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The object ives of t h i s  program were t o  adapt the General Elec t r ic  
lrynamic Blade Row Compression Conapoosnt S tab i l i ty  Wdel  f o r  use with M A  
developed l inearized s t a b i l i t y  anaiysis  and frequency response analysis 
subroutines and t o  demonstrate tha t  these analysis  techniques, d i c h  a r e  
used primarily i n  control analyses, give re su l t s  which a r e  equivalent t o  
the  time-dependent solut ion of the  nonlinear equations describing the flow 
i a  a compression component. 

Verif icat ion of the  appl icabi l i ty  of these techniques was carr ied out 
by comparing resu l t s  with previously obtained NASA 585-13 engine data  and 
with ?revioasly conducted time-dependent s tudies using the a b w e  mentioned 
General Elec t r ic  model. The equations of t h i s  model w e r e  l inearized about 
an equilibrium operating point r e s s l t ing  in a matrix, A, known a s  the  
Jacobian matrix. Based on the  f i r s t  method of !,iapunov, the  s t a b i l i t y  of 
the  system was determined by e i t h e r  examining the signs of the  real p a r t s  
of the roots  of the  Amatrix charac ter is t ic  equation using the  alternate 
formulation Routh-hrwitz s t a b i l i t y  c r i t e r ion  or by ac tua l ly  solving f o r  
the  eigenvalues and examining the signs of the  real pa r t s  of the roots. 
The frequency response analyses were conducted us- the  h m a t r i x  and an 
input matrfx B i n  conjunction with the NASA supplied subroutines which 
determine8 t h e  l inearized system t ransfer  function using Laplace transforms. 

The 585-13 clean-inlet-flow surge l i n e  was determined f o r  each of two 
engines: one a t  80, 87, 94, and 100 percent corrected speeds and the other  
a t  87, 94, and 100 percent corrected speeds. The resul t ing  87 x 87 A 
matrices were tested f o r  s t a b i l i t y  and the  predicted surge line accurately 
matched the  experimental da ta  and the  time-dependent model r a s u l t s  except 
f o r  the f i r s t  engine a t  94 percent speed. The cause of this anomaly is not 
understood. The s t a b i l i t y  charac ter is t ics  of the  other engine were accu- 
r a t e ly  predicted. 

The l inearized frequency response analyses w e r e  conducted on the f i r s t  
engine with inlet-total-pressure osc i l l a t ions  and with exit-f low-f unction 
osc i l l a t ions  wer the 0.1 to  200 Hz frequency range f o r  25 frequencies. 
These r e s u l t s  were comoared with time-dependent-solution resu l t s  a t  fre- 
quencias of 30, 60, 100, 150, and 200 Hz. It was found tha t  essent ia l ly  
ident ica l  r e s u l t s  were achiwed when the  timedependent model total-pressure 
osc i l l a t ions  were equal t o  k0.5 percent of the mean i n l e t  t o t a l  pressure o r  
when the exit-flow-function osc i l l a t ions  were eov~al t o  21.0 p e r c a t  of the 
mean exit flclw function. 

S tab i l i ty  predictions were made f o r  one-per-rw i n l e t  total-pressure 
d i s to r t ions  a t  80, 87, and 100 percent corrected speeds. A two-sector 
pa ra l l e l  compressor model was used and resulted i n  a 187 x 187 4 matrix. 
A t  each spead, surge point predictions were made f o r  total-pressure d is tor -  
t ions  produced Sv a 42 percent blockage screen with angular extents of 180°, 



90". 60°, aPd 30' a d  by a 49 percent blockage screen with m a r  extents 
of 15a0, 9U0, a d  60°. The 180° angular extent stabili~r analysis results 
were e a r e d  to existing the-dependat model solutions a;rd this compari- 
son showed that equivalent results were obtained. K e  stabiljty analyses, 
in general, produced r-ults which were in k e p h g  vith other parallel 
capressor results. That is, the loss in surge pressure ratio is ower- 
predicted specially at ;ow speedis (80 and 87 percent) &ere the speed 
lines b v e  lower slopes. In an effort to Improve the distorted-fluw sta- 
bility predictions, inter-stage axial-? croesflow from the high total- 
pressure sector to the l w  total-pt'essure sector was si4llate-d at one axial 
low tion h the compressor. Pbe s~louat of crwef law was determined by 
obtaining the best match of the predicted distortion attenuation charac- 
teristics with the measured distortion attenuation characteristics for a 
180° total-pressure distortion at corrected speeds of 80- a d  l-percent. 
Crossf lous for other extent discortiow tiere scaled from these results 
based upor area ratios. It was farod that crossflows at rotor 1 exit of 
1.2 percent and 1.0 p e r ~ ~ t  of sector Inlet physical flow at 80 and 100 
percent corrected speeds, respectively, gave the best match to the meamred 
atcenuati~n characteristics. EPea though this miaarntching of stages ~arld 
significantly mowe the operating point ~f the lcr total-pzessure sector in 
rany cases, the mean conpressor behavior at surge (loss in surge pressure 
ratio) was not impraved and in same cases was worsened due to unrealistic 
sector speed line shapes. Use of a stage prediction method in such cases 
is necessary since the distorted sector may newer reac- the clean-fnlet- 
flow surge line due co the stage mismatching. The linearized stability 
and the frequency response analyses employed in this study gave results 
uhich were equivalent to tlmedependeot solutions of the nonlinear set of 
equations. Such analyses offer significant economic adwantage when linearized 
analyses are applicable. 



One of the most sigaificant parameters of concern in the design a d  
operation of gas turbine engines is surge eargh. Aircraft  q l n e  designers 
a t e  continually stritrlng t o  provide adequate surge sargin t o  insure success- 
f u l  cteady- a d  transient-engine operation. Experience bas revealed that  
surge margin can be degraded by a variety of factors  wrch as deter iorat im,  
control  tolerances, kp9l-b number, s t a to r  a i s r igghg ,  acceleratiorrs, 
in lec  dietortloa, etc. Of these factors, one of the largest  and m o s t  
varlable consumers of surge margin ie inlet distortion. 

Since it is not feasible t o  experhentally determine the response of a 
coglpression coerponent o r  an engine t o  a l l  ~ i b l e  cambiaations of distort ion,  
the need has evolved whereby the s t ab i l i t y  (surge) of a umpressiosr caapment 
can be analytically predicted. There have been a number of recent stud.See 
using time-dependent methods. References 1 and 2 report the results obtained 
using stage by stage models m d  Reference 3 reports the results obtabea L j  
using a blade-row by blade-row model. A s  the models have beema rare 
complex, it has been necessary t o  turn from analog or hybrid camputation t o  
s t r i c t l y  d ig i t a l  computation. Even fo r  very eff ic ient  solutlome of the 
time-Cependent equations such as tha t  used In the Refereace 3 study, compu- 
ta t ion costs represent a significant propottion of the effort .  An approach 
(References 4 and 5) haa b.ea developed at  HA!% Lewb Research Center wbich 
potentially offers significant coat raductioas. 

This approach irrpolvea llnbarlting tha wdinmr coupled syster  of 
equations which describe the cmpraaaloa .yet- about llsl epuilibrlua operat- 
lag point. This operatton readto ia 8 matrix, the chancteristic equation 
of which can be examlned f o r  the 8- behawlor of the real part  of its 
roots. Ins tabi l i ty  w i l l  occur when any root has a positive real w. 
Further, it baa been shown tha t  these Ins tab i l i t i es  occur only at the 
experimentally determined surge llne. Besed on the f i r s t  method of Llapunotr, 
the ntnllnear system of equations w i l l  be s table  i f  the l i aear  system of 
equations is stable. As explained i n  Reference 4, the stage by stage 
analytical  representation of a compressor as given i n  Reference 1- used 
and the resulting system of equations were then linearized. The s t a b i l i t y  
of the resulting linear system which represented a 385-13 canpressor was 
determinad. The resu l t s  showed good agreemeat between the analytically and 
experimentally determined surge lines. 

The objectives of the program were t o  adapt the NASA developed technique 
f o r  predicting surge i n  a compression component fo r  use with the exbiting 
General Electric Dynamic Mgi t a l  Blade Row bmpressicn Component S tab i l i ty  
Model (Reference 3) and to  perform an evaluation of the capabil i t ies of 
t h i s  s tab i l i ty  analysis technique by comparing these resu l t s  t o  time- 
dependent solution resul ts  and t e s t  data reported upon in  Xeference 3. 
These objectives were t o  be m e t  by determining the clean-inlet-flow surge 
points fo r  a 585-13 turbojet engine known as the '%ssW wine a t  the 80, 
87, 94, and 100 percent corrected speed lines. Then the response of the 



585-13 compression clrsponent t o  Inlet-total-pressure and ex i t  flow-function 
osci l la t ions  over the 0.1 t o  200 BE frequency range was to  be determined. 
The amplitude and phase angle resul ts  were t o  be colapared with the resu l t s  
of the Reference 3 the-dependent progrclp a t  f i ve  frequencies In the 20 t o  
200 Ez frequency range. The method was then t o  be e x t d e d  t o  predicting 
the point of ins tab i l i ty  with distorted inflow coditions Sy using a system 
of equations describing a two sector paral le l  roapressor. Stabi l i ty  pre- 
dictions for  a moderate level  of distort ion with m@ar extents of 30, 60, 
90, and 180 degrees and fo r  a higher lewl of distort ion wlth angular 
extents of 60, 90, a d  180 degrees were t o  be coaducted a t  80, 87 and 100 
percent corrected speeds. Each of t h e  cases was to be run with and 
without c i r d ~ r e n t i a l  crossflow. 

In this report, the methods used i n  the c<*nrse of the study a re  
reviewed and the resu l t s  obtained i n  the course of the s t ab i l i t y  and fre- 
quency response predictions a r e  discussed. 



3.0 ANALYTICAL METtl(WZS MID 385-13 ENGINE CO#PBESSOB MODEL 

The ana ly t i ca l  formulation of the  DynaecLc Digi ta l  Blade Row Compression 
Compqnent S t a b i l i t y  Model and the methods employed i n  t h i s  s:udy t o  deter-  
mir.~? the  s t a b i l i t y  of the  system of equations are reviewed. Further  the  
585-12 engine which is being ~ i m u l a t e d ,  the  source of t h e  blade row charac- 
t e r i s t i c s ,  and the  manner i n  which the  compression system is broken In to  
volumes a r e  discussed. 

