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1.0 SUMMARY 

A new exoatmospheric, powered exp l  i c i  t guidance (PEG) t h r u s t  i n t e g r a l  

f ~ r r ~ i u l a t i o n  and a s imple method o f  implementat ion i s  presented i n  

t h i s  note. The new t h r u s t  i n t e g r a l  f o rmu la t i on  i s  s i g n i f i c a n t l y  

s imp le r  than t h a t  c u r r e n t l y  used i n  PEG. P re l im ina ry  est imates 

i n d i c a t e  a computer storage savings o f  220 words, which i s  approx i -  

mate ly  10 percent  of t he  cu r ren t  PEG ascent program. A l t e r n a t e  

methods o f  implementat ion t h a t  cou ld  produce even more savings a re  

noted. 

The method o f  implementing t he  t h r u s t  i n t e g r a l s  der i ved  he re i n  does 

n o t  represent  a depar ture f rom t h e  c u r r e n t  PEG implementat ion approach. 

Consequently, requ i red  s imu la t i on  v e r i f i c a t i o n  of t he  new equat ions i s  

minimum. Essent i  a1 l y ,  one equat ion rep1 aces t he  h igher  o rder  t h r u s t  

i n t e g r a l s  o f  the  c u r r e n t  PEG equations, and t h i s  one equat ion can be 

v e r i f i e d  a n a l y t i c a l l y .  The c u r r e n t  PEG h igher  o rder  i n t e g r a l s  (h igher  

than f i r s t  o rde r )  f o rmu la t i on  r e s u l t s  f rom approximat ing t h e  s i ne  and 

cos ine func t ions  as se r i es  expansions. These approximat ions a re  

e l im ina ted  i n  t he  f o rmu la t i on  presented i n  t h i s  note.  Therefore, t h e  

t h r u s t  i n t e g r a l  f o rmu la t i on  proposed he re i n  i s  more accurate  than t h e  

cu r ren t  formulat ion,  when 1 arge s tee r i ng  angles a re  invo lved .  A 

simple f unc t i on  o r  f ac to r  ( f , )  i s  developed such t h a t  the  h igher  order  

i n t e g r a l s  a re  a product  o f  the  f i r s t  o rder  i n t e g r a l s  and t he  q u a n t i t y  

( I - f l )  The equat ion f o r  t he  f a c t o r  fl i s - v e r i f i e d  a n a l y t i c a l l y .  The 

f i r s t  order  i n t e g r a l s  o f  t he  cu r ren t  PEG equat ions a re  s i m p l i f i e d  and 

maintained, and there fo re ,  r e q u i r e  no v e r i f i c a t i o n .  



The proposed equations and method of implementation offer the flexi- 

bility if applying a different guidance law by changing the value of 

one scalar parameter. This additional flexibil i ty, producing more 

accuracy and optimality, is gained at significantly less cost, and 

is implemented in such a manner as to have no impact on other GN&C 

programs, e .g . , the G&C steering interface routine 

The new thrust integral formulation was tested and verified in simu- 

lations of Baseline Reference Missions 1 and 3A. Each simulation of 

the new integrals yielded virtually the same tra jectp-y and performance 

as the current integrals, assuming the same guidance law (e.g., linear 

angle steering). However, the method of implementat ion proposed in this 

note allows high performance missions such as Mission 3A, to fly 1 inear 

tangent steerirg . The new thrust integral formulation coup1 ed with the 

proposed implementation method yielded slightly better performance 

than the current PEG equations for Mission 3A (i .e., +70 pounds MECO 

weight). 

The new thrust integral formulation presented in this note reduces 

flight computer memory and processing loads for PEG guidance and is 

readily implemented within existing PEG. It is recommended that this 
\ 

thrust ir~tegral formulation be incorporated into the Shuttle powered 

fl ight guidance software requirements. 



2.0 INTRODUCTION 

The Miss-idn Planning and Analysis Division, supported by MDTSCO, 

i s  engaged .!n the development and verification of guidance soft- 

ware requirements for implementation in the Shuttle onboard GN&C 

computers. This activity is being conducted as established in 

Track Task Agreements between Rockwell International and the 

Shuttle Program Office. 

Development of the new powered expl ici t guidance thrust integral s , 

described herein, was initiated by request of the Shuttle Powered 

Flight Guidance Working Group, chaired by Aldo Bordano, FM7, in 

support of the guidance scrub activities started in April 1976. 



3.0 DISCUSSION AND ANALYSIS 

This section i s  divided into six subsections preceded by a discus- 

sion of the exoatmopsheric powered expl ic i  t guidance problem and  

the relationship of thrust integrals t o  the solution of th is  

problem. The new thrust integral formulation i s  developed in the 

six subsections. Subsection 3.1 provides a slightly simp1 ified 

development of the basic f i r s t  order thrust integral currently 

used to  solve the powered explicit  guidance problem. Since the 

total  thrust integrals are integrals of the thrust acceleration 

vector, the equation defining the optimum unit thrust vector i s  

derived in Subsection 3.2. The approach used in generating a new 

thrust integral formulation i s  explained in Subsection 3.3. Partial 

integrals, i .e., assuming that the time about which the guidance 

solution i s  expanded i s  one half of the time-to-go ( K  = TG0/2), are 

developed in Subsection 3 . 4 .  Total thrust integrals, where K = TGO/Z + 

AK (AK i s  a small perturbation term), are developed in Subsection 3.5. 

Tlie proposed method of implementing the new thrust integral s ,  including 

flow charts, i s  presented in Subsection 3.6. 

The basic rocket vehicle vacuum fl ight  equation of motion i s  of the 

form 

v = - i  + G, where - m -.f - 



Y = Total acceleration vector, - 
F = Engine Thrust, 

m = Vehicle mass, 

F/m = Thrust acceleration, 

i = Unit vector in desired thrust direction, and -f 
G = Gravitational acceleration vector. - 

The typical powered f l ight  guidance problem i s  to  determine real 

time values of i+ (the unit thrust vector) and the rate of change 

o f  Lf that steer the vehicle to desired targer conditions while 

expending minimum fuel,  i . e . ,  the fuel optimum path i s  determined 

between current s ta te  and target s ta te .  

Expl ic i  t guidance provides a cl osed-form predictor/corrector sol u- 

t i o n  to  the two point boundary-value problem dizcussed above. 

Closed-folsri~ integrals of the thrust acceler:: tion vector, (F/m)i+, 

are involved. The thrust integrals are not exact, i n  general. 

However, thrust integrals are developed i n  the subsequent sections 

that produce more accuracy than i s  necessary in practice, since the 

integrals converge to  exactness as the remaining burn time, TGO, 

approaches the value of zero. The thrust integrals developed in this  

note are exact for a constant acceleration burn and virtually exact 

for a low thrust burn. The integrals are simple and provide a 

qua1 i t a t i  vc understanding o f  the exoatniospheric traJectory optimiza- 

tion and powered f 1 ight guidance problem. No rigorous tnathcmatical 

proof i s  attempted in th is  note, i . e . ,  a simple and practical 



engineering approach i s  taken f o r  construct ing a p r a c t i c a l  so lu t ion .  

In Seetior, 3.1 i t  i s  shown t h a t  by making small angle assumptions, 

the  u n i t  t h r u s t  vector can be approximated i n  the form If = a + kt, 
where t i s  t ime and 2 and b are constant vectors, and the  t h r u s t  

F accelerat ion vector (yT) assumes the form yT = (a + kt). 
I n teg ra t i on  o f  the above equation involves i n teg ra l s  o f  the  quan t i t i es  

F F - and ~t . These are conventional f i r s t  order t h r u s t  i n teg ra l s .  m 

Mu1 t i - s tage  equations f o r  these basic t h r u s t  i n teg ra l s  are developed 

i n  Section 3.1. 

I n  Section 3.2 i t  i s  shown t h a t  the f u e l  optimum accelerat ion vector 

i s  approximated i n  the form 

F =-[aces w t  + (bJw) s i n  w t ] ,  
. 

!T m 

where g and b are constant vectors and w i s  a constant angular ra te .  

