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I. MODEL DEVELOPMENT OF THE CONTINUOUS-DATA IPS
' CONTROL SYSTEMS

The objective of this chaptéfris to develop tﬁe dynamic equations and
the mathematical model of the continuous-data IPS control system. The 1PS
model considered includes one flexible body mode and is hardmounted to the
Orbiter/Pallet. The model contains equations describing a torque feedfforward
loop (using accelerometérs as inputs) which Will aid in reducing the point-
ing errors caused by Orbiter disturbances.

The equations of motion of the IPS system are written as

MR + DR + KR + QfRdt = F (1-1)
_ where — - -
. X .
s
1Y ZS
0
s
R = 0. (1-2)
i
X
'n,
Xs’ Zs : translations of the Orbiter
GS : attitude of the Orbiter
Gi : attitude of the instrument
X, Z: accelerometer measurements
M 7 X .7 mass matrix
D : 7 x 7 damping matrix

X

.7 stiffness matrix

X

7 integral control matrix

m o R

X

7
7
7

1 generalized force vector



The elements of M are:

ml' = mo + mi = 91,200

mg = mi(dsm + c)z = -226

my = mi(mbzc o + rbe¢) = 2,270

My = My + m, = 91,200

Myg = .-..mi(dSm + c)x = 16,600

Myy = -mi(-rbzs @ + rbxc¢) = 3,920

My = my3 = mi(dSm + c)Z = =226

m32 = m23 = 16,600

mg = Doy * 1y m((dg, + )+ (d, +)) = 7.06x10°

M3y = liy * mi((dsm * c)z(rsz ¢+ rbe¢) * (dsm * c)x(-rsz ¢+ rbxc¢))
= 26,700

myy = mﬁh = 2,270

My = My f 3?920

Myg = Mgy = 26,700

My = lgy * m (rp, + rp ) = 10,300

mgy = -1.0

m53 = -dsmz = 0.929

Mgg = 1.0 .

Mgy = h, = -0.00113

m63 = dSmx = =4,72

Mee = 1.0

m67 = hz = 0.00137

mig = 1.0

Mg, = 1

All other elements of M are zero.



The elements of D are:

dh3 = d44 = Kr,= 19,700

d“7 = Krorg = -76.4
d55 =25 w, = Ly
dgg = 20w, = Ly
d77 = 20w = 0.}15

-All other elements of D are zero.
The elements of K are:

k[‘3 = khh = Kp = 70,000

kyg = =m; (ry G + rbxs¢)w:y = -2.23x10°
kyg = m; (-r,S¢ + rbxc¢)w:y = -3.87x10°
kl'7 = Kposs = =272

k55 = wi = 986

kg = W, = 986

kg = wp = 132

All other elementsrof K are zero.
fhé elements of Q are:

Az = Gy = K; = 1.1x10°

7 = Kjoge = -427

All other elements of Q are zero.

The generalized force vector is

= - 1] -
F [Fx Fz "chz rczFx 0o o 0 hZCFZ + hchx] (1-3)

Given the elements of the matrices M, D, K and Q, the equations of

motion of Eq. (1-1) are written as



. ) m kg + myaB,  me; = F v (1-3)

) mzzis * m2365 +my,8; = #z (1-5)
ng i, mad v S e S - R, (1-8)
mhlis + mhzzs * mlt3és_+ mhhéi{+ Krés + Kréi + KrOrgr.l

+ ers + eri + kth + kh6z + kk7” + Kifesdt

+ K. fo.dt + Kiossfndt =0 (1-7)

mg Xg + mgo0, + mgX + meon + dSSX + k55x =0 (1-8)
Mgl + Mg3Og + Mgl + meon + dgZ + kgeZ = 0 (1-9)
(1-10)

m77n + d77n + k77n = hchz + hchx
Without the nonlinear wire-cable and flex-pivot torques, the control
torque is expressed as

- T, =-K©, - KO; - ers - K9 - Kijesdt - Kifeidt

where Kr’ Kp, and Ki are tﬁe rate, position, and integral constants of the
-controller, respectively.

The nonlinear torque due to the flex pivot and wire cable can be lumped
into one operator N which operates on Oi.‘ Thus, the component, -N(Gi),
shoula be added to Eq. (1-11); i.e.,

Te = -Krés i} Kréi - KOs ~ K9 '_Kif@sdt B Kijeidt

- k45X - kygZ -'N(ei) . | (1-12)
Solving for X_ from Eq. (1-4), we have

m, . . m,, .. ‘
s mI3 es - ® + o Fy (1-13)
11 ™ ™




i

Soiving for 25 from Eq. (1-5), we Bave

(1] m (1] m e
7o=-235 -2 . L | (1-14)

S m22 S m22 ! ¥4 mzz

Substitute Eq. (1-13) and (I;lh) into Eq. (1-6), we have

m,.m . . m,. M, . m m,,m,. .. m,.m,, . m
- —2%—12-65 - —3%—15-0i + 621 F, - 3§ 23 6, - 3§ 24 5.+ E;g 3
- H no 1 22 22 22
* m3395 * m3liei - _rchz " e x _ (1-15)
The last equation is rearranged to the following form:
Maym Maom . M, m m, ,m .
[ms’ ) 3; 13 _ 3$ 23} 6, + {m3h . 3; 14 3i 24} 5.
’ e 22 1 22
m ’ m ‘
= fexfz ~ Fezfx T Eél Fy ™ Eig F ' (1-16)
H 22.

