 1106 960 542
90 .61 645 552 335
30 70 .52 908 807 416
90 .47 398 360 169
20 70 .42 726 669 282
90 Ny 398 360 169
15 70 .35 636 601 208
90 .39 343 320 125
10 70 .27 555 539 148
90 .27 288 278 -+ 79.0
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TABLE V

DYNAMIC SHEAR MODULI OF H-13 INERT PROPELLANT
TEST DATA FOR VARIOQUS DYNAMIC DISPLACEMENTS

L il Y

Dynamic Frequency Temperature tans G G G"
Displacement ") (o) | B o) (s
0.0011 50 40 .52 2504 2220 1153

70 .64 998 841 538

90 .77 710 561 430

40 40 .51 2197 1953 998
70 .63 836 708 445

90 77 599 473 364

30 40 .50 1909 1707 849
70 .58 678 588 340

90 .73 494 397 290

20 40 .46 1642 1486 689
70 .47 533 482 227

90 .63 398 335 211

15 40 .44 1510 1331 604
70 A 462 428 175

90 .55 349 304 148

10 40 41 1382 1277 519
70 .31 400 382 118

90 .43 305 280 119

0.002 50 40 .52 2292 2030 1060
70 .64 995 838 536

90 .58 616 532 310

40 40 .51 1981 1764 897
70 .63 837 708 445

90 .56 507 443 247

30 40 47 1676 1514 714
70 .57 680, 592 336

90 .5 407 364 182
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TABLE V (continued)

DYNAMIC SHEAR MODULI OF H-13 INERT PROPELLANT
TEST DATA FOR VARIOUS DYNAMIC DISPLACEMENTS

Dynamic Frequency Temperature tan G G’ G"
Displacement " i) (oF) (bs1)  (psi)  (psi)
0.002 20 40 A3 1391 1277 545
70 .47 536 484 228

20 .44 315 288 126
15 40 .36 1252 1177 422
70 .31 396 378 116
90 .33 232 220 72.
0.003 50 70 7 946 751 575
40 .75 796 636 478
30 .73 648 524 ' 382

20 .61 506 433 262

15 .50 439 392 197

10 .37 371 349 130
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TABLE VI

DYNAMIC SHEAR MODULI OF TP-H1123 LIVE PROPELLANT
AS AFFECTED BY VARIOUS STATIC DISPLACEMENTS

Static .

Displacement {inches) 0.0098 0.0177 0.0217 0.0197

Fregquency
(Hz) G'(psi)
50 1153 1178 1163 1153
40 - 982 1603 99?7 982
30 828 850 839 828
20 694 723 718 694
15 627 650 650 627
10 558 588 532 558

6" (psi)
50 656 674 663 656
40 551 565 558 551
30 421 433 427 421
15 197 204 204 197
10 122 128 127 122
G} (psi)
50 1327 1357 1339 1327
40 1126 1151 1138 1126
30 929 954 941 823
20 745 777 771 745
15 657 681 681 657
10 571 602 596 871

Note: Tested at 70°F, ambijent pressure and a dynamic displacement
of 0.002 inch peak to peak.
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TABLE VII

DYNAMIC SHEAR MODULI OF H-13 INERT PROPELLANT
AS AFFECTED BY VARIOUS STATIC DISPLACEMENTS'

Static _

Displacement {inches) 0.0217 0.0098 0.0086 0.0017

Frequency )
(Hz) G'{psi
50 1046 986 1076 1001
40 899 837 925 853
30 765 706 798 722
20 652 589 675 594
15 588 523 617 535
10 532 477 554 471

G"{psi)
50 602 557 624 568
40 506 464 524 475
30 393 359 412 368
20 26] 234 271 243
15 195 173 205 177
10 121 . 108 128 107
G*(psi) )

50 1207 1132 1244 1151
40 1032 957 1063 976
30 860 792 898 810
20 702 634 727 642
15 619 551 650 564
10 546 489 569 483

Note: Tested at 70°F and ambient pressure.
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Thiokol also performed additional tests to investigate the
influence of pressure on dynamic response. These test results are
reported in the following section.

The dynamic test results presented in Tables II through VII are

used subsegquently in Section V in the validation of the dynamic

response model.

4.4  PRESSURE EFFECTS

As pointed out in Section 4.3.1 the decrease in moduli of
strained solid propellants is caused primarily by dewetting and subse-
quent void formation. When this voidihg problem occurs, the effect of
hydrostatic pressure is to coi]apse or close the voids and, hence,
nullify the reduction in moduli. When tests are conducted under im~
vosed hydrostatic pressure, t%e pressure serves to suppress the forma-
tion of voids. Thus, no decrease in mbduli is observed until, if at
all, strain Tevels very near the ultimate strain are reached, i.e.,

25% to 40%. under high pressure.

Furthermore, as discussed in Section 4.3.2, the transverse con-
straint provided by the Gottenberg disk specimen produces dynamic
shear modulus results as though some degree of hydrostatic pressure
were present.

In addition to the dynamic shear tests discussed in Section 4.3.3,
Thiokel [2] conducted Gottenberg disk tests on TP-H1123 Tive propeliant
in a pressure vessel at ambient, 500 and 1000 psi by confining pressures.

Their test results are presented in Table VIII. As may be noted, these
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.-.-bL_

Pressure

Frequency
{Hz

50
40
30
20

TABLE VIII

DYNAMIC SHEAR MODULI OF TP-H1123 LIVE
PROPELLANT AS AFFECTED BY PRESSURE

(psi} Ambient 500 1000
G'(psi)

1196 1209 1176 1207 1164 1187 1182 1189 1187
936 995 989 982 989 1000 975 939 1000
826 841 829 826 826 848 816 826 848
678 691 676 671 686 688 680 691 691

G"(psi)
700 709 685 708 698 693 741 695 693
565 571 566 562 566 574 600 566 574
429 437 430 429 429 441 457 429 441
300 305 298 295 303 304 327 305 305
G| {ps1)

1386 1402 1361 1399 1383 1374 1395 1377 1374

1136 1147 1140 1131 1140 1153 1145 1140 1153
931 948 934 931 931 956 936 931 956
741 755 739 733 750 752 755 755 755

Tested at 70°F and at a dynamic displacement of 0.0045 inch peak to. peak.



data are well within the statistical limits established by the ambient
pressure tests previously presented in Section 4.3.3.

Therefore, it is concluded that pressure will have an insignificant
effect on the SRM propellant dynamic response at the static and dynamic

strain levels existing in the shuttle SRM.

4.5 AGING EFFECTS

Solid propeilants, in general, experience changes due to normal
aging during long term storage (see Equations 5,6,23,29,36-38).  However,
in the case of the space shuttle SRM, the planned casting and firing
schedule of the shuttle is such that aging effects will be inconse-
quential, and, hence, need not be included in the propellant dynamic
response model.

If motors are stored longer than six months between casting and
firing, then dynamic tests should be conducted on propeliant the
approprié&e age of the SRM at the time-of firing and these data input
to the dynamic response model to compute appropriate dynamic moduli.

As a rule of thumb, if the time between casting and firing exceeds one
year, provided the dynamic moduli curves versus frequency are only
shifted with aging and not rotated, (i.e., provided the siope n remains

constant) an effective baseline modulus, EO*, can be calculated accord-

ing to

E;* = E, (1+0.21%) (64)

where E0 is the original unaged value and the time, t, is expressed

in years. This relation is based on the observation that propeliants
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typically degrade approximately 10 to 20 percent during the first year
of aging [5,6]. As such, Equation (64) should be approximately valid
for two to three years aging. For longer aging times actual aging test
data should be employed. Past experience indicates that the aging
degradation relation will be a straight line on a log-log plot.

During the first six months following casting of the SRM, the
softening effect due to hydroiytic chain scission in the curing process
apparentily compensates for the hardening effect of oxidative and post-
cure cross-linking since, the modulus is observed to be essentially

unchanged during this period.

4.5.1 General Discussion of Aging of Solid Propellants

SoTlid prope]]%nts experience changes due to normal ‘aging during
long term storage. These chéﬁdes are reflected in changes in the
chemical and physical properties of the propellant and liner-propellant
bond. Unlike the effects of moisture, however, the effects of aging
are irreversible. Most propei]ants typically exhibit between 25 and
50 percent degradation during aging. The discussion here is restricted
to chemorheological aging. Mechanical aging degradation results from
sustained or cyclic applicatibh of 10aés and is normally handled through
cumuiative damage consideratidns.

Several factors are known to influence the aging characteristics
of propellants which in turn affect the shelf-Tife of a solid rocket
motor. The domin;nt aging mechanisms affecting propeilant behavior,

which normally occur simultaneously, are continued post-curing,

oxidative cross-Tinking and polymer chain scission. Additional
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consideration must also be given to surface versus bulk aging charac-
teristics and migration effects. The influence of these factors is
dependent to a greater or Tesser extent upon the propellant polymer
and cure system, cure cycle, cure catalysts, ballistic modifiers and
aging temperature.

Post-cure curative reactions result from the slow continuation
of reactions not driven to completion during the normal cure cycle.
These reactions result in an increase in the propellant modulus due to
the formation of additional network cross-links.

Oxidative cross-linking is primarily a surface phenomenon which
results from free-radical attack at double bonds in the polymer chain
backbone. This mechanism a]sé results in an increase in stress and
decrease in the strain properties of solid propellants.

Chain scission is 1arge1y determined by the cure system and results
in softening of the propellant. This phenomenon, as mentioned before,
is accentuated by the presence of moisture; however, Hydroxy-terminated
(HTPB) and Carboxy-terminated polybutadient (CTPB) propellants fre-
quently display this reversion process during high temperature aging.
Polyurethane propeliants also undergo chain scission during aging due
to splitting of functional linkage.

Distinct differences between the surface and bulk aging charac-
teristics of propellants have been noted primarily due to surface
oxidation of the propeilant. This surface oxidative cross-linking
results inaconsiderably stiffer propellant surface. Surface skin
effects, notably hardening of the grain inner bore, has been observed
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to a depth of one-half inch in some cases. Significant variations in
the aging behavior of propellant aging in sample cartons and propeliant
aged in rocket motors has also been observed. These variations have
been attributed in part to the fact that motors are characteristically
cured at a higher temperature than the oven temperature because of
internal exothermic reactions. Cartons, on the other hand, are cured
at a temperature more nearly equal to the oven temperature.

Migration of soluble species is of major concern at the propellant-
liner-insulation bond interfaces. So1gb1e species such as Tow molecular
weight polymer, burning rate catalysts, plasticizers, mois%ure and
degradation products may migrate across bond interfaces causing both
chemical and physical changes. An exatt relation between ingfedient
migration and the physical and chemical changes is not presently known.
Such a relation is influenced in a complicated manner by time, tempera-
ture, concentration and relative solubility of the migrating species.
The predominant physical effect of ali migratory species is degradation
of the adhesive bond between the Tiner, and propellant or liner and
insulation or case. 1In addition, the propellant and the liner or
insulation may harden or sof%éﬁ either separately or.-jointly. Typically,
migrating species from the propellant into the Tiner or insulation act
as plasticizers causing the i%her or insulation to soften and sweil and
the propellant to harden and shrink resuiting in high localized stresses
and strains at the bond interface as well as, a weakened adhesive bond.
Plasticizer migration from certain elastomeric insulations into the

propellant, on the other hand, normally softens the propellant. In other
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situations, such as a curative imbalance between the Tiner and the pro-
pellant, a hardening of either or both the propellant and the Tiner may
result. Cross migration of other i1ngredients may have similar results
depending on the particular ingredients and concentrations involved.

It suffices to observe that migration 1nvariably degrades the adhesive
bond system.

Migration in composite propellants has been observed to be
particularly critical in CIPB propellants, and for propellants employing
1iquid alkylferrocene bailistic modifiers. Migratory behavior has also
been observed of dioctyl azelate (D0Z) and circo light oil.

The storage or aging temperature influences the rate at which the
above processes occur, the relative severity of degradation, dnd, to a
certain extent, if a given aging mechanism will occur. In general,
increasing the aging temperature accelerates the rate at which degrada-
tion takes place. It is also noied that the degradation in propellant
and Tiner-propellant properties observed during high temperature (accel-
erated) aging is significantly greater than the degradation observed
during ambient temperature aging, ever for prolonged periods of time.
Post-cure curative reaction rates are accelerated by increasing the
storage temperature. In this situation, high temperature aging completes
the normal cure process. Migration rates and the relative degradation
of the Tiner-propellant adhesive bond due to migration are significantly
increased at high temperatures.

Surface hardening due to oxidative cross-linking also appears to
be accentuated at elevated temperatures. On the other hand, propellant

softening due to excess chain scission over continued post-cure
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cross-linking, noticeably absent under ambient temperature storage con-
ditions, has been observed in CTPB, HTPB and polyurethane propellants
during high temperature aging.

For the most part, the processes discussed in the previous para-
graph are de-emphasized under low temperature storage conditions. How-
ever, an alternate problem may be introduced for composite propellants
containing liquid alkylferrocenes which may crystallize during Tow
temperature storage,

In addition to the primarily physical effects discussed previousiy,
aging also affects the ballistic properties of solid propellant grains.
The normal ballistic changes are changes in burn rate, pressure and
temperature sensitivity of burn rate and ignitability caused ‘primarily
by hardening of the propellant and evaporation and migration of volatile
catalysis.

The probliem of contro]]%ng and minimizing aging effects has only
been partially solved by the propellant chemist. The problem facing
the propellant che@ist is that of formuTating complietely stable solid
propellants which undergo insignificant changes in all aging environ;
ments. This goal has effectively been attained only for polybutadient-
acrylnitrile acrylic acid terpolymer (PBAN) propellants, which typically
uﬁdergo about a 25% decrease in strain properties during the first year
of aging and then remain relatively stable thereafter.

Conpinued post-cure cross-1linking is exhibited by all composite
propellants to a greater or lesser extent. One effective means of
controlling post-cure reactions has been %o extend the cure cycle to
assure completion of all normal cure reactions. This technique, although
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effective in minim%zing continued cross-linking during storage, may
frequently result in undesirable, and unacceptable unaged propellant
physical properties. The most desirable method of controiling the
e?fects|of post-cure reactions is to maintain a balance between post-
cure cross-Tinking and chemical scission of polymer chains. For this
situation the aging behavior obtained from conventional aging of bulk
samples is indistinguishable from the unaged properties inasmuch as
polymer chains are broken and new cross-links are formed in an

unstressed state. In a composite solid propellant grain under ambient
storage conditions, the polymer chains that are broken are in a strained
state; however, the new cross-links formed are still in an unstrained
state. Forming new cross-1inks in an unstrained state 1n propellant
which was previously strained de-emphasizes the importance of the effects
of previous loadings. In essence, the propellant has no memory for prior
Toadingé.

Oxidative cross-linking 1s primarily a surface phenomenon which
is suppressed to a certain extent, but not eliminated by the presence
of antioxidants in the propellant prepolymer. This effect is further
minimized by sealing the rocket motor interior in an inert gas environ-
ment.

Migration effects may be reduced to to1er?b1e levels through con-
sideration of the equilibrium concentrations of migrating species and
the use of migration barriers. Primarily, effort has been direcfed
toward the elimination or reduction 0% the degradation of adhesive

bonds attributed to plasticizer migration.
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4.6  EPOXY/CURATIVE RATIO EFFECTS

Chemical effects represent an additional variable, in particular
the epoxy/curative ratio investigated during the program,since the
Thiokol SRM propellant is an epoxy cured PBAN propeliant. It is a
common practice to vary the epoxy/curative ratio to maintain guality
control in large production propellant castings. Usually the stress
relaxation modulus at some fixed time or the strain at maximum stress
in a constant strain rate test [29] is selected as the appropriate
mechanical property governing quality control limits. It 1s alwo known
that epoxy/curative ratio variations affect the dynamic response [13,15].
Therefore, an investigation was carried out to determine the extent
and significance of chemical changes on the SRM propellant dynamic
response.

For the shuttle SRM program, the variable epoxy/curative ratio
is inherent in the manufacturing process for maintaining quality con-
trol over physical properties; hence, the epoxy/curative ratio has no

effect on the dynamic response model.

4.6.7 General Discussion of Epoxy/Curative Ratio Effects

The epoxy/curative ratio in a soiid propellant is very influen-
tial in deterﬁ}ning the value of the dynamic moduli. Ideally, this
ratio is equal to 1.0 in order to provide just enough curative to
guarantee cross-linking of all avaiiable chain ends with none left
over for post-cure reactions nor none deficient possibly leading to

initial undercure and subsequent oxidative hardening.
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The practice at Thiokol/Wasatch however, is to:

1. Determine the functionality of the various polymer
batches making up the PBAN {Polybutadiene acrylic-
acid acrilo-nitrite terpolymer).

2. C(alculate the epoxide-curative ratio so that the
proper amount of curative is .added to achieve the
designated tensile modulus.

3. Use quality control constant rate tension tests
to confirm that the specified value of tensile

modulus is met within acceptable tolerance limits.

4.7 INTERNAL HEAT GENERATION

As noted previously in Section 3.1, a probiem associated with
vibration is that of generating local temperature increases sufficient
to cause either that of generating local temperature increases suffic-
ient to cause either spontaneous ignition of the propellant or severe
mechanical degradation. The rate of energy dissipation into heat for
a- Tinear viscoelastic material is proportional to the freguency of
vibration, material stiffness, (i.e., the real part of the complex
modulus) and the square of the magnitude of the deformation. Thus, the
vibration problem is typically most severe for conventional motors under
the Tow frequency, first resonant mode, at high temperatures. In this
situation the propellant stiffress is a- minimum for vibration conditions,
and the motion of free surfaces {e.g., a starpoint) is greatest,
resutting in maximum energy dissipation into heat. The problem is
further complicated by the characteristically strong temperature
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dependence of propellant mechanical properties. This temperature
dependence makes the energy dissipation very sensitive to temperature
variations so that a continuing periodic forced motion can give rise
to substantial temperature increases.

Typical thermoméchanica% response and heathgeneration for dynamic
double-Tap shear tests of a PBAA propefiant showing the poténtia]
magn%tude of the probiém are presenteé in Figures 7 through 11, taken
from Reference 31.

It is not 1ikely that autoignition or chemomechanical degradation
of the shuttle SRM propeillant will be encountered; however,'temp?rature
increases sufficient to change the viscoelastic dynamic response proper-
ties during vibration could develop for certain vibration modes. An
analysis based on Tongitudinal, through-the-thickness shear vibration
[6] yielded an estimated temperature increase of Tless than 1°K. This
increase is not sufficient to alter the propellant properties signifi-
cantly. (

The shuttle SRM would need a burn and flight time in excess of
10 - 20 minutes before sufficient viscous dissipation could occur to
produce temperature changes sufficient to meaningfully affect the
propeilant dynamic modulus. Hence, it is concluded that internal heat

generation can be negleéted in the SRM propellant dynamic response model.

4.8  DAMAGE EFFECTS

Based upon our extensive studies of the nonlinear permanent
memory behavior of solid propellants over the past few years we were
initially concerned that the response of the SRM prépe11ant could be
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considerably different during vibration if the SRM has previously seen
vibration at a higher frequency analogous to the static behavior of
many propellants at modest strain Tevels (see Equation (33)). In

this situati&n, the propellant stiffness at the Tower freqguency
following previous vibration at a higher frequency could be Tower.
Amplitude changes could also dgive this effect.

Based on subsequent investigations we have concluded, however,
that damage or permanent memory effects are negligible over the domain
of operation of the shuttie SRM.

Strictly speaking, the statement that there are no damage effects
present is not true. The fact that propellant dynamic data +typically )
do not translate into comparable stress relaxation data according to
linear viscoelasticity theory, is one indication of damage effects.
However we are not herein using relaxation data to obtain the dynamic
moduli, but are directly utilizing dynamic tests. Thus, i1f the propel-
tant is "damaged" under a few cycles gggéynamic testing, this fact is
not observable since all data is obtained under steady state dynamic
conditions. Thus, any intrinsic damage is implicit in the moduli
obtained at the various frequencies, strains and temperatures.

Again, as noted in Section 4.3, the strain levels are apparently
sufficiently tow to have no effect; thus, the "cycling" damage is not

observabie.
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V. DEVELOPMENT OF THE SRM PROPELLANT
DYNAMIC RESPONSE MODEL

Based on the arguments of the previous sections it has been con-
cluded that the SRM propellant dynamic response model need only account
for temperature and frequency. The particular model selected, as
noted previously in Section 2.2, is a power law (i.e., straight-Tine

curve on a log-Tog plot of the form
_ n
E = EO (maT) (1)

where E here can represent the real or imaginary part of either the
dynamic tensile or shear modulus, E0 is the modulus at way = 1T and
n 1is the slope on a log E versus log wap plot. The time-~temperature

shift factor was selected to have the form
. -~ Tam
_ R a
T T (T—Ta> (65)

where TR is the reference temperature %o which data at other tempera-

tures is shifted and Ta and m are empirically determined parameters.
Equations (1) and (65) have been incorporated into a computer

program which performs a least-squares curve-fit of laboratory data to

determine the coefficient E0 and the exponent n and/or predict the

dynamic moduli at any frequency arid temperature.
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The following sections describe the rationale for selecting the
model given by Equations (1) and (65), and validation of the model
using UTI-610, TP-H1123 and H-13 propellant data, and a general
discussion of the computer program. A listing, documentation and a

user's manual for the computer program is presented in Appendix B.

5.1 'RATIONALE FOR SELECTION OF THE RESPONSE MODEL
The analysis of Sectioﬁ 4,1 resulted in some very useful expres-
sions interrelating the behavior of Tinear viscoelastic materials under

different test nodes. The expressions of interest to the discussions

here are
o LRI (32)
e=Rt
() = f0dflE, q(u)] (49)
u=iw
Ere1(t) = E ;2; Ek exp(—t/Tk) (50)
E, {wT )2
E'(w) = Eg ¥ ;—% (51)
=11+ (wr)
and (we.)
B, (w
) = 3 e (52)
=11+ (ury)

As pointed out in Section 4.1, Fquation {32) expresses the fact
that for a linear viscoelastic matrial the instantaneous slope of the
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stress-strain curve, in a constant strain rate test with strain rate R,
evaluated at € = Rt, gives the stress relaxation modulus at time, t.

Fquation (49) expresses the Fact that for a linear viscoelastic
material, the complex cynamic modulus is given by the Laplace trans-
form of the relaxation modulus evaluated at iw and multiplied by iw.
Using Equation (49) and the Pirichlet exponential series in Equation
(50) to represent the relaxation modulus, then the storage and loss
components of the complex dynamic modulus are readily determined, as
given by Equations (51) and (52), in terms of the paramcters describ-
ing the relaxation behavior of the material.

The significance of the above comments is that for a lTinear visco-
elastic material any single test is sufficient to uniquely determine
the material response to any other test. Unfortunately, in the case
of solid propeilants, wherea§ the propellant may appear to be Tinear
under any one given test condition, such as constant strain rate,
constant stress, oscillatory stress or strain, attempts at converting
the data to another test condition é;;_§e1dom successful.

Part of the test program carried out at the University of Utah
on UTI-610 propellant for the NASA/Langley facility involved investi-
gating the validity of the relations given by Equation (32) and (49) to
(52). Figure 12 presents the master stress relaxation modulus versus
temperature-reduced time as determined from direct experimental obser-
vations and calculated from Equation (32). Without belaboring the
point, the agreement is quite poor. The errors become even worse when
one carries out the next step of converting the constant strain rate
and relaxation data to dynamic data ag shown in Figure 13 for the

storage modulus in tensionand shear.
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One additional interesting observation from Figure 13 is that the
measured dynamic tensile modulus is very .nearly one-third the measured
dynamic tensile modulus, thus supporting the normal assumption that
propellants behave as incompressibie materials (i.e., v = %—}.

Based on the above observations another representation of the
dynamic moduli was sought. Other expressions used to represent the
relaxation modulus include [5,6] a modified power law

E -E
Epeplt) = Ee+m (66)

where E, is the long-time equiiibrium modulus, E, is the short-time
glassy modulus, T, is a characteristic time taken to be the midpoint
of the transition region from glassy to rubbery response and n is
the slope of the modulus curve through the transition region. Equa-
tion (66), however, while éapabie of representing other polymeric
material behavior does not work well with solid propellants.since it is
extremely difficult to conduct tests dver a short enough or long enough
period of time to- define the glassy and rubbery moduli, respectively.
Most propellants exhibit the behavior shown 1in Figure 12 of a straight-
1ine behavior over many decades of time. Also, Equation (66) is not
well suited for taking the Laplace transform to determine the dynamic
‘moduli; and one would still not expect much better agreement than that
shown in Figure 12.

The relaxation behavior in Figure 12 is easily represented by

the simple power law
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Epep(8) = Ejlt/ap)” (67)

However, this equation is also difficult to Laplace transform for n not
equal to an integer {n typically ranges from 0.1 to 0.3),

A more direct approach based on the observed behavior of E' and
G' in Figure 13 and Thiokol data to be presented subsequently over
the anticipated temperature-reduced frequency of interest to the shuttle
SRM (1 to 1000 Hz) is to utilize the simple power law given by Equation
(1) directly; which is what we have chosen to do.

The efficient utilization of the model given by Equation (1} in
a computer program requires anaiytical specification of the time-
temperature shift function. Several representations are commonly used

to represent a;. The most famous is the WLF equation

.

-8.86 (T-T)
log ap = — (68)
101.6 + (T—Tsl

where the temperature, T is measured in degrees Kelvin. The tempera-

ture, T is approximately equai to the glass transition temperature

Tg + 50°. Equation (68) works well for amorphous polymers for which it

was developed, but does not always fit propellant data very well.
Another representation frequently used in nhmerica] computational

schemes involves approximating the shift-factor curve by piece-wise

Tog-Tinear curves of the form
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Equation (69) is complicated to use with the dynamic response model
selected since more computational time would. be spent in Tocating the
transition temperatures for the straight Tine segments than in evalua-

ting the model.

A better representati;n than either Equation {68) or (69) for
representing the shift-factor for a solid propellant is obtained using
the modified power law representation given by Equation (65).

Figure 14 shows the experimenta1fy determined shift factors
used in generating the curves presented in Figures 12 and 13 compared
with the analytical fit using Equations (68} and {65). The temperature
T, was chosen to be 323°K 1in Equation {68) and the parameters in

Equation (65) were determined to be

TR = 298°K
= =]

Ta ~ 233°K

m = 15.0

Even though the WLF equation, Equation (68) gives results within the
+30 Timits of the experimentally determined shift factor, Egquation
(65) more closely approximates the mean values of the experimental

shfft factor curve.

5.2  VERIFICATION OF THE DYNAMIC RESPONSE MODEL

As mentioned previously, the SRM propellant dynamic model was
validated using test data obtained at Thiokol [2] and at the University
of Utah [3]. Figure 15 presents the real and imaginary parts of the
dynamic shear modulus for TP-H1123 live propellant and H-13 inert

propeliant versus temperature-reduced frequency.
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Fitting the model! given by Eouation (1} to the data presented in
Figures 13 and 15 gave the results presented in Table IX for the '
coefficient E0 and the exponent n.

A comparison of measured dynamic response with calculated moduli
using the model parameters in Table IX is shown in Table X. It is
seen that even though there is considerable experimental data scatter,
the selected model for the SRM propellant dynamic response describes

the behavior very well,

TABLE IX
MODEL PARAMETERS

UTI-610 TP-H1123 H - 13
£ (kN/m7) & 6" & g
{psi) (psi) ({psi) (psi)
E, 7867 420 19 83 15.8
n 0.26 0.58 0.89 0.59 0.9

5.3 COMPUTER PROGRAM FCR THE DYNAMIC RESPONSE MODEL
The SRM propellant dynamic response model given by Equation (1)
was programmed using Standard ANSI FORTRAN IV. Detailed finput instruc-
- tions for the code are provided in Appendix B. A brief general discus-
sion of the program capabilities is described herein.
The use of the code begins by constructing a master dynamic

modulus curve versus temperature-reduced frequency from tests conducted
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TABLE X

COMPARISON OF PREDICTED AND MEASURED DYNAMIC MODULUS

Temperature- UTI-610 TP-H1123 H-13
e E' (ki/m’) 6' (psi) 6" (psi) &' (psi) & (psi)
meas. calc. meas. calc, meas. calc. meas. calc. meas. calc.
6 11,900 12,500 346 339 93.3 93.6 243 238 79 79.2
10 12,900 14,300 452 456 148 148 320 323 126 126
15 14,500 {5,960_ 575 577 216 212 407 410 174 181
20 15,500 17,140 716 682 272 273 484 486 232 234
50 20,000 21,700 1150 1160 617 618 832 835 525 534
100 25,000 26,050 1720 1730 1150 1140 1260 1260 989
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at several temperatures. Data points from this curve are input and a
least-squares curve~fit is carried out to determine the coefficient E0
.and the exponent n 1n the constitutive relation, Equation (1).

The code has the capability of simultaneously curve-fitting the
real and imaginary parts of either the dynamic tensile or dynamic shear
moduTus at different frequencies and a% a different number of points.

If both the real and imaginary part of a modulus are curve-fit then
the 1oss tangent is also calculated,

Simultaneous with the curve-fitt%ng procedure, predictions of
dynamic response for the real and/or imaginary parts of the modulus
can be made at different freqgilencies and different temperatures. In
this case the parameters describing the temperature shift function given
by Equation (65) must be input. The curve-fitting procedure is carried
out in terms of the temperature-reduce& frequency with respect to a
given reference temperature. In making predictions, however, the actual
frequency, at a giyen temperature where the response is desired 1s
input and the temperature shift function calculated according to Equa-
tion (65). '

Finally, as a third alternative if the parameters E0 and n have
been previously detgrmined,' the curve fitting routine 1is by-passed
and predictions directly made.

The code has the output formatted in SI units; however,'it may be
seen from Equations (1) and (65) that the calculations within the code

are independent of the system of limits selected.
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VI.  DYNAMIC SCALING AND COUPLING BETWEEN
MOTOR CASE AND SRM PROPELLANT

6.1 DYNAMIC SCALING LAWS FOR SPACE SHUTTLE SRM

Dynamic tests of 1/8-scale models of the Shuttle External Tank,
Solid Rocket Boosters and the Mated model have been conducted at the
NASA/Langley Research Center t27]. These tests have been concerned
with determination of resonant frequencies and mode shapes and evalua-
tion of the NASTRAN dyramic model. Additional dynamic tests of SRM
segments are planned,. As a tool for the evaluation of the NASTRAN
dynamic model, it 1s not necessary that relations between the SRM model
response and the full-scale shuttlie SRM's be determined. However, if
information from dynamic model tests is to be used to deduce information
about the vibration response of the full-scale or prototype SRM then
appropriate scaling Taws must be developed. For elastic materials
in which the material properties (i.e., Young's modulus, E, and shear
modulus, G) are independent of time or frequency simple geometric
scaling of frequencies or amplitudes is sufficient. However, for visco-
elastic materials with E and G strongly frequency dependent, simple
geometric scaling is usually not valid.

For the viscous damping associated with solid rocket motor vibra-
tion, normalized mode shapes are unaffected by scaling. Therefore, the
discussion that follows is concerned wf%h developing scaling laws relat-
ing the resonant frequency response of the model and the protot&pe.

The ané]ysis considers:
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A. Longitudinal shear vibration of an infinitely long
thick-walled holiow cylinder bonded to a rigid casing
material;

B. Axial vabration of a finite-length composite cylindrical
rod,

€. Bending of a composite cylindrical beam,

D. Torsion of a compoé%te cylindrical rod,

E. Lateral vibration of a star point

Two approaches are commoniy used for determining the relation-
ships between a model and its prototype. T@e conditions of similarity
may be-expressed in wathematical form, using established laws of
structural mechanics, and the principles of simittude rigorously
deduced from them, or the princip]es of similitude may be deduced using
dimensional analysis and the well known “"Buckingham Pi-Theorem." The
latter approach is not dependent upon specific knowledge of the equations
governing the system response, but does reguire that all variables
affecting the system behavior be included.

The first method is generally employved when the equations describ-
ing the system response are known. This approach is followed subse-
guently. The dynamic scaling laws are deduced from appropriate eiastic
formulae by replacing the elastic modulus with the storage modulus or

real component of the viscoelastic modulus written in complex form.

In this situation an 1terative procedure is followed unti] the
calculated frequency agrees with the initial assumed frequency (or by

finding the intersection of curves of modulus versus frequency and
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resonant frequency versus modulus). Stresses and strains, if desired,

may then be calculated using viscoelastic properties at the freguency

of interest.

It is possible to carry out more refined analysis using NASTRAN
or some other structural code; however, in view of the agreement shown
in Section 3.3 between a simpie model analysis and a NASTRAN analysis.,

such refinements are not required and add nothing new beyond the effects

-

discussed herein,

6.1.1 Longitudinal Shear Vibration

We consider the longitudinal shear vibrations of a thick-walled hollow

cylinder bonded to a rigid case as shown in Figure 16.{ [ 1 I rir_ﬁjjffw
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' E Co ! L
& " i
! AT
g % ; P, /v
b g : ’ / "
d i // s 7
] RIGID CASE N ei— -
; =
Y 2 _
g | 4
Propellanf oL L
1 cll 02 83 04 D} OI‘ a oil s e
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where

u]
1l

circular frequency coefficient shown in Figure 17 as

M3 function of a/b
p = density
g = acceleration due to gravity = 386 1'ps2
G'(mn) = real par£ of comnlex shear modulus evaluated at

frequency « -
Letting the superscript, or subscript, m denote model parameters and assuming

Tinear scaling according to

am = ka
b™ = kb
m _

o = p

1 71

Thus, it may be seen that resonant frequencies do not scale directly, but
depend also upon the square-root of the ratio of moduli evaluated at the
appropriate model and prototype resonant frequencies. It may also be noted
that had we attempted to match resonant frequencies in the model and the proto-
type, it would have been necessary to use a full-scale model , as concluded in

the initial IBM study [4].
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6.1.2 Axial Vibration of A Composite Rod

The previous analysis did not consider end-effects.

Finite-length effects

are brought in for the geometry shown in Fiaure 18- which for free-ends has the

resonant frequency equation

w. = n_‘[gACEC " APEI‘J
n  ZL Acpc +Ap

pp
where,
AC = 27ht
A = w(b%-a?)
p
L =.grain length.

Again assuming linear scaling

such that
ah = ka
b™ = kb
L™ = kL
= k1t
m —
o pg
m
= k
Ap Ap
i
AC = kk1AC
then
i n "m
ES lqk]ACEﬁ AR At A,
w k k,Aon K Appp RE.+ ApEp
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Equation (73) can be used to evaluate the scaled frequency response for axial
vibration. However, certain simplifications result if one considers construct-
ing the model with an aluminum case compared to the prototype with a steel

case. In this case

=
1974
9]

and

3
e
0

k]

which gives that ki = 3k, and Equatron (73) reduces to

m = o
W ACEC + ApEp(w )

_n_1 L (74)
w k ACEC + ApEp(mn)
Since E. >> Ep, the sensitivity of the frequency response with Ep can
be investigated by writing Equation (74) in the form
A E (wm)
m 1+ “EEEE_D___
oLl C ¢ (75)
0 k AE (w)
n " QAEE n
¢ c
My _
At one extreme, for Ep(wn) = Ep(wn),
o
n 1
5 - (76)
mn k
which impTies simple direct scaling. At the other extreme, suppose Ep(wﬂ) =10

Ep(wn) which is considerably more stiffening than propellants actually exhibit.
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a = 22.5"
b =76.5"
t = .75"
_ 6 .
Ec = 30 x 10" psi

as representative of the SRB case properties, and Eé(wn) = 3000 as a maximum
expected storage modulus at the frequencies of interest, Equation (75) yields

“‘?=1

T E—(1.021) (77)
or approximately a two percent increase over direct Tinear scaling. It should
be noted that the same resuits are obtained if one uses the same casing mate-
rial in the model and prototype and the same scaling factor as for other length
parameters. However, reducing the case thickness by a factor of 8, for example
for the ]/Sth scale model could Tead to buckling instability problems.

