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FOREWORD

This report constitutes a part of the work done on the research
project entitled "Determination of Atmospheric Pollutants from Infrared |
" Radiation Measurements.'" The work was supported by the NASA~Langley
Research Center through Grant NSG-1282. The grant was monitored by

Dr. Henry G. Reichle.
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S. N. Tiwari and S.V.S. Manian
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SUMMARY

Various molecular band models for infrared radiation are reviewed
and continuous correlations for the total absorptance of a wide band are
presented. Different band absorptance correlations are employed in two

physically realistic problems (radiative transfer in gases with internal

heat source and heat transfer in laminar flow of absorbing-emitting gases

between parallel plates) to study their influence on final radiative

transfer results.



1. INTRODUCTION

The object of tﬁis study is to review the molecular band models
available in the literature [1~14]* and establishitheir use for atmo-
spheric applications. Special attention is directed towards oﬁtaining
the wide band absorptance relations from the baéid formulations of the
narrow band models. Several continuous correiaﬁions for the total absoxp-
tance of a wide b;nd are available in the literature [11-15]. These are
employed in two physically realistic radiative transfer analyses to study
their effects on the final results of actual radiative transfer process.
The first problem considered is the problem of radiative energy transfer
between a gas volume and the surrounding walls. The physical concept of
this problem can be applied to the radiative transfer analvses of plane-
parallel atmosphere with non-uniform heating. The second problem considered
is that of a laminar flow of an absorbing-emitting gas between parallel
surfaces. Attention is directed, in particular, to carbon monoxide,

carbon dioxide, methane, and water vapor.

*Numbers in the brackets indicate references.
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2. BAND ABSORPTANCE AND CORRELATIONS

The total absorption of a band of overlapping lines strongly depends
upon .the line intensity, the line half-width, and the spacing between the
lines. In a particular band, the absofption coefficient varies very rapidly
with the frequency and, therefore, it becomes very;difficult and time-
consuming task to evaluate the total band absorptanée by numerical integra-
tion over the actual band contour. Consequently, several approximate band
models have been proposéd [1-14] which represent absorption from an actual
band with reasonable accuracy. Thé expressions for absorptance By various
band models, and several correlations for the total band absorptance are
presented in this section. These results are useful in the radiative trans-
fer analyses presented in Sec. III.

The absorption within a narrgw spectral interval of a vibration rotation
band can quite accurately be represented by the so-called "narrow band models."

For a homogeneous path, the total absorptance of a narrow band is given by

A =f [1-exp(k X)] dw -, (2.1)
YAw

where Kw is the mass absorption coefficient, X = paﬁ is the mass of the
absorbing gas per unit area, % is the length measured along the direction
of theqpath which makes an angle 6 with the vertical, and Py is the
density of the absorbing gas. The limits of integration in Eq.(2.1) are
over the narrow band pass considered.

Four commonly used narrow band models are Elsasser, Statistical, Random
Elsasser, and Quasi-Random. The application of a model to a particular ca;e

depends upon the nature of the absorbing-emitting molecule. Complete discus-

sions on narrow band models, and expressions for transmittance and integrated



absorptance are available in the literature [1-6,13,14].
The total band absorptance of the so-called "wide band models" is

given by

A= J. [l-exp(—KwX)] d(w-wo) . (2.2)

wilere the limits of integration are over the entire band pass and wo is
the wave number at the center of the wide band.

In actual radiative transfer analyses, the quantity of frequent interest
is the derivative of Eqs.(2.1) and (2.2). With reference to Eq.(2.2), thié

can be expressed as

©0

dAa/dX = A" (Kw,X) =f [Kw exp(—KwX)] d(w-mo) o (2.3a)

-00

For multiband gases, Eq. (2.3a)can be written as

n n
A' = ) Ai(Kwi,X) =y, f [k, exp(- ;X)] d(wi_moi) . (2.3b)
i=1 i=1 Awi

where Awi is the spectral range of the ith wide band and n represents

the number of important bands of the absorbing-emitting gas under consideration.

2.1 Exponential Wide Band Absorptance from Narrow Band Models

Detailed discussions on the wide band models are available in the
literature [7-15]. The important formulations pertaining only to the expcnen-
tial wide band models are presented here. The relations for integrated (total)
band absorptance for these wize bands are obtained from the absorptance
formulations of. narrow band models by applying the following relation for the

variation of line intensity [10,13-15].