Substitute Eqs. (1-13) and (1-14) into Eq. (1-7), and making use of Eq. (1-12),

we have

Mmoo Mg ) My Moy
My [ AR e e Fx] My { 228 -8+, Bl"J
n } } , 22 22 22

+m 0+ om0+ Krorgn + k47n + Kiossfndt - T =0 (1-17)

3

Simplifying, the last equation becomes

[m _ M Ma23) L [m oMMy mhzmzu] 5
43 ™ My }] s Ly m My i

+Ko n+k + Ko _fndt - T = - Tﬂl F_ - Tﬂ& F (1-18)
rOrg" 47" i%ss/M c my X My, Z

Similarly, Eq. (1-9) is written as

‘ -m23 . mZQ . 1 . o . .
Moo [ E__'O - —0, + ———-Fz] + m63 Gs + m66Z + m67n + d66z + k66z =0

22 5 Myp b My, |
i} , . ' (1-19)



Equations (1-16), (1-18), (1-19), (1-8) and (1-10) are now written as

. . m m
MO, + MO, = -[r + —3-'-]Fx ¥ [r - ——3—2-]F
i cz - my, CX  My,) 2
- . . mhl
‘Mkes + Mnei + Krc_’rgn + kh7n + Kiossfndt N Tc =T ETT Fx
where '
_ ™3"31 _ M32M23
M = m33 - - - =
s 1 22
m_.m m.,.m
Mi - m34 - 3; 14 3§ 24
Il 22
m, .m m, ,m
M, = My - ]; 1 hi 23
11 22
m,,m m, .m
Mn = m, - lz 41 hi 24
11 22
- v . " . Mo
wherg m62m23
M = —==3+mn
P My 63
m, m
Mr = - _§_2_2i
M22
m.,m
M =M - ._5.]__]_3.
u 53 m
[R]
m..m
Mv - = 5; 14
11
m.,m m_.m
- 5] ]3 =~ 5] ]l* ~ o~ o . - -
[m53 ™ }@s ) 0. + m55x +.m57n + dSSX + k55x
m77n * d77n * k77n - hchz + hchx

_ M2

FZ
M2

(1-20)

(1-21)

(1-22)
(1-23)
(1-24)
(1-25)

(1-26)
(1-27}
(1-28)
(1-29)
(1-30)
(1-31)

(1-32)

These last five differential equations are rearranged so that a block diagram



can be constructed.

M m m
- i ] 31 | 32
O.=-+0,; - —[r + -—] F o+ —[r - ———]F (1-33)
s Ms i Ms cz m. X Ms cX Mmoo z
M Ko k K.o
o -_'S _rrges _ 47 _-_1_ss A
0 = "W 9 moon " wo D i [ndt + g T
n n n n
m m '
4] 42
- F - = F (1-34)
M mll X M m]] z
s My Mo Ters Y, Keo, | e (1-35)
Mee > Mee ' Mg M66 M6 M22Me6 2
M Moo me, . dep o K m
X=-—Lf -—L§ -2Lp. 25252 (130
55 55 55 55 55 11755
do- k h h
Y v I A L chx (1-37)
mz7 m77 mzz %2 My7 2

The ;ontrol torque T_ is given by Eq. (1-12).

The block diagram which portrays the differential equations of Egs.
(1-33) through (1-37) is shown in Fig. 1-1. The nonlinear element which
represeﬁts the nonlinear torque due to the flex pivot and wire cable is also
included in the block diagram. The signal flow graph representation of
Fig. 1-1 for the purpose of evaluating the déterminant is shown in Fig.

1-2. The dynamics of 1 is eliminated since they do not enter the determinant
of the signal flow graph.

Applying Mason's gain formula to Fig. 1-2, the determinant of the
signal flow graph is evaluated.as follows:

‘

M M
[ 2. vV  JL 3
A= " Ns _+ KpS + Ki + Krs m55 kuSGxS Mo e kll6GZS

M s?
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N nonlinearities
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Figure 1-1. Block diagram of the IPS system with wire-cable and flex-pivot nonlinearities.
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M Mk’
Mi[ﬁ—s'kHSsts * _Eﬁhi st3 - Kos - Ki'- Krs2 B Mks3]
+ 55 66 3 P =0 (1-38)
MsMns
where )
]
6 = -

X 524 gii s + Eii (I 39)

Mss Mss
6, = L | (1-40)

z s2+ gﬁﬁ-s + —8&

Mg Mg 6

Rearranging both sides of Eq. (1-38), we have

M M
3 2 __V_ 3 _ T 3
MSMns + MS(NS + Kps + Ki + Krs m55 khSst Moe kh6GzS ]

MU 3 fﬂiﬂé 3 2 3
+ MiL;;; khSst + Mg st - Kps - Ki- Krs - Mks ]= 0 (l-hl).

Dividing both sides of the last equation by the terms that do not contain

N, we get the equivalent linear. transfer function that the nonlinear element

N sees, .
M s
s

M M-
- 3 4 2 .y 3 - r 3
(MSMn MiMk)s 3 MS[KPS + K+ Krs mEE khSGxS ag.ék%(;zs ]

Geq(S) =

(1-42)
u 3
—— k, .G 5° +

+ M.
m55 457 Meg

M M k
I[ p 46 8

s -Ks~-K, -K 52]
z p i r

For the system parameters given, Gx = GZ; thus, Eq. (1-42) is simplified to

d k
Mss(s2 + 522 s + ﬁééi
6 (s) = 55 55
eq e . o2 ., 955, Kss
(MM - MM )s +.(MS "M (Ks? + Kos + Ki))[s + moe s + mes

(1-43)

M.M - MSMV M.M_ - MSM
+ { 1 u ] k4553 + [ i p r }

k,,s?
Mg o 46

10



Substitution of the system parameters into Eq. (1-43) with

Mg = 7056977.95

M, = M; = 25992.12
M = 10074.90
M, = 0.926522
ﬁp = -4.537982
M. = 0.042982
M, = 0.02489

we have

1.002077x10" *s(s? + Uhs + 986)

Goq(8) = S5 T T5T966765" + T107.57835° + 2257.76957 + 737508085 + 10828, 5876E

+

(1-44)
It is interesting to note that the system shown in Fig. 1-1 is of the
11th order. However, since the dynamics of n dc not enter the picture on
the stability of the nonlinear systan,énd sinaan = Gz’ the transfer function

seen by N is only of the 5th order.
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I1. PREDICTION OF SELF-SUSTAINED OSCILLATIONS OF THE CONTINUOUS-
DATA IPS SYSTEM WITH WIRE-CABLE AND FLEX-#IVOT NONLINEARITIES
The equivalent transfer- function Geq(é) in Eq. (1-44) can be plotted
in the gain-phase coordinates together with the plot of -I/N‘of the nonlinear
element for stability analysis. The describing function of the combined flex-
pivot and wire-cable nonlinearity using the Dahl model has been derived in
[1] . In this earlier report a simplified model of the IPS system was obtained
by assuming that all but motion about two of the seven deérees‘of freedom of
axes are negligible. Only motion about the scientific instrument axis and
the mount rotationwere considered.
For the purpose of comparison, the equivalent transfer function that

the nonlinearity sees for the simplified IPS in [1] is repeated as follows:

& (s) = 0.0013946s(s? + 0.0012528s + 0.0036846) (2-1)
eq s> + 16.7s" + 222.6s° + 279.806s° + 5.857s + 5.13855

when the integral control constant Kl is 10°. The zeros of this transfer
function are s = -0.0006264 + j0.06069764 and s = -0.0006264 - j0.0606767k.
The five-poles are at s = -1.38135, s = -0.0031956 + j0.135895, s = -0.0031956
- j0.135895, s = -7.65618 + j11.946, and s = -7.65618 - j11.946. It was
concluded in [1] from the gain-phase plot of Geq(s) versus the -1/N(A) plot
that the simplified IPS may have a sustained‘oscillation that is characterized
by the frequency of w = 0.16 rad/sec. Depending on the values of the para-
meters of the wire-cable and flex-piyotAnonlinearities, KWT and HWT’ the
~amplitude of oscillation of €, which is comparable to Oi in this report,

lies between 3x10™° to 3x10~° for K, = 10° .

The equivalent transfer function of Eq. (1-44) is plotted as shown in

Fig. 2-1. It is noted that the IPS model used in the present work does not

-
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have the same system parameters as the simplifiéd IPS system studied in [1].

Thus, the natural frequencie§ of the two systems are different. From Fig.
2-1 it is observed that the Geq(s) and -1/N loci would intersect only at
very low frequencies énd when the amplitude of oscillation is extremely
small.  For instance, at w = IOf3 rad/sec, the amplitude of oscillation
is approximately 10—10, and for all practical purposes this can be regarded
as zero. Thus, the IPS model considered here would not exhibit sustained
osci!lafiqns due to the wire-cable and flex-pivot nonlinearities.

It ié of interest to investigate the poles and zeros of the transfer
function of Eq. (1-44). The poles and zeros of Geq(s) of Eq. (1-44) ;re

tabulated as follows:

2eros: s =0, -22+ j22.4053565, -22 - j22.4053565

poles: s = -1.66963, ~0.123519 + j2.5232
-0.123519 - j2.5232
-22.025 + j23.0467

-22.025 - j23.0467

The natural frequency of the dominant poles of the Geq(s) of Eq. (1-44)
is found to be at 2.5232 rad/sec. This is much higher that that of the
transfer function of Eq. (2-1). Furthermore, the two zeros listed above

are very close to two of the poles.
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11l. DIGITAL COMPUTER SIMULATION OF THE CONTINUOUS-DATA
NONLINEAR IPS CONTROL SYSTEM WITH DAHL MODEL AND
ONE FLEXIBLE BODY MODE '
The IPS control system with one flexible body mode and the nonlinear
flex piyot torque modelled by the Dahl solid friction model (f = 2) is

simulated on the digital computer. A block diagram of the IPS system is

shown in Fig. 1-1. For the Dahl model with i = 2, the following parameters
are used:
v = 9.2444 x 10"
-3
TFPO =2.25 x 10 N-M

The objective of the computer simulation of the system is to verify
~and/or clarify the analysis results obtained by the describing function
method in Chapter Il. Although the describing function method analysis
in Chapter l; does not yield precise results for possible amplitudes and
frequencies of sustained oscillations, it does indicate that for the sets
of system parameters used if sustained oscillations were to exist the
amplitude of oscillation would be approximately less than 10~ radians and
the frequencies would be less than 10~ radians/sec.

Since thé significant time constant of the IPS system is very long,
it would require a long computer simulation time to verify the existence
or nonexistence of a limit cycle.” Normélly, ;he possibility of sustained
oscillations could be checked by using two computer simulations, one with
initial conditions that correspond to above and the other with initial
conditions that correspond to below the vajue of the-pfedictedramplitude
of oscillations. |If a sustained oscillation exists then the simulation
with initial conditions below the predicted amplitude will result in a

response - that oscillates near the predicted frequency and increases in

15



vamplitude. Also, the simulation with initial conditions that correspond to
an initial amplitude above the predicted amplitude will result in a response
that decreases in amplitude and oscillates near the predictea frequency.
However, since the analysis of Chapter |l does not predict any specific
sustained oscillations, the method described above must‘bg changed.

Sinée the analysis of Chapter 1l provides no specific candidates for
amplitudes and frequencies.of limit cycles (or the amplitude and frequencies
are all e*tremely small), it may be necessary to check for the absence of
limft ﬁycles. kThe absence bf limit cycles can be verified by showing that
the responses of the system due to any initial conditions actually decay to
zero as time increases indefinitely.

Again, since the time constant of the IPS system is very long, the
simulation of the system response by a digital computer may inQo]ve excessive
computer time. Since if sustained oscillations were to exist, the possible
frequencies of oscillations would be less than 1073 rad/sec, the simulation
time required would be iﬁ excess of 2m x 10® sec. Also, a doub]e;precision
program with 30 digits’of accuracy would be required, since the amplitude of
ascillation must bebless than 10°° radians. Instead,’the results from the
simulation will be used to verify that the oscillafiohs of the system are
damped out at a mode that is practically independent of the nonlinearity.

As a means of exciting the system, an initial perturbation of @i(O) =
107° radians was appiied to the sysfem. Two simulations of the system were
completed for two eXtr;me sets of wiré céble paramefers (KWT and HWT)'

The responses of Oi for both of these cases are shown in Figs. 3-1 and 3-2.
These responses indicate that the influence of the wire cable parameters on

the system respdnse‘is very insignificant. . In addition,. the frequency of

16
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" oscillation is approximately 2.5 rad/sec,. which is approximately 10* times
greater than the maximum possible frequency of oscillation. Also, the envelope
of thé response is decaying with a mode of ¢ = -0,1239, where 1/0 is considered
as the time constant. Hence, the system over the 50 sec interval of simulation
time has a response due to a pair of poles at s = -0.1239 + j2.5 and s = -0.1239
- j2.5, which is approximately one of the pairs of poles of Geq(s). Thus,
the system oscillates at the dominant mode of Geq(s) as expected, if the system
had no limit cycles and thé nonlinearity were replaced by a unity gain element.
This implies that the nonlinearity has very little influence on the the system
response under the simulated conditions, and that no limit cycles exist.