3.1 DESCRIPTION OF BLADE ROW MODEL 

This  review of the  Dynamic Dig i t a l  Blade Row Compression Component 
S t a b i l i t y  model is taken from References 3 and 6. The complete set of non- 
l i n e a r  p a r t i a l  d i f f e r e n t i a l  equations which descr ibe the  t r ans fe r  and storage 
of mass, momentum, and energy within a f l u i d  are ca l l ed  the  equations of 
change. These equztions have been integrated once over an arbitrary vnlume 
of the flow system t o  rsbtain the  macroscopic balances f o r  quasi aredirert- 
s iona l  flow without heat t r ans fe r  and a r e  reproduced below in the form in 
which they a r e  useu i n  t he  dynamic compression colspoaent model. 

The subscripted var iab les  on the right-hand s i d e  of the  equations re.fer t o  
q u a n t i t i e s  a t  the  i n l e t  ( i )  and e x i t  ( i+l)  of the  cont ro l  volume. Variables 
on the  left-hand s i d e  r e f e r  t o  volume averaged quan t i t i e s ,  i-e. ,  in gener- 
a l i zed  form 

The energy equation (Qua t ion  3) was derived by combining the  equation of 
change f o r  energy and one of the thermodynamic T ds  re la t ionships .  



This set of equations (other than being appl icable  t o  quasi  one-dimen- 
s i o n a l  flows without heat  t r ans fe r  and t o  a f i n i t e ,  but small  volume) prop- 
e r l y  and exact ly descr ibes  the  s t a t e  of a f l u i d  i n  motion. I n  order  t o  so lve  
Equations 1 through 3, i t  is necessary t o  supply the  c a l o r i c  and thermal 
equations of s t a t e  and expressions f o r  Fg (Blade Force), Pn (Mean Pressure) ,  
and SF (Entropy Production). 

In  t he  following paragraphs, t he  blade force,  mean pressure,  and entropy 
production terms a r e  discussed. 

The blade force FB of Equation 2 represents  the  blade force  ac t ing  upon 
the  f lu id .  The blade force can be determined through reference t o  the  fol-  
lowing sketch: 

A X I A L  
D I R E C T  I O N  

F3 = F tan Ba - FDZ T 

where 

and is derived from the Euler Turbine Equation. The d i rec t ion  of the l i f t  
vector  is  assumed t o  be 



The drag force (FD) is obtained from the following equation 

which is based up011 an analogy with the drag coe f f i c i en t  f o r  duct flows. It 
is  noted t h a t  the  drag force a c t s  i.1 the d i rec t ion  of the i n l e t  flow B i .  
The term FDZ i n  Equation 3 is then obtained from the  r e l a t i o n  

[cos(Bi - E,) 1 
F~~ = F~ cos B., 

where the  numerator transforms the force (FD) i n  the  flow d i r ec t ion  t o  a 
force  along the  mean chord l i n e  perpendicular t o  the  l i f t  vector  and t h e  
dexiomlnator transforms tha t  r e s u l t x t  force t o  an a x i a l  force. 

I t  should be noted t h a t  i n  steady flow a momentum balance, i n  general, 
w i l l  not give the same total-pressure r i s e  per s t age  as does an energy bal- 
ance. The l a t t e r  is assumed t o  be correct .  The r e a s m  f o r  t h i s  d i f fe rence  
is t h a t  the proper d i rec t ion  of the  blade l i f t  vector is not  exac t ly  t h e  
ar i thmetic  average of the flow angles (Equation 7). Comparison of t h e  
s teady-state  momentum and energy balance eolu t ioas  permita t h e  deterrniaetion 
of a small "correction angle" which can then be added t o  $, t o  g ive  the  
proper l i f t  direct ion.  Hence, i n  a c t u a l i t y  t he  l i f t  d i r ec t ion  angle  is 
wri t ten  as 

Equation 7 ,  then, is replaced by Equation 10. 

The mean pressure PM of Equation 2 represents  t he  average of the  inte-  
g r a l  of the pressure d i s t r i bu t ion  over the l a t e r a l  sur face  a rea  of the volume 
element a s  sketched below: 



Although an ana ly t i ca l  expression fo r  the mean pressure ac t i ng  on l o s s l e s s ,  
Llade f r e e  volumes i n  steady flow can be derived, i t  leads t o  redundancy i n  
t he  system of equations descr ibing unsteady flow. Therefore, based upon 
s teady-state  momentum-balance analyses ,  an approximate l i n e a r  expression f o r  
ca l cu l a t i ng  blade-free volume mean pressure a s  a funct ion of  a r ea  convergence 
and i n l e t  and e x i t  pressuies  hxs been es tab l i shed  f o r  the 585-13 compressor 
model. Its form i n  terms of a s c a l e  f ac to r  (FV) fo r  zero-swirl f r e e  volumes 
is given by the  following equation: 

Similar ly ,  an add i t i ona l  co r r e l a t i on  was es tab l i shed  f o r  the  non-zero 
s w i r l  f r e e  volume between the  IGV and the  f i r s t  r o t o r  a s  a function of IGV 
e x i t  a i r  angle. It should be noted t h a t  t he  co r r e l a t i ons  a r e  given i n  Ref- 
erence 3 and a r e  unique t o  t h i s  formulation and the  585-13 compressor. They 
a r e  probably va l id  only f o r  o ther  compressors with s imi l a r  Mach numbers and 
a r e a  changes. 

For blade-row volumes, i1:vestigations have revealed t ha t  a good approxi- 
mation f o r  t h e  mean pressure --s two-thirds the  higher of t he  i n l e t  o r  e x i t  
s t a t i c  pressures  p lus  one t h i rd  t he  lower pressure.  Deviations from t h i s  
approximation a r e  accounted f o r  i n  t he  l i f t  d i r ec t i on  cor rec t ion  angle. 

The term SF i n  Equation 3 represen ts  the  t o t a l  r a t e  of i r r e v e r s i b l e  
conversion of mechanical t o  i n t e r n a l  engergy and, i n  the  case of t h i s  model, 
represen ts  the entropy production due t o  blade row losses .  I t  can be ob- 
ta ined from the  expression: 

where the i dea l  r e l a t i v e  to ta l -pressure  r a t i o  which accounts f o r  the change 
i n  p i tch  l i n e  rad ius  from the  entrance of a ro to r  blade row t o  i ts e x i t  is 
wr i t ten  a s  

' ~ i + l  I 
p; 

idea l  = I I + -  



MT is  equal to  the r a t i o  of the b l ade - ro rex i t  pi tch-l ine *eel speed t o  
the i n l e t  r e l a t i v e  s tagnat ion ve loc i ty  of sound ( Z ~ r N r ~ + ~ / a ~ ~ ) .  I n  the case  
of a s t a t o r ,  the i dea l  r e l a t i v e  total-pressure r a t i o  is equal t o  one. 'me 
ac tua l  r e l a t i v e  total-pressure r a t i o  requires  knowledge of the r e l a t i v e  
to ta l -pressure  l o s s  coe f f i c i en t  which is defined a s  

Equation 14 can be rewr i t ten  i n  the form 

ac tua l  ideal  

Hence, Equations 13 and 15 when subs t i t u t ed  i n t o  Equation 12 provide com- 
p l e t e  d e f i n i t i o n  of the entropy production t t rm .  

A s  might be expected, the  input  t o  t he  program, i n  addi t ion  t o  physical 
speed, i n l e t  conditions and compressor geometry, requi res  t h e  r e l a t i v e  
total-pressure l o s s  coe f f i c i en t  (2') f o r  each blade row, t h e  deviat ion 
angle (6) f o r  t he  ro tors ,  the  cor rec t ion  angle (B,) f o r  both the  r o t o r s  and 
s t a t o r s .  The r e l a t i v e  total-pressure l o s s  coe f f i c i en t  and the  deviat ion 
angle a r e  derived from stage-stacking r e s u l t s  and a r e  based upon clean- 
inlet-flow t e s t  da ta  obtained by t h r o t t l i n g  a t  constant speed. The correc- 
t i on  angle is obtained by comparing steady-flow force and energy balance 
so lu t ions  on a blade-row basis .  These parameters can be represented a s  
functions of incidence angle and a r e  input t o  the  program i n  t h i s  manner. 
These parameters, i n  conjunction with the ve loc i ty  t r i ang le s  and o ther  
anc i l l a ry  re la t ions ,  permit the determination of the  thermodynamics of t he  
f lu id  a t  each s t a t i on .  Blade-free volumes a r e  t r ea t ed  a s  l o s s l e s s  volumes 
with no imposed blade force;  hence, the FB and SF terms of Equations 2 and 
3 are i den t i ca l ly  zero. 

Time dependent so lu t ion  of the system of equations (Equations 1 through 
3 and the r e l a t i ons  f o r  FB, PM, and SF) tha t  comprise the  dynamic d i g i t a l  
compression component model is effected through a Taylor s e r i e s  which 
es tab l i shes  the values of the three  independent volume-averaged var iab les  
a t  the next increment i n  time. In the case of t h i s  model and 9 t h  references 
t o  the l e f t  hand s ide  of Equations 1, 2 ,  and 3, the var iab les  p ,  W,  and 



- 
p s  a r e  ones f o r  which a so lu t ion  is sought. Solut ion is now s t r a i g h t -  
forward and w i l l  be  i l l u s t r a t e d  f o r  one v a r i a b l e  - the  volume-averaged 
dens i ty .  Considering t h a t  t h i s  method is appl icab le  t o  any volume, t h e  
subsc r ip t  "kg', i nd i ca t i ng  the  k-th volume w i l l  be dropped. The Taylor 
series f o r  volume-averaged dens i ty  cor rec t  t o  second order  can be w r i t t e n  
a s  : 

where: 

- 
~ ( t )  is es tab l i shed  by to a i t i a l  condi t ions o r  from the  previous tima 
s tep .  

