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The technique  of   body-f i t ted  coordinate   systems,   whereby  curvi l inear   coor-  
d ina te   sys tems  having   coord ina te   l ines   co inc ident   wi th  a l l  boundaries  are gen- 
e ra ted   numer ica l ly  as s o l u t i o n s   o f   a n   e l l i p t i c   p a r t i a l   d i f f e r e n t i a l   s y s t e m ,  is 
a p p l i e d   i n   n u m e r i c a l   s o l u t i o n s  of the  complete  time-dependent  compressible  and 
incompressible  Navier-Stokes  equations  for  laminar  f low  and  to  the  t ime-depend- 
e n t  mean turbulen t   equa t ions   c losed  by modified Kolmogorov hypotheses   for   tu r -  
bu len t   f low.   Coordina te   l ines  are au tomat i ca l ly   concen t r a t ed   nea r   t o   t he  
bodies  a t  higher  Reynolds number s o  t h a t   a c c u r a t e   r e s o l u t i o n  of t h e   l a r g e   g r a -  
d i en t s   nea r   t he   so l id   boundar i e s  i s  achieved.  Two-dimensional  bodies  of  arbi- 
t ra ry   shapes  are t r e a t e d ,   t h e  body contour(s )   be ing   s imply   input   to   the   p ro-  
gram. The complicat ion  of   the body  shape i s  thus  removed from the  problem. 

INTRODUCTION 

These   so lu t ions  are based  on a method of   automatic   numerical   generat ion  of  
a g e n e r a l   c u r v i l i n e a r   c o o r d i n a t e   s y s t e m   w i t h   c o o r d i n a t e   l i n e s   c o i n c i d e n t   w i t h  
a l l  boundaries  of a general   mult i -connected  region  containing  any number of 
a r b i t r a r y  shaped  bodies   ( ref .  1). The c u r v i l i n e a r   c o o r d i n a t e s  are genera ted  as 
t h e   s o l u t i o n  of two e l l i p t i c   p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s   w i t h   D i r i c h l e t  
boundary   cond i t ions ,   one   coord ina te   be ing   spec i f i ed   t o   be   cons t an t   on   each   o f  
the  boundaries ,   and a d i s t r i b u t i o n  of t h e   o t h e r   b e i n g   s p e c i f i e d   a l o n g   t h e  bound- 
aries. Regardless   of   the   shape,  number, o r  movement of   the  bodies   and  regard-  
less of  spacing of t h e   c u r v i l i n e a r   c o o r d i n a t e  l ines ,  a l l  numerical  computa- 
t i ons ,   bo th   t o   gene ra t e   t he   coo rd ina te   sys t em and to   subsequen t ly   so lve   t he  
Nav ie r -S tokes   equa t ions   o r   any   o the r   pa r t i a l   d i f f e ren t i a l   equa t ions   on   t he  
coordinate   system, are done  on a r e c t a n g u l a r   g r i d   w i t h  a square  mesh, (i.e., i n  
the  t ransformed  plane) .   The  physical   coordinate   system  has   been,  i n  e f f e c t ,  
e l i m i n a t e d f r m t h e   p r o b l e m ,  a t  the  expense  of  adding two e l l i p t i c   e q u a t i o n s   t o  
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t h e   o r i g i n a l   s y s t e m .   S i n c e   t h e   c u r v i l i n e a r   c o o r d i n a t e   s y s t e m   h a s   c o o r d i n a t e  
l i n e s   c o i n c i d e n t   w i t h   t h e   s u r f a c e   c o n t o u r s  of a l l  bod ies   p re sen t ,  a l l  boundary 
cond i t ions  may be  expressed a t  g r id   po in t s ,   and   no rma l   de r iva t ives   on   t he   bod ie s  
may be   r ep resen ted   u s ing   on ly   f i n i t e   d i f f e rences   be tween   g r id   po in t s   on   coor -  
d ina t e   l i nes ,   w i thou t   need  of  any  interpolation  even  though  the  coordinate  sys- 
t e m  i s  not   or thogonal  a t  the   boundary .   Numer ica l   so lu t ions   fo r   t he   l i f t i ng  and 
non- l i f t i ng   po ten t i a l   f l ow  abou t  KarmSn-Trefftz a i r f o i l s   u s i n g   t h i s   c o o r d i n a t e  
system  generat ion show exce l len t   agreement   wi th   the   ana ly t ic   so lu t ions   ( re fs .  1 
and 2) .  