Sin;e the size of the feasible amplitudes predicted is so small, at least
15 digits are needed to carry out the 50 seconds of computer simulation.

The listing of the computer simulation program is given in Table 3-1.



Comphter simulation program of continuos-data IPS system. 20

Figure 3-1.
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Table 3-1 (continued).
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Table 3-1 (continued).
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Table 3-1 (continued).
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Table 3-1 (continued), 24
c
C RYTURNS TD CALLING D?OG?%M
. 35'Ig%{=11 (¢, Y, DE E
<ALL “CT (Y, DERY ,KEEP,%NDIN .
G0TO 39 r o HDIH) N
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307D 29
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Table 3-1 (continued).
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IV. DISCRETE DESCRIBING FUNCTION OF THE COMBINED
WIRE-CABLE TORQUE AND FLEX-PI1VOT NONLINEARITY
In the last three chapters the continuous-data IPS system with the
combined nonlinearity of the wire-cable torque and flex pivot is studied.
The describing function analysis is applied to the continuous~data system.
In the present chapter the digital IPS system with the combined
nonlinearity is considered. The block diagram of the system is shown in
Fig. 4-1. The combined nonlinearity is represented by éhe block N. The
digital system is characterized by having the sample-and-hold units which
have the notation S/H. In order to apply the discrete describing function
technique, a sample-and-hold unit is inserted in the path of the noplinearity
! N.
The objective of the investigation is to study whether self—sustainéd
oscillations will occur in the digital IPS system. |If self-sustained
oscillations do occur, as they most likely will in a dfgital nonlinear

system, what are the amplitudes and frequencies of these oscillations ?
k.1 Discrete Describing Function of the Combined Nonlinearity

The discrete model of the combined nonlinearity of the wire-cable
torque and the fleXfpivot characteristics is shown in Fig. 4-2. The zero-
order hold at the input of the combined nonlinearity is deleted, since
there is already a zero-order hold at the output of N.

The wire-cable torque TWC is modelled as shown in Fig. 4-2 and is

functionally represented by

Twc - HWTSGN(QE) * KWTei (h-1)

or

S )
Tuc (@) = Hyp + K0, | 0; 20 _ (4-2)



S/H N

Combined flex-pivot
and wire-cable
nonlinearity

|..

S/H jat

)~

K
S/H % K + o=

45 *1S/H

{). i

e

e

ki S/H ‘ Co '

0 |-
wij—

Figure 4-1. Block diagram of the digital IPS system with flex-pivot and wire-cable nonlinearities.
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\ 4

we
w2 |
WT L we
-HWT ei Wire-cable
torque

T | Dahl Model

T
FR 'j
/ 3TFP
— 0, N
0 ’// i| Flex-pivot
L torque

Figure 4-2. Discrete model of the combined nonlinearity
of the wire-cable and flex-pivot torques.

Tuc @) = Hyp * Kr®; 9 <0 (4-3)

where HW is in N-m, KWT in N-m/rad. Oi is in rad, and Twc(ei) in N-m.

T
it has been established that the Dahl solid rolling friction charac-

teristics can be approximated by the nonlinear relation,

—"—dTSS:O‘) = Y(Tgp; = Tepg)' (=)
where .
i = positive number
Y = positive constant
Tepy = TepSEN(S;)
TFPO = saturation level of TFP

For i = 2, Eq. (4-4) is integrated to give

(4-5)

e
v
o

(4-6)

Qe
A
o



. where Cl and 02 are constants of integration, and

+ o - 3 s -
Tee = Tep 9 20 (4-7)
Tep = Tep : 0, <0 (4-8)

The constants of integration are determined at the initial point where

eii = jnitial value of Gi
TFPi = initial value of T?P
Then,
‘ 3
C, = -0,, - —=p—— 0, >0 (4-9)
1 i y('l'FPi TFPO) i
] )
¢, = -0,. - + e, 5_0 (4"]0)
2 ii y(TFPi + TFPO) i

The describing function analysis depends on the assumption that the-
input to the nonlinearity is a sine wave. Let Oi(t) be described by the

cosinusoidal function,

Oi(t) = Acoswt : . (&-11)

Then, éi(t) = -Awsinwt (4-12)
Thus, ‘ 0,; = -A | 9, >0 (4-13)
= A 0, <0 (4-14)

The constant of integration in Eqs. (4-9) and (4-10) become

i
C, = A - - (4-15)
' Y(Tepi ~ Tepo)
1 ' .
C. = -A - — (4-16)
2 Y(Tep; = Tepo!

Substitution of Eqs. (4-11) and (4-15) in Eq. (4-5) and simplifying, the

solution of Tt is written as

FP



\v S
.

T

which is

where

+ (o) : E—%—T-+ g{l ~ coswt) ( )
t) =T 4-17
FP FPO %(] - COSQ)t) + R—l—l—

valid for 6, > 0 or (2k + )7 <wt < 2(k + )7, k=0, 1, 2, . . .

