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FOREWORD 

This  report  presents  results  of  an  investigation  of  relaxation 
turbulence  models.  The  work  was  done by personnel  of  DCW 
Industries  for  the  Thermo-  and  Gas-Dynamics  Division  of  the 
N A S A  Ames  Research  Center  under  Contract N A S 2 - 8 9 9 5 .  The 
technical  monitors  for  the  study  were  Mr. M. Inouye  and 
Mr. R.W. MacCormack,  Computational  Fluid  Dynamics  Branch, 
N A S A  Ames Research  Center,  Moffett Field, California. 
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ABSTRACT 

Re laxa t ion   t u rbu lence   mode l s  have b e e n   i n t e n s i v e l y   s t u d i e d .  
The complete  time-dependent  mass-averaged  Navier-Stokes  equa- 
t i o n s   h a v e   b e e n   s o l v e d   f o r   f l o w   i n t o  a two-dimensional  compres- 
s i o n   c o r n e r .  The new numerical  scheme  developed  by MacCormack 
has b e e n   i n c o r p o r a t e d   i n t o  t h e  developed  computed  code  with 
an   a t t endan t   o rde r -o f -magn i tude   r educ t ion   i n   computa t ion  time. 
The s t u d y   c o n s i s t s   o f  th ree  i n t e r r e l a t e d   p a r t s .   F i r s t ,  com- 
p u t e d   s o l u t i o n s  a re  compared w i t h  experimental   measurements 
of Law f o r   s u p e r s o n i c   f l o w   f o r  a Mach number, Mm, of  2.96  and 
Reynolds  number, R e L ,  o f  lo’, w i t h  wedge a n g l e  25’. Details  
o f   t h e   r e l a x a t i o n   p r o c e s s   h a v e   b e e n   s t u d i e d ;   s e v e r a l   d i f f e r e n t  
r e l a x a t i o n   m o d e l s ,   i n c l u d i n g   d i f f e r e n t   r e l a x a t i o n   p r o c e s s e s  
a n d   v a r y i n g   r e l a x a t i o n   l e n g t h ,  are tested  and  compared.  Then 
a p a r a m e t r i c   s t u d y  has been  conducted  in   which  both  Reynolds  
number  and  wedge  angle are  v a r i e d .  To a s s e s s   e f f e c t s   o f  
Reynolds  number  and  wedge  angle, t h e  p a r a m e t r i c   s t u d y   i n c l u d e s  
the   compar ison   of   computed   separa t ion   loca t ion   and   ups t ream 
e x t e n t   o f   p r e s s u r e   r i s e ;   n u m e r i c a l   r e s u l t s  a r e  a l s o  compared 
w i t h  t h e   m e a s u r e m e n t s   o f   s u r f a c e   p r e s s u r e ,   s k i n   f r i c t i o n   a n d  
mean v e l o c i t y   f i e l d   f o r  M m =  2.86, Re6 =1.3*106 and a =  2 4 O ,  by 
S e t t l e s ,  Vas and  Bogdonoff .   Final ly ,  t h e  r e l a x a t i o n  model i s  
a p p l i e d   t o   h y p e r s o n i c   f l o w   c a s e s   i n   w h i c h  M m =  8.66, R e L =  2 .2010’  
w i t h  a h i g h l y   c o o l e d  wall and  wedge  angles a =  27O and 3 6 O .  

0 

I n   g e n e r a l ,   t h e   e q u i l i b r i u m  model p r e d i c t s  a s h a r p   i n c r e a s e   i n  
t h e  o u t e r - l a y e r   e d d y   v i s c o s i t y   n e a r  t h e  s e p a r a t i o n   s h o c k ;  by  
c o n t r a s t ,  the  r e l a x a t i o n   p r o c e s s   s u b s t a n t i a l l y   d e c r e a s e s  t h e  
eddy v i s c o s i t y   a n d   p r e d i c t s  b e t t e r  ups t ream  pressure   p ropaga-  
t i o n .  The s i m p l e   e d d y   v i s c o s i t y   m o d e l   p r e d i c t s ,  w i t h  very 
good  agreement ,   ups t ream  boundary   condi t ions   even   in  t he  hyper- 
s o n i c   f l o w   w i t h   h e a t   t r a n s f e r .  However, i t  under -predic t s  t h e  
eddy v i s c o s i t y ,   a n d   h e n c e  the  s k i n   f r i c t i o n ,   i n  the rea t tachment  
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and downstream  recompression  regions. The relaxation  process 
reduces  the eddy viscosity  further,  and shows unfavorable 
effects  on  heat transfer,  skin  friction and reattachment 
points in  these  regions,  thus  indicating  a  need  for  further 
development and improvement of the  relaxation concept. 
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SYMBOL 

NOTATION 

DEFINITION 

I 

A 

cP 

cH 

cV 

D 

E 

e 

H 
+ 

h 

hf 

K 

L 

LO 

Mm 

P r  

Prt 
P 

Q 
+ 

Qx , Qy 

ReL 
T 

Damping l e n g t h   f o r   s u b l a y e r   e d d y   v i s c o s i t y  

P r e s s u r e   c o e f f i c i e n t ,  2pw/p,um 

Heat t r a n s f e r   c o e f f i c i e n t   ( S t a n t o n   n u m b e r )  

S k i n   f r i c t i o n   c o e f f i c i e n t ,  ~ T ~ / P ~ U ,  

S p e c i f i c  heat a t  constant   volume 

Van Driest damping f a c t o r  

T o t a l   e n e r g y ,   p ~ e + O . 5 ( u 2 + Y 2 ) 7  

2 

2 

S p e c i f i c   i n t e r n a l   e n e r g y ,  CvT 

Vector   f luxes   in   Reynolds   mass-averaged   Navier -  
S t o k e s   e q u a t i o n  

Ver t i ca l   d imens ion  o f  computational  domain 

V e r t i c a l   d i m e n s i o n   o f   f i n e  mesh 

Von Karman's   constant ,  0 . 4  

C h a r a c t e r i s t i c   l e n g t h   b e t w e e n   l e a d i n g   e d g e   a n d  
wedge 

Upstream  boundary  locat ion 

Frees t ream Mach number 

Molecular  Prandtl   number , 0 . 7 2  

Turbulent   Prandt  1 number , 0 . 9  0 

Average s t a t i c   p r e s s u r e ,   p =  PRT 

H e a t   f l u x   v e c t o r ,  Qxex + Qyey 

Hea t   f l ux   componen t s   i n   Ca r t e s i an   coord ina te s  

V e l o c i t y   v e c t o r ,   u e x  + ve 

Reynolds   number   based   on   charac te r i s t ic   l ength  L 

Absolu te   t empera ture ,  O R  

-+ + 

+ + 
Y 
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NOTATION  (continued) 

SYMBOL 

t 

U 

xO 

xW 

x ,Y 

Ax P 

AxS 

Y+ 

y: 

Y 

6 

& O  

6 "  

E 

VW 

P 

DEFINITION 

Time 

Vector  component of conserved  properties in 
Equation (1) 

Velocity  at  the  edge of boundary  layer 

Friction  velocity, uT = Jrw/P, 
Velocity  components in Cartesian  coordinates 

Initial  relaxation  location,  Equation ( 5 )  

Distance  along  the wall 

Cartesian  coordinates 

Upstream  pressure  rise  length 

Separation  length 

Dimensionless  y  distance, y+ = pWuTy/pw 

The y+ of the  first  mesh  point 

Wedge  angle 

Intermittency  correction  factor 

Specific  heat ratio, 1.4 

Local  boundary-layer  thickness 

Boundary-layer  thickness  at  the  initial  location x. 

Kinematic  displacement  thickness 

Turbulent  dynamic  eddy  viscosity  used in calculation 

Local  equilibrium  eddy  viscosity,  Equation ( 4 )  

Molecular  viscosity 

Molecular  viscosity  at  the wall 

Mass-averaged  specific  density 
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SYMBOL 
3 
T 

TW 

x 

NOTAT-ION ( conc luded)  

DEFINITION 

S t r e s s   t e n s o r ,  see Equat ion (1) 

Shear  stress a t  t h e  wall 

R e l a x a t i o n   l e n g t h  

v i i i  



1. INTRODUCTION 

Development  of  turbulence  models i s  a p r i m e   f a c t o r   f o r   f l o w -  
f i e l d   s i m u l a t i o n .   F o r   s t r o n g   n o n e q u i l i b r i u m   t u r b u l e n t   f l o w s ,  
supe r io r i ty   o f   cu r ren t   one -   o r   two-equa t ion   mode l s   ove r   ze ro -  
equat ion  models   remains  more  sophis t icated  models  
such as t h o s e  based on t h e  Reynolds-s t ress   equat ions  and  sub-  
g r i d   t u r b u l e n c e   f o r m u l a t i o n s   r e q u i r e   l a r g e   ( p o s s i b l y   i m p r a c -  
t i c a l )   c o m p u t a t i o n  t imes.  Hence,  development  of a modif ied  
s imple   eddy   v i scos i ty   mode l   fo r   nonequ i l ib r ium  tu rbu len t   f l ow 
i s  a v e r y   a t t r a c t i v e   a p p r o a c h   f o r   s o l v i n g   t h e   N a v i e r - S t o k e s  
e q u a t i o n s  i f  t he   concep t  i s  a t  a l l  f e a s i b l e .  