This  method of   au tomat ic   body-f i t ted   curv i l inear   coord ina te   genera t ion   has  
been   u sed   t o   cons t ruc t   f i n i t e -d i f f e rence   so lu t ions   o f   t he   fu l l   t ime-dependen t  
Nav ie r -S tokes   so lu t ions   fo r   uns t eady   v i scous   f l ow  abou t   a rb i t r a ry  two-dimension- 
a l  a i r f o i l s   ( r e f s .  2 , 3 , 4 ,  and 5) and  submerged  and p a r t i a l l y  submerged  hydro- 
f o i l s   ( r e f s .  4 and 5) .  

A method  of c o n t r o l l i n g   t h e   s p a c i n g   o f   t h e   c o o r d i n a t e   l i n e s   e n c i r c l i n g   t h e  
body has  been  developed i n   o r d e r   t o  treat higher  Reynolds number f low,   s ince  
t h e   c o o r d i n a t e   l i n e s   m u s t   c o n c e n t r a t e   n e a r   t h e   s u r f a c e   t o  a g rea t e r   deg ree  as 
the  Reynolds number i n c r e a s e s .  The s o l u t i o n  shows excel lent   comparison  with 
the   B las ius   boundary   l aye r   so lu t ion   fo r   t he   f l ow  pas t  a s e m i - i n f i n i t e   p l a t e  
( r e f s .  6 and 7 ) .  So lu t ions  are also  being  developed  for   compressible   viscous 
t r anson ic   f l ow  wi th   bo th   subson ic   and   supe r son ic   f r ee  streams, and f o r  compres- 
s ib l e   t u rbu len t   f l ow.  

BOUNDARY-FITTED COORDINATE SYSTEMS 

The bas ic   approach   of   cons t ruc t ing   body-f i t ted   curv i l inear   coord ina te   sys-  
tems in   gene ra l   mu l t i - connec ted   r eg ions  as t h e   s o l u t i o n  of   an   e l l ip t ic   boundary  
va lue   p roblem  has   been   d i scussed   in   p rev ious   publ ica t ions   ( re fs .   1 ,3  and 8), 
and   r e fe rence   t o   r e l a t ed  work  by o thers   has   been  made t h e r e i n .  A d e t a i l e d  re- 
p o r t  of the  technique  and  code is  now a v a i l a b l e   ( r e f .  8) ,  t oge the r   w i th   t he  
code, a use r ' s   manua l ,   and   i n s t ruc t ions   w i th   i l l u s t r a t ions   o f  i t s  a p p l i c a t i o n   t o  
t h e   n u m e r i c a l   s o l u t i o n   o f   p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s .  

Ce r t a in   cons ide ra t ions  must  be  taken  into  account i n   t h e   c h o i c e  of a s u i t -  
a b l e   e l l i p t i c   g e n e r a t i n g   s y s t e m   f o r   t h e   c o o r d i n a t e s  as  d i s c u s s e d   i n   r e f e r e n c e s  
3 and 8. The system  chosen i n   t h e   p r e s e n t  work a l lows   cons ide rab le   con t ro l  of 
t h e   c o o r d i n a t e   l i n e   s p a c i n g  as is  i l l u s t r a t e d   i n   r e f e r e n c e  8. Cont ro l   o f   the  
spac ing   of   the   coord ina te   l ines   on   the  body is  eas i ly   accompl ished ,   s ince   the  
po in t s   on   t he  body are i n p u t   t o   t h e  program. The spac ing   of   the   coord ina te  
l i n e s   i n   t h e   f i e l d ,  however ,   mus t   be   cont ro l led   by   vary ing   the   e l l ip t ic   gener -  
a t ing   sys t em  fo r   t he   coo rd ina te s .  One method  of v a r i a t i o n  i s  t o  add  inhomogen- 
eous terms t o   t h e   r i g h t   s i d e s  of the  Laplace  equat ion,  so  tha t   t he   gene ra t ing  
sys  t e m  becomes 

