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-SUMMARY 

After buckling, s t a t i c a l l y  indeterminate  t r u s s e s ,  beams, and o the r  
" s t r i c t l y  symmetric" s t r u c t u r e s  may co l l apse  under loads which reach l i m i t i n g  
magnitudes. The cu r ren t  paper d i scusses  optimal des ign  f o r  prescr ibed  va lues  
of t hese  c o l l a p s e  loads .  

INTRODUCTION 

The p r i n c i p l e s  and techniques of op t imal ly  designing s t r u c t u r a l  elements 
aga ins t  buckling have been widely inves t iga t ed .  
ex tens ive  l i t e r a t u r e  on t h e  problem of f ind ing  t h e  least weight design f o r  a 
column of prescr ibed  Euler  buckling s t r e n g t h  ( see ,  f o r  example, r e f .  1 ,2 ,3 ) ,  
and two recen t  pub l i ca t ions  ( r e f .  4 ,S) 'dea l  with t h e  analogous problem of f ind -  
ing  t h e  l i g h t e s t  beam t o  resist  la te ra l  buckling under prescr ibed  loads.  
common f e a t u r e  of t h e s e  problems i s  t h e  fact  t h a t  t h e  s t r u c t c r e s  considered are 
s t a t i c a l l y  determinate  i n  t h e  sense t h a t  t h e  prebuckling stresses themselves 
are independent of t h e  design.  

For  example, t h e r e  e x i s t s  an 

The 

If t h e  s t r u c t u r e  i s  indeterminate ,  and i f  t h e  prebuckling stresses them- 
s e l v e s  are the re fo re  a f f ec t ed  by des ign  changes, t h e  problem becomes v a s t l y  
more complicated and no genera l  op t ima l i ty  p r i n c i p l e s  appear t o  have been 
developed. On t h e  o t h e r  hand, i t  i s  l i k e l y  t h a t  i n  cases of t h i s  type t h e  
buckling load i t s e l f  does n o t  r ep resen t  an important design c r i t e r i o n .  
s t r u c t u r e s  buckle under decreasing loads and a r e  t h e r e f o r e  imperfection- 
s e n s i t i v e .  Others may buckle  under increas ing  loads ,  and t h e i r  a c t u a l  s t r e n g t h  
i s  again governed by f a c t o r s  o the r  than t h e  c r i t i c a l  buckling load. 

Some 

I t  has  been shown t h a t  c e r t a i n  " s t r i c t l y  symmetric" types of s t r u c t u r e s  
n e c e s s a r i l y  buckle under increas ing  loads,  and t h a t  t h e s e  loads o f t e n  approach 
l i m i t i n g  va lues  as buckling deformations inc rease  i n d e f i n i t e l y .  
s t r u c t u r e s  of t h i s  kind are s t a t i c a l l y  indeterminate  t r u s s e s  ( r e f .  6) o r  beams 
buckling l a t e r a l l y  ( r e f .  7 ) ,  and r ecen t  numerical ( r e f .  8,s) and experimental  
( r e f .  10) r e s u l t s  have confirmed t h e  genera l  theory  ( r e f .  11 ) .  I t  may the re -  
f o r e  be r ea l i s t i c  t o  s tudy  t h e  optimal design of such structures as t h e i r  
co l l apse  s t r e n g t h ,  r a t h e r  than  t h e i r  buckling s t r e n g t h ,  i s  prescr ibed .  The 
ob jec t  of t h i s  paper is t o  in t roduce  a general  d i scuss ion  of t h i s  problem and 
t o  i n d i c a t e  a method of so lu t ion .  

Examples of 
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POSTBUCKLING MODEL 

The postbuckling behavior of s t r i c t l y  symmetric s t r u c t u r e s  has been 

(say, 

then t h e  "critical" load value is  

described i n  t o t a l  g e n e r a l i t y  i n  reference 11. 
by means of a simple model cons is t ing  of a p in- jo in ted  t r u s s  of 
n = 2 )  degrees of indeterminacy. If the  ex te rna l  loads are increased by 
increas ing  a common load parameter 
reached when t h e  compressive f o r c e  i n  one of t h e  bars  (say, bar  1) reaches 
t h e  Euler va lue  f o r  t h a t  bar .  Nevertheless, t h e  load-carrying capacity of 
t h e  t r u s s  i s  obviously not ye t  exhausted. 
s ens ib ly  constant compressive fo rce ,  
s i m i l a r l y  starts t o  buckle. 
A = A  then remains cons tan t .  

