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FRACTURE OF COMPOSITE ORTHOTROPIC
PLATES FOR MATERIALS TYPE II

by

Feridun Delale
Department of Mechanical Engineering and Mechanics
Lehigh University
Bethlehem, Pennsylvania 18015

ABSTRACT

The fracture problem of laminated plates which consist of ortho-
tropic layers is considered. The orthotropic material is assumed to be
of type II. Symmetrical cracks are located normal to the bimaterial
interfaces. The external loads are applied away from the crack'region.

Three cases are considered:

a) the case of internal cracks
b) the case of broken laminates

¢) the case of a crack crossing the interface.

A general formulation of the problem is given for plane strain and gen-
eralized plane stress cases. The singular behavior of stresses at the
crack tips and at the interfaces is studied. 1In each case the stress

intensity factors are computed for various crack geometries.

1. INTRODUCTION

In recent years composites have attracted considerable attention
largely because of their favorable crack propagation characteristics
and of the flexibility they offer in designing a variety of structural
components. In sheet structures experiments also show that the use of
buffer strips wifh a relatively low stiffness may help to arrest a prop-
agating crack. The composite hétérials are in genéral anisotropic.
However, because of mathematical difficulties in most of the récent
studies relating to composité laminates, the materials are assumed to
be isotrbpic [1-5]. &an otthotropic strip containing a crack and bonded ’
to two orthottopic half planes were considered in [6,7].‘ The problem of

periodically arranged orthotropic strips containing cracks has recently



been investigated by Delale and Erdogan [8]. In this work it has been
shown that regarding the roots of the characteristic equation orthotropic
materials can be classified as of type I or of type II. 1In [8] the ma-~
terials of both layers are assumed to be of type I. The study of the
elastic properties of orthotropic materials shows that, materials of
type II are as practical as of type I. In the present study it is as-
sumed that the composite plate consists of periodically arranged ortho-
tropic strips of type II. Symmetrical cracks are located normal to the
bimaterial interfaces and the external loads are applied away from the

crack region.

A general formulation of the problem is given for plane strain and
generalized plane stress cases by the use of Fourier Integral Transform
Technique. The resulting singular integral equations are soclved numer-
ically and the stress intensity factors are computed for various crack

geometries.

2. DISPLACEMENT AND STRESS FIELDS FOR STRIPS

The composite plate shown in Figure 1 consists of two sets of
periodically arranged strips of width 2h; and 2hp. Symmetrical cracks
of ‘length 2a and 2b are located normal to the bimaterial interfaces.
The external load is applied away from the crack region. Using the
superposition technique the solution of the actual traction-free crack
problem may be obtained by superposing the solution of an uncracked
homogeneous strip and the solution of a ciacked strip where the self-
equilibrating crack surface tractions are the only external forces
(see Figure 2). For an orthotropic solid the displacements satisfy

the following field equationsﬁ

9%u . 9% 3%v
By oz *oy2 * Py gyox = O
(2.1)
3%y + B 32v + 8 3%u =0
0x2 2 dy? 3 9x3y

where Bi(i=1,2,3) are elastic constants defined in Appendix A. - The
constants Bi have different expressions for plane strain. and generalized

plane stress cases. In our analysis, we will consider the generalized
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plane stress case. But the analysis 1s also valid for the plane strain

case, simply by redefining the elastic constants.

In [8], it has been shown that solutions satisfying equations (2.1),

yield the following characteristic eguation:

4 2 -
s* + 8,82 4B, =0 (2.2)

‘The roots of (2.2) are:

= 1 = -
5, =W + iw, v ( B4+36)/2
s, = m3 + iw4 = V(—B4-86)/2 (2.3)
Sy = -s1 P8, = 7S,

s, and s, are both real or complex conjugates.

The material is defined as type I when both roots are real and as
type II when they are complex conjugates. In [8]Vit has been assumed
that the material of both strips is of type I. In this study, the
orthotropic materials will be assumed to be of type II. For materials
of type II the roots of equétion (2.2) can be written as:

s. =W -+ i
o) 2

s. =W - iw
2 o) 2

where wo is taken as positive. Furthermore noting that
u(x,y) = -ul=x,y) i vix,y) = -v(x,~y)

and u and v vanish when y goes to infinity, for y>0, the displacement
expressions can be obtained by adding the solutions defined by equa-

tions (3.1) and (3.6) of [8].



Thus, for materials of type II the displacements for each strip

or layer are:

SIS

u{x,y) = ! [A(a)cos(wzax)sinh(woax)
o

+ C(a)sin(wzax)cosh(woux)]cosayda

-wo0y/VBs

+

-12; f [E() COS(wzdy//b—.;)e
(o)
-0 0y/VBs,
+ G(Q) sm(wzay)//gg)e Jsinaxda

V(XIY) =

SIS

f:{A(a)[B7 cos(wzux)cosh(woax)

- 87 sin(wzax)sinh(woax)] +‘C(a)[B; coé(mzax)'

cosh(woax) + B; sin(wzux)sinh(woax)]}sinayda

+

%L{E(a) (-8, cos (w,0y/VBs) -By sin(w,ay/VE)]

+ Gl [By cos (w,0y) /VBs) -B, sin(w,ay/vV8) I} -
-w _ay/VBg
e e cosoxdo ‘ ; ~ (2.4a,b)

Differentiating (2.4a,b) and using the stress-strain relations, the

stress expressions for generalized plane stress case are obtained as:

00

Tf(l—\)x AY) X) 0 ‘
N>’ 28 £. 3% 0, (x,y) = J {2a (o) [-0, sin(wyox) *

2B o
. glnh(woux) + Alcos(Qzax) cosh(woux)]

+ 2c(a) [A; sin (w,0x) sinh.(fx.!odx)

+ Azcos(wzdx)cosh(woax)]} acosayda'



+ IO{E(a) [A3_cos(w2ay /VBg) + A4sin(w2ay//§;)]
+ G(at) [—A4cos(w2ay/ﬁ3—‘;) + A3sin(mzozy//é:)]} ¢
-w_oy/VBs |

* e ocosoxdo

'1r(1—\) Vo)
X

2E

, Oy(x,y) = J {2A(a)[-A65in(w2ux) .

