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FOREWORD
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Daniele of the NASA Lewis Research Center Dynamics and Controls Branch.
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1.0 SUMMARY

The objectives of this program were to adapt the General Electric
Pynamic Blade Row Compression Compopnent Stability Model for use with NASA
developed linearized stability anaiysis and frequency response analysis
subroutines and to demonstrate that these analysis techniques, which are
used primarily in control analyses, give results which are equivalent to
the time-dependent solution of the nonlinear equations describing the flow
in a compregsion component.

Verification of the applicability of these techniques was carried out
by comparing results with previously obtained NASA J85-13 engine data and
with nreviously conducted time-dependent studies using the above mentioned
General Electric model. The equations of this model were linearized about
an equilibrium operating point resulting in a matrix, A, known as the
Jacobian matrix. Based on the first method of Liapunov, the stability of
the system was determined by either examining the signs of the real parts
of the roots of the A matrix characteristic equation using the alternate
formulation Routh-Hurwitz stability criterion or by actually solving for
the eigenvalues and examining the signs of the real parts of the roots.
The frequency response analyses were conducted using the A matrix and an
input matrix B in conjunction with the NASA supplied subroutines which
determined the linearized system transfer function using Laplace transforms.

The J85-13 clean-inlet=-flow surge line was determined for each of two
engines: one at 80, 87, 94, and 100 percent corrected speeds and the other
at 87, 94, and 100 percent corrected speeds. The resulting 87 x 87 A
matrices were tested for stability and the predicted surge line accurately
matched the experimental data and the time-dependent model results except
for the first engine at 94 percent speed. The cause of this anomaly is not
understood. The stability characteristics of the other engine were accu-
rately predicted.

The linearized frequency response analyses were conducted on the first
engine with inlet-total-pressure oscillations and with exit-flow-function
oscillations over the 0.1 to 200 Hz frequency range for 25 frequencies.
These results were comoared with time-dependent-solution results at fre-
quencies of 30, 60, 10u, 150, and 200 Hz. It was found that essentially
identical results were achieved when the time-dependent model total-pressure
oscillations were equal to *0.5 percent of the mean inlet total pressure or
when the exit-flow-function oscillations were eonal to t1.0 percert of the
mean exit flow function.

Stability predictions were made for one-per-rev inlet total-pressure
distortions at 80, 87, and 100 percent corrected speeds. A two-sector
parallel compressor model was used and resulted in a 187 x 187 A matrix.

At each spead, surge point predictions were made for total-pressure distor-
tions produced by a 42 percent blockage screen with angular extents of 180°,



90°, 60°, and 30° and by a 49 percent blockage screen with angular extents
of 180°, 9C°, and 60°. The 180° angular extent stabiliiv analysis results
were comnared to existing time-dependent model solutions sad this coampari-
son showed that equivalent results were obtained. The stability analyses,
in general, produced results which were in k. eping with other parallel
compressor results. That is, the loss in surge pressure ratio is over-
predicted especially at iow speeds (80 and 87 percent) where the speed
lines have lower slopes. In an effort to improve the distorted-flow sta-
bility predictions, inter-stage axial-ga» crossilow from the high total-
pressure sector to the low total-pressure sector was simulated at ome axial
location iu the compressor. The asount of cruvssflow was deterwined by
obtaining the best match of the preuicted distortion attemuation charac-
teristics with the measured distortion attemuation characteristics for a
180° total-pressure distortion at corrected speeds of 80- aad 100-percent.
Crossflows for other extent discortions ware scaled from these results
based upon area ratios. It was found that crossflows at rotor 1 exit of
1.2 percent and 1.0 per.™t of sector inlet physical flow at 80 and 100
percent corrected speeds, respectively, gave the best match to the measured
atrtenuation characteristics. Even though this sismatching of stages would
significantly move the operating point >f the lcw total-pressure sector in
many cases, the mean compressor behavior at surge (loss in surge pressure
ratio) was not improved and in some cases was worsened due to unrealistic
sector speed line shapes. Use of a stage prediction method in such cases
is necessary since the distorted sector may never reac. the clean-inlet-
fiow surge line due to the stage mismatching. The linearized stability
and the frequency response analyses employed in this study gave results
vwhich were equivalent to time-dependent solutions of the nonlinear set of

equations. Such analyses offer significant economic advantage when linearized
analyses are applicable.



2.0 INTRODUCTION

One of the most significant parameters of comcern in the design and
operation of gas turbine engines is surge margin. Aircraft engine designers
are continually striving to provide adequate surge margin to insure success-
ful cteady- and transient-engine operation. Experience has revealed that
surge margin can be degraded by a variety of factors such as deterioration,
control tolerances, Reyn1'ds mumber, stator misrigging, accelerations,
inlec distortion, etc. Of these factors, one of the largest and most
variable consumers of surge margin is inlet distortion.

Since it is not feasible to experimentally determine the response of a
coapression component or an engine to all possible combinations of distortiom,
the need has evolved whereby the stability (surge) of a compression component
can be analytically predicted. There have been a nmber of recent studies
using time-dependent methods. References 1 and 2 report the results obtained
using stage by stage models aud Reference 3 reports the results obtained %)
using a blade-row by blade-row model. As the models have become more
complex, it has been mnecessary to turn from analog or hybrid computation to
strictly digital computation. Even for very efficient solutions of the
time—-cependent equations such as that used in the Reference 3 study, compu-
tation costs represent a significant proportion of the effort. An approach
(References 4 and 5) has been developed at NASA Lewis Research Ceater which
potentially offers significant cost reductions.

This approach involves linearizing the nonlinear coupled system of
equations which describe the compression system about an equilibrium operat-
ing point. This operation results in a matrix, the characteristic equation
of which can be exgmined for the sign behavior of the real part of its
roots. Instability will occur when any root has a positive real part.
Purther, it has been shown that these instabilities occur only at the
experimentally determined surge line. Based on the first method of Liapunov,
the nrnlinear system of equations will be stable if the linear system of
equations is stable. As explained in Reference 4, the stage by stage
analytical representation of a compressor as given in Reference 1 was used
and the resulting system of equations were then linearized. The stability
of the resulting linear system which represented a J85-13 compressor was
determinad. The results showed good agreement between the analytically and
experimentally determined surge lines.

The objectives of the program were to adapt the NASA developed techmique
for predicting surge in a compression component for use with the exisiting
General Electric Dynamic Digital Bilade Row Compressicn Component Stability
Model (Reference 3) and to perform an evaluation of the capabilities of
this stability analysis technique by comparing these results to time~
dependent solution results and test data reported upon in Reference 3.

These objectives were to be met by determining the clean-inlet-flow surge
points for a J85-13 turbojet engine known as the "Moss" engine at the 80,
87, 94, and 100 percent corrected speed lines. Then the response of the



J85-13 compression component to inlet-total-pressure and exit flow-function
oscillations over the 0.1 to 200 Hz frequency range was to be determined.
The amplitude and phase angle results were to be compared with the results
of the Reference 3 time-dependent program at five frequencies in the 20 to
200 Hz frequency range. The method was then to be extended to predicting
the point of instability with distorted inflow conditions Dy using a system
of equations describing a two sector parallel compressor. Stability pre-
dictions for a moderate level of distortion with sngular extents of 30, 60,
90, and 180 degrees and for a higher level of distortion with angular
extents of 60, 90, and 180 degrees were to be conducted at 80, 87 and 100
percent corrected speeds. Each of these cases was to be run with and
without circumf.rential crossflow.

In this report, the methods used in the course of the study are
reviewed and the results obtained in the course of the stability and fre-
quency respoase predictions are discussed.



3.0 ANALYTICAL METHODS AND J85-13 ENGINE COMPRESSOR MODEL

The analytical formulation of the Dynamic Digital Blade Row Compression
Component Stability Model and the methods employed in this study to deter-
mire the stability of the system of equations are reviewed. Further the
J85- 1, engine which is being cimulated, the source of the blade row charac-
teristics, and the manner in which the compression system is broken into
volumes are discussed.

3.1 DESCRIPTION OF BLADE ROW MODEL

This review of the Dynamic Digital Blade Row Compression Component
Stability model is taken from References 3 and 6. The comnplete set of non-
linear partial differential equations whick describe the transfer and storage
of mass, momentum, and energy within a fluid are called the equations of
change. These equations have been integrated once over an arbitrary volume
of the flow system to vbtain the macroscopic balances for quasi one-dimen-
sional flow without heat transfer and are reproduced below in the form in
which they are useu in the dynamic compression component model.

Bpk

I S -
TR M = Y o)
a_k.i["iczi-"“‘lcz“l+r4\-r A
at Lk g, g, i1 i+l i+l
B, (A, - AL+ FB] )
3ps“=-1-[ws -W,. . s... +5_] 3)
3t v, M85 " ¥ Sim 5

k

The subscripted variables on the right-hand side of the equations r«fer to
quantities at the inlet (i) and exit (i+1l) of the control volume. Variables
on the left-hand side refer to volume averaged quantities, i.e., in gener-
alized form

P - L2 )

The energy equation (Equation 3) was derived by combining the equation of
change for energy and one of the thermodynamic T ds relationships.



This set of equations (other than being applicable to quasi one-dimen-
sional flows without heat transfer and to a finite, but small volume) prop-
erly and exactly describes the state of a fluid in motion. Ir order to solve
Equations 1 through 3, it is necessary to supply the caloric and thermal
equations of state and expressions for Fg (Blade Force), Py (Mean Pressure),
and Sg (Entropy Production).