As a more direct example, conside;A%Hé model test resuits obtained at NASA/
Langley [27] and discussed in Section 3.3. For the situation being discussed
herein, they found the first resonant axial mode at 149.7 Hz. Using this
value for mﬁ in Equation (75) and assumihg that the tests were conducted at
a temperature near 25°C (70°F) with E‘(wﬂ) determined to be 28.8 kN/m2 (JTYO
ps1) from Figure 13, the corresponding resonant freguency for the SEM is
determined to be w, = 18.7 Hz where the following parameters, appropriate

to the one~eighth scale 1ift-off configurdtion have been used in the

calculation:
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t. = 0.1875 in

C
a = §£.1875 in
b = 9.5625 in
A, = 11.376 in®
Ay = 167 in?
E, = 10 x 10° psi
K = 0.125

Direct scaling also gives W, = 18.7 Hz indicating that the stiffness of

the propeliant is negligible compared to that of the case.

6.1.3 Beam Bending Vibration

Consider the bending of a composite cyTindrical beam as’'shown in

Figure 18.

¢ o
i l b e
8

b
c
- t=c-b
1
CASE 11 c n

PROPELLANT " p ™

Fig. 18 Beam Bending Model

The resonant frequency,

. 3
i+ 1S given by

pe]

- .n it EI
wn - F ?J"—g (78)

-109-



where An is a parameter which depends on end conditions as shown in Table XI

and
An
End Cond~—— | 1 [ 2 |3
CANTILEVER 0.561 | 3.57| 982
EI = (EI)p + (EI)C PINNED-PINNED[2 57 | 6.29 [ 14 15
FIXED -FIXED 357 | 982 (19.26
AP+ A0 FREE-FREE - [3.57 | 982 |19.26
o =
Ac * Ap Table XI. End Condition Parameter
where
=T 4 4
Ip =7 {(b'-a")
B P Y T VIR
IC_E C-b)—'lTbt
AC = ﬁ(cz-bz) ¥ 2ubt
Ap = ﬂ(bz—az)

Assuming Tlinear scaling aqain such that

a = ka
b™ = kb
L™ = kL
" =kt
pg = 0,

It follows that

M = k41p
I = kKT,
A = KA
AT = Kk kg,
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4 3
Ip + k kT

o
m
—

St

=
i

1 UK m
= Ep(wn) E.I.

3 | m
k [kEp(mn)Ip + k-I ECICJ {79)

m
L k]ACpC + k Appp
k1Ac + kA

(80)
p

If we again consider the prototype case material to be steel and the

model to be aluminum, it again follows that k1 = 3k, p? = pc/3, E@ = EC/3
and Equations (79) and (80) reduce to
m_ AL M

(EI)" = k [Ep(mn)lp + ECIC] (81)
and

m

p =p
Then,

i AP

Eb. _ EP(wn) tEI . (82)

W Ep(wn) + EC Ic

. Co My e
on the frequency response under bending, and therefore, E p(wn) = Ep(wn)

so that Equation (82} gives mﬁ = W
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6.1.4 Torsional Vibrations

We consider the torsional oscillations of a thick-walled, finite-length,
hollow cylinder bonded to a thin elastic casing. The resonant frequency

response is given by

w = D.E M . /_H_.._._E_C (83)
n L 0y % RN

where Ic and Ip are as given before.

Again assuming

a = ka
b™ = kb
M= ke
mo_
t_k]t
ol =
p p

it follows that

W }G 6! (u}] o 1
L%”l CGw "# %/ CC (84)

+ k k1p
Again, selecting aluminum as the model case material, with Gm G /3 and
ky = 3k, Equation (84) reduces to
m 7 m
Gy oL 1 g Splen) (85)
w k Gp ©
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6.1.5 Lateral Vibration of A Star Point

The geometry for the lateral vibration of a star point is shown in

Figure 19. The analysis treats the star-point as a cantilevered beam. The

first resonant fregquency is given by

E'(w;)g
w = 0.488 2 ¢f ~ 177 (86)
1 : 2 p
L
For linear scaling, 7]

e
3
n
-~
—r

/

Pl =0 /
e

Rigid
Theref i i
erefore Fig. 18. Star Point Model

1
v, ¥ E'{w (87)

The lateral vibration of & star point gives riseto the only reasonable
situation where a temperature risedue to sustained vibration may be of concern.

The adiabatic temperature rise rate at the first resonance is given by

d_e_ ] §— (ZTF(B])BD IO- |2
dt 8 E'Ew}ic max
with
il
N A R
max = Pp s
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where a stress concentration factor of 2.0 is assumed at the base corner and

Cn
1t

propellant loss tangent

g
1]

propellant specific heat

acceleration in g¢g's.

=
I

From Equations (88) and (89)

2

(do/dt), " Erley) gy (90)
(d6/ct) E Wl En ol

where use has been made of the relation

max " g
. T kw w (97)
max B

Q

6.1.6 Summary of Scaling Laws

Scaling laws have been presented for the primary modes of vibration of
the shuttle solid rocket boosters. These equations are obtained from the
equivalent elastic formulae by.substituting the tensile or shear storage
modulus at an assumed frequency of interest for the elastic moduli. In
practice it is usually necessary to interate until the calculated frequencies
agree with the assumed frequency. Only two or three iterations are usually
required.

It can be seen, that in contrast to elastic structures with frequency

independent properties, relations between resonant frequencies of the model
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and prototype may 1n principle, depend also on the respective propellant
storage moduli; particularly under shearing type Toading conditions, However,
as a practical matter as 111u§trated in the previous section, this stiffen-
ness of the propeilant is negligible compared to the case stiffness.

As a practical matter, it may also be seen that certain simplifications
in the scaling laws result when aluminum is selected for the casing material
of the model in place of the steel in the prototype due to ngar1y constant
relations between E,"G and p for steel and aluminum. The use of aluminum as
the model case material allows a thicker case than would be allowed from
direct scaling of steel. For example, for 1/8-scale models such as those
tested at NASA, Langley Research Center, the aluminum case thickness could be
.375t or approximately 0.28" compared with 0.094" for direct linear scaling.
Fu;thermore, it would seem that a 1/10 or 1/12 scale model would be the
practical 1imit to prevent buckling instability and keep resonant frequencies

th-sca]e

of the model in an easi]j measurdhie range. For example, for a 1/10
model with a variation of, say 2, in the storage modulus in the frequency range
of interest, the resonant frequency of the model would be aboul 14 times the
resonant frequency of the prototype. This would seem to be a practical

1imit of readily available dynamic recording equipment.

6.2 COUPLING BETWEEN THE SRM PROPELLANT AND MOTOR CASE

it has been mentioned several times previously that in the vibration
of solid rocket motors the propellant provides all of the mass and the motor
case provides all of the stiffness. This fact was illustrated for the one-
eighth scale model tests in the previous sections. With regard to the full-
scale SRM, the equations of Section 6.1 can be used to reach the same conclu-

sion by specializing the propellant modulus to zero and comparing the results
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obtained to the situation where they are taken to be non-zero. For example,

in the case of Tongitudinal composite-rod vibration, Equation (72) becomes

AE
w = 5 g €< (92)
n 2L A + A
pPp T cPe

Using the following properties [4]

g = 386 ips

L = 1200 in

A, = 222 in

E, = 28 x 10° psi
Ay = 14,358 in®
o, = 0.28 Tb/in’
p, = 0.064 Tb/1n°

Equation (92} then yields w; = 20.604 Hz. ﬁsing Equation (72) with E Yw) =
2510 from Figure 13, gives Wy = 20.664 Hz, a negligible difference.

Similar results are obtained for the s%hp]e beam bending model in
Equation (78).

Thus,coupling between the case and propellant is nonconsequential.
The case will provide stiffness and the propellant will provide the mass

and damping characteristics.

-116-



YII. CONCLUSIONS AND RECOMMENDATIONS

7.1 CONCiUSIONS

Based on an extensive literature survey it has been determined that
the only significant variables that need to be included in a dynamic
constitutive relation for the shuttle are frequency and temperature.
The possible effects of humidity Tevel, sﬁatic and dynamic, strain level,
hydrostatic pressure, aging, epoxy/curative ratio, internal heat genera-
tion and damage or permanent memory effects were investigated and found
to be 1inconsequential for the shuttle SRM.

Accordingly, experimental test data on PBAN propellants [2?3] related
to the SRM propellant were used to generate the dynamic response model in

the form of a simple power law,

E'(w) = E' (waT)n
E"(w) = E" (waT)n
G'(w) = G, (waT)n
"(w) = 6" (waT)n

L]

Temperature is accounted for through the fime—temperature shift factor

which was taken in the modified power law form

L (TR - T \m
T T-T,
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A computer program was written for curve-fitting laboratory dynamic
test data to determine the parameters of the constitutive model and for
predicting dynamic moduli at any desired %requenc& and temperature.

Additional studies were conducted to investigate scaling laws anc
coupling between the SRM propeliant and the motor case. Certain advantages
are obtained if scale models of the SRM iise aluminum for the case material.
Even so, 1t seems that a one-tenth scale model is about the practical
1imit for scaling.

Due to the fact that the SRM motor case is solmuch.stiffer than the
propellant and the propeliant mass so much greater than the case, the case
provides ovgra11 stiffness to the system and the propellant the mass and
damping characteristics. This fact results in the resonant frequencies
between a scaled SRM and the prototype SRM being approximately equal.

Near propellant burn-out, the vibration characteristics are dominated

by the case.

7.2  RECOMMENDATIONS
WhiTe the results of this study have produced a workable dynamic
model which includes all of the pertinent vériab]es affecting the dynamic
response of the shuttle SRM propellant, there are still several aspects
relating to the dynamic response apd structural integrity of theESRM
which remain to bg investigated.
With regard to the propellant, these include:
A. Development of correlation between static test and
dynamic fest properties for the SRM propeliant since
routine static testing will be conducted to maintain
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quality control of production propellant castings
and not dynamic tests.

B. Extend SRM propeliant dynamic model to a probabilis-
tic model in order to assess the inherent stochastic

variations of propellant properties.

With regard to the overall SRM vehigle dynamics, additional work
necessary includes:
A. Development of a s{mp]e Tumped-mass model of the
SRM for input to the external tank dynamic studies.
B. Evaluation of material property grgdieﬁts through-
out propeilant web,due to temperature gradignts,on

the dynamic response of the SRM.

In addition, there should be continuous and independent assessment
of material property test results and structural intégrity investigations
to insure that the most appropriate material properties are used in
structural‘analyses, to assess gnj potential degradation of material proper-
ties, and to provide assistance should unforeseen structural problems arise

related to the SRM propellant grain.
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This 1iterature search has been conducted with the objectives of
identifying (1) the pertinent variables which influence the dynamic
viscoelastic response of solid propellants, (2) appropriate representa-
tions for dynamic response of solid oropeliants, and (3) appropriate
analysis tools and techniques for analysis of the dynamic response of
Solid Propellant Rocket Motors.

For convenience the Titerature has been divided into four categories:

1. Dynamic Viscoelastic Characterization

2 Dynamic Analysis

3. Representation of Dynamic Properties and Theoretical

Developments

4. Thermomechanical Coupling
Abstracts are numbered sequentially within each section and an author
index is provided for easy cross-referencing.

No attempt has been made to provide-a—comprehensive Titerature
search of all aspects of the dynamics or vibration of structures, Rather,
attention has been deliberately specialized to the dynamics of solid
propellant rocket motors and dynamic viscoelasticity as applied to solid
propellants only. Thus, references to literature of a more general nature
are kept to a minimum.

The specific format for presentation of the literature survey was
chosen to aliow easy updating of the reference material from time to time

in the future.
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1-001 "Dynamac Mechanical Properties of Solid
Propellants,” Quarterly Technical Summary
Report, feor perlod 1 Aptil 1962 - 30 lune
1962, Arlantic Research Carporation,
Alexandria, Virginia, (ARPA Order No 22-61,
Project Code Mo 009-06-00!, Contract No
NOw 61-1054-C), July 30, 1962,

Measuremenrs of the two components of dynamic shear
corpliance of the following propellants are reported  PBAN
propellant, TP-H-1001, at 64.6°C and af room temperature,
PBAA propellant, "Propellant D", at 35 1°C, and polyurethane
propellant, AEBA-10, at room temperature

Preliminary measurements ladicate that the amount of
compregsion applied to the sample to keep it from slipping
in the sample holder may have a significant effect on the

s cempliance
A& second thirty=five pound trial batch of 1P-#-1001 was
omined Delivery of the high-pressure enclosme has been
dekayed huc..lusu.- the first «istiog of the «holl did net meet

spreificarions regarding magnetic propertaes

1-002

"Dynamic Mechanical Properties of Solid
Propellants," Quarterly Technical Summary
Report,,for perrod 1 July 1962 - 30 September
1962, Atlantié.Rcscn?ch Corporation,
Alexandria, Virginia, (ARPA Drder Ho 22-61,
Project Code No 004-06-001, Contract No
NOw 61-1054-C), October 30, 1962
Heasurements of the dynamic shear compliance of a poly-
urethane propellant, AEBA-10, are reported for approximate
intervals of ten degrees centigrade from -15°C to +65°C
The data appear inconsistent, particularly above room
temperature, and additional investigatlon is required.

.

I1-003 "Dynamt¢ Mecharical Properties of Solid Propel-
lants. Quarterly Technical Summary Report,
1 October 1942 - 31 December 1962." Atlantic
Research Corporation, Alesandria, Virgmia,
ARPA Order No 22-61, Contract NOw 61-1054-C,
December 31, 1962
" Measurements of the dynamnie shear compliance of a poly-
anrethane propellant, ACBA-10, are reported for tempera-
wre intervals oftapproxumately ten degrecs centigrade from
125°C to +65°C  ‘lhe humidity wavironment was moze
losely controlled and monttored during these measurements
w determine 1f the molsture content of the samplus was a
contributing fuctor m some of the inconsistencies previously
ported
EE

"Dynamic Mechanical Properties of Solid

&)
& &p_oo4

Propellants,” Quarterly Technical Summary

IS

= Report, for period 1 Janmvary 1963 - 31 March
1963, Atlantic Research Corporatien,
Alexandria, Virginia, (ARPA Order Neo. 22-61,
Project Code No 009-06~001, Contract No
NOw 61-1054-C), Hay 10, 1963.

]

MERODUCIBIL
[CINAL PAG

I

Heasurements of the two components of the complex
dynamlc shear compliance of a polyurethane propellant, AFBA~
10, are reported for approsimate temperature jptervals of Lin
degrees contigrade from -15 to +65  ihese meisurcmenkts
represent a duplication of some of the previous work nulng
new samples of the same material previously measured., The
cbjective here was to resolve some of the inconsistencies

previpusly reporced

I-005 “Iymamic Mechanical Properties of Solid Pro-
pellants - Final Su}nmarv Report 32 June 1961
- 31 July 1963" Atdantic Research Corpora-
_ tron, Alexandna, Virginia, Janwary 15, 19641
This repott summarizes the work performed under Con-
tract No NQOw 61-1054-C concirned with the muedsurement
of cuitain dynamic mechumeal propet tics of sohid propoi-
lants
The abiective of this proepéom was o deflne the dynamic
shear properties of sclected propellants at frequencies be-
tween 25 cps and 2, 000 ¢ps at temperature of -50°C to 75°C*
and at pressures up te |, 000 psig .
Measurements are conducted wvath a Fitzgerald Apparatus
whach apphes a sinusoi1dal shear stress and shear stramn to
4 comn-size sample of propellant Continuous smooth curves
depicuing comphance of propellants having a hydrocarbon
bindur and a polyurcthane binder as a function of frequency
and temperature have been constructed .
Cure trme of the hydrocarbon-type propellant was found to
wfluence commpliance measurements Propellant curcd
under representative conditions of actual gramns continued
to change with time, particutarly as the temperature was
raised through a sequence of measurcments Propellant
cured for lenger lengths of time was stabilized, as eva-
“denced by the approximate duplication of properties at
ambient temperature at the beginmng 2nd end of a test
sertes, Small changes in moisture content were shown to
cifcet the comphiance  Increasing static compressive stram
normal to the shear plare appeared to decrease comphance
muarkedly  Atternpts to apply the method of reduced varna-

bles to these data have not been successiul

1-006 "Dynamic Mechanical Properties of Solid
Propellaata - Quarterly Technical Summary
Roport No, 2, 1 March 1964 to 31 May 19641,
¢ Atlantic Research Corporation, Alexandria,
Virginia, July 1954
The calibration of the Fitzgerald Apparatua at amblent angd,
clevated temperatures was completed, Dynamic shear mod-
ulug measurements were made on a new bateh ot the poly-
urethane propellant in order to determmne the degree of
mmmlarity between this batch and the previous batch on which
the basic data ware obtained. Data have been obtained show-
ing the cffects of hyurostatic pressure and accelerated aping
on dynamic shear modulus of a polyurethane propelland, Sam-
ples of two propellants have been placed in constant humdity
atmospheres for conditroning prior to studying the effect of
absorbed molisture on the dynamie shear modulus,



I—007 Robinson, C. N.: "Dynamlec Mechanlcal
Properties of Solid Propellants - Quarterly
Technlcal Summary Report No, 3, 1 June
1964 - 31 August 1964." Atlantic Research
Corporation, Alexandria, virginia, October
1964,
Problems in the Fltzgerald Apparatus temperature monltor-
ing system havez been ellminated and the earlier data cor-
rected to reflect the effect of these changes. Dymamle
ghear modulus measurements were made on a new batch of
the TPH-1001 PBAN propellant, Gomparisons of these
data with resulis from an earlier batch indicate a algniflcant
difference between the mixes. Dynamic shear modulus data
have also beon obtained showing the effects of accelerated
aging on the TPH-1001 propellant and the effect of moisture
on the AEHA-10 propellant.

I-008 Robinson, C. N "lynamnce Mechameal
Properties of Solid/Propellants’, TR-
PL-6313-01, Annual lechmcal Summary
Report for period of 27 November 1963 to
26 November 1964, Atlanuc Rescarch
Corporation, Alexandria, Virginta, Apr:l
19635,

The objective of this program 1s the conttnued measure-
menl of the complex dynamtc shiar properites of a PEAN
and a polyurethane propellant system as a funchion of fre-
quency The Fitzgerald Apparatus (s the prunary expet -
imental tool for this study Measurcements have been made
ndicating the effects of temperature, pressure, aging and
humidity on the dynamic properties of these propellants

Data have been obtained showing the cffect of tempera-
ture on the dynamtc properties of now batches of both the
PBAN and PU propellants These resulls appear to be ton-
sistent with the prediction of the WL¥ Time-Temperature
superpogibion principle However, while the data for the
pelyurethane propellant were in uxcellent agreement with
earhier resules, the data fur the PDAN propoilent wore
sigmficanily differen: from previously obiained rogults
The reason for this discrepancy 1s nol apparent

Data obtamed on the polyurethane propellant at pres-
sures up to 1000 psig have wdicated ne etfect of hydrostatie
pressure on dynamic shear properties. Ihis resuli 1s con~
sistent with thecoretical considerations

The results of short-term accelerated agwng at 65°C
indicate only miner changes in dynamic shear properuies of
both propellants. These results are 1n general agreement
with data published by others concerming the aging charac-
teristics of these propellants

Experimental datr have also been obtained ghowing the
effect of moisture content on the dynarme properties of both
propellant systems .\ccording to these results, the poly-
urethane propellant showed the more pronounced effects of
moisture The effects of moisiure on the PBAN propellant
were not as pronounced and less sharply defined  These
results are also 1n good agreement wilh data reported else-

where for the propellant systemn

I‘(“}g Robinson, C. N , Graham, P H . ™Dynamic
Michanictl Propertices of Solld Propel~
lants," Quarterly Techaical Summary
Repott, L lpe to 3 August, 1965,

Atlantle Rescarch Corporation, Alexand:ia,
Virginia, 1965.

The dynamic mechanical properties of TPH-1001 PEAN bin-
der have been determined over a range of frequency and tem-
perature in the Fitzgerald apparatus A comparison between
interconverted tensile data reported previously and curreat
measurements reduced to a common reference temperature shows
substantial agr¢oment between prediction and experiment,

A (TPB propellant and binder system has been sclected
for continmation studies and the embedded gage fnvestigation,
This propellant has been characterized in the uniaxlal tension
test over a broad range of temperatures and straining iates
and the binder has been Lested in the Fitzgerald apparatus
The resulee ave proaented in tabular fere and praphile plots,

The mtrthed similitity in behavior for both the CTPB and
PBAN Formulations 1s discussed and difficulties inherent in
the definition of a reference temperature are described.

A composite double~-base formulation, Arcocel 322, has
been characterized in the Fitzgerlad apparatus The experi-
mental data superposes smeoothly with WLF a
for a T_ of 299K

7 va lues computed

I_,D]O Robipgson, C,N,, Graham, P.M.* "Dynamie
Mechanical Yropertics of Solid Propel-
Innes,” TR=UL=-9294, Finnl Technical
Supmary Report 27 November 1963 to 26 Wo-
venber 1965, Atlantic Research Coip.,
Ale¢xandria, Virginia, 1947.

The objective of this program has been the measurement
of the tomplex dynamics shear properties of geveral propel-
lants and propetlant binders. Several attempts have been
mule to predict dynamie shear properties based on tha futer-
canversfon of wvniariil tensite daca using Atlantic Research
Corparation develaped compuler programs. The uniaxisl
tonsale data were obtained over 1 broad range of straln rates
and temperatures  Dynamie daca and uniaxlal tengile dnen are
presented to show the effects of mofsture and necelerared 8-
g on theve propertiest

I-011  Tschoegl, N. W., Smith, J. R.; Smath, T. L *
"Visupelastic Propertles of Solid Propellants and
Propellant Binders " Quarterly Technical Sum-
mary Report No 2, Stanford Research Ingtitute,
Menlo Park, Callfornia, February 15, 1964,

Improvements have been made In the degipn and cperation of

the low frequency dynamic shear tester, Special techniques

have been evaluated for determining precisely the phase
angle between the appllied displacement and the resultant
force In addition, theoreucal work was directed toward
determining the manner in which the specimen shape-factor
depends on the laterally applied compressive force.

A complete description is gi¥en6fa dynamic bulk comprea-

sibility apparatus and of the calibration and evaluating work

done to date,
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Tschoegl, N. W., Srmith, J. R., Smmth,

T L "5 coelastic Properties of Solad

i-012

Propellants and Propellant Binders®,
Quarterly Techmcal Summaly Report
(Report Mo. 2 for Contract Period)(Report
No. 14 of Series}), Stanford Research
Institute, Menlo Park, Califormea, for per-
10d December 16, 1964 to March 15, 1965
Studies supplementary to the determination of the dyna~
mic shear modulus are reported. The effect of:specimen
geometry and the magnitude of shear strain on the dynamic
medulus of polyurethane propellant AEBA-10 was studied.
A method was worked out to correct measurements to the
same level of shear strain to allow a direct comparison
under all experimenial gopditions An evaluation of the
differential lLissajous method for determining small pi‘xase
angles has shown that, at frequencies as low as 0 05 ¢ps,
a phase angle of the order of a {ew thousandths of a radian
can be measured with good precision  An evaluation was
made of the static compressibility apparatus by determining
the compressibility of dioctylsebacate at 25 and 50°C and =+

pregsures up to 2000 psi. The reesults are in excellent
agreement with reported data Factors that influence the
reproducibility of data obtained with the dynamic compres- .

aibility apparatus have been wnvestigated,

I-013 Tschoegl, N W, Smith, J. R.: "Viscoelastic
Properties of Solid Propellants and Propellant
' SRI Project FRU-5174, Quarcerly

Technical Summary Report {Report Ho 3 for

Binders,’

Contract Period, Report Ne 15 for Serles)

for period March 16 to June 15, 1965, Stanford
Research Institute, Menlo Park, California,
{Contract No., NOw 65-0061-d}, 1965,

Daca were obtained on the dependence of the shear moduli
of a polyurethane prepellant orn shear strain at different
frequencies and temperatures, and on the time of storage at
low temperatures The propellant was then tested in the
dynamic shear tester over extended ranges of temperature and

frequency. The data are presented In graphical form

1-014

Smith, Thor L., Smith, James R ,

Tscheegl, Nicholas ¥ '"Wiscoelastic
Properties of Solid Propellants and Pro-
pellant Binders," Final Technical Sum-
mary Report, 1 July 1961 to 15 April
1966, Stanford Research Institute, Menlo
Park, California, April 15, 1966.

This filnal report presenls the results of a four-year
tegearch program on the nechenical properties of solid pro-
pellants and unfilled elastomers Studies were made of
(1) dynamic shear properties; {(2) dependence of zpecific
volpme on pressure, température. and time; and (3) tensile
properties at constant strain rates

The stordge and loss moduli of a polyurethanre propel-
lant were determined at frequencies between 0 06 and 25 cps

and at temperatures between -40 and 6000. data at different

A-6

1-016

temperatures could be precisely superposed to yleld compe-
gite curvaes In addition, the influence of specimen geom-
etry, lateral compression, and shear strain on.the dynamic
moduli of the propellant and of an unfilled styrene-butadiene
rubber was investigated

The static bulk compressibility of pelyurethane propel-
:{:mts con‘t:aining 70% and BOX selids was determined at Eem-
peratures between about -43 to 45°C and at pressures up to
sbout 1500 psi, and the dynamie compressibility of the 30X
solids propellant was studied between -30 and 45°¢ at static
pressures from 300 to 2000 psi. The storage compressibility
at Frequencics between 0 5 and 100 eps was sensibly inde-
pendent of both Ffrequency and pressure, Its temperature de—
pendence was essentially the same as that for the static
compressibility The loss compressibility was estimated to
be quite small The influence of moisture on the glass tem—
perature, Tg’ of a polyurethana propellant was briefly
investigated as well as the effect of time and pressure on
the TL of an unfitled polyurethane .polvmer

Stress-strain dita obialned on a polyurethane propel~
lant in uniaxial tension at variouy extension rates and tem—
peratures were analyzed to obtain the constant straln rxate
rodulus  From these data, the storage and loss dynamic

moduli were computed.

I-015 Cantey, D.* "Solid Propellant Structural
Integrity Investigations, Dynamilc Response
and Fallure Mechanisms." RTD-TDR-£3-113,
Lockheed Propulsion Company, Redlands,
California, December 6, 1963,

The program cffort is divided into two phases. Phase ]
covers dynamic response in selld propellants, Effort during

the reporting period was directed toward theoretical reso~

lutlion of experlimental data obtained durlng the flrat three
quarters of the program and on systematic collection of
additional propsllant physical property data, Transient and
dynamlc viscoelastic behavior of additlonal propellant for-
mulations was determlincd, equivalence of transient and
periodic propellant characterization wes investigated, and
dielectric investigation of binder polymers and curing
effect waa carricd out,

Fitzgerald, T E + "“Solhid Propellant Structural
Integrity Investigations. Dynamic. Responae
and Failure Mechanisms " Rescarch Status
Report No 12 for 21 October-20 November
1963, Lockheed Propulsion Company, Redlands,
, Californta, December 12, 1963,

Measurement of stnusoidal viscoelastic modul: has been
cotnploted for Poiycarbutene-R propellant &t temperatures
from -45°F to +138°F  Good agreement has been obtained
between dymamic modull calculated from shear stressg
relaxation and directly measurced shear dynamic modul: for
the same sample Stress relaxation characterizalion has
been completed for the Polycarbutene-R cross-link density
and rceast oxidizer particle size formulation variations

Significant variatiory 18 xelaxatton response are obverved
for the cxoss-link density variations,
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Fitaperald, j,E.- "Selad Piopellant Structural
Integrity Investigations. Dynamic Response
and Failure Mechanisms Research Contract
Status Report No 11 for 21 November-20 De-
cember 1963,’ Lockheed Propulsion Company,
Recﬁands, Califorma, January 8, 1964,
Progress 18 reported in the Investigation of dynamie re-
sponse behavior of composite propellants, and in the study
ef the mechanism of propellant rupture. Also reported 1s
progress in the general areas of fimte deformation study,
vibration mode analysis for case-bonded viscoelastic

grains under 1sothermal and nontsothermal steady state

thermal field conditions, and dynamic heat generation 1n
vigcoelastic materials

Cantey, D. "Solid Propellant Structural Integ-
rity Investigations Dynamac Response and
Failure Mechanisms, " Final Technical Docu-
mentary Report No RPL.TDR 64-32, vol 1,
Lockheed Propulsion Company, Rediands, Cal-
iforma, April 17, 1964, LPC Report 518F

This document presents the results and conclusions of a

1-018

theoretical and experimental research Program to correlate
mechanical response and failure in solid proepellants with
basie materlal structural characteristics,
concentrated on the study of propellant dynamic physical
properties and structural faslure phenomena Major empha-~
518 1n the program, directed at the complementary problems
of propellant viscoelastic properties and failure mechanisms
together with examination of the effects of propellant binder
and fillex phyaical characteristics on these general aspacts
of its behavior, 13 reported upon, Measurements of visco-
elastic properties of various propellants using transieny
techniques are demonstrated and results are presented

Investigation of preopellant viscoelaatic properties in dynam-
fc shear is also discussed.

I-~019 Cantey, D. E. "Solid Propellant Structurai

—————— - Inlegrity Investigations Dynamic Response
and Failure Mechamsms " LPC Report No
667-Q-1, Technical Documentary Report Nao,
AFRPL-TR-64-148, Volume 1, Lockheed
Propulsion Company, Redlands, California,

.

The results of an investigation of viscoelastic and fail-
ure properties of highly filled PBAA and PBAN propellants
2s a function of golids loading are reported. The tempera-
ture rise mn shear specimens under constant large ampli-
tude dynamrc stramns was investigated and compared with
analytical predictions, The theory of thermomechanical
effects 13 extended to include inertia loading and stationary
random loading conditions, Initral results obtained from
pilezoelectrical test devices for measuring dynamac bulk and

shear properties of propellants are reported.

A-7

The program was

Cantuy, D. E
Integrity Investigations Dynamic Response
nad Failure Mechamsms, " LPC Report No

"Solid Propellant Structural

1-020

667-Q-2, Technical Documentary Report No
AFRPL-TR-65-20, Lockheed Propulsion
Comypany, Redlands, Califorma, 15 January
1965,
The results of an mvestigation of viscoclastic and {ailure
properties of highly Millcd PRAA and PHAN propollants as
& fnction of selids loading are reported. Faslure surltce
study results are reported, and the results of a himited
study of the relationship between crack propagation velocity
and propellant physical characteristies are discusscd
Propellant dynaniic shear and bulk properties were investi-
gated with small deformation priezoelectric devices An
experymental investigation of propellant thermomechan:cal
reaponse to sustained cychic mnertial loading was completed,
and the regulls n agretment with the oty are preseanted,
Also discussed are experimentzl investigations of transient
thermuviscoelastic response of propellant under constant

cyche strain ampluvde and 1nertial loading

I-021 Ferry, I. D., Fitzgerald, E. R., Grandine, L.

- D., Willlams, M L. ¢Temperature Dependence
of Dynamic FProperties of Elastomers, Relaxation
Mistributions.™ JIndustrial and Engineering Chem-
-1satry, Vol 44, No 4, .er\prll 1952, pp. 703-706.

By the use of reduced variables, the temperature dependence
and frequency dependence of dynamic mechamcal properties
of rubberlike materials can be interrelated without any ar-
bitrary assumptions about the functional form of either, The
defimitions of the reduced variables are based on some sim-
pl* assumptions regarding the nature of relaxation process=-
ex, The rcal part of the reduced dynamc rigidity, plotted
against the reduced frequency, gives a single composite
curve for data over wide ranges of frequency and tempera-
ture, this 18 true also for the :maginary part of the rigidity
or the dynamic viscosity, The real and tmaginary parts of
the rigrdity, although independent measurements, are intexr-
related through the distribution function of relaxation trmes,
and this relation provides a check on experimental results,
First and second approximation methods of calculating the
distribution function from dynamic data are given. The use
of the distribution function to predict various types of tame~-

dependent mechamcal behavior 15 1llustrated,

1_022 Lee, E. H., Bland, D. R. "The Analysis of
Dynamic Tests of Visco-Elastic Materiala "

i Technical Report No 7, Brown University, PA-
TR/7, June 1954, Contract Nord 11496

In this report methods of analysis of dymamic tests of visco-

elastic materials are examined., It 1s shown that it 18 im-

portant to develop the analysis on the basis of a general

strese~strain relation, since the particular form of the re-

lation for the material under test i3 not known in advance,
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and any arbitrary assumption about 1t may lead to contra
dictions Such a general method of analysis is discussed
for a simple longitudinal stress test, "and for the vibrating
reed test  Refevenceg to the published literature indlcate
that such contradictions appear in currently accepted anal-
yses, and their influence 13 detailed

In seekeng a vigco-elastic model of springs and dashpots to
represent the behaviour of the material, the method pre-
sented separates the analyasis of the test regults from the
determination of the appropriate model

1‘023 Bland, D, R.; Lee, E. H.. "Calculation of the

R Complex Modulus of Linear Viscoelastic Mater-
ials from Vibrating Reed Measurvments "
Journal of Applied Physlcs, Vol 26, No, 12,
1497-1503.

Two methods of determining the variation of real and com-

December 1955, pp

plex modulus with frequency from vibrating reed test re-
sults are detalled, One 13 based on measurements of the
relative amplitude and phase lag of the motlon of the iree
and driven ends of the reed, the other on amplitude reso-
nance measurements only The analysis is based on a gen-
eral lnear viscoelastic law, and takes into account the
influence of the frequency dependent modull of the material
on the frequency and amplitude of the resonance peaks, This
influence has not been correctly accounted for in previoua
analyses which have included the assumption that the mater-
fal bzhaves a<cording to a particular, simple viscoelaatic
law, which will 1 general not be borne out by the final re-
sulis,

The method 15 applied to a serles of tests  For the material
and frequency range uped the Imaginary part of the complex
modulus was small compared with the real part, and the in-
fluence mentioned in the foregoing was small. A simpler
methed of analysis might thus be justified, but in other cas-
eg 1t will be necessary to carry out the complete analysis in

order to obtaln a satisfactory Interpretation of teat reaults:

1-024 mBerbow, 7. 7 - "The Determlination of Dymamie
Moduh and Internal Friction of High FPolymers
from Creep Measurements." Proc Phys, Soc
B, Vol 69, 1956, pp. 8B5-892

An account 15 given o{ the use of Fourier analysis to trans-

form creep meagurements to dynamic quantities with speci-

fic reference to some measurements made on polythene

The method s based on a technique deacribed by Roesler,
but additlonal theory ls given which eliminates the necessity
of determining the retardation spectrum explicitly. Using
the derived dynamic quantitlesd as a standard it 13 shown that
more approximate methods provide sufficlently accurate
transformations for many practical purposes if the retarda-
tion spectrum of the material is very flat.

A-8

Jones, I W "Viscoelastic Characterization

of Solid Propellants by Transtent Test Tech-

I-025

niques ' Journal of Applied Polimer Science,
vol 6, 19562, p 3301,

The experwuenal determination of solid propellant v1s-
coelastic physical characteristics using specialiced test
procedures 19 described Experimonizl and analyucal diffi-
culties connected with propellant phkstcal characterizabhion
1 the millisecond tume domain are discussed Viscoelasue
property specification by lmear differential operator tech-

niques 18 desciibed

G. A, Bennett,

"Determination of the Dynamic Shear

Layton, L., H , Sheppard,
5.7
hodulus of & Composite Selid Mopeltant,
Yol. 34,

[-026

Review of Scientifie Instruments,

December 1963, pp. 1333-1340.
Theoretical analysis of the principles of high- and low-fre-
gquency measurement of the dynamie behavior of viscoelastic
materiale, and application of these ‘pr'mmplcs to delermine
the shcar modulus of a compoyite solad propellant, n the

frequency range from 0,10 Lo 1, 000 cpa. The test specimen

consi1sts of two concentric metal rings carried by a flat
plate of propellant The high frequency data [70-1000 cps)
ara obtained by applying a known sinuscidal motion to the

The

\rapsducer and center mounting are used as an 1inertial

outer ring and measuring the reaponse at the center.

mass 2nd are included in the analysis of the viscoclastie
plate  [he low (requency data (0 10-45 ops) arc obtained
by applymng & known sinusoidal molion to the center of the
The

applied force and displacement’are both measured at the

specimen with the outer edge m a ¢lamped position.
- -

center of the specimen,  Iypacl results for the complex

dmamic shear modulus with 1ts real aandamagnary parts,

as well as the loss tangent, are piven for 2 composite

aolid propellant, These data indicate a pracision of |

approamately * 10 %

Knauss,

1-027 v G "On the Mechanical Properties
of an H-C Rubber." GALGIT SM 63-1, Cali-
fernza Institute of Technology, Pasadena,
California, September 1963 Pregented at
ICRPG Mceung' Hill AFB, Utah, November
1963

The material properties of H-C binder including dynamic

shear compliance, velaxation modulus, creep compliance,

ultimate stress and ulthmate strain are reported, Further
uselul mformation in the form of Modified Power Law and

Prony Series curve fits are included as well as a master

.
curve of reduced gtress versus strain.
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All terts are performed using standard procedures, however
some inconsistancy in material propertics has been found

It was further determined that the time-temperature shift
principle is not directly applicable in its simplest form,
however, upon postulating two molecular mechamsms re-
sponsible for gross deformations :t 18 found that each one
can be assoclated wath 2 different characteristic glass tran-
sition temperature such that, e g the dynamc compliance

J(w) i1s the sum of two compliances Iy and J

J{w,t)=J, (w, T )+JY (w, TY )

d.
glase glass

which individually follow the time temperature superposition
principle.

