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I. Analysis of the Continuous-Data Instrument Pointing System
 

The objective of this chapter is to investigate the performance of
 

the simplified continuous-data model of the Instrument Pointing System
 

(IPS). Although the ultimate objective is to study the digital model
 

of the system, knowledge on the performance of the continuous-data model
 

is important in the sense that the characteristics of the digital system
 

should approach those of the continuous-data system as the sampling period
 

approaches zero.
 

The planar equations which describe the motion of the Space-lab using
 

Inside-Out Gimbal (IOG) for the pointing base are differential equations
 
1
 

of the fourteenth order. A total of seven degrees of freedom are
 

represented by these equations. Three of these degrees of freedom (Xs, Zs,
 

P ) belong to the orbitor, and three degrees of freedom (Xm, Zm, Y) are
 

for the mount, and the scientific instrument (SI) has one degree of free­

dom in 6.
 

A simplified model of the IPS model is obtained by assuming that all
 

but motion about two of the seven degrees of freedom axes are negligible.
 

The simplified IPS model consists of only the motion about the scientific
 

instrument axis, c, and the mount rotation T. 
The block diagram of the
 

simplified linear IPS control system is shown in Figure 1-1.
 

In this chapter we shall investigate only the performance of the
 

continuous-data IPS control system. The signal flow graph of the
 

continuous-data IFPS control system in Figure 1-1 is shown in Figure 1-2.
 

The characteristic equation of the continuous-data IPS is obtained
 

from Figure 1-2.
 

A = (I - K4K6)s
5 + (K2 + KIK 7 - KI K4K7)s4 + (K - KK4K7 + KK7 + KI K2K7) 3 



, 

0-
 ' 
 Compensator 
 /
 

Compensator = I for rigid-body 
study 

Figure T-1. Block diagram of simplified linear IPS control system.
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Figure 1-2. Signal flow graph of the simplified linear
 

continuous-data IPS 
control system.
 



+ (KIK 7 - KK 4 K7 + KIK3K 7 + K0K2 K7)s 2 + (KIK 2 K7 + KoK3 K7)s K K3 K = 0 

'I-I) 

The system parameters are:
 

KO = 8 x i0 n-m
 

KI = 6 x 104 n-m/sec
 

K = 0.0012528
 

K = 0.0036846
 

K = variable
 

K4 = o.80059
 

K = 10798.49
 

K6 = 1.1661
 

K = 0.0000926
 

Equation (1-1) is simplified to
 

5
s + 16 .704s4 + 222.63s3 + (1.706 + 27.816 105K )s2
 

+ (4.11 + 174.7 1O- 8 K )s + 513.855 10- 8 KI = 0 (1-2) 

The root locus plot of Eq. (1-2).when KI varies is shown in Figure 1-3.
 

It is of interest to notice that two of the root 
loci of the fifth-order
 

IPS control 
system are very close to the origin in the left-half of the
 

s-plane, and these two loci are very insensitive to the variation of K,-


The characteristic equation roots for various values of K, are tabulated
 

in the following:
 

KI ROOTS
 

0 0, -0.00314+jO.13587, -8.3488+j12.3614
 

104 
 -0.0125 -0.00313984j0.135873, -8.3426ojl2.3571
 

1O5 
 -0.1262 -0.0031342+j0.135879, -8.28577+j12.3192
 

106 -1.38146 -0.0031398+jO.135882, -7.65813+jill.9457
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K ROOTS
 

2X)o 6 -3:08107, -0.00313629+j0.135883, -6.80833+j11.5845
 

5xlO6 -9.07092, -0.00314011+_jO.135881, -3.81340+j1.7806
 

2xlO 7 -19.7201, -0.00314025±j0.135880, -1.51118±j] 6 .7280
 

107 -14.5468, -0.00314020+jO.135881, -l.07547+j13.7862
 

5x1o 7 -27.2547, -0.00314063+j0.135889, 5.27850j21.963
 

108 -34.-97, -0.00314035+j0.135882, 8.69964+j27.2045
 

The continuous-data IPS control system is asymptotically stable 

for K less than 1.5xlO. 

It is of interest to investigate the response of the IPS control 

system due to its own initial condition. The transfer function between 

and its initial condition eo for K = 5xl06 is 

c(s) s2 + 16.7s2 - 893s - 5581.77) (1-3) 

-5 16.7s 4 + 222.63 3 + 1392.5s2 + 12.845s + 25.693 

where we have considered that s(O) = 0 is a unit-step function input0. 

applied at t = 0; i.e., o(s) = 1/s.
 

It is interesting to note that the response of E due to its own
 

initial condition is overwhelmingly governed by the poles near the
 

origin. In this case, the transfer function has zeros at s = 80.5,
 

-12.375+j23.75. The zero at s=80.5 causes the response of a to go
 

negative first before eventually reaching zero in the steady-state,
 

as shown in Figure 1-4. The first overshoot is due to the complex
 

poles at s = -3.8134+j11.7806. Therefore, the eigenvalues of the
 

closed-loop system at s = -3.8134±j11.7806 controls only the transient
 

response of e(t) near t = 0, and the time response of a(t) has a long
 

http:12.375+j23.75
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period of oscillation. The eigenvalues at s = -0.00313 + jO.1358 due to
 

the isolator dynamics give rise to an oscillation which takes several 

minutes to damp out. The conditional frequency is 0.1358 rad/sec, so the 

period of oscillation is approximately 46 seconds. Figure 1-5 shows the 

response of a(t) for a = 1 rad on a different time scale over 100 seconds.o 

Although the initial 
condition of I radian far exceeds the limitation under
 

which the linear approximation of the system model is valid, however, for
 

linear analysis, the response will have exactly the same characteristics
 

but with proportionally smaller amplitude if the value of a is reduced.

0
 

Since the transient response of the system is dominated by the
 

isolator dynamics with etgenvalues very close to the origin, changing
 

the value of KI within the stability bounds would only affect the time
 

response for the first second as shown in Figure 1-4, the oscillatory
 

and slow decay characteristics of the response would not be affected in
 

any significant way.
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2. The Simplified Linear Digital IPS Control System
 

In this chapter the model of the simplified digital IPS control
 

system will be described, and the dynamic performance of the system will
 

be analyzed.
 

The block diagram of the digital IPS is shown in Figure 2-1, where
 

the element S/H represents sample-and-hold. The system parameters are
 

identical to those defined 
in Chapter 1. An, equivalent signal flow graph
 

of the block diagram in Figure 2-1 
is drawn as shown in Figure 2-2.
 

Applying Mason's gain formula to Figure 2-2 with 
A(s) and 0A (s) as
 

outputs, OA*(s) and 2A*(S) as inputs, we have
 

Gh(s) 
 KIT Gh(s)

A) 
 -7 As (A1 - K4)A(S) - (K0 + -- ) - (A1.- K )O*(s) (2-1)

As4A0 z-1 7 A 1' 4 A
 

Gh(S) 
 KIT Gh(s)

CA(S) -KIK 7 As2(A - K4)QA*(s) - (K0 + -1)K7 s-(AI K4)0A*(S) (2-2)
 

where A 
=I+ K s-1 + K s-2 (2-3)
 
1 2 3 
A = 1 - -1 + K3s-2 (2-4) 

Gh(s) _I - e (2-5)
• S 

Lett ing 

Gl(s) = K Gh(s) K7 (1- e-TS)(l - K4)s 2 + K2s + K3) (2-6)
1 7 As(A 1 K4) = 2(1_ K4K6 )s 2 + K2s + 
K3)
 

G2(s) = K G- (As) K G(s)

As2 (2-7)
2 s 

and taking the z-transform on both sides of Eqs.(2-1) 
and (2-2), we have
 

K T 
PA( z ) = -K]G I (z)A(z) - (K0 + Z-1-)G I (zE)A(z) (2-8) 

KIT
 
0A(z) = -KIG 2 (z)&2A(z) - (K0 + z--G2(Z)oA(z) (2-9)
 



E A A_/ 

/ 

+ + 

4 1 
 Figure 2-1. Block diagram of simplified linear
 
digital IPS control system.
 



2k 

-KK, K(

-

0 A T 

Figure 2-2. Signal 
flow graph of the simplified inear digital IS
 

control system.
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From these two equations the characteristic equation of the digital system
 

is found to be
 

KIT 
A(z) = 1 + KIGI(z) + (K0 + - G)2(Z) = 0 (2-10) 

where2
 
( l  -7e - i K4 

26) s + K 3 1 

G2(z) = t(G(s) / s )  (2-12) 

The characteristic equation of the digital IPS control system is of
 

the fifth order. However, the values of the system parameters are such
 

that two of the characteristic equation roots are very close to the z = I
 

point in the z-plane. These two roots&are i^nside the unit circle and they
 

are relatively insensitive to the va.lues of KI and T, so long as T is not
 

very large. The sampling period appears in terms such as e0 " 09 4T which
 

is approximately one unless T is very large.
 

Since the values of K2 and K3 are relatively small,
 

4
K7(l - -1(z) K) ] 7K1- K 6 z4T 

= 2.79x]0-4 T -(2-13)
z--)
 

2G(Z) K 1 K4 (1 - Z12.79x1 0- T 2 ( ) 214)1 - K4K6 ) s 3 2(z - 1) 

Substituting GI(z) and G2 (z) into Eq. (2-10), the characteristic equation
 

of the digital IPS is approximated by the following third-order equation:
 

z3 3+K0 _PT 2 K K T 33z2 + [KpKT p 3z
 

KKT 1I p'- 2K+ 3 z
 

3
K K1IT K0K Ti.2 

P2 +K 1 2 (~5 
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where Kp = 2.79>0 , and it is understood that two other characteristic
pI
 

equation roots are at z = I It can be shown that in the limit as T
 

approaches zero, the three roots of Eq. 
(2-15) approaches to the roots of
 

the characteristic equation of the continuous-data IPS control system, and
 

the two roots near z = 1 also approach to near s = 0, as shown by the
 

root locus diagram in Figure 1-3.
 

Substituting the values of the system parameters into Eq. 
(2-15), we 

have 

A(z) = z3 + (111.6T 2 + 16.74T - 3)z2 + (3 - 33.48T + 1.395x10-4KIT3)z 

+ (l.395xIo-4KIT3 + 16.74T - ]l.6T 2 - I) = 0 .(2-16) 

Applying Jury's test on stability to the last equation; we have 

(1) AI) > 0 or K K T3 > 0 (2-17)
 

Thus, KI > 0, since T >0.
 

(2) A(-l) < 0 or -8 + 066.96T < (2-18) 

Thus, T < 0.12 sec. (2-19)
 

(3) Also, la 0 1< a3, or 

11.395x10-4KIT3 + 16.74T - lIl.6T - II < 1 (2-20) 

The relation between T and K for the satisfaction of Eq. (2-20) is 

plotted as shown in Fig. 2-3. 

(4) The last criterion that must be met for stability is
 

tb01 > b2 (2-21) 

where 2 2b0 =a 0 -a 3 

b =a a2 - aIa 3
 

a0 = 1.395xl0- KIT + 16.74T - lil.6T2 - I 
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= 3 - 33.48T'+ 1.395x1- 4KIT3
 

2
 
a2 = lll.6T + 16.74T - 3
 

a = 1
 

The relation between T and K I for the satisfaction of Eq. (2-21) is
 

plotted as shown in Figure 2-3. It turns out that the inequality condition
 

of Eq. (2-21) is the more stringent one for stability. Notice also that
 

as the sampling period T approaches zero, the maximum value of K I for
 

stability is slightly over I07, as indicated by the root locus plot of
 

the continuous-data IPS.
 

For quick reference, the maximum values of K for stability corres­

ponding to various T are tabulated as follows:
 

T Max. KI
 

7
1O
0.01 


7.5xo6
0.08 


6.9xio 6
 0.1 


When T = 0.05-sec, the characteristic equation is factored as 

(z - l)(z 2 - 0.884z + 0.442 - O.1744x10-7K ) = 0 (2-22) 

Thus, there is always a root at a = I for all values of KI, and 

the system is not asymptotically stable. 

The root locus plot for T = 0.01, 0.08, and 0.1 second when KI
 

varies are shown in Figures 2-4, 2-5, and 2-6, respectively. The two
 

roots which are near z = 1 and are not sensitive to the values of T and
 

KI are also included in these plots. The root locations on the root loci
 

are tabulated as follows:
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T = 0.01 sec 

KI 


0 
 1.00000 


106 0.9864 


5x10 6 0.907357 


107 0.853393 


5x]07 0.734201 


108 0.672306 


T = 0.08 

KI 


0 0.999972 


106 0.888688 


5XI06 0.0273573 


6
 
7.5xi06 -0.156092 


107 -0.253228 


108 -0.770222 


ROOTS
 

0.91072 + jO.119788 

0.917509 + jO.115822 

0.957041 + jO.114946 

0.984024 + jO.137023 

1.04362 + jO.224901 

1.07457 + jO.282100 

ROOTS
 

-0.0267061 + jo.611798 

0.0289362 + jO.583743 

0.459601 + jO.665086
 

0.551326 + j0.851724
 

0.599894 + j0.989842 

0.858391 + j2.83716 
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T =0.1
 

K ROOTS
 

0 
 0.990937 -0.390469 + jO.522871 

106 0.860648 -0.325324 + j0.495624 

5xlO 6 -0.417697 0.313849 + jO.716370 

7xlO6 -0.526164 0.368082 + jO.938274 

07 -0.613794 0.411897 + jl.17600 

108 -0.922282 0.566141 + j3.78494 

The linear digital IPS control system shown by the block diagram of
 

Figure 2-1, with the system parameters specified in Chapter 1, was
 

simulated on a digital computer. The time response of e(t) when the­

initial value of c(t), c6 is one, isobtained. Figure 2-7 illustrates
 

the responses of c(t) for T = 0.01, KI = 5xO 
6 , and T = 0.1, KI = 105
 

and KI = 106. Similar to the continuous-data IPS control system analyzed
 

in Chapter 1, the time response of the digital IPS is controlled by the
 

closed-loop poles which are very near the z = I point in the z-plane.
 

Therefore, when the sampling period T and the value of KI change within
 

the stable limits, the system response will again be characterized by
 

the long time in reaching zero as time approaches infinity.
 

The results show that as far at the linear simplified model is
 

concerned, the sampling period can be as large as 0.1 second, and the
 

digital IPS system is still stable for KI less than 107.
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3. 	Analysis of Continuous-Data IPS Control System With Wire Cable
 

Torque Nonlinearity
 

In this chapter we will conduct a stability analysis of the simplified
 

IPS control system with the nonlinear characteristics of the torques caused
 

by the combined effect of the flex pivot of the gimbal and by wire cables,
 

for transmitting power, etc., across the gimbal to the experimen't, as shown
 

in Figure 3-1.
 

The flex pivot torque disturbance has been modeled2 as a linear spring
 

with slope KFP, as shown in Figure 3-2. The wire torque disturbance is:
 

modeled as a nonlinear spring, with a slope of KWT, as shown in Figure 3-3.
 

The total torque disturbance associated with the flex pivot and wire cables
 

is summed up as shown in Figure 3-4. The continuous-data IPS control system
 

with the nonlinear torque characteristics is shown in Figure 3-5.
 

The objective of the analysis in this chapter is to study the condition
 

of sustained oscillation of the nonlinear IPS control system shown in
 

Figure 3-5.
 

