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I. MODEL DEVELOPMENT OF THE CONTINUOUS-DATA IPS

CONTROL SYSTEMS_

The objective of this chapter is to develop the dynamic equations and

the mathematical model of the continuous-data iPS control system. The IPS_

model considered includes one flexible body mode and is hardmounted to the

Orbiter/Pallet. The model contains equations describing a torque feed-forward

loop (using accelerometers as inputs) which Will aid in reducing the point-

ing errors caused by Orbiter disturbances.

The equations of motion of the 1PS system are written as

MR + DR + KR + QjRdt = F	 (l-1)

where
Xs
Z

s

e
s

R	 0 1	
( 1 -2)

X

Z

T1

Xs , Zs	translations of the Orbiter

0	 attitude of the Orbiter
s	 a

0.	 attitude of the instrument

X, Z	 accelerometer measurements

M	 7 x 7 mass matrix

D	 7 x 7 damping matrix
i

K :	 7 x 7 stiffness matrix

Q :	 7 x 7 integral control matrix t

,"	
F	 7 x l generalized force vector



The elements of M are:

m11 m0 + m.	 91 ,200 

m 13 1
m.(d sm + c) z	 -226

m 14 "1 1 
(m 

bz 
c	 + r bx	 2,270

m22 m0 + m l 	91,200

M23 M. (d s, m + c) x	 16,600
1 

m24 m (-r	 S	 + r	 CO	 3,920
i	 b z 	 bx

m
31

M	 M.(d	 + c)	 -22613	 1	 sm	 z

m32 I	 16,600
'23

m
33

2 + (d	 + C)'
z)	 7.06x106I Oy 

+	 I
iy 

+ M i (( d sm + C) x	 sm

m34
1 
iy + mi((d sm + C) 

z 
(r bz 

C	 + r 
bx 

S^) + (d sm + C) 
x 

(-r bz S	 + r 
bx 

C^))

26,700

M41 "14	 21270

M42 = M24	 3,920

M43 = 
m34 	 26,700

m
44 iy 

+ m
i 
(r 

2	
+ r 

2	
10,300bx	 bz

m
51

1.0

m
53

d	 0.929
smz

m 
55 =	

1.0

m57 = 
h
x = -0-00113

M63 = dsmx	 -4-72

m66 1.0

m
67

= hz	 0.00137

m
77 =	

1.0

m62
All other elements of M are zero.

--N
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The elements of ID are:

+	
d43	

d44 = Kr = 19.700

d47 = Kra rg = -76.4

d55 = 2^)	
= 44

x

d
66 = 2i;	 zw	 = 44z i

d77 = 2^bwb = 0.115

A11 other elements of D are zero.'

The elements of K are:

k43 = k44 = Kp = 70,000

k45 = -m i (rbzC^ + rbxS )way = -2.23x 106
9C	 '.-

I

k46 
= m i (-rbzS^ + rbxCOwa	 = -3.87x106

Y
k47 = KPcF	 = -272

p

k55 
= wX = 986

r

F k66 = wZ = 986

k77 
= wb	 132

r

All other elements of K are zero.

The elements of Q are:

q43 	
= K i	1.1x105

q47 -_ Kioss 
= -427

All other elements of Q are zero.

The generalized force vector is

F = 
CFx	 F	 rcxFz	 rczFx	 0	

0	
0	 hzcFz + hxc FxP	(1-3)

Given the elements of the matrices M, D, K and Q, the equations of

motion of Eq.	 (,1-1)	 are written as

f



_	 µ	 ....., .,.	 ^____	 —	 '--	 • --_	 ^.. ,._::mac..	 _.  ^	 .

4	 x:

i.

