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PERFORMANCE OF A RECOVERABLE TUG FOR PLANETARY MISSIONS INCLUDING USE OF
DERIGEE PROPULSION AND CORRECTIONS FORR NODAL REGRESSION

Jinnog Borsody
Lowis Repearch Centor
Natlonal Acronnutios and Space Adminlstration
Cloeveland, Chio

Abstroet

Mathem:ticnl equations are derived by using tho
Maximum Prinolple to obtaln the moximum paylead en-
pability of a reusable Tug for planctary missions, ‘Tho
muthematienl formulation includes eorvection for nodal
precossion of the Space Shuttle orbit, 'The Tug porlorms

this nodal correction In returning to this precessed orbit,
. 'The sample cnse mplyzed represcnts an Innor planet

mission as defined by the declination ([lxed) and right
nscension of tho outgelng agymptote and the mission on-
ergy. Paylond capability is derived for n typleal eryo-
genle Tug and the snmple easo with and without perigoeo
propulsion, Optimal trojectory profiles and some Im-
portant orbitn! eloments are nlso discussed,

Introduction

At tho present time NASA is devoloping a rousable
Spaco Shuttic {88) that will carry por-*yads to low Earlh
orbit, For misslons boyond low Earth orbit the 55 will
curry In Its cargo bay {In pddition to ihe paylend) a pro-
pulsive staga that will bo deployed in low Earth orbit and
will delivar the paylond to Its required injection condl-
tions,

This propulsive siage mny be expended aftor pay-
load delivery, or il may bo returnod to a waiting S8 for
a [light back to Exrth, Expondable stnge performance
can he analyzed with techniques developed lor expend-
able launch vehiclos and will not bo discussed heraein,

In thig paper, tho maximum performance capability
of n rensablo stage (Tug) is derived for planetary mis-
stons, This is n complex mathematical optimization
problem sinon the Tug 1s heyontd Enrth-oscapc encrgy
at payload injeetion and must perform o retroburn to re-
turn to an Earth orbit, Since this retrobumm occurs fnr
frem Enrth, large veloeity losses are encountered, as
will be digcussed,

The mathematical optimization problem is formu-
lated by using the Maximum Principle, State and agso-
cinted adjeint equations aro numerically integrated to
detormine the Instantancous position and velocity of the
Tug. To obtain the maximum payload capabllity, vrrin-
tional final conditiens are derived by using the Maximum
Principle, and the twa-point boundary value problam is
solved bty using a Newton-Raphson itaration technique,
The required partinl derlvativey of [innl eenditions with

9&@

rospect o {nitinl conditions aro avaluated by porturblng
the Initial conditions one ot a timo, Integrating tho state
und ndjoint cquations, and observing the changes In {innl
concitions,

Reusabloe Tug trajectories, Including nodnl correc-
tion without perigea propulsion, have been investigated
In reforence 1, Tho annlysis prosented hercin oxtonds
the resulte of this reforence by optimizing the Tug total
trip timoe nnd Introducing prrigee propulsion, Totat trip
tima is dofined as the clapsed time from the start of the
[irst outbound burm te rofurm to the 88 orbit for rendez-
vous, For perlgee propulsion the continuous outhound
burn required o reach payload Injection conditions is
split Into two burns separated by an optimum coast fime,
‘The present analysis aleo {neludes nod:l regrossion of
tho S5 orbit, Nodal regression is cuuséd by the Enrthts
oblntencss, which induces a votation of tho B8 orbital
plane of about 0. 3 deg/hr about the polar axls, Since the
Tug must return to the 8S orbit and the 85 does not have
performance capability to substantinlly alter {ts llno of
nodes, the Tug Is nssumed to mako all necessary nodnl
corrections for rendezvous, ‘

As n sample case, payload cupability 1s darived as
n [uncilon of ihe declination of the outgolng asymptote
with and without perigee propulsion for a typical cryo-
genie Tug configuration and an inner planet mission, A
diseussfon of optimnl trajectory profiles and 55 launch
time constraints {5 ineluded,

Annlysis

Trajectory Profiles and Assumptions

A trojectory profile for the perlgee propulsion case
is llustrated In sketch {n}, 'Fug and payload are de-
ployed in a low Earth orbit by tha Space Shuttle (S8),
The flret outbound burn s initinted at an optimal point
along this orbit. "The length of the burmn I8 determined
auring the optimization process in solving the two-point
boundary value problem. At the end of this burn an
ellipiic orbit is established with a rolatively long period,
Tug and payload {ien const along this orbit to a point
just before perigee, whore a second outbound bwmn is
performed that accelerates the payload to the given in-
jection conditions, The time at which the sccond put-
bound burn starts is nlso determined during the optimi-
zation. Planetary injection conditions are defined by
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specifying the mission energy and the declination of the
outgoing asymptote, The right ascension of the outgoing
asymptote i8 not included as a final condition, because
any right ascension ma * be obtained by selecting the
proper 88 launch time, This is discussed In more detail
later. After the Tug reaches the given injection condi-
tions, the Tug thrust is terminated and a fixed coast
phase is initiated. During this coast the Tug and the
payload are separated, and the Tug is turned around to
orient it for the retroburn that follows, During this
retroburn the energy is reduced below Earth-escape en-
ergy, and the Tug enters an intermediate elliptic return
orbit, Retroburn terminates when a given total trip
time is satisfied, Total trip time is defined as the
elapsed time from the start of the first outbound burn to
return to the 88 orbit for rendezvous, The retrobum is
followed by a coast phase to the apogee of the intermedi-
ate orhit, where a small perigee correction burn is exe-
cuted. This is followed by a coast phase to perigee and
a final rendezvous burn,

The flight profile for the case without perigee pro-
pulsion is the same as just discussed with the exception
that the first outbound burn continues until the given in-
jection conditions are satisfied and thus the coast in
elliptic orbit and the second outbound burn are elimi-
nated,