The Describing Function of the Wire-Cable Nonlinearity
 

It was pointed out in the above discussion that the wire cable
 

nonlinearity can be modeled by either the arrangement shown in Figure 3-4(a)
 

or Figure 3-4(b). For the model of Figure 3-4(a), a relay characteristic
 

is present between a and Tc, and, in addition, a linear gain of KWT + KFP
 

exists between E and TC, where KFPdenotes the gain constant due to the flex
 

pivot torque, Using this model, one can conduct a describing function
 

analysis with the relay nonlinearity, but the linear system model is altered
 

by the addition of the branch with the gain of KWT + KFP However, careful
 

examination of the block diagram of Figure 3-5 reveals that the branch with
 



Figure 3-1. Experiment with wire cables
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Torque (N-m)
 

K (N-m/rad)

FP
 

------ c (rad)

0
 

Figure 3-2. Flex-pivot torque characteristic.
 

Tor ue (N-m)
 I HWT (N-m)
 

/
 
Z ~~ : c (rad) 

KW. (N-(/rad)_ 

Figure 3-3. Wire cable torque characteric.
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Figure 3-4. Combined flex pivot and wire cables torque
 

characteristics.
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the gain of KWT + K is parallel to the branch with the gain KO which has 

a magnitude of 8x)0 5 N-m/rad. 
 Since the value of KWT lies between 0.25 and
 
25 N-m/rad, and the maximum value of K 
 is in the order of several hundred,
 

it is apparent that the value of K0 will be predominant on Lhe system
 

performance. This means 
that the linear transfer function'willnot change 

appreciably by the variation of the values of KWT and KFP. 

Prediction of Self-Sustained Oscillations With the Describing 

Function Method 

From Figure 3-5 the equivalent characteristic equation of the nonlinear 

system is written as 

I + N(s)G eq(s) = 0 (3-1)
 

where N(s) 
is the describing function of the relay characteristic shown in
 

Figure 3-4(a), and is given by
 

N(s) = 4HWT/r5 (3-2)
 

The transfer function Geq(s) is derived from Figure 3-5,
 

G 
eq 

(s) - 0.0013946(s 4 + 0.0012528s 3 + 0.0036846s2) (3-3)A(s)
 

where A(s) = 5
s + 16.704s4 + 222.6s 3 + (2.781xlo4K 1+1.706)s 2
 

+ (4.11 + 1.747xO-6KI)s + 513.855xO-8 Ki1(3-4)
 

A necessary condition of self-sustained oscillation is
 

Geq(s) = -1/N(s) 
 (3-5)
 

Figure 3-6 shows the frequency response plots of Geq (s)for K, 
= 105,
 
106 , and 107, a function of and the trajectory of -1/N(s) =- /4HWT;
 

as w , 
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the latter lies on the -180 
 axis for all combinations of magnitudes of C and
 

HWT* Figure 3-6 shows that for each value of KI there 
are two equilibrium
 

points, one stable and the other unstable. For instance, for KI = 10-, 
the
 

°
Geq(s) curve intersects the'-180
 axis at w = 0.16 rad/sec and w = 0.05 rad/sec.
 

The equilibrium point that corresponds 
to w = 0.16 rad/sec is a stable equili­

brium point, whereas w = 0.05 rad/sec represents an unstable equi'librium point.
 

The stable solutions of the sustained oscillations for K, = 105, 10 , and l0 

are tabulated below:
 

KW /HWT (rad/sec 6/HwT (rad) (arc-sec) (rad/sec) c (sec)
 

107 7.2x]o-8 2.39xI0 -7  0.05 0.3 21
 

106 5.07x]0-7 3.17x10 6 39
0.65 '0.16-


105 l.3xlO-5 8.l9xlo - 5 
 16.9 0.14 
 45
 

The conclusion is that self-sustained-oscillations may exist in the
 

nonlinear continuous-data control system.
 

Since the value of K 
1-svery large, the effect of using various values
 
0 

of KWT and KFP within their normal 
ranges would not be noticeable. Changing 

the yalue of HWT has a one-to-one effect-on the amplitudes of oscillations 

,of E and C. 

Digital Computer Simulation of the Continuous-Data Nonlinear IPS Control 
System
 

Since the transient time duration of the IPS control 
system is exceedingly
 

long, 
it is extremely time consuming and expensive to verify the self-sustained
 

oscillation by digital 
computer simulation. 
 Several digital computer simulation
 

runs i'ndicated that the transient response of the IPS system does not die out
 

after many minutes of real time simulation. It should be pointed out that the
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describing function solution simply gives a sufficient condition for self­

sustained oscillations to occur. The solutions imply that there is a certain
 

set of initial conditions which will 
induce the indicated self-sustained
 

oscillations. However, in general, 
it may be impractical to look for this
 

set of initial conditions, especially 
if the set is very small. It is entirely
 

possible that a large number of simulation runs will result in a totally
 

stable situations.
 

Figure 3-7 illustrates a section of the time response of e(t) from t 
= 612
 

sec to 692 sec. The initial conditions are c(O) = 10 and E(0) = 10, and 

all'other initial conditions are set to zero; KI = 105 HWT = 1, and KWT + KFP 

= 100. It was mentioned earlier that the system is not sensitive to the values
 

of KWT and KFp. From Figure 3-7 it is seen 
that the period of the oscillation
 

is 48 seconds, or 0.13 rad/sec, which is very close to the predicted value.
 



0 

Time (sec) c(t) 
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4. Analysis of the Digital IPS Control 
System With Wire Cable Torque -

Nonlinearity 

In this chapter we will 
conduct a stability analysis of the simplified
 

digital IPS 
control system with nonlinear characteristics of the torques
 

caused by the combined effect of the flex pivot of the gimbal and wire cables.
 

The analysis used here is the discrete describing function which will
 

give sufficient conditions on self-sustained oscillations in nonlinear'digital
 

systems. The block diagram of the nonlinear digital IPS system is shown 
in
 

Figure 4-1. 
 For mathematical convenience, a sample-and-hold is inserted at
 

the input of the nonlinear element.
 

A signal 
flow graph of the system in Figure 4-1 is drawn in Figure 4-2.
 

The z-transforms of the variables 
in Figure 4-2 are written,
 

SA (z) = -G2 (z)Tc(z) (4-1) 

QA(z) = -Gl(z)Tc(z) (4-2)
 

H(z) = .G4 (z) Tc (z) (4-3) 
KIT 

Tc(Z) K QA(z) + (K + T) OA(Z) 

-(KWT + KFP )G3 (Z)Tc (z) + N(z) (z) (4-4) 

where G0(5) ­

01(z) = h (A 1 - K4)J 

(z) =ZKGCA KK7 

K Gh(s)
3 (z) 7 

3= 
= 

7 As lJI
 
G4(z) Gh(s) Adl
K7 hAS 


s-e-Ts 
Gh (s) 

A2 = I + K2s-I + K3s-2 



++ 

KO+--

H 

S S 

the nonlinear flex pivot and wire cable torque
El, 
 characterist ics. 

U) 



AT T 

-4K 6zG 2 

logg 

T T K T 

' i
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A = ( - K4K6) +-K2s- + K3s-2 

N(z) = discrete describing function of ideal relay (+HwT, 0, -HWT) 

Since K2 and K3 are very small, approximations lead to 

G0(z) = 2.79 10-4T 
z 2
- + 

1)
G2 (z) 2.79 1-4T2(z + 

2(z - 1)2 

0.000697T1(z + 1) 

3z 2(z - I)2 

0.0001394TG4(z ) 

z - 1
 

Equations (4-I) through (4-4) lead to the sampled flow graph of Figure
 

4-3, from which we have the characteristic equation,
 

A(z) = I + KiG (z)+ 
K + _1- G2 (z)+ (KwT + KFp)G (z)+ G4 (z)N(z) (4-5:)
 

Equating A(z) to zero, the equivalent transfer fucntion G (z) is obtained,
eq
 
G4(z)
 

Geq(z) = - KIT 
 (4-6)
e + KiG (z) + K° + Z: jG2 (z) + (KwT + KP) 3(z) 

The intersect between G 
(z) and -I/N(z) gives the condition of self­
eq 

sustained oscillations in the digital IPS control system. 

Figure 4-4 shows the Geq (z) plots for various values of N>-2 for KI = 105 . 

In this case, it has been assumed that the periods of oscillations are integral 

multiples of the sampling period T. Therefore, if T. denotes the period of 

oscillation, Tc = NT, where N is a positive integer > 2. 

From Figure 4-4 it is seen that when N is very large and T is very small,
 

Geq(z) approaches Geq(s). However, for relatively large sampling periods,
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-G2(z) 

-G (z N(Z) 

-


Figure 4-3. 	 Sampled signal flow graph of the digital IPS
 

control system.
 

Geq (z) does not approach to G (s) even for very large N. This indicates
 

the fact that digital simulation of the continuous-data IPS can only be
 

carried out accurately by using extremely-small sampling periods.
 

The critical regions for -I/N(z) of an ideal relay are a family of
 

cylinders in the gain-phase coordinates, as shown in Figure 4-5. These
 

regions extend from --
db to +- db, since the dead zone of the ideal relay
 

is zero. For N = 2, the critical region is a straight line which lies on
 

.the -180 axis. The widest region is for N = 4, which extends from -2250
 

to -135 . Therefore, any portions of the G (z) loci which do not lie in
eq
 

the critical regions will correspond to stable operations.
 

It is interesting to note from Figure 4-4 that the digital IPS system
 

has the tendency to oscillate at very low and very high sampling periods,
 

but there is a range of sampling periods for which self-sustained
 

oscillations can be completely avoided.
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Referring to Figure 4-4 it is noticed that when the sampling period T
 

10~2 
is very small, (T < sec approximately), the loci of Geq(z) for N = 2, 

3, and 4 lie in their respective critical regions, and self-sustained 

oscillations characterized by these modes are possible. However, since the 

actual period of these oscillations are so small, being 2, 3, or 4 times 

the sampling period which is itself less than 0.01 sec, the steady-state 

oscillations are practically impossible to observe on a digital computer 

simulation unless the print-out interval is made very small. This may 

explain why itwas difficult to pick up a self-sustained oscillation in the 

digital computer simulation of the continuous-data IPS system, since a 

digital computer simulation is essentially a sampled-data analysis. 

When the sampling period is large (T > 9 sec approximately), the digital 

IPS system may again exhibit self-sustained oscillations, as shown by the 

Geq(z) loci converging toward the -1800 axis as T increases. However, the
 

Geq(z) loci of Figure 4-4 show that there is a midrange of T for which the
 

digital system is stable. The Geq(z) locus for N 
= 2000 actually represents
 

the locus for all large N. Therefore, for T = 0.1, the Geq(z) locus point
 

will be outside of the critical regions, since as N increases, the widths
 

of the critical regions decrease according to
 

N = even width of critical region = 2ur/N
 

N = odd width of critical region + 7T/N
 

.Therefore, from the standpoint of avoiding self-sustained oscillations
 

in the simplified digital IPS control system model, the sampling period may
 

be chosen to lie approximately in the range of 0'.01 to I second.
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Digital Computer Simulation of the Digital Nonlinear IPS
 

Control System
 

The digital IPS control system with wire-cable nonlineari-ty, as shown
 

by the block diagram of Figure 4-1, has similar characteristics as the
 

continuous-data system, especially when the sampling period is small. The
 

digital IPS control system of Fig. 4-1, without the sample-and-hold in front
 

of the nonlinear element, was simulated on the IBM 360/75 digital computer.
 

With initial conditions set for c and S, typical responses showed that the
 

nonlinear digital IPS system exhibited a long oscillatory transient period.
 

Figure 4-6 shows the beginning portion of the response of 5(t) for s(O) = 10- 3,
 

-4
(0) = 10 , K I = 105, T = 0.1 sec, HWT = 1, KWT + KFP = 100. Figure 4-7 

shows the same response over the period of 765 sec to 1015 seconds. Figure 

4-8 gives the response of E(t) for the time duration of 1530 sec to 1725 sec;
 

and it shows that the response eventually settles to nonoscillatory and
 

finally should be stable.
 



---------------------------

Time (sec) e(t)
 

0 .0 1 .9000 E-04 ----------------------------- ----­

4.87-04
5.0 .]E2 400- - -

1.0I0E 01 -- "'........- 2E 0E- ­0 	 +E--4 


- 1.5000CE 01 -1 "6-E- "5 ­
, I ': E ll 2.311 8E-4------------------------------------------


C 	 2:.5000E 01I 4 . 2-1)i4
S 	 '-.0:1 :101 i 4 032E-04-------------------------------------------------------­
- ".50lOE 01 4.334E-04 -------------------------------------------	 + 
I 	 4.0 0 -4.4-2E-04 +------------------------------------­

4.500024.5000 E --4.6699-054 -----------­0101 	 3:'.095 3::E -04 -------------7 .........---­

(D 5.000E 01 -4.3414E-04- -------------­
i (a 5.5000E 01 -&.6717E-04 ---------------­
0 - 6.0000E 01 -1.4427E-04--------------------------­

9i6.5000 E 01 1.843E-04 --------------------------------------­
-- 7.0000 01 E-04--- -----------------------------------------------­

0 	 7.500 CE 01 4.036E- 1-----------------------------------------------­
01 2..9.-04-_.000CE ------------------------------------------- +
 

8.~ 3.6615E-05------------------------------------­:.5000E 01 

09.000011 01 -2.2174E-04--------------------------

Oh .5I.E 01 -3.7802E-04-----------------­

1 . 0000E 02 -3."492-04 ....----------------­
-1 .9.5002 02 -1 .33..E-04-----------------------------

1.1000E 02 __-
6.3194E-05-- -------------------------

1.1500E 02 1.73434E-4 --------------------------------------­
1.200E 02 2.264 -04----------------------------------­

,.o* 1.2500E 02 1 ..... EZi4 +-­

- 1 .3000E 02 4.7188E-05 ---------------------------------

1.3500E 02 -7.1956E-0a--------------------------------+ 

1L1.4000E-0---1.---4E04--------------------7-------­
.I1 .4500E 02 -1 .74_E-0--4 ------------------------

1.00E 02 -1 .- 0-04- ---------------------------

1.550OE 02 -1.49E 4--------------------------------­4 


1.6 0E 02 -. 1-344E-04 -----------------------------------	 ­

o) E 	 1.69 u E 02 1.8073E-04------------------------------------------­
1.700ii0E 02 1 .6576E- 04------------------------------------------
1.7500E 02 7.7892E-05--------------------------------------­
1 .8000E 02 -2 .2145E-05----------------------------------­
1 .8500E 0 -1 .. 14.--------------------------
1.9000E 02 -1. 644E-04 ------------------------- +
 
1 .950E 02 -1 .1929E-04 +
 
2.00'LE 02 -2.7840 E-- ------------------------------­
21 _E 02 1 .47-E- 054-----------------------------------

2.1000E 02 1.5121E-'04- ------------------------------------­



Time (sec) s(t) 

7 .6500E 02 4.2449E-05 	 --------- + 

7 .7000E 02 4.6277E---5 -- --------------------------------- + 
7.7500E 02 2 .5093E-05 -------------------------- --- + - 7.8000]E OS-' -3'.71,--'E-06 ..............................-+
 