4
i

.
.	 m	 X11S + m 13ps + mi 4p i 	 FX	 : 1-4

(	 )

m22Zs + m^
30s + m240i	 F (1-5)

r
A

M	 X+ m	 Z+ m	 0+ m	 0	 = r	 F- r
31 s	 32 s	 33 s	 34 i	 CX z	 czFx (1 -6) j

m41 Xs + 
m42Zs + m43 6s

+ m44
6 
 + KrOs + Krp i + Krorgn

(

• Kp0s + Kp0i + .k45X + k46 	 + k47n + K i fo dt

rr

• K f0.	 idt + Ka fndt = 0 (1-7)
i	 ^	 ss

M	 X+ m	 0+ m	 X+ m	 n+ d	 X + k	 X=
51 s	 53 s	 55	 57	 55 -	 55

0 ( 1 -8)

mZ+ m	 0+ m	 Z+ m 	 + d	 Z+ k	 Z=
62 s	 63 s	 66	 67n	 66	 66

0 (1-9)

m	 p+d	 tj+k	 n = h 	 F	 +h	 F77	 77	 77	 zc z	 xc x
(1-10)

Without the nonlinear wire-cable and flex-pivot torques, the control

torque is expressed as

T	 =-K0	 -K O• -K0	 -K O• - Kifodt -c	 r s	 r	 i	 p s	 p	 i	 s K.fO.dt

-k45X - k
46Z (1-1 1) f

where K r , Kp , and K 	 are the rate, position, and integral	 constants of the

controller,	 respectively.

The nonlinear torque due to the flex pivot and wire cable can be lumped

into one operator N which operates on p i .	 Thus, the component, -N(E)

should be added	 to Eq.	 (1-11);	 i.e.,

T	 = -K0	 -KO. -KO	 -KO. -K.fOdt-C	 r s	 r	 i	 p s	 p	 i	 s K.fO.dti

-	 k45 	 -	 k46 	 - 'N (O i ) (1-12)

Solving for X5 from Eq.	 (1-4), we have

X	 - - mi3 0
	

- m 14 O	 +	 1	
F (1-13)

/	
s	

mll	 s	 mll	
i	

mll	
x
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Solving for Z s from Eq.	 (1-5), we havefrom

 = - 
m23 

0	
_ m24 

0. + F	 1 (1 -14)
s	

m22	
s	

m22	 z m22

Substitute Eq.	 (1-13)	 and	 (1-14)	 into Eq.	 (1-6), we have

- m31m13	 - m
31 m 14 0 . + m31 

F	 -	
m32m^3 

0	
- m32m24 0.

+ m32 F
m 11	 s	 m11	 m11	

x	
m22	

s	
m22 m22	 z

+ m336s + m
340 i = rcxFz - r

c
ZFx (1-15)

The last equation	 is rearranged to the following form:

-	

m31m13 _ m32m23
. 	

_'	 _ m31 m 14 _ m32m24	 ••
 

Os + ^m34m33	 m 1 1	 m22 	 i(
(

m 11	 m22 J

r	 F- r	 F- m31 F- m32 F ( 1 -16)
cx z	 cz x	 m 11	 x	 m22	 z

Substitute Eqs.	 (1-13)	 and	 ( 1 -14)	 into Eq.	 (1-7),	 and making use of Eq.	 (1-12),

we have

-M 
13m
	 m14 

0.__+	 1	 F	 + m	 ( m
23	 _ m24 ^•	

F	
1

41	 s	 i	 m 11	 x,	 42 m22	 s	 m22	 i	 z m22,m	
ml1	 lit

+ m436S + m44 6  + K ror rgri + k 47p + Kiossfndt - T c = 0 (1-17)

Simplifying,	 the last equation becomes

m13m41	 _ m42m23 1 	
_ m 14m41	 _ m42m24

1
(m43 ^s + ^m44	

o1 m l1	 m22 J	 ml1	 m22 J

n + k.47n + Kiassfndt - Tc = _ m 41 Fx _ m 2 F
+ Krar

 ( 1 -13)
9	 22it	 2

Similarly,	 Eq.	 (1-9)	 is written as

•	
..	 ..

