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LONG PERIOD COUPLING TERMS IN LAGRANGE'S EQUATIONS

Introduction =
In this report the long period terms arising from the short-short period

coupling of zonal harmonics are derived for Lagrange's Equations. The formu-

lation !/ general so that the results are valid for any pairs of zonal harmonics

= ~, emere n and { are arbitrary.

n
Formulas are given to generate the various functions and integrals needed
for the results given in this report. Checks hiuve been made against the work

of Kozal, Reference 1.

This paper is a generalization of that portion of the work of Berger,
keference 2, which deals with the long period coupling effect of certain

pairs of zonal harmonics.
Analysis

Lagrange's Equations

The equations of Lagrange are:
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The Disturbing Function

The short period disturbing function i{: given by

N
Rz 2Z R,
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where QPN = O for n even
2 1 for n odd

~opn L

Liedd

This notation is introduced to Meep the form of the disturbing function

invariant, This we do not need to write separatc equations for Rn for the

cases n  even or odd.

Since we deal with coupling of zonals n and f the function R‘! is

defined similarly to .q_'b were ,u opw and o, are replaced by

.ﬁ',‘;'i"om. ard A, o féw‘/f
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The quantities B_‘ ‘ and a,‘.,‘i are the inclination and
¢

averaging functions respectively and are given in Append'gx 1.

The product [« A (LS in Equation 1, is the average of the
‘%

+
tera (%')“— 'CH(d. 4 z' f) taken over the mean anomaly.

Expansions For Lagrgnge's Equations

The Taylor _ries expansion for a typical Kaplerian element Ei needed

to find thc coupling tormn in Equations (1) is
I

465 (0o [ 33 (1 )+ G948
(3%) G4, +(2f3) M),

M

{i represents the functions appearing on the right hand side of Equations

(1) ior the 1th element. For example for the incifnation

"

Cod 4. R
{ #Jl-a""u 'QM“-;- T:)l

The symbol S' attached to an element indicaces the perturbations in that

element, The subscripts n and .ﬂ pertain to the zonal harmonics considered.




T
General formulas for f'“ ' _}_.(‘_ , and for Yf; are given in
. Iy

appendeéces 3 and 4, J

In Equation (3), (¥=1)(L-1) coupling terms arise. Formulas for the
general J\. - J{ long period term are derived by averaging the juantities
enclosed by the brackets in Equation (3), using the functions defined by the
nppcndéces. The results are functions of of and (3 which are defined in

connection with Equation (2).

It should be noted that long period perturbations due to J‘- Jl coupling
do not occur in the semi major axis. This was proved by Kozal, Reference 4,
His proof while given only for J‘- l‘. coupling can be readily extended for
2 % order coupling of the form J\' Jc « Long period terms in the semi
major axis'a’result from higher order coupling of the form J =-J,.] ,
L R A .
which i{s beyond the .cope of this report. Hovaver for the special but important

-
case for long pe.ifod terms of order J‘. the results of Berger, Reference 5,

are available.

Evaluation of the Expansions For Lagrange's Equations

The mean values of the functions enclosed by the brackets in Equation(J)
are now given for each of the Kgpl@rian elemencs wnder consideration. Since
certain types of trigonometric products recur frequently they are given in

Appendix 5.

In general the functions to be averaged are of the form

2 diana iy L




80 that the average values are readily by means of the averaging

function, @A ., g described in Appendix 1.

Py
When the subscripts of the averaging function are functions of a para-
meter e.g. QVH) §l9) » ther it {s useful to find the maximum value of
)
»? p tn*’. , which will yield noa=-zero terms for the averaging

function., Then *h‘* is found from the relation

) - 14| =0

For example if \7(‘)7 " 5 ‘(1)2 g'l't » then

In some of the series a term occurs In which 4 - ‘L is a divisor,
where k 1is a sunmg@tion index. These series have been derived so that the

correct sum {s obtained by omitting the term for which 4= 4 :-o.

The Inclination Equat’on
The expansion for the inclination equation corresponding to Equation

(3) is given by

Lo (o 38)e [ £ (38 (), + (¥%a) 179, - (5.4
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Using the functions given in thne a:p-:n;‘.lccs‘,

(a:!f}am % ..‘.,., aah ) Z -‘ztw)g 3.,%(75‘ - KA

fhe bers over the functions indicate Avernres over the mesn anomaly and
consejuently define the long period terms,
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Tne funotions of the type ;'1,._ A, etc. are defined in eppendix 2,
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The Lccentricity I uetion
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fhe LZjuntion For tne Lon;itude of the Node

The exprnaion for the node corresponding to iyunation(3) is given by
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Appendix 1

The Inclination Function

A convenient form of the inclination function is ¢’ itained from
Reference 3.
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The Averaging Function

The averaging function arises by first considering the expansion for
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From the definition of the mean value, the function A is given by
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Expressions for the derivates of the coefficients with respect. tu e are

also useful. We find
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The Equation of the Center