1028 Smith, T L - "Mechanical Response of a Poly-
uretha;xe Propellant to Constant Extension Rates
and to Sinusoldally Varying Strains " Dulleting
of the 2nd Meeting ICRPG Working Group on
Mechanical Behavior, November 1963, pp. 375 -
394,

Teneile stress-straln curves were determined on & poly-

arcthane propellant at a large number of straln rates at

nine temperatures between -50 and 70°C. At each tempera-

ture, the data at strains below some critlcal value could be

represented quite precisely by the constant strain rate mod-
ulus defined as F{t) = X & /{ % -1), where ¢ 13 the nominal
streas and A is the extension rativ. Data obtarned at differ-
wnt temperatures were superpesed to glve a master plot of
log F{t)298/T vs, log t/ag, Values of log ap obtamed by
superposing the curves w:-:re\in agreement with the WLF

«quation based on the so-called universal constants, except

for log ap values resulting from shafting -20 and -30°C
data. At -20 and -30°C, valucs of F(t} were unexpectedly
large, apparently because propellant embrittlement oc-
curred during the test periods. The master curve could be
represented precisely by the equation log [.F(t) - 350] =
-0.26 logt + 2,83 over the range -8< log t < 3, where F(t}
i3 11 ps1 and t 18 1 minutes, By the usc of interconversion
equations which are essentially exact, calculations were
made of the storage and loss shear modell, G'{w} and G''{tw)
and of the storage and loss compliances, J'(a&} and F'{e]).
A comparison of the czlculated dymamic data with limited
data obtained by direct experimental methods showed that
the computed values are at least as reliable as the experi-

mental ones.

1-02% Layton, L, H, "Dynamc Testing of Solid
Propellants, " Bulletin of the Znd Meeting
ICRPG Working Group on Mechanical Behavior,
November 1963, pp 95-96

In the study of viscoelastic materials, mterest 1s centered

maimnty on effects which depend upon time rather than upon

stress. The great majority of such studies are made with
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testing proccedurcs which assume an approxamate viscoclas-
tre bohavior. Ihia type of behavior rg i evidence when the
stress—.straln ratio, which is a function of hime, 15 indepen-
dent of stress. This restricts studies on most materials to
low stress measuxements The basme aim of mechanieal
properties Investigations pertatning to viscoelastic materials
13 the meagsurement of stress-straln ratioe resulting from
some kind of time-dependent loadmg pattern  Equationg are
available for translating 1esults of one type of cxperiment
into these of anothe:

rhe dynamic behavier of vwcoclas:xc materiakys ¢an b char-
acterized by a complex modulus E 1w} = E'(w} +1E"{w)
which s deflned as the stress developed under a sinusod-
ally varying strain. The stress then becomes 2 f:nchon of
the strain and the complex modulus sc that o= E {tu)e and
the strain tecome 6= eociwt
In order to obtain gquantitative information pertainmg to the

mechanical properties of viscoelastic materials, 1ti1s

necessary to devise suitable test apparatus to perform lab-
oratory tests, If the test materlal in questlon {s hinearly
viscoclastic, one test procedure will suffice Technleal
aimplicity and convenitence may decide the performance of
one or the other test method. Real materials are not alwaye
linsarly vliscoelastic, recaulting in dlscrepancles when the
mathematical transformation 1s attempted, For this reason
many mechanlcal test methods have been used and, in the
past few years, several dynamic test mathoda have been de-
vised for use with golid propellant.

One of the firat dynamic testers which was adapted to solid
propellant was described by Fitzgerald and Ferry in 1953,
This apparatus was described for measurements of complex
ghear modulus or compliance on samples ranging from soft
gels to atlff solids at -50 to 11509C over the frequency
range 25 to 5000 cps. This apparatus was used in several

laboratories in the past few years to measure the dynamic

shear compliance of solld propellanta, A second apparatus
was described by Baltrukomis, Gottenberg and Schreiner in
1962. This covers approximately the same frequency vange
23 the Fitzgerald apparatus, but 13 experimentally simpler
1o operate. The analysis and data reductlon are complex
and moat convenlently performed with an clectronic digital
computer. The temperature range 18 somewhat limited due
to the necessity for bonding the specimen to a metal ring w
which restrains its geometry and introduces thermal stres-
ges,

It was found by Layton, Sheppard, and Bennett that the data
became very difficuit to reduce at low frequencies, although
with judiclous and persietent treatmient, it was sometimes
poseible to get a value, A low frequency teeter was devised
using the same disk specimen which extended the frequency
range down to 0.1 cps. In addition, the data reduction be-
cemes much simpler, making hand computations posalble
because certaln inertial terms may be neglected.

All of theae methoda suffer from the necessary assamption
of a valua for Polasen's ratle In order to avold this a dy-
namic torslon tester was developed by Goitenberg and Chria-
tensen, The complete frequency range from 2 x 167% to 10°
cpo o cdvered by twe testers, One ig wechanically drlven,
the other la electrodymamically dyiven. The pame apecimen
{t used in each of the testers,



030 Glauz,” R, D, "Transient Analysis of a Vibrat-
i- ing Reed." Journal of Polymer Science, Part
A, Vol. 1, 1963, pp. 1693-1700.
A new simplified test for obtaining the physical properties
of & viseoelastic materjal is described and analyzed. Areed,
%lamged at ope end, 1s displaced at the free end and the
da.mp:ed oscillations measured. From mcasurements of the
damping factor and frequency the complex modulus is com-
puted. Tables of eigenvalues have been calculated for vaz-
ious masses and moments of Inertia attached to the free end
of the reed. Many experimental tests have shown the sim-
plicity and usefulness of the method.

[~031 Markovitz, H.. "Free Vibration Experiment in
the Theory of Linear Viscoelasticity.! Journal
of Applied Physics, Vol. 34, No, 1, January
1963, p 21.

'An 1dealized free-vibration experiment is analyzed on the
basis of the theory of infinltesimal linear viscoelasticity,
The resulting motlon can be expressed as a sum of terms,
of which some are damped sinuseidal waves while others
are negative exponentials in time. For gome three param-
eter models of viscoelastic behavior, the results of this
theory are compared with those of the ugnal treatment which
leads to a simple damped sinusoidal wave,

1-032 Lee, Tung-Ming ‘''Method of Retermining
Dynamic Piropertles of Viscoelastic Solids
Employmmg Forced Vibration.” Journal of
Applied Physales, Vol. 34, No. 5, May 1943,
p. 1524, '
Both the lengitudinal vibration method and the torsional
vibration method are u;ed for evaleating dynamlc preperties
of viscoelastic solida, The criterion of using Rmax {the
maximum amplitude ratio of the {ree end of a sample to the
" end attached to a‘drlver} and fro {the corresponding vibra-
tion frequency) is intreduced. The complex modulug 18 uged
to describe the stress-strain relationship for a viscoelastic
solid, Simple expressions relating dynamic properties to

R and £r0 are obtained. When Rm

and f are
max ro

ax
measured from experiment, one may readily detexrmine the

dynamic properties of the sample.

1_033 Baltrukoms, J,H , Blomquist, D S,, Magrabd,
E.B.: "Measurement of the Complex Shear

Modulus of a Linearly Viscoclastic Material’.
Technical Report No, 5 The Catholic Unrver-

sity of America, Washington, D.C. 20017,
May 1964,
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A detailed deacription 1s presented of an experimental sys-
tem intended to measure the complex shear modulus of
homogeneous, isotropic and linearly viscoelastic mater{als.
The test 13 based on the torsional oscillations of a circular
cyhndrical sample of finite length, The test and data reduc~
tion procedures are degeribed. A Fortran listing of the

data reduction computer program 15 included m the Appendix,
Actual measurements are prosented on a sample of filled
polyvinyl-chloride Master curves of the shear storage
modulus and shear loss tangent are plotted by rmaking use of

the ime-temperature shifting principle

I_‘034 Blatz, P. J., George, N , Ko, W. L.,
Murthy, A., Yoh, J.. "Physicomechan~
1cal Behavior of Rubberhike Materials™,
MATSCI1-PS-61-8, Califoraia Inalitute
of lechnology, Pasadena, Califorma,
(AD 608 229), September 1964.

For the controlled evaluation of several gum-rubber
vulcanizates 1n simple tension as a funchion of trme, tem-
perature, and strain rate, the gcometry of the ring spre-
imens are discussed, and the stress and strain variables
to be obtained {rom the Instron record are defined. Other
studies of the mechanical behavior of gum-rubber vulean-
izates mnclude estimation of the network entropy of polymer
chains using nongaussian statistics, the derwvalion of & new
disiribution function for relaxation times to provide for
rapid interconversion of creep, relaxation, strain rate,
and dynamic loading data, and the comparison of cxperi-

mental and predicted umaxial censtant strawn-rate tensions,

I,—035 Robinson, Courtland N.; Graham, Phillip
H.  "Dynamic Mechanical Properties of
Solid Propellants and Propellant Binderg,"
Bulletin of the 4th Meeting TCRPG Working
Group on ;!echanlcal Behavior, Vel 1,

October 1965, pp 183-216

This paper presents the results of an experimental pro-
gram to study the dynamic shear properties of selected solid
propellants and propellant binders The main objective of
this work hae been to obtain data of a fundamental nature
which would contribute to the understanding of the dynamic
mechanical properties of composite viscoclastic media.

A modifled Flrzgerild Apparatus has been used to ebtain
dynamic shear modulus data over a ramge of froquencies and
temperatures. Data obtained on both propellants and binders
at pressures up to 1000 psig have Indicated np effect of
hydrostatic pressure on dynamic shear medulus  However,
lateral ¢lamping pressure has been shown ko significantly
effect the dynamic shear modulus of the propellants but not
the unfilled binders



1he results of uccelerated sglng fests have shown sig-

nificant changes in the small deformatjon dynamic shear

properties of twe propellant systems In addition, experi-
mental results for propellants stored under constant relative
humidities have revealed some very interesting effects.
Dynamic shesr modulus was obsexved to iuncrease with moisture
canstant in a polyureghane propellant while just the opposite
effect was observed for a PBAN propellant. )

1-036 Sharna, M, G. "Dynamic Compressibility
Measurements of an Inert Composite Pro-
pellant at Low Frequencies," Bulletin of
the 4th Meecing ICRPG Working Group on
Machanical Behavior, Vel 1, October
1965, pp. 153-168

The paper deals with dynamic compressibility measure-

ments on an Inert composite propellamt in a frequency range
of 10-!‘ Ea 10_1 ecycles per second and at room temperature
conditions  An apparatus for the dynamic compressibility
measurements has been developed, which subjects a specimen
confined with a fluid in a chamber to known peclodic pres-
sure changes and measures the associated volume changes
From the hysteresls curves obtalned for specified presEure
changes, dynamic compressibility {Dynamic Bulk Compliance).
and phase angle between pressure and volume changes are
evaluated. Results Indicate that a decrease ol a2 little
cver twenty per cent of dynamic compressibility was wnoticed
with the increase of frequency from 2.47 x 10_4 to 1.23 x
10—1 cycles per sec (almost three decades of frequency).

n addition, the bulk loss compliance distribution fs found
to show a peak in the above frequency region. Finally, the
dynamic compressibility at various frequencies for the test
material is predicted from static volumetric creep measure-

ments, and verified with experimentally determined values

1-037 Cantey, D.- "An Apparatus for Measure-
ment of Dynamic Lffects in Rheological
Materials," Bulletin of the 4th Meeting

ICRPG Workinp Group on Mechanical Behav-
ion, Vol 1, October 1963, pp 255-268
An apparatus 1s described which can be used for rapid

and economical dynamic viscoelastic characterization of
solid propellants or sinilar marerials. Sinuscidal defor-
mations of the order of 10 micro-fnches are produced by a
plezoelectric dyiver at froguencies which can be continuously
varied from 20 te 1000 cycles per second  lorce transmitted
through the specimen is detected, measutred and compared with
the deformation sinusoid to yleld the temporal phase angle
between dynamic stress and strain

This phase angle, together with measured specimen dimen-—
sions and the magnitude of the output force obtained by cali-~
bration, permit direct calculaticn of the compenents of the
dynanic modulus  Hultiple temperabure measurements provide

data useful in time-temperature superposition analysis

1—038 Robinson, Courtland N , Craham, Phill{p
HI "Dynamic HMechwnigal Propertics of
Solid Propellants and Propellsnt Biod-
er~ (11}," CPIA Publication No 119,
. Proceedings of the Sth ICRPG
Meeting Mechanical Behavior Werking Group,
Qcrober 1966, p  24%

The main objective of this work has been to obtain data
of a fundamental nature which would contribute to the under-
standing of the dynsmic mechanical properties of composite
viscoelastic media During the past year, additiondl experi-
mental data have been obrained and analyzed  Analysis of
the experimental data suggests that {a) Time-temperature
equivalent behavior In the conventional sense is not exhibit-
ed by the PBAN aml CTTB formulations and the vespoctive hind-
crs eximined, (b) The brond spectrum mechanienl behavior of
the PBAN and C!PR formulations examined is warkedly similar,
(c) Bata reductien assuming that the obsetved behuvicz s
comprised of 1 linvar viwgoelastic contributlon combincd with
anvArthenius~like vemperaturve-dependent contribulion resvits
{n qualitative and (mpirically quantitative agreenent between
prediction and vxperiment

1_039 Tschocgl, & W, Smith, Thor L "Dynamic
Shear Modult o1 o Polvurethany Propellant,™
CPIA Publicacion Ne 119, Vel I, Tro-
ceedings of Lhe 5th ICRPC Mueting Heclian-
Jeal Bulievior Morklog {qoup, Octeber 1906,
r 267
The dynamic modultf of a polyurethane propellant were
determined at [1 temperatures between —40 and 60°C and at as
many as 14 frequencles between O 064 and 24 5 ¢ps at each
tempelature [ests were mdde on conventionally bonded speci-
mens 1 25 inches In diameter and 0 50 inch thick  The data
were correcled te a shear strain amplitude of 0 01 Both cthe
G' and 6" data at the different temperatures could be pre-
cisely superposed to give composite curves which show the
dynamic modull at frequencies im the range -2 Q < log, wa, <
% 6, where w is the circular frequency in radians per second
Values of the shift factor a_ obtained bv superposing the G'
and G" data were sensibly ldeatical and corresponded Lo those
predicted by the WLF equation  Over the frequency and Lem—
perafure ranges covered, EhL storage modulus 1ncreased [rom
about | & x 107 dynes/em® (205 psi) to b 4 x 109 dynes/em?
(20,500 ps1), the latter value being less than the expected
glassy modulus by a [actor ot 8 Lo 10 The mechanical loss
tangent hid a shallow maximum at log wa. = 1 2, abeve log wa,
= 6 0, it decreased rapidly with increasing frequency In
the range -2 < log wa_ < 6, the logs tangunt varied only
t12% abova the mean value In this [requency range

1_040 Veysseyre -‘hnée Ti.ong, V "On the
Transmissidn from Harmonic to Tramsient
Svate in Viscoelasticcity,” Séanc. Acad
Sci , Paris, Ho 266 A, 1968, pp 366-369,
(in French)

The problem considered is the derivation.of the time fune-
tions {creep and relaxat{on functions} from the steady-state
hatmonie response (complex modull and compliances) of a lin-
early viscoelasciec material An expressisn of the Laplace
transforms of the required functions ls sought in the form of
a preduct *

n
o7 1+ P,

1=l
which is gafd to be adequate for strongly damped materlals
The method for derermining those factors (with the belp of a
chuit) 1+ only biated at bere and 1s to he publi-ted (u 'Mbmo-
rlal de L'Artillerie Frangaise® This paper s coweatially
devoted to the fwversion of the Laplace trgnsformicton, which
{nvolves confluent hypergeometrie functions and multiple con-
volutions As_an example, the relaxatfon curve of a bitumlnous
concrete is produced (without computati{onal detals, alse to
be publiished) as computed from the complex modulus by the
authors' method, by Shapery's method and by Sayegh's As far
as this example fs concerned, the present method yields re=-
sults in agreement with those obtained by Shapery's procedure,
these results are somewhat different from Sayegh's in the
steepest part of the (log-log) relaxation curve, and in good
agreement for very short times
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I_Oq,'i . Sharma, H G , Lawreace, W F St “In-
vestigation on the Dynamie Mechanieal Be-
havior of a Filled Rubberlike Marerial,"
Fifth Intermational Congress on Rheology,
Kyoto, Japan, 1968

This paper is concerned with a study on the dynamle mechan-
jcal behavior of a rubberlike material (Solithane 113) Eilled
with finely divided aluminum sphericel particies of prescribed

volume concentrations at frequencies In the lower audiofre-

quenty range, and At several femperatures above and below Toom

temperatute The dypamic behavior of the material is studled
by subjecting a specimen in the form of a rod to longirudinal
vibratrons and determining the resonant frequencies and the
bandwidths of the mechanical resonance curve, corrasponding
te various medes of vibfation
trom the dynamic mechanical data obtained at several

temperatures and frequencles, reduced curves for the storage
and loss moduli corresponding to o standard temperature are
constructed for an extended frequency ramge by utilizing the
time-temp, shift hypothesls An examination of the dynamlic

data for various filler concentrations indicates that the vis-

coclastic transition reglon is shifted ce lower frequencles
with the increase in the volume fraction of che filler in the
bulk material

q 1_042 Nfelsen, Lawrence E.  “Dvnamic Mechanical
Properties nf Filled polymers,' Applied
Polyrer Symposia, No 12, 1969, pp. Z49-
265.

Review nnd interpreration of published experfmental daca
on the dvaamic mechanical properties of filled polvners  The
effacts of Eiller concentration, particle agglomeratien, and
ratio of particle modulus to polvmer modulus on dynamic mech-
anieal properties are reviewed.y The reasons why modull are
jower than predicted are explained, M polybiends and polymers
containing soft fillers, the modulus 1s lowered by the flller,
snd phase inverslon czn occur. A theory of phase lnversion
is deseribed.

1-043 kellev, Frink N.  "Solid Propellant
‘fegchanical Properties--Testing, Fallure
Criterla, and aging,” smerican Chemical
Sociegy (Advances in Chemistry Serles,
No §8), 1969, pp. 188-243

Survav of current approiches and techniques for che
characterlzation of the mechinical properehes of solid pro-
pellants, Solid propellants are an fncegral part of che
structure of solld rockets, although thelr chenlcal composi-
tion and overall conliguratfon ave diccated bs ballisrie
requirements If the propellant 15 viewed as a censtruction
material, it must be chararterized with respect to mechanical
response, fa,lure, and phvsical deterloration  The test
techniques devised for such characterizatians have undergone
an evolutionary development in the direction of increased
sophist featien  The Joint Army-Havy—Alr Force (JAHAF) unlixial
test specimen ks still the most widely uscd for routline
quality central testinp, but a variety of improved uniaxial
and mulgitxial measurements are becoming commonplace 1t is
pointed out that no conpletely general fallure criterfon has
become available which mav be used to evaluate elther the
propellant or the fimal grain design.

—

1-044 Gottenberg, W. G. "Semuannual Report

on Vibranenal Characteristics of Sohd
Propellant Rocket Engines”, AFBMD-
TR-60-113, STL/TR-60-0000-09197,

Space Technology Laboratories, Inc.,
Los Angelee, Cahforma, for pertod of

1 January - 30 Tane 1960, (AD 242 737).

A2

Four experimenial methods for determining the dyna=
e mechanical propertica of propellant-hke materials
are discussed 1n this report of progress under "Projeet
Plan 165-29" for the period 1 January through 30 June 1960
In each case, the necessary experimental techniquey have
been developed. One of the tests, that for measurmg the
complex shear ‘modulus, 19 investigated guite thoroughly
and 13 actually used to cbtain same properties for a repre~

sentative material

[-045 Volterra, L. "Vibratlons of Elastic Systems
Having Hereditory Ghatractoslaties, ™ Journal of
Applied Mechanics, Yol 72, 1950, p. 363.
Results of eaperiments carried out on plastics and rubber-
hke materials at high rate of gtraining are given Tt is
shown that the dymamic stress-straln { ¢, &) relationship

for those matexials can be expressed by the formula
t
e ile) +f gre-m Sl Tlgr

The [first term reprcsents the static stress-strain relation-
gshlp, while the second depends on the rate of straimng '—:}f—.
As a first approdmation 1t 15 supposed that the materials
fellew Hooke's law when staticelly stressed. Equation [1]
thun becomes

t
r=Eg +f0 ¢(:_T1—“—fl—l_m-d—r

Materlala which follow the second equation are called ma-
terials with "hereditary charvacteriatics, " Vibrations of
single-degrec-of-freedom systems having hercc.hlary char-
acteristies are considered., Methods of finding the heredi-
tary function ¢ {t) from forced vibrations zre glven, Free
and forced vibrations of sfmply supported beams having he-
reditary characteristics are studied. .

I—046 Jones, J. W., Cantey, D. E. ‘"Investiga-
tions of Propellant Dynamic Response,
Viscoclastic Lanearily and Thermorheological
Behavior ' CPIA Publication No. 61U,
Bulletm of the Third ICRPG Worlking Group
on Mechagical I‘i'phavmr, Vol. 1, October
1964, pp 203-244.

Propellant dynamic responae and viscoelastic behavior
nvestigations at Lockheed Fropulsion, Company (LPC) have
pecn directed toward the measurement of propellant
response to transient and dynamic strans and stresses in
tension and shear. Measurement of dynamic propertie’ was
performed at sinueoidal stramn amplitedes from 0 5 to 100/0
peak on 2@ machine designed at LPC. This paper discusses

the correlation of dynamic moduli measured for wnaxial
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tension-compression and simple shear strese geometrics,
with moduli calculated from reduced variable tensile and
shear stress relavation data, Visceelastic heating effects
under constant stram amplitude conditions are esamuned.
Results of dynaithic shear modulus measurements at 10-2' 0/0
peak strain obtained on a prezoelectrically driven test
device are discussed, along with dynamie bulk modulus
measurements on the same propellant under conditions of
superposed hydrostatic pressure

Transient viscouelastic response and thermorheological
behavior of a variety of polybutadiene acrylic acid {PBAA}
and carbovy-terminated polybutadicne propellants are pre-
sented a8 measured by strese relaxation and creep tech-
nigues. Propellant formulations investipated included vari-
ations 1 oxidizer specific surface arven ag well as cioss-
linker functionality and concentration for the two polymer
types.

MNonlinear responses obaerved in both transient and
dynamic tests are described, and their effects on analysis

techniques are discussed.

[-047 Briar, H P, Wiegand, J 1 "Statistical
Aspects of Propellant Behavior." Paper No
65-148, AIAA 6th Sohd Propellant Rocket
Conferenst, Waghington, D. C., February
1-3, 1965
The variability of sohid propellant mechanical proper-
ties compiicates prediction of molor structural behavior
Such variability was accepted at one time, but the great
ad‘\.ances 1n siress analysis now rcquare that specilic prop-
erties meet limits imposed by the design and the condilions
of use. Typrcal variabilities of properties pertinent Lo
stalic and dynamic anzlysis are examaned to show the
wilhin-batch variability, associated apparently with the
manufacturing operation, and the between-batch variability
characteristics of binder cross-link density and other raw

tnaterial variations. -

1-048 Kolshy, H  “Experwentsl Studies of the
Mechamical Behawvor of Linear Viscoelastic
Selids,” n llechanics and Chamistry of Selid
Prepellants, edited by A, C Eringan, b Liebo-
witz, $ L Koh, J M, Crowley, p, 357
Pergamon Press, 1967

In order to characterize the linear viscoelastic behavior of a
material, measurements must be made gver a wide range of time
scales. In considering the response to stresses varying zinusotd-
¢y with time, frequencies from one cycle per hour to tens of
megacycies per second should be covered, and in creep and stress
relaxation neasurements, the time scale is further extended to
months or even years Thus an extremely larae number of different
experimental techniques have to be used, these are reviewed and
-discussed in this paper In addition the representation of these
experimental results by various mathematical and mechanical
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models is consfdered. and the relation between chemical composi-
tion and viscoelastic properties is briefly discussed Finally,
recent experimental work on the propagation of stress waves in
viscoelastic solhids 1s described particilarly from the point of
view of the results obrained on the dijatationzl viscosity of some
high polymers

I-049 Van der Hal, C W and Drent, R K J W A
"Instrumentation of Thermomechanical Measure-
ments, YI A Torsional-Creep Apparatus,”
Report nr, CL 67/10, Centraal Laboratorium
THO, October 1967,

This report describes a torsional creep apparatus for the deter-
mination of the craep compliance 1n shear as a function of time
and the corrcsponding dynawic modulus and dempira The instru-
wient i suitable for the measurenent of compliances below 5.1070
'-IZ/N. in the time ranqe between 1 and 105 seconds  The lowest 3
corresponding dampsng that can be determined is several times 107,
Hithin five minutes the tempeiature of the specimen can be ad-
Justed to any value between -175°C and +200°C with an accuracy of

1°C.

I-USO Fitzgerald, £, R “Bynamic Nechanteal
Heasurerents on Viseoelastice Solds," Final
Report, The Johns Mopkins Universaty,
Septenber 1967
Work carried out wndar this contract 'had a twofold purpose
1} to deveico apparatus for dynamic mechamical measurereats,
and 2} to camy out such neasinements on various matertais n
order to gawn rew knowledge of their mechamical and/or acoustic
praperties  Accordingly much time and effort was devoted to
madifying ex1sting dynamic mechanical reasurement equipment
{e g , The Fitzqerald Apparatus) n order to extend 1ts “requency
range of 50 to 5.000 cps and, in addition. several completely new.
~ Systems of measurement were devised and prototype instruments
constructed

1“05] upw.n,,ndhmcmf,A. "Characteriza-
tion of Propellant llechanical Behavior,*
Bulletin of the Bth JANNAF Structures and
Mechanical Behavior Keeting, CPIA Publicatior
No. 193, The Johns Hopkins University, p
1970

This paper describes the resuits of simultaneous dynamic measure-
ments in tension and torsion made on propellant samples. The
complex dynamic modult €%, E", G', G" at fow frequencies were
determined within a temperature range from room temperature to
-90°C. Time temperature-shift factors and reduced master curves
for both tension and shear properties are discussed  The affect
of dewetting on the dynamic properties 3n iension and shear wWas
also investigated A prelimnary attempt is made to compute the

degree of dewetting in a propellant by applying Beer-Lambert's
Taw
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1-052 Lawrence, W St., and Sharma, ¥, G
- 'Dynamic Mechanical Behavior of A Composite
Viscoelastic Material " Annual Report’
Pennsylvama State University, July 1967

An imvestigation was made into the dynamic machanical bohavier
of a couposite viscoelastic material The material studied
consisted of a soft binder mater1al {SoYithana 113}, which had
dispersed 1n it a fumber of small aluminum particies By vary-
fng the volume fraction concentration of the filler material, the
effect of the filler concentration on the dyramic characteristics
Was determiaed

Due tc the nature of the composite material the dynamic investi-
gation was jimited to the lower part of the audvo-frequency spec-
trum  To extend the frequency vange over vhich the investig;-
tion would be applicable the material was studied at several
temperatures, above and below room temperature the tiume- °
temperature superposition principle was then applied to construct
response functions that extended over several decades of f;e~
quency.

A theory was developed which was developed which considered the
dynamic behavior of the composite material as a function of the
moduli, and volume fraction of each consiituent materval This
theory was then used to predict t*e matertals dynamic properties
for f11ler concentrations, and frequencies studied n the experi-
mental 1nvestigation.

The theoretically predicted modull values were compared with the
experimental results which showed that for low f1ller concentra-
tiops and at low freguencres the correlation between theory and
experment was good. At high frequencies and filler concentra-
tions the correlation was found to be poor

I1-053 Beyer, R. B.. "Nonlinear Mechanical Behayior
of Soiid Propellants," AIAA Paper No. 55-]59,
AIAA 6th Solid Propellant Rocket Cenference,
. \lashington, D €., February 1-3, 1965,

The mechanical response of standard solid propellants was studied
by extensive anaiysis of data measured under conditions of con-
stant strain rate, constant strain, and dynamic shear strain.
Honltnear viscoelasticity has been found to accur when propel-
lant samples are strained beyond a few tentns of one percent by
tensile test methods currently used by most investigators

Studies conducted over a wide range of strawn rates (10'7 to

10 min ']) indicate that nonlinearity can occur (1) by loss of
reinforcement due to dewettwng and {2) by the *fulliins Effect” in
a matrix with chemeal adhesive bonding between binder and filler
In case {1) dewstting was observed to depend only on the apphied
stress and the temperature The 1inear viscoelastic response
obtained from small constant strain rate and dynamic data dvffered
from the constant strain (2 to 5 percent} stress-relaxation modu-
lus by as much as an order of magnitude AL very low strain

rates equilibrium behavior was obtatned up to strains as high as

7 percent  The time and temperature dependence of both the rein-
forced and nonreinforced modulus 1s discussed and related to long
term ambient tests and actual motor behavier

.
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[-054 Francis, E C, Structural Integrit, of
Propellant Grains," Yol, I, Final Report
LPC-556-F, Lockheed Propulsion Co ,
January 1953,
Research effort in the investigations )eported herein was dnected
with equal emphasis at methods for engineering evaluations of the
viscoelastic properties of solid propellants,, trcating them as
genegralized linear materials, and at determinations of propetlant
failure characteristics Viscoelastic propellant physical descrip-
tion 15 a tundanental necessity both to the determination of
grain stresses and to the proper interpreiation of grain failure
criteria
Significent progress is reported in both the areas of effort With
considerable attention to analytical detail, engineering methods
for propellant viscoelastic characterization requiring only
standerd laboratery test equipment were refined to routire practice

1-055 Anon, "Solid Prooeilant Styuctural Inteirity

Investigations, Dynamic Response and Failure
Hechanisms," TR Ho, RTD-TDR-63-1, Lockhced
Propulsion Co,, May 1963.

Expermental 1avestigations of proPellant dynamc behavior has been

initiated using stress relaxation, small deflectien mechanical

osc1llation, and dizlectric response test technigues  Imitial

test results for Polycarbutens-R propellint are presented, alang

with fabrication progress on the large deflection mechanical test

apparatus

I-058 Cantey, D,: “Seld Propellant Structural
Integrity Investigatiens, Oynamic Response
and Failure Mechanisms,” Final Report,
AFRPL-TR-65-71, Lockheed Propulsien Co.,
Ngvember 1965.
The results and conclusions of an experimental and theoretical
ressarch study of solid propeliant dynamic respense and failure
behavior ara presented  Experimentally verified analytic methods
for treatment.of propellant thermorheological response to vibration
are described,

I-057 Tschoegl, N, H, Smith, J, R, and Smith, T, L,-
“Yiscoelastic Properties of Solid Propellants
and Propellant Binders," Quarterly Technical
Report, Stanford Research Institute, for
period September 16 to December 15, 1964,

Studies of the dymamic shear modulus and bulk compressibility are
discussed, The storage shear mpdulus for a polyurethane propel-
lant was found to increase 1inearly with lateral compression up to
a compressive strain of 10-15¢ In contrast, the storace modulus
of an unfilled styrenebutadient rubber decreased Tinearly with the
lateral compression The modulus also depended on specimen geome-
try, fncreasing linearly with the shape facter, 1.e , the ratio of
the {uncompressed) specimen thicknzss to the cross-sectional area
Withwn experwmental error, the loss moduius did not depeno on



specimen geometry  Some information was gbtained on the heat
build-up tn propellant specimens during oscillatory testing A
qualitative discussion is given of work done to calibrate the
dynamic and static bulk compressibility apearatus,

I-058 Fishman, §. and Rinde, J. M ¢ "Solid
PropeTiant Hechanical Properties Investiga-
tions," Report No, 6, Stanford Research
Institute, for period Janvary 1 te Apmil 1,
1964.

The overall objective of this research 1s to relate mechanical
behavior and propeliant fatlure mechanisms to grocesses of propel-
Tant microstructure We are investigating the binder-particie
interfacial processes and how they affect the mechamical response
and ultimate properties of composite solid propetlants The
research consists primarily of determining volume changes under
sleected test conditions to measurs the separation between binder
and f11ler particles and, by aopropriate analysis of the test
results, to quantitatively describe the wnterfacial processes and
how they are influenced by time, temperature, and humidity.

I-05¢ Techoegl, N, %, and Landel, R, F,: "A Research
Program on Solid Propeilant Physical Benavior,”
AFRPL-TR-68-106, Saliforma Institute of
Technology, June 1963.

