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SUMMARY 

A three-dimensional f i n i t e  e lement   so lu t ion   of   the   acous t ic   v ibra t ion  prob- 
l e m  i n  a so l id   p rope l l an t   rocke t  motor i s  presented. The s o l u t i o n   y i e l d s   t h e  
na tura l   c i rcu lar   f requencies   o f   v ibra t ion   and   the   cor responding   acous t ic   p res -  
s u r e  mode shapes,   consider ing  the  coupled  response  of   the  propel lant   grain  to  
t h e   a c o u s t i c   o s c i l l a t i o n s   o c c u r r i n g   i n   t h e  motor  cavity. The near  incompressi- 
b i l i t y  of   the   so l id   p rope l lan t  i s  taken  into  account   in   the  formulat ion.  A 
r e l a t ive ly   s imp le  example  problem is s o l v e d   i n   o r d e r   t o   i l l u s t r a t e   t h e   a p p l i c a -  
bi l i ty   of   the   analysis   and  the  developed  computer   code.  

INTRODUCTION 

P resen t   so l id   p rope l l an t   rocke t  combustion i n s t a b i l i t y   s t a t e - o f - t h e - a r t  
technology employs a l inear   ana lys i s   for   p red ic t ing   uns teady   mot ions   in   the  com- 
bust ion chamber of the  rocket  based on the   hypo thes i s   t ha t   t he   i n f luences  of 
combustion  and  flow  can  be  represented as per turba t ions  of an  acoustic  problem 
i n  a closed chamber. In   order   to   perform  an  accurate   combust ion  instabi l i ty  
ana lys i s ,  one must have  adequate knowledge  of the   na tura l   c i rcu lar   f requency  
and  corresponding  pressure mode shape   fo r   t he   d i f f e ren t  modes of acous t i c   o sc i l -  
l a t i o n   o c c u r r i n g   i n   t h e  motor cavi ty   in   the   absence  of  combustion  and  flow. 

The cavi t ies   in   func t iona l   rocke t   motors   genera l ly   have  complex shapes 
t h a t  may include a number of   symmetr ica l ly   loca ted   s lo t s   (or   f ins )   cu t   in to   the  
propel lant ,   the   purpose of  which is t o   i n c r e a s e   t h e  area of   the   burn ing   sur face  
( f i g .   1 ) .  During  the  past   several   years,   the  need  for  experimental   acoustic 
modeling  of  such  irregular  cavity  geometries  has  been  greatly  reduced  through 
the  use  of   f ini te   e lement   model ing  techniques  ( ref .  1). I n   t h e   f i n i t e   e l e m e n t  
method, a continuum is modeled as an  assemblage  of  elements,  connected a t  dis- 
crete locations  (nodes).   Natural   frequencies  and mode shapes are then  obtained 
from an e igensolu t ion   of   the   resu l t ing   equat ions  of equi l ibr ium  of   the modeled 
dynamic system.  Applicat ions  of   the   f ini te   e lement  method t o  more general ized 
a c o u s t i c   a n a l y s i s  problems are found i n   r e f e r e n c e s  2 and 3.  

The presence   o f   the   so l id   p rope l lan t   g ra in  can s i g n i f i c a n t l y   s h i f t   t h e  
acoustic  system  frequency  from  that  of  the  gas  phase  alone, a port ion  of   the 
acous t ic   energy   be ing   d i ss ipa ted  by the  deformable  sol id  material. T h i s   e f f e c t  
can  be  one  of  the more s i g n i f i c a n t   s i n k s   f o r   a c o u s t i c   e n e r g y   i n   b o t h   l a r g e  and 
small rocket  motors,   the amount of damping depending on t h e   g r a i n  geometry,  pro- 
pel lant   mechanical   propert ies ,   and  the  acoust ic  mode shape  and  frequency. It 

*This work w a s  supported by t h e  U.S.  Army Missile Command, Redstone Arsenal, 
Alabama under Basic Agreement DAHC04-72-A-0001 wi th  Battelle Memorial I n s t i -  
t u t e  - Columbus Laborator ies .  
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is thus  important  to  have  the  capability  of  finite  element  modeling  of  both  the 
acoustic  cavity  and  the  propellant  grain  structure  and,  therefore,  of  a  combi- 
nation  and  coupling  of  fluid  and  solid  elements.  Analyses  of  coupled  plate- 
acoustic  systems  are  found  in  references 4 and 5, and  a  three-dimensional  finite 
element  coupled  acousto-mechanical  analysis  is  formulated  in  reference 6. 