é = 2YAT (4-18)

FPO

2 T... .
R = _%_'_ a : 1 = TFPI (ll"9)
Nooa FPO

Similarly, for @i < 0, using Egs. (4=11) and (4-16) in Eq. (4-6), we have

T =

which is
The
tho;e of
discrete
4-2, the
by "
n

n

For

R

a .
R+T E(l - coswt)

|
R+1

T T (4-20)

FP = TEPO

a
E{] - coswt) +

valid for 2km < wt < (2k + )w, k=0, 1, 2, . . . .

relations for T+

Fp and T;P in Eqs. (4-17) and (4-20) together with

Twc(@;) in Eqs. (4-2) and (4-3) are used for the derivation of the
describing function of the combined nonlinearity. As shown in Fig.
total torque disturbance due to the combined nonlinearity is given
= T+ +
= Twe * 3Tpp
E—%—T + %(l - coswt) .
= Hyp *+ KypAcoswt + 3T 0 2 @, >0 (4-21)
(1 - coswt) +
2 A R -1
Twe * 3Tep
E—E—T'- %{1 - coswt)
= -Hyp + K gAcoswt + 3TFP0,3(] eosmt) 2 0, <0 (4-22)
2 cos R+ 1
the discrete model, we let
Oi(t) = Acos (wt + ¢) ' (4-23)

where ¢ denotes the phase in radians. The z-transform of Gi(t) is

30



o= 1 Acos (BT + ¢) 27 | (4-24)

N=2,3,. .. . Or, inclosed form,

_ Az((z - cos2m/N)cosd - sin2m/N+sing) _
Oi(z) B 2° - 2zcos2m/N + | (4-25)

The z-transform of Tn(t) is denoted by Tn(z). Then, the discrete describing

function of the combined nonlinearity is defined as

T, (2) '
N(z) = é?TzT (4-26)

The discrete describing function (DDF) for N = 2 is derived separately

“in the following section.

4.2 The DDF of the Combined Nonlinearity For N = 2

Let Tn(kT) denote the value of Tﬁ(t) at t = kT. For N = 2, the signal
Ti(t) is a periodic function with a period of 2T. The z-transform of Ti(t)
is written as

-4 -3

]

Tn(z) Tn(o)(l + z'2 +z 4. . .‘) + Tn(T)(z-] +z7+.,..)

T (0)z% + T_(T) |
_nF — i (4-27)

z% -1

For the cosinusoidal input of Eq. (4-23), the corresponding expression

+ - ,
for TFP(t) and TFP(t) are

R a
— + (1 - cos(uwt + ¢)) )
Thp(t) = Tepg S 9; 20 (h-28)
RoT E{] - cos(wt + ¢))
R 5 7" g{l - cos(wt -+ ¢)) .
Tep(t) = Tepp =5 a 0,20 {h-29)
R+ T * 31 - cos(ut + ¢))

respectively. For t = kT, the last two equations become:

31



R 5 T+ g{l cos(g%E + ¢))

Tep (k) = Tepo T2 2k
e E{l cos (5~ + $))
3 e )

Tep(kT) = Tepg —7— 2 21k
S T gl sG]

For N = 2, Eq. (4-25) is simplified to

Oi(Z) =

Substitution of Egs. (4-32) and (4-27) into Eq. (4-26), we have

T (2)
N(z) = =2 i

Azcos¢

z + 1

T (0)z + T (T)

-

Also, for N =2,z

@i(zf = TA(z - T)coso

T (0) - T (T)

N(z) = 2Acosg
For N = 2,
T(0) = T>(0)
= T(0)
T (T) = TH(T)
=T

Then, Eq. (4-34) becomes

T;(o) - T;(T)

N(z) 2Acos¢

N(z)

TH(0) - T (T)

2Acos?

m < ¢ <27

For stability analysis, it is convenient to define

-1; the last equation is simplified to

(4-30)

(4-31)

(4-32)

(4-33)

(4-34)

(4-35)

(4-36)

32



F(z) = - oy ' (4-37)

Using Eqs. (4-2), (4-3), (4-30) and (4-31), we have

) R§]+§(1-c_os¢)
Ta(0) = Hyp + Kyphcosp + 3Tppg a (438
-R—-:—-—]- + E(l - COS¢)
R _ a
- =(1 - cos¢)
_ R+1 2
Ta(0) = “Hyp + Kyghcosg + STppg 7 (4-39)
Tt -2—(] - cos$)
) R5]+%(l—cos('ﬂ+¢))
Ta(T) = Hyp + Kyphcos (9 +m) + 3Tppy ~5———5—
= +§( cos(m + ¢))
R a
=H - - Acos¢ + 3T m+§(] + cosd) (b4
wr " KyphAcosé *+ 3Tepg ™ (40
Tt E.(] + cos¢) :
R a
—— - =(1 + cos¢)
_ - ) , R+1 2 '
TR (T) = My = Kyphcosd + 3Ty 73 (-4
rea -2—(] + <:os<;b)~
Thus, for 0 < ¢ < m,
R a
—— - &(] - cos¢)
- - + = - R ke ‘ 2
To(0) - T(T) = 2K phcosd - g + 3Tepy| 75
| R 7 T (1 - cosd)
T{J}T + %(l + cos¢)
- B - (4-42)
TFT 501 - cos )
For m < ¢ < 2m,
R a
——— + (1 - cosd)
- = = R T I 2
TH(0) = T_(T) = 2K fAcos¢ + 2H 0 + 3Tep0 |7 a
ot + 5(1 - cos)
R a
—— - 21 + cos9)
_R+1 2 (4-43)

1 a
R+I+'2—(]+COS¢)

33



34
" 4.3 Properties of F(z) = ~1/N(z) for N=2a A>0and A > o
The properties of F(z) for N =2 as A~ 0 and A >~ © are now investigated.

These properties will be useful in the determination of the critical regions

of F(z) for stability studies.

Theorem 4-1.
For N = Z, .
lim F(z) = lim ~1/N(2) = ‘I/KWT for all ¢ (4-44)
Ao Ao
Proof: From Eq. (4-19),
R__ -1+ /aZ+1 )
R-1 =1 -a+a2®Tl (k-45)
R _ =1+ /aZ + | _
R+ 1 =1+a +/az ¥ 1 (4-46)
1 a }
R-T =1 -a+GEsT (4-47)
| a ‘ ' ' ' )
R+1 ~1+a+/az+ 1 _ (4-48)
and a = ZYATFPO‘

Let F¥(z) = F(z) for 0 < ¢ <m. Substituting Eq. (4-35) into Eq. (4-37),

we have

F¥(z) = T;(5§A50?21T) (4-49)

Then,

Vim FY(2) = 1im ——r2PC0S0 (4-50)
Ao poea T (0) =TT

Substituting Eqs. (4-39) and (4-40) into the last equation and using Egs.