O".:,jII 2 --- --
7 M E 	I]2- -2 .S n --- -- -- --- ----- =
S7., nnnE -- ---
i02 	 ,.-,,-, ­. .... I
:.o IJ-E-


S.?'500E 02 -2 .9759E-i-05 -­

iA . '00E 02 -6 .2_116E-06 --­

S1.500E 02 -2 .1103E-05 ------------------------ --- -+8 O1E '2 -- .. 21 E .. --	 --

8.1500E 02 2.27.9E-05 -- - + 
- 1000-E 02 4.8384E-0 -- ------------------------- - + 

On	0 153002E 
S 8.500E 02 -23.254E-05 +---------------------­
o 	 _.8 _,5 IOTa- 42.021E-0E-06F, - --------------- --- -- -­.	 II0E 02 3:.749.0i -- -- - ---- ---

.00E 2 -8 -711E-05 - -,
 

M--	 -- - -- - ­
+ 	 045E 02 -1.01671E-05 ------------------------------------- + 

400.5I00E 0202 . 31- 05- -------------------------------- +S,5000 	 :3 E- 0 -----------------------------------

8.6000E 02: :.8522E--05 .---------------------------------
8.6500E 02 2.9366E-05----- ---------------------------

SAME 9;3945E-lI6 -----------------------------------­2 

8.7500E 02 -1 .2310-0 -------------------------------
E-
8:00E0 -. 2.GA .... v-------------------------------	 + 

0- 0E 

,. QOE 02 -1., .1:E-, -----------------------------­

oj 8.9500E 02 6.9699E-0 . ------------------------------- +
 

8 .8" -02.6411E- 05 ......... ......... .......- ­

9.0 00 02 2.537-0.-------------------------------­
o 	 9. 0500E 02 3. :19E-"= --------------------------------

" 
9.1000E 02 2.8 5E-05 -------------------------------- + 

'3 , 9. 1500E 02 1 3396E-0---------------------------- 7------- ,'c-


'- .2000E 02 :-441E-- ------------------------------­
:9.2500E 02 0-2.0198E--5 .------------------------------ +
 
9.3 00E 02 -2.3537E-05 ..----------------- ------------- +
 

- 9.300E 2 -1 .4725E-05 .------------------------------ +
 

ii 9 .4000E 02 2 -'E-0 -------------------------------­
o 	 9.4500q20200 1 "E-----------------------------------
Z 	 9.5000E 02 .9036E-05 -------------------------------- +
 

9.5500E 02 2.T71E-05- -----------------------------­ + 
02.E02 1.6172E-05 -------------------------------- + 

_ -3.9172E-07 --------------------9.650OE 02 
-.71OIE-02 -1 .4506E-05 ------ ----------------- -------- + 
9.7500E '02 -2. 0075E-05 ------------------------------ + 
I .:,O00E 02 -1.4941E-05 .-----------------------------­

" ... 500E '02 -1 .6809E-o_ . ..------------------------------- + 
9 .'OE 02 1 ..3r6.72E-05 ------------ ------------------- + 
9.9500E 02 2.429-0--5 ..-------------------------------- + 

1 .000E 03 2.5769E-05 -------------------------------- + 
1 .0050E 03 1 .654E-05 --------------------------------
I.1OiOOE 	03 1 ------------------------------­3 '6: 0.. 
1.01502 :3 -9.4976E-06 ------------------------------- + 

http:3:.749.0i


-------------------------------
-------------------------------

-------------------------------
-------------------------------

-------------------------------
-------------------------------

-----------------------------------

-n 


O 


o ­o 0
 
:I 

( 


(D oo -h
 

= 2 


0
o 


II m 

C 0 

+1 
01 

2 + ­

0
 

Time (sec) 


1.5302 03

1.5350E 03 


1.5400E 03 
1 .5450E 1.3 

E(t)
 

-3. 0269E-07 

,.6569'-


1.2387E-06 

5.9750E-06 


03.1.5500E7.7)6E-06 
1 .5550E 00:7: 
1 .5600E 03 
1 .5650E2 0.3 
1.570 0E 0:: 
1.5750E 03 

1 .5850 E 03 
1 .5900E 0:3 
1 .5950E 0:3 
1.S00E 03 


1.6050E 03 
1 .6100E 0.3 
1.6150 03 
1.6200E 03 
1 .250E 03 
1.6300E 03 
1 .6350E 03 
1 .,402 03 
1 .6450E 03 
1 .6500E 03 
1w.6550E 03 
1 .660E 03 

.6650 2 0.3 

.6700E 03-
1.6750E 03 
1.69502E 03 
1 .- 0E 0: 
1.6900UE 03,-

1.7100E 031.7050E OS 


1.7100E 03 


1 .7150E 03 
1 .7200E 03 
1.72502 03 

.:681E-06 


-
-- -­

-- - - - -- - - - - -- - - ­ -
-+ 

-+ 
- + 

6.2441E-06- ------------------------------­
3.67:30E-06---------------------------------­
1. :3305E-06 
2.6 2E-07-

2.882:0E-0 
5.297.- 06 
7.,0821E-06 
7.4646E-06 

6.31902-06 
4.2071E-
2. 0731E-06 
8.4777E-

1. 0379E-06 
2.530 0- ­
4.6163E-06 


-- ---­
------------------------------­
------------------------------­
------------------------­
------------------------------­

+ 
+ 
+ 

------------------------------­
------------------------------­

6.3 ---------------------------------­
7.0292E-06 ------------------------------- + 

6.3:401E-06---------------------------------­
4.6612E-06-------------------------- -------- + 
2.75 9-06 -------------------------------­
1 .4624E-06 ------------------------------­
1 31E-06 -------------------------------­

-.552E-06- ------------------------------­
.05-

5.7316E- O------------------------------­
6,.5755E-06 + 

4.90E-06- ------------------------------­.2889,:,.E-0 -- -- -- - -- -- -- - -- -- ­

I.'90 EE-06 -- - - - - - - - - - - - - - ­

1.6209E-06 ------------------------------­
2 .33 E- - -------------------------------­
3.77.32E76I---------------------------­



45 

5. Gross Quantization Error Study of the Digital 
IPS Control System
 

This chapter 
is devoted to the study of the effect of gross quantization
 

in the linear digital IPS control system. 
The nonlinear characteristics of
 

the torques caused by the combined effect of the flex pivot of the gimbal
 

and wire cables are neglected.
 

Since the quantization error has a maximum bound of +h12, with h as 
the
 

quantization level, 
the 'worst" error due to quantization in a digital system
 

can 
be studied by replacing the quantizers in the system by an external noise
 

source with a signal magnitude of +h/2.
 

Figure 5-1 shows the simplified digital IPS control system with the
 

.quantizers shown to be associated with the sample-and-hold operations. 
The
 

quantizers in the displacement @A 
rate QA and torque Tc, channels are denoted
 

by Q0, QI' and QT' respectively. The quantization levels are represented by
 

ho , h,, and hT' respectively.
 

Figure 5-2 shows the signal flow graph of the digital IPS system with
 

the quantizers represented as operators on digital signals. Treating the
 

quantizers as noise sources with constant amplitudes of +ho/2, 
+hi/2, and
 

+hT/2, we can predict the maximum errors 
in the system due to the effect
 

of quantization. The following equations are written from Figure 5-2. 
 Since
 

the noise signals are constants, the z-transform relations include the factor
 

z/(z- ). 

T KoK++z) h' 1 (KT 
-Kz 7Gh(S)l( ) 4 h(S)K h z 

2A(z) 
 7hsI + 47h 'I_ ()+LI- (5-2)' 
0 2 z1(-1 

OA(Z)~ -7hSA(s2 7h()s - 2 z A(s) 2s) 




K 4S/HQlK I ­

0 S­

2 ~~~Figure 5-1. 	 Linear simplfe iia P 
control syse wih'un za o . 
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The last two equations are written as
 

hT
 
0A(z) = G(z) T (z) + 27 
 (5-4)
 

eA(z) = G2 (z)T (z) h (5-5)
 

-2  
where AI(s) = I + K2s- + K2s (5-6)
 

A(s) = 1 - K4K 6 + K2s-I + K3s-2 
 (5-7)
 

G1 (z) 2.782.z1x]O-4T (5-8)
- T 

1 ~z -I
 

G2(z ) = 2.780-4T2(z + )(5-9)

2(z - 1)2
 

Figure 5-3 gives the digital signal flow graph representation of Eqs. (5-i),
 

(5-4), and (5-5). 
 Using Figure 5-3 we can analyze the worst-case errors due to
 

quantization 
in the steady state at any point of the IPS system.
 

As derived in previous chapters, the transfer functions GI (z) and G2(z)
 

are given in Eqs. (5-8) and (5-9). The characteristic equation of the system
 

is obtained from Figure 5-3.
 

K T 
A(z) = I + K1G(z) + K + G2 (z) (5-10)
 

We shall 
now evaluate the maximum steady-state quantization errors for
 
0A' 0A' and Tc in terms of the quantization levels ho, h, and h.
 

From Figure 5-3, To(z) is written
 

f h.f+ ] T hT
Tc(Z) = 1 - --a( I KIT~+ Lh K T] ___K + GKN + ]2(z)]z (5-11)
= AtI. 2' + z -ldt- 2 I1 +.fLK + z-1J'1 2' z - I (-i 

The steady-state value of Tc(kT) is given by the final-value theorem, 

lim Tc(kT) = lim (0 - z-I)Tc(z) (5-12) 
ku o z-1 

Substitution of Eq. (5-Il) into Eq. (5-12), we have 
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h
 
(5-13)
lim T (kT) = 	+- ( - 3k _>oc 2 

S imi larly, 

{-ho KIT] +'h" hT 

+
 K1 41G(z)OA(Z) = {+{K + K- 1) - G2 z(5-14) 

Then, ­
im OA(kT) = im (1 - z-1)e (z)= h (5-15)
 
kzrl A 2
 

1 ho K T ] hl hiZ
 
aA(Z) = y{-{K + T-
 I K1 T G(z) z (5-16)
 

Iim 2A(kT) = im (0 - zl )QA(z) = 	 (5-17) 

Therefore, we conclude that the maximum error in Tc due to quantization
 

is + hT/2 and is not affected by the other two quantizers. The quantizer in 

the eA channel affects only 0A(z) in a one-to-one relation.' The quantizer
 

in the PA path does not affect either 0A' QA' or Tc.
 

-G2(z)
 

-G (z)
 

2 z 	 z-


K T
 
I 	 ­

0 z-I 

+T z 
2 	 z-l+ 	 ho 


2 z- I
 

Figure 5-3. 	 Digital signal flow graph of the simplified digital IPS
 
with quantization.
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6. 	Describing Function Analysis of the Quantization Effects-of the Digital
 

IPS Control System
 

In this section the effects of quantization in the digital IPS control
 

system are investigated with respect to self-sustained oscillations.
 

Since the quantizers represent nonlinear characteristics, it is natural
 

to expect that the level of quantization together with the selection of the
 

sampling period may cause the system to enter 
into undesirable self-sustained
 

oscillations.
 

The digital IPS control system with quantizers located in the 0A' 2 A' and
 

T channels is shown in Figure 5-1. 'We shall consider the effects of only one
 

quantizer at a time, since the discrete describing function method is used.
 

With reference to the signal 
flow graph of Figure 5-2, which contains all
 

the quantizers,-we can find the equivalent character-stic equation of the
 

system when each quantizer is operating alone. Then, the equivalent linear
 

transfer function that each quantizer sees is derived for use in the discrete
 

describing function analysis.
 

Quantizer in the eA Channel
 

Let 	the quantizer in the SA channel be denoted by Q0, as shown in Figure
 

5-2, and neglect the effects of the other quantizers. Let the discrete
 

describing function of Q be denoted by Q (z). 
 From Fi.gure 5-2 the following
 

equations are written:
 

Tc(Z)= K0 + I ' IT Qo (z)A(z) + K12A(z) 	 (6-1) 

z-K7 Gh(S) A (s). K4K 7 Gh (s)]
 
E)A(Z) = - 2 A+ 2A Tc(z)
 

=-G 2(Z)Tc(z) 
 (6-2)
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A-K7Gh(S)A (s) K4K 7Gh(s) z
A (Z) = -"-h+)I- Tc(Z) 

= -GI (z)Tc(Z) (6-3) 

where AI(s) = I + K2 s-I + K3s- 2 (6-4) 

A(s) I - + K2s - I + K3 s-2K4K6 (6-5)
 

2.78x10-4T
G(Z) ­ (6-6) 

G2(z) - 2.78xO-4T2 (z + ) (6-7)
) 2 

2(z-

A digital signal flow graph portraying-Eqs. (6-1), (6-2), and (6-3) is
 

shown in Figure 6-1. The characteristic equation of the system is written
 

directly from Figure 6-1.
 

Qo ( z )A(z) = I + G2(z) Ko + -z- I + K1GI(z) = 0 (6-8) 

To obtain the equivalent transfer function that Qo(Z) sees, we divide both
 

sides of Eq. (6-8) by the terms that do not contain Qo(z). We have
 
S KIT 

Q-f=

G (z) K + 

1 + 1+ K 1 ( JG qo(z) = O (6-9)
KIT 

Thus, G2(z) Ko + z - (6-1) 

eqo KIG1(Z)+ 1 

Quantizer inthe A Channel
 

Using the same method as described in the last section, let Ql(z) denote
 

the discrete describing function of the quantizer QI' 
 When only QI is
 

considered effective, the following equations 
are written directly from Figure 

5-2. OA(z) = -G2 (z)T (z)c (6-11)
 

QA(Z) = -G,(z)T (z) (6-12) 

TC (Z) = K + Z QA(z) + K1Ql(z) A(Z) (6-13) 
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Q-(z)K o + KIT 

ZT(z) 

Figure 6-1. Digital signal flow graph of IPS when Q is in effect. 

KIT
 

A z- 1 

KIQ+( )T-Z 

oA 

-G2(Z)
 

Figure 6-2. Digital signal flow graph of IPS with QI if effect. 
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The digital signal flow graph for these equations is drawn as shown in
 

Figure 6-2. The characteristic equation of the system is
 

A(z) = I + K1GJ(Z)Q(z) + G2 (z) K0 + zK-T01 = o (6-14) 

Thus, the linear transfer function Q(z) sees is 

KIG (z) 

Gl z ) (z)1 + G 2(z) (K° -T (6-15)Gq 0 + K T 3 


Quantizer in the T Channel
 

If QT is the only quantizer in effect, the following equations are
 

wtitten from Figure 5-2.
 

eA (z) = -G2 (z)QT(z)Tc(z) (6-16) 

QA (z) = -GI (z)QT(z)Tc (z) (6-17) 

Tc(Z) = K + KIIA(z) + KlA(z) (6-1-8) 

The digital signal flow graph for these equations is drawn in Figure 6-3. 

The characteristic equation of the system is 

K T 
A(z) = I + KIGI(z)QT(z) + 02 (Z)QT(Z) K + I 1 0 (6-19) 

The linear transfer function seen. by QT(Z) is
 

GeqT(Z) = KIG I(z) + G2 (z) [K + (6-20) 

The discrete describing function of quantizershas been derived in a
 

previous report3 . By investigating the trajectories of the linear equivalent
 

transfer function of Eqs. (6-10), (6-15), and (6-20) against the critical
 

regions of the discrete describing function of the quantizer, the possibility
 

of self-sustained oscillations due to quantization in the digital IPS system
 

may be determined.
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KIT
 

0 z-l
 

-GI~)Tc(z) 

Figure 6-3. Digital signal flow graph of IPS with IT in effect.
 