The idea o f   nonequ i l ib r ium  tu rbu lence  was r e a l i z e d  b y  Jacobs 4 

i n  1939  and  a lso by P r a n d t 1 5   i n  1945. P r a n d t 1 5   s t u d i e d   f u l l y  
deve loped   t u rbu lence   and   po in t ed   ou t  t h a t  t h e   s t a t e   o f   t u r b u -  
l e n c e  a t  any  given moment c o n s i s t s   p a r t l y  o f  a r e s i d u a l  con- 
t r i b u t i o n   f r o m  t h e  previous   f low  h is tory .   Rot ta '   conc luded  
from  experimental  data t h a t  when t u r b u l e n t   f l o w  i s  p e r t u r b e d  
from i t s  e q u i l i b r i u m   s t a t e ,  i t  t a k e s  a d i s t ance   abou t   one  
o r d e r  of  magn i tude   g rea t e r   t han  i t s  boundary   l aye r   t h i ckness  
t o   a t t a i n  a new e q u i l i b r i u m   s t a t e .  To a c c o u n t   f o r  t h i s  e f f e c t ,  
Shang  and Hankey' used   an   eddy  v i scos i ty   re laxa t ion   model   and  
s o l v e d  t h e  Navier -S tokes   equat ions   for  a compress ion   corner .  
T h e i r  r e s u l t s  were s u f f i c i e n t l y   p r o m i s i n g   t o   e n c o u r a g e   f u r -  
t h e r  r e s e a r c h  aimed a t  g e n e r a l i z i n g  the  s imple   eddy   v i scos i ty  
model t o   i n c l u d e   p r e v i o u s   t u r b u l e n c e   h i s t o r y   f o r   n o n e q u i l i b r i u m  
s u p e r s o n i c   t u r b u l e n t   f l o w s   s u b j e c t e d   t o   s t r o n g   a d v e r s e   p r e s s u r e  
g r a d i e n t s .  

I n  more recent   appl ica t ions ,   Baldwin   and   Rose ,   and   Shang,  
Hankey,  and Lawg a l s o   u s e d  t h e  r e l a x a t i o n   m o d e l   t o   s i m u l a t e  
shock  impingement   problems,   and  found  resul ts   which were a 
s ign i f i can t   improvemen t   ove r   t hose   ob ta ined  w i t h  t h e   s i m p l e  

1 



eddy v i scos i ty   mode l .  Deiwert” extended the  r e l a x a t i o n   m o d e l  
t o   s i m u l a t e  a t r a n s o n i c   f l o w   o v e r  a t h i c k   a i r f o i l ,   a n d  Mateer, 
Brosh,  and Viegas’’ used a similar model t o   c a l c u l a t e  a t r a n -  
sonic   normal   shock-wave   boundary- layer   in te rac t ion .  Even 
though the  l a t t e r  r e s u l t s   q u a l i t a t i v e l y   r e p r e s e n t  the  i n t e r -  
a c t i v e   f e a t u r e s ,  Mateer, Brosh,  and Viegas’’ i n d i c a t e d  some 
u n f a v o r a b l e   e f f e c t s   o n   s k i n   f r i c t i o n   a t t e n d i n g   u s e  of the  
r e l axa t ion   mode l .  

The o b j e c t i v e s   o f  t h i s  s t u d y  are:  t o   u n d e r s t a n d  how the  
r e l a x a t i o n  model  works; t o   s t u d y   s e v e r a l   d i f f e r e n t   r e l a x a t i o n  
processes ;   and   to   examine  the  a p p l i c a b i l i t y  o f  t h e  model f o r  
h igh  Mach number  flows w i t h  heat t r a n s f e r .  The end r e s u l t  
w i l l  hope fu l ly   p rov ide  some i n f o r m a t i o n   f o r   f u r t h e r   t u r b u l e n c e  
model  development. 
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2 .  ANALYSIS 

2 . 1  GOVERNING  EQUATIONS 

The v i s c o u s - i n v i s c i d   i n t e r a c t i o n   f l o w f i e l d  i s  governed  by t h e  
t ime-dependent ,   compressible   Navier-Stokes  equat ions.   Cast ing 
i n  terms of Reynolds  mass-averaged variables, and w i t h  the  b u l k  
v i s c o s i t y   a n d  the  s p e c i f i c   t u r b u l e n t   e n e r g y   i n  the  normal stress 
components  omitted,  t h e  r e s u l t i n g  mean c o n s e r v a t i v e   r e l a t i o n s  
are the  same as t h e i r   l a m i n a r   f l o w   c o u n t e r p a r t ,   e x c e p t   f o r  t h e  
a d d i t i o n   o f  t h e  Reynolds stress t e n s o r   a n d  t h e  Reynolds heat 
f l u x .   T u r b u l e n t   c l o s u r e  i s  accomplished  by  expressing the  
R e y n o l d s   s t r e s s   t e n s o r   i n  terms of  the  product   o f   eddy   v i scos i ty  
E w i t h   t h e  mean v e l o c i t y   g r a d i e n t s .  Also ,  a t u r b u l e n t   P r a n d t l  
number, P r t ,  i s  used   for   the   Reynolds   hea t   f lux .   Thus ,  t h e  mean 
flow e q u a t i o n s   i n  two  dimensions  can be w r i t t e n   i n   i n t e g r a l   f o r m  
as 

U dVol + 
+ 
H - Z d S = O  (1) 

s u r f a c e  

where 

= (i) -b 

+ + 
q = ue + vd 

X Y 
+ + + +   + +  
T = oxexex + T xyexey + Tyxeyex + c r e e  + +   + +  

Y Y Y  

= p + 3 ( p + E ) ( g + * )  2 - 2(P+E) ax au 
OX a Y  

T - - XY T Y X  = - ( l l+E) (%+ E) av 
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-h + 
Q = Qxex + Q Y Y  

Qx - - - (&+ &$-)YE 
QY 

E = p[e + 0.5(u2 +v2)] 

- - -(& + +)YE 

and ex, e  are  unit  vectors  of  the  orthogonal (x,y) coordinate 
system,  and  a  unit  normal  vector  of  the  surface  enclosing  the 
volume  of  integration.  The  equation  of  state  relates the pres- 
sure, p, and density, p ,  to  temperature, T, and  specific  internal 
energy, e. The  perfect  gas  relations  are 

+ +  
Y 

p = pRT  and  e = C T V 

The  molecular  viscosity  coefficient, )I, is  assumed to be a 
function  of  temperature  only,  and is evaluated by Sutherland’s 
semi-empirical  formula 

= 2. 270*10-8 T3”/(T + 198.6) (slug/ft*sec) 

In the  present  calculation,  molecular  Prandtl number, Pr, is 
assumed to be  0.72  and  turbulent  Prandtl number, Prt , is taken 
to be 0.90. 

2.2 COMPUTATIONAL  DOMAIN 

Figure 1 shows the  computational  domain  and  appropriate  boundary 
conditions.  The  mesh  is  equally  spaced in the x-direction. In 
the  y-direction,  a  fine,  geometrically-stretched  mesh  spacing 
is  used in the  region  near  the wall (y(hf) f o r  resolving  the 
viscous  layer;  a  coarse,  equally-spaced  mesh  is  used in the 
outer  region (hf<y <h), where  viscous  effects  are  negligible. 
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1 BOUNDARY 
UNIFORM  UPPER 

t U = O ,  V = O ,  T=Tw 
OR ADIABATIC .- 

REATTACHMENT 
COMPRESSION  FAN - - 

t-. L - L ~  ,-j \\DIVIDING STREAMLINE 
RECIRCULATION 

Figure  1. Computational  domain  and  boundary  conditions. 