Part VI describes a continvation of earlier 1nvestigations of
approximatiens to the spectral distribution functions of linear
viscoelastic theory It 15 showm that if the order of the mighest
deryvative is k, then.there exist k approximations from the step
and the storage functions, and k + 1 approxymations from the loss
functions Thus a number of new, hitherto uninown, approximations
are found, which include appro:ximations of even order froﬁ the
storage functions, and approximations of odd order from the loss
functions. OFf particular practical interest are the twe approxi-
mations of First order from the lpss functions The interrelation
between the k approxwmations of a given order. and the choice of
the most surtable approximation 15 discussed The relation of

the more general method to the transform inversion method 1s
examined, and 1t 15 shown that certain approxamations in the
current Tivterature are In errer bacause of lack of nermalization
of the associated intensity function, and, where applicable,
because of farlure to take into account that the time scale of

the spectrum must be shifted by tha appropriate amount 1§ the
maximum of the intensity function dees mot e at the orgin,
Finally, the derivation of approxumations from creep recovery,
stress relaxation after dessatyon of steady flow, and deformation
at constant rates of strain 15 discussed,

in Part VI[ the z-transform method for the numerical 1nversion of
the Laplace transform is examined for possible application to
viscoelastic problems. The method 35 found to be unsuited for
viscoelastic functions which are given as lagarithmic functrons of
time or frequency, because the logarithmic spacing of the variables
leads to unstable solutions

Part VIIT predicts a general method for expressing the response

of viscoelastic materials to the piecewise continuous excrtation
functions to which they are subjected in cumulative damage test-
ing, as functions of the standard response functions suca as
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relaxation modulus and creep compliance, or, n case of periodic
excitations, the dynamic moduli and compliances. It is expected
that departures from the predicted behavior can pe axcrived to
cumalative damage  This could lead to the developmant of a non-
desctructive fatigue test

I-060

knauss, W G , Claser, J F, and Landel, R, F -
"Second Report on the Selection of a Cross-
Linked Polymer Standard," AFPPL-TR-66-21,

California institute of Technology, Jenuary
195b

The properties of the polyurethane, Solithane 113. were investiga-
ted in some deta1l both te explore its suitability as an intermm
standard polymer and to develop the tools and methods necessary
for such standardization The stress relaxation behavier from the
rubbery to the glassy region was evalvated for five cataiyst/
prepoliymer ratios

Twelve computer programs written in EBHAP and FORTRARN 1Y, have
been set up to convert E(t), E'{w), E"{w) and the constant strafn
rate modulus to H{x) and vice versa, D{t), D*{w), and B"(u) to
L{t) and vice versa, H(z) to D' and D". Hence any characterizations
may be calculated from any other, In additron, H{x} or L{t) can
be converted te a Prony series  The programs are based on the
nunerical solution of a Fredhold equation of the first kind
Results are tllustrated by caleulating #H{t}, G'{w) and G"(u}

from the stress relaxation data. '

1-061 Anon  “ICRPG Solid Propeilant Mechanical
Behavior Manual," CPIA Publication No, 21,
The Johns Hopkins University, September, 1963,
the Mechanical Behavior Manual covers excermental procedures
used to test solid propellants, characterize their mechamical
behavicr, guide propellant developnent and for research en wechani-
cal behavior The manual 15 presented in lgoseleaf format and
corrections, revisions, deletions and additions are continually
made as prograss 15 made

1-062

Kruse, R, B, “Laboratory Characterization
of Solid Propeliant Mechanical Properties,"
AIAA Paper No, 65-147, AIAA 6th Solad Provel-
tant Rocket Conference, Washinaton. D. C ,
February 1-3, 1965,

fhe characterization of mechanical properties of solid prapel-
lants is comphicated by the orofound effects of temverature and
rate upon these properties Since it 15 not practical to test a
sufficiently wide range of rates in the laboratory, the tech-
nique of time-iemperature superposition has been qenerally employed
in the sold propeilant industry to characterize tke viscoelastic
response of solid propellants from glassy respanse to equitibriem
behavior In addition, 1t has been observed that most solid
propeliants exhibit ultimate properties which may be superposed on
a temperature-reduced rate basis  An extensfon of the empirical
superposition of ultimate proverties s a curve of yltimate stress
¥s. ultwmate strain, which prog)des a failure boundary for the
propellant  The path dependenéé: or lack therecf, of the failure
boundary 15 presently the subjact of considerable experimental
tnvestigation, but 1t s generally agreed that failure boundaries
provide the best currently available basis for comparison of



varwoys prepellants  The g¢eneral preblen of telating umaxial
failure measurements to behavio. 1n conbined stress or cemdined
strain states by means of surteble farlure criteria has proven
extrenely difficult of solution  Test techniques have been
devised to measure fatlure of propellant in coubined stress
states, but one complicaiing factor agpears to be qualitative
differences in behavior among diffe-ent types of propellants. At
least for some propellants, the resnlts can be ratraonalized with
a deviatoric stress failure behavior in compression and dilata-
tional farlure in tension, -

1—063 Nichotson, D £, Blomquist, D § and Lemon,

R, H. "An Experimental Technigue for Determin-
ing the Dynamic Tensile Modulus of Viscoelastic
Haterfals," Bulietin 20th JANAFAN Panel on
Physical Properties of Propellants, SPIA/
PP14 ¥, Yoi. I, p, 271, The Johns Hopkins
Umiversity, Octeber 1961,

This paper describes a vibrating reed test for the determination

of the dynamic tensile moduli of a solad propellant The analys:s

used in reducing the expermental data to plot storage moduli and

loss tangent vs frequency 1s that of Bland and lee for 1tnear

viscoelastic materials

An experimental technique 1s presented that s s'mple to conduct,

yet provides valuable, anzlyzable information The results pre-

sented were gathered at ambient temperature Tests were conducted

on various sample configurations to shtatn the optimum langth to
width ratio

1"064 Kostyrke, G, J.* "Development and Use of A
Free Yrbration Reed Test for Evaluation of
Solid Propellants,' Aerojet TN 279, lerojet
General Corp,, August 1963,

I-065 Smith, T. L : '"Mechanical Response of A
Pelyurethane Propellant to Constant Extension
Rates and te Sinusoidally Varying Strains,”
Bulletin of the 2nd ICRPG Horking Group on
Mecharical Behavior Meeting, CPIA Publication

No, 27, The Johns Hopkins Untversity, p, 375,
1963,

1“066 Wagner, F, R,» "Dynamic Testing of Solid
Propenants at URIDC," Bulletsn of the st ICRPG
Working Group on Mechanical Behavior Meeting,
CPIA Publication 43, 2. The Johns Hapking
University, p 299, 1862,

I-067 Hoebel, J. F,* “The Use of The Fil Dynamic
Tester to Measure Propellant Dynamic Shear
Properties,” Bulletin of the 20th JANAFAR
Panel on Physical Properties of Solid Propel-
lants, SPIA/PP 14 v, Vol, II. The Johns
Hopkins University, p, 13, October 1951,
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[-068 Stoker, J. H. and Mason, 0 "R °
"Space Shuttle SRM Propellent
Dynamic Properties,” TUR-10543,
Thiokol/¥asatch Division, June
1975.

This report summarizes dynamic characterization
tests of 1ive and inert propellants representa-
tive of the space shuttle SRH propellant .

I-069 Hufferd, ¥ L.- ‘“Measured Proper-
ties of Propellant for Soiid
Rocket Booster of One-Eighth Scale
Dynamic Shuttle Medel," UTEC CE
75-178, University of Utah,
November 1975.

Static and dynamc material property tests were
conducted on 1nert UTI-610 propellant to obtain
basic mechanical response data for use in Analy-
515 of the one-cighth scale model tests of the
space shuttle SRB being dynamically tested at the
NASA/Langley Research Center.
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Baltrukonis, J H.; Gottenberg, W. G.: "Thick-

ness-Shear Vibrations of Circular Bars " The

11-007

Journal of the Acoustical Socirety of Amerlica,

Vol 31, No, §, June 1959, pp. 734-739.
Exact general solutions of the three-dimensional elasticity
equations of motion in polar, cylindrical coordinates are ob-
tained for axisymretric and antisymmetric thickness-shear
vibrations, These solutlons are applied m solving five
solld and hollow circular bar problems WNatural freguencies
are tabulated.

II—GOZ Baltrukonts, J H, "Free [ransverse Vibra-
{1ons of an Incompressible Elastic Mass Con-
tained by an Infinitely Lonpg, Ripid, Crrcular-
Cylindrical [ank " EM 9-21, Space Technology
Laboratories, Ine,, P O Box 95001, Los
Angeles, 45, Califorma, Qctober 24, 1959

Yatural clrculal frequencies of freu transverse vibiations of

an tncompresaible elastlc mass contained by an infimtely

long, rigud, crrcular-cylindrical tant are obtained as e-act
solutions of the equations of dasticity Freguency coefiic-
ients are tabulated for solid and holiow coies and for, at
least, four frequencies i each of the first four modes of

vibration.

11-003 Baltrukonis, J. H, 'Free, Tranasverse Yibra-
tions of a Solid Elastic Mass in an Infinltely Long
Rigd, GCircular-Gylindrical Tani, " Journal of
Applied Mechanics, Vol 27, December 1960,
pp. 663-668.
Making use of the field equations of clasticity, the frequency
equation is derived for the free, transverse vibrations of a
golid elastic mass contained by an infinitely long, =rigld,
clrcular-cylindrical tank.  This frequency equations relates
the natural circular frcquencles and Pofeson's ratlo This
relationship 1s plotted reveallng a very interesting steplike
variation of the natural frequency with Polsson's ratlo.
Displacement flelds are plotted for two natural frcquencles

in each of the first three modes.

11_004 Baltrukomis, )} H., Gottenberg, W, G., Schrel-
netr, R. N.* "Dynamcs of a tHollow, Elastlc
Cylinder Contained by an Infinitely Long Rigpd
Circular-Cylindrical Tank, " The Journzl of the
Acoustical Sociaty of America, Vol 32, Neo, 132,
December 1960, pp 1539-1516.
Dispersion equations are derived for the propagation of
trangverse waves within an infinitely long thick-watled hol-
low elastic cylinder which 1s perfectly bonded along its
outer cylindrical surface to an Infimtely long rigid circular-
cylindrical tank. In the case of infinite wavelength the dis-
persion equations reduce to two uncoupled {requency equa-
tions, one defining the natural frequencies of free vibrations
of the hollow elastic core in the antisymmetric axial shear
mode and the other defining the natural frequencies of plane
strain vibrations. Some numerical results are presented
or the dispers:on equations and the two frequency equations

nd references are given to more detailed results

I1-005 Baltrukoms, J. H.; Gottenberg, W. G,, Schrel-

ner, R. N.* "Axial-Shear Vibrations of an Infl-
nitely Long Composgite Circular Cylinder.'" The
Journal of the Acoustical Scciety of America,
Vol 33, No. i, November 1961,
Exact general solutions of the threc-dimensional elastlcity
equations of motion in polar cyii.ndr:.cal coordinates are

written {for axisymmetric and antisymmectric axial-shear

vibrations. The frequency equatlon follows' immediately
from the boundary conditions for the problem of the infinite-
ly long, composite cylinder with two concentric circular-
cylindrical layers which are perfectly bonded at their inter-
face The branches of the frequency equation are plotted
and analyzed. The conditions are pointed out under whach it
1s poasible to obtain reasonably accurate esthimates of the
natural {requenciecs by assuming that the motions of the cas-
Ing and core are uncoupled.

I11-990 Baltrukoms, J. H,, Ch, M.; Gottenberg, W.G,
“Free 1ransverse Virauons In an Infinitely-
Long, layercd Llastlc Cylinder," 1he
Catholic University of America, Washington 17,
D. G., Technical Report No 3, NASA Research
Grant NoG-125-61 {Suppl [-62) Aupust 1962.

3

11-007 BDaltrukoms, I. H., Gasey, K B , Chl, M.,
Laura, P. A axial-Shear Vibratlons of Star
Shaped Bars - An Application of Conformal
Trangformatlon ¥ The Catholic Umversity of
Amertea, Washington 17, I €, Techmead Re-
port No 4, NASJ.% Research Giant NsG-126-61
Bupple }-62), Octeber 1962
The conformal transformation method 55 applied to the prob-
lum of cxlculaung the natural frequencies of free, amal-
shear vibrations of wnfinitely-long, prismatical bars with
vprirochordal cross-sections. In the real plane the boun-
dary conditions are relatively complicated but on conformal
transformation of the cross-scction onto a unit circle, the
boundary conditions become quite simple and can be identi-
cably satisfied IHowever, the goverming differential cqua-
tion becomes 1elatively complicated on transformation and
an exact solution 13 not possible. Two different collocation
technigues are used to calculate approximate natural circu-
lar frequency coefficients for bars with iree and clamped

boundaries

I1-008

Baltrukonis, J ., Gottenberg, W G.,
Schreiner, R N "Solutlon and Experimental
Results for a Problem in Linear Viscoelasticaty!
Transactions of the Society of Rheology, Vol b,
1962, pp 41-60.

A solutlon ts cbtained for the problem of the axial vibraticns
of a migad etrcular rod embedded in a linear, wviscoelastic
material which 1s, in turn, contammed within a rigid circular
casing. It 15 assumed that the entire assembly 1s infimtely
long. The response of the embedded rod to steady-state,

-~ paig”
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barmonic oscillation of the casing 15 ealculated within the . 19 txpressed analytically as a difference of sine mteprals

framework of the small deformation theory of Linear viscos resultmng tn o program that has much the sam. shape s

elasticity, This result 1s applied 1n devising an experimen-

actual, muasured pressurization programs and it embodies
tal method to measure the complex shear snoduius of the -

certain :mportant analytical advantages which are drg-

> - 5
gmbedding, linear viscoelastic material as a continuou cussed Numerical data aie obtained 1 several specific

function of frequency Experimental data are presented to cases and the results are discussed and explained,

:llustrate the method and to demonstrate some of the asse

crated difficulties

Baltrukomes, J H

tipons of a Selid, Elastic Core Case-Bonded to an

11-009 "Forced Transverse Vibra-
Infimtely-Long, BRigid Cylinder ' Technical Re-
port Ne
Washington 17, D. C ., NASA Research Grant No
NsG-125-61, August 1961

The problem 18 solved of the foreed, transverse vibrations

1, The Catholic Umversity of America,

of a soi1d, compressible, efastic core case-bonded to an
infimitely-long, rigad cylinder It 15 shown that the ratio of
the amplitude response of the core axis to the amplitude of
the casing depends on both the frequency of the forced vibra-
tlon and Poisson's rauo for the core material By plotting
amplitude ratio versus irequency curves tor different values
of Poisson’s ratio it 1s demonstrated that the amplitude

ratlo versus frequency plot for an Incoropressible, elastic

core s a simple line spectrum.

I1-010

Baltrukonis, J.H,* "Final Report. The
GCatholic University of America, Washington
17, D,C,, September 1963,

lhis 13 a final report summmarizing progress at The Cathclic
University of America in viscoelastic atress analyses of
seolld propellant rocket motors under the two-year term of
Research and Davelopment Subcontract No. 72, Navord
16640 with the Allegany Ballietics Laboratory of Rocket
Center, West Virginila, Completed work and work remain-
Thae highlight of our
research 18 a very careful study of the tensile atress relax-

ing 18 detailed In five technical areas.

ation experiment Including Inertia cffects, eclasticity of the

Methods for
the treatment of quasi-static and dyniamic problems involv-

testing machine and internal heat generation,

ing infinitesimal displacements in real, linearly-wiscoclastic

materials are now well-developed.

II-011

Baltrukonis, J.H , Magrab, E B.: "Dynamic
Internal Pressurization of an Infaimtely-Long,
Thick-Walled, Lanecarly-Viscoslastic Cylmder
Casc-Bonded to a I'un Elastic Tank " Tech-

- mntcal Report No 2, The Catholic University of
Amcrica, Wadlungtgn, D G, February 1964,

Transient and guasi-static streés and st‘ram responses are

caleulated duc to rapid pressurization in an infimtely-long,

two-layered cylinder considered as ain 1dealization of a

solid propellant rocket motor. The casing s taken as an

incompressible, elastic matersal while the core 15 consid-
red an incompressable, linearly-viscoelastic materizal
hetual measured data are used for the mechamcal proper-

‘The pressurization program
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t1es of both casing and core.

A-19

Baltrukenis, J H "Ihe Dynamice of Soilid

II-
01z Propellant Rocket Motors," lechnical Repoit
we 9, The Catholic University of America,
Washlngton, B C , June 1965,

Fiom the polnt of view of dynamics, & s0lid propellant
rocket motor Is an unique structure in that it Is composed
of a sabstantial mass of propellant material case-bonded to
1 telatively missloes, thin-walled eviinder  The mechanigal
propeities of the propellant aye such that {t contributes
little to the sciffness of the composite structure but it
duvs contribwte (o the dinamic chwwstrriscies of the
stivtore becanse of {ls 1 1.8 Furtheimore, due to the
viscoelastic chardcter of the propellant, Jt can be expected
to provide considerable damping to the system At this
point I the development of the art of desfgn o solld
propellant rocket moters there are no clear-cut or well-
founded methods to quantitarively evaluate the coptributions
ol the prapellant to the dynmic responses of the composite
stiucture It Is ¢lear that unlf.sls such methods are devised,
it will be difficult to arrive at accurate missile designs

In the paper, a surtvey of the dynamic problems of solid
propellant rocket motors is presented starting [rom the
sinplest model thereof and proceeding, step~by-step, to the
consideration of more sophisticated and rcallséic models
The consideration is resericted te infinitesimal deformations

of propellant grains with linear mechinical properties

Baltruhenis, J.H.* A Survey of
Structural Dynamics of Selid Propel-
lant Rocket Motors," HASA LRG58,
Watlona) Aeronautics and Space
Administration, Washington, D. C.,
becember 1966

[1-013

Tn che papec a survey of the dynamic prollems of solid
propellant rocket motors Is presented starting from the
simplest mwodel thereofl and proceeding, step-by-step, to the
considevation of more sophisticated and reallstic medels.
The consideration is restricted to Infinitesimal deforma-
tions of propellank grains with linear mechanieal properties

Achoenbach, J. D
Long Case-Bonded Viscoelastic Cylinder. "
AIAA Journal, Vol. 3, No 4, April 1965,
pp 673-677

Time-dependent pressures are applied 1n an encased
The

"“Dynarme Response of a

I1-014

viscoelastie cylinder and on the surface of the case.
resulting dynanc response of the cylinder-case system s
the subject ot 2 theoretical analysts. The viscoelastic

material of the cylinder 1s asswimed to be incompressible
and a forced vibration 15 therefore escited without rmitial
wave ¢ffects The eylinder 1s viscoclastic tn shear, show-
The

displacement, the c:reumrferential stress, and the radial

1ng shori-time elastic behavior and delayed clasticity.

I{f a tume -dependent pressure 18

stress are investigated.


http:differenc.eL

applied to the case, the radial bond stress at the cylinder-
case 1pterface 15 periodic and shows tensile peaks for high
values (~10") of the ratio of Young's modulus of the shell ta
the rubbery shear modulus of the cylinder. The stresses
are damped exponentially to the compressive quasi~static
solution. Analytical soliticns are presented {or step
leading and standard lincar viscoglastic shear behavior-

I1-Q15 Achenbach, J. D. '"Dynarme Response
of an Encased Elastic Cylinaer with
Ablatmng Inner Surface®, AIAA Journal,
Vol 3, No. 6, June 196%, p 1142

11'016 Achenbach, J D . "Forced Vibrations of a
) Burnfng Rocker,” AIAA Jowrnat, Vol 3, No 7,
1965, pp 1333-1336

The loss of maszs and stilfnes. af a burning eylindtlenl
gratn affects the dynamic response of a solid-propellant
rocket., The viscoelastic behavior of the solid-propellant
material is another factor that {Afluences the Forced vibra-
tiong of a burning -‘rocket' In the present note the effects
of ablatlon and viscoglastic damping are considered in a
stody of the dynamic response of an encased vigcoelastic
eylinder with an ablating Inper surface.

A time-dependent pressure ls applied at the ablating
ioner surface of the eylinder The cylinder material is
viscoelastic In shear, and it is assumed incompressible in
bulk  As' a consequence of the incompressibility assunition
the dijatational wave velocity 1s infinite. and a forced

vibration is ifmmediately started without initial wave effects

II"‘D} 7 Achenbach, J D, "Thickness Shear
Vibrations of an Ablating Rocket," Technieal
Repert Mo 635-3, Northwestern University,
The Technological Institute, Department of
Civil Engineering, Structural Mechanics
Labora;ory. kvanston, Illinois, (Ceontract
Nonr-1228(34), July 1965
The loss of momencum and stiffness due to ablation may
esignificantly influence the vibrations of a solid propellant
grain, This paper prese¢nts an amlytical study of the axial
shear vibrations of a long hollow cylinder that 1s subjected
to time dependent body forces in the axial direction The
outer surface of the cylinder is bonded to a rigid case, and
the inner radius increases monotonically with time. 4An
exprecsion Is determined for. he shear stress at the bond-
interiace It i5 shown that the frequency of the shear-bond
stress inereases, and that its amplitude decreases towards
burnout time The shear stress is studied for various
ablation rates Conventional methods of analysis, such as
separation of viriswles and rourier-Bessel analysis, are
not direcely appllicable in this problem, since the boundary
conditlons are prescribed on a time dependent surface A
modified Fourier-Begsel mode is defined that satisfies the
boundary conditicns By substituting this mode into the
eguation of motion, a selution is obtained by asymptotic

methods in the vicinity of the bond=interface  The analysis

fr~ODUCIBILITY OF THE
fy 1 'TAT, PAGE IS POOR

Is extended to dnclude the axial <hear wibrartlons of an
~blakiny, visgoclastie cylinder  Viscoelasticity Jo intro-

liced by means of the relaxation function in shear

II_O']S “Ahenbach, J. D, Herrmann, G "Forced
Vibrations of an kEncased Cylinder with
Eroding lnner Surfade," Dulletin of the
4th Meoting ICRPEG Working Group on Me-

chanical Behavior, Vol. I, October 1945,
p 317

Grain ablatien alfects the vibratory response of a solld
propellant redhet This pipet prusents an analycical study
oF the 1<aally synmeitae vibrarions of a leng hollow cylinder
thet 1= subjiceud teo time-dependoent 1nterned pressure,  lhe
et radin ot the «ylinder increscs monwotonically with
tinc and £l eater sotlace Is bonded te a thin elastic shell.
ihe mrterial of the cylinder is assumed to be incompressible

in bulk and elastic or viscoelastic In shear For an inter-

nal prassure harmourc in time, the radial response come
of the superposition ::E a maintained vibration and a L1
1ent vibration The maintained vibration takes into a.
the loss of mass and stiffness 1n a quasi-static manner
the Luternal pressure s a step lunction che radfal o
consists of the superpeosition of a quasi-static respop
a transient vibration In both examples the transicnt

brations are subjicted o viscoelastic damping

I Achaenbach, J Db "Dynamie Respon
I._Oilg o Viscoctastle Cyllnder with Alla
Inner Surface," Techmical Reporti !
65-6, Northwestern University, Ev
Illinois, December 1965

The effects of ablation and viscaclautictty on 01
bratory rvaponac of a hallow cylimder are inve st fpates
cylinder {s subjected to a time-dependont internal m
Solutions are presented for the circumferentiai stros
the eroding i1mner surface ard for the displacement in
direction It 15 found that due to ablation, freques
decrease and amplitudes Increase  The increases In
tudes due To ablaction are counteracted by viscoelast:
ing In this analysis it 18 agsumed that the materi

incompressible in bulk and viscoelastic in shear

i

I1- Achenbuch, 1. P, "Toisional Oscilia=-
1-020 tions of an Fatased uu]tow( Cyllinder of
Hinlte Length," Paper preseated at the
ALAASASME Suventh Structures annd Mater-
ials Conference, Cocoa Beach, Florida,
April 18-20, 1966 {See also Technical
Reporf No 66-3, Northwesterm University,
Evanston, Illineois, Fchruary 1966.)
A hollow elnstic or visecoelastic e¢ylinder of {inite

Iength is encased in & thin elastic shell The analysls of



free torsionai vibrations of the elastic system yields a
transcendental frequency equation that is solved numerical-
iy The modes of {ree torsjonal motion are discussed and
the proper relation establishing orthogonality of the prin-
cipal modes is determined [he elementary mode of a free
eircular cylinder, wherein each transverse section rotates
as a whole, does not occur for an encased cylinder Tle
exact frequencies are compared with estimices based on the
dssumption that the material of the core is very compliant
as compired to the material of the shell  The regions are
discussed 1n which these estimates are aceeptable  Fouller-
Bessel wnsly.is 1s used for the problem of fuiced torsionilb
mobjon ot the encased elastic core, for arbitrary dependeuce
on radial coordinate and time ol the prescribed displace-
ments or LETisLls At the end wgecions For t1ae-harmenic
forcing tunctions the analysis 1 extended to forced torsion-
a2l motion of an encised viscoela<tic cylinder  The visco-
elastic solutions are derived Lo teeme of the vemplex <hear

modulius

"Dynamic Response Preblems of Solid Propel-
lant Rockets,” J D Achenbach Feature -
Article, Solid Rocket Structural Intearmty
Abstracts, Vol, §, Ho. 1, pp. 1-34, January
1968

A survey of dynemic effects on the response of s0lid rocket motors
is presented The Service lozds that impart dynamic loads to
sotrd rocket structures are discussed and the various techmques
for solving dynamic response probliems of soltd rocket motors are

I[1-021

reviewed

11-022

“The Structural Dynamics of Solid Propellant
Rockets,” J, D. Achenbach, Applied Mechamics
Reviews, Vol, 21, pp. 549-535, June 1368,
Methods of 1nvestigating the dynamic response of salid rocket
motors are reviewed.

"Circumferential Modes of Vibration of A Model
For A Solid Propellant Rocket," 4. D Achen-
bach and F H. Chou, J, Spacedraft & Rockets,
Yol. 5, pp. 964-968, August 1968,

A thick-watled sotid cylinder snth a gas fiiling the circular
cylindrical cavity 15 encased 1n a thin elastic shell, The mate-
rial of the solid cylainder §s incompressible and the behavior in

I1-023

shear is dependent on frequency. The transcendental frequency
equation for free nonaxially symmetrical motion in the plane
strain of the gas-selid-case system 1s derived and 15 solved
nemerically  For various values of the relative thickness of the
shell and for a large number of models, the frequencies are shown
versus the ratio of inner and outer radwus of tne cylinder The
dynamic interaction between gas and solid is discussed,

I1-024

"Ax1a1 Shear Vibrations of A Cylinder

of Decreasing Thickness,” J D fchonbach,
AIAA Journal, VYol 4, pp. 1233-1240, July
1965,

This paper presents an analytical study of the axial shear vibra-
tions of 2 long hollow cylinder that is subjected to time-dependent
body forces in the awial direction Ao expression is determined
for the shear stress at the bond wnterface It 15 shown that the
instantanesus frequency of the sheav bond stress increases, and
that 1ts ampiitude decreases toward burnout twme. Various abla-
tion rates are considered A modified Fourier-Bessel mode 1s
defined that satisfies the boundary conditions. Substituting this
mode 1nte the equation of motien, a solution 15 obtained by
asyvptotic methods in the vicinity of the bond interface The
ax1al shear vibratiens of an ablating viscoelastic cylinder are
discussed briefly. :

I11-025 "Effect of Elastic Case on Stabvlity of Radial
Hodes 1n Solid Provellant Rockets," by J. E
Achenbach and £ T, Sen } Svacecraft &
Rockets, Vol 4, pp. 214-219, February 1967,
The coupling of the cembustion process and the mechanical vibra-
tions of a solid propellant rocket may result in acoustic insta-
bitity 1f a mechanical disturbance 1s amplified by energy release
in the combustion zone Acoustic stability devends on the balance
of energy sources and energy snks, Energy dissipations in the
gas and the viscoelastic sol1d promellant hinder ars taken into
account. The instantaneous frequencies of the siructural system
are determiped from the undamped system In this paper the influ-
ence of relative thickness of the elastic case on acovstic
stabiTity of the lodest radial mode 15 discussed It is found
that in the early part of the burming process‘a thicker case makes
a more stable motor Near burrout, howsver, the motor becomes
more stable for a4 thrrner caco,

A-21
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11‘026 Acherbach, J D -+ "Vibrattons of a Viseo-
! elastic Body," AIAA Journal, Vel. 3, Wo.

6, 1967, pp 1213-1214, AB-657 495

It was concluded that for a body of viscoelastic materisl

of constant Pofsson's ratio subjected to surface tractions, the

dynamie displacement can be obtalned, provided that (1) the
statiz haundary=value problem for the corresponding clastic
body subjected to the surface tractions can be solved, (2} the
normal modes of free vibratfon of the cerrespanding elastic
body are known,

[1-026a Wilhams, M L  "The Axal Vibration of a

Viscoelastic Rod " GALCIT SM 63-9, California

Institute of Technology, Pasadena, Califormia,
April 1963,

II_027 Ghosh, Sukumar and Wilson, Idward: ‘“Dvaa-
mic Stress Analysis of Axisymmetric Struc-
tures under Arbitrary Loadling", University
of California at Berkelev, Earthquake En-
glneering Research Center, California,
Report No EERC-69-10, September 19569, 207
p., (PB-189 026}

A finlte eleent method is presented for the dvmamic
analysis of complex atlsvmmetric structures subjaczed to any
arbitrarv static or d namic loading or base acceleration The
three-dimensional axisvmmetrie continuum is represcnted elther
as an axis mmetvlc thin shell, a solid of revolurion, or as a
combination of both Hamilton's variatiomal principle s used
to derive the equations of motion for this discrete structure.
This leads to a mass matrix, stiffrness matrix, and load vec-
tors which are all consistent with the assured displacement
fleld To minimfze computer storapge and execution time, a
diagonal mass matrix has been assured in wricing the computer
program, For an earthquake analysis, che response spectrum
technique mav be used to obtain approximate valuyes of the maxl-
mum response quantitles 1f detalled time hlistory of the res—
ponse 15 not desired This method of analysis s applied to
wvarloys practical cases

11‘028 Fitzgerald, £ A "The Dynamic Responrse
of Linearly Viscoelastic Cvlindrical
Shells to Periodic or Tramsient Loading,”
Shochk and Vibration Bulletin, Naval
Research Laboratory No. 3B, Part 3, Nov,
1968, pp. 121-137,

Author discusses the correspondence principle of Blet
goverming the wse of elasric cquations Lo solve the analogous
viscoelastie problem and shows that correspondeace will exist
For ¢ylindrleal shells only for slnuscidal mode shapes. Con-
sidering mutrilayer cylipdrical shells, he uses a Donnell-
type analvsls, somewhat mote general ghan that of Breniek
and Freudenthal and adapts Cowper's method to zllow for trans—
verse shear The solution, In terms of normal mode theory,
is used to determine the response of various multilayer shells
to impulsive, harmonic and random loads.

11-029 Magrak, Bduied B "Tramfent Respanse
of a tase~Bonded Nonlinvar Viscoelastic
{vlinder,”™ ATAA Towrnal, Vol 7, ho &,
April 1969

The problim of o rapidly pressurized, infinitely long,
thick-walled viscoelastic cylinder bonded to 1 thin elastie
11l jis coustdercd  The plune scrain solution is obtiined
ten the strarn ¢ and detormetion rite d in Lhe viscor lastic
rlinder are such that turme of order threo nd higher in e
w d can be neglected in compirison with ¢ wnd ¢ The striins

— B2

in the shell, hewever, are restricted to magnifudes for which
infinfrestmal elusticity theory applies  The effect of fmrtia
of thye viscoclistic cyllader s Included fn the tealysis

The eyllnder {s Internilly pressurized by two typoes of proesure
progTams  a step pressure and a bamp pressure with four diff-
erent rise-times  For these londings the Fulerlan straln and
circumfercnel il sercss response at the fnncr ind guter rulil

of the viscoelmtic eylinder arc obtiincd using a sicond-

order constitutive relacion in which the stress depends only
oh the displacement and veloclty gradients

-

11_030 Marinescu, AL "Concerning the Oscilla-
tions of the Rochker,” Revue Roumaine des
Sciences Techniques, Secie do Mecanrque,
Appligue, Vol 12, No 5, 19607, pp 1145-
1164, (In (ermin)

txaminietion of z model rocket which has the shape of 1
rod with one Free cnd and is characterized by variable mass
md rigidity  The frec oscillatlons of the rod are invesci-
gited by means ob the bending theotry, as well as from the
st mdpaint of rotational increia, shear forces, inmer dumping,
wrodvnmmie dunplng, wd 1svial farces Finatly, foveed o-.cil-
it tons trisim ftem Ele combinagd W taon of hnmend, weiden-
til, 1md wnste sy purcarbagions are studied Sumerfeal oaim-
pies of these riiree cypes of purcurbing force are preswnted

11_03'1 Para, Patricie & , Shihady, Pl A
"Fongttudinal Vibraclons of a solld I've-
ptllanc Hocket Motor," Dovclopments o
Theoretier] wd dpplivd Mecbhinies, Vol 3,
Southostern Confervice on Thworctical
and Applied Mechanic s, 3rd, Unfversity of
South Carolina, tolumhla, § C , “Micch 31—
April 1, 1966, Procecdings, wd 30 A
thaw, 1962 wpp  623-633

Study of the probiem of enlculating the lower narural
froqueney of 1 lonp clamped circular cylinder with a stae-
shaped stress-free Internal perfeintion vibrating in axial-
shear node  This prablum {s interprrted as 2 Elrst approxi-
aition for a tvpucal long, solid-propellant rocket moter fe
Is peinted eur that che methed deseribed 1s dirvetly applicable
in dutermining the cutoff Erequencies of wave-puldes of wory
generil cross svolion

11-032 Iiu, C K , Chang, C H "Wave Propaga-
ti1on in Hollow klascic Cylinders with End
Constrints,” Divelopments In Mechanics
Vol 3, 9¢hh Midwistern Muchanies Conl
University of Wisconsin, Hadison, Hs
Ay 16-18, 1965, Proceedin,s, Part 17,
Dynamics and Fluid ichanles, ed T C
fhang, M W Johnsen, Jr , 1967, pp 203-
214

]

Solution For the shnmie displacements (and stresses) in
yothrekwatlod Fimate e tie eylinder, which 15 subjected to
an anterml bEa t-loadim fhe unds of ghe gy linder ace well
febr1evtul, but they aie prevenced from axial movement  The
anibysas has applications to some rocket-motor thrust chamber
compenents, Wwluch e e withscand the rransient loading of
thenst baaldup wrtlheut teterference wirh gimbaling

11-033

Anderson, € “Flastie Plane—Strain Vi—
brations of a Hollow Cylinder Bonded to
1 Thin Shell," Acousticnl Saclory of
fmerie 3, Jouranl, Yol 43, Hiy 1968, pp
1180-8?

Frequency equations for elastlc plane-strain vibrations

f an infinftely fong, hellow elnscie eylinder bonded on the
»wter curved surface to a thin elastic casing are discussed
wd compired with slmllsr equations appropriate Lor hollow
~ylinders with (1) tractlon-lree surfices and (2) one traction-
ree ind one clompod purf e The axiaymme Lrle mode ueeouplea
nto 1 shear mode and a radlal-extunsional mode  The (ffects
i shell thickness, miss density, and elistic propercies on
ke natural edrculqe frqquency coelfigient- asaociated with
e sheat and extensional modew are discussed, nd graphs of
the matural circulat frequengy ceefficipnts and of a displace-
ment ritio are included
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11-034

Anderson, G "Flastic Axial Shear Vibra—-
tions of a Hollow Cylinder Bonled to a
Thin Shell,” Acousticen) Socicky of Mmeriea,
. Journal, Vol. 43, day 1968, pp. 1182-B4

Frequency equations and displacement ratiss for elastic
axlal shear vibrations of an infinitely long hollow elastie
eylinder bonded an its outer curved surface to a thin elastic
@asing are derlved and compated with simllar equations ap-
propriare for hollew eylinders with (1} traction-Free surfeces
and {2) one traction-free and one clamped sucface  Various
plots of the patural circular Erequency coefficients and dia-
placement ratios have bheen wmade §n order ro digplay their
dependence on shell thickness, core thickness, muss density,
and elaatic properties

11_035 Khobelach, G. W ; Shulman, Yechiel
numle Response of a Composite Sheir "
American Insgitute of Aeroniucics and
Astronautlcs, and American Society of
Hechanical Faginsers, Structures, Struceyral
Dynamics and Materials Confercnee, 9rh,
Palem Springs, €alif , 1-3 Aprsl 1968, ATAA
Paper 53-351

Dy

An appro<imate analvele solutfon is obtafned to the tran-
slent responae of 1 in{inleels long cylindrical ahell sur-
rounded by a viscoelascie medfun A unifaorm, wfisypmetrlc
pressure pulse {3 applied to the Interior of the shell, Cases
are treated where the ghell 1s considered to be {1) elastie
and (2} the ghell is considered to be a composite shell con-
slating of an inner elastic layer aml an outer viacoelastie
layer  The viscoelastic media wre deseribed by the compiex
modulus representation of the constfltutive relatfons  The
elastic shell is described by thin-shell theory  The resulrg
indicove the nature of the tesponse over a wide range of visco-
elasti¢ properties The approximate solution corresponds
favorably with results obtained by numerical techniques A
composite shell with a viscoelastic layer having high shear
and bulk modull which 1s surrounded by a viscoelastic mediun
having relactively lov moduli is found to respond In a manner
gimilar to that of an elastic shell surrounded by a visco-
elastic medium with high moduki.

11-036

Shaffer, Bernard Y., Sann, Robort I.
"Optimum Rela<ation Time for a Maxwell
Core During Forced Vibration of a Rocket
Assembly," New York University, Scheal

of Enginesring Scaience, Departmenc of
Mechanical Enrinecering, Umiversaty Helghts,
New York, Decomber 1967

When the core of a case-honded viscoclastie assembly is
mede of a Maswell so0l4d, ap optimum relaxagion time fs found
“hict minfmizes the displacemsnt amplitude and the boad stvress
response at rafonance For a Voigr solicd the displacement
anplitudé and the bond stress respomce 1t resonance decreascs
with retardat:on time, buk no optimum time e<ists in the same
sense.

Sclammarella, C. A ; Chiang, Fu-pent
"Dynnmical. Stresses and Strains £n Pro-
pellant Grafng," Interagency Chemlesl
Rocket Propulsion Group, Mechanical Beha-
vior Werking Group, 6¢h Meering, December
5-6, 1967, Jet Propulsion Laborakory,
Pasadena, Galif | CPIA Publication No
158, wol. 1, Octobe‘: 1967

11-037

The main purpose of the research program presented im this
paper 1z to study erperimentally the transient phemomena that
take place in prapellant grains at the luiclation of ignitien.
As the f£icst problem in the analysis of transient phencmena,
the effect of enerpy dissipation in the propeliant in the re-
duction of maximum chamber pressure at the beginning of [gni-
tion 12 undertaken. A hollow cylirder case-bonded propellant
grain is used as a model. A Ting Section of the cyllinder is
utllized gs vepresenting the propellant behavier. A discua-
sion of the similitude condition is given, Tt Is shown that
the plane stress condition prevailing in the ring gives ve-
sultg that differ substantinlly from the plane strain condi-
tion exiscing in & long cylinder A loading device able to
simylate che pressure generated by the ignitlon is designed.
The moiré method is wrilized gs the experimental stress tech~-
nique. The dynamis mofrd patterns produced by the applied
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load ere recorded by nigh speed photography. Two other quan=-
tities are measured, pressure history applied to the propellant
and the strains of the fibergimss casing.

