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ANALYTICAL CALCULATION OF THE AREAS
OF SATURN'S DISK AND RINGS
S. Matthews and E. F. Erickson

Ames Research Center
SUMMARY

Determination of the thermal emission from the disk of Saturn at wave-
lengths in the vicinity of the thermal peak (-50 um) is complicated by the
fact that infrared telescopes currently operating at these wavelengths cannot
spatially separate the rings from the disk. To account for the emission from
the rings, the area of the visible disk, the area of the ansae (visible rings
not overlapping the disk), and the area of overlap (visible rings overlapping
the disk) must be known. The calculation presented here describes the
analytical determination of these areas from parameters available in the
ephemeris.

Saturn's rings and disk make comparable contributions to the thermally
emitted flux from the entire system. If one assumes that the optical depth of
the rings is not necessarily high, and that the only significant ring effects
are due to the A and B rings, then five areas are important in estimating
the relative contributions of the rings and disk. These are:

flyd = unobscured (visible) area of the disk
Qp,0p = visible area of the A and B rings respectively
wpswp = arca of disk obscured by the A and B rings respectively

The brightness of the entire system is described by brightness tempera-
ture T, which is related to the rings' temperatures, TA and TB. and the disk
temperature, T4, by

By(T)R¢ = B,(Td) (Ryq + e Mup + e Bup)
+By(Tp) (1 = e” Ay, + By(Tp) (1 - e By

Here B, is the Planck function,
Qe = Qug + 2y + (1)
is the total system area, and 71, and Ty are the optical depths of the rings.

Both the disk and rings are elliptical in appearance to the observer. In
rectangul.r coordinates the equation of an illipse is

i
+tizre1, a2b (2)



1f we transform this to polar coordinates we have x = r cos 6, y = r sin 6,
80
-1/2

2 V2
rg(cos 6 , 8in‘ 6

5 3 ) =1 or r(8) = ab(a? sin? 8 + b? cos? 8)
a b

(3)

The area of an ellipse is mab. Our notation for the Saturn geometry is shown
in figure 1. Thus, for the problem at hand, we have

fyq = maghy = wp = wy (4)
) = n(ab) = azby) - wy
(5)
Qg = n(azby ~ ayby) - wg
1f we note that (see ref. 1)
a, by
:T = BT = (),8801 (6)
aj b3
a) = by = (0.8599 (7)
and
a b
— =X 20,6650 (8)
ay Ly

then the quantities aj, by, a3, b3z, a,, and by, can be eliminated in (5) so
that

1y = 0.2254ma by = wy
(9)

g = 0.29727ma)b; - wy

a,, by, a1, and by can be obtained from the ephemeris.

There remains simply to calculate wp and wp. To determine the angles
B4, 1 = 1 to 4, we note that

ri(84) = ro(8y) or ry?(84) = r %(8y) (10)

Then



2y, 2 .
a:“b a 2b 2
1 1 - 2.9 (11)

aiz sin? 61 + biz cos? 84 302 sin? 01 + bo2 cos? 04

which can be solved for tan 6§

1/2
boby [ai® - a,’

apaq boz . biz

ty ¥ tan @y = for by < b, (12)

If by should be greater than b, ty = += [64 = (n/2)]. Now

i ) pry /2 pry
wp 2]32 &, rdrd6+2fel ot x ax a0 (13)
0, 2 2 /2 2 2
. j;z (r,2 -r;2)de +f01 (r,2 - ry2)do (14)
e 6, 2 n/2 2 a n/2 2
fez ro2 do + fal r,2 de fe?_ rp2 de (15)
BO 91 il 81 "/2
= agh, tan"(;— tan 6)‘ +ab; tan I(ET tan 6)
-l az m/2
-agbhy tan (E; tan B) (16)
62
since
2 21,2 do -1(4a
r< dé = a“b = ab tan - tan 0 {17)
f faz sin? 8 + b? cos? 6 (b )
Rewritihg (16), and from a similar expression for wg, we find
a a a
& ~-1(20 g | ! LABIIERECI Y foud
wp = agb, [l:an (bo tl) tan l(bo tz)] + ﬂlbl[z tan (bl tl)]
SEL § et | e 1 )]
azbz[z tan (bz to (18)



and

a a a
. -1(3 - ran~1{20 X -1(23 )
wy aobo[tnn (bo tg) tan (bo :..)] + a;h;[z tan (b; t3]

_ /8
-agbh[% - tan 1(;% t“)] (19)
From (6), (7), and (8) we obtain finally

-1[{30 -1(30 -1(41
wp = agbgy|tan E t1] - tan = tz)| +a1b|0.1127n - tan 5 t)

+0.7746 :.n-l(gf :2)] (20)
and
-1{20 -1[30 -1(81
wg = agbhgy|tan bo ty) - tan bo ty)| +a;by|0.1486n - 0.7394 tan b) ts
=121
+0.4422 tan™! By b (21)

As an example, we calculate the areas for January 27, 1976. On this date
the ephemeris parameters (in arc seconds) are

ap = 10.295 by = 9.215
ay = 23.19 by = 8.49

Then, from (1), (4), (9), (20), and (21) one obtains in square arc seconds the
areas

Qyq = 259.02
g = 127.91
g = 156.25
wp = 11.52
wg = 27.49
g = 543.18
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