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SUMMARY 

A m u l t i - l e v e l   g r i d  method has   been  s tudied as a p o s s i b l e  means o f   acce l e ra t -  
ing   convergence   in   re laxa t ion   ca lcu la t ions   for   t ransonic   f lows .  The method 
employs a hierarchy  of   gr ids ,   ranging  f rom  very  coarse   (e .g .  4 X 2 mesh c e l l s )  
t o   f i n e   ( e . g .  64 X 32);   the   coarser   gr ids   are   used  to   diminish  the  magni tude  of  
t h e  smooth p a r t  of t he   r e s idua l s ,   hope fu l ly   w i th  far l e s s   t o t a l  work than  would 
be requi red   wi th ,   say ,   op t imal  SLOR i t e r a t i o n s  on t h e   f i n e s t   g r i d .  To d a t e   t h e  
method has   been   appl ied   qu i te   successfu l ly  t o  the   so lu t ion   o f   t he   t r anson ic  
small-dis turbance  equat ion  for  the vela-city p o t e n t i a l   i n   c o n s e r v a t i o n  form. Non- 
l i f t i n g   t r a n s o n i c   f l o w   p a s t  a p a r a b o l i c - a r c   a i r f o i l  i s  t h e  example s tud ied ,   w i th  
meshes  of  both  constant  and  variable  step s i z e .  

INTRODUCTION 

The m u l t i - l e v e l   g r i d  method, for   acce le ra t ing   cof ivergence   in   re laxa t ion   ca l -  
cu la t ions ,   has   been  shown t o   b e   v e r y   e f f i c i e n t   f o r   s o l v i n g   e l l i p t i c  problenis  with 
Dir ichlet   boundary  condi t ions.  For background  and h i s t o r i c a l   m a t e r i a l ,   s e e   r e f -  
erences 1 t o  4. .The i d e a   o f   t h e  method i s  based on t h e   f a c t   t h a t  i n  many t y p i c a l  
e l l i p t i c  boundary-value  problems,  the  error i s  composed of a d iscre te   spec t rum of 
wave l e n g t h s ,  which  range  from the   wid th   o f   the   reg ion  down t o   t h e   w i d t h   o f  a 
mesh c e l l .  The short   wave-length  components  of  the  error  are  usually  diminished 
q u i t e   r a p i d l y   i n  a re laxa t ion   ca lcu la t ion ,   whi le   the   long   wave- length  components 
diminish  very  s lowly.   After   only a few i t e r a t i o n s   t h e   r e s i d u a l  w i l l  be  smooth, 
s ince   the   shor t   wave- length   e r ror  components  have  been e l imina ted ;   and   thus   the  
res idua l   can   be   represented   accura te ly  on a coa r se r  mesh. An equa t ion   ca l l ed  
the   " r e s idua l "   equa t ion  i s  then  solved on t h e   c o a r s e r  mesh,  and t h e   r e s u l t i n g  
c o r r e c t i o n  i s  added t o   t h e  last  approximation on t h e   f i n e  mesh, y i e l d i n g  a s ig-  
n i f i c a n t  improvement with  very l i t t l e  work. 
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Since   r e l axa t ion  methods are c u r r e n t l y   t h e  most a t t r a c t i v e   f o r   o b t a i n i n g  
numerical   solutions  to  transonic  aerodynamics  problems , t he   ques t ion  arises 
as t o  whether a multi-level, or mult i -gr id  ( M G ) ,  method  can be  used i n  a mixed 
flow  with  shock waves. I n   t h i s   p a p e r  we r e p o r t  some e a r l y   r e s u l t s   u s i n g   t h e  
MG method t o   s o l v e  a simple  transonic  problem: we cons ide r   t he   t r anson ic  s m a l l -  
d is turbance  equat ion for t h e   v e l o c i t y   p o t e n t i a l ,   f o r   n o n l i f t i n g   f l o w   p a s t  a 
p a r a b o l i c - a r c   a i r f o i l .  