I n  pract ice,  the independent var iab le  time, t, i n  the above equations 

i s  redef ined as z = t - K, where K i s  the t ime about which the 

so lu t i on  i s  expanded and the value o f  t ranges from zero t o  time- 

to-go, TGu, i .e. ,  the i n teg ra t i on  1 i m i t s  are from zero t o  TGO. The 

value o f  K i s  a func t ion  o f  the th rus t  in tegra ls .  Assuming constant 

accelerat ion, K = TG0/2 and i n  any case K TGO /2. The e x p l i c i t  

guidance problem reduces t o  determining valtres o f  K, a, and t h a t  

sa t i s f y  the desired ta rge t  r x d i t i o n s  ( i n  the fo l low ing sections, g 

and arc redef ined as & and i) . When deal i n g  w i t h  ttlc sine and 

cosine funct ions, i t  i s  convenient t o  de f ine  K as K = TG0/2 f AK and 



solve for  a value of AK, i .e., the following expansions are employed: 

cos ( X  - 6) = cosx C O S ~  + sinx sin6 and 

sin ( x  - 6) = sinx cosd - cosk sin6, where 

x =  o ( t  - TGd2) and 6 s uAK 

Integration of the above equation for iT involves integrals of the 
F quantities - cos w t  and - -- m 

sin Assuming constiant thrust and mass m w 

flow rate ,  closed form integrals of these quantities do no t  exis t .  
2 2 In the current PEG formulation, i t  i s  assumtd that cos w t  = 1 - w t 1 2  

and that (sin wt)/w = t.  Therefore, the f i r s t  order integrals, as 
F 2 developed in Section 3.1, as well as second order integrals of %t 

are utilized i n  the current PEG equations. The 'approach taken in this  

note eliminates these second order integrals . 
F F Clused form integrals of 6 & exist  i f  ;li i s  expanded as a polynomial . 

The integrals involve integra:ion of quantities of the fom xn cos x and 

x n  sin x: which have closed-form solutions. I t  i s  seen that the solution 

i s  exact assuming constant acceleration or 1 inear acceleration, as i s  

nearly the case for low thrust OMS burns. And in any case, the solution 

converges t o  exactness as TGO approaches zero. 

Using mean value considerations, i t  will be shown in Section 3.5 that 
F the integrals o f  cos w t  can be adequately represented by assuming a 

constant, mean acceleration. However, this  i s  not the rsse when dealing 

with the quantity ii -- S i n  'jt. I t  i s  shown t h a t  the f i r s t  integral o f  this  
W 

quantity ? s  adequately expressed by assunling 1 inear accel: -ation. I t  

*Where n i s  the order o f  the polynomial. 

-7- 



I s  I l l u s t r a t e d  t h a t  the  second i n t e g r a l  o f  ;;; requ i res  an 

o rder  g rea te r  than f i r s t * .  However, t h i s  i n t e g r a l  can be 

adequately expressed i n  terms o f  the  f i r s t  o rder  i n t e g r a l s  developed 

I n  Sect ion 3.1. Consequently t he  in t t , ra ls  developed i n  t h e  f o l l o w -  

i n g  sect ions assume a  constant,  mean acce le ra t i on  o r  a  l i n e a r  

acce le ra t ion  p r o f  i 1 e  . A second o rder  acce le ra t ion  p r o f  i 1  e  i s  d i  s- 

cussed f o r  i 1 l u s t r a t i v e  purposes. 

- - r -- -- 
- -- 

*i ,e., i f  - IS expanded as a  polynomial. 
Ill 



3.1 Basic Thrust I n teg ra l s  

The 'basic f i r s t  order i n teg ra l s  used f o r  so lv ing  the powered expl i c i  t 

guidance problem are developed bklow. The i n teg ra l s  are the  same as 

sn the current  PEG equations except t h a t  they are somewhat s imp l i f i ed .  

For the shu t t l e  vehicle, e i t h e r  callstant t h r u s t  (and mass f l ow  ra te )  

o r  constant accelerat ion i s  assumed. I f  const6nt t h r u s t  i s  assumed, 

the accelerat ion magnitude as a  func t ion  o f  t ime i s  

a  ( t )  = F/(m3 - mt), where 

t = time, 

F  = constant th rus t ,  

'"0 
= i n i t i a l  mass, 

m = constant mass f low rate.  

The above equation can be w r i t t e n  i n  the forin 

a ( t )  = ( ~ / ~ ) / [ ( r n ~ / m )  - t] o r  

a ( t )  = Vex/(r - t ) ,  where 

Flm = Vex (constant exhaust ve loc i t y ) ,  and 

m / m = ~ .  
0 

I t  i s  convenient t o  define the parameter T as 

. 
r = aim = (F /m) / (F /a)  or 

r = V,,/ao, f o r  



Vex i s  one of the most constant parameters i n  the  propulsion system 

(it i s  considered constant i n  the  g u i d ~ n c e  problem) and the  cur ren t  

accelerat ion, ao, i s  measured by the navigat ion system, whereas mo 

and . are n o t  so e a s i l y  determined. 

The basic, constant t h r u s t  i n t e g r a l s  are presented here f o r  the i t h  

stage o f  an n stage vehicle. 

T~ i  

L = aidt, and Si = / aidsdt, where 

= Y ./(r i  - t) and 
'li ex1 

T~ i = Burn  t i n e  o f  ith stage. 

Employing i n teg ra t i on  by parts,  the  i n teg ra l s  are eas i l y  determined 

as 

- Li - V e x  I ~ [ T ~ / ( T ~  - TBi)]z -Yexi I n  (1  - TBilri) and 

Si = - L i ( ~ i  - TBi) + VexiTsi 

During the SSME constant accelerat ion burn 

ai = aL (constant accelerat ion 1 i m i  t )  , 

and the t h r u s t  i n teg ra l s  are simply 

Li = aLTsi and 

Si = .5LiTBi. 



I n  equation 1, i t can be assumed t h a t  4 - 1 + X (t - K)*, where 

K - Tp,,/2 ( t o  be determined). 
Q r  

T~~ = Time-to-go, o r  remaining burn time. 

X = constant u n i t  vector  when t = K. - 
X = constant r a t e  vector normal t o  A, i.e., - 

It i s  assumed t h a t  AK i s  small compared t o  u n i t y  (small angle 

approximation). Further assume t h a t  burn t imes (TBi) o f  a l l  stages 

are known, and t h a t  K, 1 and & have known values. Now, the t h r u s t  

component o f  - V, i n  equation 1, can be in tegra ted  t o  produce ve loc i t y  

and pos i t i on  changes due t o  t h r u s t  (KT and ill), i .e., 

'GO dt ,  and YT = lo -T 

F The in teg ra l s  o f  m (t - K)  are presented i n  t h i s  section, i n  add i t i on  

F t o  the i n teg ra l s  o f  m. These are conventional f i r s t  order i n teg ra l s  

used i n  the current  PEG equations, and w i l l  b t  eniployed i n  the 

simp1 i f  i e d  t h r u s t  i n teg ra l s  presented i n  t h i s  note. 

*This i s  known as l i n e a r  tangent guidance (LTG). 



Performing the above integration yields equations of the form 

. 
- %  - L& + A (J - LK), and 

ET = s & +  A ( Q  - SK), where 

L and S are as Cefi~ed by equations 2, 3, 4, and 5 and J and Q arE 

developed in the following paragraph. 

Using the same nomenclature as for Li and Si, 

T~ i Ji = j ai (t + toi) dt and 
0 

where toi is the initial time o f  each stage (called t in the 
go' i 

current PEG equation) i.e., 

e.g., 

tol= 0, TO2 = TBl , To3 = TB1 + TB2 ,. etc. 

Enpl o y i y  integration by parts, the constant thrust integrals are * - 
easily determined as 

~1 = Li T~ - VeXi TBi + Li toi, and 

pi ' Si T i - 112 Vexi T2Bi + Si toi . 



From inspection of equation 3, it follows that 

- J i  = L. t - Si, where tgoi = toi + TBi. 
1 goi 

The equation for Qi is written as 

Qi = Si ( T ~  + toil - T2 . ",xi Bi 

For a constant acceleration phase. ai = aL (constant accelera- 

tion limit), and the thrust integrals are 

Ji = Si + Litoi and 

- Q, = 113 SiTBi + Sitoi = Si (TBi/3 + t 01 . ) , where 

Li = aLTBi and Si = - 5 LiTBi. 
Equation 10 can be written as 

Ji = LITBi - .5  LiTBi + Litoi or 

- Ji - Litgoi - Si 9 

where TgOi is defined by equation 8. 