REPRODUCIBILITY OF THE
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Sj/d = (S/A)) exp {[-bo»lw—woﬂle} , | (2.4)

where Sj is the intensity of the jth spectral line, d is the line
spacing, S is the integrated intensity of a wide band, Ab is the band
width parameter, and b° = 2 for a symmetrical band and bo = 1 for bands
with upper and lower wave number heads at W The total absorptance of a

exponential wide band is obtained from the absorptance of narrow band models

by employing the relation

Rw,®) =A@ /A = [ @B dww) , (2.5)
o )
wide
band
where u = SX/A.o is the nondimensional path length, 8 = 2"YL/d is the
line structure parameter, Y, is the Lorentz line hald-width, and AN(u,B)
represents the mean absorptance of a narrow band.
By employing the Elsasser narrow band absorptance relation and Eq.(2.4),
the expression for the exponential wide band absorptance is obtained as [13,14]

m

Rw® = v+ @n [ lmy+rmla, (2.6)

(o]

»

where U = u sinh B8/(cosh B ~ cos z), Y = 0.5772156 is the Euler's constant,
and El(W) is the exponential integral of the first order. Analytic solu-

tion of Eq.(2.6) can be obtained in a series form as [13]

AG,B) = X {-(M)°[sMM(mn) ]/ [n(B+1) n! (n-D)1]} , )
n=1
where .
SUM(mn) = 3, [(ntm-1)! (2o-1)! C"1/[2%(m!)?] , . (2.7)
m=0 .
A = -u tanh By B =1lf/cosh B, C = 2/(1 + cosh B) = 2B/(B+1) . )




It can be shown that the series in Eq.(2.7) coﬁverges rapidly. When the
weak line approximation for the Elsasser model is valid (i.e., B is large),

then Eq.(2.6) reduces to [13,14]
A(u) =y + &n (u) + E, () .

In the linear and logarithmic limits, Eqs.(2.6) and (2.7) reduce to

A=u, (u<k1l,8>1)

A= Y + n(u) , (u>>1,*>1).

It can be shown that Eq.(256) reduces to the correct limiting form in the
square-root limit [14].

By employing the uniform statistical narrow band absorptance relation
and‘Eq.(Z.é), the expression for the exponential wide band absorptance 1is

obtained as [13,14]
A(u,B) = f {1-exp[-B8 L(M]} 7! dz ,
(o)

where n=ug/B, T = exp[-bolw—moi/Ab] .

In the limit of large B , this reduces to Eq.(2.8), and the linear and
logarithmic limits are given by Eq.(2.9). This also reduces to the correct
limiting form in the square-root limit [14]. | .

By employing the general statistical narrow 5and absorptance relation
and Eq.(2.4), a third expression for the exponential wide band absorptance'

is obtained as [13-15]

. RFPRODUCIBILITY OF THE
oA PAGE IS POGE

(2.8)

(2.9)

(2.10)



- 1 1/2, . )
Rw.® = [ (frexp(- 01/ + 20017} a8
(]

1
N f {[1-exp(-pt) 1/EME ,
1l
where. p = [1+(uz/t)] - 1/[1+(uzg/t)] , < (2.11)

{(e/w) [1+(e/u) 1} H2

©
]

™
]

p/pu , t=Rf/2=m YL/d .

In the linear and logarithmic limits, this reduces to the expressions given
by Eq.(2.9).
A fourth expression for the exponential wide band absorptance is

obtained from the narrow random Elsasser model as [13,14]

A(u,B) = Rn{[Gz(u,B) + u sinh B + cosh B]/(sinh B + cosh B)} , (2.12)

where

Gy(u,8) = [(u® + 1) sinh? § + 2u sinh B cosh 8jt/2 |

B

It may easily be shown that Eq.(2.12) satisfies the linear, square-root
and logarithmic limits for approptiate u values [14].

The solutions of the four wide band absorptance listed above ;re
termed as the exact solutions. These are illustrated in Fig. 2.1 for three
different values of the line structure paraﬁeter B . The agreement between
the results of various models are found to be within 25%. Since the absorp-
tion at small path lengths is a function solely of the total intensity of

absorbing lines, the results by all models agree well in this region. At



0T T TTTTI ) L L FTTTTT]
- ——«—ELSASSER G (R e
: . i
o | —————— GENERAL STATISTICAL Bert L e
< - SZEFE T oZ
< ~———UNIFORM STATISTICAL <
n - ' ez
I< " ——x— RANDOM ELSASSER ’
u |
O
2 =
Y -
o -
O
3 —
Q _
Q S,
b—d
g
m s
oy L | IREERII ERET
0.1 n 10 100
u= Spy/A,

»MW&&%Mﬁﬂﬁfww G e L

Fig. 2.1 Comparison of abscrptance by wide band models. .



larger path lengths. however, the Elsasser model predicts higher absorption
than the general or uniform statistical model. This is because there is
always more overlapping of the spectral lines in the statistical mo&els
than in the regular Eléaéser band. The main reason for presenting these
results here is because various correlations based on these results are

employed in actual radiative transfer analyses in Sec. IlI.