PROBLXM D E S C R I P T I O N  

The t ransonic   smal l -d is turbance   equat ion   for   the   ve loc i ty   po ten t ia l   can   be  
wr i t ten   in   conserva t ion   form as: 

where 

Equation (1) i s  t o  be   so lved   subjec t   to   the   boundary   condi t ions   tha t   the   d i s tur -  
bance   po ten t ia l ,  @, vanishes a t  i n f i n i t y  and the  f low i s  t a n g e n t   t o   t h e   a i r f o i l  
sur face  , i n   t h e   i n t e r v a l  / x  I 5 1 / 2  ; i .e.  , 

where F(x)  i s  the   (uppe r   su r f ace )   t h i ckness   d i s t r ibu t ion   func t ion ,  T i s  t h e  
u s u a l   t h i c k n e s s   r a t i o ,  and y, M,, and K a r e   t h e   r a t i o   o f   s p e c i f i c   h e a t s ,  
free-stream Mach number,  and t r anson ic   s imi l a r i t y   pa rame te r ,   r e spec t ive ly .  The 
form  of  equations (1) t o  ( 5 )  i s  a c o r r e c t l y   s c a l e d   t r a n s o n i c   s i m i l a r i t y   f o r m ,  
i n  t h a t  all q u a n t i t i e s   a r e  of order  1. Equation (1) i s  of  hyperbolic or e l l i p t i c  
type  depending on whether 

i s  negat ive or p o s i t i v e ,   r e s p e c t i v e l y .  
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Finite-Difference  Equations 

Murman's  conservative  difference  scheme  (ref. 5) can  be  conveniently pre- 
sented  in  terms of Jameson's  "switching  function"  (ref. 6) as  follows : 

where 

and  where 

- W i j  + 4i-1 
Pij - - Uij 

Ax 2 

Pij = 0 if Uij > o 

= 1 if Uij 5 0 

It  should  be  noted  here  that  in'  the  interest  of  simplicity, we have pre- 
sented  only  the  constant-step-size  (unstretched  grid) form of the  difference 
equations.  The  actual  computer program is  written f o r  a  stretched  grid,  with 
the  identity  transformation  (constant  step  size)  included  as  a  special  case. 

Vertical  Line  Relaxation 

A vertical  line  relaxation  scheme  for  solving  equation (7) by iteration  can 
be  written  as: 

where 
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+ 9 denotes a "new" va lue  of 9, obta ined   dur ing   the  latest  i t e r a t i o n  sweep, 
while 9 i s  the   va lue   f rom  the   p rev ious  sweep. R i j ,  which i s  the   l e f t -hand  
s ide   o f   equa t ion  (71, i s  evaluated  with  "old"  values of @i j  I as are t h e   i t e r a -  
t i o n   c o e f f i c i e n t s  A through E ,  which   a re   g iven   in   the   appendlx .  

Multi-Grid  Approach 

Residual  equation.-  L e t  us   in t roduce  a sequence  of   gr ids  GI, G2, ..., Gm, 
where f o r   s i m p l i c i t y ,  hk = 2hk+l,  and hk r e p r e s e n t s   t h e   s t e p   s i z e   o f   t h e  
Gk g r i d .  We c a n   r e p r e s e n t   t h e   i t e r a t i o n   o p e r a t o r   ( e . g . ,   e q .   ( 1 2 ) )  on t h e  
f i n e s t   g r i d  GM as: 

where i s  t h e   e x a c t   d i s c r e t e   s o l u t i o n  on t h e  G g r i d .  We can  wri te  OM M 

where i s  the  approximate  solution  and v i s  t h e   e r r o r .  Then we have t h e  
r e s idua l   equa t ion :  M 

= - %  

where % i s  the   res idua l   o f   the   approximat ion  % on t h e  G g r id .  LM i s  i n  

genera l   d i f fe ren t   f rom  in   the   nonl inear   case ,   which   compl ica tes  matters. 