In the following paragraphs, rhe blade force, mean pressure, and entropy
production terms are discussed.

The blade force Fg of Equation 2 represents the blade force acting upon
the fluid. The blade force can be determined through reference to the fol-
lowing sketch:

AXIAL
DIRECT ION
B,
FB = FT tan 8_ - FDZ (5)
where
2 TV~ Y50y
FT =z r, +r (©)
go i i+l

and is derived from the Euler Turbine Equation. The direction of the lift
vector is assumed to be

8,3 (3 +8.) @
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The drag force (Fp) is obtained from the following equation

-

- P; Pa; .
Fo=w 3= — (A, *4q) (8)
D PTi 9 iB i

which is based upon an analogy with the drag coefficient for duct flows. It
is noted that the drag force acts ia the direction of the inlet flow Bj.
The term Fpz in Equation 5 is then obtained from the relation

[cos (B, - Eu)]

FDZ = FD cos Bg ®

where the numerator transforms the force (Fp) in the flow direction to a
force along the mean chord line perpendicular to the lift vector and the
denominator transforms that resultant force to an axial force.

It should be noted that in steady flow a momentum balance, in gemeral,
will not give the same total-pressure rise per stage as does an energy bal-
ance. The latter is assumed to be correct. The reason for this difference
is that the proper direction of the blade 1ift vector is not exactly the
arithmetic average of the flow angles (Equation 7). Comparison of the
steady-state momentum and energy balance solutions permits the determination
of a small "correction angle" which can then be added to B, to give the

proper lift direction. Hence, in actuality the lift direction amgle is
written as

Bo = 1/2 (31* 8

) + 8 (10)

Equation 7, then, is replaced by Equatiomn 10.

The mean pressure Py of Equation 2 represents the average of the inte-
gral of the pressure distribution over the lateral surface area of the volume
element as sketched below:

\ PM(Ai-Ai+1)

hp

—
P

1+1Ai+1

W, C e -
i1 Y1418

P -




Although an analytical expression for the mean pressure acting on lossless,
Llade free volumes in steady flow can be derived, it leads to redundancy in
the system of equations describing umsteady flow. Therefore, based upon
steady-state momentum-balance analyses, an approximate linear expression for
calculating blade-free volume mean pressure as a function of area convergence
and inlet and exit pressuces has been established for the J85-13 compressor
model. Its form in terms of a scale factor (FV) for zero-swirl free volumes
is given by the following equation:

PH =P, + FV (Pi+1) / (1 + FV) (11)

Similarly, an additional correlation was established for the non-zero
swirl free volume between the IGV and the first rotor as a function of IGV
exit air angle. It should be noted that the correlations are given in Ref-
erence 3 and are unique to this formulation and the J85-13 compressor. They

are probably valid only for other compressors with similar Mach numbers and
area changes.

For blade-row volumes, iinvestigations have revealed that a good approxi-
mation for the mean pressure .s two-thirds rhe higher of the inlet or exit
static pressures plus one third the lower pressure. Deviations from this
approximation are accounted for in the lift direction correction angle.

The term S in Equation 3 represents the total rate of irreversible
conversion of mechanical to internal engergy and, in the case of this model,

represents the entropy production due to blade row losses. It can be ob-
tained frowm the expression:

P. /P: )
T

P; /?- )
i+l i /actual

where the ideal relative total-pressure ratio which accounts for the change
in pitch line radius from the entrance of a rotor blade row to its exit is
written as

:Tl - ) et o [“(:1)]‘ (13)



My is equal to the ratio of the blade~row-exit pitch-line wheel speed to
the inlet relative stagnation velocity of sound (Z“Nri+1/aT1)~ In the case
of a stator, the ideal relative total-pressure ratio is equal to ome. UIhe
actual relative toral-pressure ratio requires knowledge of the relative
total-pressure loss coefficient which is defined as

PTi+1), - PTi+l)
-. ideal actual
w” o= z P (14)
Ty ~ i

Equation 14 can be rewritten in the form

PTin _ ffgt;)
PTi actual PTi ideal
(15)
/Ity - 1)
_;"1_ 1
| [1+l%l(ui)2

Hence, Equations 13 and 15 when substituted into Equation 12 provide com-
plete definition of the entropy production tevm.

As might be expected, the input to the program, in addition to physical
speed, inlet conditions and compressor geometry, requires the relative
total-pressure loss coefficient (w”) for each blade row, the deviation
angle (3) for the rotors, the correction angle (8.) for both the rotors and
stators. The relative total-pressure loss coefficient and the deviation
angle are derived from stage-stacking results and are based upon clean-
inlet-flow test data obtained by throttling at constant speed. The correc-
tion angle is obtained by comparing steady-flow force and energy balance
solutions on a blade-row basis. These parameters can be represented as
functions of incidence angle and are input to the program in this manner.
These parameters, in conjunction with the velocity triangles and other
ancillary relations, permit the determination of the thermodynamics of the
fluid at each station. Blade-free volumes are treated as lossless volumes
with no imposed blade force; hence, the Fg and Sy terms of Equations 2 and
3 are identically zero.

Time dependent solution of the system of equations (Equations 1 through
3 and the relations for Fg, Py, and SF) that comprise the dynamic digital
comp~ession component model is effected through a Taylor series which
establishes the values of the three independent volume-averaged variables
at the next increment in time. In the case of this model and with references
to the left hand side of Equations 1, 2, and 3, the variables p, W, and



ps are ones for which a solution is sought. Solution is now straight-
forward and will be illustrated for one variable - the volume-averaged
density. Considering that this method is applicable to any volume, the
subscript "k", indicating the k-th volume will be dropped. The Taylor
series for volume-averaged density correct to second order can be written
as:

- 2- 2
p(t+At) = p(t) + o (t) At + 3 p(t) (At) (16)
ot 2 2
at

where:
p(t) is established by t. aitial conditions or from the previous time
step.

§§££l,= 1—(w - W...) from Equation 1 and differentiating this

3t v i it+] r u 0 e g

equation with respect to time yields:

3% () l(awi awi+1)

2 v -

at at (17)
at

Examination of Equation 17 reveals that the right-hand side is composed
of derivatives of station values of flow with respect to time. Since Equa-
tion 2 will supply only the derivatives of the volume-averaged flow with
respect tc time, use of an interpolation scheme for obtaining station
values from volume~averaged values will permit Equation 17 to be solved for
the second partial derivative of volume-averaged density with respect to
time. Equations 1 and 17 then can be substituted into Equatiomn 16 to
obtain the estimate of the volume averaged demsity correct to second order
at the next increment in time. Equation 17 implies that first derivatives
with respect to time of a large number of terms (e.g., Fg, Py, and Sg) will
be required. Although these expansions are lengthy, they can be derived in
a straightforward maoner and will not be reprodured here. Similarly, this
techrique can be used for the remaining two variables (W and ps) and can be
continued from one time step to the next for the desired number of time
steps.

3.2 DESCRIPTION OF STABILITY ANALYSIS TECHNIQUE

The following paragraphs explain the methods which are employed in the
present study to determine Lhe stability of the compression system model at
various steady-state cperating poiats on a speed line. First, let us
rewrite Equations 1 and 2 using a slightly different notation and Equation
3 by expanding the left-hand side and substituting Equation 1 as follows:

10
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) Wiy Yz A
R U %o i 7 P A
(19)
-P (A - AL+ FB]
KX 1 - -
LN [ WiSi = WiaSi T SF oSyt Skwi+1] (20)

If we choose pg, Wy, and sk, (volume averaged properties) to be state var-
iables, then the nonlinear Equations 18 through 20 can be writtem in the
general form

X = £f(X (21)

where X is an n vector composed uf state variables and £(X) is a continuously
differentiable n vector. In the case of one general volume, the k-th, Equa-
tion 21 would take the form of Equations 22 through 24 where the right hand
sides of Equations 18 through 20 have been shown functionally in terms of the
applicable state variables.

N - byt - -— g - - ol - e -

B = £ B 2W 208 0P 1 W10 B 1 P W B Pia Wi 2 Binn) (22D
W=y O oM 208 2P 1 M 1251 P Mo B Py M i) 23)
S = B3 By Wi 2081 2P 1 Wie1 2B 1 Pi Wi o Bl Pran Wiea1 2Sir) (2

It is noted that the above representation is applicabje to either bladed or
free volumes and may require state variable information from two upstream
volumes and one downstream volume. The state variables from the adjacent
upstream volume and the adjacent downstream volume are required because of
the interpolation technique which is employed. The second upstream volume

is required since stator exit conditions are functions of the rotor incidence
angle. In general, not all state variables as indicated by Equations 22

11



through 24 will be required. For a compression system represented by k vol-
umes we can write the system of equaticns in the following general form
noting that the time derivatives will not be functions of all the system
state variables.

— . T '—- _ _ _ _ ~
pl fl(pl’wl’sl’OZ’WZ’SZ’ """" “pk’wk’sk)
.w'l fz(‘)l,wl’sl’pz’wz’szs “—-----pk’wk,sk)
Sl f3 (pl’wl’sl’OZ’WZ’SZ’ --—----pk’kaSk)
1.32 °
WZ .

5 .