^3 ^
s - 

m24 
^i +m,	 Fz, + m63 Os + m66Z + m67n +m62 ( m d66Z + k 66	 g

l	22	 22	 22

i

1
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Equations.(]-16), (1- 18), (1-19), (1-8) and (1-10) are now written as

M 0	 + M.O. _ - I r	 + m31 F	 +	 I r - m3^
1

F (1-20)S s i	 i t cz	 m ll	 x	 l cx m22	 z

MkOs + MA + Kr6 rgn + k47r1 + K i ctss jndt - Tc = -	 Fx -m41
m42 Fz 	(1-21)

11 22

where

=Ms
m13m31	 m32m23

m
(1-22)

33	
mll	 m22

M	 =i
m31 m 14	 m32m24

m 3
	

-	 -

1

(1-^3)4	 mli	 m22

Mk =
m 13m4t	 m42m^3

m43 -	m	 -	
m

(1-24)
11	 22

_
M	 -n

_ _m 14m41	 _ m
m	

42m24
44

(1-^5)

m11	 m22

M 0	 +s M 0	 +r	 i
m	 Z+ m	 r1 + d	 Z+
66	 67	 66

k	 Z-- m62 F
66	 -

( 1 -26).	 p m22	 z
i

where
M	

- - m62m^3 + m
(1-27)	 1

p m22	 63

__
Mr

_ m62m24
( 1 -2$)

m22

Mu = M	

_ m5mm
13

53
(1-29)

11

M	 = - 
m51m14

(1-30)v
m11

51Im	 _ mm13 I0
s

- 
m	 m5114 

0. + m	 X + m	 Ti+ d	 X + k	 X	 -
57	 55	 55

m 51	
F	 (1-31)

53	 m11l 1 m11	 1	 55 M11 x

M	 +77n
d	 +77'^

_

k	 n	 h	 F77zcz + hxcFx
(1-32)

These last five differential equations are rearranged so that a block diagram

i
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can be constructed.

p = -
M.

 -	 r + m31 F + 1 r - m32 lF	 (1-33)s	 Ms	 Msf cz	 m ll , x M
s` 

cx	
m22 J z

Q _ _ Mk O _ Krorg 
n _ 

k47 n _ Kioss j,,dt + 1 T
i	 Mn s	 Mn	 Mn	 Mn	 Mn c

_ m41 F _ m42 F

(1-34)Mnm ll x	
Mnm11 

z

te

Z0 _ Mr ^. _ m67	 _ d66 
Z 

_ k66 Z	 "'62 F	 (1-35)
m66 

s m
66	 m66	 m66	 m66	 m22m66 z

X = _ Mu 0 _ 
My 	 _ m57 

n _ 
d55 X _ k55 X _	 m51 F	 (1_36)

m55 
s m

55	 m55	 m55	 m55	 m11m55 x

h	
h

d77 
n + 

k77 n + zc F + xc F	 (1-37)
m77	 m77	 m77 

z m77 x

The control torque Tc is given by Eq. (1-12).

The block diagram which portrays the differential equations of Eqs.

(1-33) through (1-37) is shown in Fig. 1-1. - The nonlinear element which

represents the nonlinear torque due to the flex pivot and wire cable is also

included in the block diagram. The signal flow graph representation of
r

Fig. 1-1 for the purpose of evaluating the determinant is shown in Fig.

1-2. The dynamics of tj is eliminated since they do not enter the determinant

of the signal flow graph.

Applying Mason's gain formula to Fig. 1-2, the determinant of the

signal flow graph is evaluated as follows:

t

	

M	 M
Ns + Kps + Kl + Krs? mss k45Gxs3 m66 k46Gzs3

1+
J"	 M s3

s



CO

Flex-pivot S wire-cable torque

nonlinearities

-'"41	 'n42
F	 - g--m— F
Mzm	 x
n	

n	 11

+
+	 0

+	 + 0"

s	
+

M,	 -M 
51	 +

m	 M	 M	
F x

55

Mr
	

+ X	

X	 _77 X r;--1
rtr+

	

s'g6

K i
s	

+
+

K
p	 +

+
+

-T	
I

m

+

d 55



Fr,

Figure 1-2. Signal flow graph of the IPS system,.
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M.(