In the  case  at  hand,  the  problem  involves  the  coupling  of  the  irrotational 
motions  of  an  inviscid  compressible  fluid  with  the  deformations  of  an  incom- 
pressible  (viscoelastic)  solid  material  enclosing  the  fluid.  Since  the  propel- 
lant  grain  is  only  accurately  modeled  as  a  nearly  incompressible  material,  the 
well-known  minimum  potential  energy  finite  element  formulation,  based  upon 
Navier's  equations  of  equilibrium  and  the  Ritz  procedure,  is  invalid.  Formula- 
tions  for  cases  of  incompressible  and  nearly  incompressible  materials  are  found 
in  references 7, 8, 9, 10, and 11. The  solid  finite  element  formulation  utilized 
in  this  development  is  a  linear  displacement-linear  mean  pressure  tetrahedron 
(ref.  lo),  similar  to  the  Herrmann  variational  formulation  (ref. 7) which  employs 
a  linear  displacement  function  and  a  constant  mean  pressure  function. 

The  eigensolution  technique  employed  in  the  developed  program  is  that  of 
condensation,  which  is  discussed  in  reference  12.  The  technique  utilizes  the 
master  and  slave  degree-of-freedom (d.0.f.) concept. In this  application,  the 
fluid  pressure  d.0.f.  are  designated  master  and  the  solid  displacement  and  mean 
pressure d.0.f. are  designated  slave. 

SYMBOLS 

Values  are  given  in  both  SI  and U . S .  Customary  Units.  The  calculations 

G 

in U . S .  Customary  Units. 
exponential  factors 
bulk  modulus 
degree-of-freedom  to  strain  transformation  matrix 
constitutive  coefficient  matrix 
fluid  element  potential  energy  coefficient  matrix 
fluid  system  potential  energy  coefficient  matrix 
shear  modulus 
mean  pressure  parameter 
identity  matrix 
solid  element  stiffness  matrix 
solid  system  stiffness  matrix 
natural  or  volume  tetrahedral  coordinate 
solid  element  consistent mass matrix 
solid  system  consistent mass matrix 
pressure 
point  (defined  in  fig. 2 )  
surface  area 
fluid  element  kinetic  energy  coefficient  matrix 
fluid  system  kinetic  energy  coefficient  matrix 
displacement  components 
acoustic-solid  coupling  mqtrix' 
element  volume 
rectangular  Cartesian  coordinates 
direction  cosine 
displacement  vector 
strain 



V 
[ Q1 
P mass dens i ty  

P o i s s o n ' s   r a t i o  
t ransformation m l a t r ix  d .effned  by 

w natura l   c i rcu lar   f requency  

equation  (14) 

Subscr ip ts :   Superscr ip ts  : 

C coupled 

P Yq number'of  degrees-of-freedom T transpose  (of a matrix) 
r Y S  node i d e n t i f i e r s  (eq. (4)) 

i, j ,R,m e lement   node   ident i f ie rs  e element . 

S s o l i d  

EQUATIONS OF EQUILIBRIUM 

Acoustic Cavi ty  

In   apply ing   the   f in i te   e lement  method, the  region  of  concern is divided 
i n t o  a number of subregions,   or  elements.   Applications  of  the method i n  model- 
ing  the  behavior  of a f l u i d  continuum  involve several p e c u l a r i t i e s   n o t  encoun- 
t e r e d   i n   t h e   u s u a l   s t r u c t u r a l   a p p l i c a t i o n s .   I n   t h e   d i s c r e t i z a t i o n  of a f l u i d  
continuum,  the f in i t e   e l emen t s   r ep resen t   spa t i a l   r a the r   t han  material subregions 
of  the  continuum; i .e . ,  i n s t ead  of represent ing   f in i te   e lements   o f   the   f lu id  ma- 
ter ia l ,  the  elements  represent  subregions  in  the  space  through  which  the  f luid 
moves (Eulerian  description  of  motion).  Values  of  pressure a t  the   nodal   po in ts  
of  the  element  represent  the  pressures a t  the  nodes  rather  than  of  the  nodes 
( r e f .   13 ) .  