- 1 --  
a t  v (Wi - Wi+l) from Equation 1 and d i f f e r e n t i a t i n g  t h i s  

equation with respec t  t o  time y ie lds :  

Examination of Equation 17 revea ls  t h a t  the  right-hand s i d e  is composed 
of der iva t ives  of s t a t i o n  values  of flow with respect  t o  time. Since Equa- 
t i o n  2 w i l l  supply only the  der iva t ives  of t he  volume-averaged flow with 
respect  t c  t i m e ,  use of an i n t e rpo la t i on  scheme f o r  obtaining s t a t i o n  
valdes  from volume-averaged values  w i l l  permit Equation 17 t o  be solved f o r  
t he  second p a r t i a l  de r iva t ive  of volume-averaged densi ty  with respec t  t o  
t i m e .  Equations 1 and 17 then can be subs t i t u t ed  i n t o  Equation 16 t o  
ob ta in  the est imate  of the  volume averaged densi ty  cor rec t  t o  second order  
a t  the  next increment i n  time. Equation 17 implies t ha t  f i r s t  der iva t ives  
with respect  t o  time of a l a r g e  number of terms (e.g., Fg, PM, and SF) w i l l  
be required. Although these expansions a r e  lengthy, they can be derived i n  
a s t ra ightforward manner and w i l l  not  be reproduced here. Simmlarly, t h i s  
techpique can be used f o r  t he  remaining two va r i ab l e s  (W and ps) and can be 
continued from one time s t e p  t o  t he  next f o r  the  desired number of time 
s t e p s  . 

3.2 DESCRIPTION OF STABILITY ANALYSIS TECHNIQUE 

The following paragraphs explain the  methods which a r e  employed i n  the  
present study to  determine   he s t a b i l i t y  of t he  compression system model a t  
var ious s teady-state  .;perating po i a t s  on a speed l i ne .  F i r s t ,  l e t  us  
rewr i te  Equations 1 and 2 using a s l i g h t l y  d i f f e r e n t  no ta t ion  and Equation 
3 by expanding the  left-hand s i d e  and subs t i t u t i ng  Equation 1 a s  follows: 



I f  we choose pk, Wk, and s k ,  (volume averaged p r o p e r t i e s )  t o  be state var-  
i a b l e s ,  then t h e  non l inear  Equations 18 through 20 can be written i n  t h e  
genera l  form 

where 5 is an  n v e c t o r  composed crf state v a r i a b l e s  and f(z) is a cont inuously  
d i f f e r e n t i a b l e  n vector .  I n  t h e  case of one g e n e r a l  volume, t h e  k-th, Equa- 
t i o n  2 1  would t ake  t h e  form of Equat ions  22 through 24 where t h e  r i g h t  hand 
a i d e s  of Equations 18 through 20 have been shown f u n c t i o n a l l y  i n  terms of t h e  
a p p l i c a b l e  state v a r i a b l e s .  

It is noted t h a t  t h e  above r e p r e s e n t a t i o n  is a p p l i c a b l e  t o  e i t h e r  bladed o r  
f r e e  volumes and may r e q u i r e  state v a r i a b l e  information from two upstream 
volumes and one downstream volume. The s t a t e  v a r i a b l e s  from t h e  ad jacen t  
upstream volume and t h e  ad jacen t  downstream volume are required because of 
t h e  i n t e r p o l a t i o n  technique which is employed. The second upstream volume 
is requ i red  s i n c e  s t a t o r  e x i t  cond i t ions  a r e  func t ions  of t h e  r o t o r  inc idence  
angle .  I n  genera l ,  n o t  a l l  s t a t e  v a r i a b l e s  a s  ind ica ted  by Equations 22 



th rough 24 w i l l  be  r e q u i r e d .  For a compression sys t em r e p r e s e n t e d  by k vol -  
umes we can w r i t e  t h e  system o f  e q u a t i c n s  i n  t h e  fo l lowing  g e n e r a l  form 
n o t i n g  t h a t  t h e  t i m e  d e r i v a t i v e s  w i l l  n o t  be f u n c t i o n s  of  a l l  t h e  svs t em 
s t a t e  v a r i a b l e s .  

Keeping i n  mind t h e  n o t a t i o n  of Equat ion  25,  we r e t u r n  t o  t h e  more s imp le  
n o t a t i o n  of Equat ion  21. Now l e t  u s  expand t h e  n o n l i n e a r  system o f  func-  
t i o n s  impl ied  by Squa t ion  21 about  an  e q u i l i b r i u m  ( s t e a d y - s t a t e )  o p e r a t i n g  
p o i n t  on a speed  l i n e  i n  a  m u l t i v a r i a b l e  T a y l o r ' s  series. A new v a r i a b l e  
I=?-& is in t roduced  which s h i f t s  t h e  o r i g i n  t o  t h e  e q u i l i b r i u m  p o i n t .  A t  
t h i s  p o i n t  t h e  h i g h e r  o r d e r  terms a r e  n e g l e c t e d  and Equat ion  21  becomes 



where is a 3k x 3k mat r ix  known as t h e  Jacobian matrix.  The A matr ix  can 
be  w r i t t e n  as 

af2  af2  a f 2  a f 2  a f 2  a f2  - - -- - - - ------------------ 
apl  awl asl ap2  aw2 as* 

The formulation of t h e  4 matr ix  elements is descr ibed i n  Appendix A. 

The s t a b i l i t y  of t h e  system of equa t ions  can be determined according t o  
t h e  f i r s t  method of Liapunov (Reference 7) who showed t h a t  i f  t h e  e igenvalues  
o f  t h e  4 matr ix  have nonzero r e a l  p a r t s ,  then t h e  s t a b i l i t y  of t h e  non l inear  
system of equa t ions  at t h e  equ i l ib r ium po in t  I(, is t h e  same as t h a t  of t h e  
l i n e a r  system of equa t ions  a t  Y = 0 .  Therefore,  i f  a l l  t h e  e igenvalues  of 
t h e  c h a r a c t e r i s t i c  equat ion o f  t h e  A matr ix  have nega t ive  r e a l  p a r t s ,  then 
t h e  equ i l ib r ium p o i n t  & is asympto t ica l ly  s t a b l e .  

Since only  t h e  s i g n  of t h e  r e a l  p a r t  of t h e  r o o t s  (eigenvalue) is impor- 
t a n t  t o  t h e  s t a b i l i t y  of t h e  system of equa t ions ,  s i g n i f i c a n t  reduct ion i n  
conputat ion time can be gained by determining only t h e  s i g n  of t h e  r o o t s  
r a t h e r  than determining t h e  va2vles of the  r o o t s  themselves. The s t a b i l i t y  



and frequency response ana lys is  techniques employed during the  clean-inlet-  
flow s tudies ,  where an 87 x 87 A matrix was being examined, were based on 
the  work of Seidel  (Reference 87. The cha -ac t e r i s t i c  equation of t he  
matrix is obtained by the  method of Danilevsky (Reference 9) which reduces 
t h e  matrix t o  Frobenius form. Then the s igns  of the  roots  of the charac- 
t e r i s t i c  equation a r e  found by the  a l t e r n a t e  Routh-Hurwitz formulation 
method (Reference 10). Although the  t(outh, Hurwitz, end the  a l t e r n a t e  
Routh-Hurwitz formulation methods f o r  determining the  s igns  of the  roo t s  
a r e  a l l  equivalent,  the d e t a i l s  of the  ca lcu la t iona l  procedures a r e  d i f f e r -  
e n t  and o f f e r  varying degrees of computational s impl ic i ty .  However, accord- 
ing  t o  Routh, stability is insured i f  a l l  t he  coe f f i c i en t s  of the charac- 
t e r i s t i c  equation a r e  present and pos i t i ve  (necessary condition) and that 
a l l  the terms i n  t h e  f i r s t  column of the  Routh a r r ay  (Reference 7) a r e  
pos i t i ve  ( suf f ic ien t  condition).  

Much technica l  e f f o r t  w a s  oxpended during the  ea r ly  s tages  of t h i s  
program i n  developing techniqves t o  avoid LL - ,utational underflow and 
overflow problems which were experienced h e r .  nalyzing the  87 x 87 Jacobian 
matrix f o r  system s t a b i l i t y .  Two precaut'onary measures were undertaken t o  
avoid these numerical problems which inevi tably occur f o r  models with 
numerous volumes. A u n i t  length s c a l e  f ac to r  was imposed t o  optimize the  
range of matr ix elements by keeping the elements a s  small as possible .  
This s ca l e  f a c t o r  scaled a l l  u n i t s  of length i n  the  A matrix and resu l ted  
i n  a span of values from lo0 through lo5 (versus 10-7 through 1011 p r i o r  t o  
sca l ing) .  An ove ra l l  s c a l e  f a c t o r  was then applied t o  the matrix,  posi- 
t ioning the range as equally a s  possible  about uni ty,  i. e. , (10-3 - 102). 
This fu r the r  reduces the  chances of computational problems by numerically 
balancing the matrix. 

Problems were encountered with the Reference 8 methods during the  
dis tor ted-inlet-f iow s tud ie s  where a 153 x 153 A matrix was involved ?en 
though double precis ion ar i thmetic  was employed. Considerable l i g h t  was 
shed on the problems by Wilkinson (Reference 11). "In general,  t he  reduc- 
t i on  t o  Frobeius form (or  t he  computation of the  c h a r a c t e r i s t i c  equation) 
is  much le: s a t i s f ac to ry  than the reduction t o  tri-diagonal form. For 
many qu i t e  , lamless  looking d i s t r i bu t ions  of eigenvalues the  Frobenius form 
is extremely il l-conditioned, and i t  is common f o r  double precis ion a r i t h -  
metic t o  be qu i t e  inadequate." Upon inves t iga t ion  i t  was found t h a t  the 
Ai rc ra f t  Engine Group of General E lec t r i c  had purchased a subroutine par- 
kage* tha t  would circumvent these problems and would only requi re  s i n z l e  
precis ion a r i thmet ic  s ince,  i n  t h i s  case, the  roots  a r e  found d i r ec t ly  by 
reducing the A matrix t o  Hessenberg form (Reference 11).  This subroutine 
package was used throughout the dis tor ted-inlet-f  low s tudies .  