Let Tc denote the period of the self-sustained oscillation, and
 

Tc = NT 

where N is a positive integer > 2. T represents the sampling period in seconds. 

When N = 2, the periodic output of the quantizer can have an amplitude of 

kh, where k is a positive integer and h is the quantization level. The critical 

region of the quantizer for N = 2 is shown in Figure 6-4. For N = 3, the periodic 

output of the quantizer is a pulse train which can be described by the mode
 

(ko, k, k2), where k h, k 2 h are the magnitudes of the output pulses
 

during one period. Similarly, for N = 4, the modes are described by (ko, k]).
 

The critical regions of the quantizer for N = 3 and N = 4 are shown in Figures
 

6-5 and 6-6, respectively. Figure 6-7 illustrates the frequency loci of Geqo(z),
 

Geq] (z), and GeqT(z) of Eqs. (6-10), (6-15), and (6-20), respectively, together
 

with the corresponding critical region of the quantizer. The value of K is
 

equal to 105 in this case. It so happens that the frequency loci of these
 

transfer functions are almost identical. Notice that the frequency loci for
 

the range of 0.06 < T <0.18 sec overlap with the critical region. Therefore,
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self-sustained oscillations of the mode N = 2 are possible for the sampling
 

period range of 0.06 < T < 0.18 sec. It turns out that the frequency loci for
 

N = 2 are not sensitive to the value of KI so that the same plots of Figure
 

6-7 and the same conclusions apply to K, = 106 and KI= 107.
 

Figures 6-8, 6-9, and 6-10 illustrate the frequency loci of Geqo(z), Geql(z) 

67and GeqT (z) for N = 3 and for KI = 105, 10 , and l0, respectively. From 

Figure 6-8 we notice that for KI = l05 the frequency loci do not intersect with 

the -critical region for any sampling period, .Thus, for KI = l05 the N = 3 mode 

of oscillations cannot occur.
 

For K I = 10 6, Figure 6-9 shows that sustained oscillations for N = 

would not occur for T < 0.075 sec and large values of T. For.K I = 107, 

Figure 6-10 shows that the critical value of T is increased to approximately
 

0.085 sec.
 

For N = 4, Figures 6-11, 6-12, and 6-13 illustrate the crit-ical region 

and the frequency loci for K = O5 , 106 , and 10, respectively. In this case, 

self-sustained oscillations are absent for KI = l'0 for any sampling period.5 


I6
 
For KI = 10 6, the critical sampling period is approximately 0.048"sec for
 

quantizers Q1 and whereas for Q The stability
,T' the critical T is 0.07 sec. 


condition is improved when KI is increased to for QI
107, and QT' the critical
 

values of T are 0.05 sec and 0.055 sec, respectively; for Q. it is 0.09 sec.
 

As N increases, the critical regions shrinks toward the negative real
 

axis of the complex plane, and at the same time the frequency loci move away
 

from the negative real axis. Thus, the N = 2, 3, and 4 cases represent the 

worst possible conditions of self-sustained oscillations in the system. 

The conclusion of this analysis is that the sampling period of the IPS 

system should be less than 0.048 second, in order to avoid self-sustained
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oscillations excited by the quantizer nonlinearities described in these
 

sections.
 

j Im 

-1
 

-(2k+l) k- -(2k-1) 0 Re
 

2k 2k
 

Figure 6-4. Critical region of -l/Q(z) of quantizer for N = 2.
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7. Digital Computer Simulation of the Digital IPS Control System
 

With Quantization
 

The digital 
IPS control system with quantizers has been studied in
 

Chapter 5 and 6 using the gross quantization error and the describing function
 

methods. 
 In this chapter the effect of quantization in the digital IPS is
 

studied through digital computer simulation. The main purpose of the analysis
 

is to support the results obtained in the last two chapters.
 

The linear IPS control system with quantization is modeled by the block
 

diagram of Figure 5-I, 
and it is not repeated here. The quantizers are assumed
 

to 'be located in the Tc, 6 A' and SA channels. From the gross cuantization error
 

analysis it was 
concluded that the maximum error due to quantization at each
 

of the locations is equal to the quantization level at the point, and it is
 

not affected by the other two quantizers. In Chapter 6 it is found that the
 

quantizer in the Tc channel seems 
to be the dominant one as far as self-sustained
 
c
 

oscillations are concerned. 
 it was also found that the self-sustained oscillations
 

due to quantization may not 
occur for a sampling period or approximately 0.05
 

sec or less.
 

A large number of computer simulation runs were conducted with the quantizer
 

located at "the Tc channel. However, it was difficult to induce any periodic
 

oscillation 
in the system due to quantization alone.. It appears that the signal
 

at the output of the quantizer due to an arbitrary initial condition will
 

eventually vary between h /2 and -hT/2 indefinitely in a random fashion.
T Th1
 
This points to the fact that the system the quantizer sees is not a low-pass
 

filter so 
that the describing function method becomes inaccurate. However,
 

the results still substantiates the results obtained in Chapter 5; 
i.e., the 

quantization error is +hT/2. Figure 7-1 and 7-2 show-typical responses of 

the simulation runs for K 105 and T = 0.08 sec. When K, = 107 the system 

is unstable. 
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TIME 	 I 
0 .0 00:E- i ................................... - ­

4.0000E-02 0.0 --------------------------+
 
2'. 0 U OGE-02 -,. U G00E-G1 +
 
1.2000E-O01 0.0 -------------------------­
1.6000E-1 -2.7600E-01- ----------------­
2.0000E-01 0.0 -------------------------­
2.4000E-Cl 3.0200E-01 -----------------------------------+
 
2.8000E-01 0.0 -------------------------­
3.20O:E-'1 9.5000E-02 ----------------------------- +
 

3.6000E-01 0.0--------------------------­
4.000E-Cl -1.1300E- 0----- -----------------+
 
4.4000E-01 0 .0---------------------------­
4.8000E-01 -3.2000E-02 ------------------------- +
 
5.2000E-01 0.0--------------------------­
5.600GE-01 4.3000E-02 --------------------------­
6O00GE-01 0.0 	 +-------------------------­
6.400E-1 1.000 E-02 ----- --------- ----------- +
 
E.8000E-101 0.0 - ---- ------------- +
.-.........---.-

7..OOE-01 -1.6000GE-02 ------------------------­

.6000E-01 0.0- ----------------------- - - -- +
 

. 0000E-01 -2.000E-GB- --------------------------­
8.4000E-01 0.0--------------------------­
:8.80O0E-01 -5.0000E-03- -------------------------­
9.2000E-01 0.0- - -------------------------­
9.60)E-01 1.O000E-03- --------------------------

1.O000E O0 0.0--------------------------­
1 .0400E 0' -1.000E- 03- ------------------------­
1 0200E O0 0.0---------------------------

1.1200E 00 0.0--------------------------­
1 .1600E 00 0.0 -------------------------­
1 .2000E 00 0.0------------------------­
1 .2400E O0 0.0 --------------------------

1.2800E 00 0.0 --------------------------

1.3200E An 0.0 ------------------------­

1 .360 E 00 0.0 ---------------------------

1.4000E 00 0 . ---------------------------

1.4400iE O 1.00) G-SE-03 - --------------------------

1.4800E 00 0.0 --------------------------

1.5200GE 00 -1.000GE-f3 --------------------------

1.5600E 00 0.0 -------------------------­
.1.6000E 	00 1 .000E-0 ---------------------------

1.6400E 00 0.0 --------------------------

1.6800E 00 0.0 -------------------------- +
 
1.7200CE 00 0.0---------------------------

1.7600E O0 0 0-- --------------------------

1.8000E 0 0 0 +--------------------------

1.8400E 00 0.0 - ------------------------ +
 
1.8800E AO0 ------------------------
GEn -

1.9200E 00 0.0 -------------------------- +
 
1.9600E 00 0.0 ------- -------------------- +
 
2.0000E 00 0.0 -------------------------- +
 

REPRODUCIBILITY- OF THE 
ORIGINAL PAGE ISPOOR 

Figure 7-1. Response of output of quantizer at Tc hT/2=0.001, K, = 105,
. 


T = 0.08 sec.
 



68 

T I P"IE',-6 

* )040AEO0 0 -------------------------- + 
2. 0800E O0 1.OO0E-OB -------------------------- +
 
2.120'OE 0 -0.0 --------------------------- +
 
2.1600E O0 0.0 -------------------------- +
 
21)O00OE 00 0. 0--------------------------


2-.2400E 00 -1 . O00E- -------------------------- +
 
2.2800E 00 0.0 --------------------------

2.3200E 00 1.0000E-O- --------------------------

2.3600E 00 0.0 -------------------------­

4000E A0 

2.4400E O0 0.0 --------------------------

2.4800E 00 0.0 --------------------------

2.5200E 00 0.0 -------------------------- +
 

42 0.0 +-------------------------­

2.56 00CE '00 0.0 -+------------­
* 56002E 0.0----------------------------------+*.6000OE 0000 0. 0+
 

2.6400E 00 1.0000E-:3 -------------------------- +
 
2.6800E 0' 0.0 -------------------------- +
 
a .7200E f0 -1.0000E-03 --------------------------

2.7600E 00 0.0 --------------------------

2.8000E 00 0 . 0--------------------------

2.8400E 00 0.0 -------------------------- +
 
2.8800E 0 1.0000E-- ---------------------------

a'.9200E 00 0 0----------------------------

2.600E :0 0. 0.0 -------------------------­
-,.O00E 00 0.0 -------------------------- +
 
-. 0400E 00 0.0 -

3.02:00E 00 0.0 --------------------------

3.12OOE 00 0.0 --------------------------

3.1600E 00 0.0 -------------------------- +
 
.2 000E 00 0 --------------------- --- +
. - --

Figure 7-1 (continued).
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-TIME 	 Y.T' I0.0 	 3.000GE-01 .. . . . . . .. . . . . . .
4.0! 00E-02 0.0---------------------------­

8 .,000E-02 8. 0520E-01 +
 
1.2000E-01 0.0 +
 
1 .6000E-01 -2..570E-01 -+ 

­

2.000IE-1 0.0 .-------------------------- + 
2.4000E-01 3. 01-------------------------­0210E-Ol 
2 .'0 0CE-O0I 0.0 -.-+ . . . . . . . . . . .
3.2000E-01 9.480E-02 ------------------------- +­

3..600E-01 0.0 	 -------------------------­+
 
4. 0000E-01 -1. 1:300GE-OD ---------------------­
4.4000E-01 0.0--------------------------­
4.8000E-01 -3.2000E-02 -------------------------+
 
5.2000E-01 0.0 ----- -------------------- +
 
5.6000E-l 4-.2300E-02 ----------- -------------- +
 
6.0000E-01 0.0 +
 
S.400E-01 . 00 -------------------------­
b .50OOGE-01 1.00 E-0 +--------------------------­S.4000E-01- -3.6i O E-02-j ----------­

.6000E-O1 0.0 	 +
 
s.000E-O1 -:3.600E-3 -------------------------­

8.4000.E-01 0.0 --------------------------­
1 .30'00E- ''1 -sc'C0E-03 ...------------- ---------- + 
1.2002-01 0.0-------------------------­
9.600 CE-Cl .30OE-03----------------------------
1.000E 00 0.00--------------------------
1.0400E 00 -2. O0002-3 -------------------------­
1 .cs00E O0 0.0--------------------------­
1 . 12OE 00 -2. O00E-04 --------------­
1. 1600E 00 0.0--- -------------------------	 -
I .200 GE 00 8 .0'0 E-04- -------------------------
1.2400E O0 0.0---------------------------
1.2500E 00 4. OOE-04 - -------------------------- + 
I.3200E O0 0.0- - - ---------------------------
1.3600E 0 -3. OCI00E-04- --------------------------
1.4000GE D0 -.-- ------- ++----------
1 .4400E 0 2. O000E-04 --------------------------- + 

1.600E O0 0.0 +--------------------------
1.6800E 00 .O00DE-04 -------------------------- + 

1 .6400C O 	 0 D. 0+ 
1 .63 'JE 00 1 .O00002-04-----------------+ 

1.7200E 00 0. 0 -------------------------- + 
1.7600E 00 1 . 00 0 OE- 04 -------------------------­

5
Figure 7-2. 	 Response of output of quantizer at T. hT/2=0.0001, K = 1 , 

T = 0.08 sec. 

REPRODTCmILUY OF THE 
ORffMNAL PAGE IS POOR 
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1 . 0960EOF 01 -. - +
 

1.1O0E 01- 0.0 -­
1 .1040E 0411 0-0 --. -+
 

1.11080E 01 0.0 - -+
 
1.1160E 01 r. --------------------------- + 
I . I1 6 C l.'l ­.I.IE I;I. U' 
1.1200E Ol 0.0 -------------------------­
1 .124 OF 01 0.0--------------------------------

1.1280E 01 .0.0------------- ------------- +
 
1.1320E 01- 0.0 -------------------------- +
 
I.136CIE 01 0.0 ------------------------- +
 
1.140E Ol 0.0C----- -------------------- +
 
1.1440EO01 -1.000E-04 -------------------- +
 

1.14,,uE 01 I 0--------------------------+
 
1.1520E 01 1. OOOOE-04 --------------------------

1.1560E 01 0.0 -------------------------- +
 
1 . 1600E 01 0. 0 ------------------------- +
 

1.1640CE 01 0. -------------------------- +
 
1.168EO01 - 1.OOOE-04 -------------------------- +
 
1.172EO01 0I -------------------------- +
 
I . I76 E 0 1 0. --------------------------- + 
1 . 180O OE 011 0.00------- -- -- -- -- -- -- -- -- -- -- -- --- +
 

1.-18:~40E 01l j.000OF-04------------------------------

1.-18:80E 01 0 0--------------------------

1.192E 01 -i .OOOE-04 -------------------------- +
 
1.196CE il 0.0 --------------------------

1.200CE 01 -I. O00E-04 -------------------------­
1 .240E 01 0 .0-0 - -------------------------- +
 
1.20-OE Ol 1. OO -04- - ------------------------- +
 
1.2120E 01 0.0 ------------------------- +
 

Figure 7-2 (continued).
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8. 	Modeling of the Continuous-Data IPS Control System With Wire Cable
 

Torque and Flex Pivot Nonlinearities
 

In this chapter the mathematical model of the IPS Control System is.
 

investigated when the nonlinear characteristics of the torques caused by the
 

wire cables and the friction at the flex pivot of the gimbal are considered.
 

In Chapter 3 the IPS model includes the wire cable disturbance which is
 

modeled as a nonlinear spring (Figure 3-3). The combined effect of the wire
 

cable and flex pivot is also modeled as a nonlinear spring characteristics as
 

shown in Figure 3-4.
 

In this chapter the Dahl model4'5 is used to represent the ball bearing
 

friction torque at the flex pivot of the gimbal, together with the nonlinear
 

characteristics of the wire cables.
 