The upstream  boundary i s  l o c a t e d  a t  a d i s t a n c e   s e v e r a l   b o u n d a r y -  
l a y e r   t h i c k n e s s e s  ahead of  t he  i n t e r a c t i o n   r e g i o n   d e f i n e d   f r o m  
when the  p r e s s u r e  s ta r t s  t o  i n c r e a s e   u n t i l  it r e a c h e s  i t s  f i n a . 1  
va lue .  The ups t r eam  cond i t ions   can  b e  e i t h e r  genera ted   f rom 
t h e  present   program by  s o l v i n g  the  Navier -S tokes   equat ions   over  
a f l a t  p l a t e   t h a t   i n c l u d e s   l e a d i n g   e d g e   e f f e c t s ,   o r   s u p p l i e d  
from a conven t iona l   boundary - l aye r   so lu t ion ,   such  as Marvin  and 
Sheaf fer ' s   boundary- layer   code .  l2 The downstream  boundary i s  
p o s i t i o n e d  f a r  enough  from the  c o r n e r  s o  that  a l l  t h e  g r a d i e n t s  
i n  t h e  f l o w   d i r e c t i o n   c a n  b e  s e t   t o   z e r o .  Though t h i s  condi- 
t i o n  i s  n o t   e x a c t ,  t h e  boundary l aye r  i n  t h e  v i c i n i t y   o f  t h i s  

e x i t  i s  pa rabo l i c ,   and   t he   r ema inde r   o f  t he  f low i s  s u p e r s o n i c ;  
hence,  t h i s  c o n d i t i o n  i s  n o t   e x p e c t e d   t o   i n t r o d u c e   s i g n i f i c a n t  
e r r o r   i n   t h e   r e g i o n   o f   i n t e r e s t   u p s t r e a m .  The upper  boundary 
i s  s p e c i f i e d  by t h e  freestream c o n d i t i o n s .  The wall s u r f a c e  
i s  assumed  impermeable,   and  no-slip  boundary  conditions are 
a p p l i e d .  The wall i s  t r e a t e d  e i t h e r  as i s o t h e r m a l  o r  adia- 
b a t i c ,   a n d  t h e  wall p r e s s u r e  i s  evaluated  f rom  an  approxima- 
t i o n   o f  the y-momentum e q u a t i o n  a t  t h e  wall .  During t h e  ca l cu -  
l a t i o n  on t h e  i n n e r  mesh, t r a n s p o r t   a n d  stress a t  t h e  i n t e r n a l  
boundary, y = h f ,  are saved ,   and  t h e i r  n e t   q u a n t i t i e s  are t h e n  
used as b o u n d a r y   c o n d i t i o n s   f o r  t he  o u t e r  mesh f l o w f i e l d .  

The numer i ca l   me thod   and   spec ia l   numer i ca l   p rocedures   u sed   i n  
the c a l c u l a t i o n   p r e s e n t e d   h e r e i n   a r e   d e s c r i b e d   i n  d e t a i l  i n  
References  13  and 14. The computer  code was i n i t i a l l y   c h e c k e d  
o u t   f o r   l a m i n a r   f l o w   c a s e s   t o   e n s u r e  t h a t  t h e  numerical   scheme 
i s  a c c u r a t e   a n d   e f f i c i e n t .  (Detai ls  o f   l a m i n a r   f l o w   r e s u l t s  
are p r e s e n t e d   i n   R e f e r e n c e  14.) The same code i s  u s e d   h e r e i n  
t o  t e s t  t h e  adequacy  of   turbulence  models .   During the  cour se  
of  t h e  s t u d y   t h e  new numerical  method  developed by MacCormack 1 5  

was i n c o r p o r a t e d   i n   t h e   c o m p u t e r   c o d e .  This  new method  reduced 
computer times b y   a n   o r d e r   o f   m a g n i t u d e ,   t h u s   f a c i l i t a t i n g  
economical ly  f eas ib l e  p a r a m e t r i c   s t u d i e s   ( c . f . ,   S u b s e c t i o n   3 . 5 ) .  

6 



2.3 EDDY VISCOSITY MODEL 

I n   t h e   p r e s e n t   s t u d y ,  a t w o - l a y e r   e q u i l i b r i u m   e d d y   v i s c o s i t y  
model   ("equi l ibr ium  model")  i s  a p p l i e d   i n  t he  fo l lowing  
f a s h i o n :  I n  t h e   i n n e r   r e g i o n ,  t he  P rand t l   mix ing - l eng th  
concept  i s  used 

where K i s  t h e  von  Karman's  constant ( 0 . 4 )  and D i s  van Driest 's 
damping f a c t o r  

D = 1- exp(-y/A) , A = 26 p / ( m )  

I n  t h e  l a w  of t he  wall  f o r  t h e  o u t e r   r e g i o n ,   t h e   m o d i f i e d  
C l a u s e r ' s   d e f e c t  law i s  employed 

'outer  = 0.0168 pue6*@ 

and 

ue = u a t  y = 6 (edge   of   boundary   l ayer )  

6 "  = jy6 (1 - e) dy 
0 

The q u a n t i t y   y o  i s  t h e   l o c a t i o n   o f   z e r o   v e l o c i t y   a n d  Jma, i s  a 
p reas s igned   va lue ,   ensu r ing  i t  i s  l o c a t e d   o u t s i d e   t h e   b o u n d a r y  
l a y e r .  Then the  eddy v i s c o s i t y  i s  determined by 
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( ‘inner i f  y < yi 

where  yi i s  the  f i r s t  p o i n t   t h a t  . A s imple  
smoothing i s  a l s o   a p p l i e d  on A and 6 * .  

Note t h a t  t h e  l o c a l   v a l u e s   o f  y and p are u s e d   i n  A ,  as opposed 
t o   t h e  more c o n v e n t i o n a l   f o r m a t   o f   u s i n g   t h e  wall  values ,  a 
d i f f e rence   wh ich   migh t   become   s ign i f i can t   i n   h igh ly   coo led   o r  
h e a t e d  w.all c a l c u l a t i o n s .  Use of  yo as the  lower  bound f o r  
t h e   i n t e g r a t i o n   o f  6*  a v o i d s   p i c k i n g  up the  unwanted  negat ive 
( r e v e r s e )   f l o w   e f f e c t s   i n   e v a l u a t i n g   t h e   d i s p l a c e m e n t   t h i c k n e s s .  
The main   d i f fe rence   o f   the   p resent ly   employed   equi l ibr ium  model  
from t h a t  used by  Shang  and Hankey’ i s  t h a t  t h e   v e l o c i t y  a t  t h e  
edge   of   boundary   l ayer   ue   ( ins tead   of  t h e  maximum v e l o c i t y  urnax> 
i s  u s e d   i n  the  c a l c u l a t i o n   o f   o u t e r - l a y e r   e d d y   v i s c o s i t y ,  
E o u t e r  ’ and t h e  d i sp lacemen t   t h i ckness ,  6* .  Although i t  i s  d i f -  
f i c u l t   i n   v i s c o u s - i n v i s c i d   i n t e r a c t i o n s   t o   d e t e r m i n e  t h e  edge 
o f   t h e   b o u n d a r y   l a y e r ,   c a r e   s h o u l d   b e   t a k e n   t o   d e t e r m i n e   u e .  
Without t h i s  e f f o r t ,   t h e  maximum v e l o c i t y ,   i n   g e n e r a l ,  w i l l  b e  
t h e  freestream v e l o c i t y ,   i n s t e a d   o f   t h e  more typ ica l   boundary-  
l ayer  edge   ve loc i ty   beh ind   t he   i nduced   shock .  Use of  t h e   f r e e -  
s t r e a m   v e l o c i t y  w i l l  o v e r e s t i m a t e  6* ,  a n d ,   i n   o u r   e x p e r i e n c e ,  
may cause  up t o  a f a c t o r   o f  two-or-more d i f f e r e n c e   i n   t h e   c a l -  
c u l a t i o n   o f   o u t e r - l a y e r   e d d y   v i s c o s i t y ,  
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3. COMPARISON AND DISCUSSION OF  RESULTS 

3.1 SUPERSONIC FLOW APPLICATIONS 

The f irst  case  computed was f o r  M m =  2 .96  supe r son ic   f l ow  ove r  
a 25O wedge w i t h  a n   a d i a b a t i c  wall. The f low  cond i t ions   co r -  
r e s p o n d   i d e n t i c a l l y  w i t h  one  of the  cases   s tud ied   by   Shang 
and Hankey and w i t h  e x p e r i m e n t a l  data measured by  Law. 
Flow c o n d i t i o n s  a re  as f o l l o w s :  