(4-45) through (4-48), we get



lim F+(z) =
Ao
lim ~2Acos¢
-1 +va+. 1 ~a -1 +va<+ 1 a
Ao T o wamT 2V T s T oavamT gl ¢ cosd)
-1 + a +a?+ 1T 2 : -1 - a+/as+ 1 2 )
ZKWTAcos¢ - ZHWT
. ~2Acos¢
= lim i 3 -
Ao 7" -i-(l - cos¢) -a + -2-(] + cos¢)
3T - + 2K .Acosd - 2H
FPO %—+ -;—(l - cosd) -a + g—(] + cosq))) KWT WT
. -2Acos¢ . ~Acosé 1
= lim - a— =lim g =~ 7 Q.E.D.
Ao 6TFPO + 2K rAcosé 2H, ¢ Ao KypAcosd Kt
Similarly, for m < ¢ < 21, F (2) = F(2),
. - . -2Acosd
lim F7(2) = lim =f ——
Ao Ao Tn(O) Tn(T)
= lim -2Acos¢
B -1 +ya‘+l a -1 +/a?+ 1 a
Ao 37 T T t ol T o8t gy aavamT gl *cosd) N
FPO a a a a .
T aaaET 20 T s i avemT t () o cosd)
+ ZKWTAcos¢ + ZHWT
= lim _ - -2?cos§
Aroo -a + 5(1 - €os9) E—-~§{I - cos9)
3T = + 2K Acosd + 2H
FPO | 1 _a/, _ . l,oag + T WT
7+ E(I cos¢) 5+ 2(1 + cos¢)
. -2Acos¢ 1
= lim = - — Q.E.D.
pow OTppg ¥ 2KypAcostt 28 Kyp
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Similarly, for w < ¢ < 2m,

Theonem 4-2.
For N = 2,
. - 1 . 0 -1 cosd
lim F(z) = lim - —— = 0/180" + tan for all ¢ (4-51)
A0 A0 N(Z) / COS;I-
Proof: For 0 < ¢ <,
lim F¥(z) =
A0
lim -2Acos¢
-1 +va‘+ | a -1 +/a“+ T a
. A"‘)O 3T _] + a +/a[+ ] '2"(] C°s¢) . _l - a +l/a‘+ ] + ‘2‘(] + Cosq)) N
FPO a a a a
21 + a +/a2+ 1 + 2(] cos¢) T = a +/32% + 'i'(] + COS(P)J
+ ZKWTAcos¢ - 2HWT
= lim ~ ~ ' -?.A;:OS(b —
A0 TF 5 " E{l - coso) oy el E{l + coso)
3TFP0 I a = ] a + ZKWTACOS¢ - ZHWT
Twa Tl mcoso) g+ (1 + cosg)
= lim ;%%ﬁgé@_= 0/0° for 0 < ¢ < /2
A*0 WT
= 0/180° for m/2 < ¢ < w

lim F~(2) =
A->0
Tim -2Acos¢ ,
-1 +/aZ+ | a ) -1 +/aZ+ | a
A>0 -1 ~ a +/a%+ l_+ E{] cosg) -1 + a +/a?+ | EKI + cos¢)
3T - +
FPO a a

231

+ - ¢OoS
-t +a+a+1 2 )

a
TT¥ s wATrT T gl ¥ cosd)

ZKWTAcos¢ + ZHWT
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lim £(2) = lim — 2heoze
§+? : - A0 T3 E{I - cosd) T --f(l + cos$)
3T - + 2Kw Acos¢+2H
> .FPO ___l__-+ E{] - COS¢) __l__.+ E(‘ + C05¢) T WT
l+a 2 1l +a 2 )
= lim -2Acesd
A0 ZKWTAcos¢ + ZHNT
= (o] -1 cosd  _ o
= 0/]80 + tan m = 0/180 3n/2 < ¢ <2w
= 0/0° m< ¢ <31/2  Q.E.D.

. 4.4 The DDF of the Combined Nonlinearity For N > 3

A general relation can be derived for the combined nonlinearity for
NZ-3'
In general, the z-transform of the output of the combined nonlinearity

may be written as

N-1

Y T (kT)z
=0 " -

-k-mN

T (2)
q m=0 k
N2l N-k

°§
)

T (kT)z
0 n
= N (h'SZ)

z -1

The discrete describing function then becomes
N-1

T (Z) z Tn(kT)ZN_k
N(Z) = n = k=0
9;(2) 3 21k -k
(z" - 1) ] (Acos ==+ ¢)z (4-53)
k=0
The last equation is simplified to
N-1 ’
Z Tn(kT)ZN-k-l
N(2) = (N > 3) (4-54)
A ) (cos 2k, ¢)zN-k-l

k=0 N

Or, alternately,



YT (kT)zN-k(zz- 2zcos2L + 1)

k=0 n N
N(z) = N_l - . ’ (4-55)
kzo (z - ernk/N)Az((z - cos%?)cos¢ - sin%gsin¢]

N-1
Or, Z Tn(kT)ZN‘k‘I
_ k=0
N(z) = -2 —
A(z=-1) 7] (z- ernk/N)«z - cos%%)cos¢ - singﬂsin¢)
k=2

(4-56)
N

For N =3, z= eJZﬂ/3,

T (0)z%+ T _(T)z + T _(27)
A(z - 1) ((z + 0.5)cos¢ - 0.866sing) (4-57)

N(z) =

Similar expressions can be obtained for N =4, 5, . . . with z identified

with ej2n/N'

In general,

T(KT) = T7(kT) o<HE Ly <
(4-58)
= T;(kT) T < 3%5-+ ¢ < 27m

4,5 Asymptotic Properties of -1/N(z) for N > 3 as A Approaches Infinity

The' following properties of -1/N(z) are found for N > 3. The proofs
of these properties can be obtained the same way as fhose for N = 2 by

replacing ¢ by ¢ + 2mk/N.