. 51nh(woax) + Ascos(wzax)cosh(woax)]

" . .
2C(a)[A5s1n(m2ax)51nh(woax)

+ Aﬁcos(wzax)cosh(woax)]}acosayda

+ fo{z(a)[A7cos(w2ay//§§) + Agsin(w,ay/vVBg) ]

+ Gl [-Ascos(wzay//B_;) + A7sin(wzay//[¥)]} .

-woaY/VBs
e ocosaxdo,
Tr Q0
2ny Txy(x,y) = JO{ZA(Q)[Agcos(wzux)51nh(woax)

- B, ,Sin(w,0x) cosh (W ax) ] + 2C(q)[Agsin(w2ax)'
. éosh(@oax) + Albcos(wzdx)ginh(wéax)]}@sinayda
4 J‘:{E(._a.)[."A...l:l.sin(wz.ay//e._s) +.»A12cos(w2ayv//.'6f§) ].
+ G(a) [Allco.s‘(wéocy/-\/éﬁs')_ f_Alzs'iﬁ(wzoty//B—s.) 1} -
o0/ By :

. -Osinoxda .-
- ' ‘ : : .... . 5 . . . "v, . ; .
Bi,Bj‘andAAk are elastic constants: given in Appendix A. A superscript *

‘will be used for the elastic constants and the unknown functions when



these expressions are used for the second strip.

3. FORMULATION OF THE PROBLEM

The unknown functions A(0), C(a) etc., which appear in the dis-
placement and stress expressions can be determined by satisfying the
following boundary and continuity conditions:

ul(hl,y) = uz(-hz,y) ’

v, (hyry) = v, (-h,,y) (0gy<=) . (3.1a,b)

Tlxy(hl.y) = T2xy(-h2,y) ¢ (0Sy<®) . (3.2a,b)
ul(O,y) =0 , Tlxy(o,y) =0 , (0Sy<®) . (3.3a,b)
u2(0,y) =0 , T2xy(0,y),= 0 , (0<y<®) . (3.4a,b)
Tixy*170) =0 ENA

Tpsey %200 = 0 ENE | ': (3.5a,b)

= - ! <
°1y(xl'0) pl(xl) ' lxll a ,

= < < ) .
v (x,00 =0 , a<|x | . | (3.6a,b)
- Opy (%200 = P, (x)) ENE

v, (x,,0) =0 , b<|x2|<h2 - ' ' ; (3.7a,b)

The conditions (3.3a,b) and (3.4a,b) are satisfied identically. Using

(3.5a,b) we obtain

A ' A

Gy = - 52 E@ and G'@ = - o B . (3.8a,b)

11 " 1l



Defining,
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Bxl

v, (x,,0)
—_——= ¢(xl) such that ¢(xl) = 0 for |xl!>a

and

ov, (x,,0)
—2_2 - ¢"(x,) such that ¢ (x,) = 0 for |x,|>b
dx,, 2! SY . 2" oF 1%l7h

the mixed boundary conditions (3.6a,b) and (3.7a,b) reduce to the follow-

ing singular integral equations:

a d)(t) 00
A14 I o at I {2A(a)[—A651n(w2axl)
~a 1 (o]

51nh(woaxl) + Ascos(wzuxl)cosh(woaxl)]
+ 2C(a)[A551n(w2axl)51nh(woaxl)

+ A6cos(m2axl)cosh(woaxl)]}ada

m(1=-v_ V_ )

Xy VX .
P e -— <
2E Py (%)) actx,<a
and
A* b~¢ © at + oo{21\*(00[ A* i (w*ax )
14 ] X, o R

) * A* * * ]
51nh(woux2) + 5cos(w2ux2)cosh(woux2)
* [A* R * ; %*
f 2C (o) Sgln(mzaxz)Sth(woaxz)‘

+ Y K h(w o) Ttado,
i+ 6cos(w2ax2)cos (u)OOL‘x2 lto.

* *
mT(Ll=v_ v )

= - XA 5 (%) -b<x_<b (3.9a,b)
: * 2772 2 .
2E
Y

Using the continuity conditions (3.la,b) and (3.2a,b), the unknown

: ’ *, . ‘ &
functions A(a); cl{¥) , A (0) and C” (a) are found to be:



A(q) = it»[lel + Ryg, + Rjhy + Rymy

C(a) = g; [le2 + R,g, + Rjh, + Rym ]
A" () =-§: [le3 + Rygy + Rjhy + R ma]
c(w = jt-[&lf4 + Ryg, + Rjh, + R4m4]

(3.10a,b,c,d)

The expressions for Ao(a), Ri(“)' fi(u). gi(a), hi(a), mi(a), (i=1,4) are

given in Appendix B.
Substituting (3.10a,b,c,d) into (3.9a,b), we obtain:

a b
+ I kll(xl,t)¢(t)dt + {bk
-a
'IT(l—-\)x Y x)
S 5’2 2. S

2EyA14

o %, )9 (t)dt

l, tx, 1271

Ja $it)

-a<xl<a

b .
kzz(xz't)¢ (t)dt

t-x

*
Ib ¢ (t)
b 2

a
dat + f k21 2,t)¢(t)dt + J
~b
* *
T(1-v_ Vv )
Xy yX

r -b<x,_<b
A
2B D,

P, (x,) 2

where

0 -Qoa(hl-t)
k (xl,t,a)e do

It

kll(xl,t)

o}

8

*
-w O(h,.~-t)
[o] 2
k2 l,t O)e 4ac

I

k 2(xl,t)

o)

8

-w 0(h.=t)
o 1
ok3(x2,t ;O e dq

*
I - Ot(hz-t)

ko (%508) J
(x,,t,0)e © e

kKyp(%y0t) Ry (%)

The expressions for ki (i=1,4) are given in Appendix B.