2.2 Band Absorptance Correla.ions

Several continuous correlations for the total absorptance of a wide band,
which are valid o&er different values of path length and line structure para-
meter, are available in the literature. These are discussed, in detail, in
[11-15] and are presented here in the sequence they become avgilable in the
literature. Most of’these correlations are developed to satisfy at least some
of the limiting conditions (nonoverlapping line, linear, weak line, and strong
line approximations, and square?root, large pressure, and large péth length
limits) for the total band absorptance [12,14]. Some of the correlations even
have experimental justifications [8,11]. The results of these correlations
are comﬁared in Fig. 2.2 for t = 0.01 and 1. Figure 2.3 shows the errors
encountered in using the various correlations as compared with the exact solu-
tion obtained by the general statistical model, Eq.(2.11). For comparison of

other results, one should refer to [13,14].

(a) Tien and Lowder [11]2‘

A(u,B) = fn(uf(t) {(u+2)/[u+2£(t))]} +1) ,

; (2.13)
where £(t) = 2.94 [l-exxp(-2.60 t)] , t =8/2.

This correlation does not reduce to the correct limiting form in the

square-root limit [12], and its use should be made for B > 0.1.

(b) Goody and Belton [16]:

R(u,B) = 2 fn {1 + u/[4 + (mu/4t)1Y/%} v B2 ey (24040
AL PAGE IS PUGE




The use of this correlation should be made for relatively small B values

[12].

(c) Tien and Ling [17]:

A(u) = sinh '(u) .
This relation is valid only for the limit of large B .

(d) Cess and Tiwari [12-14]:

1/2

A(u,B) = 2 fn(l+u/{2+[u(1+1/B)]1" "D ,

where

2

“4t/m = 28/ .

The use of this correlation is justified at relatively high pressures to
gases whose spectral behavior can be described by the general statistical

model. By slightly modifying Eq.(2.16) another form of the wide band

absorptance is obtained as [13,14]

K(u,B) =2 2n(l+u/{2+[u(c+W/28)]llz})k 1

where + 0.1, B<1 and all u values
c= {4 0.1, B>1 and u<1
0.25, R>1 - and u>1

/

Equations (2.16) and (2.17) reduce to all the limiting forms [12]. The

results of these correlations are compared with other correlations in

Figs. 2.2 and 2.3 .

(e) Edwards and Balakrishnan [10]:

AG) = fn(w) + Eg (@) +y + 5=y (@) o

10

(2.15)

(2.16)

(2.17)

(2.18)

This correlation is valid for large f and for large values of path lengths

(see Figs. 2.2 and 2.3).
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(f) Felske and Tien [15]:

A(u,B) = 2 El(tpu) + El(pu/Z - El[(pu/Z) (1+2t) ]
(2.19)
+ R,n[(tpu)zl(1+2t)] + 2y .
This correlation is valid for the entire range of the governing parameters
(Fig. 2.2). The comparison o: reéesults of this correlation with the exact
solution of Eq.(2.11) indicates excellent agreement (Fig. 2.3). This, however,

would bé_expected because the correlation was obtained from Eq. (2.11).

(g)l Tiwari and Batki [13,14]. The form of the absorptance given by Eq. (2.8)

can be treated as another correlation for the total band absorptance. The use
of this correlation is justified at ali path lengths for t = (8/2) > 1 (Fig. 2.2).

A comparison of results presented in Figs. 2.1 and 2.2 indicates that Tien
aﬁd Lowder's correlation follows the general trend of the Elsasser ﬁodel while
Cess and Tiwgri's correlation follows the general statistical model. This fact
was noted clearly from several comparative results presented in [14]. kIt‘was
indicated in [14] that results of various correlations could be in error up to
407% when compared with the exact solutions based on different band models. Tien
and Lowder's correlation was found toc give the least error when compared with
the exact solution based on: the Elgasser model for t = 0.1, 1, and 10.

From the comparsion of results presented in Figs. 2.2 and 2.3 (and from
results of refefences I13,14]), it may be concluded that the correlation of
Felske and Tien pfo#ides‘fairly accurate results for all pressﬁres and path’
lengths. At relatiQely high pressures, however, the correlation given by
Eq.(2.8) provides a unifofﬁiy better approximation for the tofal band absorp-
tance. While Felske and Tien's correlation’is suitable for radiativéVtiansfer
analyses in gases exhibiting statisticél speqtrai béhavi@r, é{bgtter correla-~
tion is needed for gases whose spectral characteristics warrant use of the

Elsasser model. One such relation is given by Eq.(2.7) which is the series

form solution of the Elsasser total band absorptance.

i
i
A
;
';i
:

Iy
:
¢
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3. RADIATIVE TRANSFER ANALYSES

The band absorptance correlations discussed in the previous section
are employed in this section to two illustrative radiative transfer problems.
The physical model and coordinate systems for both problems are shown in
Fig. 3.1 .