* 
In t e rp re t a t iona l ,  Mathematical a,ld S t a t i s t i c a l  Library-IMSL 
In terpre ta t iona l ,  Mathematical and S t a t i s t i c a l  L ibrar ies ,  InL. 
Bel la i re  
Houston, Texas 77036 



3.3  DESCRIPTION OF FRJQUENCY RESPONSE ANALYSIS TECliNIQUE 

The frequency response ana lys i s  technique of Reference 8 was employed i n  
t h i s  study and is e s s e n t i a l l y  a Laplace t r ans fe r  funct ion ana lys i s  of a s e t  
of l i nea r i zed  equations. 

These equations descr ibe l j  the res?onse of t he  s t a t e  va r i ab l e s  a t  the equi- 
l ibr ium operat ing point  t o  input forc ing  funct ions and 2)  ttir output response 
i n  terms of a l i n e a r  combination of t h e  o-her var iab les .  

The homog2necus l inear ized  system of equations descr ibing the compressor 
determines t he  3k 3k matrix and is described i n  Section 3.2 (Equacion 26). 
The s t a t e  ~ a r i a k l e  f ec to r ,  Y i s  a ?k x 1 vector .  U is a n x 1 vector  input 
forc ing  funct ion and B is  a-3k x n matr ix  of the  £ & I :  

The p a r t i a l  d ~ r i v a t i v ~ s  used t o  form the  B matrix a r e  given i n  Appendix B. 
R is CI n x 1 output vector  and C is a m x 3k matrix expressing the l i n e a r  - 
r e i a t i onsh ip  between the s t a t e  va r i ab l e s  and the output var iab les .  

The !.aplace Transform equivalents  of the system equations represented by 
Equations 2 8  and 29 a r e  



where s is the  tap lace  var iable .  Equations 31 aail 32 can be writtea i n  
t r a n s f e r  function form as 

where I is the  i den t i t y  matrix. A s  it stands,  Equation 33 requi res  a 
matr<inversion with a f r e e  p a r m e t e r  and is not compatible with d i g i t a l  
cmpu te r  calculat ions.  The so lu t ion  is read i ly  obtained, however, f o r  an7 
one o r  a l l  elements of t he  matrix t r a n s f e r  function. 

For ex=ple t he  t r ans fe r  funct ion between t he  It-th element of R a n d  
t h e  1-th element of is 

Z f E l ,  de t  (W) 
2 q  * d e t  (s I - 4) 

where W is an appropriate  system Wronskian matrix. Deta i l s  are given i n  
mpend%c C. 

Upon expansion, the numerator and denominator of t he  t r ans fe r  funct ion 
represented by Equation 32 are each polynanials i n  s. Using one of t h e  
subroutines i n  Reference 8, t he  t r ans fe r  funct ion frequency response is 
numerically evaluated by subs t i tu f ing  s = j w  where w is a given frequency 
and j is the  imaginary number /11. 

3.4 LLSCRIPTION OF 585-13 COWPRESSOR UODEL 

The previo~.sly discussed s t a b i l i t y  ana lys i s  and frequency response 
techniques were used t o  study the  c h a r a c t e r i s t i c s  of the  J85-13 tu rb9 je t  
engine. The coatpressor of a 585-13 engine has e igh t  s t ages  with a v a r i a b l e  
camber IGV and va r i ab l e  t h i rd ,  fourth,  and f i f t h  s t age  bleeds located i n  
each s t a t o r  channel a t  t he  casing w a l l .  The IGV t r a i l i n g  edge f l a p s  and 
the  bleeds a r e  ganged together and are scheduled a s  a funct ion of corrected 
speed biased by compressor-face t o t a l  temperature. A cross-section view of 
the  J85-1' engine i n  the  compressor and combustor regions i a  shown i n  
Figure 1. The qamina' IGV and bleed schedules f o r  the b i l l  of mater ia l  
engine a r e  given i n  Figure 2. 

It is appropriate  t o  discuss  the  two engines modeled i n  t h i s  study. 
The pure total-pressure d i s t o r t i ~ n  pa t t e rns  t ha t  were simulated during t h i s  
study were obtained during t e s t i ng  of a 585-13 engine known as the  l?!oas'l 
engine (Reference 12). T h i s  engine was run i n  support of t he  U S A  casing 
treatment program. The clean i n l e t  and d i s t o r t i o n  da ta  u t i l i z e d  i n  t h i s  
model were obtained f r m  the untreated onfigurat ion with s o l i d  cumpressor- 
case inser t s .  It should be noted tha t  t h i s  engine tends t o  be represen ta t ive  





IGV Posi t ion, degrees 



of a deteriorated engine. For comparative purposes, clean i n l e t  f l w  
s tudies  were a lso  made on a J85-13 engine known as the  '?lehalicW engine 
(Reference 13). NASA had used t h i s  engine t o  obtain pure total-temperature 
d i s to r t ion  pat tern data and the  coebined total-pressure and total-t-perature 
d i s to r t ion  pat tern data. 

For the purposes of t h i s  study, the compressor rode1 includes volumes 
upstream of the  ICV t o  :he d i s to r t ion  measurement plane and downstream of 
the  OCV continuing t o  a choke plane located at the  turbine nozzle diaphragm 
(4). The purpose of including these ext ra  volumes is t o  insure tha t  
r e a l i s t i c  boadary  conditions can be imposed. 

The canpressor model cons is ts  of twenty-nine volumes. There a r e  18 
bladed volumes (one blade row per volume) consisting of the IGV, ro to r s  
1-8, s t a t o r s  1-8, and the OCV and 11 f r e e  volumes. These f r e e  volumes 
consist  of two volumes between the ins tmeeata t ion  plane and the leading 
edge of the IGV, a volume between tire t r a i l i n g  edge of the  IGV and the 
leading edge of ro tor  1, and eight  volrrres between the t r a i l i n g  edge of the  
OGV and the  turbine diaphragm. This configuration is shawa schematically 
i n  Figure 3. It should be noted that  the leagth of a rotor blade rmp 
extends from the  t r a i l i n g  edge of the upstr- stator t o  the l e a d h g  edge 
of the  downstream s t a t o r  and includes che ax ia l  iateMl.de row gape while 
the  length of a s t a t o r  blade raw exteode free the  lead* e a e  of the 
s t a t o r  t o  the t r a i l i n g  edge of the stator .  For further geometrical de ta i l s ,  
the  reader is referred t o  Retweaco 3. 

The blade work on the f l u id  ia  rccompltahad in 8 dietr ibuted,  but  un- 
specif ied,  manner acroea a rotor t r o l u .  l q t h .  A l l  loases are amsumed to 
take place i n  rotore, that Is, ao looem m accaurted f o r  In blade f r e e  
volumes o r  e t a t o r  blade vol-. Eowwer, this is not a r e s t r i c t i o n  of the 
model. The ro to r  deviation onglee vary as functions of the incidence 
angle. 

A t  t h i s  point,  i t  is worth mentioning t h a t  because a blade tow form- 
l a t i o n  is being used, s tage charac ter is t ics  information was used i n  the  
form of a r e l a t i v e  total-pressure loss  coefficient  and a deviation angle 
ra ther  than the  more often used non-dierensional work and pressure coeffi-  
c i en t s  a s  a function of flow coefficient.  This approach tends t o  decouple 
the  i n l e t  and e x i t  s t a t i o m  of a blade raw i n  a dynamic analysis  s ince 
volume storage of mass, mmmentwm, and energy a r e  pexmitted within the work 
producing volume. Further, s p l i t t i n g  a s t age  volume i n t o  two  blade row 
volumes w i l l  po tent ia l ly  double the frequency capab i l i t i e s  of a dynamic 
compression component model. The r e l a t i v e  total-pressure loss  coeff ic ients  
and the deviation angles tha t  were used during t h i s  study a r e  given i n  both 
graphical and polynomial form i n  2~eference 3. 

The th i rd ,  fourth, and f i f t h  s tage bleed flows i n  the  model a r e  
removed a t  the  e x i t  of the s t a t o r  while holding e x i t  a i r  angle constant. 
The percentage of i n l e t  flow tha t  i s  removed from each s tage  is given i n  
Table 1. 
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fable 1. Bleed Removal Schedule (Percent 
of In le t  Physical Flow). 

Corrected 
Engine Speed Stage3  S t age4  S t age5  

~ S S  80 3.952 4 . 9 0 ~  5.78% 
~ S S  87 2-28 2.83 3.33 
~ S S  94 o o o 
~ S S  ~ o o  o o o 
Hehalic 87 1.20 1.49 1.76 
Hehal i c  94 0 0 0 
Plehalic 100 0 0 0 

During NASA test ing of the Moss and #ehalic engines, the T T ~  control 
bias a s  shown i n  Figure 2 was subverted. The Moss engine was controlled to 
294.3" K (70" F) o r  higher temperature curve and the #ehalic engine had a 
modified schedule. Further de ta i l s  are given in Reference 3. 

The boundary conditions imposed upon the model consist of specifying the 
to ta l  pressure and t o t a l  terperature entering volume 1 and specifying the 
value of the exi t  flow function ( W ~ ~ ~ I P , )  a t  the ex i t  of the last volume. 



4.0 RESULTS 

The r e s u l t s  of t h e  clean-inlet-f low, frequency-response, and d i s t o r t e d  
i n l e t - f  low ana lyses  of t h e  J85-13 campression system are presented i n  t h i s  
s e c t i o n .  The clean-inlet-f low s t a b i l i t y  ana lyses  were conducted us ing  t h e  
Routh-Huruitz s t a b i l i t y  c r i t e r i o n ,  t h a t  is, only  t h e  s i g n s  of t h e  r o o t s  of 
t h e  c h a r a c t e r i s t i c  equat ion were examined. The frequency response of t h e  
campressor was determined by eva lua t ing  t h e  Laplace t r a n s f e r  func t ion  of 
t h e  l i n e a r i z e d  system of equat ions .  The d i s to r ted- in le t - f low s t a b i l i t y  
ana lyses  w e r e  accomplished by f i r s t  cons t ruc t ing  a p a r a l l e l  canpressor  
model and then conducting t h e  s t a b i l i t y  ana lyses  by a c t u a l l y  determining 
t h e  r o o t s  (eigenvalues) of t h e  c h a r a c t e r i s t i c  equation.  The s i g n s  of t h e  
real p a r t s  of t h e  r o o t s  were examined ( a l l  n e g a t i v e  v a l u e s  f o r  s t a b i l i t y )  
t o  determine i f  t h e  opera t ing  cond i t ion  was s t a b l e .  