M

	

	 M k'

M5
u k45Gx s 3 + ^^- G Z S 3 - K s - K	 Krs 2 -Mks 3,

	

+ 5	 66	 P	 0=1 8(- 3

	

M M s 3 	 t
s n

where a

1

	

Gx	 s2+ 1155 s + k55	
(1-39)

	

M55	 m55

	G =	 1	 k66(1-40)

	

Z	
2s + 

d66 
s + 

	

M66	 m66

Rearranging both sides of Eq. (1-38), we have

	

(	 M	 M	 11
M s M n s 3 + M s INs + Kps + K i + K r s 2 - my k45Gxs 3 - mr k46GZS3l

	

l	 55	 66	 11

+ M i [;w—
Mu 

k4 Gx s 3
 + M^m46 GZ S 3 - K s - K i - K rs 2 - Mk s 3 l = 0

55	
5	

66	 p	 J

Dividing both sides of the last equation by the terms that do not contain

N, we get the equivalent linear.transfer function that the nonlinear element

N sees,

Geq(S)	 (M M - MM )5 3 + M K s +,K. + K s 2 - v k G s 3 - E-	 G s3
is n	 k	 s p	 i	 r	

m55 45 x	 m66 46 z

( 1 -42)

+ M.fM
u
 k G s 3 + ^pk46 G ss - K s - K. - K s2

	

`m55 
45 

x	 m66 Z	 '	
r J

	

For the system parameters given, Gx = G 	 thus, Eq. (1-42) is simplified to

k
M s rs2 + d55 s + 551
S I	 M--

» »

Geg(s) (M M - M.M )s 3 + (M - M.)(K s 2 + K s + K.) (s2 + 
d55 

s + k55
s n	 i k	 s	 i	 r	 P	 ') l	 m55	 m55^

	

M'Mu - 
MSMv	

3	
MiMp	 MSMr	

(1-43)

	

+ l	 m55	 , k45s + ` m66
	 , k46s
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j.
Substitution of the system parameters into Eq. (1-43) with

Ms = 7056977.95

Mk = M I = 25992.12

Mn = 10074.90

Mu = 0.926522

M
P
 = -4.537982

Mr = 0.042982

My = 0.02489

we have

1.002077x10 -4s(s2 + 44s + 986)G(s)eq 	
= s + 45.96676s + 1107.4783s + 2257.769s + 7374.0808s + 10823.48765

(1-44)
)

It is interesting to note that the system shown in Fig. 1-1 is of the 	 a

lith order. However, since the dynamics of rj do not enter the picture on 	 i

the stability of the nonlinear system, and since Gx = GZ , the transfer function

seen by N is only of the 5th order.
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gII. PREDICTION OF SELF-SUSTAINED OSCILLATIONS OF THE CONTINUOUS- 	 I

DATA IPS SYSTEM WITH WIRE-CABLE AND FLEX-PIVOT NONLINEARITIES

The equivalent transfer-function Geq (s) in Eq. (1-44) can be plotted

in the gain-phase coordinates together with the plot of -1/N of the nonlinear

element for stability analysis. The describing function of the combined flex-

pivot and wire-cable nonlinearity using the Dahl model has been derived in

[1]	 In this earlier report a simplified model of the IPS system was obtained

by assuming that all but motion about two of the seven degrees of freedom of

axes are negligible. Only motion about the scientific instrument axis and

the mount rotation were considered.

For the purpose of comparison, the equivalent transfer function that

the nonlinearity sees for the simplified IPS in [1] is repeated as follows:

G (s) =	
0.0013946s(52 + 0.0012528s + 0.0036846) 	

(2-l)
eq	 s + 16.7s + 222.6s + 279.806s + 5.857s + 5.13855

when the integral control constant K  is 10 6 . The zeros of this transfer

function are s = -0.0006264 + j0.06069764 and s = 0.0006264 - j0.06067674.

