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STUDY OF THE EFFICIENCY FOR TRIANGULAR PROFILE GRATING

1 « Study of the relative efficiency : D function

a) Conventions used

!
It is first necessary to precise the convention used for the grating

law, Effectively the authors who have worked on the problem of
grating efficiency generally use a convention whichis different from
the one we have used up to now, '

See Fig, 1

e o m——

ot is the incidence angle
' F’“ is the diffracted angle by reflexion in order N

& is the diffracted angle by transmission in order N

o is counted positively with respect to the normal in the first

quadrant and negative in the second quadrant, .
F"H is positive in the sécond quadrant and negative in the first

aﬂ is positive in the third quadrant and negative in the fourth,
@ @ y




We have, if "a " is the groove spacing and n the refraction

indice of the grating :

N A

i

(1) "~ a (sin fy - sin &)
(2) | a {m sin 8!"1 ~ sing) = ™ A

- with this type of conventicn the blazed orders arec negative

for a "direct" mounting (Fig, 1) .

The same type of convention can be used with the complem'entary

A

notation : Fig, 2

< |
YN > 0 N <D

T <0 _ ¥ >0

(3) l a (cos \I’H ~costf) = M A

(4) a (m cos 3’!\!- cos ) = N

—r




o T R e PR T T e i WL e T AT SRR S TR Tl Sat s T R S = R T TR AR T AR RS R e e i TR e e A T R T AT LT T e kTR TS e e R Ty o

ARSI R AT T R TR L S e T s T e T

'b) Calculation of the relative efficicncy

' We suppose a plane wave falling on an echelétte grating,
The nagle of incidence is « and we want to calculate the¢ energy
diffracted in the direction P  of a given order supposing that the

reflectivity of the coating is 100%.

Supposing that the ratio __A--- is smaller than 0,1 at least, we
: .

consider that the amplitude diffracted can be caleculated through

Huygens-Fresnel principle : the amplitude in the py direction is

the sum of the amplitude diffracted by each element of the facet

(Fig. 3): :

3§ - ()
da =kxAs x & A x o x
/
oy MH .MH =
= x sin ((-¥) - x sin (py+¥)

The origin of phase heing in 0.
Fig. 3
lt"’"'i B Rt SRl - X " o et e _ ‘i —
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(5)

+#
Only the part b" = OB of the facet b contributes to the diffraction

in the direction fSN .

We have OB = AB . AO )
" AB = acosY

AO = BCtg (¥-¥) = asiny. tg(el-Y)
-3 OB = b = aQ:os‘f - sih?{ﬁj (q‘.’-’é’))
{ - b¥ o cos ¥ - sin ¥ tg (x.Y)
-.9 - a -
Then we can write the expression of the amplitude diffracted :
> .
24 [sin (b =¥) - sin (FH"‘ g)}:x:
A =%so e A . . dx
+ - o -
h_#'
2 1) [sin (£ -¥) - sin (ey +‘-S')] x]
A =kao € A

2 _’t_T__d_ [sin (x«¥) - sin (By + B’)} Jo

24 [sin (¢ ~¥) ~ sin (ﬁ,.[-i-‘d')]&*
)

A:&.\AO < -1

2“_1}@_ [éin (k- ¥) - sin ('p_H-i-‘e.‘)}




»

X )

i [Sin (¢~ %) - sin (py+ ‘o‘)]b -1 [5;”(“'")""5"(PN +‘°’)]

A :4‘5!\0 e A . -
zj_l'j_-_ sin (¢-¥")-sin (;1”-{-‘() x

4
Jl;\-‘l; sin (4~¥)~sin (ﬁ"+2f)

#

A Ao sin __-El [sin (¢-%) - sin (I?'N""f)] b x,ﬁ _T;i [sin (%-f)-siq(pﬂ-f“o’)] b

-

l-{ [sin ®-¥ - sin (rsH+”6)]

The energy diffracted in the order N is then proportional to the quan-

tity: I | > Y -
byrAst . B x| T [sin(x0)-sin (pyy 9]

’ Lji“ [sin (-¥)-sin(py +‘a’)]
A —-Tg- [siﬂ(d-r)-s?n(pn-l-v)]

¥" is then determined by the relation :

+ Moy
= D. =1
...N4

- In practice we have found empirically that DN can be approximated in
a rather satisfactory manner by the expression :

sin W b { sin (:(-b’)-sin(p“%’)]
% .
Dy = { * 2

'_f_F__E*" [ sin (- Bj-sin(fs_ﬂ#d)]
T .