I t  can e a s i l y  be v i sua l i zed  
n 

A, 

While member 1 buckles under 
A i c o n t i n u e s  t o  increase  u n t i l  member 2 

Collapse occurs when member 3 a l s o  buckles, and 

C 

This simple process can be v isua l ized  wi th in  a format t h a t  i s  app l i cab le  
t o  a l l  s t r i c t l y  symmetric s t r u c t u r e s .  Let S, t h e  vec tor  of a l l  bar  forces ,  
be of t h e  form 

- 

S = A S  + a s  .., -0 r -r ' 

i n  which, f o r  s impl i c i ty ,  t h e  se l f - equ i l ib ra t ed  bar  fo rce  systems 
se l ec t ed  so as t o  s a t i s f y  t h e  orthonormality condition 

Sr a r e  

where t h e  summation extends over a l l  t h e  bars  and 
respec t ive ly ,  t h e  length, c ross -sec t iona l  a rea ,  and Young's modulus of t h e  
ith bar .  Moreover, if So i s  t h e  ac tua l  f o r c e  system i n  t h e  unbuckled 
s t r u c t u r e ,  (ar= 0 ) ,  then 

t i ,  A i ,  E i  r epresent ,  

s " 0  . S r = 0  ( r =  1,2) . (3) 

In  t h e  absence of any l imi t a t ions  on t h e  t e n s i l e  s t r eng th  of any member, 
t h e  condition of " s t a t i c a l  admiss ib i l i ty"  is  given by 

(Ni > 0 = Euler force)  , (4) 
i i S 2 - N  

which, i n  view of equation ( l ) ,  becomes 

( i  = 1 , 2 , .  . . ,n) (5) 

For given value of A equations (5) de f ine  a s t a t i c a l l y  admissible region i n  
t h e  ar 
vectors  a r e  proportional t o  S; ( f i g .  1 ) .  The region so defined need not be 
closed. For de f in i t eness  w e  assume A > 0 and SA < 0 ( i  = 1,2 ,3 , .  . . ,p  s n ) ;  i n  
t h a t  case t h e  reg ion  "shrinks" f o r  increasing values of 

space, whose convex boundary c o n s i s t s  of hyperplanes whose normal 

A. 
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For t h e  sake of b r e v i t y  w e  r u l e  out t h e  p o s s i b i l i t y  of mul t ip l e  buckling 
modes; then t h e  c r i t i c a l  value A = A 1  i s  reached when 

1 1 A S  = - N  ; 1 0  
i i h S > - N  1 0  ( i  = 2 , 3 , .  . . ,n) . 

A s  bar 1 buckles under constant compressive Euler f o r c e  t h e  f i r s t  
equations (S), i n  view of equation ( 6 ) ,  becomes 

( i = 1 )  of 

17) 
1 1 

r r  1 0 -  
a s = - ( h - h ) S  

A t  t h e  same time t h e  changes i n  t h e  bar  chord lengths a r e  given by 

si Ri 
6 .  = - ( i  = 2 , 3 , .  . . ,n) 
1 A i E i  

i n  which Si.> 0 represents  t h e  nonlinear e f f e c t  of t h e  curvature.  Hence 

i 1 1 y i = s  -r 0s - - s r 1  6 '  = 0 C r = 1 , 2 )  Y 

i 

or ,  with equations ( l ) ,  (2),  and ( 3 ) ,  

( r = 1 , 2 )  . 
Fina l ly ,  when equation (10) i s  subs t i t u t ed  i n t o  equation (7), 

(9) 

confirming, once again, t h a t  s t r i c t l y  symmetric s t r u c t u r e s  have s t a b l e  po in t s  
of  b i fu rca t ion .  ' 

For X < A 1  t h e  o r i g i n  0 of t h e  coordinate system i n  f i g u r e  1 i s  i n  
t h e  s t a t i c a l l y  admissible region and the re fo re  r ep resen t s  t h e  actual stress 
point.  A t  b i fu rca t ion  (X=X1) t h e  hyperplane B 1  passes through t h e  o r i g i n  
and, f o r  increas ing  values of A ,  t h e  o r i g i n  moves outs ide  of t h e  s t a t i c a l l y  
admissible region, while t h e  - stress poin t  P moves with B 1 .  According t o  
equation (10) t h e  vec tor  OP i s  p a r a l l e l  t o  t h e  normal t o  B 1  and, because 
3f t h e  convexity of t h e  s t a b l e  region, P i s  the re fo re  c lose r  t o  0 than any 
s the r  s t a t i c a l l y  admissible po in t .  
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After bar 2 also buckles, point P lies on the intersection of two 
hyperplanes, and 

Finally, collapse is reached, for A =Ac, when the statically admissible 
region has shrunk to the point Pc 
hyperplanes. In that case the constant values of ar are given by 

representing the intersection of three 

(13) 
1 2 3 

a c = s  r r 1  6 ' + S  r 2  6 ' + S  r 3  6' (r=1,2) Y 

and as collapse proceeds accordihg to 

the collapse mechanism satisfies 

1 c  2 c  3 c  
r 1  r 2  s 6 + s  6 + s p 3 = 0  (r = 1,2) . 