6 .1  CLEAN-INLET-FLOW SURGE LINE ANALYSES 

The f i r s t  s t e p  i n  v e r i f y i n g  t h e  state equa t ions  i n  t h e i r  l i n e a r i z e d  
f  o m  w a s  accomplished by d u p l i c a t i n g  t h e  J85-13 clean-inJ et-f low compressor 
ma> .  F igure  4 provides a d e t a i l e d  view of t h e  s t a b i l i t y  a n a l y s i s  process  
f o r  t h e  80% c o r r e c t e d  speed l i n e .  These l i n e a r i z e d  ana lyses  (L-A) r e s u l t s  
a r e  compared t o  t h e  r e s u l t s  of t h e  time-dependent (T-D) dynamic a n a l y s i s  
program (Reference 3) and t o  engine t e s t  d a t a  (Reference 13). The Routh- 
Hurwitz s t a b i l i t y  a n a l y s i s  technique w a s  used t o  v e r i f y  t h e  s t a b i l L t y  f o r  
f i v e  surge-free  cond i t ions  on t h e  speed l i n e  and t o  p r e d i c t  t h e  su rge  po in t  
w i t h i n  a weight flow uncer ta in ty  of t0.05 kglsec  (kO.11 l h / s e c ) .  Figure  5 
shows t h e  c lean- inle t - f  low compressor map f o r  t h e  585-13 '!Moss" engine. 
The 80, 87, 94, and 100 percent  cor rec ted  speeds a r e  shown extending over  a 
range of p ressure  r a t i o s  from surge  t o  t h e  region of t h e  nominal sea-level-  
s t a t i c  opera t ing  l i n e .  

A t  96 percent  cor rec ted  speed, t h e  l i n e a r i z e d  a n a l y s i s  f a i l e d  t o  match 
t h e  su rge  point .  A t  t h i s  po in t  i t  was appropr ia te  t o  quest ion whether t h i s  
f a i l u r e  is a r e s u l t  of a l i m i t a t i o n  of t h e  l i n e a r i z e d  blade row model o r  is 
t h e  r e s u l t  of some minor e r r o r  i n  t h e  Jacobian matr ix  formulat ion which had 
no t  been discovered.  In  an  e f f o r t  t o  determine t h e  reasons f o r  t h i s  f a i l u r e ,  
two a r e a s  of concern were inves t iga ted :  1 )  t h e  formulat ion of t h e  A matr ix  
elements and 2)  t h e  blade c h a r a c t e r i s t i c s  input  ( l o s s  c o e f f i c i e n t s ,  d e v i a t i o n  
ang les ,  and l i f t  d i r e c t i o n  c o r r e c t i o n  ang les )  f o r  t h e  Moss engine 94 percent  
c o r r e c t e d  speed l i n e .  The A matr ix  elements were independently reder ived 
and t o  our b e s t  knowledge a r e  e r r o r  f r e e .  Fur the r ,  as expla ined i n  t h e  
next  s e c t i o n  (Sect ion 4.2) i t  was p o s s i b l e  t o  o b t a i n  an independent assess -  
ment of t h e  accuracy af t h e  formulat ion by comparing t h e  frequency responses 
o f  t h e  s t a t e  v a r i a b l e s  p ,  W, and s at s e l e c t e d  s t a t i o n s  wi th  t h e  time- 
dependent s o l u t i o n s .  This  assessment showed t h a t  c l o s e  agreement could be 
obta ined between t h e  l i n e a r i z e d  a n a l y s i s  and time-dependent-solution s t a t e  
v a r i a b l e s .  In t h e  process  of making minor changes o r  r e v i s i o n s  t o  t h e  - A 







matrix, i t  w a s  ~ o t i c e d  tha t  the location of the 94 percent corrected speed 
i n s t a b i l i t y  point would move s igni f icant ly  although the locat ion of the  
s t a b i l i t y  paints  of the 80, 87, and 100 percent corrected speed l i n e s  mwed 
almost imperceptibly. A t  t h i s  juncture i t  was questioned whether the  blade 
row character is t ics  might play a par t  i n  t h i s  sens i t iv i ty .  The pressure 
coefficients  Y' ( in  par t  from which the blade row character is t ics  a r e  
derived) f o r  each s tage  of the  Moss engine were egamined a s  a function of 
flow coefficient .  A s  can be seen from examination of Figure 6 (taken from 
Reference 3), Stages 2, 3, and 4 a r e  operating on the posi t ive slope por- 
t ion of t h e i r  cha rac te r i s t i c  a t  i n s t a b i l i t y  (lowest shown flow coeff ic ient ) .  
Another 585-13 cngine known a s  the  Mehalic engine had been modeled a t  94 
percent corrected speed during the  Reference 3 study. Examination of the  
pressure coefficient  - flow coeff ic ient  relat ionships f o r  t h i s  compressor 
a s  depicted i n  Figure 7 reveals tha t  only two stages a r e  operating on the  
posi t ive slope portion of t h e i r  cha rac te r i s t i c s  a t  ins tab i l i ty .  It should 
be noted tha t  i n  general, the fewer the number of stages operating on 
posi t ive slope charac ter is t ics ,  the  more s t ab le  the  compressor. The Nehalic 
engine clean-inlet-flow charac ter is t ics  were analyzed using the  scree line- 
arized technique as applied t o  the  Moss engine. The r e s u l t s  are shown in 
Figure 8 and indic,! good agreement with t e s t  data and the  timedependent 
model. One can question a s  t o  whether the  "Moss" engine 94 percent corrected 
speed stage charac ter ts t ics  a r e  r e a l i s t i c  representations of the  -he. 
Since these charac ter is t ics  were used in the time-dependent model to obtain 
an accurate predictio,: of the surge line, i t  ie aasaned that there  is 
nothing inherently wroag with theee characteris t ics .  Thus, there  appears 
t o  be no basic e r ro r  i n  the  folwulation of the  l inear ised  model, but there  
does appear t o  be a s e n s i t i v i t y  t o  the d e r  of s tages operating on the  
posi t ive slope of  t h e i r  characteristics. 

These l i n e s  of invest igat ion have provided insight ,  but not the  reason 
f o r  the  l inearized analysis  t o  inaccurately predict  the  point of i n s t a b i l i t y  
f o r  the  Moss engine a t  94 percent corrected speed. It is suspected tha t  
the  reason f o r  t h i s  discrepancy involves two factors:  1 )  same of the  
assumptions employed t o  permit l inear iz ing  the  time-dependent model or some 
minor undiscovered e r ro r  i n  an a matrix element(s) a c t  t o  subtly decouple 
the stages and 2) the  number of stages which operate on the pos i t ive  slope 
portion of t h e i r  characteris t ics .  Thus, these two fac to r s  act ing i n  con- 
c e r t  tend t o  crea te  a s i tua t ion  which is less s t a b l e  than should be ant ic i -  
pated. 

During the checkout phase when it was necessary t o  ve r i fy  the  accuracy 
of the  derivation of the  Amatr ix  elements, i t  was found tha t  the lack of 
output information which could be compared with an independent solut ion 
seriously impeded the  debugging process. Clean-inlet-flow s t a b i l i t y  checks 
i n  essence provided only "go" o r  "no go" type of information and did not 
provide deta i led  dynamic responses of thermodynamic o r  flow parameters 
( s t a t e  variables)  which could be compared to  the  Reference 3 time-dependent 
model. However, the  frequency response analyses discussed i n  Section 4.2 
provided s t a t e  variable information a t  each s t a t i o n  within the  model. By 
se lec t ive ly  exanining the  s t a t e  variable responses i n  blade f r e e  volumes, 
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r o t o r  blade row volumes, and s t a t o r  blade row volumes, and comparing these 
responses with time-dependent so lu t ion  r e s u l t s ,  i t  was possible  t o  debug the  
A and B matrix element formulations i n  a more e f f i c i e n t  and orderly fashion. - - 

For surge l i n e  determination alone, the  l inear ized  s t a b i l i t y  ana lys is  
method cos t s  a r e  approximately one-f i f teenth of those incurred by the time- 
dependent method of Reference 3. 

4.2 FREQUENCY RESPONSE ANALYSIS 

The freque~lcy response? of the "Moss" 585-13 compressor were generated 
using the  Jacobian (A) and input  response (g) matrices and :he Reference 8 
d i g i t a l  subroutines t o  determirre the  Laplace t r ans fe r  function. The fre- 
quency response of compressor-exit s t a t e  var iab les  (3, G, s )  t o  va r i a t i ons  
i n  compressor i n l e t  t o t a l  pressare and e x i t  flow f u n c t ~ o n  over a range of 
0.1 t o  200 Hz was determined. A l l  inves t iga t ions  were ca r r i ed  out  a t  t he  
100% corrected speed operat ing point  (PR56.636, Wc=19.68 kg/sec (93.3 
lbm/sec)] f o r  25 frequencies. The time-dependent program (Reference 3) was 
run concurr.-.ntly t o  provide compara:ive cases  a t  frequencies of 30, 60, 10C, 
150, and 2C:, Hz. Combined p l o t s  of amplitude r a t i o  (output to  input) snd 
1-kase angle a r e  given f o r  the  range of frequencies invest igated.  Figures 9 
through 11 show the  compressor e x i t  s ta te-variable  frequency responses t o  
i n l e t  total-pressure oacillatic,ns. Good agreement i n  both amplitude and 
phase angle is  noted between the  l i nea r i zed  and dynamic program resrlts. 
The time-dependent program total-pressure o s c i l l a t i c n s  were 50.5 percent 
about the  spec i f ied  i n l e t  pressure. It was found thac time-dependent program 
oaci!.lations of k3.0 o r  k2.0 percent of t h e  in le t  taka1 presa, were toc  
l a r g e  t o  obta in  a match between the  time-dependent program and the  l inear ized  
analysea. Hence, a compression component introduces s ign i f i can t  non l inea r i t i e s  
a t  low amplitudes. Application of t he  l inear ized  technique f o r  determining 
planar wave dynamic d i s t o r t i o n  t r ans fe r  (Re fe race  6) must be done with 
g r e a t  care  s ince  an engine i n  a highly manueverable a i r c r a f t  may be subjected 
t o  inlet-produced unste,iy flows where the  amplftudes may be 2n the  order  of 
10  percent of t h e  i n l e t  mean t o t a l  pressure.  