To obtain solutions to the two-point boundary value
problem and to simplify the analysis, a number of as-
sumptions were made, These assumptions are discussed
in the following paragra, .:s

(1) The perigee correction and final circularization
burns were assumed to be ideal impulsive, This as-
sumption was made to reduce the sensitivity and conse-
quently improve the convergence characteristics of the
two- peint boundary value problem, If the corresponding
state equations are stable, the adjoint equations will have
unstable roots, Since total trip time for the problem
under consideration is of the order of | day (based on the
results of red. 1), errors introduced In the numerical in-
tegration of state and adjoint equations will be greatly
amplified. These errors will affect the finite difference
partinl derivatives and consequently the convergence of
the Newton- Raphson iteration, With this assumption, the
problem is numerically integrated only to the end of the
retroburn, and the remaining portion of the trajectory is
calculated in closed form (impulsively),

(2) A circular 88 orbit is assumed, This assumption
is made to eliminate the constraint on the line of apsides,
For elliptic 88 orbits the Tug's orbit at the end of final
rendezvous burn, besides being in the same orbital plane,
must have its line of apsides coincident with that of the
88 orbit, Using a circular 83 orbit removes this con-
straint, and rendezvous is accomplished by small
changes in total trip time, The trip time has to be ad-
justed so that the Tug and 88 will be at the same point
along the orbit at final rendezvous Lurn completion,

(3 A spherical nonrotating Earth model is used.
This assumption is made to simplify the equations of mo-
tion and the adjoint equations, A nonspherical Earth
model could be included with relatively little change in
the analysis, As a result of this assumption the nodal
precession of the intermediate Tug orbits becomes zero,
and the Tug corrects for 88 orhit nodal precession only,
This gives somewhat conservative Tug performance
si. 7e, If the Tug orbits were allowed to precess, the
total nodal correction required of the Tug would be
slightly reduced, and consequently payload capability
would increase. Nodal precession of the Tug orbits for
the nominal mission is less than 0, 2 deg without perigee
propulsion and less than 0, 4 deg with perigee propulsion,
as compared with an 88 orbit nodal precession of approx-
imatcly B deg.

(4) The 88 orbit nodal precession is comp:ted from
the following equation:

7/2
Al = - i@ TD(EE) (1 - e2)3/2 cos | (1)
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This equation was dorived In reforenco 2, Nodal pre-
ceasfon depends on tho 55 orbital parameaters and tho
total trlp time ‘I‘D.

Bnele Equrilons Govarning tho Problem

Vartables and other notation used In the following
diseuasion aro defined in the nppendlx, Equat{ions do-
serlbing the flight of a rocket in an Inverse-squarc
gravitational flald aro

\L!=---g§ ¥ +V‘:ﬁmf @)
r

F=V {3

th = -} )

b=t (5}

foi-1=0 (6)

In these equations, r, V, and m represent instan-
taneous radius, velocity, and mass, respoctlvely; V,
is the engine exhaust veloclty; § ig the mass flow rate;
and [ is the unit thrust divection, which musl be deter-
mined, The state yarlable § was introduced to remove
tho explicit tlme dependence of mass [low raie from the
equations of motlon so that tha Maximum Prineiple could
bo applied to this problem, The superseripts — and ©
reprasent vector and unit vecior quantities, and . 18
tha tetal dorivative of the partieular variable with ro-
spect to time,

By using the linmiltonian formulation of the varin-
tional ealeulus, the costate equations may he obtained
[rom the so-called Hamiltonlan on each subare, The
Hamiltonian 1s

=RV 4+F-F+om+1b +y(0 - 1) o

In this cquation, X, Fi, o, and 7 are the adjoint varia-
bles associnted with the problem, Tho constraint asso=-
clated with thoa thrust direction is also adjoined to H by
v, From cquation (7) the time derivatives of the adjoint
varinbles are given by

R = @)
a=C [x-3(x - D] (9%
r3
v -
&=-iﬂ (%0 {10)
mZ
y=-k28 (11)
ot

where

v .
Ke—2(X.H~-0 (12)
m

Tho thrust direetion that minimlzes tho Hnmilionfan is
glven by

f=h (18)
and
V.5
LA ....-.9—. A (14)
2m

State cquations (2) to (6) and adjoint equatlons (8) to
{11) mako up a set of [trst-ordoer nonlincar differential
cquations that must be numerically Integrated In order to
obtaln » solution to tho two-point boundary value problem,
OptInum thrust divection s along the unit vector glven
by oquation {13).

‘Frajoctory Constraints

In this section, constraints on ‘*he problem are dis-
cussed in more detall, Skotch (b} illustrates a simpli-
ficd trajectory profile from a given initial orbit to the
ond of retrobumm, Events a; and by Indicnted on the
aketeh are the times at the beginning and end of phase |,
respeclivoly,
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‘The Irst outbound burn is inftinted ot time a4
{a; = 0) at an optimal point in the initial 88 eircular in-
clined orbit, Main ongine thrust terminates ot tims by,
which is selected to give moximum paylond, At this
timo an elliptiv orbit is established and the Tug coaste
nlong this orbit to a polnt near perigee (time ba). Seo-
ond outbound burn gtarls at time i, -(33 = bz) and con-
tinues until the speeificd payload Injection condittons are
reached ot time by, Time &y (:14 =by) 18 tho beginning



of a fixed paylond«separation coast that continues until
mo b-i' Tug retroburn starts at timo g (ngeaby) nnd
ends nt by, Hetrolawun Is followed Ly Ideal Impulsivo
apoget and perigee bure and associnted consl phases,
With this time convention, constraints « poverning the
problom can bo written mathematienlly a8 follows

qy = r(nl) -rs 0 {10. 1)

iy ® V(alj - V1 =) {16, 2)

qq = Ty} Vigg) = 0 {15, 3)

ay = hin)) £y - cos ty =0 (16, 4)
a5 =-hiny) iy - coBy BNl =0 (16.5)
g =mia)) = my =0 {16.8)

dy = by} -2y =0 (16,7)