(3.11a,b)



The integrands of the kernels kij (i,3=1,2) are bou>ded for all
values of o, but are singular of order 1/0 when 0=0., 1In [8], it has
been shown that using the single-valuedness conditions f ¢(t)dt—0 and

¢ (t)dt=0 the kernels k can be integrated numerically.

4. CASE OF BROKEN LAMINATES

When one of the cracks touches the interface (i.e., a=h1 or b=h2)
we obtain the case of broken laminates. In this case, for example,
for a=hl the kernel k,, becomes unbounded as (xl,t)*thl simultaneously.
Therefore the kernel kll must be considered in two parts:

kll(xl,t) = klls(xl,t) + k . t)

11£'%

where k is the singular part and k

11s is the bounded part.

11f
After some lengthy algebra, the singular part of kll is found to
be:

kllS(xl't) = Fs(xlit) + Fs(-xl,t)

where

Wy (t-x )
63 [w, =3 )]2 ¥ [**(2h -t-x )]7

I
Fs(xl't) A

w, (2h, -x; =t)
64 [w,(2h, - t[F + [wo(zhl-t-xl)]g

+ A

wo(2hl-t—xl)

+ A
65 Iwz(t-xl)]24-[wo(Zhl—t-xl)]z

W, (2h ~t-x,)
Aee Tw, (2 -x —t)]z + [w (2n ~t-x RRE

+ (4.1)

The elastic cbnstants Xj are defined in Appendix A. The governing sing-

ular integral equations then become:

hy | h
1 . . ’ R
[ [ + Ky 05 8V 10(0)aE + f [k, (x00) - klls,(xl,t)]
_hl R B . » : ~hy . o .

9



b TT(l—\)x v )

* X
. + g = ~h, <
p(t)dat [ ki, (%,8)¢ (t)dt S5 A p (%)) -h;<x,<h,
b y 14
and
x .
b ¢ (t) hy b .
[b ron dat + I k 1(x2,t)<b\‘t)dt + [ k22(x2,t)¢ (t)dt
2 --h1 b
* *
1r(l-\)x \ x)
= -
-———;—%}ll—-rb(xz) -b<x,<b (4.2a,b)
2E A
y 14

In equation (4.2b) since the only singular term is —l;;, the singularity

t-x
power is 1/2 at the tip of the crack in the second layer.  But in equa-

tion (4.2a) we have further singular contribution from k 1s’ which may

lis
result in a singularity power different than 0.5. To find this singular-

ity power Yy, let us first write equation (4.2a) in the form:

L 1 [ 1. k.. (x,t)]J¢(t)dt = P_(x,) =-h <x <h (4.3)
Tl tex 11s "1’ 171 1711 :
1

where Pl(xl) is a bounded function for all values of x

Assuming P(t) = —%42%277 and following the procedure described in

1°

[8], the following characteristic equation is found from which the sing-

ularity power Y can be determined:

A : w
, 67 1 -1 %
H{Y) = cosTy + + cos(2ytan = — ) °*
g (WItRI AL Wy
1
* Loprgso rgs] - @Z+w2) X
. sin(2ytan t ——o[ +wor l=0 (4.4)

o 63 2765

For practical orthotropic materials equation (4.4) has only.one root

between O and 1.

5. CASE OF A CRACK CROSSING THE INTERFACE

To formulate this problem we shall first consider the crack config-

uration shown in Figure 3.  Noting that,

10



b * v) x
I kiz(xi,t)¢ (t)ydt = fOEkiz(xi,t)-kiz(xi,-tﬂ¢ (t)dt (i=1,2)

b
and
*
b ¢ (t) b 1
[b t—x2 dt = Jo [t-xz t4x ] ¢ (t)dt

the governinyg singular integral equations for this case can be written

as:
2 () a
=a 1 -a
T{L-v_ v )
=" T5E A X Pl(xl) ~a<x,<a
v 14
and
= ] i
oy ¢ (t)yat + [ x,,t)¢(t)dt
c t%, t+x2 *211%;
b . T(1-v._V x)
+ I [kyn (2,0 €) =Ky (x,-8) 19 ()AL = - — T T2 o<x <
2 2
b 2EyAl4

(5.1a,b)

If a=hl and d=h‘2 all the kernels kij(i,j=l,2) in (5.1) become unbounded
for (xl,t)=-_!-_hl and (xz,t)=h2 simultaneously. Therefore, the singular

part of kernels ki‘ must be separated. The kernels can be written as:

where ki. is the singular and kijf is the bounded part of kij' The

expressions for the singular part of each kernel are:

k (Xlr t)

11s Fs(xl,t) + Fs (fxl,t)

k .(xllt) GS (xllt) + ‘GS(_xllt)

12s

11



i

kzlS (szt) Hs(let)
k22s(x2't) = Is(xz,t)
where

Fs(xl,t) is defined by equation (4.1)

and

* -
1 w2 (hl-xl) -m2 ‘hz-t)

Gs (xl't) =

*
w, (h,-x)+w, (h, -t)
+ ) 2771 71 272

82 * 2 * w4
[w2 (hy =x, ) +W, (h,~t) ] +[wo(hz-t)+wo(hl-xl) ]

*
w th, -t)+w (h -x.)
+ A o2 o 171

83 * o Z * —~ Z
[wb(hz—t)+wb(hl-x1)] +[w2(hl-xl)~w2(h2-t)]

*
o w (hz-t) +m°(hl-x1)

84 * -t * 2
[mo(h2-t) +_ ()X, ) 1 -}u-[w2 (hy =%, )+, (h,~t) ]

*

A
81 * 2 p ¥
58 { [wz(hl—xl)-wz(hz-t)] +[w°(h2-t)+wo(hl-xl)]

|

2

1 w2 (hz-xz) -, (hl—t)
s 2 Aes 1 73 [0 (h.-x.) 0. (h.~t) I +[w_(h.-t)+0 (h.-x.)]
2772 72 271 = To 1 o2 72
* ek )+ (ho=t)
. w -X -
e 2 (By=%,)+W, (hy=t)