EXX + cy, = P(SY17) 9 rl,, + uyy = Q ( E , n )  (1) 

Since i t  i s  des i r ed   t o   pe r fo rm a l l  numerical   computat ions  in   the  uniform 
rec tangular   t ransformed  p lane ,   the   dependent   and   independent   var iab les   mus t   be  
i n t e r c h a n g e d   i n   e q .   ( 1 ) .   T h i s   r e s u l t s   i n   t h e   c o u p l e d   s y s t e m  (see r e f .  8 f o r  
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where 

a = x  + y ;  2 
rl 

2 2  B = X5Xn + Y5Y, y = x  5 + 
J = XSYn - X,Ys 

The  inhomogeneous func t ions  P (c ,> )  and Q(5,rl) a l l o w   c o o r d i n a t e   l i n e s   t o   b e  
a t t r a a t e d   t o   s p e c i f i e d   l i n e s   a n d / o r   p o i n t s  i n  t h e   f i e l d   o r   o n   t h e   b o u n d a r i e s  as 
d i s c u s s e d   i n   d e t a i l   i n   r e f e r e n c e  8. It i s  necessa ry   t o   g ive  some cons ide ra t ion  
t o   t h e   r a p i d i t y   w i t h  which  the  spacing  var ies  else t r u n c a t i o n   e r r o r   e f f e c t s   i n  
t h e  form  of  numerical   diffusion,  possibly  negative,  may be  introduced..  A l l  
d e r i v a t i v e s   i n   e q u a t i o n   ( 2 )  are approximated   by   second-order   cen t ra l   f in i te  
d i f f e rence   expres s ions .  The r e su l t i ng   d i f f e rence   equa t ions  are g i v e n   i n   r e f -  
e rence  8. The set of   nonl inear   s imul tan .nous   d i f f r rence   equat ions  is solved  by 
p o i n t  SOR i t e r a t i o n .  

I n   t h e   p r e s e n t   a p p l i c a t i o n   t o   t h e   N a v i e r - S t o k e s   e q u a t i o n s ,  a l l  d i f f u s s i v e  
space   de r iva t ives   i n   t he   t r ans fo rmed   equa t ions  are represented  by second-order, 
c e n t r a l   d i f f e r e n c e   e x p r e s s i o n s .  Both  -,econd-c:-l?r c e n t r a l  and.  second-order 
upwind d i f f e rences   have   been   i nves t iga t ed   fo r   convec t ive   de r iva t ives .  Deriva- 
t i v e s   o f f  a boundary are represented  by  backward d i f f e rence   expres s ions   be ing  
solved  s imultaneously by p o i n t  SOR i t e r a t i o n  a t  each time s t e p .  

LAMINAR FLOW ABOUT MULTIPLE AIRFOILS 

With the   ve loc i ty   and   p re s su re  as the  dependent   var iables   the  t ransformed 
Navier-Stokes  equations are (ref. 8) 

+ (Qu + Pu ) /R 17 5 

(5) 
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where R is  t h e  Reynolds number 

and 
D - E  ( Y U  - Y U + X V  - x v ) / J  t n 5  srl 5 n  rls 

Equation (5) is the   t r ans fo rmed   Po i s son .equa t ion   fo r   t he   p re s su re ,   ob ta ined  by 
taking  the  divergence  of   the  Navier-Stokes  equat ions.  

The boundary  conditions are 

u = v = 0 on  body  surface  (7a) 

u = cos6, v = s i n e ,  p = 0 on  remote  boundary  (7b) 
The p res su re  a t  each   po in t   on   t he  body w a s  ad jus t ed  a t  e a c h   i t e r a t i o n  by  an 
amount propor t iona l   to   the   ve loc i ty   d ivergence   eva lua ted   us ing   second-order  one- 
s ided   d i f f e rences   fo r   t he   n -de r iva t ive   on   t he  body. 