Inspecti on of equations 8 and 12 shows that the expression for J i  

i s  the salne for constant acceleration as for constant thrust.  

Summing over a11 stages ( i  = k ,  n),  the multi-stage integrals are 

n 
J = C J i  and 

i = k  

n i-1 
Q = C Qi + JoiTBi , where JOi= 

J j  . 
i = k  j.= k 

I t  i s  easily verified that 

n 
J = C ( ~ ~ t ~ ~ ~  - Si) z LTGO - S, where 

i = k 

n 
Tco = x TBi (Time-to-go), and L and S are multi-stage 

i -k 

integrals as defined i n  equations 4 and 5, i .e . ,  

I n  practice, K, - A ,  and 1 are n o t  known until a f te r  the thrust 

integrals are formed. I t  will he seen la te r  t h a t  K i s  chosen such 

that the coefficient of 1 in equation 6 vdnishes, i . e . ,  

Using this  equation and equation 15 



The f i r s t  o rder  i n t e g r a l s  a re  sumnarized as fo l lows :  

CONSTANT THRUST 

1 Qi = Si ( T ~  + toi) - - V T~ 2 e x i  B i  

CONSTANT ACCELERATION 

CONSTANT THRUST OR ACCELERATION 

The respec t i ve  mu l t i - s t age  equations f o r  L, S, J, and Q a re  

equations 4 ,  5, 13 and 14. The above equations are somewhat 

more simple than t he  cu r ren t  PEG t h r u s t  i n t e g r a l  equations i n  - 
t h a t  one equat ion f o r  Ji app l ies  t o  constant t h r u s t  o r  constant 

acce le ra t ion .  



3.2 Fuel Optimum U n i t  Thrust Vector* 

I n  t h i s  subsection, a we l l  known method of the calculus o f  va r i a t i ons  

( the Euler-Lagrange method o f  mu1 t i p l i e r s )  i s  employed t o  der ive  an 

equation de f i n ing  the  optimum u n i t  t h r u s t  vector  t ime h i s to ry .  

Assuming a spherical  earth, i t  can be shown by employing the  Euler- 

Lagrange method o f  m u l t i p l i e r s  t h a t  the fuel optimum t h r u s t  vector  

t ime h i s t o r y  i s  def ined by the d i f f e r e n t i a l  equation 

. . 
A = - w 2 x  + 3 w2 (&a%) % , where - 

. - ii; U n i t  (A) ( u n i t  t h r u s t  vector) ,  and 

u2 = v/R3 (W i s  c i r c u l a r  o r b i t  r a t e  a t  radius R r IRI) 

p = g rav i ta t i ona l  constant 

R = Radius vector  - 
u+ = u n i t  (R) 

The fo1 lowing d e f i n i t i o n s  are made: 

u r A ( t )  i.e., X as a func t ion  o f  time. - 

z : t - K ,  where K i s  the constant reference time. 

u (K) E X, constant reference u n i t  vector  a t  t = K, o r  z = 0. - 

. 
i (K) 5 1, constant reference value a t  t = K. - - 

*This i s  sometimes c a l l e d  the p r i o ~ e r  vector.  



The fo l low ing simp1 i f y i n g  assumptions and d e f i n i t i o n s  are made: 

A i= 0 (i.e., & i s  normal t o  A). . -  . 

u2 i s  constant. 

% = u n i t  ( t  ) a constant mean value o f  %. 

R+ = Desired, terminal radius vectcr.  

0 Z s i n - I  (& u+), constant mean value of the  angle between 

the t h r u s t  vector and the hor izonta l .  ( I t  w i l l  be seen l a t e r  

t h a t  A i s  approximately the mean value o f  u = X( t ) . )  

With the above d e f i n i t i o n  and assumptions, equation 17 can be 

w r i t t e n  as 
. . 
u = -02u + 3 o2 sine cos wz u+, where 3w2 sine u+ - - (18) 

has a constant, mean value. The cos wz term i s  added t o  

compensate f o r  the changing d i r e c t i o n  o f  t h a t  term when i t  

i s  no t  assumed constant. Also, X cos wz i s  the dominant p a r t  

o f  the  homogeneous so lu t ion  t o  equation 18. 

The so lu t ion  t o  equation 18 i s  

3 u = A cos wz + ( M w ) s i n  ~ z + ~ ( s i n e ) w z  s i n  wz u+ - 
and . 
u = -wX s i n  wz + X cos uz - - - 

3 +;i s i n  o (w s i n  oz + w2z cos oz)  u+ 

D i f f e r e n t i a t i o n  o f  equation 20 ve r i f i es  the so lu t ion .  u i s  

someti~rles ca l l ed  the primer vector and the p r i n e r  r a t e  

vector. 



The term invo lv ing  s i n  0 i s  usua l ly  small compared t o  the o ther  

terms, and i s  ignored i n  the  fo l l ow ing  sections. For the shut t le ,  

second stage boost t o  o r b i t ,  t h i s  term would increase the i n i t i a l  

p i t c h  angle by about 2 degrees, which would have very 1 i t t l e  

e f f e c t  on the burnout weight. 

Considering the i n teg ra l  
7 

A 1  I iG0 - F u n i t  (g) d t ,  i t  i s  seen t h a t  

AV - ( f u e l  expended) i s  minimum i f  s i n  0 = 0. 

This impl ies t h a t  a maneuver i nvo l v ing  no pos i t i on  cons t ra in ts  i s '  

optimum i f  the primer vector  i s  normal t o  the radius vector 

a t  the midpoint o f  the maneuver, s ince u+ i s  the  u n i t  radius vector  

a t  the midpoint o f  the maneuver, and i t  w i l l  be seen l a t e r  t h a t  

the reference time, K, has the value o f  approximately TG0/2, there- 

fore, - X i s  approximately the value o f  the  primer vector a t  the midpoint.  

Inspect ion of equation 20 shows t h a t  the optimum primer r a t e  can no t  

have a constant value unless s i n  8 = 0. Assuming t h a t  the f i n a l  

optimum magnitude o f  i, if, i s  known, equation 2C can be used t o  

produce a value o f  i E 1i1 - t o  s a t i s f y  t h i s  f i n a l  value, i.e., 

i . ti = G2P (Subst i tu t ing  z = TGO ' -f -f - K i n  equation 20) .  

This produces a quadrat ic equation from which 7 determir.ed. 

The equation can be made very simple by replac ing u+ w i t h  

u n i t  (h) [% u n i t  (A)], i .e., on ly  considering the component of t h i s  

term along the vector, and the so lu t i on  i s  o f  the form 



This could be impleri~ented i n  an approximate manner by assuming a 

constant, average primer r a t e  o f  

and recomputing t h i s  parameter each guidance pass. 

2 If uf = W: then f (uf, w)  = w and d = u (1 - D l w ) ,  where the . 
t e r n  D contains w. The term D has the s ign  o f  $. The term 

i s  t ime varying and vanishes when TGO = 0. Also, i f  s i n  0 = 0, 

D = 0. The above equation can be implemented i n  an approximate 

manner as d = w (1 - 0/2w) .  where w I v/VDRD2. 

I f  the  term invo l v ing  s i n  0 i s  neglected, equations 19 and 20 

become 

; = -4 s i n  w z  + h cos wz,  where - 

X * A =  1, and - 

J 

i . .  u = - p / ~ D ~ D 2 ,  wherr VD and RD are desired v e l o c i t y  and 
radius magnitudes. 



Inspection of equation 21 yields interesting qua1 i tative 

information: . 
a) If w = A ,  then 3 = 1, i.e., g is a unit vector and ttt~ 

steering angle is linear with time. 

b) For a flat earth assumption (i .e., w approaches zero in equation 

21 ) , equation 21 becomes 
u = & + (t-K), - 

which is the we1 1 known 1 inear tangent steering law. If i is 

large compared to w, the above conclusion is approximately 

true. 

c) If there is a position constraint and i is not related to U s  

then the optimum steering is not necessarily linear angle or 

1 inear tangent. 