11-038

Kelkar, Vasant S “Vibrations of a Hol~
low Flastic Gylipder Bonded to a Thip
Cagtopg of a Digferent Material," Watfonal
Acronaut{es wnd Space Admindsteatlon |
Ames Rescarch Genter, Moffett Field,
California, November 1967

Exnct solutlons are obtdined to determine the natural
frequencies and mode shapes of a thin cylindrical shell sypp-
ported by a hollow core of a different materdal Haterials
for both shell and core are assumed to be homogeneous, imo-
treple, and Yinearly elastle A perfect bond ls nssumed at
the junction of the shell and the core  The composite cylin-
der is Free from stresses ab its curved boundarles and is
supported by & diaphragm at Its Liat ends The solutions for
the core arz based on three-dimensional elasticity theory
and fer the shell on bendiny, theoty Curves are plotted to
show the viriacion of the [requency wich the varintion In
elrcumbferenttal and avial wave washer s aod n Lhe rat{o of

faner to onter ead{i of the oo

feiammarella, € A , Chlang, Fu-pin:
"Srructural Incegeity Studies a Study of
Lhe fy msient Frhavier of Propeilt
Gralns Under Dynamic Loadw By Heans of the
ttoird ‘Technigque,"” EReport Ho TR-1,
Flogada University, Galnesville, Dept of
Enpfneering™Science and Hechanics, Dec
1966 .

11-039

The main purpose of this research program was to study
experimentally the transient phenomena that take place in
propellant grains at the initiation of ignicfen. As a firse
step in the analysls of the transient phenomena, rhe pifect
of encrgy dissipation in the propellant, 1n the reduction of
che maximun chamber pressure at che begluning of ignition was
sndertaken

I[-O4O Sann, Robart 1 , Shaffer, Bernard W.
"Free Transverse Elastic Vibrations of a
Solid Cylinder Bonded te a Thin Casing,"
Sidm Journal on Applied Mathematics,
Vol 14, Wo 2, March 1966, pp 266-285.

Frequency equations and mode displacement functions

have been derived for the plane strain, free transverse vi-

bration of a cylindrical assembly consisting of a solid elas-

tic core bonded to a thin elastic shell. Peformation of the

elastie core abeys Navier's equation of elastodynamfcs vhile
deformation of the casing in extension and in bending oceurs
In accordance with the equations of thin shedl theory  Twe
dlifierent solutions are presented, one s applicable to a
¢opressible and the other to an incompressible core mater-
isl It is found that with a compressible core, the rota—
tionally symmetric wmode has tuo unceupled motions, one is a
tigid body rotation of the casing with a tvisting of the
eylinder and the other is a vadlal “breathing" of the casing
acd the cylinder The breathing mode is not present with &n
incompressible eore  Some simplified frequency equations
are also presented for limfting extdémes of rigidity and

dens Ity

REPRODUCIBILITY OF THE
ORICTIAL PAGE IS POOR



II-OlH Magrab,- Edward B . "Transient Viberation.
of a Rapidly Pressurized Nonlinear Visco-
elastic Cylinder Bonded to a Thin Elastic
Shell," Paper presented at the Fifth U §
National Conpress of Applied Mechanics,
June 1966, (abstract only 1n Proceedings)

The problem of a vapidly pressurized, infimitely long,

thick-valled viscoelastic cylinder bonded to a thin elastic
shell is considered The plane strain solution is obtained
when the strain, g, and deformatfon rates, d, in the visco-
elastic cylinder are such that terms ot order,three and
higher in & and § can ba neslpgeted in comparison with e and
4 The strains in the shell, however, are restricted to mag-
nitudes for which infinitesimal elascicity theory adequately
applies  The effect of inertia of the viscoelastic eylinder
is included in the analysis The eylinder is internally
pressurized by two types of pressure programs a step pres-
sure and a ramp pressure with four different rise-times A

\
second order constitutive relatign 1s developed for am iso-

tropic, incompressible viscoelastic material im which the
stress depends only on the displacement and velceity gradi-
ents 1he constitutive relation contains seven material
constants which can be determined from four experimental
tests These tests are described in an appendix. The con-
stitutive relation 1s used to obtain the Fulerian strain and
normal stress responses at the inner and outer radii of the
viscoelastic cylinder to both the step and ramp pressure

loadings,

II-O42 Marinescu, Al "ppproximate Analysis of
Forced Vibration of Rockets," Revue Roumaine
des Sclences Tlechnigues, Série de Mécanigque
Appliguée, Vol %, No 5, 1964, pp 1115-34,
A discussion of the forced vibrations of rockets, when .

the latter are considered as beams of variable mass with

free cross sections st the ends  Forced vibratlons under

the action pf external harmonic forces are first considered
Subsequently, such vibrations are examined under the action
of external random forces followed W'a diseusslon of dis-
continuous external forces .In all cases the equations for
forced vibrations examined include the effect of.internal

and aerodynamic dampings as well as the effect of axlal and

restoring Eorces.

II,_043 Daniel, I. M. “Experimental Methods for
Dynamic Stress Analysls in Viscoelastic
Materials," Journal of Aoplied Mechanics,
Series E, Vol 32, No. 3, September 1985,
pp- 598-606

This paper deals with experimental methods of dynamic

stress andlysis fn viscoelastic materials Plasticized

polyvinyl chloride is used as the model material Bynamiec

properties, both mechanical and optical, In the form of a

A-24

complex mwodulus and a stress fringe value as Functions of
frequency are dciermincd by means of sinusoldal oscillacion
tests  Those are converted Inte a relaxatfon nodulus and 1
stress fringe value s Functions of time  Two approaclhes
arc discussad In the [Lirse one, moisured steains in che
model amd the material rotaxation modulus are used for the
computatfon of stresses by numerical integration of the
integral constitutive relations of viscoulasticity In the
other approach, burelringunt measwrements fn the model and
the stress fringe value of the material arce used for the
computatfon of the principal stress difference by numerical
Integration of the integral stress-optic relation The ap-
plicatfon of these methods is demonstrated in the cases of
a strut and a plate <ubjicted to the lmpact of a falling
welght. Results obtained independently by the two methods

are In satisfactory agreement

II-044 Eler, A. S. “Derivation of Formulas for
Calculating the Transient Response of a Visco-~
elastic Torsional Pendulum," Bulletin of the
2Znd Meeting ICRPG Working Group on Mechani-
cal Behavior, November 1963, pp. 141-160.

The pendulum consists of a circular viscoelastic rod fixed

at one end and attached to a diac at the other end. The dise,

mtially at rest, 18 subjected to a step function of torque,

The subsequent motron 1s analyzed in terms of normal modes

and normal coordinates. The normal modes are found by

separation of varlables. The characteristic numbers asso-
ciated with these modes depend only on the moments of in-
ertia of the rod and dlsc, and not on the mechanical proper-
ties of the rod. The normal coordinates are solutions of
mtegro-differential equations of the Volterra type. These
equations may be solved by means of the Laplace transform

1f the mechanical properties of the rod are represented n

differential cperator form. )

Alter the response to a step function of torque has been ob-

tained, the response to an arbitrary torque may be obtained

by means of Duhamel's integral

This method of analysis may be applied to other dynamic

problema in linear viscoelasticity provided the characteria-

tic equation can be reduced to a form that does not involve

the mechanical properties of the material,

11_045 Henry, L A., Freudenthal, A. M. "Forced
Vibrations of 2 Visco-Elastic Cylinder Case-
Bonded to 2 Thin Elastic Shell. " Techmeal
Report No. 22, Columbia University, Mew York
Caty, January 1964

This paper 1s concerned with the forced vibrations of case-

bonded solid propellant grains. Special attention 1s paid to
the mnteraction between the thin elast:c shell (case) and the
thick-walled propellant cylinder, The effects of material
damping 1n the propellant are explored,

Frequency-response functions are computed, which can be
used for analysis in sitvations where the loading 18 arbitrary

deterministic or random (stationary).



II-046

Henry, L. A.; Freudenthal, A. M. "Forced
Vibrations of a Finite Viscoelastie Cylinder
Case-Bonded to a Thin Shell.™ FPaper No.
65-173, ATAA 6th Solud Propellant Rocket
Conference, Washington, . C., Februaryl-3,
1965,

Frequency-response functions arc determaned for the
stresses and displacements 1n a viscoelastic thick-walled
¢ylinder case-bonded to a thin cylindrical shell. A radially
svmmetric solutionns ghtained n three steps. 1) the solu-
tion 13 obtained for a thick-walled cylinder with oscillating
pressures on the inner and outer surfaces and a tangentjal
stress on the outer surface in the axial direction, 2) the
golution 1s obtained for a thin cylindrical shell wath internal
pressure and tangential stress in the axial direction on the
mnner surface and with the outer surface traction free, and
3) combinations of solutions 1 and 2, requiring continuous

displacemnents at the interface, give the sclution to the

problem. The equations of linear elasticity are used for the
thick-walled cylinder. Membrane theory 1s used for the
shell. Damping 18 mtroduced by means of complex moduls,
The boundary conditions require that the radizl displacement
and the normal stress in the axial direction both be zere at
each end., Numerical results are presented for the first
barrelling mode of the structure. These computations
tllustrate the effect of the coupling of the cylinder and shell
on the natural frequencies of the system 1in the range con-
gidered. The effect of various degrees of damping n the

thick-walled cylinder 13 also clearly illustrated.

11“047 Kmgsburv, H. B.; Vinson, J. R,., Soler,
Al tLobar and Longitudinal Vibrations
of Solid Propellant Rocket Motors, " Paper
No. 65-.172, AIAA 6th Solid Propellant Rocket
Conferencey, Washington, D, C., February 1-3,
1965,

Approximate analytical methods are developed to deter=
mane the lobar {breathing) mode shapes and natural frequen=-
cies of a solid propellant motor, the axially symmetric
propellant mode shapes and natural frequencies-during lon-
gitudinal vibration, and the propeliant stresses during
forced longitudinal vibratron. Such methods are essential
to the study of motor slructural integrity during transporta-
tion and handling. For lobar vibrations, the Reissner Func-
tional 15 formulated utilizing a plane stram aolution of the
motor undergoing arbitrary inextensional deformations of
the case. Employing a variational technique, analytical
expressions {or the lobar natural frequencies and mode
shapes are déterrhined For longrtudinal vibrations, the
propellant 1s considered as a thick, hollow, elastic, {inite
cylinder, Functional formas for stresses and displacements
are assumed with arbitrary radial and axial dependence,
The repeated use of Reissner's Prinewple yields equations
applicable to various boundary conditions. From these,
natural frequencies and mode shapes are determined,

Numerical results uaing the expreas:ions developed predicted

11-049 Arveson, W

an approximate method 15 developed to determine stresses
and displacements in closed form for molors under forced
longitudinal vibration, Its range of applreability mecludes

the frequencies associated with trangportation and handling

REPRODUCIBEITY OF THE
;)REGE\TAL PAGE IS POOR

IIFOq'S Barrett, R. E. "Techniques for Predicting
Localized Vibratory Environments of Rocket
Vihicles " Technmical Note D-1836, National
Acronautics and Space Admmmastration, Mar-
shall Space Flight Center, Huntsville, Ala-
bama, October 1963,

I* 18 imperative that the vibration enviroament of future
vehicles be pridicied vraor to design and development so
that satisfactory design and test procedures can be estab-
lashed These crieria are essential to the establishment
of nph rehabihity ~tandarda necessary for man 1ated
sehicles The mcthods and techmgues prescnted herein
allow adequate prediclions of future vehicly environments.

These techniques rely upon typical structural confipura-
tions which have been sufficiently defined by measured data

Subsequent statistical analyses describe the dynarmc char-
acteristics of the structure with statistical certainty. Thus,
with only a knowledge of the structural giometry and masas
characteristics, the anticipated dynamic enviromment may
be established These techniques are applicable Lo all
rocket vehicle structure including corrugated and sandwich
skin construction.

The predicted environments represent a statistical
estimation since the reference spectra are eatablished by
statistical techniques  Consequently, the probability of the
actual environment not exceeding the prodicted environment
of a future vehicle 15 established with a 97. 5 percent confi-
dance. This does not infer that the predicted environment
will accurately correspend to a single measured cnviron-
ment. Certainly, some of the measured responses of a new
velcle will be significantly lower than the predicted. This
18 to be expected sunce the criterron 1s such that the predie-
tion will envelepe 97 5 percent of the situations Iowever,
this problem is cleviated somewhat by the techniques uti-
lized of suparating rocket vehicle structure into eight (8)
rasic calepories -- each possessing essentially similar
dynamic characteristics. This reduccsthe veriance about
the mean so that the mode value {most likely to oceur) s
not greatly less than the higher confidence liruts Fhere-
fore, the 97.5 pereenteiiterion may be used without the
concertt of over conservatism in repard to a specific proba-

lem

B "Dynamics of a Rockdd with
an Axis of Synunutry. " NAVWL}

7958, NOISTP 3000, U S MN1val QOrdnance

Test Station, China Lake, California, July
1963

A fundamenta) analysis of the

‘€ Report

dynamics of a short-range

rockct~progelled v
sented
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vhicle wath an avis of symmetry 1s pre-

0/ {
fundamemal lobar and lougitudmal frequencxcs w-thin 2 o ©
£ us and CO“'I])ILhL'nslve,

those obtained from full-scale rocket motor teats. Finally,



stressing the wnterpretabon and application of phvs:—cal
principles to this problem,

The number of initial assumptions has been kept small
The final equations are quite general, and are carried

through a series of approxumations and restrictions.

11-050

Sarkar, S. K. "Torsional Vibration of a
Semi-InfiniterViscoslastic Cireular Cylinder
Due to Transient Tors mn;i Couple, " ATAA
Journal, Vol. I, No. 6, June 1963, p. 1427,
This paper 18 concerned with the determination of dis~
placement 1n a semi-infinite viacoelastic cylinder when a
torque, expeonentially decreasing with time, 13 applied on a

prescribed region of the plane end.

IIHOE-I Cook, K. 5., Chappell, R N. "An Analog
Solution to Viscoelastic Structural Prob-
lems, " CPIA Pubhication No. 61U, Bulletin
of the Third ICRPG Working Group on
Mechanical Behavior, Vol I, QOctober 1964,
pp 14l1-152,

An analog computer solution to transient, viscoelastic
structural problems 1s8 presented. The general form of a
computer diagram for quasi-static problems 1a developed,
and 1t 13 shown that dynam:c problems may also be ana-
lyzed by the same methods  The quasi-static and dynamic
responses to internal pressurrzatron of a viscoelastic
propellant gram in an clastic case are given as examples
Computed resulis are compared with test results  The
method utilizes the relaxation modulus rather than the com-

plex dynamic modulus.

11“052 Burton, J. D., Jones, W. B., Frazee, J.D -
t'vigcoelastic Vibrations ¥ CPIA Publication
No. 61U, Bulletin of the Third ICRPC Work-
ing Group on Mcchameal Behavier, Vol. 1,
October 1964, pp 191-202.
Fatigue testing of sclid propellants has been conducted
at Rocketdyne since 1t was discovered that prolonged,
large amplitude, relatively high-frequency vibration of
solid propellants caueed structural failure of that visco-
elastic material Small models have been used for this
testing to mimimize the expense and complexaty of the study
program One model used 18 a longitudinally-vibrating
weighted column., Expressions developed by Wilhiams
irom basic equations of motion were solved to give the
response of the column, The solutions, while complex,
conmder body forces and describe the motion of a planc
within the model as a functien of tune. Umavaal tensile
test data in the form of relaxation modulus curves have
bheen transformed to determine parameters for a mathe-
matical model used to describe the propellant properties
in vibration The relations were then evaluated to predict
the model response. It 1s shown that predicted and exper-

imental response are in good agreement,

REPRODUCIRILITY OF, THE
ORIGCINAL PAGE IS POOR

II_053 Garrisen, U,E.* “Final Report - Resonance
Search and Response Test Stage I Minuteman
Motor with Embedded Instrumentation {TU-
122-1834.1062, TTM 009} % Thickel Chem-
tcal Corporation, Brigham City, Utah, May
1964,
A total of thirtoen vibration tests were performed using a
live Stage I Minuteman moter with both external and embed-
ded Instrimentation. Ten of the tests utilized the electro-
dymamic exciter gystem and three of the tests utilized the
clectrohydraulic exciter system. Flve tests were performed
with the excitatlon applicd farallel with the longitudinal axle
of the motor., Six tests were performed with the excitation
applied perpendicular to the longitudinal axls {transverse).
Two teats were performed with asynchronous excitation
applied at sach si1de of the motor center, i.e, the driving
forces directly opposed, were 180 deg out of phase with each
other,
Dilving polnt moechanleal impedance meagurcments ware
found to be an excellent means of detecting resonance, In
some cases, antiresonances by impedance may indicate
erroncous results but can be verlfied by mode shape analya-
sis,

I I""'\OSQ Bynum, Bong las, Ir "Wibratton=test
Feaduat San of an ULLAGE Sobfd-propdliant
Rocket Moror " 1xpurlmptat Moedinle s,
Vol 10, No 2, kibrmavy 1970, pp 37-63

The misslon of the ULLAGE wortor 1s to malntaln a positive
acceleratien of the Saturn rocket during the period between
burnout of the first stage and fpnition of the second stage.
The cight UILALF motors attached o the Saturn second stage
are {ired during scpacntion (rom the first scige  They must
withstand intense ound levels and vibratlond trinsferred
throuph the first stage «nd the lnger.tage sCructures

VYioration te.ts vere perforned on an fncrt ULTAGE motor
to safcly educe thw approximite response of the dewlpn conflig-
uittion  Thi resnles served as a ba ts for [mproved dofini-
tions of the control pirancters in subsequent vibration tests
performed duging el development propram The moter wis
testod while subjected to harmonic {sfnusoldil) dE.pliciug
ovettrefon, ar will a5 to 1 Ganssian i vribuelon of rindom
vibratfon The tran miasibiiicics and power spocteal donatties
were ohtned for forclnp fusncilonils in the foagitudinal,
vad Bk, and tangent il dircetions Summirics of a1l the vibr don
tests were prepared and the erdcienl Freguoncics woere enumera-
ted and discusscd

II—,OSS Shaffer, Bernard W., Sann, Robert I
“Forced Transverse Vibration of a Solid
Viscoelastie Cylinder Bonded to a Thin
Casing," Journal of Applied Mechanics,
'-lu:. 36, No. 4, December 1969, pp BZ7-
N 834

The amplitude versus frequency-response spectra of stress
and displacement compeonents within a solid viscoelastic eylin-
der bonded to 2 thingwlagtic cesing are obtained when arbi~
trary normal and tanpential stresses are applied to the outer
curface of the casing  Special consideration is given to
assemblies whose cores are made either of Volpr material
or a Maxwell material. A quantitative compaurison of the hend
strese amplitude spectrum at the lowest clircumferential wave
humber reveasls for both Voigt and Maxwell cores, and for
smll values of retardation time and relaxation tima, respect-

ively, thac the amplitude tatio between the vadial bond stress
and the lateral pressure decreases with increasing values of
the time constant As the time constants get lavger, the
resonant amplitude Increases for the Maxwell materinl, and de-
creases for the Voigt material. The Volgt core egsentially
behaves like 1n elastic solid at small values of it retarda-
tion time, and like & visious fluid at large values of its
retardation time The Maxwoll core essentinlly behaves 1like

a nonviscous fluld ak small values of its rslaxarlon time and
like an elastic solid at large values of its relaxation time

A:26



I11-056

Pan, H Il.  "Axisymmetrical Vibrations
of a Circular $indwich Shell with a Visco-
elistie Core Layer,” Journil of Sound and

Vibration, Vol 9, No 2, HMareh 1969, pp
338-343,

The author presenes a thotough derivation of the govern-
ing equation of morfion for a three-Iayered cylindrical sand-
wich shell of £inite length. The derivation is general in
that each layer 1s allowed Lo have independent thicknesses
and elastic,properties, The derivation 1s restriected to ari-
symmetric vibration., In solving the governing equation, the
frequency equation and corresponding composite loss-factor
equation are developed It is found that the composite loss-
factor is independent of the boundary conditions, but that
the natural frequencies and damping effect of the viscoelasstie
~ore will be different under different boundary conditions
The analytical results are tenpared with limiting cases of

ransverse vibration of sandwich plates and beams "

Hoekel, T. F.: "The Structural Design
of Solid Propellant Grains," Emerson
Eleccric Report Mo, 2123, 3 January 1967,

The report was prepared to serve as reference material
for a lecture course The materlal s presented In elementa-
ry fashion to serve the needs of persomnel other than those
directly concernud with structural analysis. The report
initiates with strength of materials and clementary clastici-
ty. Viscoelastic behavtor, cnvironmental influences and
failure data are covered in brief. The majority of the con-
tents are deveted to désign problems and preliminary design
analysis which are emploved to study the problems

[1-058

Anderson, J. McKay  "Adaptation of the
Flnite—Element Stiffness Hethod to Visco-
elastic Steady-State Sinusoidal Vibration
Solutions,” CPIA Publication No 119,

Vol I, Proceedings of the 5th ICRPG
Meeting Mechanical Behavior Working Group,
October 1966, p 297.

A procedure igsvquilined for adapting the Einite-element
stiffnegs method to the solution of steady-state sinusoidal
vibration problems considering general linear viscoelastic
saterial property representations The kinetic eanergy for
the finjte~element wodel 13 written in terns of the nodal
displacement coordinates. Lagrange's equatlon®is then ap-
plied to the kinetic energy expression to determine the inev-
tia terms in the equations of motfon static equilibrium
equationg, obtained from the elastic finite=element formula—
tion, aie used in comblnaticn with the inertia terms to com-
plate the equatdons of motion The stcady-state frequency
response solution to the cquations of motion is obtained and
the elastic-viscoelaseic correspondence principle is then
used ta transtorm the elastic selution into a steady-state
viscoelastic solution,

' Finlte-element cohputer programs ot dlevcules Ince , modi-
fled to obtain frequency response solutfons, provide visco-
elastic solutions which are gencrally in excellent agreement
with kmown selutions. A detalled friquency response analysls
of a two-layered, finite-length cylinder i{s presented which
exhibits typical core deformatjon and stress patterns at
several of the resonant [requencies  Fundamental modes for
conditions in whith the core Is not reslcalned by the case
at the ends are primarily axial-shear modes of the core
When the core is restrained at the ends by rigid plates at-
tached to the case, Fundamental modes exhibit strong coupling
between the core and the case

Baker, W F , Daly, I M. Dvaimic
Anntysis of Solfd Propellant Gunins Using
the Binite Mlement Melthod (Direel Stifi-
ness Method},” CPMA Publication No 119,
Vol 1, Proceedings of the 5th ICRPG
Mect {ng Mechanfctl Behivior Workinp Group,
Cerober 1566, p 319

Presented s a method of dvnamic anilysis of complex con-
tinuum bodies by the entension of the {inite element melhod
Both the axisymmetric and plane stre<s/strain formulations
together with the associated computer programs have been
developed The analysis was developed using viscous damping
and the assumprtion that classical modes exist The undamped
frequencies and mode shapes are flrst calculated and are used
through a mode supcrposition method to calculate the response
to an arbitrary dvnimic leading The method 13 proposed for
application on solld propellant grains as a first approxima—
tion of the natural frequencies and dynam:ic response  Disg-
cussed are the theoretical development, correlation studies,
applications, and some of the limitations of the analysis

I1-059

Hill, Jwms | , Bucker, iric B "bynmic
Sire s b Case-Bonded (vlindir Dae e
Trm hout anpular drcederacions,” Alaa
Jonemil, Vol 7, No 3, Mardh 1069

11-060

v ome applications, «ise=-bonded elastic cylinders an
givan Lagh cates of  pin quite rapidiy. 16 giin seme insight
about the dynawize strosses In the oy linder during such loading,
the translent responsy of an elastic cireunlar cylinder that is
bonled to a more rigid onde G i estigated The case is given
1 spucitied angular accdlerition as 1 function of time  Speci-
Morily, the etsce is geven 1 fmpulsive angular acceleration
and 1 step [unction npulir wecleoytion  Numerical results of
tluse  artustions e presented  The numerical results for
the step fum tron wnpulic weclantion tre {or an iocompressible
chistis aadimder B adl aw tances, the €y linder is constidercd
te b anoy St of plane sLrain

11-061

Malone, Divid W, Connor, Jirame |
"fransicot Dynamfc Response ol Linearly
Viscoelastie Structures and Coatlnya,"
fmerigan Society of Moechinienl Fnplnecrs
wnd American Institute of Aerontutles and
Astronaut fcs, Structures, Structural
Dynamies, nd Materials Confurence, 10th,
Procesdines, Bow Orlo s, [ » 14-16 April
1903, pp e 18

Duscription of 1 finfte-clenent displactrunt formulation
for the direct determination of the dvnnic response of
structural sveruns composcd of arbitrary materials  In order
to investigite zhe practicality of sech an appreach, the pro-
cedury ts implumentod for v linoar viscoelastic material
The concept of internal woordinates, based upon m exponential
expans18n- of the reliwvation modulus, is uscd directly in the
solution-procidure to avoid careving along, che stramn histories
From nuneric i considerations of the discrecized form of the
constitutbve relition, it Is sliown that only a few terms In
the exponentfal oxpansion mav be necessary (or satisfactory ac-
curicy in 1 structural analvsis problem  The method has been
Emplemented for plinc-stress/plane-strain houndiry-value
problems uwing first-order trinngular and rectanpular elements
nd a viscoclastic miterlt! with canstant Poisson's ritio
Resultw are presented for tuwo simple situstions which were used
to check out the computer propram

Goudreau, G L. "Evaluation of Discrete
Hethods for the Lineat Dynamic Response
of Elastic and Viscoelastic Solida"™, Uni-
versity of Calffornia at Berkley, Struc-
tural Engineering Laboratory, California,
Report No SESM-69-15, June 1970, 131 p.,
(PB-194 286}, .

11-062

Governing ffhld'éhuaciuna are given for the linear me-
chanical theory of solids, including the extension of
Himllton's princlple to wiscoelastic solids Through the use
of cenvolutlons, a principle is wonstructed whose Euler equa=
tions are the integral equations of motion, contalning the
{nigial conditions  Closed fForm solutions are presepted for
the lumped and consistent mass finite element models of the
simple bar. membrane, and beam operators  Further, the

spectral approximation to the two radial mode Mindlin-Hermann
bar theoty is srudied Step-by-otep achemrs for the time in-
tegrakfon of diserete sygtems are discussed, A property of
the explicit time integration scheme which pives i¢ the power
to capture disecontinuities in the propapation of stress waves
I alse discussed. The method embodles the "direct' or 'dis-
€ontinuous arep’ methad of Mehta and Divids and hoenig in
Conjuaction with a finfte element apatial diseretization

DPunham, Robert & "Pynamic Strewa

Analysis of One-Dimensional Thermorleolopi-
cally Simple Viscoelantic Sollds with
Honlincar Yleat Conduction Abalvel< "

U 5 Army Miecaile Command, Hedstone Arseanl,
Alrbam, Report Ho  RR=TR=70-13, July -
1370

11-063

This report presents a computer code for the dvnamic
stress analysis of one-dimensional plane, avisymmetric and
spherical thermorheologically simple viscoelastic solids in a
transienc thermal enviromment. The unceupled hear conduction
equation is also solved for these geormetries, with the option
>f temperature-dependent conductivities and specific heats
A user's manual, program listing, and rvpilcal input-cutpuc
dara are included
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11_064 Hunter, 5- €, 'The Solutton of Boundary
Yalue Pioblems 1n Lynear Yiscoelasticaty,"”
0 Hechanies and Chenistry of Solwd Propel-
Jants." edrted by A € Eringen, H Lieho-
witz, § L Koh and J. M Crowley, p 257,
Pergaron Press, 1967,

Hethods for the sotution of houndary value problems 1n lirear
viscoelasticity are surveyed and applied to a number of physical
problems, including dynamic problems

"The Dynamics of Solid Propeliant Rocret
Motors," J, H. Baltrukonis n Mechanics and
Chemistry of Soltd Propellants, edited by

A, C Eringen, H, Liebownitz, § L. Koh,

J M Crowley, p 297, Pergamon Press, 1367,
At this pownt in the development of the art of design of solid
propellant racket motars there are no ciear cet or well founded
methods to evaluate quantitatively the contributions of the pro-
pellant to the dynamic responses of the compostte structure,

In this napew a survey of ths dynamic problems of wolid propel-
tant rocket motors 15 presented starting from the swnplest model
thereof and proceeding, step-by-step, to the consfderation of more

11-065

sophisticataed and realistic models, Tha consideratien 15 resiricted

to infimtesimal deformations of propellant grains with Tinear
mechanical properties Substantial progress has been achieved
towards the solution of many important dynamical problems,

Durelli, A J.. "Exovermentai Strain and
Stréss Analysts of Solid Propeilant Rocket
Hotors," 1n Mechamics and Chemistry of Soilid

11-066

Propellants, edited by A C. Eringen, H, Liebo-

witz, 5, L Koh, J M Crowley, p. 381,

Pergamon Press, 1957,
A review is made of the methous used to strain-analyze solid pro-
peliant rocket motar shells and grains when subjected to (ifferent
foading conditions, The review includes mathads diracted at the
determination of siralns in actwal rockets and also at the deter-
mination of strains in rocket modeis The surveyed methods
include two- and three-dimensional photo-eiasticity, brittle
coatings, electrical strain gages, woiré, grids, etc,

11-067 Jdones, J P. and Shittier, J, S.. "A Swpli-
fied Method for Dynamic Stress Analysis of
Axially Symmetric Solad Propellent Grains,”
Repart MNo. TOR-469 §24G-10) - 9, (SSD-TR-A5-
175}, Ballistic Systems and Space Division,
. November 1965
Response teo transient axially sy-nmetric end pressure of a finite
length holiow circuiar cylinder with a fixed outer surface 15
considered. Axiaily symmetric thickness shear motion 15 assumed
predeminant and a correspondingly simplified equation of motion
is derived 1t 15 found that, for forced motion problems, con-
siderable swmplification 1s obtavned 1f, instead of solving the
equation of motion exactly, one Lses Galerkin's method. Onre and
two term Galerkin expansions are compared with exact solutions

3~ PODUCIBILITY OF THE
(AL PAGE IS POOR

for free vibrattons and for transrent response to suddeniy applied
pressore  Agreement 13 ¢oud for the ore-term espansion z-2
excelient for the two term expanston,

Although the equations are derived for a standard linear solid

as well as an elastic grain, calculations are performed for the
elastic grain only

m11, E, H,, Bollard, R. 1, H,, Pister, K, §.,
Sackman, J. L and Tayler, R, L,. "Structural
Integrity Studres,” MSNW Report Ho. 69-50-1,
Mathewatical Sciences Northwest, Inc.,
Dacember 1969,

This report examines the role of structeral ntegrity amalysis in
engineering systems design wherein structural performance 15 an
important factor, illustrates the actval role of the analyst by
application to a solid propellant rocket motor system; and reviews
in depth {a) numerical methods for structural inteqrity analysis,
(b} response of motors to dynamic loadings, and {(c) matertal
characterization

II-P68
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[1-069 Valami's K € and Liams, 6 . “Studies 1n
Dynanic Stresses tn Thermorheotogically
Simple Viscoelastic Matertals,™ A & ES 62-16,
Purdue University, Hovember 1962,
Dynami¢ stresses in 1inear viscoelastic elastic solids under
non-isothermal conditions are sti11l am unesplored field., In the
present report progress has been made by Tunting attention to
incompressible viscoelastic materials, 1n the sense that volu-
metric changes either due to mechanical forces or temperature
figlds are zaro. Consequently the dynamic stresges examined here,
arise because of the time wise varvation of the mechanical forces
(stresses) apaTied at the boundary.
Consideratign 1s Timted to the configurations of the spheve and
the nfimite hollow cylinder, both with polar symmetry, so that
the dependent variabies are functions of radius and time only On
the hther hand, within this restriction, temperaturs fFiglde are
both nen-hcmogeneous and transient tn nature,
The solutions of both problems reduce te Volterra integral
equations of the second kind, which can be systematically solved
numerically without undue difficulty,

11-070 Hilliams M L, and Arenz, R, J.: “Bynamic
Analysis in Viscoelastic Media,"™ GALCIT SM 62~
38, California Institute of Technology,
Auvgust 1962
Distinguishing characteristics of viscoelastic media are reviewed
with special reference to dynamic siress amalysis. To clrcumvent
the inherent computational difficutties n the usual transfor m
type of solutfons. an ovtension of the Schapery method is pro-
posed for approximating the viscoelastic strain distmbution due
to wave effects From an experimental standpoint, the use of
photoelastic materials to model the responses due te dynamic
loading 15 discussed It is emphasized that quantitative amalysis
depends upon knowing the birefringence as a functien of a strain
rate and temperature The association of the stress and strain
optic coefficients to mechamcal properties 1s derived and sugges-
tions are made as to the determination of material characteriza-
tion as a function of reduced strain rate.
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11 =071 Bornstein, 6 A , Schapery, R A and Robinson,
E. W wgymulation Tests and Analytrcal
Methods for Predicting the Vibrational Response
of Air-Launched Rocket Metors,” Report Ko
ES2-24-3-71, Naval Ordinance Station, Apral
19

The cbjective of this wurk 15 to geperate needed vibrational
analysis techniques for Navy air-Taurched solid propellant rocket
motors, The work inctudzs (1) developing simelation tests to
obtain data for use in yibrational analysis, and {2) establishing
analytical procedures necessary for the successful apphication of
these data.

The presant report develops the underlying theory for the vibra-
tional experimental designs (polyurethane cylinders),

11-072 Bornstein, 6. A., Schapery, R A, and Lipton,
L.: “Swmulatron Tests and Analytical Methods
for Predicting the Vibrational Response of
Afr-Launched Rocket Motors," Naval Ordinance
Station, July 1971,

The objective of this work 1s o generate needed vibrational
analysis techmaues for Navy air-launched soTad propellant rocket
motors. The work includss (1) developing simulation tests to
obtain data for use 1 wibrational analysis, and (2] establishing
analytical procedures necessary for the successful appiication of
these data,

Vibration testing of analogwe motors has begum, A computer program
has been written, which calculates the results of the theoretical
analysis for a massless hollow viscoelastic ¢ylinder with an
inertial rod.

The theoretical groundwork has been worked out for prediction o%
the vibrational response of the cylmnder model,

11-073 Bornstein, G, A.: “Sumulation Tests and
Analytical Methods for Predicting the Vibra-
tianal Response of Aivr-Launched Rocket Motors,"
Haval Ordinance Station, November 1971,

The objective of this werk 15 to generate needed vibrational
analysis techniques for MNavy afr-lasnched solid propellant recket

motors. The work includes {1} developing simulation tests to

obtain data for use in vibrational analysis. and {2) establishing
analytical procedures necessary for the successful application of
these data
The observed vibrational response of the analogue motor has been
compared with computer predictions with good results  The complex
shear modulus of a small sample of polyurethane was measured and
the values uvsed as nput for the computer programs. The agreement
between the analytical prodictron (using small-sample data) and
“full scale" tesis demonstrates the feasibility of the approach
for larger motors.
11-074 Borastein, G, A,, "Simulation Tests and
Anaiytical Methods for Predicting the Vibra-
tional Response of Air-Launched Rocket [fotors,”
Yaval Ordinance Station, January 1972.
The objective of this work 15 o gemerate nesded vibrational
analysis techniques for Navy air-Taunched solid propellant racket
motors, The work includes (1} developing samulation tests to
obtain data for use 1n vibrational anmalysis, and {2} establishing

analytical procedures necassary for the successful application of
these data.

The complex shear modulus has been measured at 77°F for SPU-1C
{51dewinder) propellant, a composite AP-Al-binder type material,
An improved computer program was used to predict the vibrational
respense of an analogue motor using this propeilant,

11-075 Anon-  "Structural Vibration Prediction,”
NASA §P-8050, June 1970,

This monggraph 15 concerned with the determination of the space-
vehicle structural vibration resuiting from 1nduced or natural
environments, and with determining internal stroctural loads and
stresses cavsed by such vibrations., The vibration sources are
assumed to be described adeguately; the content of the monograph
1s therafore an assessment of amalytical and experimental methods
of determinwng the resulting vibrations, and internal loads and
stresses, and an enumeration of means of demonstrating the validity
of these data

II-076  uagner, F. R.» "Solid Load Definition Study-
The Yibralion Envaronment,® AFRPL-TR-68-148,
Untversaty of Utah, Januwary 1959,

This study was nitiated to investigate the rationale behind
present load determinations and specifications for solid propel-
fant rocket motors As z pownt of departure, special emphasis
has been focussed upon nteractions betwgen the viscoelastic
sofid propellant grain and 1ts housing when the motor assenbly

is subjected to a vibration environment The vabratien environ-
ment was selected for this study since 1t 15 the load which has
the greatest uncertainty asspciated with st, and it 15 a load for
which significant amounts of development funds and time have been
expended tn order to achieve a satisfactory design,

I1-077

Bushneil, D + “Axisymmetric Dynamic Response
of A Ring Supported Cylinder to Time-Dependent
Loads,"” AIAA Paper No, 66-83, AIAA 3rd Aero-
Space Sc1gnces Heeting. Hew York, Jznuary 24-
26, 1966.