(a) 1im (-I/N(zn = -1 for all ¢ (4-59)
Ao Kt

(b) 1im [-1/N{z)| = —— for all ¢ (4-60)
ALZ l,, z) | R or a

(c) Vim (Arg(-l/N(z)) = 180° f for all ¢ . (4-61)

4.6 Asymptotic Properties of -1/N(z) for N > 3 as A Approaches Zero

The following properties of -1/N(z) for N > 3 are obtained as A

38



‘apprcaches zero.

(a) For N > 3, and for all ¢,

lim [1/N(2)] = 0 | (4-62)
A0
(b) For N >3, (N = odd integers)
lim Arg(-l/N(z)] = - [l—i—%%—i—gkiw + ¢ (4-63)
A>0 _
for kn/N < ¢ < (k + Da/N, k=0, 1,2, . .., (2N - 1),
(c) For N >4, (N = even integers)

lim Arg (-1/N(2)) = -

(2 + 3N + 4k
A0

T LR (1-64)

for 2km/N < ¢ < 2(k + 1)w/N.
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In view of the properties of ~1/N(z) listed above, the following theorems

are generated.

Theorem 4-3.

For even integral N > 3, the magnitude and phase of -1/N(z) repeat for
every ¢ = 21/N radians.

Theorem 4-4.

For odd N (N > 3), the magnitude and phase of -1/N(z) repeat for every

= /N radians.

4.7 Discrete Describing Function Plots of the Combined Wire-Cable and

Flex-Pivot Nonlinearity - The Critical Regions

The discrete describing function, N(z), for the combined wire-cable
and flex~pivot nonlinearity is derived-in the preceding sections. The plots
of F(z) = -1/N(z) together with the plot of Geq(z), which is the linéar
transfer function that N(z) sees, in the frequency domain allow the study of

the condition of self-sustained oscillations of the digital IPS system.
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Computer programs for the evaluation of the -1/N(z) for N = 2 and
N > 3 have been prepared. The listings of these programs are given in Tables
Lk-1 and 4-2, respectively. |

For N = 2, the expression for F(z) = -1/N(z) is given in Eqs. (4-35),
{4-36) and (4-37). Figure 4-3 shows the F(z) plot for N = 2 in the gain-
phase coprdinates with 0 < A < = and all values of ¢.

The following set of parameters are used for the nonlinear elements:

Tepg = 0-00225
y = 9.2444x10"
KNT = 100
Hyr =1

In view of Theorem 4-1, Eq. (4-4k4), the most important parameter among those
listed above is KWT , since when A approaches infinity the maénitude of F(z)
approaches I/KWT. However, as shown in Fig. 4-3, the F(z) plot stays on the
-180° and -360° axes for N = 2.

The discrete describing function N(z) for N > 3 is given by Eq. (4-54)
or Eq. (4-56). Figure 4-4 shows the gain-phase plot of F(z) = -1/N(z) For
N = 3. The curves for several values of ¢ between 0° and 60° are plotted to
illustrate the effect of varying the phase of the input signal to the non-
linearity. It should be noted that for N = 3, Theorem 4-3 states that the
values of F(z) repeat every 60 degrees starting from ¢ = 0°. As the magnitude
of the input signai, A, approaches infinity, the magnitude of F(z) becomes
I/KWT which is -40 db in this case, since KWT is 100. On the other hand,
as A approaches zero, the magnitude of F(z) becomes zero or -« db, ahd the
phase of F(z) is bounded by -300° and -240°hfor all values of ¢. When the

value of KWT is varied, the curves of F(z) will shift up or down according to



Table 4- 1. ComputéF program for the computation of the discrete describing

I

function of the combine flex-pivot and wire-cable nonlinearity
of the IPS. N = 2. )

CALCULATION FOR ~1/N(Z) FOR COWBINED NQNLiHEﬁRITYerﬁ

- COMPLEX GNILyGN2

REALXB F{Z0) yRADy TO»GAMMA» ASTART v A+ ARy CEESyCSF Y COHT

REALXG AARITREyRSyRA s TOFy TONs TTHs TTF s 71712
FI=3,1415500 | ‘

CRAD=180.U0/FI

Cor=1 .10

CTO=0,0022500 eo o

RKWT=100.010

THWTELLT0 — ;
© GAMMA=S 2444104 Lo REPRODUG:

ASTART=1,00~10 T T OWMGINAL EFalo.

WF=T
NL=15
WRITE (G 100)

WRITECOy1OL

S 0L J=leND
D0 L I=leNF

CHH=1 . 0-~CHF

C80=1 . DO+OHF

- A=ASTARTALDFLOAT (L3R 10 DO {J-1))

A= NOREAMTHAR AT ‘
R (=1 DO/7af 7 +HSART C CAARAA+TL  00) / (AAKRAR) )
AAZ=AG/2 .10

TWILEL L, TG T35 007

R3=R&R1
R3=1 006/ (R+LT0)

A=A

TOF=(REFAAZEREEE)) /IRI+AAZRCES)

TOM= (RA-ARZRCE8 /7 (R3TAHIRLEE)

TTR=ETRA-ARERGHE 7 TRO TRt bl

S TTR=(R2TAASKRCEE) /A IRL+AndRCE0)

TL=3 e DOATOAXCTOF-TTHI+2 DO (HWTHRWTRSSRTEF)

1A= HORTUR T O T Tr )+ s DO @il T FRW T wdAator g

OGNL==2 D0RAAKCEF/TL

GN2==-2 iGXAaRCEF /T2

GLT=REALTONTS

G12=aIMAGGNRL)

CEEleREAL (GNED

GEE=ATHAGTGNED
GMAGL=CARS{GNL)

GMAGE=CARS{GNZ)

GIBL=E0 Xul. 0616 {GHAGL )
GLEZ=20 . &ALLUGLOGMAGR)
GFHL=RADAATANZ(GL2y 611 )

GFHE=RalWaTaNZ COZEs 31D
IF(GFHZ.GE .0 ) GFHE=OFHRE~340.