Figure 8-1 shows the block diagram of the combined flex pivot and wire
 

cables torque characteristics, where it is assumed that the disturbance torque
 

at the flex pivot is described by the Dahl dry friction model. The combined
 

torque is designated TN'
 

TwcT 

W3WC
 
-H E Wire cable
 
-WT torque
 

+r
 

a 
 TM
 

Dahi ode]Total
Dahl Model 
 + nonlinear 

T Ttorque 

TFP
 

E Flex Pivot
 
torque
 

Figure 8-1. 	 Block diagram of combined nonlinear torque characteristics
 

of flex pivot and wire cables of LST.
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Figure 8-2 shows the simplified IPS control system with the nonlinear
 

flex pivot and wire cable torque characteristics.
 

The nonlinear spring torque characteristics of the wire cable are
 

described by the following relations:
 

TWC(c) = HWTSGN(c) + KWT 
 (8-1)
 

where HWT is in N-m, KWT in N-m/rad, s is in rad, and TWC(c) in N-m.
 

Equation (8-I) is also equivalent to
 

T+(e) = H + K > 0 (8-2)
 
WC WT WT
 

TWC(c) = -HWT + KWT_ E < 0 (8-3) 

It has been established that the solid rolling friction characteristic
 

can be approximated by the nonlinear relation,
 

dTp(Fp)

dF =y(T - T (8-4)
 

where i = positive number
 

y = positive constant
 

TFPI = TFPSGN( )
 

TFP = saturation level of TFP
 

For i = 2, Equation (8-4) is integrated to give 

+ C1 y(Tte- I TFPO) £ > 0 (8-5) 

-:+C < 0 (8-6)
2 y(T1 p + TFpO) 

where CI and C2 are constants of integration, and
 

T = TFp > 0 (8-7) 

TW = T < 0 (8-8)
 

FP FP ieann
 

The constants of integration are determined at the initial point where
 



Wire Cable P TWr 
Nonli earity + 

Model hDahl + r 

: 
K_ + KI 

ss+s 
TT 

s , 

K -2 Figure 8-2. IPS Control System with the 

nonlinear flex pivot and wire cable 

K ~torque char acterisitics using the 

3 Dahl solid 'rolling friction model. 
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C = initial value of E 

TFp i = initial value of TFP 

Ther 
F~ iFit
C1 -i y(TF -TTP) (8-9) 

1 < 0
C2 =-i Y(TFFPi + T FPO (8-10)
 
+ T8-10)
 

The main objective is to investigate the behavior of the nonlinear elements
 

under a sinusoidal excitation, so that the describing function analysis can be
 

conducted.
 

Let e(t) be described by a cosinusoidal function,
 

6(t) = Acoswt (8-ll)
 

Then,
 T(t) =-Awsinpt 

(8-12)
 

Thus, E. = -A .> 0 (8-13)
 

S. = A << 0 (8-i4) 

The constants of integration in Eqs. (8-9) and (8-10) become 

C1 = A y(T T (8-15) 

C2 =-A- 1
2y(T~p Tp (8-16)
)
 

Substitution of Eqs. (8-li) and (8-15) in Eq. (8-5) and simplifying, the
 

solution of T + is
 
FP T + - + 
 (8-17)
 

TFPO 2'( 
- cost) + R-l 

which is valid for >> 0 or (2k+]) < Wt < (2k+2)r, k = 0, 1, 2, 

a = 2yATFPO (8-18) 

R = - + a2+ 1 TFP (8-19) 
a2a TFPO
 

Similarly, for s < 0, using Eqs. (8-11) and (8-16)in Eq. (8-6), we have
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S 2-(i - cosmt)
FP R+1= 1I.2 (8-z0)

TFPO 2(- coswt) + 

which is vaid for 2kw < wt < (2k+)Tr, k = 0, 1, 2, 

The expressions for T+ and T obtained in Eqs. (8-17) and (8-20) together
FP FP
 

with those of T (-) in Eqs. (8-2), and (8-3) are useful for the derivation of
 

the describing function of the combined nonlinearity of the wire cable and
 

the flex pivot characteristics.
 

-The torque disturbance due to the two nonlinearities is modeled by 

T+ =T+ + T+N WO FP 

R---+ - coswt) 
= HWT + KwTAcoswt + TFPO a - cost) + (8-21) 

(2k+l)'fr < Wt < (2k+2)r, k = 0, 1,2, . . . 

T=T +T
 
N WC FP
 

R - (1 - cost)

-Ht + +T(2 (8-22)


Hwy + ITACOSt + T FPO a - t 
R+
 

Figure 8-3 shows the TFP/TFP versus s/A characteristics for several
 

valdes of A when the input is the cosinusoidal function of Eq. (8-ll).
 

Figure 8-4 shows the normalized (3TFP + TWC)/(3TFPO + KWT + HWT) versus
 

C/A for several typical combinations of A, HWT and KWT.
,
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. 

O A10 A/ 3 " 

0.2 

-1.3
 

•-1.0 ,8 0,6 
 OA4 0.2 0 0.2 0.4 0.6 0.8 ,1.0

6/A
 

Figure 8-3. Normalized fl'ex pk'ot torque (Dahi model) versus S/A
 

for WPS with cosine function input."
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1.0 
-_ _ _ _08

I -
____ _____ ___- ___ ___ 

08 
 :
 

0.6 _ K_ =10_HWT=1o 
-
0 4 "A = 1 0 - A =10 


- ,=10 2 A 1=

3 0.2 ­
7 .25
+K 
 - 01
< 0 A = 1­

-02
 KwVT-.25i 
 HK -10 K~r-10 
i.._.VVT .0 /--10 Hw K 10 

- 1 F-2X 04A 101/ A 10 A 10
.KWT-25
 

HHw 0.1
 

A -.10 1 . _ - "
"
 

-0.8 - " '" ' 


-1.0 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.80.6 1.0 
A/A
 

Figure 8-4. Normalized flex pivot plus wire cable torques versus C/A
 

for IPS with cosine function input.
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9. Describing Function of the Combined Wire Cable and Flex Pivot Nonlinearities
 

Figure 8-1 shows that the disturbance torques due to the wire cable and
 

the gimbal flex pivot are additive. Thus,
 

T =T +T (9-).
 

For the cosinusoidal input of Eq. (8-11), let the describing function of
 

the wire cable nonlinearity be designated as NA(A) and that of the flex pivot
 

nonlinearity be NFP(A). Then, in the frequency domain, the total disturbance
 

torque is
 

TN(t) = NFP(A)() + N A(A)E(w) 

+ (NFP(A) + Nwc(A))(w) (9-2) 

Thus, let N(A) be the describing function of the combined flex pivot and wire
 

cable nonlinear characteristics,
 

N(A) = NFP (A) + N A(A) (9-3)'
 

Tha describing function of the Dahl solid friction nonlinearity has been
 

derived elsewhere 6 for the cosinusoidal input. The results is
 

N (A) = l - jA (9-4)FP A 

where 4 2 HC(C+A 
1 =- TFPO + ifC- -AJ (9-5) 

B 2 11 (9-6)'I yA 02 -_A 2 

The describing function of the wire cable nonlinearity is derived as follows. 

For a cosinusoidal input the input-output waveform relations are shown in 

Figure 9-1. The wire cable torque due to the cosinusoidal input, over one 

period, is 

TWC(t) = KWTAcoswt - HWT 0 < Wt < 7F 



---

79 

TWC TWC 

HWT+KWTA
 

H W V 
 NTA
 
-KWT T
 

A-
 HWT 

70 Tr 'ii 3r 27r t 
HWT 2 2 

2H WT 

0r 
AA
 

T/2 
 H
 

(-AC 

Wt
 

Figure 9-1. Input-output characteristics of wire cable torque
 

nonlinearity.
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Twc(t) = KTACOswt + HWT T < wt < 2r (9-7) 

The fundamental component of the Fourier series representation of Twc(t) 

is
 

Twc(t) = AIsint + B coswt
 

2 2=,A + B2 cos(wt - (9-8)" 

AI
 

Bt (9-9)
 

A1 = 0 Twc(t)sinmt dct (9-10) 

A 1 20TW
 

B 7 j Twc(t)cosot dtt (9-1I) 

The coefficients A and B are derived as follows:
 

A = 2 0 Twc(t)sint dwt
 

= -- (IwTAcost - H )sinbt dt
 

4HwT
 
-r (9-12) 

B = 2 Tw(t)cosdt dwt
1 7Fu0 WO
 

2 gTF (HAcoswt )coswt
 

J -W HWAdf
 

=KwTA (9- 3) 

2 4Hw2 
Then, 2 2 4n T + (KWTA) 2 (9-14) 

A1 + B1 SA 

t-4HwT
 
= tan -I W (9-15)


7KWTA j 
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The describing function of the wire cable nonlinearity is written
 

as
 
BI - jA l A + BI
 

NWT(A) AA 


4HWTI 2 2 / a n- I 4Hw 

LTAJ + KWT tV "KWT (9-1") 

For the combined nonlinearity, the describing function is the sum of the
 

two describing functions. However, since there are three ball bearings on the
 

flex pivot,- the final expression is
 

N(A) = NWT(A) + 3NFP (A) = NR(A) + jNI(A) (9-17)
 

where
 
NR(A) =3 22 ( C] 2 ])+KT(-8
-yA C A 

R Fy. 2 2 [E-A - TN(( = j -i + Kw 

NI(A) = 3Ki TFp 0 


+ A+ 4HWT (9-19)
 
- A+2r T s-s 

Asymptotic Behavior of -I/N(A) for Very Small Values of A
 

The asymptotic behavior of -l/N(A) for very small values of A can 
be
 

derived analytically. It can be shown that
 

NR(A) =yT 0 + KWT
plim 
 (9-20)

A-*O
 

and 4HWT
 
Tim N I(A) = lim - (9-21)
 
A- O A-O
 

Therefore,
 

-1 

ANR (A) + jN (A) 
n -1 lim 


0 (A) 

- = 0/-270 
(9-22) 

j ri 4 WT
Tim 
 7rA
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Asymptotic Behavior of -I/N(A) for Very Large Values of A 

For very large values nf A it can be shown that 

lim N (A) =KWT (9-23)
A-poR
 

and
 
lim NI(A) 0 (9-24)
 

A-to 

Then, in -I/N(A) 4-800 (9-25)
 

A4-0 KT
 

Magnitude Versus Phase Plots of -I/N(A) of the Combined Nonlinearities 

A digital computer program for the computation of N(A) and -I/N(A) is 

listed in Table 9-1. The constant A is designated as E in this program. 

The parameters of the nonlinearities are: 

TFPO = 0.00225 N-m 

- 1 
" 104 (N-m-rad)
Y = 9.2444 

KWT = 0.25 to 100 N-m/rad 

HWT 0.01 to I N-m 

Figure 8-2 shows the plots of -I/N(A) for the nonlinearities in magnitude
 

(db) versus phase for varies Combinations of KWT and HWT. It is seen that
 

varying the value of HWT between the range of 0.01 to 1 does not affect the
 

curves appreciably.
 

Prediction of Self-Sustained Oscillations in the IPS System With the
 

Combined Nonlinearity By Means of the Describing Function Method
 

The characteristic equation of the nonlinear IPS control system with the
 

wire cable Dahl-model nonlinearities is determined from Figure 8-2.
 

I + N(A)G eq(s) = 0 (9-26)
 

-where N(A) is defined in Eq. (9-17), and
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TABLE 9-I
 

IPS CONTINUOUS DESCRIBING FUNCTION OF COMBINED NONLINEARITY
 

CAILCULATI.OII FOP -1-M 
COMPLE',: G,,.Y ,'M ,'G' 

EAL*8 P':20-',PIPAD'TO ,GRMMA,EOTRPTEARPTGFI,TGFN, 

REL.8 8q­
PI=3 
-14159Dr1
 
FATI'f8l.BOPI
 
TO= 0.r_22B'O
 
HBT=1 .DO
 
.hT=1 0 .DO
 

MMR=.S9 .2444D3 
ECTART=I .fD-10­
NP=5 
IE'=12 

IlITE(5,101)
 
DO I J=i OD'
flU 1 •1=1 ,i-IPDO I I=l ,NF 

E=E:[:TART*DFLORT(I) * lO.DO**t.J-1):
 
A8=2.D O*GRi'1AE.TO
 
R=(-1 .Dl0.-A'-+D.-'RT (AA*AA+ .O:'.AAAFi,,'
D1 

TGFI=R*TO 
TGFN=TGFI
 
TGFP=-TGFI
 
C1=E-1 DO.- (GAMMA*,:Ti3FP-TO'.)
 
C2=-E- 1 . 0. (GAMlA*,:TGFri+T.:,)
 
A1=,-4 .nD O*T.'P I: +( 1 . D0. ePI1'GAMAE', ,4DLO: C 1+E."-,'C 2-E :)

1-( ,'.: 1-E)., :2:+E ,:t 

AZ=DLOG: .(C1+E:*(C2-E.' z",r(C1-E)-,zC2+E))",
 
A1='-4 .0TU.'PI ) +(A:v (P IGMMRAE)
 
B1=C-I1 .DO- 'AMHA1E D: E'PT (C2*C2-E*E) -CI ,'l'OPT (CI*C1-E
'. .fO+C2-'
1*E '.:'
 

Rz1=-4. D .*HIT.,P I
 
B. 	1=E*KIIT
 
A1=,:3.1A+A- ','E


BB1= '3 . -4+BSi :-'1B 


GiN=C.PL:':(BB1 ,-8A1)
 
'3V=-I .- GBr
 
'31=PEALI GV)
 
G2=AI'GGV'., 
GMAi=CABC: GV,
 
GBDB=20. #ALOG10 'MAG' 
GPHR--E=PADBATAr2.G2,'G1 ) 
IF :GPHASE. GE. . )GPHACE=GPHAS:- E-.T60. 
bWITE:5, 10",)E,TFI ,GPHA:-E ,GIBDB ,GMAG 

1 CONTINUE 
100 FORMAT': COtTINUOUS BE.SCPIBING FUNCTION FOP LZT HOrLI{EAPITJ 
104 FORMAT'>. "E" , "TGFI " , i0:-T, 	 ' 'f' -:'8- ' ': "PHS:;E ,O:' ", MAGH'I TUBE­
102 FURMRT(IPSE14.5) 

-TOP 
E i:{] 	 REPRODUChInIL THE 

'RuNAI. PAGE 1i POOR 

http:O*GRi'1AE.TO
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3 2
 
G (s) 0.00139 46(s3 + 0.0012528s + 0.003 6846s)
eq A(s) "
 

where A,(s) is defined in Eq. (3-4). fdtice that G (s) in Eq. (9-27) is equal

eq
 

to s 
 times the Geq(s) in Eq. (3-3), since in Chapter 3 the input to N is
 

whereas now it is e. The frequency.plots of Geq(s) of Eq. (9-27) are plotted
 

in Figure 9-2 for K, = 105 .and 106 . Similar to the curves in Figure 3-6, 
these
 

frequency loci for Geq(s) have two equilibrium points for each curve, one stable
 

and the other unstabl-e. For instance, for K, = l0 , the Geq(s) intersects
curve 


the -IN(A) oci. at w = 0.138 rad/sec and w = 0.055 rad/sec. The equilibrium
 

point that corresponds to w = 0.138 rad/sec is a stable equilibrium point,
 

whereas w = 0.055 rad/sec represents an unstable equilibrium point. These
 

results are very close to those obtained in Chapter 3 where the flex pivot
 

is presented as a spring. Therefore, the 
impact of using the Dahl solid friction
 

model is not great although all the loci are substantially different. For'
 

K 10,6= the stable equilibrium point is at w = 0.16 rad/sec, and the unstable
 

equilibrium point is at w = 0.05 rad/sec.
 