Nevertheless ,  i f  % i s  smooth,   the   error  w i l l  be   smooth,   and  the  res idual  

equat ion (16) can  be  solved on a coarser   gr id .   Thus,   for   example,  w e  can   wr i te  

0 

M 

where wMm1 i s  an  approximation t o   t h e   e r r o r  vM  on t h e  GM-l g r i d ,  and 

denotes   in te rpola t ion   f rom  the  Gk t o  GR. After   solving  the  problem (17) 
(usua l ly   wi th  homogeneous boundary  condi t ions) ,  we i n t e r p o l a t e   t h e   f u n c t i o n  

back  onto  the G mesh,  and  thus  form  an  improved  approximation: W M-1 M 
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In   t he   comple t e  MG a lgo r i thm,   t he   so lu t ion   o f   equa t ion  (17) i s  a l so   pe r -  
formed  by  relaxation;  and i f  the  convergence rate falls below a prescr ibed  
l e v e l ,  w e  can  apply a similar procedure ,   backing   up   to   the  GM-2 g r i d   l e v e l ,  
and so on, until w e  a r r i v e  at G i f  necessary.  The G1 g r i d  i s  so c o a r s e   t h a t  
a d i r e c t   s o l u t i o n   c o u l d   b e  used economically,   but we have   u sed   i t e r a t ion   he re  
a l so .  

I' 

Full approximation.-   In   the  general   nonl inear   case,   the   form of t h e  
opera t ion  E can be quite  complicated  -more so t h a n   t h e   o r i g i n a l   o p e r a t o r ,  
L - a n d   t h u s   a p p l i c a t i o n s   t o ,   s a y ,   t h e   f u l l   p o t e n t i a l   e q u a t i o n  may be   t ed ious  
t o  program. It tu rns   ou t   t ha t   fo r   t he   t r anson ic   sma l l -d i s tu rbance   equa t ion ,  
the job i s  simple,  and  our f i rs t  program did u s e   t h e   e x a c t   e x p r e s s i o n   f o r  x 
i n  a n   e f f i c i e n t  way. However, t h e r e  i s  an   equ iva len t ,   e a s i e r  method f o r   s o l v i n g  
the residual   equat ion,   which we c a l l   t h e  fu l l  approximation  method, as fo l lows:  

Suppose we add t o   b o t h  sides of  equation (17) the   f 'unct ion 

Then,  since 

we have 

T de can now use   t he   o r ig ina l   ope ra to r  on a l l   t h e   g r i d s ,  which   grea t ly   s impl i f ies  
t h e  programming. The right-hand s ide of  equation (20)  'is the d i f f e rence  
between the r e s i d u a l s  of ca lcu la t ed  w i t h  the   coarse-  and f ine-gr id   opera-  

t o r s .  Note t h a t  when the   so lu t ion   conve rges  on t h e  GM g r i d ,   t h e n  

but  RM,l w i l l  r e m a i n   f i n i t e ,   s i n c e  $M i s  a s o l u t i o n  on t h e  G g r i d ;  

i s  e s s e n t i a l l y   t h e   t r u n c a t i o n   e r r o r  of the $,1 opera tor .  

w 

M 34-1 
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After equat ion (20) i s  s o l v e d   t o   s u f f i c i e n t   a c c u r a c y ,  we determine  the 
func t ion  

W 
M-1 

M-1 = 9, - IM (UM) 

by  subt rac t ion  at all p o i n t s   o f   t h e   g r i d  G and   t hen   i n t e rpo la t e  w t o  
t h e  G g r i d  as be fo re   i n   equa t ion  (18). M-1' M-1 

M 

RESULTS AND DISCUSSION 

I n  o r d e r   t o   e s t i m a t e   t h e   e f f i c i e n c y   o f   t h e   m e t h o d ,  a work uni t   can  be 
def ined  as t h e  amount of computa t iona l   e f fo r t   r equ i r ed   fo r   one   r e l axa t ion  sweep 

n = (1/4)M-k wGk u n i t s  , f o r  example.  Likewise , when w e  c a l c u l a t e   t h e   r e s i d -  

g r i d ,  i .e. ,  as few  poin ts ;   hence   each   res idua l   ca lcu la t ion .cos ts   l ess  