16 

Mm = 2.96 R e L  = l o 7  a = 25O 

Tm = 1 7 7 O R  L = 1 f t  a d i a b a t i c  wal l  

The computat ional   domain  extends  f rom x/L= 0 . 7 9 5  t o   x / L = l . 2 0 5  
w i t h  t h e   f i n e  mesh boundary  placed a t  h f =  0.025 f t  and t h e  

outer   boundary  a t  h =  0.09 f t .  I n   t h e   x - d i r e c t i o n   6 3  mesh 
p o i n t s  are u s e d ;   i n  t h e  y - d i r e c t i o n ,  a t o t a l   o f  31 mesh p o i n t s ,  
20 f o r   t h e   f i n e  mesh  and 11 f o r   t h e   c o a r s e  mesh, a r e   u s e d .  
The mesh s p a c i n g  varies from ( A Y ) , ~ ~ =  0 .148-10 '3 f t  t o  
A y =  0 . 4 4 6 - 1 0 - 2  f t  f o r  t h e  f i n e  mesh, and   near  t h e  wall  t h e  
mesh c e l l s  are  ve ry   e longa ted  w i t h  a r a t i o   o f  Ax:(AyImin= 4 4 : l .  
For  t h e  c a s e   o f   i n t e r e s t ,  t h e  compression i s  moderate ( t h e  
p r e s s u r e  r i s e  i s  about  a f a c t o r   o f  5 ) ;  t h e  boundary-layer  
t h i c k n e s s  i s  about  t h e  same b e f o r e   a n d   a f t e r  t h e  i n t e r a c t i o n .  
The re fo re ,  (AyImin i s  f i n e  enough t o   e n s u r e  t h a t  t h e  f irst  
mesh p o i n t s   n e a r  t h e  wal l  are i n  t h e  s u b l a y e r  (y: < 10) b o t h  
upstream  and  downstream  of  the  compression. 

The ups t r eam  cond i t ions  are g e n e r a t e d  w i t h  t h e  p resen t   numer i ca l  
code   by   so lv ing   t he   f l ow  ove r  a f l a t  p l a t e   w i t h  a l ead ing   edge .  
F i g u r e  2 shows a u-ve loc l ty   p rof i le   compared  w i t h  a boundary- 
l aye r   so lu t ion12   and   Shang   and  Hankey 's r e s u l t .  The ag ree -  
ment i s  very  good.   Plot ted  on the  nond imens iona l   s ca l e  of 
(u/uT) vs  y', t h e  p r o f i l e  i s  i n   s u r p r i s i n g l y  good  agreement 
w i t h  t h e  law o f   t h e  wall ( F i g u r e  3 ) .  The va lue   o f   y+  of the  
f irst  mesh p o i n t   o f   t h e   p r e s e n t   s t u d y  i s  about  5.8 and tha t  o f  

9 
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Reference 7 i s  j u s t   u n d e r  1 0 .  F igu res  4(a) and 4 ( b )  show 
c o m p a r i s o n s   o f   p r e s s u r e   a n d   s k i n   f r i c t i o n   c a l c u l a t e d   u s i n g  
t h e  present   equi l ibr ium  model  w i th  the  experimental   measure-  
ments  of Law. l6 The equ i l ib r ium  mode l   t ends   t o   ove rp red ic t  
t h e  s u r f a c e   p r e s s u r e   i n  t he  reat tachment   and  downstream  regions,  
and   unde rp red ic t s  t h e  u p s t r e a m   p r e s s u r e  r i s e  and ,   t hus ,  t he  
l o c a t i o n   o f   t h e   s e p a r a t i o n   p o i n t .   A l s o  shown i n  these two 
f i g u r e s  i s  a comparison  of t h e  e q u i l i b r i u m   r e s u l t s  of Refer- 
ence 7 w i t h  those   o f  t h e  p r e s e n t   s t u d y .  Even w i t h  t h e  good 
agreement   found  upstream  (Figure 21, t h e   r e s u l t s  here are sub- 
s t a n t i a l l y   d i f f e r e n t   b e c a u s e   o f  t h e  d i f f e r e n c e   i n   f o r m u l a t i n g  
t h e  eddy  v i scos i ty   models .  The use  of umax, i n s t e a d  o f  u e ,   i n  
Reference 7 t e n d s   t o   p r o v i d e  a h i g h e r  eddy v i s c o s i t y   a n d   t h u s  
more  mixing  inside t h e  boundary l aye r ,  which makes i t  more 
r e s i s t a n t   t o   s e p a r a t i o n .  The m o d e l i n g   d i f f e r e n c e  i s  r e l a t i v e l y  
i n s e n s i t i v e   i n  t h e  f l a t - p l a t e   s o l u t i o n ,   e v e n   t h o u g h  t h e  bound- 
a r y - l a y e r   p r o f i l e   i n   R e f e r e n c e  7 does show s l i g h t l y  more momen- 
tum from the  inc reased   mix ing .   In  t h e  i n t e r a c t i o n   r e g i o n  where 
a shock wave l i e s  above t h e  boundary   l ayer ,  i t  causes  a 
s i g n i f i c a n t   d i f f e r e n c e .  

3 . 2  UPSTREAM RELAXATION CONCEPT 

To a c c o u n t   f o r  t h e  u p s t r e a m   t u r b u l e n c e   h i s t o r y   e f f e c t s ,   S h a n g  
and  Hankey7  used a r e l a x a t i o n  eddy v i s c o s i t y  model ( h e r e i n  
d e s i g n a t e d   " u p s t r e a m   r e l a x a t i o n "  o r  " r e l a x a t i o n " ) ,  i. e . ,  

E = E - ( c e q -  E ~ )  exp -- eq ( x;xo) 

where 

E = tu rbulence   dynamic   eddy  v i scos i ty  

E = t h e  l o c a l   e q u i l i b r i u m   e d d y   v i s c o s i t y   e v a l u a t e d  
eq from  Equation ( 4 )  

= t h e  eddy v i s c o s i t y  a t  u p s t r e a m   l o c a t i o n  x. 
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Figure 4. Comparison  of  the  results of equilibrium 
models; M m =  2.96, a =  2 5 O ,  ReL= lo'. 



and X i s  t h e  r e l a x a t i o n   l e n g t h .   C o n c e p t u a l l y   E q u a t i o n  ( 5 )  
approximates  t h e  e x p e r i m e n t a l   o b s e r v a t i o n   t h a t ,   i n   a n   a b r u p t  
d i s t u r b a n c e  of a t u r b u l e n t   f l o w ,  the  Reynolds stress remains 
n e a r l y   f r o z e n  a t  i t s  i n i t i a l   v a l u e  while i t  i s  be ing   convec ted  
a l o n g   s t r e a m l i n e s ,  and then   exponen t i a l ly   app roaches  a new 
e q u i l i b r i u m  s ta te .  I n  a n u m e r i c a l   c a l c u l a t i o n ,  the  i n i t i a l  
l oca t ion   o f   d i s tu rbance   f rom  wh ich  t h e  r e l a x a t i o n   p r o c e s s  i s  
i n i t i a t e d ,   x o ,   a n d  a r e l a x a t i o n   l e n g t h   s c a l e   w h i c h   d e s c r i b e s  t h e  
exponent ia l   decay  of  t h e  eddy v i s c o s i t y   d i s t r i b u t i o n ,  X ,  must 
b e  s p e c i f i e d .  There are  two l imi t ing   ca ses   wh ich   bound  t h e  
r e l a x a t i o n   l e n g t h .   F o r  X =  0 ,  the  t u r b u l e n t  eddy v i s c o s i t y  
equa l s  the l o c a l   e q u i l i b r i u m   v a l u e ,   a n d   f o r  A = = ,  t h e  i n i t i a l  
va lue  i s  f rozen   and  i s  u s e d   e v e r y w h e r e   i n  t h e  r e g i o n  x > xo.  

Using t h e  upstream  relaxat ion  model ,   good  improvement   in   pre-  
d i c t i o n s   o f   u p s t r e a m   p r e s s u r e  r ise  i s  obta ined   and  a more 
p ronounced   p re s su re   p l a t eau   r eg ion  i s  c l e a r l y   d e m o n s t r a t e d  
[F igu res   5 (a )   and  5 ( b ) ] .  For  t h e  p r e s e n t   s u p e r s o n i c   c a s e ,  t h e  
r e l a x a t i o n   l e n g t h  i s  c h o s e n   t o  b e  X =  5ao, and t h e  i n i t i a l  
l o c a t i o n  i s  p o s i t i o n e d  a t  xo/L= 0 . 9 3 8 7 .  The f i g u r e s   a l s o  show 
t h e  resu l t s   o f   equi l ibr ium  and   f rozen   cases ,   which   bounds  t he  
e f f ec t   o f   chang ing  the  r e l a x a t i o n   l e n g t h   s c a l e   f r o m  X =  0 t o  
X=-. I n   F i g u r e  6 ,  t he  c a l c u l a t e d   d e n s i t y   c o n t o u r s ,   o b t a i n e d  
by u s i n g  the  r e l axa t ion   mode l ,  are  compared w i t h  t h e  i n t e r f e r o -  
gram  and a schemat ic   o f  t h e  e x p e r i m e n t a l   f l o w f i e l d   i n  Refer- 
ence 1 7 .  Details of  t h e  i n t e r a c t i o n   p a t t e r n ,   i n c l u d i n g   s e p a r a -  
t i o n   s h o c k ,   s e p a r a t i o n ,   a n d   r e a t t a c h m e n t   s h o c k  are a c c u r a t e l y  
s imula t ed .  