In the following analysis, for simp1 icity in understanding the 

concept, it will be assumed that w = A. Later, it will be seen 

that for Shuttle second stage burn this is not necessary unless 

throttling is involved (i .e., Return to Launch Site abort (RTLS) and 

Base1 ine Reference Mission 3 8 ) .  For example, experience has shown 

that linear tangent steering is somewhat more optimum than linear 

angle steering in cases where >U and throttling is not involved. 

This is especially true in Baseline Reference Mission 3A where the 

guidance assumes t h a t  an ,ngine is going out at the abort mode 

boundary. Linear tangent steering does not loft the trajectory as much 

as linear angle, and this is niore optimum (if an engine does not 

go out). However, in Mission 1 where there is no pseudo engine out 
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the  performance d i f fe rence between 1 inear  s teer ing  and 1 inear  

tangent s teer ing i s  much l ess  ( =  30 I bs. d i f fe rence i n  weight 

a t  MECO) . Saturn guidance used 1 inear  steering, which produced 

an orb1 t a l  ' ~ s e r t i o n  weight l oss  o f  100 pounds out  o f  i50.000 

pounds compared t o  the t h e o r e t i c a l l y  optimum so lu t ion .  

. . 
I f  i t  i s  assumed t h a t  w = X (where X E I x I ) ,  equation 21 bt 

comes 

4 = Aces i ( t  - i0 ( ~ h )  s i n  i ( t  - K ) ,  

and& if = 1, lee . ,  i i s  a u n i t  vector.  -f 

Equation 23 i s  the assumed form o f  the optimum u n i t  t h r u s t  vector  

t h a t  w i l l  be used i n  developing the t o t a l  t h r u s t  i n teg ra l s .  

. 
Since equation 23 produces a very near ly  constant value o f  X 

throughout the f l i g h t ,  i t  can be assumed i n  developing the t o t a l  

t h r u s t  i n teg ra l s  ( i n  the fo l l ow ing  analys is) ,  t h a t  the converged 

value o f  X from the l a s t  guidance pass i s  used i n  de f i n ing  the  

t o t a l  i n teg ra l s  f o r  the  cur ren t  pass. This i s  an important assump- 

t i o n  since fo r  the cur ren t  pass i s  not  known, i f  a p o s i t i o n  

cons t ra in t  i s  involved, u n t i l  the value o f  the vector, A, i s  

determined, and the value o f  i s  a func t ion  o f  the t o t a l  

i n teg ra l  s . 



3.3 Approach t o  Development of To ta l  Thrust  I n t e g r a l s  

The approach used i n  generat ing a  now t h r u s t  i n t e g r a l  fo rmu la t ion  

i s  explained i n  t h i s  sobsection. 

Assuming t h a t  values o f  TGO and A are  ava i lab le ,  and t h a t  the  t o t a l  

t h r u s t  i n t e g r a l s  (here def ined as LT, JT, ST, and QT) a re  known, 

the t h r u s t  : : loc i  ty and p o s i t i o n  assume the  form, 

0 0 

The t o t a l  equat ion o f  mot ion i s  

= gT + G (where iT = a ( t ) l f  and G i s  t he  g r a v i t y  vec to r ) .  - - - 
The fo l l ow ing  i n t e g r a l s  are now considered: 

t t lTG0 I i c l sd t  = ;GO I ( i T  + - ti) dsdt .  

The f i n a l  condi t ions are; when t = TGO, - R = +., R (des i red  rad ius )  
* 

and Y = 5 (des i red  v e l o c i t y ) ,  and wlien t = 0, f&, s I! and $ r 1. 

Perfomling the above i r ~ t e y r a t i o n  r e s u l t s  i n  

% - I  = !T ' %rav , and 

% - (R + ITGO) = R + R ' , where --T - q r a v  - 
T~~ t v -g rav  E j Gdt and %rav I gdsdt.  



For the development i n  t h i s  note, i t  i s  on ly  necessary t o  assume t h a t  

these g rav i t y  in tegra ls  ex i s t .  It i s  cu r ren t l y  pianned t o  make use 

o f  the numerical (average G )  i n teg ra t i on  package (already i n  the  , * 1 
navigat ion system) i n  order t o  extrapolate t o  the  f i n a l  s t a t e  and 

obtain g rav i t y  ef fects over the t ra jec to ry .  i .e., $rav and %rave 

Rearranging the above equations and using equations 24 and 25 f o r  

V and ItT resu l t s  i n  -T 

L A + J T & = & N  T- and (26) 

+ ~~i = ~~s where (27) 

% N ~ $ -  (lt %rav ) ( ve l  oc i  ty-to-go) and , 

%N ' % - (R + !! TGO + !grav ) (distance-to-go) . 
It can be shown that ,  from the standpoint o f  op t imal i ty ,  i t  i s  desi r -  

able t o  expand about the  $,, vector and have no tu rn ing  r a t e  cont ro l  

i n  t h a t  d i rec t i on  (i .e., qN = 0). Therefore, i t  i s  desi rable 

t o  determine a value o f  K such t h a t  JT = 0. 

Referring t o  equation 26, i t  i s  seen t h a t  i f  JT = 0, then 

A = U n i t  (&.N) and $N = 0, since = 0. 
. 

- 



Performing the vector dot product of and equation 27 i t  fol lows 

t ha t  ST = QN, and equation 27 i s  used t o  solve f o r  as 

i = 3 %  - ) ,  which implies t ha t  %N i n  equation 27 i s  - 
QT h.QN 

replaced wi th  s ~ ( % N  ) Assuming tha t  a l l  necessary values are 
x.R - -GN 

known (including K), t h i s  completes the guidance solut ion f o r  1 

and A. 

The reference time K can be defined as K = TG0/2+ AK. The thrust  

acceleration vector i s  wr i t ten  as 

. . 
KT = a [ i  - cos it + (A /A) s i n  A21 o r  

. . 
KT = (a cos i z )  + [ (a / i )  s i n  Az] A, where z = t-Tm/2 -AK, 

from which i t  fol lows ( re fer r ing t o  equations 24 and 25) 

tha t  
T ~ o  

L T = I  a c o s i z d t ,  S T = I  I a c o s i d s d t  
0 0 0 

T~~ . . T~~ t 
JT = I (a/h) s i n  Azdt, QT = I ( a l l )  s i n  izdsdt. 

0 0 0 

If small angle approximations are made i n  the above equation 

f o r  xT, then 

and the thrust  integrals are the f i r s t  order in tegra ls  of Section 

3.1, i.e., LT = L, ST = S, JT = J-LK, and QT = Q-SK. 



The purpose of the next two subsections (3.4 and 3.5) is to  determine 

K (or AK) such that JT = 0, and dsvelop functions (F1, F2, and F3) 

such that 

LT = I a cos Xzdt = F1 I a d t  = F I L ,  
0 0 

t f t 
= I . a cos izdsdt = F 16' I adsdt = FgS, and 

9 o 30 

t .  T t 
QT = 30 1 (a/A) sin izdsdt. = F Po I azdsdt = F2 (Q-SK) , 

0 0 2o 0 

where L, S, and Q are the f i r s t  order integrals of Section 3.1. 

F , F , and F3 are simple function of A ,  TGO, and Ad. 1 2  
Therefore, the higher order thrust integrals of the current PEG 

equations are eliminated by introduction of the factors F1, F p ,  and Fg. 

In Section 3.4, partial thrust integrals* are developed assuming 

AK = 0, and in Section 3.5, total  thrust integrals are readily 

derived from the partial integrals where 

x : A ( t  - TG0/2 ) , 6 r AAK, and 

cos (x-6) = cos x cos 6 + sin x sin 6 ,  and 

sin (x-6) = sin x cos 6 - cos x sin 6. 