" on t h e   ( f i n e s t )  GM grid. Thus a r e l a x a t i o n  sweep  on t h e  G k g r i d   c o s t s  

u x l s   f o r   t h e   g r i d ,  we pe r fo rm  these   ca l cu la t ions   a t   t he   po in t s   o f   t he  G k-1 

than  1/4 he   e f fo r t   o f  a r e l a x a t i o n  sweep  on t h e  $ g r i d ,  o r  approximately 
(1/b)"k+4. Note t h a t   t h i s  i s  an  overestimate , s ince   t he   t r i d i agona l   sys t em (12) 
i s  not   inver ted ,   nor  do we c a l c u l a t e   t h e   i t e r a t i o n   c o e f f i c i e n t s   d u r i n g  the 
r e s i d u a l   c a l c u l a t i o n s .  On the   o ther   hand  we d id  not   count   the work o f   i n t e r -  
po la t ion   i n   equa t ion  (18), f o r  example, o r  any  other  "overhead" of t h a t   t y p e .  

An o v e r a l l  estimate of   eff ic iency  can  be  given  by the e f f e c t i v e   s p e c t r a l  
r ad ius  

where 

RM a f t e r  f i r s t  sweep on G M 

I /%,nwJ 1 = norm of 
% a f t e r  nw work u n i t s  

and 
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Hence t h e  norm we use i s  t h e   r o o t  mean squa re   o f   t he   r e s idua l  on G This 
number i s  typ ica l ly   abou t  5 t o  10 t imes smaller t h a n   t h e  maximum norm i n  
transonic  problems. We cons ider  an approximate  solut ion  to   be  converged when 

M' 

where the   p re sc r ibed   cons t an t  C i s  typica l ly   chosen  as 1 so as t o   e s t i m a t e   t h e  
nominal   t runcat ion  error .  

Unstretched  Grids 

I n   t h e   c a s e   o f  a g r i d   w i t h   c o n s t a n t   s t e p s   i n   b o t h   d i r e c t i o n s ,   t h e   p r e s e n t  
MG method  performed  quite w e l l .  Some t y p i c a l   r e s u l t s  are summarized i n   t a b l e  I 
and   d i scussed   br ie f ly   in   the   fo l lowing .  

I n  a l l  c a s e s ,   t h e  MG runs were made with a r e l a x a t i o n   f a c t o r  w = 1.0 on 
all gr ids .  

Laplace's   equation  with smooth  boundary  conditions.- To i l l u s t r a t e   j u s t  
how f a s t   t h e  MG method  works f o r  a n ice ,   smooth ,   e l l ip t ic   p roblem,  we present  
i n   t a b l e  I r e s u l t s   f o r   t h e   s o l u t i o n   o f   L a p l a c e ' s   e q u a t i o n   w i t h   t h e   p r e s c r i b e d  
no rma l   de r iva t ive   equa l   t o   s in  TX along y = 0. Because  of  the  smoothness of 
the  boundary  data ,  it cou ld   be   expec ted   t ha t   i n t e rpo la t ing  a converged G4 
(32 X 16 g r i d )   s o l u t i o n   o n t o  G w i l l  give a very good s t a r t i ng   approx ima t ion  
for G5.  This  i s  t r u e  , for   a l tzough  the   convergence  rate on G5 y i e lded  
a = . 583 ,   t he   e f f i c i ency   o f   t he  two  combined l e v e l s  i s  more l i k e  a = .46! I n  
con t r a s t ,   success ive  l i n e  ove r re l axa t ion  (SLOR) achieved a = .924  on G5,  
s t a r t i n g  from t h e   z e r o   s o l u t i o n ,  and  using a r e l a x a t i o n   f a c t o r  w = 1.85. 