The amplitude and frequency responses t o  exit-flow-function oscillations 
a r e  shown i n  Flgures 12  through 14. The time-dependent program exit-flow- 
function o s c i l l a t i o n s  were maintained a t  21.0 percent about the  mean ex i t -  
flow-function value. With t h i s  type of boundary condition, it was found 
thac ihe  dyramic progran s e t t l e d  out  slowly from i ts  " s t a r t  up" t rans ien t .  
Because i t  was econm;cally impract ical  t o  l e t  every dynamic case completely 
s e t t l e  out,  some of t he  minor d i f fe rences  between t h e  l inear ized  and dynamic 
predict ions of t he  amplitude and frequency responses of the  lower frequencies 
may be attributed t o  the f e c t  t h a t  a s t a t i ona ry  s r a t e  had not been obtained. 

A de t a i l ed  ana lys is  of both the  i n l e t  total-pressure and exit-flow- 
funct ion o s c i l l a t i o n  cases  shows t h a t  a s  200 Hz is approached a systematic 
divergence develops between l inear ized  and time-dependent proqram analyses 
amplitudes. A t  t h i s  time, no explanation has been found which s a t i s f a c t o r i l y  
explains  t h i s  divergence. It may be t h a t  a t  frequencies equal t o  o r  grea tor  
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than 200 Hz fo r  the J8S-13 compression system, even though only very sum11 
perturbations a r e  being imposed upon the timedependent model, the  nonlinear 
terms i n  the  macrobalances (Equations 1 through 3) introduce a noticeable 
contribution t o  the state variables. 

It was concluded thht  the  l h e a r i z e d  frequency response and the  time- 
dependent model give es sen t i a l ly  equivalent r e s u l t s  ( in terns of the  state 
variables)  i n  the  frequency range of major interest. It is n w  possible t o  
combine the  s t a t e  variables at the  compressor exlt t o  obtain the  response of 
a more eas i ly  recognized and measurable quantity, the  t o t a l  pressure. This 
is accomplished by deriving the  frmctional dependence of the  total-pressure 
f luc tuat ions  t o  the f luc tuat ions  of the  local s t a t e  variables. Tota l  deriva- 
t i v e s  a r e  used t o  obtain t h i s  relationship. S t a t i c  pressure can be expressed 
i n  tews of s t a t i c  density and entropy as: 

where the  subscript  "r" denotes reference conditions. 

Similarly, Hach umber can be expressed i n  terms of s t a t i c  pressure, 
s t a t i c  density, and weight flow as 

Total  pressure can be re la ted  t o  s t a t i c  presscre and Mach number a t  a point 
by the  isentropic relat ionship 

The t o t a l  derivat ives of Equations 35, 36, and 37 a r e  respectively: 

dP = P(; d~ + + ds) 



Substi tut ing Equations 38 and 39 in to  Equation 40 y ie lds  the to ta l -  
pressure perturbation response charac ter is t ics  about a steady-state operati- 
point i n  terms of local  state-variable perturbations. In  t h i s  case, the 
d i f f e r e n t i a l s  do, dU, and d s  represent the frequency response (amplitude 
and phase) of these s t a t e  var iables  i n  cumplex form. It is now possible t o  
exp l i c i t ly  ca lcula te  the response of compressor-exit t o t a l  pressure and 
d i rec t ly  compare the r e su l t s  t o  those obtained froai the  time-dependent 
program. Figures 15 and 16 show t h i s  comparison a t  the 100% corrected 
speed operating point f o r  i n l e t  total-pressure and exit-flov+function 
osc i l la t ions .  Shown i n  the f igures  are nowalized pressure responses t o  
input normalized i n l e t  t o t a l  pressure and input normalized e x i t  ilw func- 
t ion,  respectively. A s  expected, the compressor at tenuates the i n l e t  
total-pressure fluctuations. In conclusion, i t  has been sham that  the 
l inearized J85-13 frequency response charac ter is t ics  match the r e su l t s  
obtained from the Dynamic Digital  Blade Row Compression Camponent S t a b i l i t y  
Uodel when s m a l l  amplitude boundary conditions a r e  imposed. 

However, i t  is apparent tha t  f o r  w e n  mdera te ly  l o w  amplitudes, 
the e f f e c t s  of the  nonlinear terms as included i n  the time-dependent model, 
can cause s igni f icant  deviation of the time-dependent r e s u l t s  fmm the  
l inearized analysis  resul t s .  I f  one were in teres ted  in large arpl i tude  
planar-wave t ransfer  such as encountered with inlet bum, then it would be 
necessary t o  obtain time-dependent solutions of the  nonlinear equations 
rather  than a linearized analysis. 

It is important t o  note tha t  the  linearized errelpsis frequency response 
technique cos t s  ere independent of frequency .ad in  f ac t ,  the  frepuency 
responses a t  many frequenciee can be obtained f o r  e s sen t i a l ly  the  same cost 
a s  one frequency. bwever, t he  cost of o b t a u  frequency responses ie 
d i rec t ly  proportional t o  the  number of atations where the frequency respoase 
is desired. On the  other hand, the  dynamic program is frequency sens i t ive  
because of the  tlme to s e t t l e  out and the  period of a given wave. For a 
given configuration, the  cos t s  are independent of the  number of frequency 
responses desired. 

It is c lea r  tha t  i f  the  l inearized frequency response of a cumpression 
cmponent a t  selected s t a t i o n s  is desired, than the  l inearized technique of 
t h i s  sect ion o f fe r s  considerable econorpic advantages. However, i f  the  
frequency response of each stage a t  a given frequency is required, then the  
dynamic model o f fe r s  economic advantages f o r  frequencies grea ter  than 
approximately 20 Hz. 

4.3 DISTORTEIbINLET-FIDW ANALYSES 

The blade-row para l l e l  compressor model of Reference 3 was put in 
l inearized form and resulted i n  a 153 x 153 matrix f o r  a two sec to r  model. 
The model was modified t o  p e w i t  flaw a t  a given stage t o  be removed from 
the  high total-pressure sec tor  a t  i ts t o t a l  pressure and t o  be reintroduced 
t o  the  law total-pressure sec tor  a t  its t o t a l  pressure assuming tha t  the 
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l o s s  i n  t o t a l  pressure occurred as a result of the  crossflow i n  the  i~:er-  
s tage ax ia l  gaps. The r e s u l t s  of the  d is tor ted  flow analysis  with and 
without crossflow are discussed i n  the  following paragraphs. 

4.3.1 Pa ra l l e l  Compressor without Crossflow 

During the  NASA casing treatment program the  585-13 engine was tes ted  
with l l r e v  circumferential total-pressure d i s to r t ion  generated by 42 percent 
(7-112 H) blockage screens with angular extents  of 180°, 90°, 60°, and 30° 
and with 49 percent (9M) blockage screens v i t h  angular extents  of 180°, 90°, 
and 60°. The r e s u l t s  of t h i s  t e s t ing  a r e  reported i n  Reference 14. 

These data  were simulated using a two-sector p a r a l l e l  compressor model. 
The s t a b i l i t y  of the  equations was determined using the  A matrix formulation 
and actual ly calculat ing the  roots of t h e  characteristic equation. The 
roots  were then examined t o  determine i f  a region of i n s t a b i l i t y  had been 
encountered a s  characterized by the presence of a pos i t ive  r e a l  par t  of a 
root. The s t a b i l i t y  test w a s  car r ied  out  f o r  two l eve l s  of d i s to r t ion  
(Table 2) a t  80, 87, and 100 percent corrected speeds f o r  the  "Moss" engine. 
The s t a b i l i t y  t e s t s  were not carr ied out  a t  94% corrected speed s ince  unex- 
plainable resglts had been obtained a t  t h i s  speed l i n e  during clean-inlet- 
flow s t a b i l i t y  predictions. 

The r e s u l t s  of the  moderate level of d i s to r t ion  (42 percent blockage) 
s t a b i l i t y  analyses a r e  given i n  Figures 17 through 20 while the r e s u l t s  f o r  
the  high level  (49 percent blockage) of d i s to r t ion  are given i n  Figures 21 
through 23.  The 180° l l r e v  circumferential total-pressure d i s to r t ion  
r e s u l t s  of Figures 17 and 21 can be compared d i rec t ly  with the time-dependent 
model analysis  of Reference 3. These comparisons show tha t  the two methods 
give equivalent resul t s .  Examination of Figures 17 through 2 3  shows tha t  
the  s t a b i l i t y  analyses of the  two-sector pa ra l l e l  compressor model gave 
r e s u l t s  which accurately reproduced the  experimental speed l i n e s  a t  80 and 
87  percent corrected speeds, bat  a t  the  higher l eve l  of d i s to r t ion  a t  100 
percent corrected speed, the  flow s h i f t  t o  the  low s i d e  was not being repro- 
duced. A l l  the r e s u l t s  of Figures 17 through 23 show the typica l  c l a s s i c a l  
p a r a l l e l  compressor r e s u l t s  a s  f a r  a s  predicting loss  i n  surge pressure 
r a t i o ,  that  is, i t  is predicted most accurately a t  high speeds where the 
speed l i n e s  a r e  s teep and i t  is overpredicted a t  the lower speeds and f o r  low 
extent d is tor t ions .  

The s t a b i l i t y  analysis  method employ . 1,. :;?is pa ra l l e l  compressor 
study o f fe r s  economic advantages over the  ~ime-dependent model s ince  i ts 
operating cos ts  a r e  approximately one-fifth of those incurred by the  operation 
of the time-dependent model. 

4 . 3 . 2  Para l l e l  Compressor with Crossflow 

In an e f f o r t  t o  overcome the deficiencies of the parallel-compressor 
approach, tha t  is,  the overprediction of the loss  i n  surge pressure r a t io ,  
i t  was hypothesized tha t  inter-blade-row axial-gap crossflows might be the 



Table 2. Measured Total-Pressure Distortion Levels. 