For a three-dimensional  region, a volume element is assoc ia ted   wi th  a num- 
ber  of  nodal  points  which  define i t s  shape.  Within  each  f luid  tetrahedral ele- 
ment t h e   v a r i a t i o n  of the   p ressure  p i s  prescr ibed  by the   va lues   assoc ia ted  
with  the  four  element  nodes  through  the  expression: rpil 

cal ly  by 

and  physically by f i g u r e  1. 
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.The matrix form  of  the homogeneous acous t i c  wave equat ions   for   the   d i s -  
c r e t i z e d   f l u i d  continuum is given by 

(CFI - ~ * C T D  {PI = €01 (3) 

where F is the   coef f ic ien t   mat r ix   der ived  from a cons ide ra t ion   o f   t he   po ten t i a l  
energy  of a fluid  element,   and T is t h e   c o e f f i c i e n t  matrix derived  from a con- 
s ide ra t ion  of the  kinet ic   energy  of   the  f luid  e lement .  The n a t u r a l   c i r c u l a r  
frequency  of  the  discretely modeled f l u i d  continuum is designated as w. 

The matrix F i s  developed  through a superposit ioning of the   ind iv idua l  sym- 
metric 4x4 element matrices, f ,   w i t h   r e s t r a i n t  of the  appropriate   d .0 . f .  A typ- 
ical  term of the  f matrix i s  (ref .   14)  : 

fe  = -(- 1 aLr - aLs aLr a~~ a~~ a~~ 
rs a +-- a a  + - -)V 

P a x  x a a  
Y Y  z z  

where r and s take   the   va lues  i , j , R , m  cyc l i ca l ly .  The f l u i d  mass dens i ty  and t h e  
volume of the  te t rahedron are designated p and V, respec t ive ly .  

The matrix T is likewise  developed  through  the  superpositioning  of  the  in- 
dividual  symmetric 4x4 element matrices, t ,  w i t h   r e s t r a i n t  of  the same appro- 
pr ia te   d .0 . f .  The t matr ix   has   the form ( re f .   14) :  

[XI = + J 
Li L.L 1 j LiLR LiLm 

dxdyd z 

where B is the  bulk modulus of t he   f l u id .  A useful   integrat ion  formula  for  
evaluat ing  the terms i n   t h e  t matrix is: 

a b c d  .f LiLjL!?,Lm dxdydz = (a+b+c+d+3) ! 
a!b!c!d! 6V 

Sol id   Propel lant  

Within  each  solid  tetrahedral  element,  the  variation  of  displacement i s  
prescribed by the  displacement of each  element  node  through  the  expression: 

L J N 
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where I is t h e  3x3 i d e n t i t y  matrix and  where 

LAi] = tui vi wi], etc. 

The u,v,w terms are the  displacement  components i n   t h e   x , y , z   d i r e c t i o n s ,   r e s p e c -  
t i v e l y .  

The matrix  form of t h e  homogeneous equat ions  of   mot ion   for   the   d i scre t ized  
s o l i d  continuum is given  by 

where K is t h e   s t i f f n e s s  matrix and M is t h e  mass matr ix .  The term w is t h e  
n a t u r a l   c i r c u l a r   f r e q u e n c y   o f   v i b r a t i o n  of the   so l id   sys tem.  The l i n e a r  varia- 
t i o n   o f   t h e  mean pressure  parameter  

S 

is p r e s c r i b e d   i n   t h e  same manner as were t h e   p r e s s u r e   ( i n   t h e   a c o u s t i c   c a v i t y )  
and  the  displacement   funct ion,  i .e . ,  

H(x,y.z) = LL] {HIe = L L ~  Lj LE L ~ J  13 (11) 

Hm 
The terms E E and c Z Z  are t h e   n o r m a l   s t r a i n  components  and V is Poisson ' s  

xx' YY' 
r a t i o .  