The expression for the total radiative flux may, in general, be given

14

by [12,18]
23 [ e, @ - e, @] [ €, exEdx (y-2)] dua
2 J e w 10t S Ew OXP 2 Kp(-2)] du dz
3 b 3
-3 j}" Loy, () - & (7] {w ¢, expb3k, (z=y)] dv dz , (3.1)

where e = oT" ;, with 0 denoting the Stefan-Boltzmann constant, and Aw
indicates integration over the single band. The derivation of Eq.(3.1)'
assumes the existence of a local thermodynamic equilibrium and employes the
exponential kernal gpproximation. The Planck function, ew(T) » is considered
a slowly varying function of wave number over the narrow band and its value
is evaluated at the band center. The primary motivation for employing thé
exponential kernal approximation is that it allows the kernal function in
Eq.(3.1) to be expressed in terms of the derivative‘of the total band
absorptance which is given by Eq.(2.3).

A combination of Eqs.(2.3) and (3.1) results in

; 5
_ 30y : yrg
w® = ey 3 Al [ Lo, & - ey (TPIR [ 4, (EEN] a”
1 ' 3 ‘
- { ley ) = e, (INIK u -] €'}, g | (3.2)

oo SlICIBILITY OF THE
' “i; PAGE IS POOR



where £ = y/L , u = S(Tl) p L/Ab(Tl)’ A(u,B) = A(U.B)/Ab .

In this equation, A'(u) denotes the derivative of A(u) with respect

to u and u, represents the nondimensional pressure path length.
Equation (3.2) possesses two limiting forms (0ptically‘thin and large

path length limits) which are discussed in detail in [12,19,20]. It

should be pointed out here thét while the large path length limit may
depend upon' a particular band‘model employed in the radiative flux equation,
the optically thin limit is completely independent of the band model.

In order to study the effect of different band absorptance corfela—
tions on the final results of actual radiétive tr;nsfer processes; two
illustrative cases (ektensively studiedbin the literature) are treated here.
The first is the problem of radiative energy transfer between a gas volume
(where there is a uniform heat source) and the surrounding walls. The physé
ical concept of this problem can be applied to the fadiative transfer énalyses
of plane—parallel atmosphere with non-uniform heating. Tha second problem
considered is the problem of liminar flow of absorbing-emitting gases between
parallel surfaces. This répresents a realistic situation of convective-~
radiative energy traﬂsfer in the atmosphere and in other engineering problems.
For mathematical simplicity, the bounding surfaces for both problems are

considered to be black.

3.1 Radiative Transfer in Gases with Internal Heat Source.

The physical model and the coordinate system for this case is shown in
Fig. 3.1a . The two parallel black walls are considered to be at the same
constant temperature Tl . The gas is assumed to have a uniform heat source

(or sink) ofrstrength Q per unit volume. The radiative transfer is the
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sole mechanism of energy transfer within the gés. The lbcal temperature
distribution is thus a consequence of the uniform heat source adding

energy to the gas which in turn is transferred through the gas to the boundiag
surfaces by radiative transfer.

For this special case the conservation of energy yields
dqp/dy = Q ' 3.3)

Since the problem is syﬁﬁetric, an integration of Eq.(3.3) gives

a = (1/2) Q L (26 - 1) and after combining this with Eq.(3.2) results in

-30J

o

3
£ -

N

$ENE [3u GED @' )

1

$(EN K [3u (€'-D)] &'}, (3.4)

I
3

R~

where  $C) =le, (D - éwo(Tl)]/(Q/PS(Tl)) : /

o

In this equation ¢(£E) representé the’temperature profile within the gas

in terms of the Planck function. The equation is written for a single band

gas but it can éasily be ektended to the case involving multi-band gases [12].
In the optically thin limit (i.e., for u <<1) , A(w) =u , and

—' -
A (u) = 1 such that Eq.(3.4) yields the result [12,20]
o) = 1/3 . | (3.5)

_ For most;baﬁd models, the band absorptance in the large path length

limit (i.e., for u, >> 1) is~giveh by thé relation A(u) = 2n (u) such
-' . ‘ _ ) . : :

‘that A (u) = 1/u . In this limit, therefore, Eq.(3.4) reduces to [12,19]
1 .
| oen arEey , | (3.6)

o



for which the solution is found to be

$(® = w/miea - 9142 . (3.7)

As discussed in [12,19], Eq.(3.7) yields the resultrtﬁét the gaé temperature
at a surface is equal to the surface temperature. This absence of a temp-
erature slip is charécteristic of optically‘thick radiation.