2 - (25)
Dk °

" Ey-1 (P Wy 281 5P oWy 8y======" P Wi B

sk L— f3k(ol’wl$sl’pz)w2’sz’ ------- pk,wk’sk)

Keeping in mind the ncotation of Equation 25, we return to the more simple
notation of Equation 21. Now let us expand the nonlinear system of func-
tions implied by Equation 21 about an equilibrium (steady-state) operating
point on a speed line in a multivariable Taylor's series. A new variable
Y=X-X, is introduced which shifts the origin to the equilibrium point. At
this point the higher order terms are neglected and Equation 21 becomes

o

=AY (26)
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where A is a 3k x 3k matrix known as the Jacobian matrix. The A matrix can
be written as

B f 9 of f f 7
3 1 f1 1 9 1 ] 1 af1 afl 3f1 afl
801 awl ésl ap2 aw2 832 3pk awk ask
afz 3f2 3f2 3f2 afz sz
apl awl asl 3p2 aw2 882

A = : 2N

ofg 9f3x 9f3y of 3 9f3, 9f3

L.apl awl as1 8pk 3Wk ask

The formulation of the A matrix elements is described in Appendix A.

The stability of the system of equations can be determined according to
the first method of Liapunov (Reference 7) who showed that if the eigenvalues
of the A matrix have nonzero real parts, then the stability of the nonlinear
system of equations at the equilibrium point X, is the same as that of the
linear system of equations at Y = 0. Therefore, if all the eigenvalues of
the characteristic equation of the A matrix have negative real parts, then
the equilibrium point X, is asymptotically stable.

Since only the sign of the real part of the roots (eigenvalue) is impor-
tant to the stability of the system of equations, significant reduction in
computation time can be gained by determining only the sign of the roots
rather than determining the values of the roots themselves. The stability

13



and frequency response analysis techniques employed during the clean-inlet-
flow studies, where an 87 x 87 A matrix was being examined, were based on
the work of Seidel (Reference 8). The cha-acteristic equation of the A
matrix is obtained by the method of Danilevsky (Reference 9) which reduces
the matrix to Frobenius form. Then the signs of the roots of the charac-
teristic equation ave found by the alternate Routh-Hurwitz formulation
method (Reference 10). Although the Routh, Hurwitz, and the alternate
Routh-Hurwitz formulation methods for determining the signs of the roots
are all equivalent, the details of the calculational procedures are differ-
ent and offer varying degrees of computational simplicity. However, accord-
ing to Routh, stabil ty is insured if all the coefficients of the charac-
teristic equation are present and positive (necessary condition) and that
all the terms in the first column of the Routh array (Reference 7) are
positive (sufficient condition).

Much technical effort was expended during the early stages of this
program in developing techniqres to avoid c«c -utational underflow and
overflow problems which were experienced wheu nalyzing the 87 x 87 Jacobian
matrix for system stability. Two precautionary measures were undertaken to
avoid these numerical problems which inevitably occur for models with
numerous volumes. A unit length scale factor was imposed to optimize the
range of matrix elements by keeping the elements as small as possible.

This scale factor scaled all units of length in the A matrix and resulted
in a span of values from 100 through 107 (versus 10-Z through 1011 prior to
scaling). An overall scale factor was then applied to the matrix, posi-
tioning the range as equally as possible about unity, i.e., (10~3 - 102).
This further reduces the chances of computational problems by numerically
balancing the matrix.

Problems were encountered with the Reference 8 methods during the
distorted-inlet-flow studies where a 153 x 153 A matrix was involved even
though double precision arithmetic was employed. Considerable light was
shed on the problems by Wilkinson (Reference 11). "In general, the reduc-
tion to Frobeius form (or the computation of the characteristic equation)
is much le: satisfactory than the reduction to tri-diagonal form. For
many quite uarmless looking distributions of eigenvalues the Frobenius form
is extremely ill-conditioned, and it is common for double precision arith-
metic to be quite inadequate.” Upon investigation it was found that the
Aircraft Engine Group of General Electric had purchased a subroutine pac-
kage* that would circumvent these problems and would only require sinzle
precision arithmetic since, in this case, the roots are found directly by
reducing the A matrix to Hessenberg form (Reference 11). This subroutine
package was used throughout the distorted-inlet-flow studies.

*Interpretational, Mathematical aad Statistical Library-IMSL
Interpretational, Mathematical and Statistical Libraries, Inc.
Bellaire
Houston, Texas 77036
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3.3 DESCRIPTION OF FREQUENCY RESPONSE ANALYSIS TECHNIQUE

The frequency response analysis technique of Reference 8 was employed in
this study and is essentially a Laplace transfer function analysis of a set
of linearized equationms.

<
]

I

et

+BU (28)

52

)

R4 (29)

These equations describe 1) the response of the state variables at the equi-
librium operating point to input forcing functions and 2) tue output response
in terms of a linear combination of the o._her variables.

The homogenecus linearized system of equations describing the compressor
determines the 3k x 3k matrix and is described in Section 3.2 (Equacion 26).
The state variatle fector, Y is a 2k x 1 vector. U is a n x 1 vector input
forcing function and B is a 3k x n matrix of the form:

afl afl 3f1

Bul Buz Bun

852 af2

B = Ta, “ Tu_ (30

1 n

8f3k 8{25

u 3u
1 n

The partial derivatives used to form the B matrix are given in Appendix B.
R is a m x 1 output vector and C is a m x 3k matrix expressing the linear
relationship between the state variables and the output variables,

The lanlace Transform equivalents of the system equations represented by
Equations 28 and 29 are

(31)
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R(s) = C Y(s) (32)
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where s is the Laplace variable. Equations 31 and 32 can be written in
transfer function form as

Ll C(s1-a)1s (33)
U(s) == = =

where I is the identity matrix. As it stands, Equatiom 33 requires a
matrix inversion with a free parameter and is not compatible with digital
computer calculations. The solution is readily obrained, however, for any
one or all elements of the matrix transfer function.

For example the transfer function between the k-th element of R and
the 1-th element of U is

1{R} det (W)
—k = (34)
i{Q}l det (s I - A)

where W is an appropriate system Wronskian matrix. Details are given in
Appendix C.

Upon expansion, the numerator and denowminator of the tramsfer functiom
represented by Equation 32 are each polynomials in s. Using one of the
subroutines in Reference 8, the transfer function frequency respounse is
numerically evaluated by substituting s = jw where w is a givea frequency
and j is the imaginary number /-1.

3.4 LcSCRIPTION OF J85-13 COMPRESSOR MODEL

The previowsly discussed stability analysis and frequency response
techniques were used to study the characteristics of the J85-13 turbsjet
engine. The compressor of a J85~13 engine has eight stages with a variable
camber IGV and variable third, fourth, and fifth stage bleeds located in
each stator channel at the casing wall. The IGV trailing edge flaps and
the bleeds are ganged together and are scheduled as a function of corrected
speed biased by compressor-face total temperature. A cross-section view of
the J85-17 engine in the compressor and combustor regions ia shown in
Figure 1. The nominal IGV and bleed schedules for the bill of material
engine are given in Figure 2.

It is appropriate to discuss the two engines modeled in this study.
The pure total-pressure distorti,on patterns that were simulated during this
study were obtained during testing of a J85-13 engine known as the "Moss"
engine (Reference 12). This engine was run in support of the NASA casing
treatment program. The clean inlet and distortion data utilized in this
model were obtained from the untreated onfiguration with solid compressor-
case inserts. It should be noted that this engine tends to be representative

16
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of a deteriorated engine. For comparative purposes, clean inlet flow

studies were also made on a J85-13 engine known as the "Mehalic" engine
(Reference 13). NASA had used this engine to obtain pure total-temperature
distortion pattern data and the combined total-pressure and total-temperature
distortion pattern data.

For the purposes of this study, the compressor model includes volumes
upstream of the IGV to the distortion measurement plane and downstream of
the OGV continuing to a choke plane located at the turbine nozzle diaphragm
(A4). The purpose of including these extra volumes is to insure that
realistic boundary conditions can be imposed.

The compressor model consists of twenty—-nine volumes. There are 18
bladed volumes (one blade row per volume) consisting of the IGV, rotors
1-8, stators 1-8, and the OGV and 11 free volumes. These free volumes
consist of two volumes between the instrumentation plane and the leading
edge of the IGV, a volume between tne trailing edge of the IGV and the
leading edge of rotor 1, and eight volumes between the trailing edge of the
OGV and the turbine diaphragm. This configuration is shown schematically
in Figure 3. It should be noted that the length of a rotor blade row
extends from the trailing edge of the upstream stator to the leading edge
of the downstream stator and includes che axial inter-blade row gaps while
the length of a stator blade row extends from the leading edge of the
stator to the trailing edge of the stator. For further geometrical details,
the reader is referred to Referemce 3.

The blade work on the fluid is accomplished in a distributed, but un-
specified, manner across a rotor volume length. All losses are assumed to
take olace in rotors, that is, no losses are accounted for in blade free
volumes or stator blade volumes. However, this is not a restriction of the
model. The rotor deviation angles vary as functions of the incidence
angle.