The mat r ix  
symmetric  16x16 
ate d.0. f .  The 

K is  developed  through a supe rpos i t i on ing   o f   t he   i nd iv idua l  
e l e m e n t   s t i f f n e s s  matrices, k, w i t h   r e s t r a i n t  of the   appropr i -  
form  of  the  matrix k i s  given by ( r e f .   1 0 ) :  

[k] = [":"]b@]T[z][@] D T 1  O l I  0 dxdydz E-!-:] 
where I is  t h e  4x4 i d e n t i t y  matrix and  where 
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- - 
aL. aL a~~ a~~ I 
1-L" 0 0 0 0  ' 0  
ax ax ax ax I I 

I aLi a~~ aLR aLm I 
0 0 0 0 ' -  

j aY aY a Y  
I 

ay I 

O I a z  i-- 
I 

a Z   a Z  a Z  (13) 
aLi a~ aLR a~~ I a~~ a ~ j  aLll a~ I 
"A- ay ay ay ax  ax ax , -"lo 0 0 0 

I a~~ 3 aLR a~~ I aLi a~ aLll  aLm 

O I a~ a z  a2  a Z  I ay ay ay ay 
""A" 

a~~ aL a~~ aL I 1 a~~ aL a~~ aLm 
- i - ml 
a Z  a Z  a2 a Z  I 

0 0 0 0 l " i "  I ax ax ax ax 

0 0 0  

" I O  0 0 0 

I aLi aL a~~ aLm 
[ D l  = 

0 0 0 0 1 0  0 0 

I 

0 0  0 

- - 1 
- 

1 0 0  0 0 0 0 0  0 0  

0 1 0  0 0 0 - 0  0 0 0 

0 0  1 0 0 0 0 0 0 0  

[@I = 0 0 0 1 0 0 0 0 0 0  

0 0 0 0 1 0 0 0 0  0 

0 0 0 0 0 1 0 0 0  0 

0 0 0 0 0  0 Li L j  Lll Lm 
- - ". 

- 
1 o o o o o v  

0 1 0 0  o o v  

0 0 1 0 0 0 v  

[E] = 2G 0 0 0 - 2 l o o 0  

0 0 0 0 -  l o o  

0 0 0 0 0 -  l o  
2 

2 

V V v 0 0 0 -v(l-2v) - d 

where G is t h e   s h e a r  modulus of t he  material. The o rde r ing  of rows and columns 
i n   t h e  k mat r ix   co r re sponds   t o  

I.? "j 
urn vi vj V vm wi w j  wR wrn Hi Hj Hll H A  

and 
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The matrix M i s  developed   th rough  the   superpos i t ion ing   of   the   ind iv idua l  
symmetric 12x12  element mass matrices, my wi th  restraint of t h e  same appropri-  
ate d.0.f .  The c o n s i s t e n t  mass matrix, d e r i v e d   i n   r e f e r e n c e s  15 and  16, is 
used i n   t h e   f o r m u l a t i o n   a n d  i s  def ined  by: 

[m] = ps [LITIL] dxdydz  (16) 

where p is t h e  mass dens i ty   o f   t he   so l id   p rope l l an t   g ra in   and   where  S 
[L] = [LiI L .I LRI LmII  

J (17) 

Acoustic-Solid  Coupling 

The formula t ion   of   the   coupled   acous t ic -so l id   equat ions   th rough  equi l ib-  
r ium  cons idera t ions  i s  found i n   r e f e r e n c e s  5 and  6.  Reference 5 d e a l s   w i t h   t h e  
t r ans i en t   r e sponse   o f  a coupled   sys tem  whi le ,   in   re fe rence  6 the   e igenva lue  
problem is  formulated.  The matrix form  of  the homogeneous equations  of  equi- 
l i b r i u m   f o r   t h e   d i s c r e t i z e d   c o u p l e d   s y s t e m  i s  given by 

where w is  the  natural   c i rcular   f requency  of   the  coupled  system. C 
The ma t r ix  U of  equation  (18)  has  dimensions  pxq,  where p i s  t h e  number of 

pressure  d .0 .   f .   and q is  t h e  number of  displacement  and mean pressure   parameter  
d .0 . f .  The  components  of  ,the U matrix are p ro jec t ions   o f   t he   cav i ty -p rope l l an t  
i n t e r f a c e  area as soc ia t ed   w i th   each   su r f ace   noda l   po in t ,   t he   su r f ace  area d is -  
t r i b u t i o n   b e i n g   p h y s i c a l l y   d e f i n e d   i n   f i g u r e  3. The por t ion   of   the  U matrix 
as soc ia t ed   w i th   t he  i , j ,&  t r i a n g u l a r   s u r f a c e  area of a boundary  tetrahedron is 
given by 