3 .3  EXPLANATION OF HOW THE RELAXATION 
MODEL WORKS 

S ince  t h e  i n c l u s i o n   o f   r e l a x a t i o n   e f f e c t s   r e s u l t s   i n   i m p r o v e d  
comparisons  of   theory w i t h  exper iment ,  i t  i s  i m p o r t a n t   t o  
unders tand  how t h e  r e l a x a t i o n  model  works.   Figure 7 shows 
the  v a r i a t i o n   o f  eddy v i s c o s i t y  a t  f i v e   l e v e l s   f r o m  the  wall, 
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w i t h  t h e  r e l a x a t i o n   l e n g t h ,  X = 5ao. The s y m b o l s   r e p r e s e n t   t h e  
v a l u e s   e v a l u a t e d   f r o m   t h e   l o c a l   e q u i l i b r i u m   m o d e l ,  E and 
t h e   l i n e s  are the   t u rbu len t   dynamic   eddy   v i scos i ty   wh ich  i s  
b a s e d   o n   t h e   u p s t r e a m   r e l a x a t i o n   f o r m u l a ,   E q u a t i o n  ( 5 ) .  The 
‘f irst  t h r e e  se t s  o f   d a t a  ( l i n e s  a n d   s y m b o l s )   f o r   t h e  smaller 
va lues   o f  y b e l o n g   t o   t h e   i n n e r   l a y e r   o f  t h e  eddy v i s c o s i t y  
model; t he  d a t a   f o r  y/(S0= 0 .0928  a r e   t a k e n   n e a r  the  l o c a t i o n  
o f   t h e   t r a n s i t i o n   f r o m  t h e  i n n e r   t o   o u t e r   l a y e r s ;   a n d   t h e  
ou te rmos t   y - l eve l   da t a  are c a l c u l a t e d   f r o m   t h e   o u t e r   l a y e r  
formula,   Equat ion ( 3 ) .  Near the  wall  ( c i r c l e   s y m b o l s ,  
F i g u r e  7 )  t h e  eddy v i s c o s i t y  i s  small, pw, and i s  g r e a t l y  
dominated by t h e  wall shear stress a n d   t h e   l o c a l   v e l o c i t y   g r a d -  
i e n t   [ s e e   E q u a t i o n  ( 2 1 1 .  A t  t he   beg inn ing   o f  t h e  i n t e r a c t i o n ,  
E n e a r   t h e  wal l  d e c r e a s e s   s h a r p l y   b e c a u s e   o f   t h e   d e c r e a s e   o f  
- c ~ ,  r e a c h i n g  a minimum a t  s e p a r a t i o n .  The minimum va lue   o f  
E a p p e a r s   a g a i n  a t  t h e   p o i n t   o f   r e a t t a c h m e n t .  

eq ’ 

eq 

eq 

Note t ha t  T ~ =  0 a t  t h e   s e p a r a t i o n   a n d   r e a t t a c h m e n t   p o i n t s ,   a n d  
thus ,   f rom  Equat ion  (21,  D =  0 and E = 0 .  The re fo re ,   based  
on t h e   l o c a l   e q u i l i b r i u m   m o d e l ,   [ E q u a t i o n s  ( 2 ) - ( 4 ) 1 ,  there  i s  
no  eddy v i s c o s i t y ,  wh i l e  i n   t h e  rea l  f l o w ,   t u r b u l e n c e   f l u c t u a -  
t i o n s  do e x i s t  a t  s e p a r a t i o n   a n d   r e a t t a c h m e n t .  The a p p l i c a t i o n  
of  the  u p s t r e a m   r e l a x a t i o n   p r o c e s s   g r e a t l y   i n c r e a s e s  t h e  eddy 
v i s c o s i t y   v a l u e s   i n  these r e g i o n s   a n d   o n l y   s l i g h t l y   a f f e c t s  
t h e   v a l u e s   i n   t h e   d o w n s t r e a m   r e g i o n  when  x/L i s  l a r g e .  

i n n e r  

I n   c o n t r a s t  t o  the  e f f e c t  a t  small y ,  E i n c r e a s e s   s h a r p l y  a t  
l a r g e  y because  of  t he  i n c r e a s e   i n  p 6 *  r e s u l t i n g   f r o m  t h e  com- 
p r e s s i o n  of  t h e   s e p a r a t i o n   s h o c k .  The r e l a x a t i o n   p r o c e s s  
d r a s t i c a l l y   m o d i f i e s   t h e   i n c r e a s i n g   s l o p e   a n d   p r o v i d e s   v a l u e s  
of  E s u b s t a n t i a l l y  less t h a n   t h a t   o f   t h e   e q u i l i b r i u m   m o d e l .  
The e f f e c t s   o f  t he  r e l a x a t i o n   p r o c e s s   c a n  b e  examined  more 
c l e a r l y   i n   F i g u r e  8 ,  i n  w h i c h   e d d y   v i s c o s i t y   p r o f i l e s  a t  t h r e e  
x - loca t ions  are p l o t t e d   a c r o s s  t h e  boundary   l ayer .  The reduc- 
t i o n  of eddy v i s c o s i t y   f r o m  i t s  l o c a l   e q u i l i b r i u m   v a l u e  f a r  

eq 
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Figure  8.  Eddy v i s c o s i t y  a t  t h ree  x l o c a t i o n s .  



f r o m   t h e  wall l e a d s   t o  less t u r b u l e n c e   m i x i n g   a n d   t o  l e s s  
s h e a r  stress t o   b a l a n c e   t h e   a d v e r s e   p r e s s u r e   g r a d i e n t ,   m a k i n g  
t h e   s e p a r a t i o n  easier ,  a n d   a l l o w i n g   b e t t e r   u p s t r e a m   p r e s s u r e  
r i s e  through the  v i s c o u s   a n d   i n v i s c i d   i n t e r a c t i o n .  

It i s  i n t e r e s t i n g   t o   r e c a l l   t h e   r e s u l t   o f  t h e  f r o z e n   c a s e  
(X=-) i n  w h i c h   t h e   i n i t i a l   v a l u e  &o i s  used  everywhere down- 
stream of x >  xo. Th i s  c a u s e s   t h e   e d d y   v i s c o s i t y  i n  t h e  o u t e r  
r e g i o n   t o  be reduced by a f a c t o r   o f   a b o u t  6 a n d ,   n e a r   t h e  wal l ,  
by a f a c t o r   o f   a b o u t  1 0 ,  below t h e  e q u i l i b r i u m   v a l u e   i n   t h e  
downstream  region (see F i g u r e  7 curves   o f   y /d0=  0 .00527  and  
y /bo= 0 . 3 9 6 2 ) .  Hence,  while t h e  s u r f a c e   p r e s s u r e   c l o s e l y  
r e a c h e s  the  v a l u e   o f   t h e   i n v i s c i d   s o l u t i o n ,   t h e   s k i n   f r i c t i o n  
i s  a f a c t o r   o f   a b o u t  2 less t h a n  t h e  e q u i l i b r i u m   r e s u l t   ( s e e  
F i g u r e   5 b ) .  

3.4 OTHER RELAXATION PROCESSES 

I n   a d d i t i o n   t o  the  u p s t r e a m   r e l a x a t i o n   m o d e l ,   o t h e r  ways o f  
c o n t r o l l i n g  eddy v i s c o s i t y  were t r i e d .  One approach i s  based  
on t h e  n o t i o n   t h a t   t h e   l a g g i n g  phenomena i s  l o c a l   p o i n t - b y -  
poin t   and   should  be governed by t h e   f o l l o w i n g   d i f f e r e n t i a l  
e q u a t i o n  

d s  - E e  --E 
" 

dx x 

Equat ion ( 6 )  i s  c lose ly   approximated  by t h e   f o l l o w i n g   f o r m u l a  
( h e r e i n   c a l l e d   " p o i n t - b y - p o i n t   r e l a x a t i o n " )  

10,ll 

T h i s  r e l a x a t i o n   p r o c e s s   a v o i d s  t h e  q u e s t i o n   o f   s p e c i f i c a t i o n  
of t h e   u p s t r e a m   i n i t i a l   l o c a t i o n   x o ,   i n s t a n t l y   a c c o u n t s   f o r  
l o c a l   u p s t r e a m   h i s t o r y   w h i l e  t he  turbulence  conveys  downstream, 
and  can  handle  complex  cases  such as m u l t i p l e   s h o c k   d i s t u r b a n c e s ,  
e t c .  