At this point, it is worth mentioning that because a blade row formu-
lation is being used, stage characteristics information was used in the
form of a relative total-pressure loss coefficient and a deviation angle
rather than the more often used non-dimensional work and pressure coeffi-
cients as a function of flow coefficient. This approach tends to decouple
the inlet and exit statioas of a blade row in a dynamic analysis since
volume storage of mass, momentum, and energy are permitted within the work
producing volume. Further, splitting a stage volume into two blade row
volumes will potentially double the frequency capabilities of a dynamic
compression component model. The relative total-pressure loss coefficients
and the deviation angles that were used during this study are given in both
graphical and polynomial form in ileference 3.

The third, fourth, and fifth stage bleed flows in the model are
removed at the exit of the stator while holding exit air asmgle constant.
The percentage of inlet flow that is removed from each stage is given in
Table 1.

19



0e

BLEED
EXTRACTION
]
3
-] =1 >
o] @] =] - >
W ] e Al A ] ] 2 n] ] L] 2] ] =] ©] 0O =] NI ] ] 1y W] -] ®©
meLRSMSRSRSRSRbRSRsmcccccccc
Z| & N
-
5
o

—INSTRUMENTATION PLANE

Figure 3.

Schematic Of Model Volumes.




Table 1. Bleed Removal Schedule (Percent
of Inlet Physical Flow).

Corrected
Engine Speed Stage 3 Stage 4 Stage 5
Moss 80 3.952 4.902 5.78%
Moss 87 2.28 2.83 3.33
Moss 94 0 0 0
Moss 100 0 0 0
Mehalic 87 1.20 1.49 1.76
Mehalic 94 0 ] 0
Mehalic 100 0 0 0

During NASA testing of the Moss and Mehalic engines, the '1'1-2 control
bias as showm in Figure 2 was subverted. The Moss engine was comntrolled to
294.3° K (70° F) or higher temperature curve and the Mehalic engine had a
modified schedule. Further details are given in Reference 3.

The boundary conditions imposed upon the model consist of specifying the
total pressure and total temperature entering volume 1 and specifying the
value of the exit flow functiom (Hh_‘slPs) at the exit of the last volume.
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4.0 RESULTS

The results of the clean-inlet-flow, frequency-response, and distorted
inlet-flow analyses of the J85-13 compression system are presented in this
section. The clean-inlet-flow stability analyses were conducted using the
Routh-Hurwitz stability criterion, that is, only the signs of the roots of
the characteristic equation were examined. The frequency response of the
compressor was determined by evaluating the Laplace transfer function of
the linearized system of equations. The distorted-inlet-flow stability
analyses were accomplished by first constructing a parallel compressor
model and then conducting the stability analyses by actually determining
the roots (eigenvalues) of the characteristic equation. The signs of the
real parts of the roots were examined (all negative values for stability)
to determine if the operating condition was stable.

4.1 CLEAN-INLET-FLOW SURGE LINE ANALYSES

The first step in verifying the state equations in their linearized
form was accomplished by duplicating the J85-13 clean-in)et-flow compressor
map. Figure 4 provides a detailed view of the stability analysis process
for the 80Z corrected speed line. These linearized analyses (L-A) results
are compared to the results of the time-dependent (T-D) dynamic amalysis
program (Reference 3) and to engine test data (Reference 13). The Routh-
Hurwitz stability analysis technique was used to verify the stability for
five surge~-free conditions on the speed line and to predict the surge point
within a weight flow uncertainty of *0.05 kg/sec (*0.11 1lbm/sec). Figure 5
shows the clean-inlet-flow compressor map for the J85-13 "Moss™ engine.

The 80, 87, 94, and 100 percent corrected speeds are shown extending over a
range of pressure ratios from surge to the region of the nominal sea-level-
static operating line.

At 94 percent corrected speed, the linearized analysis failed to match
the surge point. At this point it was appropriate to question whether this
failure is a result of a limitation of the linearized blade row model or is
the result of some minor error in the Jacobian matrix formulation which had
not been discovered. In an effort to determine the reasons for this failure,
two areas of concern were investigated: 1) the formulation of the A matrix
elements and 2) the blade characteristics input (loss coefficients, deviation
angles, and 1lift direction correction angles) for the Moss engine 94 percent
corrected speed line. The A matrix elements were independently rederived
and to our best knowledge are error free. Further, as explained in the
next section (Section 4.2) it was possible to obtain an independent assess-
ment of the accuracy of the formulation by comparing the frequency responses
of the state variables p, W, and s at selected stations with the time-
dependent solutions. This assessment showed that close agreement could be
obtained between the linearized analysis and time-dependent-solution state
variables. In the process of making minor changes or revisions to the A
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matrix, it was rnoticed that the location of the 94 perceant corrected speed
instability point would move significantly although the location of the
stability points of the 80, 87, and 100 percent corrected speed lines moved
almost imperceptibly. At this juncture it was questioned whether the blade
row characteristics might play a part in this sensitivity. The pressure
coefficients ¥ (in part from which the blade row characteristics are
derived) for each stage of the Moss engine were examined as a function of
flow coefficient. As can be seen from examination of Figure 6 (taken from
Reference 3), Stages 2, 3, and 4 are operating on the positive slope por-
tion of their characteristic at instability (lowest shown flow coefficient).
Another J85-13 engine known as the Mehalic engine had been modeled at 94
percent corrected speed during the Reference 3 study. Examination of the
pressure coefficient - flow coefficient relationships for this compressor
as depicted in Figure 7 reveals that only two stages are operating on the
positive slope portion of their characteristics at instability. It should
be noted that in general, the fewer the number of stages operating om
positive slope characteristics, the more stable the compressor. The Mehalic
engine clean-inlet-flow characteristics were analyzed using the same line-
arized technique as applied to the Moss engine. The results are shown in
Figure 8 and indic.:* good agreement with test data and the time-dependent
model. One can questicn as to whether the "Moss" engine 94 perceat corrected
speed stage characteristics are realistic representations of the engine.
Since these characteristics were used in the time-dependent model to obtain
an accurate predictio: of the surge line, it i1s assumed that there is
nothing inherently wrong with these characteristics. Thus, there appears
to be no basic error in the formulation of the linearized model, but there
does appear to be a sensitivity to the number of stages operating on the
positive slope of their characteristics.

These lines of investigation have provided insight, but not the reason
for the linearized analysis to inaccurately predict the point of instability
for the Moss engine at 94 percemt corrected speed. It is suspected that
the reason for this discrepancy involves two factors: 1) some of the
assumptions employed to permit linearizing the time-dependent model or some
minor undiscovered error in an A matrix element(s) act to subtly decouple
the stages and 2) the number of stages which operate on the positive slope
portion of their characteristics. Thus, these two factors acting in con-
cert tend to create a situation which is less stable than should be antici-
pated.

During the checkout phase when it was necessary to verify the accuracy
of the derivation of the A matrix elements, it was found that the lack of
output information which could be compared with an independent solution
seriously impeded the debugging process. Clean-inlet-flow stability checks
in essence provided only "go" or "no go" type of information and did not
provide detailed dynamic responses of thermodynamic or flow parameters
(state variables) which could be compared to the Reference 3 time-dependent
model. However, the frequency response analyses discussed in Section 4.2
provided state variable information at each station within the model. By
selectively exanining the state variable responses in blade free volumes,
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rotor blade row volumes, and stator blade row volumes, and comparing these
responses with time-dependent solution results, it was possible to debug the
A and B matrix element formulations in a more efficient and crderly fashion.

For surge line determination alone, the linearized stability analysis

method costs are approximately one-fifteenth of those incurred by the time-
dependent method of Reference 3.

4.2 FREQUENCY RESPONSE ANALYSIS

The frequency responses of the "Moss" J85-13 compressor were generated
using the Jacobian (A) and input response (B) matrices and 'he Reference 8
digital subroutines to determine the Laplace transfer function. The fre-
quency response of compressor-exit state variables (v, W, s) to variations
in compressor inlet total pressure and exit flow function over a range of
0.1 to 200 Hz was determined. All investigations were carried out at the
100% corrected speed operating point [PR=6.636, Wc=19.68 kg/sec (93.3
1bm/sec)] for 25 frequencies. The time-dependent program (Reference 3) was
run concurr~ntly to provide compara:tive cases at frequencies of 30, 60, 10C,
150, and 2G) Hz. Combined plots of amplitude ratio (output to input) and
rhase angle are given for the range of frequencies investigated. Figures 9
through 11 show the compressor exit state-variable frequency responses to
inlet total-pressure oscillations. Good agreement in both amplitude and
phase angle is noted between the linearized and dynamic program res: lts.

The time-dependent program total-pressure oscillatinvs were +0.5 percent
about the specified inlat pressure. It was found thac time-dependent program
oscillations of $3.0 or 2.0 percent of the inlet toial press. were toc
large to obtain a match between the time-dependent program and the linearized

analyses. Hence, a compression component introduces significant nonlinearities

at low amplitudes. Application of the linearized technique for determining
planar wave dynamic distortion transfer (Refer.nce 6) must be done with
great care since an engine in a highly manueverable aircraft may be subjected
to inlet-produced unste.ly flows where the amplitudes may be on the order of
10 percent of the inlet mean total pressure.

The amplitude and frequency responses to exit-flow-function oscillations
are shown in Figures 12 through 14. The time-dependent program exit-flow-
function oscillations were maintained at *1.0 percent about the mean exit-
flow-function value. With this type of boundary condition, it was found
thav che dyramic program settled out slowly from its "start up" transient.
Because it was econom.ically impractical to let every dynamic case completely
settle out, some of the minor differences between the linearized and dynamic
predictions of the amplitude and frequency responses of the lower frequencies
may be atcributed to the fect that a stationary state had not been obtained.