42% Blockage Screen 49% Blockage Screen 
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mechanism responsible fo r  the loss in surge pressure r a t i o  being less than 
predicted. ¶'he aaount of c r c s s f lw  was selected based upon setchiog measured 
internal-stagedistortiorr m l i f i c a t i a r e  (Refereuce 15) a t  80 aad 100 
percent corrected speeds for  the 180° l l r ev  Ugh total-pressure distort ion 
as sham i n  Figure 24. It was found that  a crossflow of 1.2 and 1.0 percent 
of the distorted sector inlet physical flow between s t a to r  1 end rotor 2 
a t  80 and 100 percent corrected speeds, reepectively, kt matched the 
stage amplif i c a t i m  data a t  the given operating poirrt. The crossf low a t  87 
percent corrected speed was assumed t o  f a l l  between the 80 aud 100 percent 
values and was assreed t o  be 1.1 percent of sector Met physical f l a r .  
In i t i a l ly ,  the percentage crossf lw for  the other extents was established 
by multiplying the perceatage crossf lar at  180° by the r a t i o  of the angular 
extent being simulated t o  180° ( ra t io  of the areas). Bwever, this led to  
a speedline shape f o r  the 30° extent dis tor t ian a t  1G3 percent corrected 
speed wbich significantly departed f me the experimentally determined 
speedline shape. The percentage crossflcuw vats lovered for  the 30° extent 
distort ion un t i l  the speedline regained a proper shape. fbe percent cn#ls- 
flow a t  other speeds was lowered proportionately and the  14M0 and 30° 
points were connected by s t ra ight  lines. 'Phis c t o s s f l w  schedule as a 
percentage d i s t o r t e d  sector i n l e t  physical flaw is glven Ln Figrue  25. 

The resul ts  of the crossflar studies are ebaw in F- 26 thmmgh 
29 for  the 42 percent blockage ocreeae d ip FSguree 30 thraa@ 32 for the 
49 percent blockage scream. It is intueatieg to mte that at 0 a d  87 
perceat corrected oped@ with the 42 percent bl- acrcreae, oalg am 
insignificant increase in th. pmdictad amzge pmmure n t l o  levels as 
coepared t o  the lewels witbout ctogsflav were noted. At 100 percmtt cot- 
rected speed, the lntroductim of croeefla~ -- tba dam Eat& ead in 
f ac t  caurrss an unmallatic boddag over of t h m  meam speed liPe prior t o  
indicating iPaubillty. Ehio is dw, t o  the f ac t  that  s w e  oae I s  forced 
t o  operate an the very late flaw port- of Its chtactetbtlcs. 

Essentially the same c-ts can be rtated about the 49-percent- 
blockage-screen data except that at  the low corrected speeds, the pressure 
r a t i o  a t  ins tab i l i ty  is s l igh t ly  lower. 

In suanary, it does not appear that the lntroductioa of crossf law a d  
its attendant oirnatchlng of stages resulted h a be t te r  prediction of tbe 
loss  of surge pressure r a t i o  due t o  total-pressure distortion. It irr 
possible that  t h i s  resu l t  is biased by assrrming a amstant  percentage of 
crossflaw l n d e p e d e ~ t  of operat* line aadlor by asmdng that  the shape 
of the attenuation characterist ic (Figure 25) remias unchanged f o r  extents 
of distort ion less than 180 degrees. 
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Figure 2!i. Effect of Interstage Crossflow on Distortion 
Attenuation Characteriat ics Of 180" i / 'Hcv Total- 
Prrssurc  Dis tor t .  ion. 
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'fltis program is an example of the cross-fertiliseth of tecbology 
areas which must take place i f  progress is t o  continue and i f  a greater 
under st ad^ of physical processes is t o  be obtalrrea. In this case, 1h- 
ar ized  s t ab i l i t y  aud frequeacy response analysis methods a i c h  are wised 

primarily i n  control analyses a re  applied to the detemdnatiarr ~f gas-tur- 
bine-engine compressor-aerodpadc s t ab i l i t y  and frequency-mspoase charac- 
t e r i s t i cs .  ¶be follawing conclusions can be draun from the resul ts  of t h i s  
study: 

o The linearized s t ab i l i t y  analysis based upoa the f i r s t  metbod of 
Liapraov using the Jacob- 4 matrix and the alternate formulation 
of the Routh-Iiurwits s t ab i l i t y  cr i ter ion accurately reproduces 
the experimeawilly deterained 385-13 clean-inlet-flow surge 
lines. These surge line resul ts  are also irr close egreerraat 
(k0.05 kg/sec) with the resul ts  obtalmd frcm the t-t 
model of Reference 3. 

o A t  942 corrected speed fo r  the 76ssw eug iae ,  ma-e ia p M c t e d  
a t  a pressure r a t i o  lower than determined v h e m t . l l y  or 
predicted by the t-t rodal. Al- 8reat cere was 
taken t o  iasum accwrcp, 8 a u l l  foaaPletiar enor In the 4 
matrix o r  a rinar pros- m r  csmrot ba ruled out at tbis 
t ime. Furthet, it i a  pmslbk thmt emamptitma Introdaced t o  
permit liaaarism the t-dapmdeat -el act to gabtly decouple 
tb rtagaa and thlm B.roup1- & a p U f i e d  by t b  cbuacter of 
tbe  stage charac t~ t i ce .  

0 The lir.rrerid-etablli*8Mlysis metbod offers clear eumamlc 
advautagee wer the the-dqmd-t model for cleea-inlet-flow 
surge line determiaations since ite associated costs are ow- 
f ff teenth of those associated w i t h  the tine-dependeat model. 

o The linearized-frepuencpaaalysis technique produced resu l t s  
which accurately matched the time-depradeat mde l  up to nearly 
200 k. 

o Since it  was detembed  that  the linear analysis appeared t o  
apply only f o r  total-pressure o s c i l l a t i ~  on the order of N . 5  
percent of the aee~ inlet total pressure, great care =I-t be 
exercised if tbe method is used t o  determine plaaar-wawe dynamic 
dietort ioa transfer coefficients since iu l e t s  of highly maneuver- 
able  a i r c r a f t  may produce amplitudes on the order of 210.0 percent 
of the mean i n l e t  t o t a l  pressure. 

0 Depending rpoo the frequency of interest and the number of o i a t i w  
where frequency respoasee a r e  desired, there a re  ecommSc tradeofis 
which should be made before choosing e i ther  the linearized analysis 



tecboique o r  the t i r e d e p e d e a t  eethod. In general if  oae o r  twa 
discrete  frequencies above 20 Ez are of interest, the tirre- 
dependent method is more ecoammlcal. bwewer, If a complete 
frequepcy reeparse is of interest, then the linearized frequency 
re8polree aQalysis is rore ecoaMmicel. 

e The linearized s t ab i l i t y  aaalpeis of a tuw-sector bLade raw 
parallel capreesor  model save reenlts f o r  laOO l / rev inlet 
t o t a l - p m r e  dis tor t ioas  whicb reproduced the results obtaiaed 
from the tbe4qmdeat mDdel. 

o The linearized s t ab i l i t y  apalpeie of the tvrrsector blade rm 
parallel caoprecar  model fo r  the 180°, !XI0, 60°, and 30° dIstor- 
ti- =tent; give resul ts  which are typical of paral le l  capres -  
eors, that  is. the loss ia mqge p m r e  r a t i o  Is overpredicted 
especially f o r  the lower =tents of dis tor t ion and f o r  the 1-r 
speeds ubere the speed lirres are of h r  slope. 

o Allowing f o r  c ros s f lw  frcnn the high total-pressure sector t o  the 
law-total pressure sector jus t  dovnstream of stage 1 did mt 
improve the aceuraq of the loss in surge pressure rat io.  In 
sore cases the seal1 zrroa~t  of ctossf low showed suf f iciemt stage 
mismatch t o  force an unreal is t ic  "bokhg wern of the speed line 
prior to ins tab i l i ty  although s t ab i l i t y  predictions were made in 
t h i s  region. 

o Pbe costs of 0au.m a linearized s t ab i l i t y  analysis predictions 
of a two-sector paral le l  campreasor are approximately one-fifth 
of those incurred by operating the tlme-depemlent &el. Eouwer, 
as the number of sectors increases, the A matrix used In raeting 
the linearized s t a b i l i e  analysis becams large very rapidly. 
Thus, when m k h g  a multisector paral le l  ampressor analysis, i t  
is necessary t o  evaluate whether the the-depeuderrt approach may 
of fe r  a more ecowrrrical approach. 

The linearized analysis s t ab i l i t y  prediction and frequency response 
techniques coepleeeat the t i m e - d ~ d e a t  model technique and 
offer  significant economic adwantages when used irr a judicious 
manner. It is envisioned that  the two techniques would be used 
in  the following manner. Clean surge line determinations uuuld 
be accmplished using the linearized s t ab i l i t y  prediction tech- 
nique. Frequencies a t  which amplifications occurred in a c- 
pressor c ~ e n t / d u c t i ~  -st- would be determined by conducting 
linearized frequency response analyses over the frequen-y range 
of interest.  A t  points where amplification is shown t o  occur, 
the time-dependent model would be employed with large implitude 
boundary conditions t o  determine harmonic content, waveform shape, 
compressio~ component planar-wave-transfer coefficients, etc. 
Where a two sector paral le l  c e r e s s o r  can provide an adequate 
estlmate of loss i n  surge pressure r a t i o  due t o  circumferential 
distort ions,  the linearized analysis s t ab i l i t y  prediction technique 



would be employed. If i t  was deemed necessary t o  use a multi- 
sectored paral le l  compressor model, them it would be necesmry t o  
erraluate whether *he linearized s t ab i l i t y  prediction technique o r  
the thedependent  model offered e c d c  advantages and to  make 
the choice fo r  usage accordingly. 

The resul ts  of t h i s  study suggested areas that  sharld receive further 
study, It is r-ed that  imestfgatioae be implemented t o  deterrine: 
1)  The val idi ty  of the linetsrhed apalysis s t a b i l i t y  wdel d o r  its 
dependence on the h r  of stages operati* om the pouitive porttom of 
their  characteristics, aad 2) 'Ihe potential existence of a physical Lnter- 
-,rctatioo of the eigeaalues  that  muld be of benefit t o  the campressor 
designer . 