The first information needed for numerical solution‘of Eq.(3.4) is
the derivative of the band absorptance correlations emplAYed in the analysis.
Numerical solutions of (3.4) are obtained by usingithe method of undetermined
parameters. In this method a polynomial solution for ¢ is assume&, and the
constants are evaluated by satisfying the iﬁtegral equations at equaliyb
spaced locations. If a quadratic solution for ¢ is assumed then
$(E) = a, + ay £ + a, g2 , and by using the symmetry condition ¢'(§=1/2) =0 ,

one obtains
0(E) =a, +a(E=-E) . (.

The constants a and a, are evaluated by satisfying Eq.(3.4) at £ =0

and 1/4 . 1f quartic solution for ¢ 1is assumed then by using the symmetry

conditions one obtains

B(E) = ay - a,(E - E) - ag(36 - E +FEY . (3.9)

, are obtained by satisfying Eq.(3.4) at

E =0, 1/6, and 1/3 . The choice of locations for satisfying the integral

The constants a, 32; and a

equation to obtain thevconstants is consistent with the symmetry conditions.
By employin% the3vafiéus'band abséféténce correlations discussed in the

pregious sectiﬁp; numerical solutions of Eq5(3.4) weré obtained for different‘_

values.of the line structure parametet‘ t =p/2 . The results are illus-

trated in Figs. 3.2 - 3.4 along with the limiting solutions. It should be
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pointed out here that these results apply to any situation for which'radiative
It is obviou; from Figs. 3.2-3.4 that the band absorptance results
of all the correlations approach the optically thin limit for small u, >
the influence of the line structure parameter is maximum for intermediate
values of u, , and in the large path length limit the solutions become
independeﬂt of B . The one exception to this is that the results of Gooay
and Belton's correlation do not approacﬁrtbe correct logarithmic limit for
large B .’“The reasons for this are discussed in [12,14] whéfe it was pointed
out that the use of the Goody and Belton's correlation should be’restricted
to relatively small vaiués ;f B .
For a pargicular value of B , the results of different correlations
approach the linear and logarithmic'limits for different u, values. For
B = 0.02, for example, the results of all correlations (except Tien and
Lowder's) almost are identical fo; #o > 1. This corresponds to the range of
the squaré—root limit where three separate conditions (B << 1, u/f >> 1, and

B << 1) must be saéisfied (12,14]. The square-root limit is not satisfied

by tﬁe Tien and Lowder's correlation. Although the linear limit is independent

of anyispectral model, it is approached by different correlations for different

u, valuesf

Méxiﬁum diff;rences between the results of variqusicorrelations occur for
the intermediate values of u, (0.1 <y, < 10) and for 0.1 < B < 1 . For large
B values (i.e., fdr high prgssures), the line structure of a gas is smeared
“out and differenéesibetween the results of various cqrrelations become small

(see Fig. 3.4). This situation corresponds to the weak line approximation

[14]), and some consideration of this usually is given in developing a particular

correlation.

ErImORTCIBILITY OF THE
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In general (and. for theyintermediatejpath’lengths in particular), the
temperature difference between the centerline of the physical system and
the wall is found to be lowest for the Tien and Lowder's correlation and
highest for the Cess and Tiwari's correlations. For the most part, the
results of other correlations fall between these two extreme values. The
physical reasoning behind this is consistent with the results of the total
band absorptance illustrated in Fig. 2.2. If the absorption by a gas is high,
then, to maintain the local thermbdynamic equilibrium, the emission by the
‘gas will be higher. This will result in high radiative energy transfer from
the gas and conséquently will lower the center line‘temperétufe. The trend
exhibited by the results of Fig. 2.2 and Figs. (3.2 and 3.3) is, therefore,
mutually consistent. Thus, the differénce‘in the centerline temperatures, as
. obtained by using the different cqrrelations, are of the same order as the
difference in the band absorptancé results of vafious correlations.