up to angle of incidence reaching 80°,

To obtain the expression, it is only necessary to replace & by_1_ in
a

the preceding calculation,

000/'.
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To test the validity of expression (8)

we have calculated 2 DN for several values of « for a
1200 gr/rm grating blazed at 1000 A°, ¥ = 3.44° and for the

wavelength 500 A°,

We have found :

o = 20° b:3 DN s 0. 97
% = 60° s D ~ 0.96
o = 80° s Dy o 0,85

= 88° s Dy " 0. 30

The expression (8) remains valid up to 80° incirfience with an error
lower than 20%,

The same calculation done for a 5000 gr/mm, blazed at 1000 A°
¥ = 14.48° and for wavelength 500 A° has given :

ol = 20° = DN ~ 0.94
« = 60°
D . 84
= By = 0
« = 80° = DN ~ 0.47
o = 88° < DN n 0.08

The expression (8) is normalized in this case¢ for lower incidence
angles : 60°, For higher angles it would be better to use expression

&
Tr{ [sm -¥)~sin{py +x')]

D _ - J%, .
_N- {l _.__i [sm - ¥)~5in (PH‘H‘)} ZDN
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In practice we shall see from some few examples that the expression

(8) leads to resulis generally more realistic.

Numerical applications

On graphs p, 18 to25, we have drawn (1) DN =¢£ (o) for A =500 A° and
d =250 A° for 600 gr/mm,1200 gr/mm, 2400 gr/mm, 5000 gr/mm
gratings, blazed at 1000 A° and ¢ varying between O and 88°,
The blaze angles corresponding to each grating are respectively :

1,71° - 3,44° - 6,89° and 14, 48°,

We can sce from these curves that, for a given wavelength, the angle
of incidence for the optimum relative efficiency is sensibly the same
for the various gratings independently of the Nb grooves/mm, In spite
of the fact that all these gratings are blazed at the.same wavelength
this was absoluiely not obvious '"a priori' as the blaze angle varies

from ¥ = 1,71° for 600 gr/mm to 14,48° for the 5000 gr/mm grating.
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2 - Studv of the absolute efficiency by multiplying D funclion by
the efficicncy of an Yequivalent mirror!
;.
18 mirrar
- Fig, 5 -
N M




" (10)

;:_(“)

12)

We propose to usc as 'c:-:pression of the absolute cfficiency of the

grating the quantity @

™ = D X

N (N) & mirror

{

o

incident beam of the same angle as the grating in the given order}(ﬁg.k.s)

mirror being the reflectivity of a mirror which deviales the

that 1s to say the reflectivily of a mirror working with an angle o,F

incidence equal lo :

We recall (Second Progress Report) that in that case the expressions

of R9 are the following :

’

For electric field parallel to groov

e5 .

cos’ (4B) = 2p cos (XP) 4p4q”
' . 2

R // - z

2

cos” (¢4P) +2p cos ("¢+F)-+FL+‘11‘

2

For electric field perpendicular to

2
4 X)cos L) - ri {2”’

.

2

grooves |

L
sty . ax]
2 E

ﬁol:

-~

2

with m = 4 JK indesx of .coatmg

Q 1% '
(4%-Y)cos (&h + fl + |2

Yicos ((+F)+ 40

2

Faf V(‘i" K-sm (¢

+P)) +a 4 ?gb
2 .

£

T
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(13) f,a'-'\ - sin ("T—)"riq.
) 2
L}
Numerical applications

" t 4 m — - — a
On graphs p,26 to 33, we have drawn E = DN X ﬂgmir:‘or for ) = 500 A

N
and 4 = 250 A° for gralings 600 gr/mm, 1200 gr/mm, 2400 gr/mm
and 5000 gr/mm hlazed at 1000 A° and ¥ varying between 0 and 88°,

The calculations have been done for gold coated gratings using the

following indices

500 A° N = 0,85

P
n
A
"

0. 645

33—
n

250 A° 4=0.89 X =0.386

The calculation has not been donefor Al coating because the iadices
given by Hunter (sce Second Progress Report) are those of Al without

A1203 oxyde and therefore are not of practical intecrest,
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3 - Dircet calculation of the efficicney for a grating

the absolute cificiency of the grating is given by the expression :

*

® (&
(14) E N DN * (grating)

The reflectivily of the facet of the grating ﬁﬂ( ) is obtained

grating oo
by using the Tomboulian method ; this consists in calculating the
reflectivity of the facet ag is calculated the reflectivity of a mirvor,
by writing the boundary conditions of Maxwell equations for the
incident field and for each pair of reflected and transmitted diffracted
orders:

To go from the mirrer to the grating case it is only necessary to
change i} various parameters in the following way :
At ‘
’
p — PH +%
A g — &y-v
mirror : f=«
:
] T ———
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So taking into account that the tangential componentsof electric and
magnetic field arc continuous at the boundary, that we have