The body f o r c e  components are obta ined   f rom  the   in tegra t ion   of   the   p ressure  
and shear   forces   a round  the  body su r face :  

F = - 4 P X ~  dS - E 6 WY< d5 
2 

Y 
and  the l i f t  and   d rag   coe f f i c i en t s  are given by 

CL = F cos6 - F s i n 6  
Y X 

CD = F s i n e  + F cos6 
Y X 

where 6 i s  the   ang le  of a t t a c k .  
In   the   ve loc i ty-pressure   formula t ion  i t  is n e c e s s a r y   t o   c a l c u l a t e   t h e  body  vor- 
t i c i t y   b e f o r e   a p p l y i n g   e q u a t i o n  (8) from 

a = -  I 
J(YEVTl 5 rl 

+ x u )  (10) 

Figure l a  shows the   coord ina te   sys tem  for  a m u l t i p l e   a i r f o i l   c o n s i s t i n g  of two 
Ksrmsn-Tref f tz   a i r fo i l s ,   one   s imula t ing  a separa ted   f lap .   Coordina te   sys tem con- 
t r o l  was used  to  a t t r a c t  t h e   c o o r d i n a t e   l i n e s   s t r o n g l y   t o   t h e   f i r s t   t e n   l i n e s  
around  the  bodies   and  to   the  intersect ions of the  cut   between  the  bodies   with 
t h e   t r a i l i n g   e d g e  of the  forebody  and  the  leading  edge of the   a f tbody.  Veloc-. 
i t y   v e c t o r s  fo r  the viscous flow a t  R = 1000 a r e  shown i n  f igures  lb - e. In- 
c l u d e d   i n   t h e s e   p l o t s  are de ta i l   v i ews  of t h e   s l o t  be tween   t he   a i r fo i l s ,   t he  
t r a i l i n g  edge  of  the a f t   a i r f o i l ,  and   t he   s epa ra t ed   r eg ion   abou t   t he   a f t   a i r fo i l .  

Resul ts   have  recent ly   been  obtained by Hodge a t  F l i g h t  Dynamics Laboratory,  
Wright-Patterson  Airforce Base, ( r e f .  5 ) ,  f o r  a s i n g l e  NACA 0018 a i r f o i l  a t  R = 
41,400  which  compare  very w e l l  wi th   experimental   drag  values .  

TURBULENT SHEAR FLOW AROUND A CIRCULAR  CYLINDER 

The aim of   the   fo l lowing   ana lys i s  is  t o   s e l e c t  a turbulence model f o r   t h e  
computation of mean turbulent   f low  f ie lds   around  two-dimensional   bodies  of a rb i -  
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t r a ry   shapes   i n   t he   body- f i t t ed   coord ina te   sys t ems .  A s  a test case the  coordi-  
na te   sys tem  for  a c i r c u l a r   c y l i n d e r  w a s  generated  over  which  the  model  equations 
of mean turbulen t   f low were solved.  

As is, w e l l  known, t h e  mean turbulen t   f low  equat ions   and   the  moment equa- 
t i o n s  of the  desired  order  can  be  obtained  from  the  non-steady  three-dimension- 
a l  Navier-Stokes  equations.  The s p e c i f i c a t i o n   o f   t h e  unknown cor re la t ions   forms  
the   c losure   p roblem.   This   l ine  of approach   for   c los ing   the   sys tem  of   equa t ions  
w a s  i n i t i a t e d  by Chou ( r e f .  9)  and   Rot ta   ( re f .   10) .   S ince   then  much work has  
been  done  on  the  closure  problem (see r e f s .  11 and 12) .  

A ph i losoph ica l ly   d i f f e ren t   app roach  w a s  i n i t i a t e d  by  Kolmogorov ( r e f .   1 3 )  
i n  which   the   tu rbulen t   t ranspor t   equa t ions  were w r i t t e n  down h e u r i s t i c a l l y   t o  
model t h e   p h y s i c s   r a t h e r   t h a n   t o  model t h e  unknown c o r r e l a t i o n s   r e s u l t i n g   f r o m  
the  averaged  Navier-Stokes  equations.  A set of   equa t ions  similar t o   t h o s e  of 
Kolmogorov were proposed  by  Saffman  (refs.   14  and  15).  The p red ic t ion   capab i l -  
i t i e s  of the  Kolmogorov's  equations  have  not  been  investigated a t  a l l ,  whi le  
Saf fman  h imsel f   has   used   h i s   equa t ions   on ly   in   the  cases of plane  Couet te   f low,  
p lane   Poiseui l le   f low,   and  the two-dimensional j e t  and wake. 