A detalled analysis of both the inlet total-pressure and exit-flow-
function oscillation cases shows that as 200 Hz is approached a systematic
divergence develops between linearized and time-dependent program analyses
amplitudes. At this time, no explanation has been found which satisfactorily
explains this divergence. It may be that at frequencies equal to or greater
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than 200 Hz for the J85-13 compression system, even though only very small
perturbations are being imposed upon the time-dependent model, the nonlinear
terms in the macrobalances (Equations 1 through 3) introduce a noticeable
contribution to the state variables.

It was concluded thzt the linearized frequency response and the time-
dependent model give essentially equivalent results (in terms of the state
variables) in the frequency range of major interest. It is now possible to
combine the state variables at the compressor exit to obtain the response of
a more easily recognized and measurable quantity, the total pressure. This
is accomplished by deriving the functional dependence of the total-pressure
fluctuations to the fluctuations of the local state variables. Total deriva-
tives are used to obtain this relationship. Static pressure can be expressed
in terms of static density and entropy as:

T
P = pr.(%;.) e(s7s) (-)/R 35)

where the subscript "r" denotes reference conditions.

Similarly, Mach number can be expressed in terms of static pressure,
static density, and weight flow as

(36)

Total pressure can be related to static pressure and Mach number at a point
by the isentropic relationship

ey
Y-
PT=P(1+J-;-]-‘-H2) 37

The total derivatives of Equations 35, 36, and 37 are respectively:

dP = P(g- do + l;—l dS) (38)
2WoPdW - W2 +
QM2 = ZHe (deZ Pdp) (39)
p2 A2 Y&, P
1
-1 .2 7}? Y -1 v-1
dPT=(1+1—2——M dp+P(2)(1+L2_HZ) am? (40)
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Substituting Equations 38 and 39 into Equation 40 yields the total-
pressure perturbation response characteristics about a steady-state operatircg
point in terms of local state-variable perturbations. In this case, the
differentials dp, dW, and ds represent the frequency response (amplitude
and phase) of these state variables in complex form. It is now possible to
explicitly calculate the response of compressor-exit total pressure and
directly compare the results to those obtained from the time-dependent
program. Figures 15 and 16 show this comparison at the 100X corrected
speed operating point for inlet total-pressure and exit-flow-function
oscillations. Shown in the figures are normalized pressure responses to
input normalized inlet total pressure and input normalized exit ilow func-
tion, respectively. As expected, the compressor attenuates the inlet
total-pressure fluctuations. In conclusion, it has been shown that the
linearized J85-13 frequency response characteristics match the results
obtained from the Dynamic Digital Blade Row Compression Component Stability
Model when small amplitude boundary conditions are imposed.

However, it is apparent that for even mcderately low amplitudes,
the effects of the nonlinear terms as included in the time~dependemt model,
can cause significant deviation of the time-dependent results from the
linearized analysis results. If onme were interested in large amplitude
planar-wave transfer such as encountered with inlet buzz, then it would be
necessary to obtain time-dependent solutions of the nonlinear equatioms
rather than a linearized analysis.

It is important to note that the linearized analysis frequency respomse
technique costs are independent of frequency and in fact, the frequency
responses at many frequencies can be obtained for essentially the same cost
as one frequency. However, the cost of obtaining frequency respounses is
directly proportional to the number of stations where the frequency response
is desired. On the other hand, the dynamic program is frequency sensitive
because of the time to settle out and the period of a given wave. For a

given configuration, the costs are independent of the number of frequency
responses desired.

It is clear that if the linearized frequency response of a compression
component at selected stations is desired, than the linearized technique of
this section offers considerable economic advantages. However, if the
frequency response of each stage at a given frequency is required, then the
dynamic model offers economic advantages for frequencies greater than
approximately 20 Hz.

4.3 DISTORTED-INLET-FLOW ANALYSES

The blade-row parallel compressor model of Reference 3 was put in
linearized form and resulted in a 153 x 153 matrix for a two sector model.
The model was modified to permit flow at a given stage to be removed from
the high total-pressure sector at its total pressure and to be reintroduced
to the low total-pressure sector at its total pressure assuming that the
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logs in total pressure occurred as a result of the crossflow in the irter-
stage axial gaps. The results of the distorted flow analysis with and
without crossflow are discussed in the following paragraphs.

4.3.1 Parallel Compressor without Crossflow

During the NASA casing treatment program the J85-13 engine was tested
with 1l/rev circumferential total-pressure distortion generated by 42 percent
(7-1/2 M) blockage screens with angular extents of 180°, 90°, 60°, and 30°
and with 49 percent (9M) blockage screens with angular extents of 180°, 90°,
and 60°. The results of this testing are reported in Reference 14,

These data were simulated using a two-sector parallel compressor model.
The stability of the equations was determined using the A matrix formulation
and actually calculating the roots of the characteristic equation. The
roots were then examined to determine if a region of instability had been
encountered as characterized by the presence of a positive real part of a
root. The stability test was carried out for two levels of distortion
(Table 2) at 80, 87, and 100 percent corrected speeds for the "Moss" engine.
The stability tests were not carried out at 947 corrected speed since unex-
plainable results had been obtained at this speed line during clean-inlet-
flow stability predictions.

The results of the moderate level of distortion (42 parcent blockage)
stability analyses are given in Figures 17 through 20 while the results for
the high level (49 percent blockage) of distortion are given in Figures 21
through 23. The 180° 1l/rev circumferential total-pressure distortion
results of Figures 17 and 21 can be compared directly with the time-dependent
model analysis of Reference 3. These comparisons show that the two methods
give equivalent results. Examination of Figures 17 through 23 shows that
the stability analyses of the two-sector parallel compressor model gave
results which accurately reproduced the experimental speed lines at 80 and
87 percent corrected speeds, but at the higher level of distortion at 100
percent corrected speed, the flow shiit to the low side was not being repro-
duced. All the results of Figures 17 through 23 show the typical classical
parallel cowmpressor results as far as predicting loss in surge pressure
ratio, that is, it is predicted most accurately at high speeds where the
speed lines are steep and it is overpredicted at the lower speeds and for low
extent distortions.

The stability analysis method employ . 1. :h1is parallel compressor
study offers economic advantages over the .ime-dependent model since its
operating costs are approximately one-fifth of those incurred by the operation
of the time-dependent model.

4,3,2 Parallel Compressor with Crossflow

In an effort to overcome the deficiencies of the parallel-compressor
approach, that is, the overprediction of the loss in surge pressure ratio,
it was hypothesized that inter-blade-row axial-gap crossflows might be the
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Table 2. Measured Total-Pressure Distortion Levels.

422 Blockage Screen 492 Blockage Screen

(=1/2 M) M
T N//8  Extent APT/FT)Mggf APT/PT)pvg**  APT/PT)yuy APT/PT),,
100 180 0.1118 0.0559 0.1367 0.0683
90 0.0918 0.0689 0.1114 0.0835
60 0.0870 0.0725 0.1063 0.0885
30 0.1009 0.0925 - -
87 . 180 0.0594 0.0297 0.0677 0.0339
90 0.0476 0.0357 0.0614 0.0461
60 0.0446 0.0372 0.0558 0.0465
30 9.0511 0.0468 - -
80 180 0.0423 0.0212 0.0474 0.0237
90 0.0351 0.0263 0.0428 0.0319
60 0.0331 0.0276 0.0388 0.0323
30 0.0373 0.0342 - -

* -
8P1/Pr)Max = (PT Max = PT Min)/PT Avg

*k = P
APTIPT)Avg = (PT Avg = PT Min)/PT Avg

41



*sasdTneuy A1T111qe3g (OBENOOTH ¢%SH) UOTIIOIST(I INSSAId-TrIOL AdY/T .oowa

o9s/By ‘molg pe3d9aa0)

gt 9t i

*llL aanbry

A

18

10 ”~ ou1 peadg 0181§-Aped1S [IpON
-

auyr ofang tejuswrsadxy

dey 19TUY uesT)

ITWTT A371IQE3S V-1

veleq 183 VSVN

d ‘oravy ounssouy

e

ld/

42



cwasAjivy £3171qr1s (26uyoo(gd %2%) UOTIH0)18TQ AIngsdId~193 01 A9Y/1 .oom *ql 2anbBrg

J98/63% ‘MOTg PaIddII0)

o7 113 91 71 z1

L] T T -r

U1 podds 9IVIC-APEIIT [OPO =~ — = =~ —

autr] 9fang TLIUSWTIOAXTY ar. - e

deyw 3a7ur ueeTd

1YY £3T71393S V=T &

?ied 1831 V¥sYN O

Ld ‘orywy Lans8aIIg

¢

-

(¢

L/

43



*wawdATeuy A31T1TQUIS (@DNWOOTH ¥y ) UOTII0INY(] DINKRYILJ~|U10], AR/L L ) 61 vanBry

(8

g1

[¢]

oem/By ‘mory pe3de.agI0)

91

%001

%

o.”