Hamilton's principle is used to derve differential equations of
motion dand boundary condibions for the acisymmetric free vibra-
tions of a pre-stressed, core-supported cylindrical shell, ring-
stiffened at ane end and simply supported at the other The core
carries no shear stress and produces a nermal pressure on the
shell proportional to the radial d¢isplacement A digital computer
program computes the free vibration characteristics and medel
stresses for any desired range of the eigenvalue, which 15 the
square of the normalized angular frequency, and the dynamic re-
spanse to any axisymmetric time-dependent Toad 1s calculated in a
subroutine of this program  HNumerical examples are given in which
the dynamic vespense to @ um¥orn untt dinensionless radial
mpulse 15 determined  In the early twme response under such
loading most of the shell moves i1nward uniformly, and an edge
effect propagates into the shell from the boundaries. High
moment resuttants at the juncture between the shell and ring
immediately after the loading 15 applied are generated by the
rotatory 1nertia of the ring The convergence of all of the
response quantif1es 1s found to be adequate
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11-078

Leeming, H , ¥illiams, M L » Fitzomald,

J. E., Bollard, B 4, H,, Pister, X §.,
Knauss, W G, and Schapery, R A "Seld
Propellant Structural Test Vehicle, Systems
Analys1s and Cumulative Damage Praogram,”
AFRPL-TR-68-130, Lockheed Prooulsion Co.
October 1968 .

This report covers a one year program of work concerned with the
developrent of 1nstrumented Structural Test Vehicles (STV's),
studies related to damage accumulation with propellants and studies
of systems analysis as épphied to solid propellant metor design
Section 2 of this report details the experimental propellant
characterization tests carried out at LPC  Stress relaxation

and fialure data are given as well as the effects of storage on
the propellant properties Section 2 considers STV design and the
instrumentation problem areas. Various stress-strain sensors

and gage calibration procedures are vreviewed Experamental bore
strain and case-grain stress data are given, Section 4 details
the apalytical work performed for the STV configurations and the
gage-grain probler area Two new computer pPrograms are given and
the problems of materval nonlinearities are reviewed Also, experi-
mental STV stress-strain data are compared with the analytical
predictions  Section 5 1s concerned with fwo aveas related ;o
cumtlative damage (1) the use of propeliant volumetric dilata-
tion-as a damage ndex and (2) the calculation of transient thermal
stresses  The experimental volumetrie dilatation data suggest
dewetting 1s a stress determined phenomenon TransIen§ thermal
investigations are discussed and 1t 1s shown that experimental

data do not agree wrth the predictions Further wark s indicated,
Section 6 illustrates the technique for using a systems analysis
approach to rocket mator structural design problems by means of a
specific example  Further uses of the systems approach for motor
design optimzation are discussed

11-079

Leeming, H.. "Solid Propellant Structural
Test Vehicle and Systems Analysis," Special
Repert 966-5-1, Lockheed Propulsion Co,,
June 1969,

Th1s special report summarizes the progress made in the Struc-
tural Test Vehicle and Systems Analysis program by the end of
farch of 1969 The intention 1s to present tht experimental and
analytical STV data curventlv available and to point out gaps n
the information that will have to be f11led dering the current
year's work, .

Simlarily, the ﬁrogress 1n gage design and evaluation techniques
1s reviewed

Finally, a brief outline s provided of the proposed work plan for
the remainder of the program,

I1I-080 Leeming, H,, Will1ams, M L,, Fitzgerald, J. E.,
Bollard, & J. H., Pister, K,, Schapery, R A,,
Knauss, W G&,, and Noel, 4 . “Solid Propellant
Structural Test Vehicle and Systems Analysis,"
AFRPL-TR-70-10, Lockhead Propulsion Co,,

March 1970

This report covers the second year of a program for the development

of instrumented Structural Test Vehicles {5TV's) and systems

’

analysis for solid propellant motor desfgn  The work follows

that described wn AFRPL-TR-63-130  Thic report supplements and
uses data given in that earlier report, Additional data for oobd-
61E propellant, Solithane 113 elastomer, and a new inert propel-
lant are detatied Tne problems of ST grawn analysis, gage-
grain nteraction, and gage output interpretation, 1.e,, calibra-
tion techniques, alse are covered Nuniénthennal grain analysis
remains the largest problem area. Failure predictien for Si¥'s
and inert analog motors 15 discussed, Predictions are based on
conventional techmiques, fracture mechanics, and cumslative damage
approaches

STV test data are presented for 1sothermal pressurization, slow
cooting and heating and transient ov temparature cycling con-
ditions. Data include farlure tests on $TV's and inert analog
motors. Details of a new STV also are presented, The data are
co%pared with anailytical predictions to show that despite improved
analyses and extensive propellant characterization, predictiens
of grain stresses and faylure Teave much to be desired Further
work s described on methods of applying systems amalysis to motor
design

Anon + “Dynamic Characterizatfon of Splid
Rockets," Report No 73W-00271, IBM, Federal
Systems Division, September 1971,

This report describes a study task dealing with the structural
dynamics of sold rockets The method used in gaining background

11-081

material and the use of this material n eveluating the struc-
tural dynamics of the SRB are described Propellant modes which
are seif-excited are analyzed in deta1l. The necessity of test-
ing propellant modes s established and the requirements for this
test are described.

11-082 Parr, C, H,: "The Application of Numerical
Hethods to The Solution of Structural Integ-
‘rity Problems of Solid Procellant Rockets.”
Feature Article, Solid Rocket Structural
inteqrity Abstracts, Catifernia Institute
of Technology, Vol, 1, No. 2, pp 1-56,
October 1964,

This article reviews and documents the application of numerical
netheds by high speed digital computation to the problems of

stress analysis of solid propeslant grains  One feature ot the

review article 15 a coiiection and description of a large number
of computer programs pertaining to solid rocket structural
analysis

I11-083 Hilton, H. H,. "A Summary of Linear Visco-~
elastic Stress Analysis," Feature Article,
Sol1d Rockat Structural Integrity Abstracts,
California Institute of Technology, Vol 2,
Ne. 2, pp. 1-56, April 1965

This article briefly summarizes present developments in linear
viscoelastic stress analysis as they affect solid propellant grafn

analysis.
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11-084 Hilton, H. H, "An Introduction to Visco-
Elastic Analysis," 1n Enqineering Design
for Plastics,, pp 199-276, Rewnkold Publish-
ing Carp., New York, 1964

Parr, C H "The Application of Numerical
Methods to The Solubion of Structeral Integ-

I1-084A

rity Problems of Solid Propellant Rockets -iI,"
UTEC SI 67-001, University of Utah, January
1967
This survey supplements the previous survey written two years
eartier and documents the progress and computer programs developed
during the intervening period.

I1-085 Anderson, J, ¥,: “A Review of The Finite
Element Styffness lethod as Apalied to Propel-
lant Grain Stress Analysis,” Feature Article,
So%1d Rocket Structural Integrity Abstracts,
University of Utah, Yol. 6, No. 4, pp. 1-54,
Dctober 1969

The wnderlying theory for the finite element stiffness method
1s reviewed tn this article. The emphasis 1s on lwnear, elastic
solutions. Specific element formulations are described in some
detart with emphasis on behavior for Poisson's ratio near 0.5,

11-086 Hufferd, W, L, and fitzgerald, J. E,, eoitors:
“Sol1d Propellant Structural Integrity Hand-
book," CPIA Publication We 230, The Johns

N Hopkins University, September 1672,
The JANNAF Splid Propellant Gran Structural Integrity Handbook
provides, In revisable and expandable form, the most currently
acceptable methads for predicting the structural ntegrity of
solid propellant rocket moter grains.

II-087 Anon,: "Selid Propellant Structural Integrity
Analysis,"  NASA SP-B073, 1970,

This monograph reviews and assesses curient practices and provides
guidance in the stress analysis of solwd propellant grains
Sections of the moncgraph are concerned with state-of-the-art,
design criteria, and recommended practices Main sections are
gram geometries, propellant property characterizations, specific
lgadings, stress-strain and displacement analysis techmiques, and
fatlure analysis

I1-0883 Fitzgerald, J. E. and Hufferd, W L.
"liandbook For The Enginesring 3trugtars’
Analysis of Solid Propellants,” Cnﬁ}
Publication tlo. 214, The Johns Hopkins
University, May 1971,

A-31

The handbook is a comprehansive textbook type presentation of
methods for structural apalysss of solaid propellant grains,
Discussions of the accuracy and range of applicability conven-
twnal methods of analysis are provided A critical re-cxam-
natfon of current methnds : made and much emphasis is given to
experimental verification of amalysis methods.

11-089 Malone, D W and Comnor, J, J. “Fimite
Elements and Dynamic Viscoelasticity,"
J__of Enqineerina Mechanics Division, ASCE,
EMY, pp 1145-1158, August 1971
A direct numericat approach, based on the fimte element methed,
is proposed for determining the transient dynamic response of
structures or bodies containing Tinearly viscoelastic materials,

11—090 Robertson, S R.: *Using Measured Material
Parameters 1n Solving Forced Motion Problems
1n Viscoelasticity,” J. Sound and Yibration,
Vol. 19, pp. 95-109, 1971,

A method is given for handling forced motion problems in yisco-
elasticity when experwmental data 15 used to represent the material
data instead of a model A cubic spline series 15 used to inter-
polate between data points and thus to represent the data in a
Togical fashion that c. be hanaled analytically. The solution
to the time part of the problem is found 1n terms of the Laplage
transform which 15 inverted mmericaily,

11_09] Freudenthal, A, M. and Henry, L, A,; "One
Dingnsional Respense of Linear Viscoelastic
Heda,"™ Tech, Report No, ?, Columbia Univer-
. sity, Junz 71961,
In the present investigatton the response of compressible 1{near
viscoelastic media under a stationary state of small-amplitude
pscillation 15 apalyzed with the help of complex moduli and compli-
ances as well as of the complex Poissen ratio functions, [t is
eas1ly shown that the relatively sharp differentiation between
the swmple types of viscoelastic response in shear vanishes as
500N as the assumption of incompressibitity 1s abandoned,

I1-092 Lee. E. H "Y{scoelastic Stress Analysis,”
in Structural Mechamics. edited by J, N,
Goodier and N, J Hoff, p, 456, Pergamon
- Press, 1960,

The need for the application of viscoelastic stress analysis in

order to include the infleence of time effects in materal behavier

is pointed out, and features of the resulting varmation of stress

distributions which are in marked contrast to results of elastic

analysts are detailed It Is shown that while many aspects of

1inear theory have heen developed to enable technplogicaily

fmportant stress analysis problems to bz selved further develop-~

ments are needed for the complete solution of design problems on

*

~+oRODUCIBILITY OF THE
UWIGINAL PAGE IS POOR



this basis. In particular, metheds of accurate measurement of
viscoelastic material properties for cembined stresses are lack-

ing The relations betwzen forms ¢f representation of biscoelastic

behavior are discussed, and alse thefr influence on the methods
of attack on stress analysis problems Simple practical tests
for viscoelasticity and linearity are suggested. The influence
of temperature variation and the development of nonlinear theory
are mentioned briefiy \

Moskvitin, V¥, V . "The Strength of
Viscoelastic Matertals As Apphied to

Changes of So0l1d Prepeilant Rocket Engines,"
FiD-M-24-714-73, Foreign Technoloay
Division, Air Force Systems Command, October
1973,

General theoretical orinciples and methods ot staging and solving
problems dealing with determinatran of the stresses and strains
and analysis of Lhe strength of load-bearing structures made of
polymeric materials, particularly solid-propellant rocket engimes,
are given. Certzin specific solvtions which can be used n
practical caleulations, are also presented

The first four chopters of .th1s monograph present wnformation
from the mechanics of continuous deformable sedia  The use of
relationships from the linear theory of elasticity 1s stipylated’
‘by the fact that the corresponding solutions are studied 1 a
great many cases for constructing-solutions in the viscoelastic
case

I1-093

In the chapter on the defarmation of viscoelastic media various
equatinns of state are presented as well as mathods for delermin-
ing the material functions and constants, and methods for s0lving
the approoriate problems Specific questions discussed here
inctude: the deformation of media vhose equations of state take
into consideration the influence of the form of the stressed
state, hereditarydefornation of media with consideration of tne
influence of the degree of accumulated damage, simple loadings
for Tinear and nenlinear viscoelastic medra, statement of prob-
lems on determining the ctresses that arise during polymeriza-
tion of the material of a viscoelastic structure, generalization
of the Bailey principle, stc

Al1 subsequent chapters are devoted primarily to solving specific
prablems  Problems’ on the effect of pressure, determination of
thermal stresses, and defermattion of structures during cverlpads
and under prolonged storaqe conditions are examinad Also,
certain problems on dynamic loadings and specific problems on heat
formation with a cyclic change in external loads and determina-
tion of the limiting states with a cyclic change ia temperature
are discussed

Levy, A., Zalesak, J., Bernstein, M.
and Mason, P. W.: ‘"Development of
Technology for Modeling of a 1/8-
scale Dynamc Model of the Shuttle
Solid Rocket Booster,”" NASA CR-132492,
Grumman Aesrospace Corp., July 1974.

11-094

This report describes a NASTRAN analysis of the
sol1d rocket booster (SRB) substructure of the space
shuttie 1/8-scale structural dynamic model.

Anon*+ “Dynamic Analysis of the Solid
Racket Motor For the Space Shuttie,"
IBM Federal Systems Division, Hunts-
ville, Alabama, July 1975

i1-095

Analyses were conducted on three different analyti-
cal models of the Space Shuttle Solid Rocket Motor
(SRM) to show the effects of various degrees of
modeling complexity on the results. Analysis was
also conducted on a short test segment of the SR,
with and without a test fixture, to evaluate the
longitudinal dynamic characteristics of the test
segment and to demonstrate the feasibiiity of deter-
mining these modes by testing with a 100,000 force-
pound vibration exciter.
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Hilton, H H.

Generalized, Lanear Viscoelastic Stress-Strain

"Analytical Deterrmmnation of

Relations from Untaxial, Biaxial, and Triax:ial
Experimental Creep and Relaxation Data, ™
Technical Memorandum Ne, 180 SRP, Aerojet-
General Corporation, Solid Rocket Plant, Sacra-
mento, Galiformia, December 1961
Analytical relations and procedures are formulated for the
determnation of linear viscoelastic stress-strain relations
from actual creep and relaxation data. Umaxial, biaxral,
and triaxtal experimental conditions are interpreted interms
of the fundainental deviatoric and volumetric stress-strain
laws in either the general differential or integral forms
The analytical results are applied to $ome umaxial and bi-
axi1al relaxation data for solid propellants and material pro-
perty constanta are computed for four, five, and six,para-
meter generalized Kelvin models

Smith, T. L.

terconverting the Various Mechamical Proper-

“Approximate Equations for In-

tres of Linear Viscoelastic Materials " Trans-

lation of Socrety of Rheology I, 1958.pp 131-51.
Approxamate equations are grven for interconveruing the
storage modulus G', the loss modulus G", and the stress
relaxation modulus Gt} by using the relaxation spectrum H,
and sarmlarly for interconverting the storage compliance JV,
the loss compliance J", and the creep compliance T{t) by
using the retardation spectrum L, Approximations to the

exact equations of Grosgs arc also given for mterconverting

Hand L. All approximate equations are based on the as—
sumption that H= kr ™" and L = gr’ over a relatively narrow
region of the time-scale, To indicate the accuracy of the
approximate equations, calculations were made usmg pub-
lighed data on the NBS polyisobutylene

I11-003

Schapery, R. A. "A Siumple Collocation Method
for Fitting Viscoclastic Models to Experimental
Data " GALGIT SM 61- 234, Califormia Insti-
tute of Technology, Pasadena,’Califorma, Feb-
ruary 1962,
An easily applied collocation method 15 discussed for fittang
the response of finite-element viscoelastic models to exper-
imental stress-stram curves, It can be used with creep,
relaxation, and steady-state oscillation data. The method 1s
illustrated by means of two examples. As the first one, a
model 15 obtamed utihizing the dynamte shear compliance of
palyisobutylene. In the second example we calculate a model
{rom the tensile relaxation modulus of polymethyl methacry-
late. With each case the model's response agreed with the
experimental data within graphical accuracy ever the entire
frequency {or trme) scale

I11-004

I11-006

A-34

Biot, M, A, "Dynamics of Viscoelastic Antso-~
tropic Medta.' Proceedings of the 2nd Mid-
western Conference on Solid Mechanmes, 1955,
Nev}'i)rmcl]ﬁles are introduced for the formulation of dynam-
1c problems 1n viscoelasticity for the most general case of
amsotropy. One 1s a variational principle derived from
irrevormbl; thermodynamies  [he other a correspondence
principle between viscoelasticity and elasticity Applications
to the dynamice of viscoelastic plates and rods are developed
as examples, The variational principles are applied in con-
Junction with a very general method of approximation by
expanding the deformation 1n a power series across the
thickness. The method 15 applicable to viscoelastic shells
Fhe concept of parlial wmode as a generalization of that of

vibration mode [or the elastic case is also introduced,

III_OOS Williams, M, 5L » "The Structural Analysis of
Viscoclastic Materals. ™ ALAA Journal, Vol 2,
No. 5, May 1964, pp. 785-809

In a paper several years ago, the author discussed certarn
background materfals relatmng to the stramn analysis of viaco-
clastic solid propellant grains. At that time 1t was mdicated
that the engineering stress analysis of viscoelastic materials
was relatively new. Hence after reviswing certain basic
principles of mathematical representation of the material be.
havioy, the differences hetween elastic and viscoelastic
stress analysis, and failure behavior as a function of the ap-
plied strain history, 1t was recommended that mcreasing
effort be directed toward developing techmgues which could
be incorporated inte future designg in order to more closely
zvaluate the structural mntegrity with a consequent dacrease
m cost and Increasing reliamlity  Since that tune there has
ndeed beew considerable cffort devoted to this subject and

tt is felt appropriate to review this progress particularly as
the enginecsring analysis of viscoclastic waterials 1s not
accessarily restricied solely to solid propeliant rocket
motors.

This paper therefore fixst presenis a swnmary of methods
of material characterization especlally in terms of the
broadband responses of the relaxation modull and ereep
compllances as a function of reduced strain ratej second, as
most stress analyses of linear viscoelastic materlals have
been based upon the "correspondence rule” relating to an
assoclated elastic problem obtained by Laplace tranaforma-
tion, the alternatlve of exact and approximate imversion
techniques are explored.

Lockett, F. J.; Gurtln, M. E.: "Frequency Re-
sponse of Non-Lanear Viscoelastic Solids. " Tech-
nical ReportNo. 7, G11-90, Brown University,
Maych 1964, Contract Nonr 562(30)/7.
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Hunter, S G '""Posstble Equations to De- Achenbach, T D, Chao, C C.: "A Three-

IT1-007 ITI-010

111-008

IiI-003

scribe Transient Stress, Strain and Termpera-
ture Fields in Viscoelastic Selids," Brown
University, Technical Report No 2, 1960,
Contract Nord-185%4/2
The purpose of the present Investigation 1s to derave a com-
plete set of equations goverming the propagation of stress,
stramn and temperature transients i vascoelastic soluds
While the analysis 1s undertaken within the framework of
the wsual assumpitons of Linear vaiscoelasticaty, the nclusion
of temperature variation engails non-linsar equations.
The propagation of shear and dilational waves 15 mvestigated
1n a linear approamation whose range of validity 14 ascer -
tained, thermomechameal effects appear to be more severe

than in the corresponding clastic problem -

Glauz, R D.* "The Vigcoelastic Vibrating Reed,"
Technical Report Ne 4, Brown Unlversity, PA-
TR-4/22, May 1953, Contract Nord 11496,

The amplitude of vibration of a viscoelastic vxbraiiug reed
ylth a mass jftached to the free end 18 found for 2 guneral
lincarly irne depehdent stress-atrain law  The particular
case of zero mass and a Volght stress-strain law is consi-
dered in greater detail with tables and formulag developed
for obtaining the complex modulus and physical constants
The use of the complex medulus n fitting experimental data

with 4 stress-strain law is discussed,

Bland, I R, Lee, E H "The Calculation of
the Complex Modulus of Lanear Visco-Elastic
Materials from Vibrating Reed Measurements."
Techmecal Report No ¢, Brown Umverasity, PA-
TR/9, January 1955, Contract Nord [1496
Two methods of determmng the variation of real and com-
plex-modulus with frequency from vibrating reed test results
are detailed One 18 based on measurements of the relative
amplitude and phase lag of the monon of the free and driven
ends of the vreed, the other on amplitude resonance.measure-
ments only The analysis 1s based on a general linear viaco-
elagtic law, and takes inte account the Influence of the fre-
quency dependent modull of the inaterial on the frequency
and amaplitude of the resonance peaks This influence has
not been correctly accounted for in previous analyses which
have included the assumption that the material behaves ac-

cording to a particular sample visco-clastic Iaw, which will

in general not be borne out by the final results
The method {s applied to a series of tests  For the mater-
1al and frequency Tange used the imaginary part of the com~
ple< modutus was small compared weth the real part, and
the influence mentioned above waa small A simpler me-
thod of analysia might thus be jusuficd, but wn other canes
it w1ll be necessary to carry out the complete analysis in

order to obtain a satlsfactory interpretation of tests results

R <PRODUCIBILITY OF THE
ORIGINAL PAGE I8 POOR

Parameter Vigscoelastic Model Particularly
Suited for Dynamic Problems” J Mech

Phys, Solids, Vol 10, 19462, pp. 245-252.

In this paper a stress-strain relation 15 proposed for a
linearly viscoelasuc solid of the three-parameter type. The
mechanical model representation includes a mass, An
analys1s of the crecp function and the elastic modulus shows
the sarmlarity of thesc functions with those of the standard
hinear solid. As opposed to the stresg-strain relation of
the standard linea: solid the present relation leads to sim-
ple solutions of dynamic problems A wave propaga.'tmn

example 15 treated

Hunter, § C,: "Tentatrve Equations for the

IT1-0m
Propagabion of Stress, Strain and Temperature
Fields 11 Viscoclastic Sohds " 7T, Mech, Phys
Soldy, Vol, 9, 1961, pp 39-51,

A thermodynamic analysss of the ""thermo-rheologically"

sumple solid proposed by Schwarzl and Staverman (1952)

leads to a set of thermomechanzeally coupled cquanions for

the propagation of stress, strain and temperature ficlds in

viscoelastic solrds, The propagation of harmome dilational

waves 18 investigated in a lincar approxirnation whose range

of validity 15 as
¥ certained, thermromechamcal coupling effects

appcar to be more seveic than for elastic sohids,

Snowdon, J.C.
Mechanical Damping Possessed by Rubberlike

I 1I-012 "Representation of the

Mater:als and Structures.' J. Acoust Soc.

Awm,, Vol 35, June 1963, pp. 821-829,
Drscussed mn detail 1s the manner in which the damping pos-
sessed by rubberlike matcrials and structures experiencing
sinusoidal vibration may be represented by the ratio of the
tmaginary te the real part of a complex elastic modulus
Examples are given of the way in which the damping pos-
sedsed by low- and high-damping rubbers depends on fre-
quency Equations that predict the response to vibration of
distributed systems, such as damped rods and beams and a
simple structure comprised of two damped beams and a
Iumped element of mass are derwved. Representative com-
putations of anput unpedance and trangsmissibility are pre-
scnted.

Cost, T, L. "Approwamate Laplace Trans-

III 013 form Inverstons in Viscoclastic Stresa .
Analyszs " AIAA Journal, Vol. 2, No. 12,
Duecember 1964, p 2157,

An investigation was made of approxumate methods for
inverting Laplace transforms that occur in viscoelastic
stress analysis when use 13 made of the claslic-viscoelastic
analogy. Alfrey's and ter Haar's methods and Schapery's
dircct method were caanmaned wnd shown to be apt cinl

cases of a general wversion formula due to Widder.
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Schapery'a least squares method and several techmques
based on orthogonal function theory we 3t also xammed
Viscoelastic solutions to two probicmes tavolving doforma-
tiona and stresses m solid propullant rocket motors under
axial and transverse acceleration loads were obtained by
use of several of the methods discussed. The problums
were typical of the type where the assaciated elastic solu~
tion 18 known only numerically The use of the orthogonal
polynormal methods :s explained in detail, and the lumata-
trons discussed. From the anvestigation described, it was
conclided that Schapery's direct method and ter Haar's
methad generally give pood results when apphicable  Wid-
aer's general amyersion formula, which wncludes Alfrey's
method as a special case, 15 not useable for the type prob-
lems of interest here, Although the orthogonal polynormal
methods possess characteristics that make them especially
suited to the type problems considered, therr use appears
Iunited by severe computational dufficulties, Schapery's
least squares method gives good results to most problems

of 1nterest.

Arenz, 1) "T'heor: tical and Ewperimental

III 01 4 Studies of Wave Fropapation 1n Viscoelashic
Materials " IDisscrtatwon, GALCIT SM 63-41,
California Institate of Technology, Pasadena,
Calilorma, 1964,

The phenomenon of wave propagatiun n viscoclastie
maty r1als 1e tuvestipated both thenraiiedlly and experimen-
tally, wilh atteniion directed to tvry arcas. Farat, analyt-
1cal methods of seiution are divele pod for certein wave
propagation problems n one and two dimtensions wlilizing
realistic maternal properties 1ns s fccomplished by
use of time-dependenl material property characterization
through a Dirichlet serics represcentation to overcome the
limitations of the widely-used simple spring and dashpot
moedels wvolving twe or three cluments, The Laplace
transformed solutions are then invertud by an ectension of

the Schapery collocation method to dynamic situations.

111-01 ) Arenz, R, J. "Twe-Dimensional Wave
Propagation 1n Realistie Viscoelastic
Materials V' GALCIT 8M 6+4-1, Califormia
Institute of Technelogy, Pasadena, Califor-
ma, January 1964 Paper No. 64-WA/APM
-13, presented at Annual Meeting of ASME,
November 29-December 4, 1964, Nuw York,
to be published 1n Journal of Applied
Mechanics,

A solution method using realistic (broad-hand) visco-
elagtic response characteristics coviring approximately
ten decades of logarithmic tame 1s presented for wave
propagalion in two-dimensional geometries A Prony
gseries repreaentation of the viscoclastic meehanteal prop-
erties.and a numerical ecollocation mversron procudure
overcome many of the computational difficulties associated
with the Laplace transform approach to dynamic hinear
viscoelasticity and also afford a complete time solulion,

Stress distributions are given for two complomentary

111-016

caeen, the viacodlastic half-space and semi-infinde thin
plate subjreterd an the uppe v surface to the sh ady monon
of a step pressure load moving supursoncally relats o e

any wave speed in the mate rial.

Percival, ¢ M "Interconversion of Vidco-
elastic Material Properties for Minuteman
Stage II1I Propellants," Task 9 Minuteman
Support Progrdm,-ﬂercules Powder Co., Magna,
Uiah, september, 1963
This document describes an anclytical procedure which
can be used to extoend the known raunges ol the stress relaxa-
,fion wodulus and the complen dynamic medulus of linear
viscoelastic materials The technique makes use of the
digical computer to cvaluate numeriecal approximations of the
expressions relating the various material properkties. This
repor € oancludes a discussion of the {nterconversion procedure
aml gives t presentatfon of stress relavation and dynamic
material properties for CYH and EJC propellants.

Ii1-017 Cost, Thovas L , Becker, Eric B “The
Multidaca Method of Approximate Laplace
Transform Inversion," Special Report Ho
§-51, Rohm & Haas Cowpany, Redstone Arsenpal
Research Division, Huntsville, Alabama,
September 7, 1965 (Contract No DA-01-021
AME-1157%6(2))

A newly developed approximate Laplace transform Inversios
method is described A derivation of the method, termed the
"muilti-data method," 1s presented along with a derivation of
Schapery's collocation method Similarities and differences
between the two mechods ave described and discussed  Results
of parameter studies of both melhods are prisented which
dcponstrate the sensitdvity to error displayed by the
collocation mechod and the improved accuracy obtainable with
the multidata method as compared with the collocation methed
when ercvors exist in the function to be inverted Computer
program listings and operating ingtrucclons for both metheds

dre preseated

III-0]8 Chae, Yong Suk: "Viscoelastic Propertis
of Solids as Specified by Their Depende:
on Frequency," Paper presented at the F:
U 8 NRational Congress of Applied Hechar
June 1966, (abstract only in Proceeding:
The frequency dependence of dynamic properties of the
viscoelastic solids I« wtudied theoretically based on the
principles of lincar viscoelasticily The variation of con
plex dynamic moduli, viIscosity, and the loss Factor with fi
quency is evaluated snder an assumption of linearity in the
distribution function of creep curves, and the effests of

time Iimits arc studicd In detail. It Is gquite evident the
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the relaxation characteristics could have been used just as
vell, but the use of creep function as basic data was pre-
ferred because the determination of the relaxation character-
istles Is.usually more difficult. It is also shown that as
“ar as small deformations are concerned the dynamic moduli
) compliance vs. frequemcy curve provides a description of
all the mechanicel properties of a viscoelastic material.
tases of non-linearity, when defermations are large, are dis-
ussed briefly

Employing a newly developed technique of determining the
dynamic response of materials, which enables one to obtain
the test results at any desired frequency including resomance,
experimental results are obtained from steady-state vibration
over a large range of frequency It is shown that the theory
developed is approximately obeyed by the test results on
snow, but the deviation from the theory is noted for the soil
(Ottawa sand} used In general, the dynamic moduii of both
snow and soil increase slightly with frequency, the dynamic
vistosity shows a decrease, and the loss factor remains more
or less constant with frequency This study shows that the
relation of dymamic properties to Erequency can bz used to
specify the viscoelastic properties of a material, and that

the results from creep and vibration tests can be cqrrelated

-

' Gatiznol, Philippe "Propagation of Sinu-
III_O}Q atiznol, PP pPag
soidal Vibrations in Certain Viscoelastic

Media," Académie des Sciences (Paris),

Comptes Rendus, Vol 251, No 1, July 5,
1965, pp 45-48, {in ¥rench)

Description of a method for evaluating and defining the
four velocities observed when a forced sinusoidal vibration
propagates through a linear, visccelastic mediumn  These vel-
ocities are the wavefront wvelocaty, the precursor's maximum
velocity, the phase veloclity with which the vibration is
propagated, and the speed at which the amplitude of the vi-
bration becomes preponderant The waveform can be derived

from the values for these velocity terms.

III_OZO Fisher, George M C ; Leitman, Marshall
J "A Correspondence Prineciple Ffor
Free Vibrations of a Viscoelastic Solid,"
Paper presented at the Fifth U § WNation-
al Congress of Applied Mechanics, June
1966, (abstract only in Proceedings)

In this note we establish a correspondence principle for
tree vibratlons in the classical linearized theory of visco-
elasticity Me show that for motions which are either irvo-
tational or solenoidal there is always an associated elastic
problem with the following properties (i) every mode shape
for the viscoelastic probTem .% also a mode shape for the
elastic problem, and (ii) the viscoelastic frequencies can,
in principle, be calculated from a knmowledge of the elastic

spectrum and the relévant relaxation function We further
UCISLUITY OF THE
CLIGINAL PAGE IS POOR

show that, in general, for motions which are neither Irrota-
tional nor solennidal, this correspondence erists only for
the restricted class of viscoelastic materials for whiih the
beliavior depends essentially upon one relaxation function

We conclude with the observation that the cerrespondence alse

exists [or those approximate theories in which there appears

only one relaxation function.

I 11-021 Struik, L € E. '"Free Damped Vibrations
of Linear Viscoelastic Haterials," Rhesl
Acta, Vol &, 1967, pp 119-129,

For linear viscoelastic materlals possessimg s positive
discrete relaxation spectrum, a carefol discussion 1s given
>f the theory underlying mechods of determining the complex
dynamic modulus (as defined for undamped sinusoidal oscilla-
ticns) from the observed frequency and logarithmic decrement
for free damped oscillaticns when the material is combined
with a specified inertia

111_022 Pavis, Julian L + ™Dynamical Aapects
of Viscoelasticity," Soclery of Rheology,
Transactions, Vol 10, part 2, 1946,
pp 449-65

This paper is concerned with some aspects of the dynamic

rf~ponse of a three-dimensional lilnear viscoelastic medium

i+ prescribed boundary conditions The constitutive equations

«pressed in eperator form, are applied to a three-dimensional
continuum end are conbined with the equations of motion to
yleld a system of linear partial differencial equations
This system may be expressed in terms of a scalar and vector
potegeial and parameters called 'genmeralized velocliiies c)*
and ¢o*' (operators describing the properties of the medLum)
The free radial vibrations of a viscoelastic sphere and
spherical shell are worked ocut Eor the prescribed boundary
conditfons In particular the phase velocity is obrained
as a function of the wave number and a couplex frequency
The wave number [s obtalned from the roots of a transcendental
equation The free longitudimal vibrations of a viscoelastic
cylinder ave dezermined by solving the equations for the
sealar and vector potentialy with the sppropriate boundary
condicfons The phase velocity is obtained for the Yoige
and Maxwell models In addition, asymptotic results are
obtained which reduced to either the thin red or the Poch-
hammer approximation

TII-023 Schwarzl, F R : "On the Interconversions
of the Viscoelastie Functlons," Rheol
Acta, Vol 7, 1968, pp 13-18
1
The practical problem of calculating the dynamics starage
and loss compliance from the creep compliance ig analysed,

III..024 Barenblaite, 6 I et al  "Wibraiionl
Crovp of Potymer Materiale,"™  Jourutl of

Applied Hechanfey wnd boclnical Mhy.ics,
No 35, Siprembur-Occobor 1965, pp 45-48

In the mechantes of deformed solids {t ks usvally assumcd
that supirposing small avplitede vibrations on a stagic load
has po cifeer on the over-all characteristics of a material
urder strain  This hepothesis vs relBoetod 1 the faet that
the exlsting cquations of stace for the vise of static loads
with superposied mall vibratons 3 ive doloreation dJiicdcter=
Istics whrch datfor JREcéé fron the corrcsponding, par s ters
of deformation procusces tahing place s the absence ol eacl-
tatyons Az the same time, substantitl changes In the defor-
ration charicriristics of a number of materials are obscrved
under certin conditions atker the application of alternating
stresses of small arplitade Ruports on studies of crecp of
necals, elasconsers, and conciete have buen published, 1n which
the fatigue curves obtained wich small vibrations superposed
on static Toads lie above curves cobtained for statfe loads
correponding Lo Lhe macinum pulsating loid level  Attempts
have been ~1de to explain this ¢ffect from rhe srandpaint of
the moleenlar-kinetic and phenorwnological theories (ertain
theorvtical constdorations and experimental dara, discusscd
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in thiz article, show that superposing a small dynanne gom-
ponent. on a static lead leads to an increase in the rate

of creep o1 stveral polymer mitersals 1his olfect, which is
die walnly to an 1ntrcisd i Lhe polymer lemperatuce 1s a
result of dissipition of vibiaticenal enveyy datfirs from the
‘yibratfon e¢ffect® obsurved on elastomers by Slonimskil and
Alckseev, 1 vhich the zemperiture rise duc to the hear
generated by vibratlons plays no substantial part -

111-025

Nowacki, W R , Ranlecki, B "Remarks
on the Solutions for Some Dynamic Prob-
lems ot Thermo-Viscoelasticity," Archiwum
Mechanik{ Stosowanci, Vol 20, No 3, 1968
pp A37-306

pescription of a method for obtaining the particular
solution of the basic equation of thermoviseoelastielty for
a fairly broad class of dynamic problems The absence of
body forces and heat sources is assumed, and homogencous ini-
tlal conditiens for the tempurature {ield and (or the quanti-
ties characterizing the strawn state are introducud Parga-
cular »clutions arc obtaincd usiu, the clascie-vizcneltasrie
analogy, and the discussion is basud on the results of Howacki
and Rankecki (1967) concoruninpg an elastic medium  The pai-
ticular solution in the space of transforms for a medium dis-
tribed swith polynomial differential opLrators is presenced
The inverse transforms ate determined for both Vergt and thx-
well models  The guneral soturion of the one-4 fmens fonnt
problem for a half-space with in arbitiary boundary condition
‘for the temperature field is presented

I11-026

Rosgoe, R "“Bounds For the Real and
Imaginary Parts of rhe Dynamic “odull of
temposite Viscoelastic Systems,” Journal

of rhe Mochanics and Physies of Solids,
Vol 17, No 1, February 1969, pp 17-22

1€ a system, consisting of firmly beaded isotropic linear-
1; viscoelastic phases, behaves racroscopically as a homogen-
eous lsotropie¢ materilal under oscillatorv deformation, upper
and lowcr bounds can be set to both the real and imaginary
parts of che complea rigidity and bulkh nodulf eof the systen
These reduce to the Voigt and Reuss bounds on the elastic
noduli when the phases are purelv elastic, ard to the corres-
pondiny bounds on the shear viscosity when the phases ave
purely viscous

111-027

Miprab, Fdward B, fchsnuc, Denald J
"iranslont Response of a Viscoelastic
81r Subjectid to a Time Dependent End-
Displacement,” SIAM journal of Applied
Mathematles, Vol 16, No. 6, Nevember
1968,

A numerical Fourier inversion technique 1s used to detern-
ine the rransient response of a viscoelastic bar rigidly
mountad at one eud and subjected Eo 1 time dependent displace—
ment at its free end The displaccment and stress of the
midpoint of tlie bar ate glven fer an end displacement which
approximates 1 step loading in the shert time region  An
experimentally determined complex tensile modulus 15 used to
describe the viscoelastic materlal  The resules indicate
that ghie numerfcal technlque is accurate and cam readily be
extended to problems with a more complicated geometry In

. addition, It 1s shown that a distinct advantipe of the tech-
nique {s rhat actual meisured viscoelastic moterial propercies
can be used without resorting to parametric nedels, 1 e,
Manwell, Voigt

GraffL, Dirio, "Uniqueness Theorem in the
Dynamics of Viscoelastic Rodies,” Revun
fouaiine de Mathénatiques Pures et Appli-
quées, Vol 13, Mo 9, 1968, pp 1335-
1362, (in Italiaa}.