: . 2 T % Zz
7% [w) (h,mx,) 40, (b -6 1 +[w_(h ~t)+] (hy=x) T

*
o mo(hl-t) +wo(h2-x2)

75 * 2 * . 2
Ly (g sy () T2 05 () iy =01 ]

* ;
i wo (hl-t) +u)° (hz-xz)

12

76 * 2 * 2 ‘
7 Loy (hy =) ug (hyx)) T+ [w, (hy-x,) 40, (hy -t) ] } :



*
w, (t-x,)

1

I (x_,t) = ——<A

s 72’ A 89 * 2 * 2
68 [wz(t-xz)] +[wo(2h2-t-x2)]

*
. w2(2h2—x2-t)
a0

* *
[w2(2h2—x2—t)]2+[wo(2h2—t—x2)]2

*
wo(2h2—t-x2)

+ A
o1 * 2 * 2
[wz(t—xz)] +[w°(2h2—t-x2)]

*
= wo(2h2-t-x2)
92

> R —7 (5.2a,b,c)
[wo(2h2-t-x2)] +[w2(2h2-x2-t)]

The singular integral equations then become:

hjy 1 hl ,
J [ + k ls(xl't)]¢(t)dt + J kllf(xl't)¢(t)dt

t-x -1
-hl 1 =hy
. + . kIZS(xl,t)¢ (t)dt + . klzf(xl,t)—klz(xl,—t) p(t)dat
T(1l-v Vyx)
= Xy
L= - p, (%) ~h.<x.<h
1
2EyA14 1 17171

and

hy hy
1 1 . *
Jc [E:;; + t+x2]¢ (t)ydt + J kopo (X t)0(t) AL

_hl
hy  thy .
B f kprg(XprB)0(EIAE +,J Kypq (X,,£) 0 (t)dt
_hl c
* . %
hy | . T(1-v_ V. ) .
» ) B ae == - p, (x,)
* [kppe (Xprt) kyy () =t) 10 (£) — I (x,
c R : 2B A
Sy 14
c<x2<hq o (573a,b)

13



To find the singularity power at the interface, assume:

*
b(t) = __ELEL_E and ¢*(t) = F ét) 3
(hi-tz) (t-c) " (h,=t) "

Considering the singular parts only, equations (5.3a,b) can be written

h
1 (1 1 . 1 f *
. J [t_xl + klls(xl,u)]¢(t)dt + T ] k S(xl,-t)¢ (t)at

= -h,<x, <
Ql(xl) h1 Xy h1

and

h h2
1 {1 1 1 *
- Jh ky1g(Xprt)d(R) At + & L [—————‘___x2 + kzzs(xz,t)]cb (t)at
M

= Q2(x2) c<x2<h2 (5.4a,b)

1 and x2.

Following the procedure described in [8], one can obtain the charac-

where Ql(xl) and Q2(x2) are bounded for all x

teristic equations as:

cotmd = 0
and
A
A(B) = [cosmB + 87 + A cos(A. B) + A _sin(A__R)] *
: : A58 94 26 95 96
g3 ' Lo
. [cost fvi—— +vk108cos(XlO7B) + AlOQSLn(K107B)]

68 '

- Kllo[kggcos(kg78) + lloosin(X97B? +,Xlolcos(K988)

+

X{ 5,510 (AgB) 1x

102

l03cos()\978) +'A104Sin(kg76)vv

14



+ Aloscos(AgdB) - Alossin(xgde)] =0 (5.5a,b)

Equation (5.5a) gives the expected 1/2 singularity power at the crack
tip. But eqguation (5.5b) is rather cpmplicated and its handling needs
care. In [8]~it has been shown that for some orthotropic materials of
type I there is no singularity at the interface. This is also a possi=-
bility for materials ofjfype II. Por practical materials equation
(5.5b) gives a root between O and 1. In deriving the characteristic
equation: (5.5b) one may note that there is a relation between F(hl) and
F(h,).

. ;
.alF(hi) + azF (h2) =0 7 (5f6)

where

a, = - —— [ n6+£§l+>\ s (A B) + A sin(A, B) ]

1° g Leosme * ¥ 94°°%9¢ 95711 g¢
(Zhl) 68
and
B
1 *
a:

2 - *2 *2
Agg/Byc (0 +wy)
f[kggcos(X97B) +-Aloosin(k976)

+ AIOICOS(AQSB) + Xlozsin(lgsﬁ)]

This is a condition to be used in obtaining the solution.

6. THE SOLUTION AND THE RESULTS

6.1 Case of Internal Cracks

In this case the governing equations are (3.11la,b) with the single-

valuedness conditions

a : b -
I ¢(t)at =0 , f ¢ (t)at =0 .-
~a =b ’

15



The singular integral equations can be solved in a straight-forward
manner by using the Gauss-~Chebyshev integration technique described
in [9]. 1In fracture problems one is generally interested in the stress
intensity factors which can be expressed in terms of the density func-
tions F(t) and F*(t). The stress intensity factors are defined as
follows:
For a<h1: k = 11#121 /i—(;;:a_) Oly(xl,O)
(6.1la,b)

and for b<h.: k lim v2(x,-b) o, (x,,0)
2 2 2y 72
X 2-*}.)

b

By making use of (6.la,b) and equations (3.1la,k) after some algebraic

manipulations we obtain:

A14E va. ¢
ey —=2Y (1)
a (I-v_ v ) o
Xy 'YX

w
]

* *
AlEYD
= —_—
k= -2 ——%— F_(1)
(1-v_ v_)
Xy yX

where the index "o" denotes the normalized quantities. The loads 1
p, are not independent. Assuming that there is no constraint in x
direction, Py and P, satisfy the following relation:

Py

Py

Mm*kl!:l

In the ¢omputation the following material combination is used:

Material of the first‘strip:

3.1x106 psi (21.3745x10° N/m?)