Tig = T(ay) - T(by) =0 {15, 8)

Ty = Viny) - Vihy) = 0 (16.9)

typ = m{ag) = milby) =0 {15, 10)
Uy = Elag) - £by) =0 (15,11)

Gy, = Tlag) - Fby) = 0 (16, 12)
Tyq = Ving) - V(by) =0 {16.13)
dy4 = T ) = milg) =0 {15, 14)
Oyp=tlg) - Lb(p)=0 {15, 15)
Ty = Tay) - F(bg) =0 {15, 16)
Gyq = Viag) - Vibg) =0 (15,17)
Tg= m(n,) - mibg) =0 (15.18)
Gyg = Eiay) ~ E(by = 0 (15.19)

Ugg = E[r(b4), V(bd)] - Ep=0 (15. 20)
agy = ¢[¥0), Vby] - op=0  as.2n
Tpp =TFlag) - Tlly) = ] (15, 22)
Tpq = Viag) - V(b =0 {15.23)
Qg = Elag) - Elby) = 0 (15,24)

G
;”%003- quh

g © Fling) B (T = 0 (15,26)

Ggg = Viaghe o (Tp) = 0 (15, 26)

yn = mibg) - m"nu/va)mvamvl; =0 (15,27
tUgg @ g~ hy =0 (15, 28)

Gyg = Ay = by = 0 (15,20)

Upg= By = bg=0 {16, 30)

gy =g =1y =0 (16, 31

Igg = 04+ &t=hy =0 (15, 52)

gy =Elay) +At= i) =0 (15, 35)

Equations (16, 1) to (16.7) express fixed {niiinl conditions
at Tug departure from the Initinl S8 orblt, Equations
(15, 8) to {15, 18) givo the conlinulty of radius, velocity,
maas, and the dummy varlable £ at tho cnd of the [rst
and second outbound burns and at the beginning of the
second outbound burp, Equations (15, 20) and (16, 21)
oxpress the constraints asseciated with a planetary mis-
sion, namely, at injection the payload must have o given
enerpy and declinption of the cutgoing asymptote, Equa-
tions (15,22), (156.23), and {15, 24) glve tho continuity of
posilion, velocity, and § at [njectlon, Satislying equa-
tlons {16, 25) and (15, 268) nsgures that the Tug 18 In an
orbit that has the samo Inclination at retroburn comple-
tton as the 88 will have ot rendezvous, In other words
the {light is planar lollowing the retroburn, The veetor
ﬁo in equations {16, 25) and (16, 26) is tho unlt angular
momentum voctor of tho precessed 88 orbit to which the
Tug must return, The vector T:O 15 a funciton of the
total trip time. Equation {15, 27) is tho constraint on
Tug mass required at by to porform the apogee nnd
perlgoe veloelty echanges and return the Tug empty to
the final S5 orbit, Equations {15, 28B) to (15, 31} cxpress
the continuity of timo boiween different trajectory
phages, .quatons (16.32) and (15, 33) are the fixed
paylond-separation coast time constraint and the con-
straint on §, respeetively.

With these constrafnis the augmented Hamnidltonian
{11*) to be minimized can be written as [ollows:

8 a3
H* = ming) - m(by) + Z H+ &4 {16)
i=l =1

whore rn(b,l) = m{ag) reprosents the payload welght
dropped during the coast phase, which is to be maxi-
mlzed; and II; are Hamiltonjung during the two out-
bound burns, the two const phaves, and the retroburn,



Constralnts g, aro adjoined to 11* by using arbitrary
multipllors ¢;, auxillary variational boundury eo, -
tlons may now be dorived from this augmented Numil-
tonian, '

Auxilinry Variational Boundary Conditions

Tho following auxiharey varintional equations must
ba sutisfied by using the Maximum Principlo and tho
nugmented Hamiltonlan In equation (16) in order to max-
fmizo paylond;

Moy = ey ¥ay) + egFlay) + e 9y, + egV505 (17.1)

filoy) = e T(n) + eaVin,) + ¢,V50, +eg¥e0;  (17.2)

Any) R (by) (17.3)
Klng) =x(by) {17,4)
atng) = a(b,) (17, 5)
Tlay) = 7(by) {17.6)
Rng) =R(by) (17,7
H(ng) = f(by) (17. 8
alag) = o(by) (17.9)
T{ig) = 1(by) (17,10)
Xla) =Xbg) (17,11)
H(zy) = E(bg) (17,12)
0(34) = a(ba) {17,13)
Rlag) =Xiby) + CagVFE,) + eg Vi) (17,14)
Hlag) = E(by) + egq¥ Elby) + ey V(b)) (17.15)
alag) =1 {17. 16)
ally) =1 (17,17
T(ay) = 7{bg) + T(ag) ~ (b} =0 (17.18)
Rbg) + [‘525%("5) + eaGV(bﬁ)] . Bﬁi—‘:‘) VT
+o{by) ':1;(_:5) T avVyp
+ ve(i:; {ﬁo - [, \7(b5)]\7(b5)} =0 (7,19)

- . " Eiﬁo
i) + [eaghtig) + eaqVitg)] T o

m{b
+ u[bﬁ) -—-——5) V? AVT
VG
€ap {. ~ » - } -
+—==¢h, = th,+ r{b)lr(h:)p = 0 {17, 20
vibg) o [ ° 5)] g 7.40)
H(ny) = H(by) (17,21}
1Ha,\ = Tithy) (17,22}
H{n{i] + "(a‘i) - II(bS) - Ii(b‘l) =) (17,23)
. n o,
ibg) = [epgttig + egg¥togt] - 7 (17, 24)
(g = 0 (17, 25)