As mentioned in Sec. 2 (see Fig. 2.l1), the Elsasser theory always pre-
dicts higher absorption than the general statistical model. From this and the
results of Figs. 3.2 - 3.4, it may be concluded that for B > 0.02, use of the
Tien and Lowder's correlation’is justified for gases whose spectral behavior
can be described by the‘regulaf Elsasser model. On the other hand, use of
the Cess and Tiwari's correlation could be made to gases with bands of highly
overlapping lines. Since, in a vibration—rotatién band, the lines are dis-
tributed neither regﬁlarly nor randomly, care should be taken in applying a

particular correlation for a specific case.
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3.2 Heat Transfer in Laminar Flow of Abosrbing-Emitting Gases

Between Paralle}ﬁPlates

The second problem considered is the problem of heat transfer in
laminar, incompressible, constant properties, fully developed flow of
absorbing-emitting gases between parallel plates. The physieal model and
coordinate system for this case is shown in Fig. 3.1b . The conditions of
unifofm surface heat flux for each plate is assumed such that the tempera-
ture of the plates, T; , varies in the axial direction. Fully developed
heat transfer is considered, and axial conduction and radiation is aesumed
to be negligible as compared with the normal components. Consistent with v
the constant properties flow, the absorption coefficient is taken to be
indepenient of temperature and radiation can be linearized. ;Extensive treat-
mené of this ptoblem is available in the literature [8,12,21-27]. The sole
motivation for studying the problem here is to investigate the influence of
different band absorptance correlations on;the radiative transfer capability
of a gas in a mo?e realistic situation.

Within the confines of foregoing‘assumptions, the energy equation for

the present problem can be written as

T _ 3%t 1
Vx -8—; = _3?- - E)—E; (aqRIBy) ’ ’ (3.10)

where the parabolic velocity profile is described by the equation
Vx = 6 Vm[(y/L) - (}’/L)Z] N (3.11)

The ﬁean velocity Vm is given by the expression

<
]
>Pﬂ

c A
c

J ovea s (3.12)
where Ac is the cross-sectional area normal to the direction of flow.
For a uniform wall heat flux and fully developed heat transfer 3T/3x

is a constant and is given by the expression

aT s
i 2o qw/(vm LA, (3.13)
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where A is the thermal conductivity of the gas.
A combination of Eqs.(3.10) through (3.13) results in vj

aze 1 99

2y 1 R .
where E=y/L, 0= (T_Tl)/(qu/A) .
Upon integrating this equation once, and by noting that d6/df = 0 and
= 0 at & =1/2 , one finds
48 _2(3E% - 28%) + 1 =qy/ (3.15)
dE 7T R * | :

By combining Eqs.(3.2) and (3.15) the governing integro-~differential
equation for linearized radiation in multi-band gases can be written as [12]

dé

£ - 2(3? - 2% + 1= Y
3L <t 3 .
7Y L e j; 8(e") &, [5u_;(E-E] dg’

l _l 3
- jé BE" K [Fu  (E'-D)] &'},

v (3.16)
where T = =
Ai - Ai/Abi > Yoi T Si(Tl);pL/Aoi(Tl)
55 o
H, = A . (de ./dT) s H = H, .
i Toit Twi Tl =1 h §

L

In this eqﬁation Si(Tl) is the band intensity and Abi(Tl) is the bandv
width parameter for the ith band. The equation describes the temperature
profile within the gas for which the boundary condition can be written as -
8(0) = 0 .

For flow problems, the quantity of primary interest is the bulk

temperature of the gas, which is defined as

|
|
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L

1 1 .
T, == f orv oaa =2 f 1V ay. (3.17)
mAc Ab m o

By employing Egs.(3.11) and (3.12) and the nondimensional quantities
defined earlier, the bulk temperature can be expressed in a dimensionless

form as

1
8, = (T, - T,)/(a, L/N) = 6 { 0(E) (E-E%) d& - (3.18)

The heat transfer qw is given by the expression, q, = hc(T1 - Tb) ’
where hc is the convective heat transfer coefficient (btu/hr-sq f£t-°F).
In general, the heat transfer results are expressed in terms of the Nusselt
number Nu, a dimensionless quantity defined as, Nu = hc Dh/k . Here, D

h

represents the hydraulic diameter, and for parallel plate geometry it equals

h

heat transfer coefficient, ‘nc , from the expressions for 9, and Nu , a

twice the plates separation, i.e., D = 2L . Upon eliminating the convective

relation between the Nusselt number and the bulk temperature is obtained as
=092 - = -
Nu = 2L qw/)\(T1 Tb) 2/6b . (3.19)

The general solution of Eq.(3.16) iswobtained by numerical prccedures.
Before discussing the methods of obtaining:these solutions, it would be
convenient to discuss the 1imitiﬁg-forms of the general equation.