=
]

E = 9.7x10° psi (66.8815x 102 N/m?)

il

G,, = 2.6x10° psi (17.927x10° W/n’)
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*

v, . = 0.200
Xy

Material of the second strip:

E, = 2.5x10% psi (17.2375 x 10% n/m’)

B, = 2.5x10° psi (17.2375 x 102 N/n?)
Gy = L 10% psi (6.895x10° N/m2)

V. = 0.760

Xy

CRAtet TP hed

By letting a, b, h, or h2 go tovproper limits or choosing the materials

1
close to isotropic, one can recover all the special cases done in [5],

' [6] and [10].

Figures 4 and 5 show some of the computed results. In Figure 4
the stress intensity factor ka is plotted versus h2/hl for the case
=0 (i.e., there is no crack in the second strip).  For h2=0 one re-
covers the results for collinear cracks imbedded in a homogeneous me-
dium. When h2+m, ka reaches an asymptotic value which can be found in
[6]. Figure 5 shows the stress intensity factor kb for the case when

a=0 (i.e., there is no crack in the first layer).

6.2 Case of Broken Laminates

In this case the solution may be obtained by considering equations

(4.2a,b) and the single-valuedness conditions

hy b .
I d(t)yat = 0, [ o*(t)ydt = 0 .
h, b

The singularity power 7y at the bimaterial interface is obtained from

the characteristic equation (4.4). The singular integral equations

are solved by usihg the numerical method described in.[9]. For this

case the Gauss-Jacobi integration method is used and the fundamental

3 ‘ functions are the weights of Jacobi Polynomials (for more details see

[8]). The stress intensity factor is defined as:

17




For a=h.: k = 1lim 2'(x.+h.) 0. (x_,0) (6.2)
> 2 2 2y 2
X,*=h,

Using definition (6.2) and equation (4.2b) ka is found toc be:

28 A h.Y ’w2+w2 Y r
K = - y 14 1 2 0 fe) .

a Wy 2, 2 J'*Z *2) A sinTy
(1 vxyvyx) (woawz) W, +0_ J 68

-1 @ 1Y
cos[Yy(tan I~ + tan az)](wzk73-wok75)

*

% %
+ sin[y(tan a;-+ tan Zz?] (-wok73—w2k75)

*

W
w -
cos[y(~tan m% + tan 1 Z%ﬂ] (-w2174—wok76)

+
1 W2 1 w;
+ sin[y(~tan a;-+ tan ZFO] (-wok74+mzl76) J
o

Figure 6 shows the variation of ka when the first laminate is broken.
The variation of kb when the second laminate is broken is shown in

Figure 7.

6.3 Case of a Crack Crossing the Interface

For this case the equations to be solved are equations (5.3a,b),
the single-valuedness condition ££i¢(t)dt=0 and relation (5.6). The
singularity power B at the interface is obtained by solving equation
(5.5b) numerically. Using the Newton-Raphson method for the material

combination considered it is found that

B = 0.0852.
Forvthe solution of the singular integral equations again the Gauss-
Jacobi Integratibn Technique described in [9] is used. In this case

the fundamental functions are the weights of Jacobi polynomials. The

stress intensity factors can be defined as follows:
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kb = }3_;;1;% v’2(c-x2) 02y(x2'0) (6.3a)

and at the bimaterial interfaces

B Ny
Glx(hl,})

k = lim vy
XX Y_)o.i.

_ . B (6.3a,b)
kxy = lim vy Tlxy(hl,y)

y»o*

By making use of definitions (6.3a,b,c) and after lengthy algebra we obtain:

* *
2A. B
— *
= 14 y vho—c F_(-1)
B * & 2 Ko}
27(1-v_ v _ )
Xy ¥X

 2E /“" h Be (1 w
i (TNt
Xy yX l 27 sinmR/2 o
.- Man | Mgt gt \
2 :
>‘11,3 (wo+w2)
' A (-0 A, W, A )
_l [0
+ sin(Btan 63)(’ %;2 . 0115 27114 ']
"o 7\113((» +m )

(/%) 6/2(1'1 -c)BF*(:L)
26 i

* *
Lty 740260

+
smTrB/Z(m +us ”‘113
*
—.l w
cos (Btan o =)+ (- wox117 21116)

*

-1 W.
« sin(Btan ! —é )] L
| wy |

y.

and V ;

s </“)B/2 Sr @ o,

kx =2G < B 5 sin(Bftan 5—)‘

Y xy { 2 cosmB/2 ' L o

S 1 { ’ 1 mz
Fo——— e (=A +X. . cw,)sin(ftan T —=)
119 o 11872 Wo'

A113(@o+w2)
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+ (A W +A ) (Bt L2
11942 11887 costbEan = 57
/B9 2 0,-01 b5 ) [ * .
. . (=Aow +A . W)
B"'!i , *2 *92 12170 "120°2
27 “cosmR/2(w, o, )All3
UJ*
L -1 % * *
sln(Btan ;o;) + (>\121U)2+A120wo)

*

-1 W
cos (Btan —%0]
Wo

Figure 8 shows the variation of kb with c¢/h,, for different values of
(hl/hz) ratio. kb increases as (hl/hz) increases. Figures 9 and 10

show the variation of k__ and k__ with respect to c/h,.
XX xy 2
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APPENDIX A

Definitions of the material constants: A superscript * will be used for

the material in the second strip.