Equatfons (17. 1) and {17, 2) contain six cequations nnd five
arbitrary constants, Therefore, there is g variational
condition that tho Initial multipliers must satlafy .  max-
imizo paylond, Equations (17, 3) Lo (17, 13) glve the con-
tinuity of ndjoint varinbles at the end of the flrst and
second outbound burns and at the beginning of the second
outbound burn, Theso equations ean bo satisficd directly
by setting the multiplicrs ot the beginning of these phases
equal to the corresponding multiplicrs at the end of tha
previous phase, Multipliors at the ond of the paylond-
separation coast are discontinuous, as shown by cmra-
Honad {17, 14) and (17, 18), ‘This discontinuity w!’ s
enpiputed later. Multiplier o is continuous a4 .- .+
to 1 at the end of tho payload-scparation consc ph. '
{eqs, (17,16) and (17,17)). Equatlons (17,18) and (17, 20}
must ba salis{ied at retroburn completion, Thoy contiin
six equations and three unknowns {egp, €pg and a{by)),
The three variational conditions available [or optimiza-
tion will ba evaluated later, The IIamiltonian is contin-
uous at the completion of the first outbound burn and the
start of the second outhound burn, s given by equations
(17.21) and (17.22), Equation (17, 23) gives tho relation
the Hamiltoninn must satlsfy at the end of the second
outbound hurn and thoe starf of tho retroburn, Gradients
of return time T, total delta velocity AVT =AV, ¢
av_, nnd declination ¢ wore derived in reference 1
nnc‘r will not be reproduced horein, Equatior (17, 24)
rives the Homiltonisn at rotroburn completion, Tha
vector ﬁo is a function of the total trip time, or return
time, and the requirved partial derivatives will be evalu-
ated lntor., Return time is defined as the time from
retroburn completion to return to the SS orbit, Equa-
tion {17, 25) {5 tho boundary conditlon on the multiplior
associated with tho dummy variable §.



Variational Final Condition at Departure
from Inittal 5§ Orbit

To derlve tho varlatlonal finnl condliion contnlned in
equations (17.1) and (17, 2), deflne tho veolor

Ty = Xty x V() +F(l) x T{t) (18)

whore % ropresents the vactor or oress product in this
equation, The vector T ie o constant of motion, This
can bo shown by taking the time derlvative of € and )
substituting equattons (2), (3), (8), and (9) for Cohg
and ¥, respeciively, The time derivative ui {1t
out to be Identieally zero; therefore, C isa co
motion,

The variational condltion at departure from the inl-
Hnl orbit may now e computed aa follows, Compute tho
C veetor at ny glving

E(nl) = (e4fa - eﬁfzj % ﬁ(alj (19}

From this aquation the variatfonal Inal condiilon is ob-
tained by taking tho sealar proditct with ﬁ(al), giving

Cfay)+ tay) =0 (20)

Evaluation of Discontinully i{n Sintc Varinbles
at End of Pavioad-Scparation Const Phaseo

To evalunte the discontinuity In X and ¥ at time
ag, two arbitrary constants (520 and ‘521) must he aval-
uated in equations (17, 14) and {17, 16), These constants
aro ¢-alunted In this section, 'Take the veclor products
of equation (17,14) with V and (17, 15) with T, add the
resulting vector equations, and apply equation (18},

This procedure will result In

Tlag) - Thy) = ¢y [Tyo x Ty + 750 xT0)] @1
Sinea C I8 constont during coch phaso
Tlag) = Cby) (22)
Using cquations (17, 19) and (17, 20) yields
Tltng) = -hi, * [epg ¥iby) + ep50bg)] (23)

This equation was derived by using the results of refer-
ence 3, where it s shown that VX v + Uy X T=0

if y=y(r, V, T ). Slnee the return time T andthe

apogee and peri zee detta veloclties are of this form, the

corresponding voctor product sums are zero. From

equation (23}

Clby - iy =0 (24)

Taking tho scalar product of equation (21) with h, then
gives

¢g ® Co by (25)
[V-V(,a X V() + Ve x?(bd)] i,
Glven gy, and ‘X(bd), 1ot
R =%lby) + ey Vg0 (oA
With thig definflion, equation (17, 14) heeomes
Tng) = €ppV(hy) + X @7

To dotorming tho discontinuity In X and %, ¢,y must
be evaluated, ‘This may be dono as follows, From cgua-
tlon {11}

T{ag) ~ T(bd) = =gl K(ng) {28n)

nnd
T(ﬂ,i) - T(bs) = ﬂ(ba)K(bs) {28L)

From equations (28) and (17, 18) the following equation is
obtained:

BlagK(ag) = Alby)K(by) (20)

Slnce ¢ =0 on a coast phaso (o= coxptant), cquations

(17.13), (17.10), and (17,17) give olag) = alby), With-
out loss of genorality, assume p{ng) = A{by) # 0. Then
equation (28) reducos fo

ming)
Mag) =-—2 Athy) (30)
mibg)

Now Afag) may bo subsiituled from oquation (27) and the
rosulting equniion solved for €ag glving

2
, [maghtg®
m(b,)

(41)

Cholce of + or - sipn can bo determined as follows,
Assume e payload {s zero, that is, miag) = m(by),
Algso If thc declinatlon is not specified, equation (26} be-
comes X= A(bl), Furthermore, If payload-separation
const phase {8 zero, X{by) =X(hg). With these nssump-
tions, equation (31) becomes

e .
a0 =~ 5 (R0 ¥eo 2T V0o

A cholee of - slgn implies that €pp = 0 nnd that the



thrust direction I8 continuous ai a; and i essentinlly
pointed nlong the voloeity vector, Howovar, to bring the
Tug back, velocity must be reduced below oseapo veloe-
jly and the thrust direction should be opposlte to tha vo-
loclty veclor, Thercfore, tha + sign should be uscd In
equation (31),