20  



Anothe r   obse rva t ion  i s  that  a g r e a t   p o r t i o n   o f   t h e   i n c r e a s e  
of  dynamic  eddy v i s c o s i t y  i s  c a u s e d   b y   t h e   i n c r e a s e   o f   l o c a l  
dens i ty   th rough  shock   compress ion .  To s e p a r a t e   t h e   e f f e c t   o f  
the  inc rease   o f   dens i ty   f rom  the   conveyance   o f   t u rbu lence   h i s -  
t o r y ,   t h e   k i n e m a t i c   e d d y   v i s c o s i t y  i s  r e l a x e d   a c c o r d i n g   t o   t h e  
ups t r eam  r e l axa t ion   fo rmula  

F i g u r e s  9 ( a )  and   9 (b )   compare   r e su l t s   o f   t hese   two   d i f f e ren t  
p r o c e s s e s  w i t h  t he  p r e v i o u s   u p s t r e a m   r e l a x a t i o n   r e s u l t   f o r  
s u r f a c e   p r e s s u r e   a n d   s k i n   f r i c t i o n .  The poin t -by-poin t   re laxa-  
t i o n   r e d u c e s  t h e  v a l u e   o f   e q u i l i b r i u m  eddy v i scos i ty   more ,   and  
r e s u l t s   i n  a l a r g e r   s e p a r a t i o n   r e g i o n .  The r e l a x a t i o n   o f   k i n e -  
ma t i c  eddy v i s c o s i t y   [ E q u a t i o n  (711  has t h e  o p p o s i t e   e f f e c t  
and i s  i n   v e r y   c l o s e   a g r e e m e n t   w i t h  t h e  r e s u l t  of  upstream 
r e l a x a t i o n   i n  t he  downstream  region where t h e   r e l a x a t i o n  
e f f e c t s  a re  small. 

The p r o c e s s   o f   r e l a x i n g   o n l y  t h e  o u t e r   l a y e r   [ E q u a t i o n  ( 3 ) ]  
has a l s o   b e e n   t e s t e d .  From expe r imen ta l   obse rva t ion ,  i t  has 
been shown tha t  t h e  i n n e r  l ayer  of  a boundary layer  s u b j e c t e d  
t o  a n y   d i s t u r b a n c e   a d j u s t s   q u i c k l y   b a c k   t o   l o c a l   e q u i l i b r i u m ,  
w h i l e  t h e  o u t e r   l a y e r  may take a much l o n g e r   d i s t a n c e   t o  
r e t u r n   t o  a new s t a t e  o f   e q u i l i b r i u m .  The p r o c e s s   o f   r e l a x i n g  
o n l y   t h e   o u t e r  l ayer  i s  an   ex t r eme   case   o f   va ry ing  t h e  r e l a x -  
i n g   l e n g t h   a c r o s s  t h e  boundary   l ayer .  It was found,  however, 
that  t h e  r e s u l t   f r o m   r e l a x i n g   o n l y   t h e   o u t e r   l a y e r   a g r e e s   v e r y  
c l o s e l y  w i t h  that  f r o m   r e l a x i n g  t h e  whole  boundary  layer .  

3.5 PARAMETRIC  STUDY AND DETAIL COMPARISON 

Ins t ead   o f   compar ing   t he   expe r imen ta l   su r f ace   p re s su re   da t a  
o f  Law f o r   s i x   d i f f e r e n t  wedge a n g l e s ,   t h e   c a l c u l a t i o n s  were 
compared   wi th   newly   ava i lab le   and   more   de ta i led   da ta  by 
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Figure 9. Results  of  different  relaxation  processes. 
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S e t t l e s ,  Yas  and  Bogdonoff. l8 The experiments  were well-  
documented,   including the  measurements   o f   sur face   p ressure ,  
s k i n   f r i c t i o n   a n d   d e t a i l e d  mean v e l o c i t y   f i e l d ,   f o r  a wide 
r ange  of Reynolds  numbers  and  shock  strengths.  Over 50 s o l u -  
t i ons   have   been   ob ta ined  f o r  t h e   e n t i r e   f l o w f i e l d   v a r y i n g  
both  Reynolds  number  and  wedge  angle. The r e s u l t s   o f  these 
s o l u t i o n s  are compared w i t h  cor responding   exper imenta l  data 
i n   F i g u r e s  10-13. F i g u r e s  lO(a) and  10(b)  compare t he  sepa ra -  
t i o n   l o c a t i o n s   w h i l e   F i g u r e s  l l ( a )  and l l ( b )  i l l u s t r a t e  t he  
ups t r eam  ex ten t   o f  t he  i n c r e a s e d   p r e s s u r e   l e v e l .   R e f e r r i n g  
t o  t he  sepa ra t ion   l oca - t ion   compar i sons ,   F igu re  lO(a) shows t h a t  
f o r  a wedge a n g l e  of  20° there  i s  excel lent   agreement   between 
t h e  c a l c u l a t e d   v a l u e s  ( w i t h  t he   equ i l ib r ium  mode l )   and   expe r i -  
ment ove r  the  en t i r e   Reyno lds  number range .   For   the   lower  
wedge a n g l e s   t h e   c a l c u l a t i o n s  show a l a r g e r   s e p a r a t i o n   d i s t a n c e  
than   exper iment .  A c r o s s p l o t   o f  data a t  Reg =1.33*106 LFig- 
u r e   1 0 ( b ) ]  shows that  t h e  c a l c u l a t e d   s e p a r a t i o n   d i s t a n c e   v a r i e s  
smoothly w i t h  wedge a n g l e  wh i l e  the   expe r imen ta l  data show an 
abrupt   change   near  a=16". The c a l c u l a t e d   u p s t r e a m   e x t e n t   o f  
t h e  i n c r e a s e d   p r e s s u r e   l e v e l  i s  compared w i t h  e x p e r i m e n t   i n  
F i g u r e s  l l ( a )  and l l ( b ) .  A s  shown, p r e d i c t e d   t r e n d s  w i t h  
Reynolds  number  agree w i t h  measurements for e i t h e r  model. How- 
eve r ,   on ly  t h e  r e l a x a t i o n  model p r e d i c t s   t h e   c o r r e c t   m a g n i t u d e .  

0 

F i g u r e s  12 (a )  and   12(b)   compare   p red ic ted   and   measured   sur face  
p r e s s u r e  and s k i n  f r i c t i o n   f o r   t h e  Ma= 2.85, R e g  =1.3=106 
and a =  24O c a s e .  The n u m e r i c a l   r e s u l t s  employ t h e  three   above-  
ment ioned  turbulence  models   and a fourth  model   combining the 
two m o d i f i c a t i o n s .  Details o f   t h e   " p r e s s u r e   g r a d i e n t "   m o d e l  
a re  d i s c u s s e d   i n   R e f e r e n c e  19. Comparing t h e   s k i n - f r i c t i o n  
d i s t r i b u t i o n s   [ F i g u r e  1 2 ( b ) ] ,  b o t h  t he  equ i l ib r ium  and   r e l axa -  
t i o n   m o d e l s   s u b s t a n t i a l l y   u n d e r p r e d i c t  t h e  s k i n   f r i c t i o n  down- 
stream of   r ea t t achmen t .  The c a l c u l a t e d   r e a t t a c h m e n t   l o c a t i o n s  
are a l s o   i n c o r r e c t .  While t h e  ca l cu la t ions   employ ing  the  

0 
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p r e s s u r e   g r a d i e n t   c o r r e c t i o n s   d o  a good   j ob   o f   p red ic t ing  
s k i n   f r i c t i o n  f a r  downs t r eam  o f   r ea t t achmen t ,   t he   r ea t t achmen t  
l o c a t i o n  i t s e l f  i s  s t i l l  i n c o r r e c t l y   c o m p u t e d   a l t h o u g h   i n  
b e t t e r  agreement w i t h  e x p e r i m e n t   t h a n   f o r  the  e q u i l i b r i u m  
model .   Addi t ional   comparisons with y e l o c i t y   p r o f i l e s  a t  thee 

l o c a t i o n s   a r e  shown i n   F i g u r e s   1 3 ( a ) - 1 3 ( c ) .  A s  shown, i n  t he  
b u b b l e   [ F i g u r e   1 3 ( a ) ]  t h e  e x p e r i m e n t a l  data a re  reasonably  
wel l  p r e d i c t e d  by t h e  e q u i l i b r i u m   a n d   r e l a x a t i o n   m o d e l s ,  wh i l e  
t he  model  employing  only t he  p r e s s u r e   g r a d i e n t   c o r r e c t i o n  
u n d e r p r e d i c t s   t h e   b u b b l e   h e i g h t .   F a r   d o w n s t r e a m  a t  ( X , - L ) / ~ ~ =  4 
[ F i g u r e   1 3 ( c ) ] ,  a l l  o f   t h e   t u r b u l e n c e   m o d e l s   g i v e   e s s e n t i a l l y  
t h e  same r e s u l t s  - a l l  i n   s u b s t a n t i a l   d i s a g r e e m e n t  w i t h  

experiment .  