E

B, = X

1 (1-v. v )G
Xy YX Xy
E

B = Y

2 (1-v_ v )@
Xy ¥X Xy

3 yX 1l

2
. - 83-6182—1
4 Bl

B
By = 7

1
Bg = VB,=4B;
s, = Wy * iw, = V(—B4+B6)72

s, = - iu, = V(BB 72

2 = % 5
B, = :ziii = B.', + 15;
By =‘léiiz§ B, - is;
‘%=§§EB£§+%% ?%*ig
Bro - L ﬁ_.Bl/B:.; _f?: RN
' By ‘L, S2 _‘,/.'BE: 9 9
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10

11

il

12

13

14

L}
w, + \)yxB7

Wy + VoBy

\) " [}
1+—y—x-(-89w+6m)

/E; 2 "90
.\_)YE ] ‘"
Ve (89w2+69wo)
mo Xy + B7
mz\)xy + {37
v+ - (w B'- B"w )
Xy ,/B"S' o9 972
A

l ] ” _ ‘—4—
7;_5-5_ (390.\2"' ngo) = Vo
-1 + woB., - “’287
wy By +w B,
B
/B, o

w '
- _i + 89

/Bs

B! Alz "

9 All 9

A
1 12
2A13 (A7 + A1 AB)
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10

11

12

13

14

15

XIG

17

18
A
"19

A
20

- <AL A

8085 -A3Al

*
271071

*
=ALAL A

271072

*
107171

.
“10 1A2

AlOAl -84,

= =A A =A_A

1072 "T971

Ara “AgMs
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}\28
29
)\30
31
32
)\,33
)\34
35
)\36
37

38

A5A14'-A16A13 = a0

“Aghig tApAs + Ahig - Aoria

“Astg = Apghy * AA g+ AgP1a

Aghip = Apghy = Ay, ¢ Agris

ALA

8h13 * A7t = Aghs - A2

9 14

1411 ~ “19% T ‘20
Mot = Mg

AgMig = Moty

Aor1g = Midyg

Meto T datg

Metr T Aghyg

B;Alz L

Aghy = 8'7[7‘17

Aghy - B’./)‘17

3166; Mgy

A163;_' Agly
Maty T Aoy, = Ay



39
40
41
42
43
A
44
45
2
46
A
47
48
A
49

50

A
51

o852

A
53

54

.55

56

" B0 26

“A 0 A

14" Mo

M5 Mo

*
Mﬂ%f'ﬁ%nMG

“M780

*
“A A . — ALAL LA

3716 2710717

-A9A3 + MLA A

27108

Aghiq

T
Adg + A0 R

b0 e
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M6

*s7 = Ep

Agg = D14 Pg0 + Ayg * Ayg)
- - 1

Asg = B gt 0)B16h17 = 7 B Pyetiyg)

FANLA 22 A A O 4h )AL+ LA
6734724 g T %5%16'%aa™ M1 %17 Y T B5 s

wp
* B Agatryg) Boy o
A= =A (A__+x )A LA o0+ A

60 626 40’716 ~ 4 "6'"46 "a8'"19

= BBy gpthgy) = Ahg Ay

1
AA GOy thy ) 7 ARyt ) B g

+ D50 A0 A0 = By ¥Ay) B, )

= 1 '
Aor = BePagthgy)Bi6lyg + 7 BgRysthyy)

.
2
* Bebyy Pggthgs) oo + Bsbighagthyg) by

FEA L) - AN A 22
2 “5'"46" a8 534724 W

A=A (A 4+x A —1—‘-A6(>\

62 = P6ttatM1'P16 T 2 YA

astrg7 b9

+ AG‘A’2 Ao A )= A (A_+A,)A

251" "853 6 57" 35’ %24

; |
*h50gha0 s + 7 B hagthag) bro

At gy * Behaslay

Ae3 = “Psg T Pe2

hea = TAsg e
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= =AY (O AL YA A

1 ,*
A 6Magthap) 81 6hyg + 7 B (B 02 5+ s
A Or ) 2 AR A
= BBagPazthyg) g ¥ BsPre(Aarthag) 7
1 * * 2
= 7 DsQyethag) * Bstagbos o
r = Y0l b+ Lt A A A
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+ B ygha9 b6 - aBsRaethag) hro = PsPsa s a2 T
73 = eo f'k72
Aoy = heg *t Agp

69 .
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A

65 60 ¥ %61
Aee = 260 * 61
A A wy Wo
67 64 wi+w: Aee W2+02
2 o 2 o
A =AY (O #A 42
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oo = ~BgAagthsglhighis * 7 B yetiyg)
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75 7207 M
Ae = Ao * Ay
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Mg = “BePagtryg) A1 ghi g + T 85 (P yethyg)
*
*wz * %
* Behaatobyg gx ¥ BsPieli7Paatay)
*
LA (0 42 A O th At 2
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Mg = “BePyethgg)Big + 7 86 Pyetrag g
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A (O +AIAAT -
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57 3572724
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1
6P aatP 1) 8y68y7 — 7 BeAysthyy)

*

Mg = A

W

* 2
Ao gtAgs) GE

L ) w*

A O A I =LA #h ) - AN AN 2
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83 78 79
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* * %
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W
1 % LAk * 2
"7 %6 Myet Mg A6t 3a7 ot wy
. *
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- A_A, (A +2_)A - = A (A, A FAL ) = A_(A AL )AA
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APPENDIX B
Expressions of the functions used in-equations (3.10a,b,c,d):

A (o) = Azo(hz(a)+m2(a))(f*2<a)+g*2(a))

+

(A24f(a)h(a) + kzsf(a)m(a) - Azsg(a)h(a)

+

Xy, (0m(@)) (g* @Ih* (@) = m' (W€ (@)

+

(Azzg(a)h(q) - Azzf(a)m(a) + l23g(a)m(a)

+

* * * * g
)\23f(a)h(oc)) (m (a)g (o) + £ (a)h (a))

+

A26(gz(a)+fz(a))(h*z(u)+m*2(a))

A16 a
Rl (a) = —a— 1a{Al7COS[U)2C1(h1"t)]

-woa(h ~t)

o+ sin[wza(hl-t)]}e d(t)dt

*

A b
16 * *
+ - J {Al7cos[w2a(h2-t)]
~b
*
-0 a(hz—t)

+ sin[w;a(hz-t)]}e 6" (tyat

a
=L - .
R2(0£.) = 401'[ {cos[Q2a(hl 8] + A19
-3
-mo(hl-t)ot

sin[wza(hl-t)]}e d(t)dt

1 b . % : * *
- 7a f {cos[wza(hz—"t)] + Algsin’[wza(hz—t)]} .