Vnriationanl Fingl Conditione nt
Rotroburn Complotlon

In this scotlom, varistionnl [inal conditions will be
derived at retorburn complotion, Substituting equatlons
{17, 10), (17,20), and (17, 26) Into eguation {17, 24) gives

- [eastog) + exgVivg] - e
D

_ _ m(bﬁ')
VT Tibg) + V5T Vibg| - olhy)
g °

V5 AV Elbg) + V5 AV, Vi)

[ ()

v Mbﬁ)
+ ﬁ(br)[—"—-— - u(bﬁgl
9 m{bg)

[ #(b.) + \‘r(b)] Oy (32)
- €, E 4 esm——
257V 207 VG BTD

However,

"= ET] dT
- Yyl Flog) + 95T+ V(b ==E
r (b5)
and

G d AV,

r3 (bﬁ)

Vi AVipr T(bg) + V5 AV Vibg) =

These equations are valid on r coast phase, where tho
deltn velooity required to roturn the Tug to the SS orbit
vemains constant; and d AV./dt =0, Similarly, the
change in return time Is egual to the chanpe in tlme
along the coast are lut opposite in sign, that ie,

dT/dt = -1, Substituting these resulis into oquation (52)
glvos
vV Aalbg)
ofag) =2 (33)
rn(hﬁ)

The arbitrary constunts - and €yq can be ovaluated
by tnking the sealar product of equation (23) with r(b,-)
and V(h,.), giving

Ribg) + figb)

€np i - Vib,) {11)
20 ﬁﬂ’ﬁ) ’ BO 6
ad
Tilhe} e hat
€ap E‘“————u( G} u:ﬁ) 1'(!)5) (:b5)
- () - fig

Two varintfonnl conditions may now be obinined by taking
the sealar product of equation (17, 16) with vy AVip and
cquatton (17, 20) with Vo AV and using cquation (33)

fzﬁ - - » -
(xmﬁm 2l A+l {fy - [for Y00g7] P00}

. sh
- [+ -
* [fzar(bg) + ezovtbﬁl] ) ﬁ; A 1') + Vg bVp=0
(36)

{f - [By - 005 }R00g))

(,u (bg) + M)V AV +
5
- iy aﬁﬂ =
+ [ﬁzsr(bs) + Ezﬁv(bs)] ‘ -a-'-r-; V_VT ’ V? AVrr =0

(37

In thago equations, aﬁu/aTD is given by tho veelor

ah ah
Sl 1 ro..._ fi, (a8)
oT hy a'rD T

ah

82 .
2= L (11 Vg = gV, TygVig = TygVy00)
Ty 6Ty

where

Tha eomponents of '1'-1 and ?1 in this equation nre
given by

r1j==r1.2j

The third variational condition is glven by using equa-
tlons {17,24), (17,285), and (33) s
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Variatlonnl Conditions at Completion of Flrst Quthound
Nurn and Start of Second Quibound Burn

Intograting equation (11) nnd applying cquations
{17.6) and (17, 10) gives

Vv ath
olhy) = ) {400}
m(bl)
and
Va0,
olag) o (10b)
m(aﬂj

Since o is constant on a coust phase, equations {17, &)
amd (17, 9) glve olng) = a(bl). Thuercfore, slnce m(b)) =
mi 3). one varintional finnl condliion 18 glven by

Mag) ~ A(by) & 0 (1)

The second variational condition is derlved based on the
constancy of tho Ilnmiltonian on each phase and cquations
(17, 22) to (17,25), Itis giv.on by

- S Rllig)+ Floy) +Tlhy) - Vibg) + 7(bp)
r (b2)
Tl + €40 VD oy 0 2
- [GL\ID'-'( 5) €0p { 5)] .;']?)2 { )
where

by by
T{bg) = / K BB gt + f K28 gy “4m
b O hy &

If the Tug has o constant Mow rate, r{by) is cqual to zoro
and ¥ need not be numerleally Inteprated,

Initial and Finn! Conditlons

The init . adjoint variables are unknown and must
be guessed at in solving the two-point houndary value
problem, Ags was shown In reforenco 4, multipllers X
and E ean bo computed from physieally more menning-
ful parameters, such as the vehicle plten attitude §,
pitch rato §, yaw attitude 6, yaw rate 4, and Any)
and i(nl). With thesr changes in varinbles the Initial
nnd assoeiated finnl conditions are given by

Inftinl Finol

conditic conditiens

¢lag) r(bg« i 0 (14, 1)
diay) Vig)+ f, - 0 (44.2)
biny) eyl Vopl-opu0 @49
é(u,) Equation (30) (4. 4)
u(nl) Equation (37) (44, D)
ming) ~ m(by) mibg) - m"uAv Vo, 0 (44,0)
TD squation (38) (44, 7)
by Equntion (41) 4.8
b2 Equation (42) (44, 98)
Alny) olag) = aly) =1 {44.10)
Aa) Cay)+ fiteg) = 0 (44,11
g Efrthy), Vibg] - Ep=0 4.12)
by bg-ay +T-Ty=0 (14.13)

Final condltion (44,10) ean be satlsfled by sealing
ihe problem by A{ng). Therefore, It is omiited [rom the
numerienl iteration, Final condition (44, 11) {8 used to
compute i(nl), a8 shown in reference 4, Final condi-
tions (44, 12) and {44, 13) are used as cutofl conditions to
determine b:l and bﬁ. With these simplilications the
number of final conditlong to he satisfied for the perigee
propulgion case {8 reduced to nine, nomoly, conditions
(44, 1) to (44,9), For the casa without perigee propul-
slon, eondltions (44, 8) and (44, 9) do not apply, and the
number of finnl conditions to be satlsfied Is reduced to
saven,

The two-point boundary value problem is solved by
using n Nowlon-Raphson numerieal fteration technique,
The iteration Is terminated when the poreent of predicted
payload ehange and the abselute value of the normalized
final conditlans are less than 1075,