Figure 9-2 shows that for the system paramters used, the intersections
 

between Geq(s) and -l/N(A) all fall on the porti'on of the -l/N(A) loci that lie
 

on the -270 axis. This means that as we vary the values of KWT and HWT of
 

the wire cable nonlinearity characteristics within the stipulated ranges, only'
 

the amplitude of oscillation, A, will be varied. Equations (9-21) and (9-22)
 

further show that for small values of -I/N(A), which correspond to the range
 

of intersections 
in the present case, the amplitude of oscillation is not
 

sensitive to the values of y, T and KWT. However, the amplitude of
FPO' KT
 
oscillation, A, is directly proportional to the value of HWT. Typical results
 

of the stable sustained oscillations are tabulated in Table 9-2.
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Figure 9-2. Frequency response plots and describing function loci of IPS system with 
flex pivot and wire cable nonlinearities (DaM model). 
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TABLE 9-2
 

KI KWT HWT A (rad) (arc-sec) w (rad/sec) 

105 0.25 0.01 10-6  0.2 0.138 

105 0.25 0.1 10-5 2.0 0.138 

105 1.00 0.01 10-6 0.2 0.138 

1O5 1.00 1O00 1 -4 20.0 0.138 

105 5.00 0.01 10-6 0.2 0.138 

105 5.00 1.00 O- 20.0 0.138 

105 I0.00 0.01 10-6 0.2 .0.138 

105 10.00 1.00 10- 4 20.0 0.138 

105 25.00 1.00 10-4 20.0 0.138 

105 -100.00 1.00 O- 4 20.0 0.138 

106 0.25 0.01 3xlO -8 0.006 0.16 

106 0.25 0.1 3xl - 7 0.06 0.16 

106 1.00 0.01 3x10 -8 0.006 0.16 

106 1.00 1.00 3xO -6 0.6 0.16 

106 5.00 0.01 3xlO ­8 0.06 0.16 

106 5.00 1.00 3xO -6 0.6 0.16 

106 10.00 0.01 33<108 0.006 0.16 

6 1O00.00 1.00 3xO -6 0.6 0.16 

106 25.00 1.00 3xO - 6 0.6 0.16 

iO6 i00.00 1.00 3xlO - 6 0.6 0.16 



It is of interest to compare these results with those obtained in
 

Chapter 3. Using the results tabulated on page 30, the following comparisons
 

are obtained.
 

HWT = , KWT= arbitrary
 

Results in Chapter 3 Dahl model results
 

KI A (rad) w (rad/sec) A (rad) w (rad/sec)
 

-6
106 3.17xlO 0.16 3×I0 -6 0.16
 

105 8.19Xl0 -5  o.14 10-4 0.138
 

Therefore, we see that for all practical purposes these results are
 

identical
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10. Modeling of the Solid Rolling Friction by the First-Order Dahl-Model
 

It has been established that the solid rolling friction characteris­

tics can be approximated by the nonlinear relation
 

dTFP (0) T - T1
 

de FPI FPO
 

where i = positive number
 

y = constant
 

TFP I = TFPSGN()
 

TFP(E) = friction torque
 

TF 0 = saturation level of TFP
 

s= angular displacement
 

The describing function of the friction nonlinearity for n = 2 has 

been derived. In this chapter the input-output relationship will be ob­

tained by solving Eq. (10-1) with i = I. The describing function for the 

i = I case is deri' ed in the next chapter. 

Let the'angular displacement s be a cosinusoidal function, 

e(t) = A cos wt (10-2) 

Then, we can write
 

dT p(s) dT pC().

dT ­ d s 
= -yA sin wt (T - TO)dt d P P (10-3) 

where i has been set to 1.
 

Since TFPI TFPSGN(s), Eq.(10-3) is written
 

dTFP (E) 
= -yAr sin wt (T - ) >0dt FP FPO)0 

= yAw sin wt (TFP + TFPO) << 0 (10-4) 

For < O, 2Trk <c t < (2k + 1ft, k = 0,1,2,... 



Equation (10-4) is integrated on both sides to give
 

T p[s(t)] d~()

FFR 
 (Td) 
 yAw sin 


(10-5)
 
F[FP 
 O)] (TFP) FO
 

Thus,
 

TFP[s(t)] mt
 
Zn(TFP + TFPO)T 
 = -yA cos wts (10-6) 

Or, 

n(TFP(s) + TFPO) - kn(TFP (0) + TFP0) = -yA(cos wt - 1) (10-7)
T p()T 

n TFP(0) + TFP = -yA(cos wt 1)- (10-8)
FP 
 + TFPO 

Since for the cosinusoidal input d(o) = A and a < 0 for 2rk < wt < 

(2k + 1)7r, k = 0,1,2,..., T, (0) = TFPI > 0. This is because at E = 0, 

a is decreasing, and TFP acts in the direction opposite to the motion; 

thus T P 0. Equation (10-8) iswritten as
 

TFP (a) + TFPOJn T P = -yA(cos wt - 1) (i0-9) 

Or,
 

TFp() TFpI + e-yA(coswt-1) (0-10)
 

TFPO 
 TFPO 

For a> 0, (2k + I)i < wt < (2k + 2)>, k = 0,1,2,... 

Equation (10-4) is integrated on both sides to give 

) 
j.2 Tr 

TFP ( 2 FdTFP() 

- =T (10-11)
(Tlp -T-7 mt -yA sin wT doT 
P
FP F 
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Carrying out the integration, we get
 

IT p() - TFp 0 ] 

VPnTFP(2)TFP= -yA(1 - cos wt) (10-12)
TFP (7) TFPO1J 

Now at wt = 27, T (2T) = T > 0. Equation (10-12) leads to
FP EPI
 

TFP () = + FPJ - yA(cos t - ) (10-13)
 

ITFPO TFPO 

Let 

R = TFPI/TFPO (10-14) 

Then, Eqs. (10-10) and (10-13) become 

sT (a) I + (R + )e A(cO bt ) (10-15) 

TFPO 

TFp(s) = 1 + (R - )eyA(coswt-1) (10-16) 

T FPO 

respectively. 

In order to evaluate R, we equate the last two equations at Wt = IT. 

Then, 

-1 + (R + Ile2yA = I + (R - I)e- 2yA (10-17) 

The solution is
 

- 2
2 e 2YA + e yA 

e2yA _ -2y A e2yA _ e-2yA 

or 

R = csch (2yA) - cot h (2A) (10-V8) 

Since a = A cos wft and E. = s(O) = A, Eqs. (10-15) and (10-16) are written 

as 
- i
P -l + (R + 1)e-Y ( < 0 ( 0-19) 

TpF(TFp 0 

)
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TFP(s) y(s-c.)
 

-TFp0 = I + (R - l)e s > 0 (10-20)
 

Figure 10-1 
shows the TFP/TFP versus s/A characteristics for several 

values.of A when the input is the cosinusoidal function of Eq. (10-2). 

Figure 10-2 shows the normalized (3TFP + TWc)/(3TFPO + KWT + HWT versus 

s/A for several typical combinations of A, HWT' and KWT.
 

http:values.of
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Figure 10-1. Normalized flex p'ivot torque (Dahl model i = 1) versus
 

E/A for IPS with cosine function input.
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11. 	 Describing Function of the First-Order Dahl Model Solid R6lling
 

Friction
 

The mathematical description of the first-order Dahl model of the
 

solid 
rolling friction is presented in the last chapter. The frictional
 

torques for the two ranges of S for a cosinusoidal input displacement are
 

given by Eqs. (10-19) and (10-20). These equations are rewritten in the
 

following form:
 

TFP () = TFPI e-yA(coswt-1) + TFPO(e-YA(coswt=1) - ) (I-I) 

TFp () = TFP eYA(coswt-l) - TFP (eYA(coswt-) - I) (11-2) 

For the cosinusoidal input, 5(t) = A cos wt, let TFP() be approxi­

mated by the fundamental component of its Fourier series, representation,
 

i.e.,
 

TFP() = A1 sin wt + B1 cos Wt 	 (11-3)
 

The 	describing function of the friction nonlinearity (i = 1) is defined as 

B - JA 1 
NFP (A) = A1-4) 

where
 

A 27I T~(c) sin wt dwt
 

= ± 	0 ((T + TF)e)eYA(cost 
 -) TFPO) sin wt dwt 

1 FPO) )eYACCO TPO) 

+ 	 f2TF I - TFPOeyA(cost-1) + T sin wt dwt (11-5) 

Evaluating the integrals in the last equation, we have
 

A = -4TFPo + -'- T p I (e- 2 yA + e 2 yA - 2) + T (e 2 yA - 2yA))

I iyA F F011-6)
 



95 

or 
4TFPO 2r

A= + I Fp I (c o sh .2yA - I) + TFP(sinh 2yA) (11-7) 

FPO]
1 ii y TFP)e-
w(TFP 


- + 1 )r2 [(TFPI TFPO)eYA(FosPtO1)+ 

In order to evaluate the integrals,.of BI, let us represent eyAGoswt as a
 

power series:
 
-YAcosut (yA)2 Gas2 cos3
 

ec sY t =1 7yA cos wt + (y 2 cos2 Wt (yA)3 CO3 t + . .
 
2! 3! (11-9)
 

Consider the integral
 

IBI = Je yAcoswt c wt dct
 
0 

(yA)2 2n 


1
= iil - yA cos wt + (yAA)2 3 + ... cosw t dt 
2 ct2! 3!0 

(11-10) 

Since
 

7T
f cos cot dut = 0 for m = odd integers (11-11) 

Eq. (11-10) becomes
 

IBI (A f(r Cos cot dit i = odd integers (11-12)
 
i=0 1 
 0
 

Evaluating the integral, the result is
 

-A-B1 = [1+ (yA )2 _]+ (yA 4 ( 1(3+ (yA)6 1 __ ] 

BI 2 2! 4 4!34 6 4+ . (1-

(YA)8 -~ 5:: j+. ] (11-13)
 



Similarly, the integral
 

B2 f 27r eYACosWt cos wt dut 
iT 

is evaluated, and the result is 

IB2 =-I (11-14) 

Substituting the results of IB and IB2 	into Eq. (11-8), we have
 

B TFPI + 	TFPO yA + T TFPO e-yA
7f B81 T e 12BP 

[Bl yT(eA TA T (eYA A]
i - I e- ) + TFPO (11-15) 

For very small values of yA 

Bl 2 01(l-16) 

Equation (11-15) becomes 

- . (TFPI(eTA - e TA) + TFP0(eTA + e-YA)] (11-17) 

or 

BI -yA(TFPl sinh (TA) t TFPO cosh (TA)] (11-18)
 

For large values of yA, I81 becomes very large. However, we shall
 

show that TFPIapproaches -TFP as yA becomes ve.ry large, 
so that B
 

becomes zero.
 

We shall now investigate the limiting values of AI/A and B I/A when
 

A approaches zero and infinity. Since
 

lim T = 0. , 	 (iI ) 
A O FPI
 

AI 

limA = lim ~y+- 4TF~Y (11-20)
AO A O 2wAy I2=A 
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im A= -YTFp (1-1-21)
 
AF0
 

Therefore,
 

iim(-l/NFP (A) yT ('-22)
A-00TFPO
 

When A approaches infinity,
 

I Pim FP (11-23)
FPO
Aro FPI -T 


A B (_ FPO TFPOeYAI 

= 0 (11-24)
 

The value of A1/A also approaches zero as A becomes very large;
 

however it decreases at a much slower rate than B I/A. Thus,
 

TimTIN(A)] Tim -l70
 

A o -P A_ o j 


Figure 11-1 shows the plot of -I/NFP(A) in the magnitude (db) versus
 

phase coordinates for
 

-
Y = 13429.75 (N-m-rad)

TFPO = 0.0088 N-m 

Magnitude versus Phase Plots of -I/NFP(A) of the Combined Nonlinearities
 

For the combined nonlinearity of the Dahi friction model (i= 1) and
 

the wire cable, the nonlinear describing function is written as (Eq. (10-17))
 

N(A) = NWT (A) + 3NFP (A) (1-25)
 

where NWT(A) is given in Eq. (9-16).
 

Figuretl-2 shows the plots of -I/N(A) for the combined nonlinearity
 

in magnitude versus phase for various combinations of %dTand HWT. These
 
.1 

http:13429.75
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cUrves are similar to the plots shown in Fig. 9-2 which are for 
 = 2 in 

the Dahl model, especially when the values of A are very small and very 

large. 

The frequency loci of Geq(s) of Eq. (9-27) are plotted in Fig. 11-2 

for K, = l05 and 106. Similar to the cases in Fig. 9-2, these frequency 

loci have two equilibrium points for each curve, one stable and the other 

unstable. 

06
For KI = the frequency of oscillation at the stable equilibrium. 

is approximately 0.16 rad/sec, and is rather independent on the values of
 

KWT and HWT. This result is identical to that obtained in Chapter 9 when
 

i = 2 is used for the Dahl friction model.
 

Figure 11-2 shows that for K, 
= 105 the frequency of oscillation at
 

the stable equilibrium varies as a function of the values of KT and HWT.
 

For the various combinations of KWT and HWT shown in Figure 11-2, the
 

variation of frequency is not large, from 0.138 to 0.14 rad/sec. 
Of more
 

importance is perhaps the fact that when i 
= 1, the amplitude of oscillation 

A is larger as compared with that for i = 2. For example, for = 100,10T 


HWT = 1.0, 
KI = 105, Figure 9-2 shows that the amplitude of A is approximately
 

-
l for k = 2, whereas for the same set of parameters Figure 11-2 shows
 

that A = l0-3 for i = 1.
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12. 	 Modeling of the Solid Rolling Friction by the ith-order Dahl- Model
 

and-The Describing Function
 

In the previous sections the solid roiling friction was modelled by Eq.
 

(10-1) with i = 1 and 2. In general, the exponent i can be of any other value. 

In this section we shall derive the mathematical model of the solid rolling 

friction for i t 1. 

Let the frictional characteristics be approximated by the ndnlinear
 

relation dTFP ()
 

dF y(TFp i - TFPO) i (12-1)
 

where 
i = positive number # 1 

y = constant 

TFPI = TFP SGN() (12-2) 

TFP() = friction torque 

T = saturation level of TFP 

e= angular displacement 

Let the angular displacement s be a cosinusoidal function, 

C(t) = A cos wt (1-2-3) 

Then, e(t) = -Ao sin ct (12-4) 

We can write 
.dTdtFP = ­ yAw 	sin ct(TFp I - TFPO) (12-5)
 

In view of Eq.'(12-2), the last equation is wriften
 

dTFP

dtY= A sinlt(TFp -TFPO)i _ 

(12-6) 

Aw sin ''t(-TFP TFPO < 0
 

If s > 0 for 2k-r . <wt < (2k+]),r ,k = 0, 1, 2, . . . , Eq. (12-6) is 'integrated 

tto give TFP(e(t)dT F]A t u) 

(TP P= -yA sin udu = - yA(-cos(TFP - TFPO ) i 
0
 

TFP(e(O)) Wt = 0
 

RPRQDUC1BI OF PAIlPAE 
flRUWA JffPAQE A Zomki 
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= - yA(-cos wt + 1) (12-7) 

The last equation becomes
 

FP FPO (TFpi TFPO)-(i-)
(TTFP FPO 

(-i+]) TFpi 0(-' 
 - - -"
 

= yA(cos ot - 1) 
 (12-8) 

where TFpi = TFp(e(@)) and TFp TFp(s(t)l. 