3 .6  HYPERSONIC  FLOW  APPLICATIONS 

A t  hype r son ic   speeds ,   compress ib i l i t y  makes d r a s t i c   c h a n g e s   i n  
t h e  n a t u r e   o f   t u r b u l e n t   f l o w .  The t u r b u l e n c e   d i s t u r b a n c e s  are 
most ly   composed   of   dens i ty   and   tempera ture   f luc tua t ions .  A t  

h igh   hype r son ic   speeds ,  a s l i g h t   l o c a l   v e l o c i t y   c h a n g e   i n  the  

f l u i d  would  cause a l a r g e   c h a n g e   i n  i t s  t e m p e r a t u r e .   T h e r e f o r e ,  
one  might   expect   the  t e s t  of t u rbu lence   mode l   accu racy   t o  be  

more s e v e r e   i n  t h i s  c a s e .   R e c a l l   t h a t   t h e   s i m p l e   e q u i l i b r i u m  
eddy-viscosi ty   model  was o r i g i n a l l y   d e r i v e d   b a s e d  on t h e  tu rbu-  
l e n t   v e l o c i t y   f l u c t u a t i o n s  of i n c o m p r e s s i b l e   f l o w .  The purpose 
of t h i s  s e c t i o n  i s  t o   i n v e s t i g a t e  how the  s imple   eddy   v i scos i ty  
model w i t h  r e l a x a t i o n   b e h a v e s  a t  h i g h  Mach numbers   wi th   hea t  
t r a n s f e r  . 

The expe r imen t s   s e l ec t ed   fo r   compar i son  were conducted  by 
Holden2'  and  measurements were made o f   p r e s s u r e ,   s k i n   f r i c t i o n ,  
and heat  t r a n s f e r   a l o n g  t h e  wall. The f low  cond i t ions  are as 
f o l l o w s  : 

Mm = 8.66 ReL = 2 . 2 0 1 0 '  Tw = 5 3 7 O R  

Tm = 119.5OR L = 2 . 2 5  f t  c1 = 27' and 36O 
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The wall i s  assumed t o  be i so thermal   and   h ighly   cooled ;  t h e  
r a t i o   o f  wall t e m p e r a t u r e   t o   a d i a b a t i c   t e m p e r a t u r e  i s  about  
Tw/Taw= 0.28. As i n   t h e   p r e v i o u s   s u p e r s o n i c   p r o b l e m ,  a mesh 
w i t h  63 p o i n t s   i n   t h e   x - d i r e c t i o n   a n d  31 i n   t h e   y - d i r e c t i o n  
i s  used.  Now, however ,   t he   f i ne  mesh c o n t a i n s  2 1  p o i n t s   f o r  
b e t t e r   r e s o l u t i o n .  The upstream  boundary i s  l o c a t e d  a t  
x/L=  0 .881 w i t h  23 p o i n t s   o f   e q u a l   s p a c e   r e s o l u t i o n   b e t w e e n  
the  ups t ream  boundary   and   the   h inge   l ine   o f  t h e  wedge,  which 
i s  x/L= 1 . 0 .  The mesh c e l l s   n e a r  t h e  wall are ve ry   e longa ted  
w i t h  Ax/(AyImin= 226.  The computation i s  advanced  about 
95 times i n  t h e  i n n e r  mesh l o o p   f o r   e v e r y   o u t e r  mesh t i m e s t e p .  

F i g u r e s  1 4  and 15  show t h e  de ta i l ed   compar i sons   o f  t h e  p r e s e n t  
c a l c u l a t e d   r e s u l t s  w i t h  t he  experimental   measurements  of sur- 
f a c e   p r e s s u r e ,  heat t r a n s f e r ,  a n d   s k i n   f r i c t i o n   f o r  a =  27O 
and 3 6 O .  The agreement i s  very  good  upstream  of t h e  i n t e r -  
a c t i o n   r e g i o n .  This  i m p l i e s  tha t ,  a t  l eas t  i n   t h i s   s t u d y ,  
t h e   e q u i l i b r i u m   e d d y   v i s c o s i t y   m o d e l   c a n  b e  u s e d   t o   p r e d i c t  
e q u i l i b r i u m   h y p e r s o n i c   t u r b u l e n t   f l o w   o v e r  a f l a t  p l a t e .  The 
f luc tua t ions   o f   t empera tu re   and   dens i ty  may b e  cons idered  as 
a s i m p l e   f u n c t i o n   o f  t h e  f l u c t u a t i o n   o f   v e l o c i t y ,   a n d  t h e  
s imple   eddy-v i scos i ty   r e l a t ion   does   p rov ide   p rope r   t u rbu lence  
mix ing   i n   t he   equ i l ib r ium  hype r son ic ,   t u rbu len t   boundary  layer .  

Su rp r i s ing ly   enough ,  t h e  r e s u l t s   a l s o  show reasonably  good 
agreement i n   s u r f a c e   p r e s s u r e   a n d   h e a t   t r a n s f e r   i n   t h e   i n t e r -  
a c t i o n   r e g i o n ,   a l t h o u g h  the  p e a k   h e a t   t r a n s f e r  a t  t h e  r e a t t a c h -  
ment p o i n t  i s  u n d e r p r e d i c t e d .  The p r e s e n t   h e a t   t r a n s f e r  
r e s u l t s   a r e   s i g n i f i c a n t l y   d i f f e r e n t   f r o m  that  o f  t he  l amina r  
f l o w   c a s e   s t u d i e d .  l4 I n s t e a d   o f   v e r y  low heat t r a n s f e r   i n  t h e  
s e p a r a t i o n   r e g i o n  as i n  t he  l a m i n a r   c a s e ,  t h e  heat t r a n s f e r ,  
here,  d r o p s   s h a r p l y   n e a r  t he  s e p a r a t i o n   p o i n t ,  r ises  r a p i d l y  
t o  a v a l u e   g r e a t e r   t h a n  i t s  u p s t r e a m   c o n d i t i o n ,   g r a d u a l l y  
i n c r e a s e s   i n  t he  p r e s s u r e   p l a t e a u   r e g i o n ,   a n d   t h e n   s h a r p l y  
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i nc reases   unde r   s t rong   compress ion .  A s  t h e   s e p a r a t i o n   r e g i o n  
becomes l a r g e r ,  a h e a t   t r a n s f e r   p l a t e a u   r e g i o n   f o r m s ,  similar 
t o  t ha t  o f   t he   su r f ace   p re s su re .   In   t he   expe r imen ta l   measu re -  
ments, heat t r a n s f e r  .does  not show a sha rp   dec rease  a t  separa-  
t i o n ,   a n d ,   i n s t e a d   o f  t he  slow g r a d u a l   i n c r e a s e ,  i t ,  indeed ,  
shows a s l i g h t   d e c r e a s e   i n   t h e   p r e s s u r e   p l a t e a u   r e g i o n .  It i s  
s t i l l  n o t   c l e a r   w h e t h e r   t h e   s h a r p ,   d e e p   d r o p  of heat t r a s n f e r  
n e a r  the  s e p a r a t i o n   p o i n t  i s  p h y s i c a l l y   c o r r e c t   o r  i s  caused 
by t h e  shortcomings  of t h e  s imply  eddy-viscosi ty   model .  A s  
p o i n t e d   o u t   i n  t h e  supe r son ic   ca se   (F igu re  7 ) ,  t h e  eddy v i s -  
c o s i t y  model  tends t o   p r o v i d e  a very   low  va lue   o f   eddy   v i scos i ty  
n e a r  t h e  wall  a t  t he  s e p a r a t i o n   p o i n t .  The unde rp red ic t ion   o f  
p e a k   h e a t   t r a n s f e r   i n  t h e  r ea t t achmen t   r eg ion   migh t   a l so  b e  

caused by  t h e  same shortcoming of  t h e  turbulence   model .  