We also note that, in general, this mode as well as the value of  
independent of initial imperfections. 

Xc is 

OPTIMAL 1 TY 

For the more general case we may identify the major state of stress by 
means of 

The equations of compatibility are given by 

(r = 1,2,. . . ,n) (17) 

in which C is the compliance density with respect to o ,  &2 is the 
quadratic contribution to the major strain associated wiih the buckling mode 
v, - and the notation implies an integral or  a summation over the entire 
structure. 

The condition of equilibrium is given in variational form by 

T T k ... (v) - Kk(6v)  .-..., - - 2 lLll(y6y) = 0 
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where k i s  t h e  l i n e a r  buckling s t r a i n  tensor  
with reGpect t o  k. We note  t h a t  both K and 
of t he  design va r l ab le  h. 

F o r  op t imal i ty  w e  vary t h e  design by r e p  
t h e  condition of constant volume 

and t h e  s t i f fness  dens i ty  
C are, i n  genera l ,  functions 

acing h by h + h ,  subjec t  t o  

(19) 

Since t h e  load is  prescribed it folldws t h a t  h = 0 ;  never the less ,  t h e  major 
stress system ( i d e n t i f i e d  by ar)  and t h e  buckling mode v may change. 
Variation of equations (17)  and (18) then leads t o  

- 

dC oh + c u  4 - !Lll(")] = 0 or [Z - - - s  s (r = 1 , 2 , .  . . ,n) (20) 

T o  T * T  k .., (v) - K ..,- k(6v) - - 0 - R -11 (c - 6v) - = asaSRll (y 6y) 

i n  which R 2  
equation (19). Equation (18) r e p r e s e n t s - a  homogeneous eigenvalue problem, and 
equation (21) has therefore  no so lu t ion  unless  t h e  condition of i n t e g r a b i l i t y  

has been introduced as Lagrangian m u l t i p l i e r  t o  account f o r  

9 T  dK 
a s - s - 2  o R (v) - - y(y) -& k(y) - A 2  $331 = 0 

i s  s a t i s f i e d .  We note t h a t  equations (20) and (22) a r e  similar t o  the  equa- 
t i o n s  derived f o r  the  i n i t i a l  buckling case i n  re ference  4,  except f o r  t h e  
las t  term i n  equation (20) representing t h e  cont r ibu t ion  of t h e  postbuckling 
condition. 

Le t t ing  once again 

v - = wv R = w h  (w -+ m, - C  C 

md assuming co l lapse  under f i n i t e  load and s t r e s s  conditions we obtain 

T 
0 R ( v ) = O  - r - 2  -c (r = 1 , 2 , .  . . ,n) 

T T k (v,) Kk(6v) - cs R (V 6 ~ )  = 0 - - ..,- - -c-11 -e - 

T dK 2 dA k (yc) k(v ) = A - dh - - C  dh 
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of which t h e  first two equations represent  t h e  co l lapse  condition, and t h e  
last c o n s t i t u t e s  t h e  condition of  op t imal i ty .  I t  is  noted t h a t  once again 
t h i s  op t imal i ty  condition r equ i r e s  constant s t r a i n  energy dens i ty  i n  t h e  
design f i b e r s .  I t  is  a l s o  noted t h a t  f o r  co l l apse  ( i n  con t r a s t  t o  i n i t i a l  
buckling) t h e  d i r e c t  effect of a design changeonthe  co l l apse  mode v i a  t h e  
compat ib i l i ty  conditions has disappearea. 
a p a r a l l e l  behavior p a t t e r n  between co l lapse  through buckling and co l lapse  
through p e r f e c t  p l a s t i c i t y .  