*
. -w (h =-t)o .
e © 2 Mpat

1

a _ -wo(h -t)a
I sin[wza(hl-t)]e ©od(t)dt

34



-w*a(hz-t) N
¢ (t)dt

AE A, b
-2 l—[ sin[w;a(hz-t)]e

a w !
e n— __2. - - 3 - .
R () = f {wo cos[w2a(hl t) ] 51n[w2a(hl t) ]}
-a
= _o(h,-t)
e ° 1 Tomat
* *
AA b w
2724 2 L »
5 Ib { Z)-:- cos[(»zoc(hz-t) ]- 51n[w2u(h2-t) 1}
*
-U) a(hz"t)
e © ¢" (£)dt

+

‘ *2 *2
fl(a) = (h »(q)+m (a))(kzéf(a)~l44q(a))
}\ )\ * * * *
+ 4oh(06)- 4]_m(Ol))(f (0)h (a)+g (a)m ()
A N * * * *
+ 43h(oc)- 42m(ot))(f (a)m (a)-g (o)h (a))
g, (@) = (£ 2(a)+g 1)) (A, h(0) -, m(a))
1 46 45
* * * ok A A
+ (f (o)h (a)+g (@)m (o)) ( 48f(oc)- 47g(oc))
* % * *
+ (f (a)m (a)-g (o)h (a)) ()\sof(oc)—)\49g(ot))
ho(0) = (£ (a)+g (o)) (A A
l(a) = (f (a)+g (o)) 52h(oc)-- slm(ot))
* * * *
+ {f (h ()+g (d)m (a))(k54f(a)-xs3g(a))
* * * * : L . '
+ (£ (o)m (0)-g ()h (a))(ksef(a)-Kssg(a))
_ }\ *2 * 2 » |
ml(a) = = 57g(oc)(h (a)+m  (a))
£ (o)n" "o * (@) (L. h(a)+A..
- (£ (o)h (q)+g (aym () ) ( 34 (o) 35m(ot))

o et ea (it .
= (£ (@m (@) =g (Wh (a) (A, h(a)+Xr, m(a))
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%2 *2 N X
fz(a) = (h (o)+m (0))( 44f(Ot)+ 26g(a))
* * * *
(A4Om(a)+l4lh(a))(f ()h () +g (C)m (a)z
* * * *
+ (A42h(u)+k43m(a)}(f (0)m (a)-g (0)h (a))
* 2 * 2
92(00 = (A45h(a)+l46m(a))(f (W+g ()
* * * *
+ (A47f(a)+)\489(a))(f (bh (a)+g (a)m (q))
* x * *
+ (A49f(a)+ksog(a))(f (adm {a)-g (a)h (a))
*2 . *2
hz(a) = (ASlh(a)+A52m(a))(f {ad+g  (a))
’ * * * *
+ (A53f(a)+A54g(a))(f (adh (a)+g (a)m (o))
* * * *
+ (Assf(a)+A569(a))(f (odm (a)~g (a)h (o))
. } * * * , *
mz(aF4A35h(a)-A34m(a))(f (adh (a)+g {adm {(a))
‘ " * * * * ‘
+ (yghla)-A m(a)) (£ ()m (a)-g (a)h (a))
R ) *9
¥ A57f(a)(h (a)+m - (q))
* * 2 2
f3(a) + (A27f (a)+A289 (a))(h (o) +m (a)).
+ 07 (@) O (@B (@A, El@Imi) = Ayga@hla) + Ayga@mic))
f m*(d)(X3if(a)h(a) f.l32f(d7m(a) - A329(a)h(a) + A3lg(u)m(a))
g la) = fAlO{f.(a)(-Al4g(a)h(a) + Xl4f(a)m(a)

- Alsg(a)m(a) - Aisf(a)h(a?)
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+ g*(a)(Alzf(a)h(a) + A af(@m(o) - A g(a)h(a) + A, g(a)mia))
=A@ + Am (o)) (g2 (@) + £2(0)) ]
17 16 g
x
hy(o) = Alo[f (a)(-AGg(a)h(a) + Aef(a)m(a)
- A gl@m@) - A E@h@) + g*(a)(x4f(a)h(a)
+ xsf(u)m(a) - Asg(a)h(a) + A4g(a)m(a))
2 2 * *

+ (£7(0) + g (@) (Agm (@) = Ash ()]
: = * 2 2
m3(a) = 2359 () (h () + m (a))

*
+ h (a)(k34f(a)h(a) + k35f(a)m(a) - A35g(u)h(0t)
+ }\34g(a)m(oc)) +m (0!.)()\361:'(0!.)1'1(01.) + l37f(0t)m(00
- )\;37g(ot)h(ot) + )\36g(00)m(0t))
£ = (h2 200)) (A £ (& A g (Q
4(Ot) = (h°(a) + m“(a)) ( 38 (a) + 369 (@)

* A £ o) - A £ o
+ h () (- 31 (a)h(a) - 32 (OYym(Q)

g ) *

+ X3zg(a)h(a) - A3lg(a)m(a)) +m (u)(kzgf(a)h(a)

+ lsof(a)m(ot) = A (o)h (o) + )\zgg(oc)m(a,))
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g,(0) = AlO [£ (@) (A, £(@h(x) + A £(A)m(0)

= AR + Apg(@m@)
+ g (@) (A ,9(0)h() - Ay El@)m(e)

e FRrE + A ggl@m(a) + Alsfga)h(u))
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2 2 * *
+(f°(a) + g (a))(llsh (@) + )‘17’“ (a))
*
h, (@) = -Alo[f (@) (A, £(@)h(0) + A f(aIm()
“Agg(0h(0) + A, gl@Im(a)) + g*(a)()\Gg(a)h(a)
-AGf(a)m(a) + A.,g(a)m(a) + A7f(a)h(a))
+ (£2(0) + g®() (Agh" (o) + xgm*w))]
_ A * 2 2 *

my (@) = -A £ (0) (h* (@) + m*(0)) + h (o) (
>~37g(a)h(a) - A37f(a)m(a-) - A3Gg(a)m(o¢)