The expansion for the equation of the center (f-M) is given by Reference 1,

o
R 3-/-1‘1; -.“;2" *Yrﬂhf’;-




e e e s St s

P
Appendbx 2
Svmbols For Functions
£
: A'( - (3,":) t’oJ“?-ﬁ.J:’
nd!
. \ a (o /
At (?\_: e ( '3!’)
Ae * @y g e B
A” i '-'J’-! (NP’
o
ﬁgp =0
£y« enlBICHR enlhiteBif]
/“_ﬂ A_—Z--——- io..d i x0
Co + et lfir23l) {h 42
24 '
PSR T A VS R Y,,.,&)c.a;,-s Yo ¢ ¢
Dl ;- ,q“f [ - : 2
= (2) | # fatesng] - sen i $le=nq]
x ‘ ?
Dl& o (a!-a an a!-d 4-1) "u“/g
" 7 &1y s
g > {%) 1 [+l W‘.‘, a3 4] =N |
o |
p_l’e s (C’_e_}i¢rl - a_: ,'(_n .,'_,Lf‘ﬂ j{-‘ LZS
r —— — —
0 - coefQe) L oM R | S ———— =
QL LA ‘C"‘C“" ~.‘¢- rn(di: . tnfis 2t ) S
! ; £ Al ent rJ%s oy
y . = PRt _ ~EATa a D .
E 2-typ e (@l luegqeif] o2 5 () e ooler gl
il
- (& M em et 2 )
— ' = = & b =
v {8 Gup tRHIg g T TS
REPRODUCIBILITY OF THE
ORIGINAL PAGE I8 POOR
e = L L




- 3=

POl 405 et ey '

5 FL M ad) - \
+ ('l" d ] - = a2 " \ ': g ¢ ( -I,JI
{ ]

af .\_\.i .‘.’T"("‘ j *et

T . r 10\ o T Wl ae
. - L : s j=¢ a_, -
r ((' 9 / ¥ L ,"5[ i, ?” " o ) *v?" ;.l,»a""i'o"} i
L

6,: { -¢(..uo ‘h J(N . g(af}" ('1-\ 1'} ..-[o{«l(m.ﬂ(]

Vl ’
4 A2
- nu\(’“'f'!“* M”u a " a ()7
t { _"E ("Ej ; 'w) - [ At l\- (ﬂ )\: J
4 {_?_"-‘ (b)) (."\'“J.p c(-\u')ﬁ ‘“'} A t a(’}
DJ."\ M| ‘ 8
oM
. & o (,J —?;?:—-' <) Fm (." 4 {{-'r(_l
(%
¢ {elnan)arig) splid (@ (Y

"
= (-ow\(uu"'fa, (_J__-u.o.u -,“}If}'."_' fat1) :_-_.'-‘-" mi,g.l!od'.‘,’
-f g I & B \‘\__, \A 4 3;{,,(,‘,) } \ 3}
3 att - 1) ' /7
<g1l) (2= 2we- . o, afe) (e e [ (20 ]
{h 1) (o NJ)# t: h"_:d:d; % 1(:‘:} "i'["\".:’;-} \ L i £
v )1'\- \ i 8
s 5! 3 whle o ! e (u‘w-’\)
* (sfgst)vab)ra™_ /o'y nti) [f. AL gl I } OB 17 5
_._.1-.-——-—-" lA- -.-’_——-:-"" e 1 L
4 - e 2
e F & -nr ‘f, e ~1)} co L
He ~{ oy @0l ad, , +201 30 2-0> nj]
-V b’ L i e
2 ? -‘\_} k¢

= -1, cot E T
W. [( )B”‘4 /"\‘t g ] 1-}.\ +e '(.'4 "’4




35 =

Appendix 3

Derivatives of the Disturbing Function
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Appendix &

Perturbations in the Elements
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Some Useful Trigonomatric Identities
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appendgx 2. The prim:d functisn when not -iven explicitly 1s forzed
from the unprimad function, in2m the function hes the subscript n then
the primed function is form-d by raplecing K in the unprinsd function

by « '%i ¢ Similerly, when the function nhes the subreript 1 the primed

function is formed by raplecing ﬂ in the unprimed function by p-.l_i’_.

B‘P'—' f«M = equation of tha center
Bu?w the inclination function
!
qu. the derivetive of Bﬁg with respest 5o sine of i,
P the second derivative of hﬁz_vttn respact to sintSi.

Ja, 2Zonel narzonic of order n
M menn &nonaly
OLL Minction wnicn is zero for 1 even, snd ejuals one for 1 odd.

oLN fur.*tion whicn is zero for n even, and equals one for n odd,

i disturbing function

3¢ di=turhing funetic= eof f£ zonal hermoailoc
d, dAisturbing function of:ﬁ* zonal hermonioc
i functicn da2fined in Appeondix 2
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