For the case of negligible radiation, the divergence of radiative flux

is taken to be zero and Eq.(3.14) yields
-0(E) =& - 28% + &%, (3.20)

By substituting this into Eq.(3.18), the bulk temperature for this case of

no radiation is obtained as

eb = - 17/70 . (3.21)
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In the optically thin limit Eg.(3.16) reduces to

dE; - 2(38%2 - 263+ 1) =

n ; 1
FIE T Hve O 0 e “5 0(5") d&'} . (3.22)

After differentiating once, Eq.(3.22) can be expressed in the following form

d2e
FrRAER 8(g) = 12(8-£%) , (3.23)

for which the boﬁndary conditions are 8(0) =0, and 8'(1/2) =

The quantity N in this equation is referred to as the optically thin

radiation-conduction interaction parameter and is given by the relation

= (p L2/)) Z S (T) (de /dT) . (3.24)
i=1 1

Equation (3.23) possesses an elementary solution, and the result expressed

in terms of the bulk temperature is found to be

= [1/(3N)1{(576/V/3N) (NEXP) - 21.6 N2 + 72 N B, 288} , ( ,
3.25

where NEXP = [l - exp(-/3N)1/[1 + exp(~/3N)] . :
The results of this equation (eb versus N)  are illustrated in Fig. 3.5
along with other limiting solutions. | .

In thejlafge path'léngth;iimit the band absorptance for each band of f

- _ .
importance is given by the relation Ai(ui) = n(ui) such that A 1(ui) =
l/ui . Upon substituting this in Eq.(3.16) there is obtained 7 f
3 P ' o ]
S2-20382 - 28%) = u [ o(E") dE'/(E-E")
d& o
(3.26)
where M = HL/A = (L/}) 2 B, = (L/}) 2 A, (e [dT), .
‘ _ i=1 i=1 of 1

- APUCIBILITY OF THE
AL PAGE IS POOR
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The dimensionless parameter M constitutes the radiation—conduction.inter—
action parameter for the large path length limit. Equation (3.26) does
not appear to possess a closed form solution. A numerical solution has
thus been obtained, and the results for bulk temperature (Bb versus M)
are illustrated in Fig. 3.5.

Numerical solutions of Egs.(3.16) and (3.26) are obtained by the
method of undetermined parameters. For this case, a polynomial solution

for 6(t) is assumed as

0(E) =a +af+a,E% +a & +a, E'. (3.27)

After employing the conditions 8(0) = 0 , 98'(1/2) =0, and 6'(1l) =

- 0'(0) , Eq.(3.27) becomes.

0(E) = a (£ - 28% + %) + a, (B2 - 287 + &Y) . (3.28)

The constants a,; and a, are obtained by satisfying the governing
integro-differential equation at two locationms E=0 and & = 1/4 .

A combination of,Eqs.(3.l8)~and‘(3.28) results in
6, = == (17a, + 3a,) (3.29)
b 70 1 27 ° *

Thus, with ay and aé known, the bulk temperature (or Nusselt number)

is obtained from Eq.(2.29).
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A complete discussion (and physical interpretations) of the various
parameters entering into the preseﬁt problem is giﬁen in [i2,22,23],, Numeri-
cal solutions of Eq. (3.16) were obtained in terms of the bulk temperature
(see.Eq; (3.&9)), and these are presented here in terms bf»the dimensional
quantities L and P. Specific results were obtained for CO (fundamental +
ist overtone bands), CO, (ISu,‘4.3u, and 2.7y bands), H,0 (rotational, 6.3u,

2.7u4, 1.87u and 1.38u bands), and CH“ (7.6u and 3.3p bands) for which spectral

information were obtained from [8,11,25].
For CO, CO,, H,0, and CH,, the results obtained by employing the Tien ﬁ
and Lowder's correlation for band absorptance are illustrated in Figé. 3.6
through 3.10. Theriimiting value of eb = =0.243 corresponds to negligible
radiation, and the effect of radiation increases with increasing plate spacing.
As would be expected, radiative transfer is more pronounced for higher pressures

and wall temperatures. Also shown in Figs. 3.6 - 3.9 are the limiting solutions

for large u, (LLU). It is seen that, for a given wall temperature, the large

u, limit can be obtained either by going to large values of L or to high pres-
sures. These results also indicate that, for a pa:ticu;ar wall temperature,
the large u, limit for CO, is achieVed at a relatively iower pressure than fori
other gases: As a matter of fact, for most practical purposes involving COZE ”
at room temperature, the results for one gpmosphere can be regarded as Ehe
resultsvfcr the large u, limit. .A comparison of the results for the four

gases is shown in Fig. 3.10 for a pressure of one atmésphere and a wall temp-
erature-of 1,000»?K‘ As discussed in [12,19,20], the relative order of the
fouricurves, for small values of L isicharacteri;tic of the intéraction . 3