IFCGFHLOGE 0 IGPHI=GFH1I-3460,

100

WRITE Oy 10 ay OTES y BInGE y GFHE
CONTINRUE .
FORMAT (7 DISTURETE DESCRIBING FUNCTION FOR IFS /)

1G1
102

FORPAT 78Ry a7 vl 1Ay OURE T vl OKy "TOMSE " 95Ky TFHASE "/
FORMAT (IF4E14.0)
STOF

b NI
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Table 4~2. Computer program for the computation of the discrete describing
function of the combined flex-pivot and wire-cable nonlinearity
of the IPS. N GE. 3.

DIZCRETE DEZCRIEIMG FUMCTION FOR COMEIMED MOMLIMERRITYs M.GE .=

RIHL PHISFPC1S2 oF I «RAT«SAMMA sAZTART oF sFR R oHUT sHIWT s TO

REAL FRaREF sAARSEL RS B2 sRd s AR s T o PHIE sFHID o P TE a TWiM « TWIF

COMPLEY GY«TTEUM

COMPLER TEUMH sZZUMHaZIUM o TE s TEUM o Z 2 THETH o 5MMH o 15H
FI=2.141%%

RAL=120.-F1

HulT=1.9

EuT=100,

FAMMA=9 .2444E4

RAEZTHART=1 .E-32

MIl=49

!‘{’

TO=0, 00=25

—

;-.-r:”

HI=50 e

o, . m:now@f““ Dy peOR
H=F \ THI GOl B R

o il i
MZ=MHI-2

Pila=1.0

MRFHT =28&00

FR=2 . +FI-FLOSTIMI
THZTR=CHMPLEIRR«FF 2
F=CERPCTHETRY
SEUMH=CMPLECL e 00

TE2HM=CMPLEC0 0 ad 00
IIIFITCI EB RN

MRITECS 1020 AN

WRITECS 1100 GRMMA

MRITECS 111 HUT

MRITECS 112302 wUT
WEITEYS 1122 TO
WRITECS 1012
DO 2 I=0s149.25
FHI=C2 . 0«FI«FLORTCI 20 - CFLORTOMPHI 2 2
FHID=FHI+RERD
WRITECS 1 029FHILD
3 1 d=1sHD
03 % L=1yMHF
SEIMM=CMPLEC ] SO0 00
T_UHW CHPLECD J0s G 00
=A% THFTOFLEHT Laedi0 ee =100




Table 4-2. (Continued)

R=i-1  0-ARX+ZRRETCCAA+AR+ L, (2 AR®AR
Fi=1.0s0F—-1,00

"‘F‘Fl

RE=1 0508+ .0

FEd=FeRZ

Do 2 K=iaM1 .

FIk= ”:.ﬂ*ﬁI#FLDHT&R??fiFLDHT{HI)}
FHIE=FHI+FIk

IFCRHIE BT i2 0PI 2 PHIK=FHIK-2 . 0eFI
Th=~HUT+E T eA*COZ FPHIE Y :
TMP-HMT+th¢H*iD~-PHIF'
IFCPHIELLT.RFINGO TO S
ToO=%, 0eTOs CHES+HARS—-ARZ ¢ C0E FHI%--'-F1+'““—HHC¢u-_'FHIf'-+TMF
GU T 7

T

& C=3.0eTO®CRG~AAS+HARZ S COSCPHIK Y 0o CRIFARZ-FASSCOTCPHIE D 3+ TN
7 T-UM TCeZew M-k

' TEIMH=TZUMMH+T LM

= COMTIMUE

IFTMI LLE.Z2H50 TO 10
IO 2 M=2aMz
FEUM=Z-T e
SEUMH=ZZ1UM M e 2510
= COMTINLUE
i0 ZOHTIMUE
TI=02-COZCPP I e COZCPHI =S IHCFF S IMOFHI &
M= T-UHH*'H*T“#Lf—1.3¢ZZUHHA
BHH=-1.
FY=5MH
Di=RERL G2
SE=AIMRAIECEY
SMAG=CRES S
ERE=20.e80051 00EMAG
GBRHAZE=FAN*ATAME (53 151 2
IFCRFHAZE JGE . 0. 0 GPHAZE=GFHAZE-2Z&0.
MREITECS 2+ 104 0ABFHRAZE s GIE «GMAG

103 FORMATCIFESS 150
E COMTIMUE
1 COMTIMUE
= COMTINLE

100 FAORMATCFHE s "DEZCRIBIMS FUMCTION OF COMEIMED MOHMLIMERREITY S
101 FORMAT (o aPa A7 a1 0 s "PHAZE « 10K s "TE a1 0 o “MASMITUIE S 2
102 FORMATCSH s M= aFd .10
1in FORMATCS oS5 “EAMMA=" 2 IFELIZ .4
111 FORMAT ! THWT=" aF2 20
112 FORMAT 5 }MT~’5F: o
1t= FORMABT (S TD—’alelu.EW
10z FORMAT ¢ s TPHI=" s FT .10
104 FURMHTKIFEEI4.QJ
=TOR
=MD
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l/KwT in db; when the values of T and H p are varied, the shape of

FPo* Y2
the curved portions of the plots in Fig. 4-4 will be changed. However, in
general, the impact of the variation of KWT.will be the greatest.

The F(z) plots for N =4, 5,6,8, 10, 20, and 50 are shown in Figs. 4-5
through 4-11, respectively. For N = 4, the F(z) plot extends from -315° to
-225° as ¢ varies. For N = 5, the span of the plot is -288° to -252°.

For stability analysis, it is sufficient to consiaer only the bounds of
the F(z) plot for a fixed N. Self-sustained oscillations characterized by
Fhe period T_ = NT, where T is the sampling period, may occur if Geq(z)
intersects with any part of the F(z) plot. The region bounded by all .the

F(z) curves for a given N is defined as the critical region. The critical

regions for the combined nonlinearity for N > 2 are the regions that are
bounded by the F(z) curves for ¢ = 0° and ¢ = 27/N for N = even and ¢ = T/N
for N = odd.

As N approaches infinity, the discrete describing function N(z) approaches
the describiné function N of the continuous-data nonlinearity, as shown in
Fig. 4-11. It is observed that as N increases the width of the critical
region becomes narrower. As N approaches infinity, the critical region of

F(z) = -1/N(z) approaches the -1/N plot shown in Fig. 2-1.
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and wire~cable nonlinearity for the IPS.
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