Resulls and Dscussion

The method and equations derived {n tho provious
goclions weve applied to n typleal eryogenic Tug config-
uration and u sot of planctary injection conditions, The
rosults of this analysis aro prosented in this section,

Propulsion and weight characteristics for the re-
usable Tug are given In table I, The iniiial weight of the



Tug and payload {8 ussumed to ho fixed to remain within
68 paylond capabilily, ‘I'o salisfy this consirnint, Tu+
propoellant load must bo varfed with payload welght to
mulntain this inltinl welght, Eogine thrust eorvesponds
to tho RL~10 engine currently In use on the Centaur
oryopenic upper stage, but engine speeifie tmpulse rep-
resents n state-of~tho-art uprated vorsjon of the snme
engine, ‘T'o account for losses nnd {light performanco
roscrves, onglne speclfic impulso Is reduced by 2 por-
cent,

The sample case s¢leeled {table ) 18 a typleal inner
planet (Mars, Venus) mission, with & mission encrgy of
12 (km/scc)?, an Initial SS ctreular-orbit altltudo of
186 km, and a S8 orbital Inelination of 28,5°, This 58
arbital inelination wns chosen busod on the resulis of
reference 1, whero It is shown that maximum Tug por-
formance is oblaised (for declinntions less than 30°)
when departing from this 88 erbital (nellnntion,
Paylond-separation coast time (the time from outbound
burn outoff to the siart of vetroburn) Is nssumed Lo bo
10 minutes,

To shoty the payload gain dua to perigee prapulsion,
Tug payload capability without perigee propulsion lor op-
tImum trip times {s also presonted,

Figures 1 to 7 present rosults without porlgeo pro-
pulsion; fipuros 8 to 10 contnin results for perigeo pro-
pulsion cagos, The datn nro given as a functlon of tho
declination of the outgolng asymptote (DLA), which was
parametrically variod,

1t 18 also shown In reference 1 that thore are two
solutiona for each declinatfon and that tho paylend curves
are symmetric about 1 0° deelination, Therefore, tho
datz presentied horeln are rostrlcted to positive deolina-
tions. Right ascension of tho ouipoing asymptote was not
speelfied In tho annlysis, and conscquently an *'optinanl
pscudo right nscension'! is genoraied for each DLA,
Pscudo right ascenston is deflinod as the longitude of he
projectlon of the outgoing nsymptota in the equatorial
plane measured from the Initinl §S orbitnl nscending
node, Right ascenslon may be computed by adding the
pscudn right ascension to the Jongltude of the S8 orbital
ascending node measured from the vernel equinex,
Sinca tho longltude of the SS orbital nscending node {8
determined by 58 launch flme, any desired right ascen-
sion may be obtained hy sclocting the propor launch
time,

Optimnl paeude right ascension {8 presented In [p-
ure 1 for the cose without porigee propulsion, To dis-
tinguish between the twe solutlons on all figurces, a solld
and a dashed line nre used, The solution given by the
dashed Une will be referred {o as solution 1, and the one
given by the solld line ns solution 2. In the repglon of
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single solutions, where DLA excecds 55 orbital inelinn-
tion, o sold lino Is uged, Neice that for 0° DLA, the oue
going azi.aplotes asgocinted with the twe solutions point
In oppoz %o directions, As DLA is Inereased the outpoing
asymploies move closed together until the two solutions
degenerote Into a single solution, At thig point the out~
golng asymptolo has o pscude vight ascension of approxi-
mately 90%, For DLA's beyond the 88 orbital Inclinn-
tion, the pseudo Tight nscension remalns nearly constant

Tho Tug departure point frer. tho indtinl 88 orbit was
detormined during the eptimization, and the results are
presented in figure 2, Depariure arguments of lntitude
of tho two solutions aro alse 180° apart for 0% DLA and
converge to about 260° ns the DLA npproaches the 55
orbitel Inclinntion,

Optlmum total trip Ume (fhe timo {rom Tug depar-
turo [rom tho initlal SS orbil to return to the rendezvous
orbit) 18 glven In figure 3, Totnl trip times for the two
solutfons are nearly the sumo and deercase from approx-
imataly 26 {o 21. 5 hr a8 DLA 18 Increased from 09 to
30° 'Total trip time vares {nversely with the duration
ol tho retroburn, The sherter tho retroburn, the morg
elliptic the return orblt, and consoquently the toinl frip
iime incronses, Velooity loss during retvoburn is pro-
portionat to the burn time, Therelore, as folal trip time
I8 Incrensed, the velovily loss during retrohurn de-
oreases, However, the nodnl correetion due {o 85 or-
Lital precession will incrense with total trip time, which
Increaser the velocity loss to correct for radal preces-
slon, Thorefore, there is a balance betwien these two
cffeots thal determines tho optimal trip time, Vaoriatlon
In trip tme {8 duo to changos In orvital geomeiry and
nasoclated nodal correctlon during outhound und retro-
burne, 'The sharp inercaso in total trip time for DLA's
larger than tho 8S orbital fnclination ean be explained
when changes In orbital inelination durlng outbound hurn
nyo considered, It is well kmown [from orbital geometry
that orbital inclinntion at Injection must he at least as
large as the mapnitudo of the desired DLA, Therefore,
largo inclination changes nre made during botli outbound
burn and retroburn for DLA'g largor than the 88 orbltal
fnclination, Departure arguments of latitude for these
cases are approximately 200°, and the cutbound burn
covors about # 90° nre, Therclore, the complaie burp
occurs belove nodal passage, Since orbital inelinatton
must be increased, ns was mentioned earlier and tho
line of nodes tends to move retrograde during the in-
clination chonge, it bocomes casy to make lorge nodal
changes durlng the oulbcund burn.  Theac nodal changes
are in the sama direction ag the S5 nodal precesslon, so
longer trip times become optimum,