[11-028

Pemonstration of the uniqueness theorem for the equations
of the dynamics of viscoelastie bodies on the basis of energy
conglderations The demonstration 15 stated Co be interesting
from the teaching standpoint IE uses considerations of
hereditary 2lasticicy developed by Volterra and requires hypo-
theses that, although seeming to be restrictive from the mathe-
matical standpoint, are hardly so ‘from the physical standpoint.

111-029

Strulk, I C. F., Sulwarzl, b, R
"Conversion of Dynomle inte Transtent Viop-
crtles, and VYice Versn," Rheslopics Actn,
Vol 8, No. 2, July 1969, pp. 134-141

A shore review is given of a recent theory for coaverting
late cach other dynamic and transient propertles of linear
viscoelastic materials. The applicabiliey is illustrated for
a polymer in the glass-rubber transition range

Goldberg, W. and Dean, N, W,  "Determina-
tion of Yiscoelastie lodel Constants from
Dynamic Mechanical Propes ties “of Linear
Viscoelastic Matertals,” Report ko 1180,
Batiistrc Research Laboratores, November
1562

A semy-analytical method of determining the generalized Voigt
#odel which represents the dynamic mechanical properties of a
Tinear viscoeiastic material over a range of frequencies of
three decades s presented  This model representation s shown
to be equivalent to the differential operator formulation of

the Tinear viscoelastic stress-straan iaw  The method is applied
to complex creep compliance data for H 8 S pelyisobutylene at
22 different temperatures In general, the compliances calco-
Jated from the rodels differ from the sxperimental data by less
than 5%

A surmary of spring-dashpot medel theory is presented in Appendix
A. The equivalence of the differenlial operator stress-strain
relation and the generalized Yoigt model 15 deronstrated in
Appendix 8

ITI-030-

Hopkins, I. L . "Iterative Calculation of
Relaxation Spectrum from Free Yibration
Data," J. Appt. Pol Sci.. Vol. 7, pp. 771~
992, 1963,

The complex elastic moduius G*{w) = G'(w) + iG"{w} is shown to

be & function not only of the frequency (w) but alse of the damp-
ing factor a if the stratn is of the form x = xoexp[nat] s wt,
The general equations for 6*(w,a) = G'(w,a} + 16"(w.a) =

are derived mn terms of the relaxation spectrum The use of a
spring to aid the specimen and reduce the ratio a/w 15 discussed)
and 1ts desirability demonstrated  If data are thus available

in terms of e1ther G"{w} or G"{w,a} the iterated second approxima-
tion of Hinumyea and Ferry provides a rapid and powerful method
if Finding the relaxation spectrun. To the accuracy to which the
time~temperature redection factor ay 15 known or can be predicted
by means such, for example, a5 the WLF equation, the funciion

I11-031

G"{w,a) over a temperature range at nearly constant frequency
can be translated wnto terms of G'(w,a} at constant temperature
and varying Trequency.  In such cases, the relatively sluple
tarsional penduvluri, or some @aalogue of 1%, can economicaily
provide a chiracterization of the visceelastic behavior of the
material over an extended tima o frequenty range
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111-032 Huang, # C and Lee, E, H : "Nonlinear
Viscoelasticity for Short Time Ranges,"
Jd__Appl NMech , p. 313, dune 1965,
Approximate constitutive equations for nonlinear viscoelastic
fneompressible materials under small finite deformation and

for short time ranges are derived The error bound of such a
constitutive equation 15 1nvestigated. lHonlinear creep is
analyzed on the basis of the proposed equation, and also the
problen of a pressurized viscoelastic hollow cylhinder bonded to
an elastic casing. HNumerical solutions, evaluated by assuming
particular forms of kernel functions 1n the constitutive equa-
tion, are obtained by means of an inverse i1nterpalation technique,
and the effects of nonlinearity of material properties are dis-
cossed. An experimertal procedure 15 alsp proposed for measuring
kernel functions from uwniaxial tension tests for real materials.

111-033

Fitzgerald, J & "Analysis and Design
af Solid Propellant Grains," in Hechanics
and Chanistry of Solid Fropellants, edited
by A. C Eringen, H Liebownitz, §. L, Koh,
J. M. Crowley, p 19, Pergamon Press, 1967
The present paper covers 1n some detall several periinent aspects
of engineering grain stress analysis:

(1) A brief review of lwnear viscoelastic theory with emphasis
on time-temperature relations, (2) More details on thermal
relations including a redefimition of Lea's recuced time para-
meter, {2) Presentation of a master relaxatron curve for typrcal
84 percent solids loaded systens, (4) Discussion of relative
thermal equilibrius and relaxation times for several motor sizes
ard design wmplications therefrom, {5) A generalization of the
"freezing point™ ¢goncept for wnifornly cooled grains resulting

in a pew “mater1al characteristic," {6) Thermo-mechanically
coupled experimental data, {7) Corments on cree-relaxation
rectprocal relations and, finally, (8) Recommendatromns relative
to methods of analysis for physically nonlinear materials which
appear promsing for future enginee 1ng wti1irzation

T11-034 ouffin, R J3.- "The Influence of Poissen's
Ratio on The Vibratiomal Spectrum,” SIAM J.
Appl Math , Vol. 17, p 179, 1969
This note concerns the normal modes of vibration of an elastic
hady subject to stzndard boundary conditions The Poisson
coefftflent enters into the boundary value problem 1n a rather
complex way., To simpEify this situation the Rayleigh-Rilz
variattonal pthc1ple 1s troduced in order todefine the normal
mode frequencies as stationary values Thys leads to a pertur-
batyon formula for the frequencies as a function of the Porsson
coefficient In some cases 1t 1s found that this formula can
be evaluated exactly In any case the formula furnishes upper
and Jower bounds for the variation

smth, T L “Empirical Equations for
Representing ViscoeJastic Functions and For

Deriving Spectra," J_Polymer Sci., Part C,
pp. 39-50, 1971

Several equations containing two empirical constants are con-
sidered for repesenting G(t), T'{w), and J{t) in the glass-to-
rubber dispersfon zone. With these equations, data on the N8BS
polyisobutylene can be closely represented The relaxation
spectrum H{z} and the retardation spectrum L(7} were derived
exactiy from the equatiens for 6'{x) and J'(1) respectively Tha
dertved eguations have the same functional form, and thus Rt}
and L{t) can be interconverted, under certain conditions, by
employing an auxi1liary equation that interrelates the relaxation
and retardation times at which the spectra.maximize  An exact
transformation of an equatron for 6(t) gave a second equatton for
H{t), from the constsnts in thrs equatiom, L{r) was calculated
The methods For obtatnirg and nt2rconverting il{) for L{1) for
polyisobutylene gave results that agree satisfacterily with

111-035

Titeratyre data obtained by the usual approximation methods.
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1v-001

Schapery, R. A. "licating of Thermo-Rheologr-
cally Sumple Viseoelastic Mcdia Dee to Gyclic
Loading. " A and ES 63~4, Purdue University,
School of Aeronautical and Engineering Sciences,
Lafayctte, Indiana, May 1963.
Steady-state and transient temperature distributions re-
gulting from dissipation arc caleulated for a viscoelastic
slab and hollow cylinder subjected to cychic shear loading.
Temperature dependence of the dissipation function 1s mtro-
duced though the usual assumption of thermo~-rheologically
simple behavior, wheren frequency-dependent mechanical
properties measured at different temperatures are super-
posed by shifting the Togarithmic frequency scalc.  Thia
assumption leads to a nonlinear heat conduction equation,
and an exact closed-form sclution 18 obtained for yust the
steady-state temperature distribution, In oider to solve the
transient problem, some approxamate mcuthods of analysts
are proposed Numerlcal results for a solul propellant are
grven, and it 1s found that a large tumperawre rise will oc-
cur as the result of a therrfal instability when the shear
stress 1s above a certamn critzcal value. In this present.
paper inertia 1s neglected, however, many of the considera-
t;ons, including the approximate methods, are potentally

apphicable to dynamic problems.

Tasi, J * "Thermoelastic Dissipation-in
Vibrating Plates " Journal of Applied"Mechan.
ics, Vol 30, No 4, December 1963, p, 562
The thermal dissipation associated with the natural modes

IvV-002

of free vibration of a thermoelasiic mediurn 18 obtained as
an integral formula involving the mode of vibraticn and the
temperature pioduced in (4 mode The integral formula
for dissipation is applied to an tnfinite fsotropic plate, and
numerical rasults are given for the Ehreeicﬁve:t, real,
symmetric branches of the spectrum  Finally, it 1s shown
that low-{frequency extenslonal vibrations of plates can he
adiabatic or lsothermal, depending on whether adlabatic or
isothermal boundaty conditions are specificd on the faces of

the plate

Suhubi, E S - "Longitudinal Vibrations of a
Circular Cylinder Coupled with'a Therral

Fleld " Journal of Mech Phys Solids, Veol.12,
1964, pp 6Y-75

In this paper (he Ydngltudinal vibration of a circular infinite

IV-003

cyvlinder 1n piesence of a temperature fleld has Leen studied
The frequency equation has been obtained for two particular
cases, namely constant temperature and zero heat flux on
the surface of the cylinder The resulting equations have
been solved for small radii and weak coupling between
fields, For the former cage no first order th¢rmal eff{ect
hasg been observed In the latter, expressions have been

found for the veloelty of propagation and damplng factor,

which indicate the effect of thermal field on the elastic waves

and which coincide, if the lateral contraction 18 neglected,
with those found earlier by Sncddon for the very short and

very long wave lenpths

Schapery, R A.- MLffect of Cyche Loading on
the Temperature m Viscoelastic Media wath
Variable Properties " AIAA Journal, Vel, 2,
May 1964, pp 827-835

Determination of steady-staic and transient temperature

IV-004

distributions risulung from dissipation calculated for a
lmear viscoelastic slab and hollow cyhinder subjected to
cyclic shear loading Temperature dependence of the dis-
sipation function i1s introduced through the fambiar assump-
tion of thermorheologically simple behavior, wherein
frequency-dependunt mechanical propertics measured at
different temperatures are superposed by shifting with re-
gpect to the logarithmic frequency scale This assumption
lecads to a nonlinear heat-conduction cquation, and an exach
closed-{orm solution 15 obtained for just the steady-state
temperature distribution In order to solve the transient
problem two approxamate methods of analysis are proposed,
Numerical resultz for a solid propellant are-given, and it

15 found that a large temperatare rise will occur as the re-
sult of 2 thermal mstabulity when the shear stress is above
a certain critical value that dépends on thermal and mechan-
1cal properties and geometry Inithis paper, inertia 1s
neglected, however, many of the considerations, including
the approamatce methods, are potentially appheable to dy-
name problems as will as to other configuratons and ioad-

ing conditions

IV-OOS Humphreys, J.S.; Martm, G, J.: "Determm:a.—
tion of Transient Thermal Stresses in a Slab
with Temperature-Dependent Viscoelastic
Properties.” Transactions of the Society of
Rheology, Vol. 7, 1963. ’
The general problem considered is predicting thermal stres-
2cs 1n & thin l'ayc‘r‘of matenal whose mechanical properties
vary with both time and temperature, due to temperature
changes on the exterior. The analytical development fol-
lowed falls within the framework of linear viscoclasnety

and 15 based on recent work by Muk: and Sternberg and by
Lee and Rogers The effect of temperature variation is
accounted for using the log-tirne-temperature superpositnon
hypothesis. A specafic case 13 worked through for a rigid
aluminum slab covered by a layer of an AVCO—devclopéd
epoXy regin materzal Stress relaxatien curves as a func-
tion of terperatuxe, which are determined by averaging the
results of a sevies of relaxalion experiments on the mator-
ial, arc presented  ilen, Ly usmg a preseribed uxterior
temperature drop and the heat conduction equation to deter-
mne a termperatere distiibution, in-plane thermal stresses
are found numericzlly on 2 high-speed computer  The re-
sults of direct clastic calculations and of sumplified calcu-
lanons using constant-tumperature properties are presented
along with more complete calculations including the varia-

fion of propert:cs with temperature,

A-41  PRODUCIBILITY OF THE

¢ wlGINAL PAGE IS POOR



Petroi, R.C.; Gratch, 5. "Wwave Propagation
In a Viscoeldstic Material with Temperature-

IV-006

Dependent Properties and Thermomechanical
Goupling.'" Paper No. 64-APM-8, presentaed
at Surnmer Gonference of the Applied Mechan-
ics Division of The American Soclety of
Mechanlcal Baglneers, Bonldar, Colorada,
June 9-11, 1964,
A numerical method is developed for the analysis of one-
dimensigiial wave propagation In viscoeclastic medla with
temperature-dependent properties when thermomechanical
coupling is significant, The method 1s applied to 2 specific
case of longltudi;ml wave propagation In a finite rod with
essentlally sinuseidal stress varlation at the two ends. The
results show that, contrary to the usual assumption, such
a aystemn does not have the same response as a single-
degree-of-freedom elastic system wath viscous damping,

as long as a realistic stress-strain relation is used.

IV-507

Schapery, R.A.: "Application of Thermody-~
namics to Thermomechanical, Fracture, and
BIrefri.ngent Phenomena in Viascoelastic Media®,
Journe® of Applied Phystes, Vol. 35, No. 5,
May 1964, pp. 1451-1465.

A unified theory of the thermomechanical behavlor of visco~
elastic media is developed from studying the thermodynam-
lcs of irreversible processes, and Includes discussions of
the general equatlons of motlon, crack propagation, and
birefringence. The equations of motion In terms of gener-
alized coordinates and forces are derlved for systems in
the nelghborhood of & stable equilibrium state. They repre-
sent 2 modification of Blot's theory in that they contain
explicit temperature dependence and a thermodynamically
consigtent inclusion of the Hme-temperature superposition
principle for treating media with temperature-dependent
viscoslty coefficlents. The stregs-strain-temperature and
energy equations for small deformation behavior follow
immediately from the general equations and, along with
equilibrium and strain-displacement relationa, they form a
complete set for the description of the thermomechanical
behavior of media with temperature-dependent viscosity.

Iv-008

Schapery, R. A., "Thermomechanical
Behavier of Viscoclastic Media with Variable
Properties Sul;ected te Cyclic Loading,
CPIA Publication No. 61U, Bulletin of the
Third ICRPG Working Group on Mechanaical
Behavior, Vol. 1, Qctober 1964, pp, 245-56,

The interactron betwaen heatlh’g and cfynamic response
of viscoelastic bodies with temperature-dependent proper-
‘lies 18 studied. Firstly, equations governing the small
deformation thermornechanical response to sinusoidal loade
ing are shown to be equrvalent to a set of two variational

principles. Viasccelaatic Properties of a sold propellant

are characterized and then used 1n numerical examples
dealing with sinusocidal shear loading of alabs and cylinders.
As the firat problem, an approwvimate variational method 1s
uzed to calculate one-dimenstonal transient and steady-
stale temperature distributions in a2 massless slab  An
exact steady-state soluticn 18 obtained for the thermome-
chanical behavior of a slab with concentrated mass, and 1s
then used to deducé the solution for a sumlarly loaded
cylinder Finally, the influence of distributed mass in a
eylinder 1s studied using a variational principle. It 1s found
that without inertia a large teroperature rise may occut
when the applied stress amplitude 13 above a certain critical
value which depends on thermal,and mechanical properties,
geornetry, and frequency. On the other hand, the combina-
tion of temperature-dependent properties and inertia leads
to temperature and displacement jump instabilities that are
similar to those existing in a nonlinear Spring-mass system

#ith a epring that softens with increasing displacement,

1v-009

Schapery, R A, "On the Thermomechanical
Analysis and Behavior of Viscoelastic Media
Subjected to Cyclic Loading " A and ES 64-3,
Purdue University, Lafayette, Indiana,
January 1964

The ::(:Leractlon between heatmg‘and dyramic response

of viscoelastic bodies with temperature-dependent proper-

tieg 15 studied  hguations governing the therme-mechanical

response to simusordal loading are developed and shown to

be equivalent to a set of two variatzonal principles. Visco-

elastic propiriies of a sohid propellant arc characterized

and then used in numerical examples dealing wath sinu-

sordal shear loading of«.ﬁla_h:i and vylinders  As the first

problem, an approvamate variational method 18 used to

calculate ene-dimensional transient and steady-state

An exact

steady-state solution 18 obtawned for the thermomechanical

temperature distributions in a massless slah

behavior of 2 slab with concentrated mass, and 1s then
used to deduce the solution for a smmularly loaded cylinder,

Finally, the influence of distributed mass in a slab and

cylinder 1s studied using variational principles, It is found
that with or witheut inertra a large temperature rise may
occur when the stress 1s above a certain eritical value
1+ which depends on thermal and mechanieal properties and
geometry Furthermore, the combination of temyperature~
dependent properties and inertia leads to dynamic jump
instabilaties that are simalar to these existing 1n a non-

Linear spring-mass system.

Tormey, J. F,; Britton, S. G, "Effect of
Cyclic Loading on Solid Propellant Gran
Structures." AIAA Journal, Vol 1, No. 3
August 1963, p 1763,

Iv-010
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Schapery, R A,, Cantey, D. E  "Thermo-

mechamecal Response Studies of Solid Propel-

v-011

lants Subjected te Cychec and Random
Loading." Paper No, 65-160, AIAA 6th
Sohd Propellant Rocket Conference,
Washington, D. € , I'ebruary 1-3, 1965
An analytical and éxperimental study of the interaction
between heatmng and dynamic response ‘of solid propellant 1s
presented. Emphasis 15 placed on the nature of thermal
mstabilities which exist under cerlain loading condilions,
and on evaluation of linear viscoelastic theory in predicting
thermal mechanical behavior of solid propellants For
apalytical and expermmental simplicity, the mnvestigation
gonsiders a specimen which 15 leaded in simple shear and
insulated such that heat flow 18 restricted to occur normal
to the direction of shear. Two types of loadings are con-
sidered constant displacement amplhilude and nertial
driving. Steady-siale response to both cyclic and stationary
random-loading processes 1s delernmuined analytically, and
1t 18 shown that large temperature increases may occur in
the specymen with attached mass due to thermal mstabili-
ties Allhou‘gh good agreement between expertment and
theory was obtaincd over most of the range of strain and
frequency, some strain-induced anisotropy and gradueal

propellant degradation were observed.

Iv-012

Tauchert, T R.. "Coupled Thermovisceelastic-
ity of the Standard Linear Selid," Department
of Aerospace and Mechanical Sciences,
Princeton University, Princeton, New Jersey
This paper reports an Investigation of temperature
distributions in a viscoelastic solid which result solely
from mechanical deformations (1 e , no external heac 1s
supplied to the body through its boundary) The solid is
assumed to be isctropic and linear, and one which can be
tepresented by the “Standard Linear Solid." A coupled
energy equatlon for such a waterial 1: presented, and is
used to calculate the transient and steady-siate Lemperature
distributions in a thin-walled tube subjected to torsional
oscillations.

"Translent
Response In a Viscoelastle Material with

1Vv-013 Wolosewick, R Y, Gratch, §
Temperature-Dependent Properties and Thermo-

mechanical Coupling," Journal of Applied
Mechanics, Series E, Vol 32, No 3, Septem— '
ber 1965, pp 620-622

The transient response of a semi-Infinite, viscoelastic

rod after application of a sinusoldal stress variation at
one ¢nd has been investigated by a numerical method. Account
has been taken of temperature dependence of propertles and

of thermomechanical coupling It 15 found that, with values
of physical properties typical for polymeric materfals,
temperature approaches steady state several orders oé nagni-
tude more slowly than would be the case for stress and strain

in the absence of thermomechanical coupling

IV_O'I4 Hertmann, George, At¢henbach, Jau D

"Some Dynanic Problems of Coupled Ther-

moelasticity,” Paper presented at IUTAM

Symposium on "Irreversible Aspects in

Continuum Mechanics" held im Vienna,

Auvskrin, June 22-25, 1966 (Procieedinga
to be published by Springer-Verlag, Vi-
enna and New York, 1967.)

Recent work at Northwestern University on dynamics of
thermoelastic ahd viscoelastic continuous media 1s hriefly
reviewed Sowe curremt studles on the propagation of dila-
tat:onal discentinuities with plane, cylindrical and gpher—
{cal [ronts In a medium which includes coupllng bhetween
cthermal and lingarly viscoclastie mechanical cffects are
described  The constitutive relations are assumed to con-
tain a temperature dependence of the functions which charge-
terize the mech o1l reponse,  The resulte oxhibit an
veponential detay ol the magnitude of the discontinuity due

to both viscoelastle and thermomechanical coupling effects.

Clemmer, L. E. "Thermgmechanical Re~

1¥-015

sponse of a Viscoelastic Cantilever

Plate,” Bullecin of the 4th Meeting ICRPC

Working Group on Mechanicil Behavior,
Qecober 1965, pp  371-382

An analytical study of the thermomechanical response of

a viscoelascle cancilever plate under tiwe action of Lro wdy=
state cyclic loading is presented Lhi s model way he con-

sidered as providing a flrst approximation for estimating

¢issipative heating due ro propeliant graln star-point
vibration The energy equation is derived considering dis-
sipation and temperaturc—-dependent materlal properties  The
naterlal is assumed to obey linear "viscoelastic theory and

to be thermorheologically simple Two cases are treated

1) constaat amplitude harmonic force input and 2} inertial
loading in which the mass of the plate ls approximated by 2
concentrated mass ab the free edge of the cantilever, Ano-
lytical solutions for adiabatic heating have been obtained
and numerical rescults are.given using thermal and machanlcal
properties of a solid propellark  The"imount of heating, as
neasured by rhe maximum temperature in the plate, 1s compared
vith the temperature rise in a viscoelastic slab subjected to

gimple cyclic shear loading

Rumy, N © "Blssipatlon Munction lu
The tmopechanical Fhonomena of Y{,co-
elastic Soltlds," Techuicil Muport Ra 1,
Department of the Acrosparc and Mechan-
ical Fngliwering Seiences, Untversity of
California, San Diepo, La Jolla, Calif
October 1966

In this {Moew, *an explicit Form of the dissipation funce
tion associated with thermomechanical phencmena of vigco-
elastic solids is derfved This function is expressed In
terms of the observable quantities such as stress rates,
straln rates, and their second timg derivatives, ete The
formulation 15 based on the theory of Irreversible thermo-
dynamics of deformible bodies developed by Biot and general-
ized by Ziegler and Schapery The proposed dissipation func-
tion can be used conveniently for both experimental and
rheoretical purposes

IV-016
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IV...OT] Huang, N C , Lee, E H "Analysis of
Coupled Thermo-Viscoclastic Response of
Rods and Slabs Subjected to Cyclie Load-
ing," CPIA Publication No 119, Vel I,
Proccedings of the 5ch LCRIG Mecking
Mechanical Behavier Working Group,
October 1966, p 339
This report deals with the problem of longitudinal
waves in a viscoelastic rod caused by a sinusoidal stress
applied ar one end It Is assumed that a quasi-steady state
of wave motion follows after a Jow cycles of osclllation,
with the stress and stodin efféctively periodic, but with a
slow change In amplitude asiociated with the slow rise in
temperature due to the continueus transformation of mechan-
ical energy into heat The mechanical properties of the red
ave temperature dependent so that cChe wave speed and its
shape change with time. Since the temperature at one end of
the rod is fixed and a radiation condition is prescribed at
the other end, heat flux flows out from both ends Finally,
a steady siate of temperature distribution is reached The
object of this tepore Is to Find the temperature distribution
as well as the stress distributfon at varieus times

Iv-018 Huang, ¥ C., Lee, E H.: "Thermomechani-
cal Coupling Behavior of Viscoelastic Rods

Subjected o Cyclic Loading," Unmiversity
of California, Sn Dicko, LaJolla, Dept
ot the Acrospice md Mechanical bugineer-

ing Sciences, Journal of Applied Mechamics,

March 1967, pp 127-132

fhe problem of longrtudinal oscillation of a viscoelastic

rod of Fimite Iength wncluding the effect of thermomechanical
coupling, was studied [he material [s assumed to be thermo-
rheologically swmple. The almost steady escillation super-

pesed on a slowly varying temperature distributron permits re-

presentation as a boundary-valuc problem which s solved nu-
merically by 1rerative procedures Calculatrons are made for
d1fferent stress levels and frequencies It 1s found that
the temperalure increases conswlerably zfrer a lengih of tame

of vibration although the stress level 1s low. A steady state

of temperature can be reached 1f the temperature at one end
of the rod 1s fixed and a radiation boupdary condicion 1s
prescribed at the other end.

IV‘O] 9 Tauchert, T & "fleat Generation in a
Viscoelastic Selid,"” Acta Mechanica,
Vol 3, Mo &, 1967

The temperature distributions 1n z viscoelastic solid
which result from mechanical deformatlons are inwestigated.
The sokld is assumed to be :sotropic and linear A coupled
energy equation is used to calculate the transient and steady-
state temperaturs distribvtions in a thin-walled tube sub-
Jected to torslenal oscillations The heating is determined
solely by the materials mechanical behavior and by comsistency
with thermodynamics

Iv_ozo Torvik, Pater J * "“Tempersture Rise and
Stresses dee to Intemal Heating," Air
Force Inst of Tech , Wright-Pattersen
AFB, Ohio, School of Engineering, Technical
Report, Januarv 1968, AD-664 052

A finire amount of heat 1s gencrated fu each cycle when
a miterial Is subjected to a cycled load This Internal heat
generatfon causes changes in the tempeorature of the bedy which,
uader certain conditions, may be appreciable Expressions
are developed for the temperature distributlon and resulting
thermal stress, and from them, the patameters which determine
the magnitude of temperature rise and stress are obtained
Quantitative agreement with previous experiments exists in the
area of temperature rises Thermal stresses are appreciable
only in very unusual ¢i{rcumetances
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IV"OZ] [auchert, T R "Trans{ent Tumpet 1IMre
Discrabations o Viatoclsscic Sellds o
tyel1e Deformacions,” Actt Mochnded,
Yol 6, Mo 2=}, 1968, pp 239-252

studv of the «ffeer of kot dissipation resulting [rom
e lormitfon of 1 viscoclastie setld on the tampirature Treld

In the solfd fhe coupled heat cquation Is used te cileulate
the transrent 1nd stoady-stibe temporiture distributions 1n
fwo w1turtions (1) simpli=she e of an infimite wlib. nd
(2) torslant] osclbbetion af o chroubar radd

IV 022 Cost, Thomas L. "Thermomechinical Coup-

1ing Phenomena 1n Mou-Isothermal Visco-
elastic Solids," Rohm and Haas Company,
Pedstone Rescavch laboratories, Huntsville,
Alabami, Technical Report S-226, August
1960, 122p

The fncreasinp use of visecoeladric materinls in cyelic
Eoading appllcitions has created a nced for an undepstinding
of the chermomechanical coupling phenomenon by which mcchani~
cil ecnergy exerted in deforming a materfal {s converted into
thermal energy  Three baste appreaches to 7 mathematical
analy: 1s of thia phenoncnon, pre ented by Biot, (elemin, and
Stavermin and Sthwarzl, ue reviesed amd 21 cutsed oo
simflar o etotherit b 1 notitlon 15 possible. The basie con-
stitutlve behavior, including dissipative effects, of “thermo-
rheologically simple”™ materials 19 developed by uae of each
of these theoiries, The relation of the theee approaches to
one another 15 demonstrvated In tils developwent  The theories
dare shown to produce similar forms for the comstitutive re-
lations although the basic appreaches are conslderably differ-
ent The significance of rhe derived dissipation functlon is
lavestipated by solving the energy equation, with the dissi-
pation function included, for the case of a solid elrcular cy-
linder undergoing torstonal vibrations. 1t s shown that
thermorheolegicalle sinple materlals preduce loss heat than
isethermal viscoelestic materials under similar conditions.

An erperiment was perfornmed on a solid circular cylindec of

a polyurechane rubber by applying a periodic tersicnal dis-
placement be one end of the cylinder while holding rhe other
end fiked. The temperature was vecorded ar scveral stations
in the cylinder as a function of time, The experimental re-
sults indic¢ite thar che heat generated In viscoelastic mater—
lals by cyclic loading at Erequencies of sbout 10 Hz and
straln magnitudes of about 5% can produce témperature changes
of at least 30°F

Kovalenko, A T , Tiupria, V. 1. "Pro-
IV“‘023 pagttion of Lengitudinal Waves in a

viscoelastic Cylinder with Allowance for

The rmomechanical Coupling,™ Prikladnaia

Mckhanika, Vol 6, January 1970, pp

3-9, (in Russian).

Analysis of the influence of the [nterrclation betwean
the straln wmd tomperature flelds on the propigation of har-
ronkle viscodlatee longitudinal vives In an Intinite wolid
cylindir iownlatid at the surface.  The problem (s solved in
lincr Foramulation witheut illowsince for the temperatyre de-
pondence of the thermephysical and o chanlcal characteristics
of the medium  Approximite eapressions for the phawe velo-
citivy and attenution coefficlents ire obtalned for a pre=
dominantly viscolasele wive and a wave gipilar in nature to
a pure thermal 2wve  Humerlcal values for these wave
characteristic, nre obtained for 7 modiffed viscoelastlc longi-
tudinal wive propa;acing fn 2 polycthilene cylinder

IV—024 Achenbach, J D., Herrmann, G "Drepaga-
tion of Second-order Thermomechanieal
pisturbanges in Viscoelastic Solids,”
[UTAM Symposivm kast KRilbride, Proceadings
June 25-28, 1968, Springer-Verlag, Hew
York.

The change of magnitude of a straln discontinulty is
studied as It propapactes in a heat conducting viscoelastic
medium  The paper includes an investipation of the effects
of thermomechanical coopling, viscous flow, second-order
skrales, and temperature—-dependent miteria} properties.



IV--OZS Cost, Thomas L "bissipation ol Mechanl— *
cal Energy in Viscoelastic Materials," IV 0
JANNAF Mechanical Behavior Werking Growp - 28

Mukherjee, S . "Thermal Instabilities In A
8ch “eeting, (hemical Propulaion Informa=

n
tion Agency, Johns lNopkins University, Viscoelastic Rod Under Cyciic Loading,
Applied Pliysics Lab , Silver Sprimg, M4 , SUDAM Repott HNo. 72-9, Stanford University.
CPIA Publication He 193, Vol I, Mareh
1970. June 1972
Thermal astabilities 1n 2 viscoelastic rod under cycivc Toading
When solid propellant rocket motors experlence sustained
cyclic loads, dissipation of part of the mechanical encrgy are discussed by determining the stresses and temperature 1n a
imparced to the propellant grain resules in significant viscoelastic rod insutated on 1ts lateral surface and driven by
amounts of heat belng generated This heat strongly influences
the streagth and rigidity of solid propellant HNo addirional a sinusoidal stress at one end Temperature dependence of the
tharacterization of the solid propellant is required to des- ' £ the rod and the effect of thermo-
eribe the dissipatdve.bghavior in an anzlysis beyond that complex Young's modulus o €
necessary to dascribe the stress conscitutive equations mechanical coupling are included mn the analysis. A method of
Results from a cyclic loadiag experiment on an unfilled poly- t
urethame rubber indicate thar su{ficient heat is gensrated in finite differences 15 used -to directly determine the steady siate
viscoelastic materials tested at Erequencies of abouz 1000 stresses and temperaturé without obtaining the complete time
cpm and at strain levels of about 57 to produce temperature
increases of about 30°F A prediction of the amount of heat history of the process The iterative algorithn used 15 very
generated depends upon whether or nokt the viscoelastic mech-
anical propercies are assumed to be temporature dependent. useful and converges rapidly for a wide range of driving stress
Predictions based upon assumed isothermdl behavior appear to amplitudes and frequencies It is found that rapid rise of
overestimate the amount of heat generated whereas the assuap- t t d
tion of “thermorheologically simple" behavier resulets in an emperature to dangerous levels occurs for relatively low values
underestimate. of driving stress emplitudes especraily if the driving £ equency
is clese to one of the critical fiequencies of the rod. Drastie
. softenring of the rod leads te large stiains  Thus, failure of
IV_026 Taucherr, T, R,- "Thermomechanical Cou-

pling in Viscoelastic Solids”, Thermedine the red could occur at Tow values of the driving stress

elasticity (IUTAM Symposium 1968 East
Kilbride)}, ediced bv B, A Boley,

gg;inger—\ferlag, Hew York, 1970, pp 316-

Experinental data on the hear generated in polymeric
specinens underguling oscillacory deformations are presented,
Various factors which affect the hysteresis, including strain

amplitude, frequency and mode of leading, and ambient tempera- SEE ALSO ABSTRACTS NOS' :
ture are investigated, It Is observed that not all of the
energy added to a specimen during a cyele of deformation is

dissipated as heat, A comparison of theory and experiment I -01 7 ’ -01 9, "020, "0469 "0563 -062

denonstrates that the remaining (or "srored™} energy must he
aceounted for in predicting the thermomechanical behavior of

such materials, II -086, -—088, —093
III -025, -033

IV-OZ? Mukhergee, S,: “Vamational Principles in
Dynamic Thermoviscoelasticity,™ SUDAM
Report No 72-3, Stanford Umiversity, April
1972
Dual variational principles for steady state wave propagation in
three dimensional thermoviscoetastic media are presented, The
first one, for the equations of motien, 1nvolves only the complea
displacement function. The second principle 1s for the energy
equation  The specialized versions of these principles m two
dwmensional volar coordinates and then 1n onz dimension are
obtained A one dwensional example. that of wave propagation
in a thermoviscoelastic rod imsulated on 1ts lateral surface and
driven by a sinusoidal strecs at one end, 15 solved using the

Rayleigh-Ritz methed The displacement anrd temperature functions 0‘@ 'B-
are expressed as series of polynumials., Suctessive aporoxima- @“‘Jﬁ‘{ S ‘?00
tions for the solution are compared with a solution ebtained by " -Dﬂ(‘l GE\‘)X-

a method of finite differences, and an estirate of the degree of ""’:D ?P"

accuracy as a functlon of the number of terms taken in the series 6 "\‘5’\5-

1s obtatned. It 15 found that as long as the spatial distribu- L

tion of stress and temperature are sufficiently smeoth, rapid
convergence to the correct solution 1s obtaned, If the stress
is a rapidly oscrllating functien of the distance atong the vod,
polynomals are no longer efficient and other test functions
must be chesen.
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B-1.1  GENERAL DISCUSSION

The SRM propellant dynamic response model is given by the

power-Tlaw
E(maT) = Eo(waT)n (B-1)

where the temperature shift-factor is giveﬁ by the modified power- law
m
- (R (8-2)
T T = Ta

where

E, =+ dyramic modulus at a temperature-
reduced frequency WL = 1

w = frequency

n = Tlog-log siope of master dynamic modulus curve
versus temperature-reduced freguency, wy

TR = reference temperature at wﬁich master dynamic
modulus curve versus temperature-~reduced
frequency was generated,

Ta,m = experimentally determined constants chosen to

represent the temperature shift-factor by Eq. {(B-2),

Equation (B-1) is used to represent the real or imaginary part of the

tensiie or shear modulus.