I t  i s  important to remenlber when reading Section 3.4 that ,  for conven- 

ience, K i s  defined as K = TG0/2. In Section 3.5, K i s  defined 

as K = TGO/Z + AK and A K  i s  chosen such that 

t 

dT =liGo (,/;)(sin x cos 6- cos x sin6)dt = 0. 
0 

*Partial thrust integrals are here arbi t ra r ia l  ly defined for convenience 
as integrals resulting from the assumption that  AK = 0, or K = TG0/2. 
These integrals are partial in that ,  in general, AK # 0, and 
addi tiorial ternis are involved. Total integrals include the additional 
terms when i t  i s  assumed that AK # 0. I t  will be seen that  total  
integrals are simple functions of the partial fntegrals and dK. 
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3.4 Partial Thrust Inteqrals 

Partial integrals are developed in this  subsection, assuming that 

K = T iO /Z  .(i .e., AK = 0).  

The thrust acceleration vector now assumes the form 

V = a ( t ) i f  , where -T 
i = A cos X(t-K) + (MA) sin A(t-K), and -f - 

K = TG0/2, and 

k = Number of current thrusting phase. 

For constant thrust phases , integration of equation 28 involves 

sine and cosine integrals, which are series expansions, i .e . ,  

exact closed form integrals do not exist. However, employing 

mean value considerations, thrust integrals are developed that are 

exact for constant acceleration and virtual ly  exact for constant 

thrust. 

Assu~e that acceleration can be represented as a linear functicn 

of time, i . e . ,  

a ( t )  = A + B (t-K), where A and B are chosen such that 

i'60 a ( t )  d t  = L and 

T ~ O  t / j ais)dsdt = S ,  where L and S are defined by 
0 0 

equations 4 and 5. 



'Performing the i n teg ra t i on  i n  equations 29 and 30 and so lv ing  fo r  

A and B r e s u l t s  i n  

A = LITGO and 

3 3 B = 12D/TG0 = 3D/2K , where 

D LK-S. 

Referr ing t o  the above equations fo r  lTy if, ard a ( t ) ,  the r e s u l t i n g  

t h r u s t  accelerat ion i s  represented as 

. . 
iT = [A+(B/A) A (~ -K) ] [L  cos i (t-K) t ( j i )  s i n  f t -k)] ' .  

Making a change i n  the independent var iable:  

8 = XK, o r  X = 0/K, and 

The i n teg ra t i on  l i m i t s  are as fo l lows:  

when t=O, x=-8, and 

when t=TG0¶ x = 0. 

From the above, i t  fo l lows t h a t  

dlT = (~/e)[A+(BK/e)x][x cos x + ( i / e )  s i n  x] dx, and 

In tegra t ion  o f  the above equations r e s u l t s  i n  
8 0 

XT = I dV, - and ItT = I d&, where - 8 -0 
Y 

V i s  v e l o c i t y  change due t o  th rus t  and i s  pos i t i on  -T 

change due t o  th rus t .  

This r e s u l t s  i n  t v ,  I inear equations o f  the form: 

* Ths term i n  t h i s  equation invo lv ing  the constant, BY i s  m u l t i p l i e d  by 

i and div ided by such tha t  t h i s  equation involves terms o f  the form 
e ,  x cos x and x s i n  x, where x i s  def ined as X( t  - K) .  



. 
v = Lp& + Jpk and -T 

(31 

ET = SpX + Q$, where (32 

S . and Qp are t h r u s t  i n t e g r a l s  developed below. LP* J ~ .  P 

The fo l low ing  d e f i n i t i o n s  are made: 

B3 : B(K10)' = 30~/20 '  

I t  follo\.rs t h a t  

d lT  = [(Al cos x  + B1 x cos X )X  - + (A2 s i n  x + B2 x s i n  x ) g d x ,  

X 
‘KT = I [ ( A 2  cos s t B2s cos S )  X +  (AS s i n  s  + B3s s i n  s )  dsdx, and 

-0 
- 

V = I d lT ,  and ET = I dET. 
-T -8 - 8  

Coolparing the  above equations w i t h  equations 31 and 32, i t  fol lows 

tha t  

Lp = Al I con x  dx + B1 I x cos x  dx 
- 8 - 0 

Jp  = A2 I s i n  x  dx + B2 I x  s i n  x  dx 
- 8 -0 

0  x  8  x  
Sp = A2 I I cos s dsdx + B2 I I s  cos sds dx 

-8-0 -0-0 

0 x  8  x 
Qp = A3 I I s i n  s  dsdx + B3 I I s s i n  s  dsdx. 

-0-0 -8-0 



Employing integration by parts, 

/ x cos xdx = cos x + x sin x and 

/ x sin xdx = sin x - x cos x. 
The following integrals are readily determined as 

0 0 
J'COS xdx = 2 sin 8, 1 sin xdx = 0 

-0 - 0 

8 e 
I x cos xdx = 0, I x sin xdx = -2 (0cos0 - sine) 

-6 - 0 

0 x 
/ / cos s dsdx = 28 sin 0 

-e -0 

0 x 
/ / s cos sdsdx = -4 (8  case - sine) - 2e2 sin 0 

-0 -0 

0 x 
/ / sin sdsdx = 2 (8 cos 8 - sine) 

-6 -0 

0 x 
/ 1 s sin sdsdx = -28 (0 cos 0 - sin 0) 

-9 -8 

From which it follows that 

Lp = (L/28) (2 sine), or 

Lp = L (1/0) sin 0. 

Defining fl = (1!0) sin 0 ,  then 

Lp = flL. 

The expression for Jp is 

Jp = (3D,'20~)[-2(0 cos 0 - sin e)] or 

J~ = D (3[(1/0)sin o - cos e]/02]) = ~ [ 3 ( f ~  



Def in ing f2 = 3(f l  - cos 0)/e2, then 

3 2 I f  i t  i s  assl~med t h a t  s i n  0 = 8 - 0 16 and cos 0 = 1 - 0 / 2 ,  then 

2 f, = 1 -0 16 and f2 = 1, therefore.  i t  i s  seen t h a t  f, and f2 

approach the value o f  u n i t y  as 0 approaches zero. 

The expression f o r  Sp becomes 

Sp = flLK + D(2f2 - 3fl) o r  

sp = [LK - D(3-2fZ/fl)]fl, and 

Qp = ( - L K ~ / ~  + D K ) f 2  

I f  it i s  assumed t h a t  i2/fl = 1 i n  t he  equat ion f o r  Sp, then 

Sp = f,S. s ince D  = LK-S. 

Th is  same r e s u l t  i s  obtained by assuming t h a t  a = 2S/TE0 (constant,  mean 

value o f  acce le ra t ion  f o r  d is tance)  and 

This  equat ion f o r  Sp w i l l  be used i n  t h e  f o l l o w i n g  ana lys is .  

I n  summary: 

fl = (1/0) s i n  O Sp = flS 

f2 = 3(f l  - cos 3)/02 Q, = (-~~&-,/12 + DTG012jf2, 

L? = flL s ince K = TGO/2. 

D  = LTGO/2 - S 



3.5 To ta l  Thrust  I n t e g r a l s  

To ta l  i n t e g r a l s  a re  developed below, where K = TGO/2 + AK ( i  * e g  9 AK # 0). 

The t o t a l  t h r u s t  i n t e g r a l s  a re  now r e a d i l y  obtained, making t he  

f o l l o w i n g  d e f i n i t i o n s :  

6 = AAK, x = A ( t  - TG0/2) 

cos (x-6) = cos x cos 6 + s i n  x s i n  6 

s i n  (x-6) - s i n  x cos 6 - cos x s i n  6 

a(x)  = A + (BK/0)x 
0 

JT = ("/8)' / a(x)  s i n  (x-6) dx = 0 
- 0 

0 x 
QT = ( ~ 1 0 ) )  j l a (s )  s i n  (s-6) dsdx 

-0 -0 
0 x 

ST = (K/B)' I l a(s)  cos (s-6) dsdx 
-0 -0 
0 

LT = ( W e )  l a(x )  cos (x-6)dx 
. -0 

From inspec t ion  o f  the  above equations, i t fo l l ows  t ha t :  . 
JT = Jp cos 6 - ( Lp / l )  s i n  6 = 0 (s ince  K/B = I / h )  o r  

tan  6 = X J ~ I L ~  = t an  ( ~ A K )  = ~ ( w L )  (f2/fl ) . 
. 