A * A
= A E(@h(®)) + m (&) (A . g(0)h(W)

+ A35f(a)m(a) + A34g(a)m(a) + A34f(a)h(a))

f(a) = °°S(w2ahl)51nh(woahl)

gl(a) = 51n(ubahl)cosh(woahl)
= T A

h(a) cos(wzahl)cosd(woﬁhl)

m(a) = sin(wzahl)sinh(wouhl)

* * R
£ (a) —’cos(wzahz)Sth(woahz)
* . * *ah
g (o) = sxn(wzothz)cosh(w0 2)
* * ) *
h (o) = cos(wzahz)cosh(woahz)
* . * . ;* \
m (Q) = 51n(w2uh2)31nh(wouh20
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5

The expressions of ki(i=l,4) used in eguations (3.1la,b):

_ 1 A .
kl(xl,t,a) = A14Ao(u) {2f A651n(w2axl)51nh(woaxl)

+ Ascos(wzaxl)cosh(moqxl)] . [fl(cx)A16
(A ,c08 [m a(h -t)] + 51n[m a(h -t)])

(a) (cos[w a(h -t)] + A s1n[w2a(hl-t)])

+ hl(a)A22(sin[w2a(hl-t)])

W
2 .
+ ml(a) A24 (E; cos[wza(hl-t{] - 51n[w2a(h1—t)])]

+ 2[A5sin(w2a=zl)sinh(woaxl) + bgcos(wyox, )

cosﬁ(woaxlS] .

+ e, (@b,4(8, jcos[wyatn -0)] + sinlw,ath -0)])
L) 7 (cos[w afh-t)] + A s1n[m2u(h1—t)])

+ hz(a)Azzsin[mza(hl-t)] + my (W, (

w
2 cos[w

o a(hl-t)] - sin[mza(hl—t)])]}k

2

kz(xl't o) = m { ‘2[4-A6sin(m2axl)

51nh(woaxl) + Ascos(wzaxl;cosh(womxl)]-

* . *
[£ (a)Ale(Al7cos[w2 a(hz-t)] + sin[wzu(hz-t)])

(a) (cos[w a(h -t)] + A 515[m;a (hz-t)])
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Ar X sinfw,
-h, (@) 4, ), sinfw,a(h,-t) ]

*
(L)

+m (a)A2A24(~T cos{w a(h, -t)] - sin[w;a(hz-t)])]

+ 2[A551n(w2axl)51nh(woaxl)

+ A cos(w ux )cosh(w ox )] [£ -u)AlG(Al7 .

cos[m;a(hz-t)} + sin[w;a(hz-t)])

g,(a) 7 (cos[w a(h, -t) ] + A sin[w;a(hz-t)])

* *
hz(a)A22A151n[w2a(h2-t)]

*
w

x W *
mz(u)X2A24(a§ cosfwza(hz-t)]

+

*
51n[m2a(h2—t)]ﬂ}
B 1 * *
k3(x2,t,OL) = m {2[—A6 51n(u)2cxx2)
1470
. * * * *
51nh(woaxz) + AS cos(w2ux2)cosh(qoax2)]
[f3(d)Al6(Al7cos[w2a(hl—t)] + sin[wza(hl—t)])
+ 9,(@ Feos[wyath, -0 ] + A gsin[w,a(h, -t) ] )
+ h3(a)A2251n[w2a(hl—t)]
wp . '
+~m3(a)A24(E; cos[wzu(hl-t)] - 51n[m2a(hl-t)])]
* * *
f{2[A5 sin(w,0x,) sinh(w_ox,)

* : * %*
+ Aecos(wzuxz)cosh(woaxz)] .
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y [f4(ot)Al6(Al7cos{w20L(hl-t)] + sin[wzot(hl-t)])

A T (cos[m a(h -t)] + 4, 51n[w o (hy -t) )

+

+

h, (@4, sin[wath -t) ]

+

)
m, (a)A24 (5; cos[wzoc(hl-t)]

sin[wza(hl-t)])]}

* *
'k (let o) = Z;ZKZT&T-{Z [—A651n(w2ax2).

i nh * * * *
sinh(w 0x,) + Ag cos(wzocxz)cosh(woaxz)] .

* *
Ms (a)AlG(A”cos[mza (h2-t)] + sin[mza(hE-t)])

1 . : *_ * . *
g, 0) F ‘cos[wza (hz-t)] + A1951n[w2a(h2-t)])

* *
h3(a)A22A151n[w2a(h2-t)]

*
(D

m (a)12A24( " cosrw a(h -t) ]

+

. *
51n[w2a(h2-t)])]

+

Z[A* . * . *
5 s:.n(wzaxz)sxnh(woaxz)

+

A* *u * ]
6 cos(uo2 xz)cosh(moonxz) .

[f4(a)A (A cos[m a(h, -t) ] + 51n[w a(h, -t) ])

2 7 (cos[w a(h, -t) ] + A slh[w;a(hz—t)])

X * - %
h4(a)A22A151an2d(h2—t)]

*

+

(2 cos[ufath -t ]
m (a) 2854 (Zg-cos wza(hz-txl

. *
sln[w2a<h2—t)])]}
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.Figure 1. Geometry:pf the composite plate.
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Figu}e 3. Initial geometry for the case of a

crack crossing the interface:
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Figure 5. The stress intensity factor ky for the crack in buffer strip
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Figure 6. The stress intensity factor ky when the first laminate is
broken.
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Figure 8. The stress intensity factor ky, for a crack crossing the
interface.
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 Figure 9. The stress intensity factor kxy for a crack crossing the

interface.
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