The . turbulence  model  chosen i n   t h i s   p a p e r   t o   d e s c r i b e   t h e  two-dimensional 
mean tu rbu len t   f l ow  a round   f i n i t e   bod ie s  i s  comprised  of  the  energy  transport  
equat ion  of   Kolmogorov 's   model   and  the  vort ic i ty-densi ty   t ransport   equat ion of 
the  Saffman  model.  Both  models  have  been  described  by  Saffman Cref, 15). 

Using  Cartesian  tensor  rotation  and  the  summation  convention  the  equations 
of con t inu i ty   and  momentum fo r   an   i ncompress ib l e   f l ow are 

where t i s  the   phys i ca l  t i m e ,  p , t ! ~ e  d e n s i t y ,  v the   k inemat ic   v i . scos i ty ,  U .  t h e  
Car t e s i an  components  of t he  mean ve loc i ty   vec to r   and  u t h e   f l u c t u a t i n g  cokpo- 
nents .  An overbar   denotes   the  average.  

1 
i 

To c lose   the   sys tem  of   equa t ions   (11)   and   (12) ,   the   eddy  v i scos i ty  formu- 
l a t ion   due   t o   Bouss inesq  i s  used 

u.u = - 2 -  
1 j  

e g i j  - 2vTSij 

where 
6 2 2  is  the  Kronecker   del ta  

- 1- 
e = - u u t h e  mean turbulence  energy 2 i i '  
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v = kinemat ic   eddy   v i scos i ty  
T 

The  Kolmogorov-Saffman  model now depends i n   s p e c i f y i n g  v as 
T 

" 

aZe 
0 v = -  

T 0 
where c1 is a constant   and 8 i s  the   squa re   roo t  of t h e   t u r b u l e n c e   v o r t i c i t y -  
dens i ty   de f ined  as 0 

11 2 112 
e = (T) = (-w.w.) 

1- 
2 1 1  

w. b e i n g   t h e   v o r t i c i t y   f l u c t u a t i o n s .  The q u a n t i t i e s  e and T are to   be   de t e r -  
mlned  from t h e i r  own t ransport   equat ions  which are 3. 

where 

ae 
- - 

2- " a T a: 
ax 2 ax  

V 
ae  - VV e + u Q - ee + -  (----"> 

-+'j a X -  J 1 T j j 

- 
Q = 2(S. .> 2 

a$J 

J j  
v12 = ax. ax 

The boundary  condi t ions  for   equat ions  (11) ,   (12) ,   (15) ,   and  (16)  are 
a t  t h e  w a l l :  - - a2 s2u 

'i 
= 0 ,  e = 0 ,  $ =  0 ir' 

V 2  (17) 

a t  irif i n i   t y  : Ui - - Umi , e = o o r  em, I$ = 0 
- - _  

where  u. i s  t h e   f r i c t i o n   v e l o c i t y  and S a non-dimensional  constant  having  the 
va lue  OT about 8000 and a =O.  3,  b=5/3. 

0 

The r equ i r ed   equa t ions   t o   p red ic t   t he  mean t u r b u l e n t   f l o w   i n  two dimensions 
are equations  (11)-(16).   For  the  numerical   computation  the  vorticity-stream 
funct ion   formula t ion  is adopted i n  which 

so t h a t   i n   p l a c e  of  (11)  and  (12)  the  equations are 

v ,2+ = - w 
- - 

and 
- - " 

- 2- a 2  2 2 a 2  a 2  + u j  a"j a w  = vv 
a 1 + ax ax (ul -u2  + (2 - "-1 ("- 2 u1u2) 1 2  ax ax 2 1 

1402 



The p e r t i n e n t  

E = e/V",  w = 

T = VT/2VL, $ 

Q = L2$V2, R 

u = u p ,  v = 

equat ions  are now non-dimensionalized as fo l lows  

Lw/V, x = L +/V K , 2- 2 2 

- 
= $/VL, t = V t l l L ,  P = LF/V, 

= vL/v ,  x = Xl/L, y = x2/L; 
a2 a2 u2/v, v2 = + av" 

where V and L are t h e   c h a r a c t e r i s t i c   v e l o c i t y  and   length   respec t ive ly .  