L

-
da

DU pPoody 9IRIG=APRIIS PO == = - -

QUTT 8Bung TVIUBWTIIAX] e = =

dey ja1ur uvern
ITWET LAT1T7A0I8 V=1

] 188 VYeYN ©

O

d ‘oriey suanssauyg

44



‘wosk(ouy L1771quls (90uO0TqH %2ZH) UOTIL0IST(] SINESOIJ-TVWIOL A®Y/T .OOn *OT eunBiyg

o08/0) ‘mor4 POIDOIIOD

o gt ot %1 A

4

| Ll L L] ¥

%00t

Ui puodg 9IRIE~APYIIS [IPON = - = = =
ouyl ebang Tvuewyaedxy . . ——

dey 307Ul uweey)d

ITWTT A3I¥TIQ0IS V-1 @

wivg 1891 VSYN o

b

n

O

‘I'd ‘orley JIANESIId

T €
1d/

45



*w3gAteuy AL3711qwiIs (SBWNOOTH %6Y) UOTIIOINT(| LINERIL]-T210] ABY/1 .ocw— *1¢ auanbBy g

oee/0y) ‘morg ‘paynougon

oe 81 91 Yt ot
v Ll | L} ¥
§//N %08
\

U poadg 9IRIC=APYHYIE (VPO = = - - -

aut ebuang TviIuBWTINAXY o o —

dely 397Ul uwar)

YT L1ETIavIS V-l g

ey 1881 VSYN ©

-

w\

‘ld foryey Jsanssadd

Kol

:1 ¢
d.’



cnowATwuy £17179w1S (2Bwyd0Tg %6h) UOTIL0IST(] OINISOIJ-T9I0) AGY/T .oow *22 ounbyy

oo /0y ‘motd pe3IdOeIIO)

on gt 9t %1 [

.

R L ]

%001

\

VU powdg dIVIS=APRIIQ [OPOW = = - = —

auyl efung tHIuPWTLOdXY e - ——
dwq 301U UweTH

1yEY1 £3711Q¥1S V-1 @

2 4

w3jeq 1891 VYSVN O

d ‘otiey aanssauay

¢

<
ly/

47



swonfTwuy L1717QUIS (OBWNIOTH %6HY) UOTIJOINT( OINWRBUJ=TWIO] ASY/T .000 ‘LT ounByy

oeg/0) ‘mOoT4 P@IOOII0)

o2 gt 9t L1 (42

) L) ¥ 1

%8

%001 -

POO QUTT poadg 9 INICeAPEUIS [OPON == == = -

auyn eflang twiuswraedxy — . —

duy 3@7ur uweyd

ITWET L1TTTANIS V=1 &

vlng IS8 VYSYN O

1,{ ‘tor1iey AunssIdyg

48



mechanism responsible for the loss in surge pressure ratio being less than
predicted. The amount of crcssflow was selected based upon matching measured
internal-stage-distortion amplifications (Referemnce 15) at 80 and 100
percent corrected speeds for the 180° 1/rev high total-pressure distortion
as shown in Figure 24. It was found that a crossflow of 1.2 and 1.0 percent
of the undistorted sector inlet physical flow between stator 1 and rotor 2
at 80 and 100 percemt corrected speeds, vrespectively, best matched the
stage amplification data at the given operating point. The crossflow at 87
percent corrected speed was assumed to fall between the 80 and 100 percent
values and was assumed to be 1.1 percent of sector inlet physical flow.
Initially, the perceantage crossflow for the other extents was established
by multiplying the percentage crossflow at 180° by the ratio of the angular
extent being simulated to 180° (ratio of the areas). However, this led to
a speedline shape for the 30° extent distortiom at 1(J percemt corrected
speed which significantly departed from the experimentally determined
speedline shape. The percentage crossflow was lowered for the 30° extemt
distortion until the speedline regained a proper shape. The perceant cross-
flow at other speeds was lowered proportionately and the 180° and 30°

points were counected by straight lines. This crossflow schedule as a
percentage undistorted sector imnlet physical flow is given in Figure 25.

The results of the crossflow studies are shown in Figures 26
29 for the 42 percemt blockage screens and in Figures 30 through 32 for the
49 percent blockage screens. It is interesting to note that at 80 and 87
percent corrected speeds with the 42 percent blockage screens, only am
insignificant increase in the predicted surge pressure ratio levels as
compared to the levels without crossflow were noted. At 100 perceat cor-
rected speed, the introduction of croseflow worsens the data match and in
fact causes an unrealistic hooking over of the mean speed line prior to
indicating instability. This is due to the fact that stage one is forced
to operate on the very low flow portion of its characteristics.

Essentially the same comments canm b« istated about the 49-percent-
blockage-screen data except that at the low corrected speeds, the pressure
ratio at instability is slightly lower.

In summary, it does not appear that the introduction of crossflow and
its attendant mismatching of stages resulted in a better prediction of the
loss of surge pressure ratio due to total-pressure distortion. It is
possible that this result is biased by assuming a constant perceantage of
crossflow independent of operating lime and/or by assuming that the shape
of the attemuation characteristic (Figure 25) remains unchanged for exteants
of distortion less than 180 degrees.

49



P

P

50

T
Min 100

TAV

fotal-FPressure Distortion,

Percent

P
TAvg

r
O Experimental Data

6 O Parallel Compresso:
& Parallel Compressor With

5 Crossflow

A po-

3 b

2 L

100% N//8

1F

o i '} . [ A A I} -

3r

80% N/./B

] el | ']

Figure 24.

2.2 2.3 2.4 2.5 2.6 2.7 3.0

Compressor Station

Effect of Interstage Crossflow on Distortion
Attenuation Characteristics 0t 180° {,/Rev Total-
Pressure Distortion.



‘peedg pa3dea10) puv JuUeIXT UOTIL03STQ 03 dIYSUOTIVTEY MOTIEEOL) +Gz anBiy

g ‘3Iueixy uorilzoysig

Oyl 091 oyl oct 001 08 09 o oz

-
- O

MO[4 [ed15Ayd 19[u] 1013385 PalJoisipu)] JO IUIDIdd “MO[jsSS0I)

51



*wasAluruy £17111qULlS
MOTJS80L) aBeIEI8IUT YITM (O0VHD0TF 9TH) UOCTIIOIST(] DINSHIII=-TIIO0] A9Y/T .ooma ‘gz aanbry

89 /By ‘moTd PAIDOII0)

oe 414 91 L] ct
r ¥ L T 1}
§//N %08
_ 1¢
\
%%
- QN -
-
T
3
Ui
c
In]
D
1¢ =
-]
[ad
=
=T
o @ w0 -
4T
%001 s @
AU pPoudg 9IRIK=APRIIS (PO o= = =~ -
=
suyt efang tejuewtgedxy — o —
duoy 391Ul UverH
WYY £3711QYIS V=T @ 18
eleq 1881 VYSVN O
d6

52



‘woglTouy £31¥119U3S

MOSR801) @BUIsIeIUT YITM (96WO0Tg %T%) uUOTIL0ISTQ Sunesesd-TerIol ARY/1 * 06 LT eanBry

298/0% ‘mord POIDOIIO)

o2 qr 9t 11 (4
| BN ) T T
§//N %08
' 4 €
i
O»
-« %
- S
-t o
%00t
aut] paodg 3IwIS-ApEsls (PO — — - — )
auyq eBang TRIUMWTISAXT oo o
dyyj j0TuUl ueeyd
- 8

IISYT £IFTIQEIS V-1

vivg 1991 VSVN o

J’d ‘oryey aunssauy

2. €
l«.-1/

53



*sagArTeuy L3¥1IqLlS

MO1JE801) 8Buisaejul YItM (9Bedo1d %2H) UOFII0ISTA SINESAI]-TeIO0L ANY/1 .oco *QT sanbtyg

gt

dceg/By ‘MOTJ4 Pa3128xI0)

9t 2 gt

%00t

w.———_

- s
-1 9
autl] pasdg 91915-ApY9IS [OPOR = = = = — ,
L
aut1 eBung MIUBWTIBAXH —— — —
dey 191Ul UEdTD
- 8
ITWET £3F179e3S V=14
eyeq 31§91 VSYNO
- 6

d ‘otiey auanssalgd

e

g
<

1

d,

54



Mmoi3Esoa) abeissejul UITM (O0eNO0Td %TH) UOFIIOIFT( Oanssdld-1elo] AdY4/1 .OOn

*sosATouy £31119%1§

oes8/B3 ‘moT14 POIOOIL0)

*6C aanBiy

o2 gt 9t 41 2t

N ] v L} )
§/N %08 I

\
%8 d 4
\ /¢\
W d S
‘O
oot -19
!

m auy] poadg 21w)g-Apealg (9poy -~ -~ - - -
=12

ouyl 96uang TeIUGEITIVNAXT e o —

deyy 3oTuUl ued(d

-8

ITEET £IFTIARIS V-1 §

e3eq 1891 VYSYN ©

‘I‘d ‘or11wy danssaig

e €
'Ld/

55



*sosk1euy 11711qC1§

aul] poodg 33eIS-ApEIIS [9PO| — - - = =

aurl 9bung TeIUBWTIRAXY ——m — ——

dely 397Ul ued()
ITWwIT L171Tqe3S V=T &

eleq 389] VSVN O

Me13880a) dbBeisaajur YITM (9BeducTg 96%) UOTIR0IHT” ITNSSIIJ-TLIOL A3Y/1 .ooma ‘0L duanbity
o8g/B3 ‘mor1g pPe3}d84I0)
oz 8t 9t Vi 2t
f T T T T
§//N %08
]
%.8 (o] W
| S
3o
\o —
Yo
%001