Equation ('12-8) is further simplified to-(i-1) 
 FPO - (i-])
 
(T - T O) ) - (TFp - T )= -(i-)yA(cos wt - 1) (12-9) 

Defining
 
R = TFPI/TFP (12-10)
 

Eq. (12-9) leads to
 
TFP- I +R
TFPO __ _ __ _ _ __ _ _ -_-__1 __ _ _ __ _ _ _)_ _
 

T{FPO 1 - (i-1)YA(TFPoR-1))(i-)(cos t - 1)}1/(il)
 

If s < 0, for (2k+)r < wt < (2k+2), k = 0, 1, 2, . . . Eq. (12-6) is 

integrated to give
 

(-(27r)) dTF 
P SFP yA sinu du = A('- cos t) (2-12)
 

'(-TFPTFPO - t-


TFp (E(t)J
 

Following the same steps as in Eqs. 
(12-8) through (12-11), we have
 

TFP 
 R+ 1 
 - (2-13) 
TFPO 11 + (i-)yA(-TFPO(RJ(i+ )(cos Tt - )l/( i- )( 

In order to evaluate R, we equate Eqs. (12-11) and (12-13) at wt =11. After
 

simpli-fication, the result is
 

1 
[TI + -({(R+1 (i 

+ (12-14)
 
-1) { - / - )
wher ( -) i-) 1 0 {-R )} -)} ( 2 14 

where = 2(i - )yAFP(i-) (12-15)
 

2 
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Once the value of i (i # 1) is specified, R can be solved from Eq. (12-14). 

We can show that when i = 2, 

a = 2 y ATFPO (12-16)
 

which is identical to Eq. (8-18), and
 

- a (12-17)
a a a 2 

which is the same result as in Eq. (8-19). 

Once R is determined from Eq. (12-14), the torque relaftionships are
 

expressed by Eqs. (12-11) for s > 0 and Eq. (12-13) for s < 0. 

Describing Function For the'Dahi 
Model For i# 1
 

Let 

5/2 = (i - 1)yATFPO (12-18) 

Equations (12-11) and (12-13) are simplified to 

TFP R I 
TFPO (I8( - )(i l)( os t - I))l ' + I > 0) (12-19) 

TTFP 
 R+1 
-FPO {l + (-(R + ]))(.-1)(cos )t]1( -

) - 1 (. a) (12-20) 

For the cosinusoidal, input of Eq. (12-3), let the output torque be
 

represented by the fundamental components of its Fourier series; 
i.e.,
 

TFP = A, sin wt + B cos Wt 
 (12-21)
 

where
 

A1 = - 0 T sin wt dwt (12:22)
Tr0 FP 
and PB = TF- c6s wt dtn (12-23)
 

Substitution of Eqs. (12-19) and 
(12-20) into Eq; (12-22), we get
 

T Tri 
A - 0 R+ 1 
 1)}I 11sin wt dwt
011 + s(-(R + )) -(i-1) 
 JCsfo
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+ __ R-P 17 R Io s et 1-3 
+ 


7 r 1 - S(R - 1)i-1)'(cos et - 1 1 ) I sqn wt dwt (12-23) 

The last equation is-reduced to the following form: 

A1 41 TFPO(R + 1) 7Tsin wt dwt 
i-{i +T(-(R + 1)) (i-I) (cos t - 1)} 1/(i-1) 

TF (R -1j)[2ir'i t
 
-+ TFPO (R - 1s.i-n d/1))co t - (12-24) 

Letx = (R-- 1)(1) Cos Wt (12-25) 

and Y (-(r + 1))(i-1)Cos Wt (1226) 

dx =
Then -$(R - 1)(-1)sin-ct dnt (12-27) 
dy + i(R + 1)(i-)sin wt det (12-28) 

Equation (12-24) is written 

A 4TFPO + TFPO(R + I)( (R+l) (i-l 

1 7i(R + I0-) ( 1T -s(R+l)(i- 1) {1 + (-(R+1))(i-1) + 1/(-

TFPO (R - 1)( i - ] ) ,CR -1) 
1 ) (i--)J)(R - 0-1) (1 - 0(R-) -1 /1) (12-2) 

Let (1 

9 = 1 + $(-(r + i))(''' + y (12-30) 

-
=I + (R - 1)( 1) (12-31) 

Then . d9 = dy (12-32) 

dR = dx (12-33) 

Substitution of the last four equations into Eq.: (12-29)' yields 

4TFPo + TFPO (R + 1) l+2 (R+l)(i-1 d9 
AI T 7rs(- (R+)(1) R1 )) 91t-1) 
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TFPCR 	- 1) l-28(R-1) (i-l) 
+ FRO 	 (

+ l(R - i) ( i-	 (12-34) 

The ihtegralson the right-hand side of the last equation are now-carried
 

out, and after simplification,-the resuIt is
 

= 4TFPO + TFPO(R + 1) ([] + 23(-(R+1))(i-1)1( i 2)/ i 
- -
A1 


T$(R + 1 ) (i - 2)/(! - 1) , 

+ T( )- - -FP)/ -) 	 (12-35) 

The Fourier coefficient BI is determined as follows:
 

B1 	 FPO 7.R + I "~o w w
 
T 0 1 + (- (R + 1))(-')(cos ot - ) /(i l1cos ot dot
 

+ TFPOR+Icowtdt 
 (23­
r fT --1 - (R)-l)(Cos ot - / + 1i os o do (12-36) 

The last equation is simplified to
 

f
B 	 FPO (R + 1) 1(-(R + I) ('])cosit dot
)1- {-(R+-}i-T o { 1 - (-(R + I)J(i - I) + s(-(R + I)3 I-|cosmt}T/(1-i) 

+ (R-RI + 8CR i)(i-1) cosowtdwt 	 ]/12-37) 
i ) 7) +(RR+I/(i-i)](12-37) 

Letting 

x = 8(-(R + 1))(i-I)cos t (12--38) 

y = 8(R - l)(i-1)Cos Wft (12-39) 

dx = -03(-(R + l))(i'l)sin ot dot (12-40) 

dy = -g(R - 1)' -)sin ot dot (12-41)
 

Eq. (12-37) becomes
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T"rx(r)
 

B 'FPO -(R + 1) x cot wt dx 
-
7- - ) fx-CR0 - + 1)(1:)+ xf / ('- T 

(2 )
R- + cot t dy (12-42)
 
- Jy(r) (I+ 1(R - 1)(i-I) 1/0 -1)
(R -1)(i


For the first integral in the last equation,
 

cot t = / + (2 ] (12-43)i
.,2(- (R + I ) 2 

and for the second integral, 

y 

cot tot = (12-44)/2(R_ 1)2Ci-) 2
je( ­-IyT 

Therefore,
 

B1 TFPO *-{ + 1) i-) J×(o (-(R+]l )2(i-])-x2}|/2{,- 1)
7- -(R(R 1) 1) Ixo) { d (-(R+]))(i-])+xI1 / 0i-


Iy (27r)
'
(R - 1) d
 

)ydy/ - 1 (12-45)
CR-2 i i1 

(-7)Ii -l fJ(T ) (I2 (R-)2(i-l)y2/2( + ()i/(i 1) 

These integrals can be carried out only if the value of i is given (i # 1). 
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13. 	 Digital Computer Simulation of the Continuous-Data Nonlinear IPS
 

Control System With Dahi Model
 

The IPS control system with the nonlinear flex pivot torque modelled by
 

the Dahl solid friction model is simulated on the digital computer for i = 

and i = 2. The block diagram of the IPS system is shown in Fig. 8-2, and' the 

nonlinearities are modelled by Fig. 8-I. 

The main objective of the computer simulation is to verify the results on
 

the sustained-oscillation predicted-by the describing function method.
 

Dahl 	Model i = I
 

The computer program using the IBM 360 CSMP for i = I in the Dahl model
 

is given in Table 13-1. The simulation runs were able to predict and verify
 

the results obtained by the describing function methed of Chapter 9. The
 

difficulty with the long response time of the IPS system still exists in this
 

case. Generally, itwould be very time consuming and expensive to wait for
 

the transient to settle completely in a digital computer simulation. Figure
 

13-1 shows the response of E(t) over a one-hundred second time interval, with
 

(0) = 	10 5 , (O) = 0, KI - 105, KWT = 100, HWT = 1. For the Dahl model, i = 1, 

TFP = 0.0088 N-m, and y 13429.75. The parameters of the linear portion of
 

the system are tabulated on page 4 in Chapterl. 'Figure 13-1 shows that the
 

response is oscillatory with an increasing amplitude, and the period is 46 sec­

or 0.136 rad/sec. Since it wofld take a long time for the amplitude to settle
 

to a final steady-state value, we selected another initial value P(O) and
 

repeated 	the simulation. Figure 13-2 shows the response of C(t) with c(0)
 

0-3 which is decreasing in amplitude as time increases. Therefore, the stable
 

-
operating point should be at an amplitude between 10 3 and 10-5 , and the freq­

uency 	of oscillation is 0.136 rad/sec. In general it would be very difficult
 

to find the initial state which corresponds to the steady-state oscillation
 

exactly. The results predicted by Fig. 9-2 are very close for the amplitude
 

http:13429.75
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5.6000E 01 -7.5123E-04 -----------------------
 4,4910-04 1.1569E-0 1 ,4282-02 

o 0 5.8000! 01 1,5759E-04 ---------------------------- F 4.5410E-04 -5.826@E-06 -t.0324E-02
 
t0o J 6,000tIE 01 1,0427E-03 --------------------------------- F 4,2587E-04 -2,2154-05 -3,Q2A4E-02
 

6,2000E 01 1.8400E-03- --------------------------------------- F 3,6694E-04 -3.62o5E-05 -6,5162E-02

,46 ,4000E 01 2,492AE-03 -------------------------------------------- + 2.8202E-04 -4.80424-05 -8,5670E-02
 

6,6000E 01 2,9547E-03-- -----------------------------------------------
 1,7772E-04 -5,.70-7E -905.<t2E-02 
6,.8000E 01 3.19Y3E-03 -----------------------------------------------­ + 6,1869E-05 -S.98EL-05 -1.06302-01 

Hi 7.000E 01 3,2117E-03 - ------------------------------------------------ -5,974VI-05 -3.20 2E-05 -1.247E-01
 
7,2000E 01 2.9792E-03 ----------------------------------------------- + -1.7194E-04 -5.3752E-05 -9,6886E-02


0 7,4000E 01 2,5329E-03 -.------------------------------------------
 -2,71 ILE-04 -4.4isr-0S -0,1323E-020 7.6000E 01 1.90811-03 ----------------------------------------- + -3.493ZE-04 -3.2162E-05 -5.0327E-02

7.8000E 01 1,0520E-03 ----------------------------------- -4.0103C-04 -1,8101E-05 -3,4133E-02

0,0000C 01 3,23621E-04- ----------------------------- -4.2279E-04 -3,973E-06 -5,4374E-03


E8.2000E 01 -5,1791E-04 ------------------------ F -4.1361C-04 I.0521-05 2. 1947E-02
 
-I 8.4000E 01 - .3104E-03 -------------------- -3.743IE-04 2.64OE-05 4.7736E-02 

8,6000E 01 -1,7968E-0 ----------------- -3.0827E-04 3.157E-05 6.9454E-02 
8.8000E 01 -2.5280E -03 ------------ F -2,2062E-04 4,6220E-05 P,6237E-02 
9.0000E 01 -2,.689E-03 ---------- F -1.1809E-04 S.335oE-05 9,6724E-059,2000E 01 -2,9956I:-03 ---------- -,2654E-06 5.5307V-05 9,9468E-02
9,4000E 01 -2.•92?E2-03 ---------- I 1,02455-04 5,2428E-05 9.5836E-02 
9.6000E 01 -2, 6053E-03 ------------- 2.0264R-04 4,6838E-05 8.4017E-02
9,8000E 01 -2,1122E-03 ---------------- 2,8684E-04 3,70712-05 6,6827E-02 
i.0000E 02 -1.4721E-03 ------- 3.4903E-04 2.5437E-05 4,A501202 C0 

*** CSNI>/360 STULAI'TON IATA *** 
STOP
 

mailto:5.826@E-06


and W = 0.138 rad/sec.
 

Dahl Model i = 2 

Table 13-2 gives the computer simulation program for the i = 2 case,
 

with TFPO = 0.00225 N-m and y = 92444. All other-system parameters are the
 

same.as'the i = I case. Figure 13-3 shows a stable response when the initial
 

state s(0)'is small, 10- O . As shown in Fig. 11-2, when the initial state is
 

small the stable equilibrium point is c = 0. Figure 13-4 shows another stable
 

-8
 
response which would take longer time'to die out, when s(O) = 10- . Figures
 

13-5 and 13-6 show a sustained oscillation solution with aplitude lying between
 

- 7
10-7 and 7 xlO , and a period of 44 sec or 14.28 rad/sec. These results-are
 

again very close to those predicted in Fig. 11-2. The simulations for the
 

6
i= 2 case are cfarried out with KW. = 0.25, H =T 0.1, and K 10 
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0) SIMULA? TON or NO?NL trY9T"IF'-i )TI1<01. Si, fFM 	 PyFAIPE t 

C 	 I FNI E IIME NIrSUS mAM rmlU 
R CD -9, '624E-0 4.2560E-09
 
I FTIME 1 o r-,, -J V Q It 1 ,:'
'-'k-04 

- -. 0. 71 = 1 -1I''­
o 	 . 4 ,0000 o -- ,1---II "4 - I 2-..- E-, -I.A_-


'1,OOOOE 00 -9.3101b-1I---------- I 
 2. 3155E-03 -1.0?70#-A4 1.0''20'-010 - 6.0000E 00 2,73, In .---------- 2,3[E-G -L.3?7LL-04 1,0028E-01
8,OOOE 00 9,.404E-10 ----------------- I V,.306EU08 -LQ7nE-04 	 1!.0"2T:-01 
1 .0000E 1. 

rt 1."QOQ0 01 2,2- -fl-Q ----------------------------- I 2,3695E-08 -L,37L-)4 1,()02lE-01 

1. 0t 70 OF-Q -------------------------.I 	 2,3766E-08 - ,.3 
0
' 7 -04 1.0028E-01 

H w L.4000E 01 2, .-0--- . .. ----- . ... ­ 2.3664E-08 -1 ,TT7-r{-t4 1,062SE-01 
A" a 1,6000E 0t 7;,16- r-f ------------------. .--. - ----- ------I 2.-S4lr-8 -1. 3 7P''-04 1,0A"JE-01

* 	 (D I&W O0020 3.AM60T--0Q ----- ---------------------- I 2.0,45&R-0 -IAWR ?Ad 1 ,AOVUE-01
2.OOOE 01 3,6m20I:-.0 I- 2,31563E-08 - L397W -04 1,0028E-01t- 2.2000E 01 3 4 5 .....	 + 2, 3573F-0- - - - - - -	 - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -1, Z?/RE-04 1,0023E-01

5 2,4000E 01 .... --- - -, 	 =4,IRIII--09 	 -',i-- - --­ 2, 77' 04 1,0028E-01
D 4.6000E 01 425l -- O ------------------------------------------------F 2.3406E-08 -1,1 78P'-04 i0028E-Ol 