0 0 '6. s 0 0 ' 0  
I l y  i I 

1 

0 

0 ' 0  0 

0 0 0 

where B,,, ... , eiZ are the   d i r ec t ion   cos ines   and  Si, S .  and S are t h e  con- 
t r i b u t i n g   ( t o  a no e )  s u r f a c e  areas. J R 

SOLUTION 

Solut ion  of   the  system  mathematical ly   modeled by equat ion  (18) i s  f a c i l i -  
t a t e d  by t h e   u s e   o f   c o n d e n s a t i o n   ( r e f .   1 2 ) .   I n   a p p l y i n g   t h e   t e c h n i q u e   t o   t h i s  
problem,  the  pressure  d .0 . f .  are des igna ted  master and  the  displacement  and 
mean pressure  parameter   d .0 . f .  are des igna ted  slave. 
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Example Appl ica t ion  

The developed  program is a p p l i e d   t o   t h e   s o l u t i o n   o f   t h e   s i m p l e   a c o u s t i c -  
so l id   sys t em shown i n   f i g u r e  4. The plane  defined  by  nodes  5678 is t h e  
acous t i c - so l id   i n t e r f ace .  The p r e s s u r e  is set  e q u a l   t o   z e r o  a t  nodes  1,2,3,  
and 4. Thus, f o r   t h e   c o r r e s p o n d i n g   s o l u t i o n ,  p = 4 and q = 32. 

The p rope r t i e s   o f   t he   cav i ty   gas   u sed  are: a mass d e n s i t y  p of  1.225 k.g/m 
2 4  5 2 

3 

(1.146 x l b - s e c   / i n  ) and a bulk  modulus B of   1 .42 x 10 Pa  (20.59 l b / i n  ). 
The p r o p e r t i e s   o f   t h e   s o l i d   p r o p e l l m t   g r a i n   u s e d  are: a shea r  modulus G of  

4.41 x 10 Pa  (6400 l b / i n  ), a P o i s s o n ' s   r a t i o  w of  0.5 and a mass d e n s i t y  p 

of  1.770 x l o 3  kg/m (1.656 x l b - s e c   / i n  ). 
1193 Hz, and  1804 Hz, compared to   r e spec t ive ly   co r re spond ing   va lues   o f  3670 Hz, 
6934 HZ, 10,358 HZ, and  12,368 Hz ob ta ined   fo r   t he   f l u id   sys t em  a lone .  

7 2 

3 2 4  S 

The so lu t ion   fo r   t he   coup led   sys t em  y i e lded   f r equenc ie s   o f  488 Hz, 1008 Hz, 

CONCLUDING REMARKS 

It has  been  demonstrated  through  the  use  of  a s imple  example  that   the  
developed  computer   code  can  be  used  to   predict   the   effect   of   sol id   propel lant  
g r a i n   s t r u c t u r e  on the   na tu ra l   f r equency   a s soc ia t ed   w i th   t he   acous t i c   v ib ra -  
t i o n s   o c c u r r i n g   i n   t h e   r o c k e t   m o t o r   c a v i t y .  It can   be   concluded   tha t   the   e f fec t  
o f   cer ta in   suppress ion   devices   such  as r e sonance   rods   can   be   p red ic t ed   i n   t he  
same manner. 
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Figure 1.- Solid  propellant  configuration. 
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Figure 2.- Tetrahedral element (natural and 
global coordinates). 
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Figure 3.- Surface areas associated with 
interfacial nodal points. 

9 

mm 

Figure 4.- Acoustic-solid  system. 
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