The five-poles are at s = -1.381,35, s = -0.0031956 + jO.135895, s = -0.0031956

- jO.135895, s = -7.65618 + j11.946,_and s = -7.65618 - j11.946. 	 It was

concluded in [1] from the gain-phase plot_of Geq(s) versus the -1/N(A) plot

that the simplified IPS may have a sustained oscillation that is characterized

by the frequency of w = 0.16 rad/sec. Depending on the values of the para-

meters of the wire-cable and flex-pivot.nonlinearities, K WT and HWT , the

amplitude of oscillation of c, which is comparable to 0 1 in this report,

lies between 3x10-8 to 3x10-6 for K I	 106

The equivalent transfer function of Eq. (1-44) is plotted as shown in

Fig. 2-1. It is noted that the IPS model used in the present work does not
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	 ^ î	 .- t ,	 ! ,.	 ^.

{ 1	

4
1	 j 7i

. 1	 r +—r	 -.t.

r
i

+
t{.	 —! I	 2:6 2' 5 2_., ,..a--•	 ,	 -.+	 F r _

rad s 
e•5 I ^^ ,^ ,t 3; i. ^ t

-«..
_._. j0:8

I
—_

03

I ^?	 ,

1
i	 r

'

_

F

(r r t^i,

1

G	 (5
9
.

71 +^ t -.

t
j

i

I
_ r	 , 1 4 I

eq

—*' ''*'_,_.'^ t _ "-	 « ..	 s _ . .	 , 12,	 .-	 i-- a -i—T- -i	 + —•--+	 t -j- f _' 3- _,	

i T (— WTI
•-

-
-r
-	 —L---^.^_

10t { , ^ ^ 0. Ham.. O ,„t

1

'	 , •` T ^ ,

_

-

,
1 II

- '
^LJTI

0.0 -H 0
-

_: W

r a	 ,

r ^
0 SIT .0

W T f
1̂
	 }I- 1:

} i-

«	
^

r 1 ' l. : 1	 F .
5'

1 I'	 1 ,.
j I 1 F	 .^. ^._

t

+ :	 ,
Figure

;descrPnvng:
llex pivot

--1
f
	reque

fug ction
an	 wire

cy -reaponse
plot.
cable)'non

IPS
i r

plot { *d ,
syst l
earit

, ;-
with
s	 _

, 1 O E

ahl 4e ,

-20

4	 -40

-60

-80

f'

f.	 -100

k

-120u 

-140

-160'

-180
L

-200

-220

'r

-74n



14

have the same system parameters as the simplified	 IPS system studied in [l].

Thus, the natural frequencies of the two systems are different. 	 From Fig.

i
2-1	 it	 is'observed-_that the G eq (s)	 and -1/N	 loci would	 intersect only at

very low frequencies and when the amplitude of oscillation 	 is extremely_

small.	 For	 instance, at w = 10
-3
 rad/sec, the amplitude of oscillation r

i	 -10
is approximately '10 	 and for all	 practical	 purposes this can be regarded

i
as zero.	 Thus, the IPS model 	 considered here would not exhibit sustained

oscillations due to the wire-cable and flex-pivot nonlinearities.

It is of interest to investigate the poles and zeros of the transfer

function of Eq.	 (1-44).	 The poles and zeros of Geq (s) of Eq.	 (1-44) are

tabulated as follows:

zeros:	 s = 0,	 -22 + j22.4053565, 	 -22 - j22.4053565

poles:	 s _ - 1.66963,	 -0.123519 + j2.5232

-0.123519'- j2.5232

-22.025 + j23.0467 )
i1	

-22.025 - j23.0467

The natural	 frequency of the dominant poles of the Geq (s) of Eq.	 (1-44)

is found to be at 2.5232 rad/sec.	 This	 is much higher that that of the

transfer function of Eq. 	 (2-1).	 Furthermore,	 the two zeros listed above

i	 are very close to two of the poles.