A computer code was written for Eqs. (B-1) and (B-2) using
standard ANST FORTRAN IV  The code has three options-s
(1) A least-squares curve-fit of Eq, (B-1) may be
accomplished to determine the parameters E0
and n,
(2) Simultaneous with the curve-fitting, calculations
of the dynamic modulus may be made at any combin-
ation of frequencies and temperatures up to a
maximum of 20 each,
{3) Calculations of the dynamic modulus may be made
without the curve-fitting at any combination of
frequencies and temperatures up to a maximum of
20 each,
In all three options, calculations may be made with the real or
wmaginary part of the dynamic modulus or both,
Explicit definition of the input-output variables is given with
the user's manual in Appendix B-2,
The least-squares curve=fitting option can be used in two ways.
On the one hand, a master dynamic modulus curve versus temperature-reduced
frequency may be constructed from dynamic tests conducted at several
temperatures. Data points (up to a maximum of 20) from this curve are
then input as a function of temperature-reduced frequency and the teast-
squares curfe fit carried out to determine the coefficient EO and the
exponent n in the constitutive relation, Eq, (B-1)}. In this procedure

Eq. (B-2) must be fit to the temperature shift-factor curve generated

B-4



during construction of the master dynamic modulds curve and the para-
meters T, and m in Eq, (B«2) .determined for {nput to the code,

Alternatively, if the curve-~fit is desired at a single tempera-
ture, then this temperature may be defined as the reference temperature
with T = TR in Eq, (B-2) and, thus, ap = T in Eg, (B~1), Any values
may then be input for Ta and m, including zero,

The curve-fitting procedure is carried out in terms of the
temperature-reduced frequency, WA, with respect to a given reference
temperature, TR' In caTcuTatiné dynamic response, however, the actual
frequency, w, at the temperature, T, where the response is desired is
input and the temperature shift<function calculated according to Eq.
(B-2}, In this case it is necessary to input the reference temperature,
Tp» and the parameters T, and m, If calculations are desired at a single
temperature where E0 and n are known, or are to be determined from tha
program, then, the temperature T can be set equal to the reference -
temperature TR and arbitrary values input for Ta and m,

The code has the output formatted in SI units; however, it may
be seen that Eq, (B-2) only involves temperature differences and the
units of the dynamic modulus are carried in the coefficient E0 in Eq.
(B-1), Therefore, the calculations within the computer code are aétua11y

independent of the system of units used,

Beb



B-1.2  LEAST-SQUARES CURVE-FIT

The least-squares curve-~fit of Eq, (B-1) is accomplished in
the following fashion, Defining t = A then Eq. (B~1) may be written

in the form

Ioge E(t) = 109e E0 +n 1ogé(t) 13-3)

T

where 1oge denotes the natural logarithm, Next, defining S by

N
_ 2
S = iE] [1oge E(til - 'ioge Ey - N1°ge(ti)] . (§~4)
and setting dS/dE0 = 0, it follows that
N N 2
N log, Ej + 151 n loge(ti) = iEE n(Toge(ti))

N

g [(Tog, E(t;)) (T0g,(t;))] (B-6)

The solution for Toge EO and n from Egs, (B-5) and (B-6) is then given
by
N N
E Tog, E(ti) 151 ]Oge(ti)
N

[logg E(t;)Toge(t)] 1 (Tog,(t,))?

1

]Oge E0 - .

ki

M=

(8-7)
A

B-6



and N

N % log, E(t.)
i=1 ¢
N N
x 109e(til Z [1oge E(ti)1°ge(ti)
i=1 i=1 '
n =
A
where
; (t;)
N Z Tog (t,
=1 ¢ 7
A = N N 2
_E] Tog, (t;) .21 (Tog, (t;))
i= i=




DYNVIS
USER'S MANUAL
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USeR ' S MOA N WAL
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*xkDYNO4400
*x:kDYNO4SOO0
*k%DYNOUYUS00
*xxDYNOG700
*%¥DYNO4B0O
*xxYNOHS00
#x%kDYNOS000
*xxDYNOS5100
*¥k[YNOS200
*¥%xDYNOS300
*%x%kDYNOS400
*xkDYNOS300
*x¥DYNO5600
*%%DYMOST700
*x*¥DYNOSBOO0
*xxkDYMNO5300
***HYNOp000
*xkDYNO6100
*%kDYNO6200
***xYNOG300
*£%[YMOG400
*xxDYNOSS00
**kxDYNOELH0D
**xDYNOG700
#*AxXYNDEAOD
***xDYNOGE900

DYNO7900

DYNO7100
*#¥kDYNO7200

DYNO7300
*%xDYNO7400



pL-%

¢0gu75
00gU76
00qu77
00yb78
popu79
000080
QogusB1
00gGs2
00guad
G0pu8y
000085
G0yudéh
coupay
00puss
00puas
00pL9Q
c0u0%4
00pu9e
0000LS3
00pU94
00pu9s
000096
00pu9?
00guos
00¢g09%
00gl00
00plol
00u.u2
goolo3
00glok
" 0001iun
00plub
00107
000106
00pL09
00pLlQ
00pLll
00plle

Q00
oo
Guo
000
000
000
¢00
Q00
g00n
g0u
600
000
noy
gdo
000
00
p0uv
000
gop
001
oGu
000
000
G600
0o
000
00y
g0y
00u
000
000
000
000D
000
G0u
000
800
000

DATA NEND/LGHEND / DYNO7500

Cax*
CHx¥
Cokokk
C k¥

10 FORMAT

12 FORMAT

20 FORMAT

30 FORMAT

310 FORMAT

AN o

320 FORMAT

*%kDYNOT7600

FORMAT STATEMEMNTS #%xxYNOC7700

e i 2 e et o e e xx*%DYNO7800
**kkDYNQO7S00

(2044) DYNOS80GO
(LHL: /5 (8H%x * )} 12X, 20A4,2XyS(4H* * Yo/ /) DYNOSB1GD
{6Ib,)5E10.0) DYNOB200
{8E£10,0) DYNDB3GO
{30X+35HTEMPERATURE SHIFT FACTOR PARAMETERS,//+27X» DYNOBLOO
2UAREFERENCE TEMPERATURE = +F4,0,15H DEGREES nELVIN» /46X, DYNOSSOO
OHTA = 1F10,6¢/ 40X LIHEXPONENT = +F10.60///) DYNDBB0O

{304 20HCURVE~F 1T FARAMETERS,//132X,20HREAL PAKRT OF MODULUSDYND8700

L rLOXy 20HIMAGINARY PART OF MODULUS)// 31X 14HCOEFFICIENT = DYNO88SOOD

2 tFO.4,9Xy LUHCOEFFICIENT = FO9.44/,34X»11IHEXPONENT = »F9,4y DYNDESOO

. | 12X, LIHEXPONENT = ¢F9.4e//) DYNDOSOQOO
030 FORMAT (36X 48HLABORATORY DATA COMPARED WITH CQURVE-FIT RESULTS ¢ DYN09100

1 /136X 2HHREFERENCE TEMPERATURE = +F4.0+9H DEGREES » DYNDO9200

2 OBHKELVINI /// 420X 20HREAL PART OF MODULUS,38X,9HIMAGINARY ,DYNO9300

3 16H PART OF MODULUS// 16X LIHTEMPERATURE-REDUCED» 7X DYNOSHO0O

4 THMODULUS » 13X » THMODULUS » 7X» L9HTEMPERATURE=REDUCED » 7X DYNOSS50G

5 THMODULUS » 13X 7THMODULUS » /4 L1X, YHFREQUENCY » 14X, 3HLAB» 14X, DYNOS60Q

o} GHCURVE~FIT»11X)9HFREQUEMNCY » 14X, 3HLAB » L4 X SHCURVE=FIT»/+» DYNOS700

7 TUAPYH(HZ)Y s 13X s OH(KN/M*%2) » LIX ) G (Ki{/M*%2) 2 14 A 4H{HZ) » 13X DYNOSBOO

6 GHI(KN/ME*2) p LIXsOH{KN/M*%2) ¢ / /) DYN0O9900

250 FORMAT (6(DX+1E1S5.0))} DYN1QOQ00
410 FORMAT (40Xr40HCALCULATED VISCOELASTIC DYNAMIC RESPONSER//15Xy DYN1IDL1GO

1 HX P LIHTEMPERATURE r 10Xy QOHFREQUENCY » 6K L2HTEHPERATURE = nYNi1iQ200

2 THREDUCED » 8X s 4HREAL » 14X s QHEIMAGINARY » L3R+ #HLLOSSy /1 51K DYN10300

3 SHFREQUENCY » 12X, THMODULUS y 13X THMULULUS » 13K s 7THTANGENTy /»  DYN10O4OO

4 TXy LOH(DEGREES KELVIN) f L1IX»4HI{HZ) rLBX o HH{HZ)Y 1 L 3X DYN10S00

5 OH{KN/M*%2) 9 L1 X, SH KN/ Mx%2) ¢y //) DYN1G600

GLlz FORMAT (//) DYN1Q700
Caxkk #4kDYN1GBOO
Ak & TIME - TEMPERATURE SHIFT FUNCTION #%%DYN1QG00O
CHkA* =k%kYNL1000
AT (D) {{TR=TAY/(TEMP (J}~TA) ) *+TM , DYN11100

Cokokxk *%%k[YN11200

REPRODUCIBILITY OF THE
ORIGINAL PAGE IS POOR



0¢-8

003113
00paL1y
Q0p1l5
00p11é6
00p117
00y1ls
000119
000120
c00121
o00utz22
gQui2a
0fQus2y
000125
00pi2e
000127
00¢p128
000129
000150
00pi3l
00 .32
00u.L33
Q00134
00uU135
g0u1l36
00u1l37
Qo0138
00u1359
Qo0 L0
o0ulul
goulyge2
000143
o0ul4y
00uLHs
00ulyb
000147
00ui48
000 l4y
006150

0o
000
000
000
00U
0oy
pow
0oy
00y
00V
000
000
g0y
goo
000
000
oy
(s13]1]
GoY
noo
00U
0oy
00y
WY
o0u
600
gou
Gao
oGu
Gou
g6y
peo
c00
000
600
go¢
000
000

C*kk DEF[ME INPUT/ZQUTPUT UNITS
Ckkxk

IREnD = 5

IwrR[TE = 6
Ckkk
C**x%* RKEAD JOB INFORMATION
Cx¥x

1 Reau (IREAD10) (ITITLE(I)» I=1.20)

IF (ITITLE(L) LEQ. NEND) CALL EXIT

WRITE (IWRITE»12) (ITITLE(I).I = 1.,20)

REAL (IREAL»20) NRFIN!NRFOUT'NRTEMPvNIFIthIFOUT:NITEMP:TR:TA1T
Cohkk .
Chik INITIALLZS PARAMETERS
CH**

ERLERQ = 0.0

ELZERO = Q0,0

NReXP = 0,0

NIEAP = 0,0

IF (HRFIN JEG, 0) &0 To 100

REal (IREAU»30) (RMOD{I)e I=1+/HRFIN)

Rinl (IREALe3C) (RFREG(I)r I=1/NRFIN)
[ ko

CALL CURVIT (RMOD»KFREQNRFINsERZERONREXP)
Lok

100 IF (MIFIN <EQs D) GU To 200

REnl (LREAD230) (IMOD(I)r I=1,nIFIND

READ (IREALr30) (IFREQ(I) » IZL/NIFIM)
(U £ .3

CALL CURVIT (ImOD»IFREQ)NIFINSEIZEROMIEXP)
Cxxx '

1 READ (1READ»30) ERZERONREXP+EIZERONIZXP
IF (NRTEMP L,EG@, 0) GO JO 220
RLAD ([READ»30) (RTEMP(I)r I=TsNRTEMP)
REAL (IREAD»30) (RFREGO{(I},» I=1,NRFOUT)
220 IF (NLITEMP .EQ, 0) GO TO 300
READ (IREAD»30) (ITEMP(I): I=1/NITEMP)
READ (IREAL30) (LFREQO(I)» I=L1,NIFOUT)

REPRODUCIBILITY OF THE
ORIGINAL PAGE IS POOR

*%%DYN11300
*%*%DYN11400
DYNI15QO0
DYN11600
*xxDYN11700
#xxDYN11800

* xxkDYN11900

DYN12000
DYN212100
DYN12200
M DYN1IZ2300
*xxDYN12400
*k%xDYN12500
*%%YN12600
DYN127C0
“DYN1280Q
DYN1IZ2900
DYN1300O
DYN13100
DYN132060
DYN13300
+xkDYN13400
DYN13500
#*%%DYN13600
« DYN1370C
DYN1380Q
DYNL1390C
*exYM1I4Q00
OYN14100
+ax0YNLIG200
DYN14300
DYN14400
DYN14500
-DYN14600
DYN14700
DYNI14B0Q
DYN14900
DYN15000


http:IREAD.30

129,

000151
00g1i52
000153
000154
000155
000156
000157
00uisbe
00pl59
O0ULGOD
000led
00pleaz
00¢Qled
00plioy
00pio5
000loe
000167
ooylL6s
00pt69
000470
00pL71
00pl72
00gl?73
00yl74
00plL75
00p175
0Cgiv7
00pi78
60pl79

-00p 480

00giel
00glLB2
00u1le3
00plb4
00pisb
00vulads
600137

000
000
o060
00U
gou
oou
001
000
odu
00uy
000
oy
0uo
000
Qou
gou
Qo0
00w
4Go
000
goo
oo
GOu
000
6oy
000
g0u
guu
509
00u
a0y
abu
g00
oo
Guu
Qouv
000

C ok ke

300

TN
CH4%k
Ckxkk

339
oS40

343

S45
CE* K
{ &k®
ook

400

~~PRODUCBILITY OF THE
CRIGINAL PAGE IS POOR

WRITE (IWRIIE+310) TReTA»TM
WRITE ([WRITE»320) FRZERCr-LIZERO)NREXPINIELP
IF (NRFIN JEde 0 JAND. NIFIN L,EQ@, U) GO TO 40U

COMPAR: LAB DATA WITH CURVE-FIT RESULTS

WRITE (1WRLTE»330) TR

NN = MAXD{MNRFINS/NIFIN)

N = NRFIN = NIFIN

IF (N) 3535,540,537

LU 335 Jd=1,wifFIN

K = Jd + NRFLN

REKEQ@(K) = 0,0

RMOD{K) = 0.0

G0 TO 540

50 339 Jz1nRFIN

K = Jd + NIFIN

IFREQ(K) = 0,0

IMOGL(K) = 0.0

09 3b4H K=1sivy

IF (RFHEQ{K] OLED olE-d) GO TO 3u3
IF (IFHEQ(K)‘tLEo olE"B) GO TO 343
CALLL = BRAEROX{ (RFREQ{K))**xNREXP)

CALLZ = EIcERO*{{IFREQ{K) J¥xNIEXP)
GO TQ 345
CalCl = gcReERO

CALC2 = EIEnrC

*ak{(DYN15100
DYN15200
DYN15300
DYN15400

**k%xDYN15500

***xHYNISH00

*kxDYN15100
DYN1S8GO
DYM15900
DYN1&60GO
ODYN1&6100
0YN1lo200
OYN16300
DYMl1a4QQ
DYM1&S500
DYN1&600
DYM16700
PYN1&800
DYN16200

DYN170090
DYN17100
DYN17200
DYN17300
DYN17400,
DYN17500
DYN17600
DYN17700
DYM17800

wRLTE (IWRLIE, 350) RFRLQIK) »RMOD(K) »CALCLy IFREU(K) » IMUD (K) s CALC2 DYN17900

CALCULAIE OYNAMIC RESPONSE

ARLTE (IWR1TE,12) (ITITLECW): I =1,20)
WRLTE (IwRITE&13) .

IF (NKTEMP .cQ. 0} GO TO 450

DU 430 J Z1yNRTEMP

TeMP{J) = RTEMP(J)

*x*xDYN180GO
kk*YN18100
*kxDYN18200
DYN18300
DYM18400
DYN18500
DYN18600
DYN18700


http:53i,.o40,.37

¢¢-4

00C¢l38
00piag
000190
000191
g0pis2
00193
00p19y
00p195
000196
0Cpl37
0upl98
00plo9y
003200
00yl
oogeo2
000203
000204
000405
000206
005207
000208
00209
gG0pyzio
00peil
00pezl2
G0y2l3
COpezlin

009l

00yele
C00=l7
000218

TEND ELT.

0090
000
g00
000
000
000
009
000
500
000
oo
g00
oou
oov
go0o
004
000
000
009
000
0o0o
000
000
000
oou
709
oov
0090
000
Q00U
0Qu

405

415
420

430
450

453

457
4eu
480
C#¥x
500
e T

RELToL *DYNVISCURVIT
ELTUT7? RLID70 O0b/006=15313513~(Js)

00p0ul
00puL02
000003
000Uy
000005
00pU06

n0o
Gou
000
000
pou
000

C

CH¥k % % % % & % % % % *® % % & K % K % ¥ & % *k £ * & ¥ & & * * ¥k *k %

Cxk*
Cxxk
CHEF

DO 420 K = 1)NRFOUT

REDF = AT(J) * RFREQQO(K) REPRODUCIBILITY OF THE
IF (RFREQO(K) JLE., +1E~8) GO TO 405 ORIGINAL PAGE IS POOR

CALCL = ERZERO% (REDF**NREXP)

CALC2 = CILERQ*x(REQF**NIEXP)

GO TU 415

CALCl = ERZERQ

CALCZ = EIZERO

TAN = CALCZz/CALCL

WRITE (IWRITE,»350) RTEMP(J) »RFREQQO(K)sREDF,CALCL,CALC2,TAN
WRITE (IWRITE»4l2)

CONT INUE

IF (NITEMP EQ, 0) GO TO 500

DO 480 J=l,NITEMP

TemP{J) = LIEMP(J)

DO 460 K=1,NIFQUT

REDF = AT(J) *IFREGO(K)

iF {(IFREWO{K} LLE. ,1E=~8) GO TO 453

CALCLl = ERZERO# (REDF*¥NREXF)

CALCZ = EIZERO*(REDF®#NIEXP)

GO TO 457

CALCL = ERZERO

CALCZ2 = EIZERO .

TAl = CALC&/CALCL

WRITE (IWRITE,350)
WRITE (IWRITE,412)
CONT INUE

ITEMP (J) » IFREQO(K) »REDF +CALCL»CALCZy TAN

GU T0 1

END

SUROUTINE CURVIT (VALUE,TYME.NT,COF,ON)

THIS SUBROUTINE PERFORMS A LEAST-SQUARES CURVE-FIT OF

LABORATORY DATA TO A TWO=-PARAMETER POWER-LAW OF THE FORM:

DYN1880O
DYN1&89SGO
DYN19000
DYN19100
DYN19200
RDYN19300
DYNI2400
OYMN19500
nYH19600
DYN1970D0
DYN19800Q
DYN199G0
DYN20000
DYN20100
nDYN20200
DYN2G30Q
DYN20400
RDYMN20500
DYN20600
DYN2070D
DYN20800
DYN2030G
DYN21000
pDYNZ211Q0
DYN21200
DYN21300
DYN21400
*xxDYN21500
DYN216GO
#xxDYMN21700
DYN21800

CURO0D10C
CUROQ200
*kxCURD03OLC
**%*CURCO400
*xxCURCGOS00
*x*CURO0OE0D0



£z-9

000007
Co0oUdk
0Qqguo9
00p0l0
000Gl1
000012
00guL3
060puly
00puLs
00guLe
C0yul7
gopoLs
COyvi9
00pu20
p0yD2l
f0go22
D023
00gu2y
00puas
00g02d
goguay
00gues
00p0es
00yu30
O0yUL3L
00puiz
DOQYO3H
D0gUI4
00 U3Y
00pGas
ggL37
00yuak
000039
g0puL0
Q0p0LHL
0004
Q043
00, Ukt
00guibh

ENp ELT.

0090
Gou
adg
glu
gdo
Qa0
000
600
Gau
Gou
ooy
00U
g0u
Gou
o0y
olu
o0u
g00
0o
gou
gou
gou
fuy
Q0u
GO0
0oy
oGy
Goo
goo
¢ou
gou
00U
cou
600
Quo
Ggou
o0u
gou
aow

Cx%k%k
Cx¥¥
%ok k
CxF*
C koK
C*okk
C*%

Cxx*

Lok R *
{kkok
Cxkk
&%k
Ck4&%
CHdk

Cxkk * &k £ % & % & x * k¥ k 3 k% ¥ % % Xk ¥ k k% % % % X ¥

C

16y

E(T) = COF&T*=%DN

THE INPUTS ARE &
TYME = VECTOR OF FREGUENCIES (TIMES) AT
WHICH DATA IS TO BE FITTED.

VALUE = VECTOR OF LAB DATA CORRESPONDING
TO TYME (I} » I =1/NT.
NT = NUMBER OF FREQUENCIES AT WHICH DATA

IS T0 BE FITTED,

THE OUTPUTS AnE;:
COF = COLFFICIENT IN THE POWER=LAW,
ON = EXPONENT IN THe POWER-LAW.

DIFENSTON VALUE(20) »TYME(20) » TM(20))DG(20)»TD(20) ¢ TM2{20)

TM (1) = ALOG(TYME (1))

DG (1) = ALOG{VALUL{1)}))

Tu (1) = ALOG{TYME (L)) xALOG(VALUE(L))
T {Ll) = ALOG(TYME(L))*+%2,

DO 100 I=2nT

J =z I-1

M (L) = TM{d) +] ALOG(TYME(IL))

Do (I) = D6{J) +|ALOGIVALUE(T))

T (1) Tof{d) + ALOG{TIYME(I))Y*ALOG(VALUE(L))
TMe ([} = Tm2(d) + ALOG(TYME{(I))*x2,
Del = wTeTm{NTI=TMINT ) *%2,

T = OGIHTIRTM2(NT )Y ~TM(NTY*TDH{NT)
T = wT«TD (T =DG(NTI*TMNT)

X = Til/ueT

CUF = EXP(&)

DN = Te/sRET

Re FURN
ENU ﬁﬁy,ODUCﬂﬁﬂlTY'OF'ng
(RIGINAL PAGE 18 OO

* ¥ Kk ¥ K ¥ ¥

*xxCURCO700
*xxCURGQ800
*kkCURD0900
*xxCUR01000
*k*CUR01100
*+xCUR01200
**¥%CURO1300
*¥xCURO1400
*xxCURG1500
*%CUR01600
*xxCUR01700
*kxCUR01800
*¥*xCUR0L190C
*xxCUR02000
*xxCUR021C0
CURD2200
CURD2300
CURO2400
CURG2500
cUROZ2600
CUROQZ27C0
CURO2300
CURD2900
CURO3000
CURD3100
CURO3200
CURO330C
CURDO34QC
CURO03500
CURD3600
CURD370C
CURDO3&00
CURD03900
CURO4000
CURO4100
CURO4200
CURO&4300
CUROL4LOD
CURO4500



DYNVIS
SAMPLE PROBLEMS

B-24



G2-4

WELTsL *DYNVIS,DATA
ELTOTT RLIB70 05/08~15:13:14=(0y)
DYNAMIC VISCOELASTIC RESPONSE MODEL CHECK PRODLEM

gogcol
00py0oz2
006p0uL3
00go0oy
00g0us
0gpooe
00QuO7
000006
00¢g009
000040
000011
00gpo1z
00g0l3
0Cp0ik
000015
000016
00pul?
00pGi8
Coynis
opL20Q
0Gpuzl
gapuze
000023
gouu2y
Qoyuzs
000vZe
000Ge7

ENu ELT.

pao
Gou
cO0
00u
oLu
00y
000
0G0
000
Gou
po0o
g0o
o0u
000
goo
60U
g0u
oCu
g00
goo
gou
oou
0oo
coo
000
000
Gou

REPRODUCIBILITY OF THR
ORIGINAL PAGE IS POOR

S ) 1 3
2308, 4987,
. 20,
643, 1875,
o, 20,
298,
&, 146,
29¢,
O, 10,
PYNAMIC VISCOELASTIC
3 & 1 3
1675, 3357 .
O, 20,
545, 1600,
6, 20,
290,
&, 1G,
298,
o, 10,
LYMAMIC VESCUELASIIC
b & &4
7940, 13000,
1, 10,
255, ei7a
- L, 3.5

£ND

b 1 298,
ila60,
100,
7928,
100,
15, 20, 50.
ls, 20, S50.
RESPONSE MODEL CHECK PROBLEM
) 1 298,
8687,
160,
6819,
100,
15, 20, 50.
15, 20, 50,
RESFONSE MODEL CHECK PROBLEM
298, 233,
26300, 48980,
106, 1900,
298, 322,
ig, 11, 35

TP=H1123 PROPELLANT DATA ~

100.

100,
H-13 PROPELLANT DATA

100,
100.
UTI-610 PROPELLANT DATA -~
15,
J-UO. 110!

1000,



REPROTUCIBILITY OF THE
ORINT A . PAGE IS POOR

* % K K E K K o % DYNAMIC VISCOELASTIC ﬁESPONSE MODEL CHECK PROBLEM = TP=H1123 PROPELLANT DATA = % % # % # % # % #

'

TEMPEKATURE SHIFT FACTOR PARAMETERS
REFERENCE TEMPERATURE =
TA =

EXPONENT 3

298, DEGREES KELVIN
+000000
«000000

CURVE~FIT PARAMETERS
REAL PART OF MOpULUS IMAGINARY PART OF MOpDULUS

874,9008
+ 5686

129.5722
18930

COEFFICIENT

COEFFICIENT = =
= EXPONENT =

EXPONENT

LABURATORY DATA COMPARED WITH CURVE-F1T RESULTS

02-&

REFERENCE TEMPERATURE = 298, DEGREES KELVIN

[

REAL PART OF MoDULUS IMAGINARY PART OF MODULUS

TEMPERATURE~REDUCED MOpULUS MOpULUS TEMPERATURE~-REDUCED MOpULUS MOPULUS
FREQUENCY LAB CURVE=FIT FREQUENCY LAB CURVE-FIT

(H&) (KN/Mxx2) {KN/M%x2) (HZ} (KN/Mxx2) (KN/M*%2 }
600000101 1238000+04 2H2326+04 +B00000+01 +643000+03 v641839403
«200000+02 +H93700+04 +4B0506+04 «200000+02 +187500+04 +188093+04
«100000+03 +1186U0+05 «119983405 «100000+03 ¢ 792800+04 «791729+04



REPRODUCIBI.'TY OF THE
ORIGINAL PAGL 1S POOR

x k F kX ¥ x % ¥ x DYNAMIC VISCOELASTIC RESPONSE MODEL CHECK PROBLEM = TP=H1123 PROPELLANT DATA » % % % * % ¥ % % * %

.

CALCULATED VISCOELASTIC DYNAMIC RESPONSE

[2-4

TEMPeRATURE FREWUENCY TEMPERATURE-REDUCED REAL IMAGINARY - LOSS
FREQUENCY MODULUS MOpULUS TANGENT
{DEGKEES KELVIN) (HZ) {HZ) (KN/Mexg) (KN/M*%2)
+298000+03 600000401 «600000+01 2842326+04 641839403 «265866+00
+ 298000403 +1000060+02 «100000402 + 323995404 «101285+04 +312612+00
94000403 + 150000402 « 150000402 408001404 « 145479404 +356565+00
«298000+03 «200000+02 +200000+02 +U4B0506+04 +188093+04 « 391449400
«298000+03 +5000006+02 +500000+02 +809020+04 826331404 + 526972400
+298000+03 «100000+03 +100000+03 «119983+05 s 791729+04 +659069+00
2298000103 +600000+01 «+600000401 242326104 641839403 1 264866+00
2298000403 +100000+02 +100000+02 ¢ 323995400 «101285+04 312612400
«293U00+Co 150000402 +150000+02 +H08001+04 145479404 +306565+00
2298000403 200000442 +2030000+02 L4B80506+04 +188093+04 «391449+00
«290U00+0d +5000006+02 + 500000402 + 809020404 JH26331+04% + 526972400
22938000403 100000403 +100600+403 + 119983405 « 791729404 «6596694+00



£e-g

EEEEREERER: DYNAMIC VISCOELASTIC RESPONSE MODEL CHECK PROBILEM = H=13 PROPELLANT DATA = * % & kK X ¥ K &k % ¥

TEMPERATURE SHIFT FACTOR PARAMETERS
REFERENCE TEMPEKATURE =
TA =

EXPONENT =

298, DEGREES KELVIN
«000000
«000000

CURVE-FIT PARAMETERS
REAL PART OF MODULUS IMAGINARY PART OF MOOULUS

108,8253
8982

583,2573
+ 5856

COEFFICIENT
EXPONENT

COEFFICIENT =
EXPONENT =

LABORATORY DATA COMPARED WITH CURVE-FIT RESULTS

REFERENCE TEMPERAFURE = 298, DEGREES KELVIN

1

REAL PART OF MOLULWLS IMAGINARY PART OF MODULUS

TEMPERATURE -REDUCED MOpULUS MODULUS TEMPERATURE~REDVUCED MOpULUS MODULUS
FREWUENCY LAB CURVE~-FIT FREGUENCY LAB CURVE~FIT

(HZ) (KN/MExZ) (KN/Mx%2) (HZ) (KN/M*%2) (KN/M*%2)
+600000+0% 167000404 « 166542404 «+£00000+01 S545000+03 +Sh41148403
«200U00+02 «333700+04 « 337061408 +200000+02 160000404 «+160456+04
«100000+03 2B68700+04% 864982+04 + 100000403 £81900+04 681071404

:EﬁiR{H)IHJURD&KPY OF THE
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DYNAMIC VISCOELASTIC RESPONSE MODEL CHECK PROBLEM = H=13 PROPELLANT DATA = * ok ox % k¥ Kk %k %k ¥

CALCULATED VISCOELASTIC DYNAMIC RESPONSE

TEMPERATURE FREQUENCY TEMPERATURE=REDUCED REAL IMAGINARY LOSS
FREQUENCY MOOULUS MODULUS TANGENT
(DEGREES KELVIN) (HZ) {HZ) (KIN/MEx2) (IKN/Mkk2)

£ 298000403 . .b0b000+01 .600000+01 166542404 JSUB 114403 326712400
e 290000+03 «100000+02 «100000+02 L224012+04 +860916+03 +383290+00
290000403 «150000+02 + 150000402 «284405+04 123917404 435095400
«£9a000403 «200000+02 +200000+02 +337061+04 160456404 LHT6048400
1 29BU00+03 «Sudguo+ge «500000+02 +S70411404 s 365424404 +033966+400

o 4290000403 +100000+03 «100000+03 B64982+04 fOB107L404 £ 767381400

>
+290ul0+03 LH00000401 2600000401 166542+ 04 JSUYL1IH+03 326712400
«£938000+03 +100000+02 + 100000402 «224612+04 ,B860916+03 « 383290400
«298000+0 3 +150000+02 «150000+02 284805404 +123917+04 435085400
«296000+03 200000+02 «200000+02 W 33T061+04 LLE0U856+08 +476044400
293UU0+03 +200000+02 «D00000+02 «O76411404 365424 +04 «633966+00
+29d000+023 100000+03 +100000+03 BoUGE2+04 «681071+04 « 787381400
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# % %k k ¥ o K %k X DYNAMIC VISCOELASTIC RESPONSE MODEL CHECK PROBLEM = UTI~610 PROPELLANT DATA = % % * * & % * % ¥ *

TEMPERATURE SHIFT FACTOR PARAMETERS
REFERENCE TEMPEKATURE 298, DEGREES KELVIN

TA = 233,000000
EXPONENT = 15,000000

CURVE«FIT PARAMETERS
REAL PART OF MODULUS IMAGINARY PART OF MODULUS

COEFFICIENT
EXPONENT

7759.,2130
+2651

COEFFICIENT
EXPONENT

«0000
+0000

o

LASORATORY DATA COMPARED WITH CURVE-FIT RESULTS
REFERENCE TEMPERATURE = 2984 DEGREES KELVIN

REAL PART OF MUDULUS IMAGINARY PART OF MODULUS

TEMPERATURE~REUWVCED MOLULUS MODULUS TEMPERATURE=REDUCED MOpULUS MODULUS

FREQUENCY LAB CURVE-FIT FREJUENCY LAB CURVE=FIT

tHZ}) (KN 2) (KN/MEx2) (HZ} (KN/M*%2 ) {RN{Mex2)
«10000V0+01 « 794 000+04 775921404 +000000 «000000 + 000900
«1000U040& »138000+05 » 775921404 «0000060 .000000 + 000000
+100U00+03 «263000+05 ¢ T759214+04 +000000 , 000000 « 000000
«100000+04 489800405 « 775921404 «000000 000000 «000000



® K A ¥ ok ok B kA DYNAMIC VISCOELASTIC RESPONSE MODEL CHECK PROBLEM = UTI-610 PROPELLANT DATA = * % x % % % % % % %

CALCULATED VISCOELASTIC DYNAMIC RESPONSE

Le-4

s 29800U+0 Y
W 29B0V0C+H0 S
28000+ 03
22906000 +03
$ 290000402
2 2Y9dU00+0 S
293U+ 3
2 29000U+0S

y322UU0+04
1232000403
1 322000404
Wedt0+03
322000403
W322000+05
«222000403
« 322000403

L100000+01
350000401
LLU0000+02
L110000+02
. 350000402
LL6000V0+03

W1106u0+03

«100000+04

L100000+01
+350000+01
,100000+02
«110000+02
«350000+02
+1u00U0+03
«110000403
«100000+04

+100000+01
«350000+01
«100000+02
»110000+02
2350000402
»100000403
LL10000403
+120000+0H

L897119-02
«913992«01
»827119-01
+986531~01
+313992+00
+897119+00
«986831+00
2897119401

775921404
«108151+05
«142451+08
«146506+05
«199113+05
+262998+y5
+ 269727408
JHB4LO44+0S

+ 222426404
«310027+04
+409499+04
JH19976404
«OT70778+04
733911404
» 773200404
2 13879%+05

.

, 000000
, 000000
,000000
,000000
000000
,000000
, 000000
,000000

»000000
» 000000
.000000
»000000
+ 000000
1000000
+000000
000000

TEMPLRATURE FREWUENCY TEMPERATURE-REDUCED REAL IMAGIMNARY LOsS
FREQUENCY MODULUS MODULUS TANGENT
(DEUKEES KELVIN) (HL) (HZ) (KN/MEx2) (KN/M*%2 )
W 255000403 «100000401 114120408 + 576092406 + 000000 «000900
+200000+03 « 350000401 « 359418408 + 802983406 200000 »00000C0
2h5000103 «1000ud+02 L118120+09 +100062+07 +000000 +000000
+250U00+03 .1100u0+p2 «+125532+09 108775407 +000000 +000¢00
255000403 350000402 « 359418409 147834407 .000000 000000
D0 U00+09 «L00U00+03 +114120+10 195266407 +000000 +Q0G000
2hbUlu103 «110000+03 «125532+10 +200262+07 .000000 .onoooo
«290000409 «100000+04 «114120+L1 + 355495407 000000 000000
P 277000409 ,100000+401 48265403 ,36609é+05 «000000 +000000
27700U+03 +«350000+01 121893404 «510281405 + 000000 +000000
277000+00 «100000+02 « 348265404 +674003+05 +000000 « 000000
277000405 «110000+02 »083092+04 691247405 +000000 2000000
2T7TU00T0D +«350000+0& « 121893405 +939455+95 000000 000000
277000403 2100000403 348265405 128088406 +000000 +000000
277000403 «1100U0+03 «283L92405 +127263+06 000000 +000000
277000403 » 100000404 .?48265+06 228452406 + 000000 «000000

,000000
000000
000000
.000000
000000
000000
,000000
000000

,000000
000000
.000000
«000000
000000
,000000
.000000
000000
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