£
ld/ 1d ‘orary 9Qunssaug



*gosATruy £11119%1S

MO Jss049) abuisaazul yYrtM (dBeyoor, . ' 13003810 dangsdad-1e10L A3Y/1 .ooo °1{ suanBry

098 /6) ‘moTg P@3Id0II0)

o g1

ot 1 2l

L L) ’ ) ¥

%001

W 9\ Uty poods 91v1G-APRI1S [OPOR — = = — —

ouyy 9bang tejuswraedxy ___ _

\ dey 391Ul uedy()

1YeTT £31T1QE1S V-

eleq 1891 VSVN o

"

€
ld/ ld ‘or1lry 9 INSsEAdd

L4

2

57



des/0) ‘Mot peIdLIO)

gt 9t

18

*sowfteuy K33T11qQWaS
MOTJumOLD @B¥3BIIUT YITM (OBUNIOT K64) UOTIIOIRTY AINEmAII-TVIOL ARY/T

4yt

o

09

erg OaNbBry

zl

L) L

%00t

g-----

U] poodg oywvy

/N %08

dely 301Ul ueey)d

VIWET AITTTAUIS VY

7iIvg 1981 VYSYN

APWOIE [9POY — = = = —

auy abung (wIUGWYIOAXY o o

©

Y

("}

i~

t
ld/ ~|'cl torimy smESalyg

-
[

o8



5.0 CONCLUSIONS AND RECOMMENDATIONMS

This program is an example of the cross-fertilization of techmology
areas which must take place if progress is to continue and if a greater
understanding of physical processes is to be cbteined. In this case, lin-
.arized stability and frequency response analysis methods which are used
primarily in control analyses are applied to the determination o>f gas—tur-
bine-engine compressor—serodynamic stability and frequency-respomse charac-
teristics. The following conclusions can be drawn from the results of this
study:

o The linearized stability analysis based upon the first method of
Liapunov using the Jacobian A matrix and the alternate formulation
of the Routh-Hurwitz stability criterion accurately reproduces
the experimentally determined J85-13 clean-inlet-flow surge
lines. These surge line results are also in close agreement
(20.05 kg/sec) with the results obtained from the time-dependent
wodel of Refereance 3.

o At 94X corrected speed for the "Moss" engine, surge is predicted
at a pressure ratio lower than determined experimentally or
predicted by the time-dependent model. Although great care vas
taken to insure accuracy, a small forsmulation error in the A
matrix or a minor programming error cennot be ruled out at this
time. Furthaer, it is possible that assumptions introduced to
permit linearizing the time-dependent model act to subtly decouple
the stages and this decoupling is amplified by the character of
the stage characteristics.

] The linearized-stability-analysis method offers clear economic
advantages over the time-dependent model for clean-inlet-flow
surge line determinations since its associated costs are one-
fifteenth of those associated with the time-dependent wmodel.

o The linearized-freguency-analysis technique produced results
which accurately matched the time-dependent model up to nearly
200 Hrz.

) Since it was determined that the linear analysis appeared to
apply canly for total-pressure oscillatious on the order of 0.5
percent of the mean inlet total pressure, great care mm=t be
exercised if the method is used to determine planar-wave dynanic
distortion transfer coefficients since inlets of highly maneuver-
able aircraft may produce amplitudes on the order of 110.0 perceat
of the mean imlet total pressure.

c Depending ipon the frequency of interest and the number of siatiomns

where frequency responses are desired, there are economic tradeoffs
which should be made before choosing either the linearized analysis
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technique or the time-dependent method. In gemeral if ome or two
discrete frequencies above 20 Hz are of interest, the time-
dependent method is more economical. However, if a complete
frequency response is of interest, then the linearized frequency
response analysis is more economical.

The linearized stability analysis of a two-sector blade row
parallel compressor model gave results for 180° 1/rev imlet
total-pressure distortions which reproduced the results cbtaimed
from the time-dependent model.

The linearized stability analysis of the two-sector blade row
parallel comprezsor model for the 180°, 90°, 60°, and 30° distor-
tioe extent: give results which are typical of parallel compres-
sors, that is, the loss ir surge pressure ratio is overpredicted
especially for the lover extents of distortion and for the lower
speeds where the speed lines are of lower slope.

Allowing for crossflow from the high total-pressure sector to the
low-total pressure sector just downstream of stage 1 did mot
improve the accuracy of the loss in surge pressure ratio. In
some cases the small amount of crossflow showed sufficient stage
mismatch to force am unrealistic "hooking over" of the speed line
prior to instability although stability predictions were made in
this region.

The costs of making a linearized stability amalysis predictions
of a two-sector parallel compressor are approximately ome-fifth
of those incurred by operating the time-dependent model. However,
as the number of sectors increases, the A matrix used in making
the linearized stability analysis becomes large very rapidly.
Thus, when wmaking a multisector parallel compressor amalysis, it
is mecessary to evaluate whether the time-dependent approach may
offer a more economical approach.

The linearized analysis stability prediction and frequency response
techniques complement the time-dependent model techmique and

offer significant economic advantages when used in a judicious
manner. It is envisioned that the two technijues would be used

in the following manner. Clean surge line determinations would

be accomplished using the linearized stability prediction tech-
nique. Frequencies at which amplificatioms occurred in a com-
pressor component/ducting system would be determined by conducting
linearized frequency response analyses over the frequen-y range

of interest. At points where amplification is shown to occur,

the time-dependent model would be employed with large amplitude
boundary conditions to determine harmonic content, waveform shape,
compression component planar-wave-transfer coefficients, etc.

Wheve a two sector parallel compressor can provide an adequate
estimate of loss in surge pressure ratio due to circumferential
distortions, the linearized analysis stability prediction technique



would be employed. If it was deemed necessary to use a multi-
sectored parallel compressor model, then it would be necessary to
evaluate whether *he linearized stability prediction technique or
the time-dependent wodel offered economic advantages and to make
the choice for usage accordingly.

The results of this study suggested areas that should receive further
study. It is recommended that investigations be implemented to deteramine:
1) The validity of the linecrized analysis stability model and/or its
dependence on the number of stages operatiag on the positive portion of
their characteristics, and 2) The potential existence of a physical inter-

pretation of the eigenvalues that would be of benefit to the compressor
designer.
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APPENDIX A

JACOBIAN MATRIX FORMULATION

It wvas showm that the Jacobian (A) matrix (Equatioa 27) is a system of
first partial derivatives of the mass, momentum and energy macrobalances with
respect to the state variables p, W, and 5 at a steady-state operating point.
Examination of the formulation of these partial derivatives revealed that
they could be expressed explicity as a function of the state variables, thus,
eliminating the need for finite difference approximations. This eliminates
the dependence of the solution on perturbation size and thereby, eliminates
a potemtial source of error.

Each station requires at least three known flow properties to defime the
state of the fluid. At an internsl statiomn, the statioa values are gbtained
by interpolating between adjacent volume averaged properties. The k-th
volume fluid state is represented by the macrobalances of mass, momentum and
energy (Equations 1, 2 and 3). A typical volume (k) with appropriate statiom
notation (i) is shown in the following schematic:

|
_ |

Pjq | ¥1 1 | P kK P , ¥

b S 1 | % %o % |

o R a1 | % B | S

The set of three macrobalances for each volume is demoted by f.. .,
E?.k-l' and f3k’ respectively, as shown by Equation 25. In these eq%tim:

cC_. =C_ (V) (&1)

zl :i:i ; Sl |
= 4
P:l Pi (pi,si) (42)

For stators,

i W W B R L L ST R L 43
For rotors,
Fnk = Fnk (042H;815054198449) (44)
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Por free volumes,

F, =0 (45)
B

For rotors,

S = § (p,.W, .8, ,¥ ) (46)
Pk Fk S S Rt S £ 5 |

For free volumes and stators,

S. =0 (47)
Fe

The A matrix is of order 3k for a k volume compressor model. The partial
derivatives of the functioms f., are taken with respect to the volume-averaged
state variables contained in 13 equation. Figure 33 shows a schematic repre-
sentation of Volumes &, 5 and 6 of the J85-13 compressor wodel. These volumes
represent the iGV-trailing-edge free volume, stage 1 rotor and stage 1 stator,
respectively. The continuity equation, in each case, has derivatives taken
with respect to W; and “i-l-l..

3

a—’

atlk - é_ 9
1l 'k

The momentum equation provides derivatives of all surrounding state
variables ("1'"1’31"’1+1'"1+1’81+1) .

:'k =- EZ%A + ::i Ay - ::H (A2 . (50)
Py PiALE, 1 i %,

M, ¥ . aF, o
Wy oA, W,
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M, oP P oF
k. L, __¥, B

-A ) + — (52)
331 asi ) § asi i 1+l 331
'Y =32§?1 -api"'lA -ﬂl—(A-A )+-3-F—3—— 53)
Wer1 PElin8 P T ey, 1LY dp,,
My M. Fy
P - A + o5 (54)
1+1 P5+1%1+1% i+
:“k =- :Piﬂ Ay - ;’L Ag-a0) * ;L (53
8441 8541 8141 i+l
Two additional derivatives are needed for stator volumes.
:"k - :FB (56)
P31 i1
oW aF
auk = SEE 6N
i-1 i-1

The energy equation provides derivatives taken with respect to s, and
Sij+1- However, for rotor volumes, the entropy production term (Sf) yields
additional derivatives with respect to p4,Wj, and Wi4).