Ve /E/ =VP /H/ andthat E, H and the propagation vector

form a right-handed orthogonal triad - we can do the same
calculation as in sccond report Pages 7 to 10 and obtain ¢

see Fig, 6

symbol // correpond to eclectric field parallel to grooves and _L to

electric field perpendicular {o grooves,
index i, r andt correspond to field incident, reflected and tiransmitted,
We suppose that P = 1  so V& = m-  the admittance of air is

Yo = 1 and the admittance of grating Y, =

Ei// +Er /] =Bt // :

¢

Ei// cos (=<~"6_)- Er// cos (PH+?‘)=4L.Et// . Cos (f)H - %)
Ei _l_ + E'rl =m Etl

Ei| cos (¢~%) ~Er| cos (yy +¥) = Et| . cos {Oy=-%)

Eliminating Et// from (15) and (16) we obtain :

£ cos (%) -« m cos (By -¥ )

7

ELy cos (p ¥) +mcos (gy - ¥)

and Hg// (grating) = /A'./'/ /b |

SERPP | N

P
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(20)

(22)
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Eliminating Etl from equations (17 and (18) we obtain :

! n cos (X-V¥) =-cos (04 -7)
rl - L - :

n cos (pﬁ-ﬂ’) + cos (BH"' X)

Ei}

and Hgl

1

[+L]°

(grating)

But we have T

1 -0

49

1
-0

wecall n . cos (Oy-Y)

making the difference of equations (1) and ( 2) we obtain
m sin Oy = sin By
changing gy in Opn~-¥ and Py in Pu +7 we obtain

m sin (O -¥) = sin (py+Y¥)

~ This equation is only an approximation but the calculation shows

that it is neccssary to use it in order not to have o ( which

grating)
becomes greater than 1 at grazing incidence when ' :

- § N = IE "BH is lower than ¥ .
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In fact this is a conscquence‘ of the Tombhoulian method which is
R an approximation and cannot be justified rigorously in electromagnetic

theory,

(r-”)z = n cosa.(@H-’O') =q13"<l - 8in® EQN-B’))

using equation (2%) we obtain

)2_

(P-§1)% =(4-ix)% - sin® (py+¥)

which is equivalent fo ‘the system ;

-

pr.qve NV %7 sin’ (B +¥)

(23) .
Pe = 1 X
This system as yet been solved (see secend report pages 11 to 13):
1 t 2 ' LI
FZ A -8 - sin” (py +Y )+ T +9
) 2
q - 1. X
I

(24)

- .
pq” ;\ﬁﬁ ;cb - sin® (P + ¥ )] FPINL) S

I
¥

H

H

E

]



It is now easy to calculate the expression of Fw(grating)

using expressions (19) and (21} we have :

ﬁﬂ// | cos (L -¥) ~P+ 11

cos (pr.{-i-'x) +f’.-‘ 3‘{

cos” (£-%) -2p cos (x~7%) AT

(25) foff i —
cos (pﬂ-i-'() + 2 p cos (FH +¥ ) Py gY

using expressions (20) and (21) we have

(~ -j 7()2' cos (o -¥) -F + 34

/Ll_

( ~é”ﬁ)2' cos (F‘H +Y) +p ..Jci

(.ﬁ_;g") cos (£ -¥) - P - J[z#?i_cos (< %) -‘1]

/L-L -
(NI?._?S_L) cos (prri-X) +P _.é [2 ‘{XCDS (PH +X) +‘i:[

e Lo . O g EIR R P —
1 L3 H '- - i N 1




(26)

(27)

(28)

foy = [alf™

16

L

[ (- ) cos (<-¥) ) F]_z-i-[z Vieos (- ¥) - »u:]b

[(’ibjl)c':os {(pn +Y) +F]z+ [z\”{’ cos (FH +9)+ %]z,

It is then possible lo calculate the efficiency of the grating for

the two polarisations :

/

E N i = D[N) xr'b//

Numerical application =

On graphs p. 34 to4l,we have drvawn E = D _x

o
N N (grating)
A =500 A° and A = 250 A° for 600 gr/mm, , 1200, 2400 and
5000 gr/mim gratings blazed at 1000 A° and« varying from 0 to
88°, ' o
The calculations have been done for gold coated gratings using the

same indices as in the previous case :

0.645
10,386

0.85 X
0.89 "

it

500 A° N
250 A® 4

j -
it

it

i
n
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It can be seen from these curvc‘:_é that the efficiencies obtained

L]

by this way are very closed to those obtained in the previous
paragraph with
123"

E = D x Fo .
N N mirror

It would be very interesting to compare the results obtained by
this type of approximated theory with those obtained with rigorous

electromagnetic theory as developed by Pr. Petit,

ey,
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