It was s b m  that the JacoBlan (b) mtrir (Equatiae 27) Is a system of 
f i r s t  pa r t i a l  derivatives of t b  mass, r r u n t a m  a d  energy rrcroblances with 
respect to the state variebles Fs we and b at a stsedy-state operat* paint. 
b m i n a t i ~  of tbe f o r m a l a t h  of these partial derivatives reweald that  
they could be expressed explici ty as a f m c t i a r  of the state variables, thus, 
e l i r i aa t lng  the need f o r  f i n i t e  difference a p p r o x i r r t i ~ .  This elrlinates 
the dependence of the solutioa on perturbation size d thereby, elhinates 
s potential  source of error. 

Each s ta t ion  reqaires a t  least three kwrva f l av  propertier, t o  defiee the 
s t a t e  of the fluid. A t  an intend stattiam, the s ta t ion  ral- are obtaiged 
by interpolating between adjacent volume averaged prap6+tles. Ihe k-th 
volume f luid  state is represented by the recrobaleacee of rrss, m t u m  eaQ 
energy (Eqaatians 1, 2 a d  3). A typical volume w l t h  agqmptirte statioa 
notation (I) is shown in the follaring scharatlc: 

The set of three mecrobabmxs for each rol- is dewted by f 

3k-lm a d  f =, respectiwely. as dmm by Equation 25. In these &&m: 

For stators. 

For roaors, 

. PAGE CLAN:( t:3T fi&;i;.. 



For free volwnes, 

For rotors, 

For free -lames awl stators, 

The A matrix is of order 3k for a k volume compressor d e l .  We partial 
derivati& of the f unctioas f are taken with respect to  the -lame-averaged 
s ta te  var~ables c a t a i n m ~  1.125 qrutim. F- 33 a schematic repe 
sentation of Volu~es 4, 5 4 6 of the 585-13 coapressor Podel. 'Wese volmes 
r e p r m t  the ZGV-trailhg-edge free rolame, stage 1 rotor arrd stage 1 stator, 
respectively. Tbe continulty equatim, i n  each case, has derivatives taken 
with respect to Wi aad Wi+l 

The moaentum equation provides derivatives of a l l  surroundi~% state 
variables ( P ~ . ~ ~ , s ~ . P ~ + ~ . ~ ~ + ~ , ~ ~ + ~ ) .  





l h  additional derivatives are needed for stator volumes. 

The energy equation provides derivatives taken with respect to s and 
ag+l. However, for rotor voluaes, the entropy production term (SF) yfelds 
additional derivatives with respect to pi,W~, and Wi+l. 

For free volmes and stators, (si+l - si) = 0 



For rotor VO~IIC.; - si) # 0 

a's 
k 1 as, - - -  ] 

f'iVk 

A general equation expressing static pressure in term8 of static density 
a d  entropy can be easily derived. 

( s - s  )(y-l)/R ref 

Derivatives of Equation 65 with respect to density and entropy are: 



These equations lead directly to the formation of the derivatives of 
the term. 

For free volumes : 

a P ~  (SF) pi+=y -= 
)"i+l "i+l (1 + SF) 

a p ~  (SF) Pi+l (y-1) 
P 

asi+l R (1 + SF) 

For rotors and stators: 

where the subscripts H and L denote station parameters associated with the 
high and low pressures, respectively. 



Equations 5 through 10 are expresslow used for  determining the blade 
force term (FB) . An acpressiaa re la t ing absolute flow angle (a) t o  re la t ive 
flow angle (8) i n  term of local  s t a t e  variables can be derived. 

Derivatives of the above equation and other fundmental relationships 
have been cdiaed ia the forsrulatioa of the blade force term derivatiwes 
and are shown in their f ina l  form below. 

For stators: 

a F ~  --- tan b 
awi+l awl+l 

a F ~  a(trm++ a p ~  tan BED 
= FT * i-1 

a F ~  - a=.+- a F ~  tan B ~ D  
awi-l awi-l 

For rotors: 



aFB u a ~ T  
P -  tan L, 
a p i + l  api*l 

a F ~  
I D -  tan 0, 
awi+l awi+l 

Equation 12 is an expression for the entropy production term (SF) in 
the energy equation and represents the blade raw losses in rotor volumes. 

where : 



Hence, Equations 48 through 93 completely define the elements of the Jacobian 
matrix. 

Bow-aary conditions were imposed at the campressor-model inlet and exit 
volumes. It was previously mentioned that each stabion requires at least 
three known flow properties to define the state of the fluid. Model-inlet 
total pressure and total temperature are imposed explicitly as boundary con- 
ditions, while the density is implied. At the model exit flow functlon was 
specified in a manner analogous t9 specifying a choked exit boundary condition, 
while the flow and entropy were i-mplied. 

A parallel compressor model based upon an extension of the Dpnamic Blade 
Row Compression Conpone;+. Stability Model was used for the diatorted-inlet- 
flow studies. Parallel compressor theory is based on the assumption that 
each sector operates on its ciaan inlet characteristics and exits to a uni- 
fcrm static-pressure interface downstream of the compressor exit guide vanes. 
Flow from each sector is surmned prior to enteriag the downstream volume and 
the entropy is implied. Inlet and exit b o d a r y  conditions are identical to 
those used in the clean-inlat-flow model. 



APPENDIX B 

FREQUENCY RESPONSE INPUT MATRIX FORMULATION 

The ana ly t i ca l  formulation of the  p a r t i a l  der iva t ives  of the  input 
response (B) matrix is  analogous t o  t he  methods, previously described i n  
Appendix A. For a k - volume system, p a r t i a l  der iva t ives  of the  macrobalances 
of m a s s ,  momentum and energy a r e  taken with respec t  t o  each input (%) while 
holding a l l  s t a t e  va r i ab l e s  constant. The r e su l t i ng  matrix IS of the  form 

The two inputs  used i n  t h i s  study are the  compressor i n l e t  t o t a l  pressure 
hnd the  compressor e x i t  flow function. Cr-tsequently, the i n l e t  and e x i t  f r e e  
volumes, respect ively,  a r e  the only vol-mes containing these  input parameters. 
A l l  - B matrix elements associated with t.he remaining volumes a r e  zei-o. 

The f i r s t  column of t he  B matrix contains the  p a r t i a l  der iva t ives  of the  
s t a t e  equations with respect  t o  i n l e t  t o t a l  pressure. The cont inui ty and 
momentum equations (Equations 1 and 2 ) ,  of the  f i r s t  volume, provtde the  only 
non-zero elements f o r  the  input total-pressure o s c i l l a t i a n .  Iq these 
equations f o r  t h i s  pa r t i cu l a r  volume, s t a t i o n  subscript  "i" corresponds t o  the 
compressor i n l e t  s t a t i o n ,  where 

Mi = W i n l e t  ( ' t inlet  1 (95) 

Expressions f o r  the  ab:ve equations can be eas i ly  derived. The r e su l t i ng  
p a r t i a l  der iva t ives  of the s t a t i c  equations a r e  



The second coluuin of the B matrix coatainq derivatives with respect to - 
exit f lw functioa. The momentum equatiuu assrwiated with the last free 
v o l m  provides the only noa-zero elements. At the terminating statiar, 
static density and pressure are expressed in terns of the local flaw function. 

'j+l ' 'exit (FF) (101) 

All matrix elements aesodated with the carrtinrrity md enex= eqaetioas 
are zero. The resultlryl p u t l a l  derivmtiw9 are of the form 

Once the input response matrix is generated, all scale factors applied to 
the & macrix aw+ be applied to tbe !matrix and the freqwmcfes used to 
evaluate the frequency respase charactetlstics. 



Given the A, B, and C matrices (Equations 28 and 29) of appropriate - - 
dieension, the problem isto obtain the matrix transfer fuactim giverr by 
Equation 33 

The technique that has been p r o g r d  in Reference 8 considers only cme 
element of the matrix at a time. For example, consider t k  scalar transfer 
function between the i-th element of R (r) and the j-th element of (u). 

where Ci is the i-th rav of C and BJ is the j-th column of E. 

The problesr is simplified by using the transform given in Reference 16 
since it will eliminate the reed for a Ci vector by making the output r a 
state variable in the transformed system. 

such that 

where T is the identify matrix except that the HC-th row is overwritten by the 
Q~ veFtor. The integer MC is fhe position of the element of with the 
maximum absolute va.'ue. The T' matrix is similar to inverees encountered in 
the proof of the Danilevsky sthod (see Reference 9) a ~ d  can be written down 
explicitly. The output r of the umodified system is the K-th modified state 
variable GHC. lhus Equation 105 b comes: 



This is a matrix of linear equations and in theory can be solved by 
Craeer's rule. The solution is 

r det (id) - = 
u det (s - I - - E) 

here is the system Vroaskian obtained by replacing the HC-th calm of 
(s - I-E) - with the F vector. The determinant of (s I-E) equals the deterri- 
aant of (s L-A) a a  is the characteristic p o l ~ l  of the system 1 aatrix. 
The DanilevGkT method provides arr efficient algoritln for o b t a a  the 
characteristic polynomial (see Reference 9). It uses shSlarity transfor- 
mations to put the matrix in a phase variable form &ere a rass of the 
transf orned A matrix become the chr actaristic polynahd. The determl- 
nant of is-found uaiw a clwer algoritln bevelaped by Eollinger Wer-  
ence 17). Using a frw propurtiae of deteaiasnta, be derlved a method for 
evaluating the determiaunt of uaiag hrr, w a l r u t i ~  of the M e w s k y  
type expressions: (1) Tbe d-tot p0lplraci.l is tba chracteristic 
equation of the eyotem tramfer fuactioa and is obuiaed by the Dadlevsky 
method ueiag the a or g matri. and (2) Ph m a t o r  p o l y n m h l  is obtained 
in two more chructerietic polyaaial calcplrtbus using Bolllngerms method. 
The first characteristic polpodal is obtained by rqlachg the E-tb 
coluaa of g by to obtaia 22; the a e c d  charactrristlc polynomial is 
obtalned through use of a martlx of order (n-1) and is obtained by deleting 
the HC-th raw and colum frae E to obtain t3. The immerator polpwalal Is 
copputed as 

det Q = 22 - Z3 (113) 

Thus, sysceet transfer functim Is written as 

r(s) = det 
U(S) det (s I - A) 
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