I f  i t  i s  assumed t h a t  t an  (AAK) = MK*  and t h a t  f2/fl = 1 i n  t he  above 

equation, then 

* I t  can be shown t h a t  f o r  a s ing le-s tage,  constant t h r u s t  burn, AK 
i s  c l o s e l y  approximated as 

-v / V  -v /v AK = (TG0/6)(1-e GO ex ) / ( l +e  GO ex),  i .e., the upper 

1 im i  t f o r  AK i s  TG0/6, and when VGO i s  small compared t o  Vex , bK- 0. 
So, 6 = ),&K has an upper 1 i n l i t  of 013.  For a constant  acce le ra t ion  burl\,  

M=O. For a low t h r u s t  OMS burn hK 0, and hK converges t o  the value of 

zero i n  a l l  cases. So, tan6 = 6 i s  a v a l i d  approxiniation i n  a l l  cases. 



AK = TGO/Z - S/L, and 

'K ='TG0/2 t AK = TGO - S/L, 

which i s  i d e n t i c a l  t o  the  cu r ren t  c m p u t a t i o n  o f  equat ion 16. 

The expression f o r  Q,. becomes 

QT = Qp cos 6 - (I/),) Sp sint i .  

From the above equat ion f o r  JT, i t  i s  seen t h a t  s i n  6 = ( ~ J ~ / L ~ )  cos 6, o r  

s i n  6= (1Df2/flL) cos 6, f rom which 

QT = ( - ~ ~ f i ~ / l 2  + DTG0/2) f2 cos 6 - (DfpflS/flL) cos 6 o r  

QT = (-LTio/12 + DTGO/Z - DS/L) f2 COS 6. (34) 

The above equat ion can be w r i t t e n  as 

QT = L[-TiO/12 + (bK)*] f2 cos 6. , 

It fo l lows  t h a t  

ST = Sp cos 6 + lQp s i n  6, where s i n  6 = ( 1 ~ ~ 1 ~ ~ )  cos 6. 

The second t e r n  i n  the  above equat ion i s  small compared t o  the  f i r s t  

term. I f  i t  i s  assumed t h a t  

QP 
- SpTG0/6 , and 

s i n  6 :: S cos 6, the above equat ion becomes 

ST = S(1-06/3)f, cos 6 (s ince ATG0 = 20).  

The same r e s u l t  i s  obtained by assuming a constant,  mean acce le ra t i on  o f  

and the  above approximation f o r  Qp i s  n o t  necessary. 



The in teg ra l  LT i s  simply 

. LT .= Lp cos 6 o r  

LT = Lf l  cos 6. 

The same equation f o r  LT i s  obtained by assuming a constant, 

mean accelerat ion o f  a(x) = L/TGO. 

Equation 34 cap ')e w r i t t e n  as 

QT = Q1F2, where 

Q1 : - ~ T i ~ / 1 2  * DTGO/2 - DS/L, and F2 = f2 cos 6. 

No approximations were made i n  der iv ing  the above equation o ther  

than the o r i g i n a l  assumption o f  1 inear  accelerat ion. S imi la r ly ,  

i f  a constant, mean accelerat ion o f  2 ~ / 7 2 6 ~  i s  assumed, i t  can be 

shown t h a t  QT = QOF2, where Q0 = -STG0/6 - DS/L. The s ign i f i cance 

o f  the above equations f o r  QT i s  t h a t  Q0 and Q, are independent 

o f  the value o f  A, and the func t ion  F2 factors out  o f  Qo and Ql. 

Simulations have shown tha t ,  i n  general, Q0 i s  a f a i r l y  crude 

approximation f o r  the  f i r s t  order i n teg ra l ,  Q-SK. Q1 i s  a s ig -  

n i f a n t  improvement over QO, however, an e r r o r  o f  approximately 5% 

can ex is t ,  e.g., dur ing the f i r s t  PEG phase o f  Baseline ~ e f e r e n c e  

Mission 3A.*  This r e f l e c t s  an e r r o r  o f  approximately 5$ i n  & 

and 8, since, from equation 27, i t  i s  seen t h a t  . . 
A = (R+, - STl)/QT, i .e., i s  inverse ly  propor t ional  t o  Q - 1 ' 

* In  these simulations, Q was formed as a n ~ u l  t i - s tage  i n teg ra l ,  
analogous t o  the mult i -Ttage value o f  Q-SK. 
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Simi 1 a r  t o  the  above cons iderat ions,  a second order  acce le ra t i on  

p r o f i l e  can be assumed, i .e., 

and the expression f o r  QT can be expressed as QT = Q2F2, where . 
Q2 i s  independent o f  the  va lue o f  A, and i s  a very  good approximation 

f o r  Q-SK. Closed form i n t e g r a l s  e x i s t  f o r  any o rder  o f  a ( t ) ,  

however, t he  expression Qn becomes compl i c a  ted  and t he  i n t e g r a l  

Q-SK i s  s impler  t o  implement, By the  process o f  induct ion,  the  

l n t e g r a l  QT can be expressed as 

QT = (Q-SK)F2, where F2 = f2 cos 6. 

The above equations a re  summarized as: 
r 

0 = h TG0/2 

fl = (110) s i n  0 

f2 = 3(fl - cos e)/e2 

K = TGO - S/L 

6 = A ( K - T ~ ~ / L )  

Fl = fl cos 6 

F2 = fp cos 6 

F3 = F1 (1 -0613) (From equat ion 35) 

LT = FIL 

ST = F3S 

Q, = F*(Q-SK) - 
where L, S, and Q a re  the f i r s t  order,  mu l t i - s tage  i n t e g r a l s  

def ined i n  Sect ion 3.1. 



The r e s u l t s  o f  the above analys is  can be sumiiarized as fo l lows:  

a) Def in ing AK = K-TG0/2, where K i s  the cc . d t ,  reference 

t ime about which the  so lu t i on  i s  expanded, i t  was sh~wn  

t h a t  tha r e s u l t i n g  value o f  AK i s  the same whether a mean, 

l i n e a r  accelerat ion p r o f i l e  i s  assumed o r  the actual  

accelerat ion p r o f i l e  i s  assumed. I t c a n  a l s o b e  shown t h a t  

(assuming 1 inear  accelerat ion o r  actual  accelerat ion)  the 

mul t i -s tage expression f o r  AK i s  the  same as the s ing le -  

stage expression. It can be concluded t h a t  the value o f  AK 

i s  d i r e c t l y  propor t ional  t o  the mean slope o f  the accelerat ion 

p r o f i l e  (mu1 t i - s tage  o r  single-stage) , since AK = D/L and 

the expression fo r  the mean slope i s  B = 12D/Ti0. 

b) The t o t a l  i n teg ra l s  LT and ST are obtained by assuming 

a constant, mean accelerat ion (a=L/T& f o r  de r i v i ng  LT, 

and a t 25/Ti0 f o r  de r i v i ng  ST). 

C)  The i n t e g r a l  QT i s  a higher order 1 ' e g ~ a l  and approaches 

the value of (9-SK)F2 as the order o f  the  assumed accelerat ion 

p r o f i l e  increases. 

d) Since a constant accelerat ion can be assumed i n  de r i v i ng  

the  i n teg ra l s  LT and ST. i t  can be concluded t h a t  the 

fac tors  F1 and F3, as def ined ahove, apply t o  an e n t i r e  

maneuver, i .e., do n o t  have t o  be derived i n  a mul t i -s tage 

manner. Since F2 z 1, i t  w i l l  be assumed t h a t  the above 

conclusion a lso  appl ies t o  t h i s  factor.  



e) It was shown i n  Section 3.1 t h a t  the expression f o r  the 

i n t e g r a l  Ji , assuming constant accelerat ion, i s  the  same 

as t h a t  when assuming constant th rus t .  This s i m p l i f i e s  

implementation o f  the t h r u s t  in tegra ls ,  s ince two d i f f e r e n t  

expressions are unnecesssary. 

f) The higher order t h r u s t  i n teg ra l s  i n  the cur ren t  PEG 

program can he e l  i m i  -rated by int r ,oduct ion o f  the fac tors  

F1 , F2, and Fj. 