I n   t h e   e x p r e s s i o n   f o r  x t he   func t ion  K is assumed t o   b e  a non-dimensional 
func t ion  of t h e   f r i c t i o n   v e l o c i t y   u . .   T h i s   f u n c t i o n   h a s   b e e n   i n t r o d u c e d   t o   a b s o r b  
t h e   v a r i a t i o n   o f  5 a t  t h e   s u r f a c e  as i n d i c a t e d   i n   e q u a t i o n   ( 1 7 )  so  as t o  make 
x = a cons tan t  a t  

U. 
where U = - .X* 

9 V '  
so 

From t h e   a n a l y s i s  
8000., Since R is  

t h e  w a l l .  Now a t  t h e  w a l l  

x -  0 
- a 2S2R2U.4/K2 

56' 
t h a t   t h e   c h o i c e  x = 1 a t  t h e  w a l l  g ives  

K = a0SR U 
0 

of  Saffman ( r e f .  15) the   va lue   o f  S f o r  smooth walls is  about 
t h e   f r e e  stream Reynolds number the   numer ica l   va lues   o f  K are 

q u i t e   l a r g e .   N e g l e c t i n g   t h e   g r a d i e n t s  of K i n   t h e  x equa t ion ,   t he  non-dimension- 
a1 equations  for  numerical   computation are 

V2$ = --w 

= - V2X + M(TxXx + T X )+Ah + B 1 
At  'yXx - 'xXy H Y Y  

where R 
H =  1 H R  T 

o E  

2Kx112 

a2 (24) 
T =  

and t h e   v a r i a b l e   s u b s c r i p t s   d e n o t e   p a r t i a l   d i f f e r e n t i a t i o n s .  The values   of  A ,  
B, M and C depend 
below. X = w :  A 

M 

X = E :  A 

X = x :  A 

on the -   cho ice   o f   t he   su r roga te   va r i ab le  X which are descr ibed 

= 2V2T, B = 4(T u - T v + 2T v ) ,  
xx Y YY x XY Y 

= 4, c = 2. 
11 2 "Kx B = 2TQ, M = 1, C = 1 

The boundary  conditions are 

a t  t h e  body su r face :  $=O, $ =0, x = l ,  E=O, 

a t  i n f i n i t y :  W-tO,  x*, E-tO. (28) 
Y 

Equations  (22)  and  (23)  have  been  transformed  to  the  body-fit ted  coordinates  and 
s u b j e c t e d   t o   t h e   f i n i t e   d i f f e r e n c e   a p p r o x i m a t i o n s  similar to t h a t   u s e d   i n   t h e  
l a m i n a r   c a l c u l a t i o n .   V e l o c i t y   v e c t o r   p l o t s   a n d   t h e   e n e r g y   d i s t r i b u t i o n   f o r  a cir-  
c u l a r   c y l i n d e r  at R = 5 ~ 1 0 ~  are shown i n   f i g u r e s  2a  and  2b. I n   f i g u r e  2b 

Rnr = .0576~1(1.2) , r = non-dimens iona l   rad ia l   d i s tance .  
TI-40 
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C. 

d. e. 

Figure 1. M u l t i p l e   A i r f o i l  (R = 1000, t = 1.2) :   (a )   coord ina te  
system, (b) v e l o c i t y   v e c t o r s   ( c )   a f t   t r a i l i n g   e d g e ,   ( d )   s l o t  
d e t a i l ,   ( e )   p o t e n t i a l  
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Figure 2. Turbulent flow past a circular cylinder (R = 500,000, 
t = 0.29;transition introduced at t = 0.12):(a)velocity vectors 
from 90" to the aft stagnation point, (b)turbulence energy 
distribution (1. front stagnation, 2. aft stagnation, 3. 90") 
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