In o ther  words, w e  see once again 

EXAMPLE 

A s  an example t o  i l l u s t r a t e  t h e  theory,we consider a beam of length 
which i s  f ixed  i n  i t s  own major plane a t  t h e  r i g h t  end and subjected t o  a 
bending moment A a t  t h e  simply supported l e f t  end. Collapse OCCUFS when 

R 

X 
0 = A  1 - - -  + a  

C C ( X) C R '  

while t h e  equations of equilibrium (25) assume t h e  form 

K U" - IS B = 0 (K28A) + a ut' = 0 (0 x R )  (28) 1 c  c c  c c  

where u and B represent  t h e  lateral  displacement and r o t a t i o n ,  respec- 
t i v e l y ,  with assoc ia ted  bending and to r s iona l  s t i f f n e s s e s  K I  and K2. I n  
t h e  development of equations (28) ,  it i s  assumed t h a t  a t  both 
ends and t h a t  t h e  e f f e c t  of  warping can be neglected. In  terms of B alone 
equations (28) reduce t o  

u = u " =  B = 0 

2 
0 

C (K2BL)' + - Bc = 0 
K1 

The co l lapse  condition equation 

R 

xu''BC dx =d 
K1 

(0 2 x 2 a )  

(24) becomes 

ac 6: dx = 0 , 

while t h e  opt imal i ty  c r i t e r i o n  equation (26) assumes t h e  form 

(O_IXSR) . 

3 K 1  = b  h/12, For t h e  s p e c i f i c  case of a t h i n  rec tangular  beam, i n  which 
K2=b3h/3, and A=bh ,  and i n  view of equation (29), equation (31) can be 
wr i t t en  i n  t h e  form 
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which lends i tself  well t o  an i t e r a t i v e  s o l u t i o n  scheme. I t  i s  a l s o  
i n t e r e s t i n g  t o  note  t h a t  equat ion (32) is  s a t i s f i e d  f o r  cons tan t  value of h 
provided 6 =s innx /R;  t h i s  confirms t h e  cur ious  conclusion a r r ived  a t  re- 
c e n t l y  by Popelar ( r e f .  4) t h a t  t h e  p r i sma t i c  design r ep resen t s  an optimum 
f o r  simply supported beams under cons tan t  bending moment. 

Numerical r e s u l t s  covering equat ions (29), (30) and (32) f o r  t h e  case 
under cons idera t ion  are c u r r e n t l y  being developed. 
i n  t h e  major bending moment, it i s  expected t h a t  i n  t h i s  case t h e  p r i sma t i c  
beam i s  not  optimum, and t h a t  optimal design f o r  co l l apse  may lead  t o  a 
no t i ceab le  reduct ion  i n  weight. 

Because of t h e  v a r i a t i o n  

REFERENCES 

1. Keller, J.  B . :  The Shape of t h e  S t ronges t  Column. Arch. Rat. Mech. 
Anal. ,  Vol. 5, 1960, pp. 275-285. 

2 .  Prager,  W .  and Taylor ,  J. E . :  Problems of Optimal S t r u c t u r a l  Design. 
J .  Appl. Mech., Vol. 35, 1968, pp. 102-106. 

3 .  Masur, E .  F . :  Optimal Placement of  Avai lable  Sec t ions  i n  S t r u c t u r a l  
Eigenvalue Problems. J .  Optim. Theory Appl., Vol. 15, 1975, 
pp. 69-84. 

4. Popelar,  C .  H . :  Optimal Design of Beams aga ins t  Buckling: A P o t e n t i a l  
Energy Approach. J. S t ruc .  Mech., Vol. 4, 1976, pp. 181-196. 

5. Popelar,  C .  H . :  Optimal Design of  S t r u c t u r e s  aga ins t  Buckling: A 
Complementary Energy Approach. J .  S t ruc .  Mech., Vol. 5, 1977, 

6. Masur, E .  F . :  Post-Buckling S t rength  of Redundant Trusses .  Trans.  
ASCE, Vol. 119, 1954, pp. 699-716. 

7. Masur, E .  F .  and Milbradt ,  K .  P . :  Col lapse S t rength  of Redundant Beams 
after La te ra l  Buckling. J .  Appl. Mech., Vol. 24, 1957, pp. 283-288. 

8.  Bazant, Z.  P.  and N i m e i r i ,  M. E . :  Large Def lec t ion  S p a t i a l  Buckling of 
Thin-Walled Beams and Frames. J .  Engr. Mech. Div., ASCE, Vol. 99, 
1973, pp. 1259-1282. 

9. Woolcock, S. T. and Traha i r ,  N .  S. :  Post-Buckling of Redundant Rectangu- 
lar  Beams. J .  Engr. Mech. Div., ASCE, Vol. 101, 1975, pp. 301-316. 

507 



10. Trahair, N. S.: Elastic Stability of Continuous Beams. J. Struc. Div., 
ASCE, Vol. 95, 1969, pp. 1295-1312. 

11. Masur, E. F.: Buckling, Post-Buckling and Limit Analysis of Completely 
Symmetric Structures. Int. J. Sol. Struc., Vol. 6, 1970, pp. 587-604. 

Figure 1,- Redundant stress space, 
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