Nodal correetion during the outbound burn and total
nodal correction (during outbound burn and retroburmn)
are given in fpured, Total nodal corrections for the



twe solutions are very close and diffor only beeauso of
the slightly different trip times for the two solutlons,
Howavor, the outbound nedal correction for ono solutlon
18 large and for tho ofhor it 18 small, This is explained
by the lucatics of the outhbound burn,  For the ease with
Inrgo nodnl correction duriyy outbownd burn, the out-
bound burn staxis near or aftey nodal pagsago fiyg. 2).
Sinco tho outbound hurn are is approximately uu°, tho
Tug burn coatinues through maximum latitude, which s
an optimal rogion In which to change the Hne of nodes,
Far the caso with small nodal eorrection during outbound
burn, the burn generally tikos place near the aseending
nodal passage, whore it is difffcult to chango the node,
Also noto that for large DLA's the tolnl nodal correction
inereasas fastey than tha mdal change durlng tho out-
bound burny; thaf 18, Inrgcr nodal changes are mndo dur-~
ing tho retroburn, This 18 expected, sinee largo Incling-
tion changes aro belng made during this burn to return
the Tug to tho 85, and it becomos optimum to combing
nodal correction with tho (nelination change,

Figure § presents the inclinatlon of tho hyporbolic
orbit containing the cutgelng asymptole, Thore is n
maximum inclnatlon change during owbound burn of
*1, i deg for DLA's loss than the 88 orbitsl inclination,
For the first solution {dnshed Uino) the ouibound hurn
siarts ahend of the ascending line of nodes (fig, 2) ond
ends past It, In this region {L {8 difficult to change the
Hne of nodes, nnd nodal change ([lg. 4) is small, To
move the noda rotrograde for these aolutions, the or-
bital Inclinntion must be increased, as ahown In [igure 5.
For the sccond solution (solid Hne) tho outhound hum
starts past nodal paseange (fig, 2) and continues through
mnximum laditude, which is an optimnl region In which
to chango the node, Most of the nodal change 18 done
dauring thias burn (fig, 4), Since the burm 18 past tho node,
orbital Inclination must be deorensed to move the node
retrograde ([ig. 0). As the DLA npproaches tho §8 or-
bital inclination, the inclination at injection must be In-
areared to mect the DLA requiroments, and for the sin-
gle solutions tho orbital inclination is incronsed to cofn-
clde with the DLA,

Tug payload eapability without perigoe propulsion
fox thoe two solutions is given In flgure 0, 'The two solu-
tions have nearly the samoe performance (maximum dif-
forence, 20 kg out of 4760 kg}, Payload capnbllity de~
creases with Increasing DLA, ‘Thie decrense {5 ap-
proximately 90 kg between 07 and 0% DLA, For DLA's
higher than 30° tha paylond decreases rapidly beeause
of tho Inrpge Inclination changes required, ns discussed
eaviior,

Velocity losses encountered duriny, outbotnd and in-
bound trajectory portions are presented in figure 7,
Veloclty loss {8 defined as the difference hebween the
veloelty supplied by the Tug (based on the amount of
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propellnat wsed and the Ideal rocket cquation) and the
fdeal migalon Impulolve veloelty, Tdeal minsion Impuls
sive veloelty Is defined no the veloclty needed nbove
elrcular-orbit velocity at n 1R5-km altitude Ih order o
reach o given encrgy, Total velocily losp gyadually ine
erensen with inereaning DLA for 1A' leos than 309,
A DLA 18 Inerensed heyond 30°, the veloclty loseen tn.
creaso very rapldly, ngain hecause of the largo inelinu-
tian chnngoes belng made, Note that the golulfons pven
by the dashed line have larger total velosity loaoes than
the solutions given by the solld lne, yet the payload for
thesu solutions I8 higher ([lg, 6), This apparent Incon-
gruity 1s duo (o the uneruni cffcet of velocity losa an pay=
load during outbound and inbound trajectory portiong,
The offect of tho outbotnd velocity lena on pavioad s al-
most twice the cffeet of the Inhound velocity foss,
Therefore, for the solutlons given by the dached line the
paylond Increase due o lower outhound veloclty losses I
greater than the payload deerease duo to higher Inbound
voloclty losses when compsred with tho gelutions given
by the solld lino,

The outbewnd velocity losses of figure T Indiealn that
lnrge velozity losges are aasociated with the finite thrust
lovel of the reusable Tug, ‘These loxses can he weduced
substantially by using tho technlque called "'poerigee pro-
pulsion,'t With perigeo propurision tho outhound hurn g
splli into two separate burng, The (1rst outhound burn
puts tho Tug and paylond into an olliptie orbit, The Tug
Is allowed to coast nlmost (o the porigeo of thin orbit,
where o sceond outhound burn takes place, The sccond
outbound burn coptinues until the tapget conditlons are
satlsfled, After paylond Injecticn ot tho epeelficd condt-
tions, tho [Ught sequence is the same a8 that without
poerigee propulsion, Tho lenpgths of the first outbound
busn and the const phase [ellowing it nre optimlzed; that
is, they nrms selecied to maximize paylond,

I figures 8 and 9, the pseudo right sscension and
the departure argument of latitude are given, respee-
tively, as o function of DLA for the case with perigee
propulsion, These figures nre very similar to thoso
discusscd for the case without porigec propulajon nnd
wlll not bo elaborated on further,

Optimum fotal trip time Is presented in (igure 10,
For theso cases the [trst golutlon has a shorter frip
time (dashed line) than the second salution, The first
solutions nlso havo shorter (irst oulbound burns, as
shown in {igure 11, 'The [trst oulbound burn varies with
varyingg DLA from about 630 sce to 740 see, as com-
pared with the total outbound burn of approximutely
1100 t.ce for the non-perigec-propulsfon eage, The pe-
viod of the elliptio orbit achleved ot first oulbound burn
complelion varies between 4 and 6 hr, The sccond out-
bowd burn is Initinted nlong this orbit at tho aptimum
true anomalles given in figure 12,