Non l inea r   a i r fo i l   f l ows . -  The n e x t   t h r e e   e n t r i e s   i n   t a b l e  1 show t h e  
results for   the   nonl inear   p roblem  of   f low  over  a p a r a b o l i c - a r c   a i r f o i l .  I n  
these   ca ses  , t h e  Neumann boundary  condition i s  an "N-wave" - far from  smooth.- 
b u t   t h e  M, = 0.7 s u b c r i t i c a l   c a s e   ( i . e . ,  no supersonic  f low)  converged as 
well as the   p rev ious  smooth  problem;  hence, it can  be  concluded  that   discontinu- 
ous boundary  conditions do n o t   d e t e r i o r a t e  MG performance. The "combined" mode 
of   opera t ion ,   where   the   converged   so lu t ion   for  G4 i s  used t o  start G5,  was 
no t   he lp fu l ,   s ince   t he   t runca t ion   e r ro r s   a round   boundary   s ingu lax i t i e s   and  
shock  waves  were so large.   That  i s ,  t h e  Gl+-solution  gives a l a r g e   r e s i d u a l .  
when i n t e r p o l a t e d  on t h e  G5-mesh. The M, = 0 .85   (modera t e ly   supe rc r i t i ca l )  
case  had  124  supersonic   points   out   of  a t o t a l  of  2145 mesh p o i n t s  on G 5 ,  or  6%. 
The r e l a t i v e   e f f i c i e n c y   b e t w e e n  MG and SLOR i s  s t i l l  unaf fec ted .   In   bo th   o f  
t he   a fo remen t ioned   non l inea r   ca ses ,   t he  SLOR runs were ca r r i ed   ou t   w i th  w = 1.85, 

I which was found t o  be near optimal  by  experiment. 

The last  of the   uns t r e t ched   g r id   ca ses  i s  M, = 0 . 9 5   ( h i g h l y   s u p e r c r i t i c a l ) ,  
wi th  355 supersonic   po in ts .  The f low  pa t t e rn   exh ib i t ed  a weak oblique  shock a t  
t h e   t r a i l i n g   e d g e ,   f o l l o w e d   b y  a t r i angu la r   r eg ion   o f   nea r ly   cons t an t   supe r son ic  
flow,  which was  terminated  by a normal  shock i n   t h e  wake.  The f i n a l  number of 
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supersonic   po in ts  was e s t a b l i s h e d  after 38 work u n i t s ,   a n d   t h e   s o l u t i o n  con- 
verged after 67.6 work u n i t s ,   g i v i n g  a = 0.858. The SLOR run was uns tab le  
wi th  w = 1.85 , and  had t o  be  "babied" by s lowly   increas ing  w, us ing   an   i n t e r -  
ac t ive   remote   t e rmina l .  The b e s t   r e s u l t   a c h i e v e d  w a s  nw = 228, wi th  a = .957. 

S t r e t ched  Grigs 

An a t t r a c t i v e  way t o   s a t i s f y   t h e  boundary  condition a t  i n f i n i t y  i s  t o  
t r a n s f o r m   t h e   i n d e p e n d e n t   v a r i a b l e s   s u c h   t h a t   t h e   i n f i n i t e   s p a c e  i s  mapped 
onto a f i n i t e  domain.  However, it became quickly  evident  that  v e r t i c a l   l i n e  
r e l axa t ion   a lone  i s  n o t   t h e  best way t o   r e l a x   t h e   s o l u t i o n   f o r  a s t r e t c h e d   g r i d ,  
e i t h e r   i n   t h e  MG mode or   s imple  SLOR. A n a l y s i s   o f   t h e   d i f f i c u l t y  shows t h a t  a l l  
the   h igh- f requency   e r ror  modes .are not r a p i d l y  damped i f  t h e  mesh a s p e c t   r a t i o  
d i f f e r s   s i g n i f i c a n t l y  from 1.0;  the   success   o f   the  MG method,  of  course,  hinges 
on t h i s   f e a t u r e .  The ana lys i s ,   no t   g iven   he re ,   a l so   i nd ica t e s   t ha t  a so lu t ion  
t o   t h i s  problem i s  t o  sweep i n  a l l  d i rec t ions   a l te rna te ly   ( forward ,   backward ,  
up , and  down). 

The las t  e n t r y   i n   t a b l e  I shows t h e   r e s u l t s   o f  a s t r e t ched-g r id   ca se ,  
aga in   fo r  M, = 0.95. The d e t e r i o r a t i o n   o f  the MG method i s  c l e a r ;  some bene- 
fit over SLOR i s  achieved,  however,  by  the MG method. 