For free volumes and stators, (sj4) - 84) = O
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Kk _ i_v (58)
s; 0V
ask Wi

- (59)
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For rotor volumes; (s

- 81) $0

141
I8 r 3

k1 S¢

W, oV L Miley - o) * 3"1] (€0
iy ’ ]

1

s —— | (s, -8, .) + — (61)
AR [ B T U TR
;‘“ 1v —"1*%] (62)
8y 25k L 1

¥, 1 [351-' ] 3
Moer PV LWy

a5, W

= - piv (64)

141 'k

A general equation expressing static pressure in terms of static demsity

and entropy can be easily derived.

e

Y
: ) e (8- 8 HG-D/R

P=P
ref ( ref

Derivatives of Equation 65 with respect to density and entropy are:

(65)

aP _ Py
% - o (66)
3P  P(y-1

s R (67)
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These equations lead divectly to the formation of the derivatives of
the Py term.

For free volumes:

P Piy
%y b, (L+SP)

apu Pi (y-1)

331=R(I+SF)

i+1Y
(1 + SPF)

M
M1 Piny

aP (SF) P

ast+1 R (1 + SF)

For rotors and stators:

8ou 3 Pu

aPH 2 PB (y-1)

asn 3R
i ' A
apL 3 pL

apM ) PL (v-1)
asL 3R

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)

where the subscripts H and L denote station parameters associated with the

high and low pressures, respectively.
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Equations 5 through 10 are expressions used for determining the blade
force term (Fp). An expression relating absolute flow angle (a) to relative
flow angle (B) in terms of local state variables can be derived.

tan B =

H%.A. - ten a (76)

Derivatives of the above equation and other fundamental relationships
have been combined in the formulation of the blade force term derivatives
and are shown in their final form below.

For stators:

aF oF
B d(tan Bw) T
= Fr + tan Bw 7
Wy oy oy
oF oF
B _ 3 (tan Bx) T
= Fr g + o= tan Be (78)
i 1 1
oF oF
- B _. - I_ tan 8o (79)
Piv1  Pin1
or oF
awn - awT tan fe (80)
1+1 1+1
oF oF
> B__ Fp d(tan fx) + apT tan Bw (81)
Pi-1 @, 1-1
aF oF
B_opp deam b, T o g, (82)
LY M 1-1
For rotors:
aF oF, oF
3, %, »y ,



aF F, oF
B . Py .ﬂ;;n B) a“'r tan B - aan
i 1 i i
331 asi
3F, , oF,
3 B 2 3 I tan Bo
P141 P
aFy i oF, s
My M

(84)

(85)

(86)

37

Equation 12 is an expression for the entropy production term (Sg) in
the energy equation and represents the blade row losses in rotor volumes.

9P P
BSF Wi+1 R rI L
b1 = P P Pr op - Pr p
i o r A i 1 i
I A
oP P
¥, Sm® 1, A
ou P P r, oW r, oW
T 1 4 A i 1 i
I A
P oP
BSF 41 R (P ry A )
s, P_ P r, 3s r, 9s
f rI rA A i i i
3s Pr
F 1
5 =R 1ln T
i+1 rA
where:
1 ]
PT
2
P = g
 Pp
1 ideal
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(88)

(89)

(90)

(91)

(92)



P s — * (93)

1l actual

Hence, Equations 48 through 93 completely define the elements of the Jacubian
matrix.

Bourdary conditions were imposed at the compressor-model inlet and exit
volumes. It was previously mentioned that each sta.ion requires at least
three known flow properties to define the state of the fluid. Model-inlet
total pressure and total temperature are imposed explicitly as boundary con-
ditions, while the density is implied. At the model exit flow functlon was

specified in a manner analogous to specifying a choked exit boundary condition,
while the flow and entropy were implied.

A parallel compressor model based upon an extension of the Dynamic Blade
Row Compression Compone:rt Stability Model was used for the distorted-inlet-
flow studies. Parallel compressor theory is based on the assumption that
each sector operates on its cican inlet characteristics and exits to a uni-
fcrm static-pressure interface downstream of the compressor exit guide vanes.
Flow from each sector is summed prior to entering the downstream volume and

the entropy is implied. Inlet and exit boundary conditions are identical to
those used in the clean-inlet-flow model.
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APPENDIX B

FREQUENCY RESPONSE INPUT MATRIX FORMULATION

The analytical formulation of the partial derivatives of the input
response (B) matrix is analogous to the methods, previously described in
Appendix A. For a k - volume system, partial derivatives of the macrobalances
of mass, momentum and energy are taken with respect to each input (u,) while
holding all state variables constant. The resulting matrix .s of the form

-l -
R
B=| . : (94)
My My
3u " du
—_ 1 —

The two inputs used in this atudy are the compressor inlet total pressure
and the compressor exit flow function. Cr.sequently, the inlet and exit free
volumes, respectively, are the only vol.mes containing these input parameters.
All B matrix elements associated with the remaining volumes are zewo.

The first column of the B matrix contains the partial derivatives of the
state equations with respect to inlet total pressure. The continuity and
momentum equations (Equations 1 and 2), of the first volume, provide the only
non~zero elements for the input total-pressure oscillation. In these
equations for this particular volume, station subscript "i" corresponds to the
compressor inlet station, where

wi - winlet (Ptinlet) (95)

P ) (96)

i B Pinlet: (Ptinlet

Expressions for the ab:ive equations can be easily derived. The resulting
partial derivatives of the static equations are

(97)
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My

W, g [2w 3P P ®
1 o 2 i M ]
— .2 + Af-55— (A -a_) (98)
apti Lx[gcﬁiAi aPti 3?;1 i i+1
a;i
31’:1 =0 (99)

The secoud column of the B matrix contain® derivatives with respect to
exit flow function. The momentum equation assuvciated with the last free
volume provides the only non-zero elements. At the terminating statiom,
static density and pressure are expressed in terms of the local flow functioa.

[ (FF) (100)

ivl = Pexit

Pi+l = 1>exit (FF) (101)

All matrix elements associated with the coantinuity and enesgy equatioans
are zero. The resulting partial derivatives are of the form

apk
M gy "iﬂ 01 P A s Py * -4 ) (103)
3FF 2~ OFF 3FF i+l T IFF i T f44l
BoPi41 g4l
as
k
FF? = () (104)

Oance the foput responrce matrix is gemerated, all scale factors applied to
the A macrix must be applied to the B matrix and the frequencies used to
evaluate tae freyuency response characteristics.

73



APPENDIX C

DESCRIPTION OF MATRIX TRANSFER FUNCTION SOLUTION TECHNIQUE

Given the A, B, and C matrices (Equations 28 and 29) of appropriate
dimension, the problem is to obtain the matrix transfer function given by
Equation 33

R(S) | coor - a7
(s) C(sL -A) "B

e

The technique that has been programmed in Reference 8 comnsiders only ome
element of the matrix at a time. For example, consider the scalar tramsfer
function between the i-th element of R (r) and the j-th element of U (u).

r_oc. (st -ats, (105)
u s § - - |

where Cj is the i-th row of C and Bj is the j-th column of B.

The problem is simplified by using the transform given in Reference 16
since it will eliminate the reed for a Ci vector by making the output r a
state variable in the transformed systesm.

F=TB8, (106)
6=TY (107)
-1
E=TAT (108)
such that
C=EG+Fu (109)

where T is the identify wmatrix except that the MC-th row is overwritten by the
CiT vector. The integer MC is fhe position of the element of C4 with the
maximum absolute va’ue. The If matrix is similar to inverses encountered in
the proof of the Danilevsky method (see Reference 9) and can be written down
explicitly. The output r of the unmodified system is the MC-th modified state
variable Gyc. 1hus Equation 105 b -omes:
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S=(s1-E) F (110

or

(sI1-Er=Fu (111)

Thig is a watrix of linear equations and in theory can be solved by
Cramer's rule. The solution is

det (W)
det (s I - E) 112)

r
-_—
U

shere W is the system Wronskian obtained by replacing the MC-th column of

(s I-E) with the F vector. The determinant of (s I-E) equals the determi-
nant of (s i-A) and is the characteristic polynomial of the system A matrix.
The Danilevsky method provides an efficient algorithm for obtainirg the
characteristic polynomial (see Reference 9). It uses similarity transfor-
mations to put the matrix in a phase variable form where a row of the
transformed A matrix becomes the ch- acteristic polynominal. The determi-
nant of W is found using a clever algorithm developed by Bollinger (Refer-
ence 17). Using a few properties of determinants, be derived a method for
evaluating the determinunt of W using two evaluations of the Danilevsky
type expressions: (1) The dencminator polynomial is the characteristic
equation of the system transfer function and is obtained by the Danilevsky
method using the A or E matrix and (2) The mumerator polyncmial is obtained
in two more chacacteristic polynomial calculations using Bollinger's method.
The first characteristic polynomial is obtained by v2placing the MC-th
column of E by -F to obtain Z2; the second charactsristic polynomial is
obtained through use of a martix of order (n-1) and is obtained by deleting
the MC-th row and column from E to obtain Z3. The aumerator polymomial is
computed as

det (W) = 22 - 23 (113)
Thus, syscem transfer fuaction is written as

r(s) _ det (W) (114)
us) Fer (s 1-A)
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