3.6 Implementation o f  Thrust Integrals 

The proposed thrust integrals are presented i n  the flow chart  of 

Figtire 3.6-1. For purposes o f  comparison, the current thruct  

integrals are presented i n  Figure 3.6-2. The proposed in tegra ls  

require about one h a l f  the code required by the current in tegra ls  

and approximately 30 data words (assuming double precision) are saved by 

el iminating the variables Si. Ji, Qi, Pi, and Hi ( i  = 1, 3). 

Rationale f o r  implementing the in tegra ls  as i n  Figure 3.6-1 was 

discussed i n  Section 3.1 and addit ional discussion i s  included 

i n  t h i s  section. The overal l  method o f  inylementing the thrust  

integrals i s  presented i n  t h i s  section. 

Currently the desired u n i t  th rust  vector i s  computed i n  the 

Guidance and C o n t r ~ l  (G&C) steering interface routine, not i n  the 

PEG rcutine. The parameters &, A, and TA = TG + K are sent t o  the GLC 

steering inter face from PEG (where TG i s  the guidance time when K was 

computed). The u n i t  th rust  vector i s  then computed as 

4 = u n i t  [& + (t-TA)AJ, 

which i s  ident ical  t o  

i = u n i t  [A - KX + ( t -TG)~ ] ,  where the -f - - 

value o f  t-TG ranges from near zero t o  the value o f  the guidance 

cycle time (e.g,, 2 seconds). Equation 21 o f  Section 3.2 can be 

wr i t ten i n  an ident ical  form t o  equation 37 by redefining the parameter 

TA, which i s  current ly  the l a s t  computdtion' i n  the thrust  integrals.  

Equation 21 can be used t o  define if as if = u n i t  [X cos oz -+ (Ma) s i n  wz]? 

where z I t-TG-K. The above equation can be wr i t ten  as 

* A t  t h i s  point, the parameter: X i s  replaced by w, since i n  general 
w f i. 



* I  i = unit [g + (; tan a)] SIGN (cos wz) . -f 

If the angle wz is limited to be less than ~ 1 2 ,  SIGN (cos wz! = + I ,  

and since w(t-TG) is a small angle, the above equation can be closely 

approximated as 

i = unit [A - K(llwk)(tan wk)i + ( t - ~ ~ ) a .  -f 

The above equation can be written as 

i = unit [A - K& + ( t - ~ ~ ) a  , where -f 

Kp = F4K, and F4 z(l/wK) tan wK). 

Defining TA as TA = TG + Kp, the above equation becomes 

i = unit [X + (t-~~)i-], -f 
which is identical to equation 36. Implementation of the thrust 

integrals in the above manner has no impact on the current G&C 

steering interface equations, and only one scalar equation is 

modified in the PEG thrust integrals. 

As discussed in Section 3.2, using linear angle steering (i.e., 

w = A )  produces a MECO weight loss for Base1 ine Reference Mission 

3A. Experience has shown that 1 inear tangent steering is more 

optimum forMission 3A. The steering is linear tangent if 

w 0, e.g., w = .00001. This capability is implemented by initial- 

izing w = .00001 (in the PEG initialization block) and making the 

following test in the PEG turning rate block. 

If w < .00001 or n=3, w = .00001, where n is the number of phases, and 

Mission 3A is the ~ n l y  Shuttle maneuver with as many as 3 phases. The 

above test without "or n = 3" is equivalent to: If w = 0, w > 0. 



This. t e s t  i s  recommended because the parameter f, i s  defined as 
1 f = j i n 0 ,  where 0 = UT /2 ,  i .e.,  division by zero i s  avoided. 1 0  GO 

This results i n  linear tangent steering and linear tangent prediction. 

Simulations have shown that this  i s  more optimum for Mission 3A 

(t70 pounds MECO weight) than the current 1 inear tangent steering 

and linear sine predictfon. 

Experience has shown that when the thrust integrals are computed in 

single precision, they become unstable during the l a s t  40 seconds of 

an OMS burn. This i s  probably due to  instabi l i ty  i n  the J and Q 

integrals. These integrals can be written as 

J = r ( ~ - a , T ~ ~ )  and 

Q = T(S-+ aoTio),  where a. i s  the value of current 

acceleration. The coefficients of T, i n  the above equations, approach 

the value o f  zero as TGO approaches zero. Single precision 

probably produces randomness i n  these coefficients. If acceleration 

is expanded as a quadratic, the above equations are approximated as 
-r 

1 2 'GO 3 = - a T2 (1 + - -) and 2 oG0 3ao T 

The valur of TGO/' approaches zero as TGO approaches zero, and the ' 
1 1 expressions for J and Q approact1 J = - a T 2  and Q = - a T"  2 o G 0  6 o GO' 

I f  an average acceleration of VGO/TGO i s  assumed the values of J and 

Q can be approximated in a virtually exact manner during the l a s t  

40 seconds of an OMS burn, i .e.,  . 



' V T and = 1 GO GO 

1 
9 = g VGoTto ( a t  t h i s  t ime bK J 0).  

Single prec is ion  i s  adequate i f  the  equations f o r  J and Q a re  expressed 

as above, and t h i s  r e s u l t  i s  accomplished i f  the constant acce lera t ion  

t h r u s t  i n teg ra l s  are used when TtO i s  l ess  than 40 seconds ( f o r  an 

@IS burn). This c a p a b i l i t y  i s  implemented i n  the  t h r u s t  i n t e g r a l s  

o f  Figure 3.6-1. 

The equations f o r  the  t o t a l  t h r u s t  in tegra ls ,  as sumnarized i n  

Section 3.5, produce more accuracy than i s  necessary i n  p rac t ice .  

For example, assumptions used f o r  Saturn VIApollo guidance were 

F1 = Fp = F3 = 1 .  However, i n  cases where accurate p red i c t i on  i s  

desi rable (e .g., t h r o t t l i n g  i s  involved o r  deorbi t ta rge t i ng )  the  

F1 t e r n  i s  important. The angle 6 i s  a t  most about 4  degrees 

dur ing s h u t t l e  second stage burn, there fore  i t  can be assumed 

t h a t  cos 8 = 1. The quant i ty  86/3 i s  a t  most about . O l ,  and can 

be neglected*. As observed i n  Section 3.4, f2 = 1  f o r  t h i r d  order 

assumptions on s ine and cosine expansions. Also, t h i s  term +as 

no d i r e c t  e f f e c t  on v e l o c i t y  p red ic t ion ,  therefore, i t  can be 

assumed tha t  f2 = 1. 

Experience has shown t h a t  the most s tab le  manner o f  irnplenlenting the 

fl term i s  t o  feed back in format ion from the previous guidance 

cycle. Current ly  the quant i ty  SIAS i s  fed back. The GIAS term 

can be el ini inated by i n i t i a l i z i n g  fl = 1  and de f i n ing  S = flS. 

*However, i f  t h r o t t l e  cont ro l  i s  used, i t  may be desi rable no t  t o  
neglect t h i s  term. 
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R i s  formed wi thout  the -GO term as R+.o = QN, where rN i s  

def ined 'as i n  Sect ion 3.3. The above form i s  somewhat more 

accurate than current  implementation o f  the QIAS term. S i s  

computed i n  the range-to-go block and fl, i n  the p red i c to r  block. 

The  THRUST computation and var iab le  name i s  e l iminated i n  the p red i c to r  

block by replac ing t h i s  quant i ty  w i t h  fl%O, and dTHRUST i s  replaced 

w i t h  RGO, where fl has the value o f  the  cur ren t  guidance pass. 

Current ly,  the t h r u s t  integra! Q-SK i s  used a t  s i x  places i n  the  

PEG equations, and recomputed each time. This i s  avoided by 

replac ing Q-SK w i t h  Q 2 Q-SK. 

The tes t ,  i f  Q-SK f 0, can be e l iminated i n  the tu rn ing  r a t e  block 

since Q-SK can n o t  be zero unless TGO = VGO = 0, and i f  t h i s  i s  the 

case the guidance rou t i ne  has already been aborted. 

The +NAX equations are s i m p l i f i e d  by e l im ina t i on  o f  the equations f o r  . 
recomputing and QO, s ince the main purpose f o r  t h i s  i s  f o r  the 

computation o f  and t h i s  cooputation i s  el iminated. However, 

i t  i s  desirable t o  l i m i t  the value o f  fl , and t h i s  i s  accomplished 

by maintaining the OMAX t es t .  
% - 



The above discussion is summarized below and detailed implementation 

is discussed. Modifications required in each PEG block are presented. 