Toe total outbowd nedal correction and the Inclina-
tion of the hyporbolic arbit comainlng the outgoing no-
ymplote are presented In Mgures 13 and 14, respectively,
and are similar to those without perlgee propulsion, The
Iargor difforence In {otal required nodil coreectlon be-
tween the twe golutions with porfgeo propulsion than bes
tween the iwe golutfons without periges propulelon is
eaused by o largor difference In total 1vip time,

Payload capabtlity with porigee propulsion Is given
in fguro 16, ‘The maximum paylead difference belween
the two solutions Is nbout 100 kg out of nbout G200 Ly,
Payload ngnin drops off rapidly na DLA Is Increased be-
yond 109, Veloelty losses with perigee propulsion nre
substantinlly lower than without perigeo prepulston, ns
sern by comparing lpure 16 with fipure 7, This »esulls
in tho Improved porformanco using pevigee propulsion
reen In [{pure 15,

For comparison, tho ideal Impulsive payload copa-
Dility without nadal correction and tho payload eapabtlity
ineluding nodal correction with and without perigee pro-
pulsion are glven In figuro 17, Ideal payload enpabllity
for the basellne Tuy analyzed 18 5760 kg, as compared
with a maximum payload capability with perigee propul-
sion of 5180 kg and wiihout porlgee propulelon of 4700 kg,
"Thia showas that by using perigee propulsion the payloxd
loss due to gravitationnl snd other trajectovy shaping ef-
feeis cin bo reduced by rboul 40 percent, Of course,
doing so rotuires an addlifonal burm with ite assoclated
startup and shutdown losses, as woll as ndditional gufd-
ance reguirements that muat be considered in ovaluating
the ndvantages of porlgeo propulsion,

Summary nnd Conelusions

Equations nro derived In {his paper that can bo used
te maxtmizo tho payload caopability of n reusable Tug at
cnorgies boyond Earth escape with und without the use of
perigeo propulsion, ‘Tho analysis Includes correction
for S8 orblt nodal preeession, whille tho total trip time
{time [rom Tug depnriure to refurn lo the 88 orbil) is
oplimlizad,

Based on the results presented for the baselino Tug
and baseline mission, the following concluslons can be
made:

1, Tor trajeclories not using poerigee peopulaion tha
payload logscs duc to gravitationnl and other trajeclory
shaping constraints are lnrge (970 kg out of an fdeal pay-
lond capability of 5760 kg),

2, Tho payload loss can be reduced by npproximate-
1y 40 percent by using perigee propulsion, {Payload
loss with poriges propulsion 1s 670 kg, )

3, Optlmal total trip time varics Irom about 21 to
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26 hr without perigee propulsion and from 15 to 24 hr
wih perigee propulsion for n declination range of 09 to
109,

4. Any deelination between =302 and +i0” may be
reached by departing trom a 2, 6% fnclined 58 orblt, ‘The
vartation in payload for this declination range b8 small
compared with the nominal payload capabllity, For high-
or declinations the 58 orbital {nelination must bo In~
crcpoed to avold large payload degradation,

G, Optimal round-trip rousable Tug trajeetories In-
cluding the 55 orbit nodal precession to encrgles beyond
Earily escape with and without porigee propulslen can he
obtnined by o stralghtforward Newton-Raphgon iteration
technlqguo using the methodology developed heroln,

Appendix = Symhols

timp al beginning of o phase, nec

[} time nt ond of o phuse, nce
delined by cq, (18), kpg-gce
DLA deelination of outgoing nsymptote, deg
E enerny, m*/acc”
Q cceentrielty
f thrust dircetion defined by eq, (13)
G graviiational constunt of Enrth, m"’/mcc2
n Hamiltonlon, kg
n* augmented Tnmilionian, kg
h angular momentum, m?/sce
H {nclination, rad
J oblateness parametor (1, 624><10'3)
K kappa funetlon defined by e, (12), soc

i 1 1lght-hnn(lﬂd Curicslan coordinato systom
{vector 1!1 polnlﬂ o tho Initial 5S orbitat
lino of nodous ond ‘:1 points to tha North

Polo)
m mass, kg
r orbfial peried, see
P gomilatus rectum, m
a9 constraints
Rp rodiug of Farth (0. 37816x10° m)
¢ radius, m
T return thme, sco
TD total trip time, sec
L tlme, scc
Al payload-separation coast time, sce



u argument of Intitude, rad

v voloelly, m/sec

av, upogeo dolta velocity, m/ace

AVp porigen dela velocity, m/sce

AV totaldelta veloelty (AV.p - AV, + AVD), m/see

X defined by oq, {20), kg—ucc2/m

y dummy varlable

fi] mass flow rate, ky/see

rr nwultipllor assoclated with thrmet direction, kg

& yaw aititudo, rod

€ muliiplior associated with trajoclory constrainis

t dummy varinble, see

A adjoint multiplior associnted with velocity,
kg-see”/m

7l adjoint multipllor nssoclnted with posttion,
kp=see/m

v adfolnt multiplior .+ =01 oad with mass, see

T adjolnt multly Iy ussociated with £, ki

[ decimntion of outgoing asymptoto, rad

¥ piteh atiitude, rod

ft longitudo of line of nodes, rad

Subseripts:

a npoges

o oxhaust

i hardware

1 var{able Index

o precessed 85 orbit at time Ty,

] porigee

Superseripts:

-~

time derivativo
vector

unit vector
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Figure 2, - Argument of latitude measured In initial
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Floure 3. - Optimum Tug trip time from departure from
Tnitial Space Shuttle orbit to return to Space Shuttle -
without perigee propulsion.
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Figure 6. - Tug payload capability - without perigee
propulsion,
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propulsion,
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Flgure 12, - True anomaly at start of second out-
bound burn - with perigee propulsion.
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jectory legs - with perigee propulsion,
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