CONCLUDING REMARKS 

The MG method f o r   a c c e l e r a t i n g   r e l a x a t i o n   c a l c u l a t i o n s   h a s   p r o v e d   t o  be 
a p p l i c a b l e   t o   n o n l i f t i n g   t r a n s o n i c   f l o w s   w i t h  embedded shock  waves. The method 
a p p e a r s   t o  work  from t h r e e   t o   f i v e   t i m e s  faster than opt imal  SLOR on uns t re tched  
grids  of  moderate s i z e  (64 X 32);  t h e   r e l a t i v e   a d v a n t a g e   o f  MG over SLOR 
inc reases  as t h e   g r i d   g e t s   f i n e r ,   s i n c e   t h e  MG convergence rate i s  near ly   inde-  
pendent  of mesh s i z e .  It i s  p robab le   t ha t   t he   ga ins   i n   t h ree -d imens iona l   ca l -  
cu la t ions  would  be  even  more  impressive,   since  each  coarser  grid  requires 
only 1/8 t h e  work of t he  n e x t   f i n e r   g r i d .  

On s t r e t c h e d   g r i d s ,   t h e   p r e s e n t  MG approach  slows down, being  only  about 
twice as fast as SLOR. It i s  f e l t  t h a t  a remedy i s  t h e   u s e  of a l t e r n a t i n g -  
d i rec t ion   re laxa t ion   sweeps .  

In   the   f 'u ture  we hope t o  develop  the MG method for   f lows   wi th  l i f t ;  f o r  
otherwise it w i l l  have  l imited  usefulness   in   aerodynamics.  

During  the  course  of  our work,  Professor Antony  Jameson  of  the  Courant 
Ins t i tu te   o f   Mathemat ica l   Sc iences ,  New York U n i v e r s i t y ,   a l s o   c a r r i e d   o u t  
research  on the  multi-grid  method. He showed independen t ly   t ha t   t he   " fu l l  
approximation"  approach  would  work,  and some o f   h i s   a t t empt s  at a l t e rna t ing -  
d i r e c t i o n  sweeps  have  been  encouraging. Our many discussions  have  been 
b e n e f i c i a l .  
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APPENDIX 

ITERATION  COEFFICIENTS 

We have   u sed   va r ious   cho ices   fo r   i t e r a t ion   coe f f i c i en t s   i n   equa t ion  (12). 
The c o e f f i c i e n t s   u s e d   t o  make t h e   c a l c u l a t i o n s   p r e s e n t e d   i n   t h i s   p a p e r   a r e  
simply  based  on  the Newton l i n e a r i z a t i o n   o f   e q u a t i o n s  ( T ) ,  (8) , and (10). They 
are as fol lows:  

F i r s t   de f ine :   (d ropp ing   t he  j i n d e x ,   s i n c e   a l l   q u a n t i t i e s   a r e  
e v a l u a t e d   a t   t h e  same j) 

Then we have 

- 1  = - (b. 1 + b. 1) = UiAx -2 
2 1+- 

2 2 
1- 

A = C = -Ay -2 

where 

P i  = O  i f  U i > O  

= 1  i f  U i I O  
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TABLE I.- SUMMARY OF' MULTI-GRID RESULTS, 64 X 32 CELLS 

E f f e c t i v e   s p e c t r a l   r a d i u s   f o r  - a 
Problem  descr ipt ion 

MG 

0.924  0.583 Laplace ' s   equa t ion ,  smooth Unstretched 

SLOR 

g r i d  (0.46  combined l e v e l s )  boundary  conditions 

P a r a b o l i c   a i r f o i l  , M, = 0.70 

.957 .858 P a r a b o l i c   a i r f o i l ,  M, = .95 

855 593 P a r a b o l i c   a i r f o i l ,  M, = .85 

.868 - 549 

S t r e t ched  P a r a b o l i c   a i r f o i l ,  M, = 0.95 
g r i d  

aSee equat ion  (23) 
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