parameter for optically thin radiation, and for large L is is characteristic %

" of the interaction parameter for the large u, limit.
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Bulk temperature results for CO (fundamental band) and CO, (15u, 4.3y,
and 2.7u bands) as obtained by employing the various correlations for band
absorptance, are illustrated in Figs. 3.11 through 3.14. Results for CO are
illustrated in Figs. 3.11 and 3.12 f&r wall temperatures of 500 °K and 1,000 °K
respéctively. It is evident from these figures that, except for the results
of Tien and Lowder's éorrelation, results of other correlations différ from
each other by less than 67 for all pressures and path lengths. For P = 0.1
and llatm, results differ by not more-than 3%. The largest difference of about
6% occurs for P = 10.0 atm and T, = 1,000 °K.  From a close observation of all
the results presented in Figs. 3.1l and 3.12, it may be concluded that, for
low to moderate pressures (say up to 5 atm), any one of the correlétions
(No. 2,3,5, or 6) could be employed in radiative transfer analyses.i At high
pressures, however, use of correlations 5o0or 7 is récommended.

From Ref. [22] and the results preseﬁted in Figs. 3.6, it is noted thét
for CO the limit of large u, is approached at P = 10 atm for T1 =-500 °K and
at 100 atm.for T, = 1,000 °K. This trend is also evident, in general, from
the results of Figs. 3.11 and 3.12. ' The results of Tien and Lowder's correla-
tion, howevef, follow this trend more closely than any other result. As such,
use of ﬁhe;Tien and Lowder's correlation is justified for radiative tfaﬁsfer
analyses involviﬁg gases like CO (i.e., &iatomic gases with single fundamental
band having uniform distribution”of spectral lines) at moderate and high pres-
sufes. B

For CO,, results of differént correlations are illustrated in Figs. 3.13
ané 3.14 for P = 0.01, 0.1, 1, and 10 atm, ahd’fbr T = 500 °K and 1,000 °KV
'ré;pectively. From Ref. [23] and the results preéented in'Fig. 3.7, it may

be noted that for CO, the limit of large u, (LLU) is approached at 2 atm for

39
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T,= 300 °K, at about 4 atm for T,= 500 °K, and'at about 10 atm for T,=1,000 °K.
Thus, results for 10 atm in Figs. 3.13 and 3.14 essentially are LLU results.,
For clarity, results of P = 1 and 10 atm are not plotted on the sameigraph.

As was the case with CO, the results of all correlations (excepé Tien
and Lowder's) almost are identical for COz also for P = 0.0l and 0.1 atm.
This, however, would be expected because the low preséure (smali B) situation
corresponds to the case of square-root limit and most correlations are devel-
oped to satisfy this limit. It was pointed out earlier and in [12,14] that
the square-root limit is not satisfied by the Tien'and Lowder's correlation.
At low pressures, therefore, use of the Tien and Lowder's correlation cer-
tainly is not justified. Other results of CO, (shoﬁn in Figs. 3.13 and 3.14)
follow the same general trend as for COVin Figs. 3.11 and 3.12. The maximum
- difference between the results of diffefent correlations is about 67 for
P =1 atm and T; = 1,000 °K. For tﬁébmoét part, results of correlatiomns 3,
5, 6, and 7 are identical for P = 10 atm. This again wouid be expected
because for CO,, the LLU is approached at relatively lower preésures and most
correlations are developed to satisfy the logarithmic limit. For gases like
CO,, thérefore, use of any one of the correlations 2, 3, 5, and 6 is recommended
at low and moderate pressures, and of 3, 5, 6, and 7 at high pre;sures. Use of
the correlations 2, 3, 6, and 7, in a particular radiative transfer analysis,

‘

provides a greater mathematical flexibility and simplicity.
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CONCLUSIONS

In this study,.use of several continuous correlations for total band
absérptance were made to two problems to investigate their influence on the
final results of actual radiative processes. ‘For the case of radiafive
transfer in a gas with internal heat sourée, it was found.that actual
centerline temperature results obtained by using the different correlations
follow the same general trend‘as theiresults of total band absorptancé‘by
these correlations., From these results, it may be concluded that use of the
Tien and Lowder's corfélation should be avoided Qt lower pressures, but its
use is justified (at moderate and high pressures) to gases whose spectral
behavior can be described by fhe régular Elsasser band model, For all
pressures and path length conditions, use of the Cess and Tiwari's corre-
lations could be made to gases with bands of highly overlapping lines. 1In a
more realistic problem involving flow of an absorbing-emitting gas, results
of different correlations (except the Tien and Lowder's correlation) differ
from each other by less than 6% for all pressures and path lengths. Use of
Tien and Lowder's correlations is justified for gases like CO at moderate
and high pressures. For gases like CO», use of any other correlation is
recommended. While Felske and Tien's correlation is useful for all pressures
and path lengths to gases having random band structure, Tiwari and Batki's
simple correlation could be employed to gases with regular or random band

structure but for P > 1.0 atm.
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