U n f o r t u n a t e l y ,   e v e n   t h o u g h   t h e   p o i n t s   o f   s e p a r a t i o n   a n d   r e a t t a c h -  
ment are p red ic t ed   w i th   r easonab le   accu racy ,  t h e  s k i n   f r i c t i o n  
i s  g r o s s l y   u n d e r p r e d i c t e d   i n   t h e   r e g i o n s   o f   r e a t t a c h m e n t   a n d  
downstream  recompression. T h i s  s t r o n g l y   s u g g e s t s   t h a t   p e r h a p s  
t h e  v a l u e   o f   e d d y   v i s c o s i t y   f o r  t h e  p r e s e n t   h y p e r s o n i c   c a s e  i s  
unde rp red ic t ed   i n   t hese   h igh ly   compressed   r eg ions .  From t h e  
exper ience   o f  t h e  p r e v i o u s   f r o z e n   c a s e   r e s u l t ,  i t  may be sus- 
pec ted  that  t h e   p r e d i c t e d   e d d y   v i s c o s i t y  i s  much less t h a n   t h e  
rea l  va lue .  

The a p p l i c a t i o n  of t h e   u p s t r e a m   r e l a x a t i o n   p r o c e s s ,   a l s o  shown 
i n   F i g u r e s  1 4  and 15, does show i n c r e a s i n g   u p s t r e a m   p r e s s u r e  
propagation.  However,  i t  a l s o  shows u n f a v o r a b l e   e f f e c t s   o f  
d e c r e a s i n g   s k i n   f r i c t i o n   a n d   h e a t   t r a n s f e r  a f t e r  r ea t t achmen t ,  
e s p e c i a l l y   i n   t h e   r e s u l t s  o f  t h e  a =  27' c a s e ,   i n   w h i c h  t h e  

s e p a r a t i o n   r e g i o n  i s  small a n d   t h e   i n i t i a l   l o c a t i o n  x. i s  pos i -  
t i o n e d   v e r y   c l o s e   t o   r e a t t a c h m e n t .   T h i s  may conf i rm  our   p re-  
v ious   a rgument   tha t   the   s imple   equi l ibr ium  eddy-v iscos i ty   model  
u n d e r p r e d i c t s   t h e   e d d y   v i s c o s i t y   v a l u e   i n  t he  reat tachment   and 



downstream  recompression  regions,   and,   moreover ,  t he  r e l a x a t i o n  
p rocess   r educes   t he   eddy-v i scos i ty   va lue  s t i l l  f u r t h e r .  

One i n t e r e s t i n g   a s p e c t   o f   t h e   s t r o n g   c o m p r e s s i o n   a s s o c i a t e d   w i t h  
the   hypersonic   p roblem i s  the  s e v e r e   r e s t r i c t i o n   i m p o s e d   o n  

( A Y ) , ~ ~  a l o n g   t h e  wall. A s  shown i n   F i g u r e s  14(a) a n d   1 4 ( b ) ,  
t he  p r e s s u r e  rises by a f a c t o r   o f   a b o u t  30 f o r   t h e   c a s e   o f  
a =  27' and  about 50 for a = 3 6 O .  The t h i c k n e s s  o f  the  boundary 
l a y e r  af ter  compression i s  one   order   o f   magni tude   th inner   than  
that b e f o r e   t h e   i n t e r a c t i o n .  To ensure  enough mesh r e s o l u t i o n  
i n  the downstream  highly  compressed  region,  ( A Y ) , ~ ~  f o r  t he  
f irst  mesh c e l l  has t o  be very  small. F i g u r e  16 shows a p l o t  
of  y+ a t  the f irst  mesh po in t   ve r sus   x .  A t  t he   ups t r eam  r eg ion ,  
y: i s  f a r  i n s i d e  the  sublayer   (y ,  z 0.52), s t a y s  small i n   t h e  
s e p a r a t i o n   r e g i o n ,   a n d   s h a r p l y   i n c r e a s e s   r i g h t   a f t e r  t he  r e a t t a c h -  
ment  up t o   a b o u t  7. One s h o u l d   b e a r   i n  mind tha t  t he  p r e s e n t  y'; 

i s  eva lua ted   based   on  t he  computed s k i n   f r i c t i o n .  For i n s t a n c e ,  
i f  t h e s e   v a l u e s   a r e   c a l c u l a t e d  with t h e   e x p e r i m e n t a l   s k i n   f r i c -  
t i o n ,  y: would  increase  by a f a c t o r   o f  

f 

[T,(experiment  calculated)] ' = (2)' 

f o r  a =  27O, which may r e s u l t   i n  a y: = 1 0  i n  the downstream 
r e g i o n .  However,  yf i s  small i n  t h e  s e p a r a t i o n   r e g i o n   a n d  the  
boundary layer  i n   t h e   d o w n s t r e a m   r e g i o n  i s  pa rabo l i c ;   hence ,  a 
y1 of   about  1 0  i n  t he  downst ream  reg ion   should   p r imar i ly   under -  
p r e d i c t   o n l y  the l o c a l   s k i n   f r i c t i o n   a n d   w o u l d   n o t  be expec ted  
t o   i n t r o d u c e   s i g n i f i c a n t   e r r o r   i n   t h e   s e p a r a t i o n   r e g i o n .  

t 
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y 7 = 7  

0 

a! = 27O 

RELAXATION (X=SSo) 

F i g u r e  16 .  y' of  t he  f i r s t  mesh p o i n t s   a l o n g   t h e  
x - d i r e c t i o n   f o r  a =  2 7 O  ( r e l a x a t i o n  
model. 
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4. SUMMARY AND CONCLUSIONS 

Relaxat ion  turbulence  models   have  been  intensively  invest igated.  
The complete  time-dependent  mass-averaged  Navier-Stokes  equa- 
t ions  have  been  solved  for   f lows  over  a two-dimensional com- 
press ion   corner .  Computed supersonic  solutions  have  been 
compared with the experimental  measurements of Law and  of 
S e t t l e s ,  Vas and  Bogdonoff; a l s o  t he  hypersonic flovrs experi-  
mental ly   invest igated by Holden  have  been  numerically  simulated. 
De ta i l s  of t h e  relaxat ion  process   have  been  s tudied;   several  
d i f f e ren t   r e l axa t ion   mode l s ,   i nc lud ing   d i f f e ren t   r e l axa t ion  
processes and vary ing   re laxa t ion   length ,   have   been   tes ted   and  
compared. 

In   genera l ,   the   equi l ibr ium model p r e d i c t s  a sharp inc rease  of  
the  ou te r  layer  eddy v i scos i ty   va lue   nea r  the separat ion  shock,  
wh i l e   t he   r e l axa t ion   p rocess   subs t an t i a l ly   dec reases   t he  eddy 
v i scos i ty  and more accurately  predicts  upstream  press.ure  propa- 
ga t ion .  The simple  eddy-viscosity model p red ic t ions  are i n  
close  agreement with measured  upstream  flow  conditions i n  t he  
hypersonic  boundary layer .  However, the  model underpredicts  
the eddy v i s c o s i t y ,  a n d   h e n c e ,   t h e   s k i n   f r i c t i o n   i n  the  r ea t t ach -  
ment and  downstream  recompression  regions.  Application of the  
re laxa t ion   process   reduces  t he  eddy-viscosity  further,   and shows 
unfavorable   e f fec ts  on h e a t   t r a n s f e r ,   s k i n   f r i c t i o n ,  and 
r ea t t achmen t   po in t   i n  these regions.  

F ina l ly ,  t he  re laxa t ion   process   p rovides  a simple  technique for 
including  upstream  turbulence  his tory and f o r   c o n t r o l l i n g   t h e  
magnitude of  t he  eddy v i s c o s i t y   f o r  flows s u b j e c t e d   t o   s t r o n g  
and abrupt  disturbances  such as a shock wave. Resu l t s   i nd ica t e  
that the eddy viscosity  should  be  modified i n  the  reattachment 
recompression  region for bo th   t he   i nne r  and the  ou te r  layers; 
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t h e   a p p r o p r i a t e   m o d i f i c a t i o n  w i l l  y i e l d   s u b s t a n t i a l l y   h i g h e r  
eddy v i s c o s i t y   v a l u e s   t h a n   t h o s e   o b t a i n e d  wi th  t h e   e q u i l i b r i u m  
model. 
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