2,8000E 01 4, T31 E-"Q --------------------------------------I 2,3363E-00 -l.39?7&E-04 1,002OC-01 
01 0 --CD.OOOE 30 4- 'O--- ..........................- --
 + 2.3306E-08 -1.3178E.n4 1,0028E-01 

m 3.2000E 01 0954411-00 --------------------------------------- - - 2.3406E-08 -1.3"'1 E-04 1 "02SE-01 
O 3.4000E 01 3,92691I -O -----------------------------------------------2. I 33 2E-00 -1.397 _ 04 1, 028L.-01

3.6000E 01 3, 721-AQ --------------------------------------------- I 2.336LE-08 -1,,59/HE..0A 1,O0A: t-01U) 3,8000E 01 3. 605F-0 ----­ - -	 - F 2.33291E-09 -1,39 E-94 1,001-82-01 
4,0000E 01 	 3,4 27PE-0 ------------------------------------------ 4 2.3346E-09 -1 377 C-04 	 1,00281-01

0 4.2000E 01 3,3"301" - ------------------------------------- -- F 2.33 S -00 -1.,?73E-04 1,0028E-01 
-n 4.4000E 01 3,9Qc-OO -------------- -- ----------------------+ 2.3355E-08 -1,397A-r 4 1.0(n2 1-01 
m 4.6000E 01 2.994LF-09 -------------.-----------------------..I 2.327Y2-08 -t.3Q8F--04 1.0028E-01 

4,3000F 01 2,65MII-09 --------------------------------- 1 2.3240E-08 -t.'770C-04 100281-01C 5.0000E" 01 2.35H7F-O -------------------------.---- 2,3290E-08 -l.3'78--04 1.0028E-015, 1000 01 	 2. LO00F-09 ------------------------ ----I 	 2.3307E-08 -1,397 5-04 1.0028E-01
15000E 01 I,'? II-09 ----------------------- ---- 2.3431E-08 -1.3773 -04 1,0028.-01

O .5,6000E 01 2, ----------------I 2.3167E-08 -1 , 3078E-04 1, 0028E-011241-09 .------

5,130002 01 2.4753 -09 --------------------------- -----I 
 2.3619E-08 -1.3978W-04 1.0020l-01 
A. OOOOE O 	 2,2t2IC-O ------------------------------------F 2.3567E-0O -4.-978 -04 I.0028F-0l 

- 6.2000E 01 3,0004E-0" --------------------------------------2.3453E-08 -1,1978E-04 1,0028E-01I 
ii 6.4000E 01 2%,4lAE-59 ------------------ -- I. 2.3342E-08 -1 .397'&E-04 1,0028E-016.6000E 01 	 2./356F-09 --- I 2.33:77-08 -1.3972E-04 1.0028-01 

6,13000E 01 	 2,13573E-09 '--------- -4----------------- 4 2.33512E-08 -1. 378E-04 1.0028-0107 7.00002 01 2,4438E-09 -------------------------- F 2.3387E-08 -1.3778E-04 1.0021H-01 
7.20002 01 2.40092-09 -------------------------------I 2 .342'2E-08 -1,3978e-04 1,00S2E-01
7.4000E 01 2,4207E-09 ----------------------- ------. 	 2.34571-08 -1,3?78E-04 1,002OE-01
7.6000E 01 	 2.5273 -09 --- + 2-.43E-08 -1,3W78E-04 1.0028E-01 
7,8000E 01 2.6lT--E-O ...........................-------- F 2.35012-08 -1.3978E-04 1,0028E-01
8,0000E 01 2.7l1'2-09 -------------------------------- -I 	 23444E-08 -1.30VPIT-04 1 .00213-01

I 8,2000E 2. 7737P -09 	 I01 	 ----------------------------------- 2. 1 15E -68 -t , 3? '32-04 1, 0028 -01 
C 8.4000E 2.70L1E-0 	 I01 	 -..................................... 2.3415E-08 -1,221 -04 1,00282-01
8.6000E 01 	 2.7280-09 - I 	 2.341TTE-08 -1,3978E-04 1:00282-01NJ 8.8000E 01 2.700fE-09 --................................... I 2,34J5E-08 -1,3?9..-04 1,00201-01 

,l9.OOOOE 01 2,68311-09 --------------------- - ----- 7--.. 	 2.3415E-00 -1.3578-_-04 1,00203-01
'9.2000E 01 2,6605-09------------------------------------------ I 2,341,E-08 -1,_3'1tE-O t, 002e-01 
9,4000C 01 2.6379I-0? ---------------------------------- I 2.3416E-08 -1,3978E-04 1,0023-019.6000E 01 	 2.6322E-09 -... 	 - -,-- 2,3430E-08 -1,39732-04 1,002RE-019.8000E 01 	 2.637SE-09 --------------------------------- 2.34161-08 -1.397SE-04 1,002-'2-01
 

" -II 1.000E 02 2,6361 00 ---------........... 	 2.34T0E-08 -1,3rSE-01 1,0028E-01
 

0 

STOP 
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SIMULArION OF NONLINEAp IPS CONrAOL SYSIN 	 'N1, 

MIN] MU E VERSUS 1 ME iAN IM'.o' 
-Ti - -7. 3586E-08 3. Cl0577E-l3 

TIME E I I r 	 l Ii,
0.0 1 0000E-08 ----------- n. --- l- OEO-,-) -. 	 '-- 0 .1054E.-04 I. *R 
2,0000E 00 -2.2653E-08 - F 	 -n,_.074E-09 3 1A73E-0. -817"X9 -02C 	 4.0000E 00 -5.6443E-08 . . , -, J0,,r:-13I .21981--04 -0,01%-W
6.OOOOE 00 -0.2417E-08 ---- + II, I J3Ii:-09 -1 ,3240E-;-. 9,40i-''i-02

U-	 8.0000E 00 -3.28S4E-08 ------------------f. ,Aql-n' -1 ,A7l-n-8 . 2S-02_. 
l, 0000E 01 -5,4728E-09 ------------------------ '-- 6 ,3"-3 1-.4/E-O- , 0"'-02 
1,2000E 01 2.3893E-08------------------------------------------------ I -. 9nl- -A -L .d4WAE-n1 9,6442L -012
1,4000E 01 2.1370E-08 ------------------------------------------ I -s,4A'Pi-0) 1 ,97 " 1

-- -L, .i -01 
En 1,6000E 01 2.6 0OE-)8------------------------------------------------------- I - ,9'."t-0I I ,S'TeF-O- -l.C028E-01
rl 18,000E 01 3.30533E-08 --------- ---------------- ------ - I o-s--Oo--os- I 79r;"-,t-1 - L.O2OF-0I


2 .OOO0E 01 3.237 1E-0-- .. .. . .. ..----------------------------------------------- I -2,2044r--t 1,18E'.o-- -lon2rU­
c" 2,2000E 01 3.85E38E-08----------------.----------------------------
 - --- I -9, , 1-f 8 1 ,I7" 7M .-... - n lCD 	 2.4000E 01 3,6427E-08---------------------------------------------------------- ---- I - , 51l -01 1.0'''--A -1,002"L-01

2,6000E 01 3,1598E-O-- . . . . . . .. ..--------------------------------------------- "2.6'') 1W-0 1,.5 ?_r-0.- ."02C-01"1 2.8000E 01 2,43 O11E-08 ------------------------------------------- -. , 03 ' I 3-O9- -04 -1,0"? dE-01
CD 	 3.OOOOE 01 1.0165E-08-------------------------------------------- _,- I -. ' 13 --. 
-a 3.2000E 01 4,7649E-09----- ----------------------------------- I -2 717 03 -3"7eC-OA' -lA-'72'E-010 	 3.4000E 01 -5.9788E-09 -------------------------------------- I ',3 26-I1 00I 1 , 7E-,04I -L,0'29-0I


3.6000E 01 -1,6321E-08 
 - I------------------------J70 8-O ­
( 30000E 01 -2,55 3E-08 .---------------------I ,'68i41 OIl I 30'L-. A. -J. 0002 -0l

4.0000E 01 -3.3067E-08 ------------------------ I ',A612-o I .3 I-4 -,0 I-1
0 4.2000E 01 -3.8215-O0 --------------- F -, 169C- 08 I 39 '8k- 04 -, *fl.v2L-01 

C' . 0 01 -. 0 7 2 Ol----------- ------------- -1:'I0-100" 2N56904I-I 1.39 %4'0-04 -I,001UE-01-1,0024.1000E0 1 -4706912-08 1 39724-m R-Ot 
(0 4.1000E 01 -4.0272r-08 ---------------------- -2,6 L>O I 5 -4-- " -014,8000E O1 -3C70E-0- - - - - - -, 	 l244l-O3 1,301I -0 -hI00282-03 

5000 0i -1.. -08---------------------------- - -1,l-o 1.78-0 -1 ,0?V2s"E-01 

0-i 3. 6000E 01 -3.6342-09 --------------- -- I I '7O I [,97F-. -nl ,. '-0I 
5,3000E 01 -295-09--- ---------------------------------- I -1,l?41li-OH . 397'Git-0-1 -t1.0 0 

WL-01 
-- ' 60•.000E 01 1.31821:-08 -----------------------------------------. -I , 9? 5£-flA 1 3'UI -- - . 0(S-0l5.00-1--------- -09----------------------------------------	 -- --I I2I A"7t3u1 LDU-"-' -1I0100 

3.8000 0 4.2975E-- --09 -------------------------------- I 0 II.9/.0074 	 ,4 ,-1,0 '-01
460002O1 20963£-08 --------------------------- ---- I "*:7'-8.-

6.2000E 01 3.061-0-- . . ... ..---------------------------- .,n--"-I. 


-------	 1I,'3.3"-IJE- "1':- '4-01 
------- I -y,';A n i 39U -I Z .0-

C') 7,4000- Ol 2.6234,E-08 . . . . . . . ..--------------------------------------------"-10'101 -,' ,C4 *' II 	 A, - ­
7,2000 01 2.5128E-08 ------------------------- -,-'-I.1QlI. I 	 O)i 1 3 ,7017A-'o -L1,"-,qr-*' l 

0 	 7,4000201E '2.75-08 -- - -- ' .14 '1 -i' A I' P'7, 0. - (IQ.E'' 010 	 -------------------------.----.. 
7,6000E 01 1.2023E-08 ----------------------------------------- ,-'1'1-3 I 5T4 - A - L,QO 8k-Ij


II 7,4000E 01 1.68.-09- -. . . ..------------------------------ - NI -- 1,W"-,
.-. -1".773141- 1,37 o-
8000E 01 -4.9832 -098 -------------------------------------- I "Li "''.SU!- 'l-iI I -ma .1l,0 '.:..Ll 

o 	 7,20002 01 -] ,3.6389E- --- ----------------------------- I -1 ,'i2"'/r " Z -W or ;4 -l,0Q'l 01 
84000E 01 -2.0745-08- ------------------------------ I ' ,QS91 -Oil I 3570k-'l -1,n "0 .-- 01CD 2.6000E O. -$AE-o ---------	 "sn 1 s 7o , "O , 
8.000E 01 -3145-08 ------------------------- ,IL-03 I 7... -3."'-Ot 
9.000 E 01 -3.3 46-0- -- ------------------ I 	 -3I. ,j -H6m -- o",'I p 4 1 -' 

, 200002 01 -3,,10691:- -- ------------------- , . 1lK "I I ,37 RI , ' ,vI KI01
9.4000E 01 -3,0A42-60E-- ..---------------- - IA7W6-fli 1K , -0'. I *..w',- 1 
9,2000E 01 -2,6249E-04 ..---------------- I -. %IIAl:. I '<3------,1 -1-o 

9.9100E Ol -2.0389E-OIl ----------- --- I 	 rpil .,i,n I o.I -L,,_.L-011,00002 02 -1/4/8E-00---------------------- I -I," 'Ay-n)b L, "7,QW- -. 0CY2_'-F-0I 



SIMULATION OF NONLINEAR IPS CONTROL SYSIEM PAGIE: 

MINIliUM V'ERSIJS rIME HAXTMU,l 
-6,579E-07 6.29292-07 

TIME E I I LD.I EDllUT IC 
0.0 1 0000E-07 -----------------------------.. 0.0 -2.5090E-04 1.S0OOE-01 
2.00002 00 -3. 4600E-07 - I3.3992E-08 9.5392E-08 -S 1260E-07 
4.0000E 00 -4.2162E-07 - -,.3974L-08 20S3'E-05 -1.8303C-02 

C 
I 
Q 

6.0000E 
8,OOO0
1,0000r 

00 
00 
01 

-4.8371E-07 
-4.3802E-07 
-1.0114E-07 

-----
-. 

----------------- I 

-1.2232L-0S 
1 ,3923L-0.3 
'.781-00 

.207SE-04 
--1,V'l.oE- 0 

*,6 --­o 

-9.0178E-02 
1 .3',;4-'02 
3..:'t5-5 

I 

1.2000E 
O .4000E 
1.60002 
1.800O 
2,000012 

01 
o 
01 
01 
01 

4.637E-00------------------------------- 1 
1,7109E-07 -----I 
2.700E-07 -- .---------------------------------- I 
3.6331r-07 ----------------------------- ---------
4.210=E-07 --------- - -

6,.470.'-08 -,5.7l321204? 
V.'04L[[-08 -3.36ALt-0? 
.061L 00 -0.4203E-09 

3.4183C--00 -1.0989E-09 
2.i-,-41S-08 -7.$4'372-09 

-V.9.uoE-07 
-6. -3E-06 
-9.71-2E-06 
-1.233E-05 

-1 . 
1 2

.o-00 
• 

2
CD 

2,2000E 
2.4000E 
2,6000E
2.0000E 

01 
01 
01
01 

4.4726C-07 
0.1666E-07 
5.76W 07 
U,3167E-07 

---------- ---------------.............--
--------------------------------------------

-----------------------------------------------
---------------- - ---

A 

.929[Ll-O9
2,246 0 
3.J171-08

-I .J2313 -07 

-0.26.M81-09 
-. [985E-05 
-
2.9250I-05 

-1.4'0W-Ot 
2.2923W-02 
'"..,3.7g-0.JE-02 

-2.1011E-02 
3.0000E 01 2.2406E-07 ------------- ------------------ -1 .02C-0 7 

:,. 606E-08 -4.5oTE5-0S 
CD 3.2000E 01 6.64*6E-08 -- I -6.9390O--0S 2.1413E-09 -3,5167E-06 

3.4000C 01 -6, 0064-00 -----------------------­ 1 -6.076r.-00 2.748 E3-09 2.2650E-06 
0 

(D 

3,6000E 01 
3.0000E 01 
4L.,0000E 01 
4.2000E 01 

-109559C-07 -,-----------------
-3.0640E-07 -
-3,9346E-07 -
-4,.507O-07 --------

-6.020'1 08 1.7547E-09 
-;,0030C -08 6.0s002-0? 
-3,6'. Ol-08 /.477.1E-07
-. 002-0 0,4/7VI-07 

6,6112"-06 
1 .0 o9E"05 
1 .347-05 
1.5340C-05 

0 
.v 

4.4000E 
4,6000E 

01 
01 

-4,74,LE-07
-,5430-07 

------
--­ + 

1-100/I 09 
-4.0,453L-083 

1,814'3E-09
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