An estimation of code saved in each block is included. 

Initialization Block 

Eliminate: SIAS = 0 

Add: fl = 1 and w =  .00001 

(code saved: =O ~rords) 

Integrals Block 

Repldce the equations of Figure 3.6-2 with ?he equations 

of Figure 3.6-1. 

(code saved: 100 words) 

Turning Rate and Range-To-Go-01 ocks 

Replace Q-SK with Q. 

(code saved: 30 words) 

Turning Rate Block 

Eliminate the following equations: 

If Q-SK # 0, Then = (%0 - Sh)/(Q-SK) 
, Else = 0 

1 = 1x1 
I f  KA>@,qAX, = QHRX/K 

, = i unit ( j  

%o = S h  + (Q-SK) 

Replace the above equations with: 



If UK>$*~ s u = K 

If w < ,00001 o r  n = 3, w = .00001 

(code saved: 50 woras) 

Ranqe-To-Go Block 

Define: sN = f& - (R + TGO + %rav). 

Replace = %N + QIRS w i th  

R a n d S X f l S .  %0 -GN 

(code saved: -10 words) 

Pred ic to r  Block 

El iminate: 

1 '  
 THRUST = [L - q 12(H-JK) ]A 

-THRUST = [ S  - $ i2(p-ZQK + SK~)]X + ( Q - S K ) ~  
- SIAS ' SO $HRUST 

Replace with: 

fl = (2/uTG0) s i n  (uTG0/2) 

Replace ETHRUST w i t h  Q0 and YTHRUST w i t h  f, $O. 

(code saved: 50 words) 

The t o t a l  estimated code saved from the above PEG mod i f i ca t ions  

i s  220 words. This amounts t o  10 percent o f  the cur ren t  PEG 

program. 



For OMS maneuvers, i nvo l v ing  no pos i t i on  constra ints ,  the t h r u s t  

i n teg ra l s  could be e l iminated completely by sending the  t o t a l  

accelerat ion ( t h r u s t  and g r a v i t y )  t o  the  average G rout ine,  re tu rn ing  

w i t h  predicted v e l o c i t y  and pos i t ion .  An OMS (one stage) vers ion a f  

PEG ~ o u l d  be extremely simp!e implemented i n  t h i s  manner. I n  

general, ana l y t i ca l  t h rus t  i n teg ra l s  could be e l iminated by use o f  

numerical in tegra t ion ,  however, implementation i s  more d i f f i c u l t  i f  

pos i t i on  cons t ra in ts  are involved. 

The most accurate and optimum and possib ly  the  simplest manner t o  

implement PEG i s  t o  update %O i n  the PEG update block as 

&o = &O - hXs[TG0 - d.tG/2] and recompute the parameter i n  the PEG 

cor rec t ion  block as f& = so + % - R+. Then, the t h r u s t  accelerat ion 

vector, (F/m)lf, where 4 i s  a  u n i t  vector, i s  sent t o  the average G 

routine: along w i t h  the g r a v i t y  vector, and values of predic ted 

v e l o c i t y  and pos i t i on  are obtained. This  e l iminates the  requirement 

f o r  g r a v i t y  i n teg ra l s  and h igher  order t h r u s t  in tegra ls ,  s ince 

these quant i t ies  are i m p l i c i t  i n  the r e s u l t i n g  vdlues o f  %O and 

So The e n t i r e  PEG p red i c to r  block would cons is t  o f  de f i n ing  a  

value o f  the t h r u s t  accelerat ion vector and the i n teg ra t i on  t ime step 
* 

and c a l l i n g  the average G rou t ine .  This wauld e n t a i l  mul t i -s tage . 
l o g i c  and l o g i c  f o r  de f i n ing  the i n teg ra t i on  t ime step. i f  PEG 

were implemented i n  t h i s  manner, the term invo l v ing  s i n  0 defined 

i n  Subsection 3.2, could be incorporated i n t o  the t h r u s t  accelerat ion 

vector, and the PEG program would be equivalent  t o  an accurate 

. onboard c a l c u l u s o f v a r i a t i o n s  t r a j ec to ryop t imiza t ionprogram.  
2 

*or some other  numerical i n teg ra t i on  rou t ine .  



An a1 te rna te  considerat ion i s  t o  compute so as defined above and 

maintain the cur ren t  PEG p red i c to r  method. However, the var iab le  

names and equations f o r  %rav and d r a v  can be e l iminated and the 

equations f o r  predic ted v e l o c i t y  (V  ) and p o s i t i o n  (R ) can be 
-P -P 

w r i t t e n  as 

V  = V  + f  V + V - V  and -p -c2 1 4 0  - - c l  

I n  addit ion, the  var iab le  names s2 and can be e l iminated by 

replacement w i t h  V and R This method o f  implementation would 
-P -Po 

r e s u l t  i n  a  savings o f  approximately 50 words, i n  add i t i on  t o  the 

220 words discussed e a r l i e r  i n  t h i s  sect ion. 



FIGURE 3 .G-1  PROPOSED PEG THRUST INTEGRALS 
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4.0 CONCLUSIONS 

The new PEG t h rus t  i n t e g r a l  formulat ion and method o f  implementation 

derived and presented i n  t h i s  note have the fo l l ow ing  advantages: 

a) Economy - Prel iminary estimates. i nd i ca te  a computer storage 

savings o f  220 words, approximately 10 percent o f  the cur ren t  

PEG program. 

b) Ease o f  implementation - The implementation method proposed i n  

t h i s  note does n o t  represent a departure from the cur ren t  PEG 

implementation approach, ra the r  a s i m p l i f i c a t i o n  o f  cur ren t  

equations. The new equations are implemented w i t h  very minimum 

e f f o r t .  

c )  Ease o f  v e r i f i c a t i o n  - The implementation approach ( l og i c ,  

sequence o f  cornputat ions, e t c  .) requi res no v e r i f i c a t i o n ,  since i t  

i s  analogous t o  cur ren t  implementation, i .e., s t a b i l i t y  and con- 

vergence are n o t  af fected.  The f i r s t  order i n teg ra l s  o f  the 

cur ren t  PEG equations are  maintained, therefore, requ i re  no v e r i f i -  

cat ion.  The simp1 i f  ied  higher order i n teg ra l s  are v e r i f i e d  

a n a l y t i c a l l y .  The primary motive f o r  v e r i f i c a t i o n  i s  t o  demonstrate 

the add i t iona l  f l e x i b i l i t y ,  

d) F l e x i  b i  1 i ty - The proposed equations represent a general i zed  

guidance law, i.e., d i f f e r e n t  guidanci? laws are appl ied by 

changing the value o f  one scalar  parznleter. This o f f e r s  o p t i -  

mal i t y  and accuracy o f  p red i c t i on  f o r  var ious types o f  maneuvers. 

e) Accuracy - The new equat io i~s produce more accuracy than cur ren t  

equations i f  l a r g e  cen t ra l  t u rn ing  angles arc  involved (e.g., 



grea te r  than 90 degrees), s ince s i ne  and cos ine approximat ions 

a re  'e l  iminated . 
f)  There a re  no known disadvanta3es t o  t h e  proposed equat ions.  

A1 te r  nate implementation methods, which cou ld  r e s u l t  i n  even more 

computer s torage savings, a re  noted f o r  poss ib l e  cons idera t ion .  

However, t h e  a l t e r n a t e  nethods represent  a l a r g e r  d e v i a t i o n  f rom the  

cu r ren t  PEG equat ions than t he  pr imary method presented. 

The proposed equat ions were v e r i f i e d  i n  s imu la t ions  o f  Base1 i n e  

Reference Missions 1 and 3A. S l  i g h t l y  improved performance was 

demonstrated f o r  h i g h  performance missions such as iq iss ion 2A 

(i.e., +70 pounds weight a t  MECO). 

It i s  recommended t h a t  these equat ions be incorpora ted  i n t o  t h e  

Shu t t l e  powered e x p l i c i t  guidance software.  
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