r
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III. DIGITAL COMPUTER SIMULATION OF THE CONTINUOUS-DATA

NONLINEAR IPS CONTROL SYSTEM WITH DAHL MODEL AND
t

ONE FLEXIBLE BODY MODE

t	

The IPS control system with one flexible body mode and the nonlinear

flex pivot torque modelled by the Dahl solid friction model-(i = 2) is

simulated on the digital computer. A block diagram of the IPS system is

shown in Fig. 1-1. For the Dahl model with i 	 2, the following parameters

are used:

y = 9.2444 x 10"

T
FPO = 2.25 x 10-3 N-M

The objective of the computer simulation of the system is to verify

and/or clarify the analysis results obtained by the describing function

method in Chapter 11. Although the describing function method analysis

in Chapter If does not yield precise results for possible amplitudes and

frequencies of sustained oscillations, it does indicate that for the sets

of system parameters used if sustained oscillations were to exist the

amplitude of oscillation would be approximately less than l0 - radians and

the frequencies would be less than 10-3 radians/sec.

Since the significant time constant of the IPS system is very long,

it would require a long computer simulation time to verify the existence

or nonexistence of a limit cycle.' Normally, the possibility of sustained

oscillations could be checked by using two computer simulations, one with

initial conditions that correspond to above and the other with initial

conditions that correspond to below the value of the predicted amplitude

of oscillations.	 If a sustained oscillation exists then the simulation

»	 with initial conditions below the predicted amplitude will result in a

response that oscillates near the predicted frequency and _increases in
M
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amplitude. Also, the simulation with initial conditions that correspond to

an	 initial	 amplitude above the predicted amplitude will 	 result	 in a response

that decreases in amplitude and oscillates near the predicted frequency.

However,	 since the analysis of Chapter II	 does not predict any specific

sustained oscillations,	 the method described above must be changed.

Since the analysis of Chapter	 11 provides no specific candidates for

amplitudes and frequencies of limit cycles	 (or theamplitude and frequencies

are all extremely small),	 it may be necessary to check for the absence of

limit cycles-.	 The absence of limit cycles can be verified by showing that

the responses of the system due to any initial conditions actually decay to

zero as	 time	 increases	 indefinitely.

Again,	 since the time constant of the 	 IPS system is very long,	 the

simulation of the system response by a digital computer may 	 involve excessive

computer time.	 Since	 if sustained oscillations were to exist, the possible

frequencies of oscillations would be less than 	 10 -3 rad/sec,	 the simulation y

time required would be in excess of 27T x 10 3 sec.	 Also, a double-precision

program with 30 digits of accuracy would be required, 	 since the amplitude of
9

oscillation must be	 less than	 10- 9 radians.	 Instead,	 the results from the
t

simulation will	 be used to verify that the oscillations of the system are a

damped out at a mode that 	 is practically	 independent of the nonlinearity. 1

As a means of exciting the system, an	 initial	 perturbation of 0i(0)

10- 9 radians was applied to the system.	 Two simulations of the system were

completed for two extreme sets of wire cable parameters(I T
 and H41T^'

The responses of O i	for both of these cases are shown in Figs. 3-1 	 and 3-2.

These responses indicate that the influence of the wire cable parameters on

the system response is very	 insignificant.-	 In addition,.the frequency of

}
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oscillation is approximately 2.5 rad/sec,•which is approximately 10 4 times

greater than the maximum possible frequency of oscillation. Also, the envelope

of the response is decaying with a mode of a _ -0.1239, where 1/a is considered

as the time constant. Hence, the system over the 50 sec interval of simulation	 F

time has a response due to a pair of poles at s = -0.1239 + j2.5 and s = -0.1239

- j2.5, which is approximately one of the pairs of poles of G eq (s). Thus,	 Y'

the system oscillates at the dominant mode of G eq (s) as expected, if the system

had no limit cycles and the nonlinearity were replaced by a unity gain element.

This implies that the nonlinearity has very little influence on the the system

response under the simulated conditions, and that no limit cycles exist. 	 s

Since the size of the feasible amplitudes predicted is so small, at least

15 digits are needed to carry out the 50 seconds of computer simulation.

The listing of the computer simulation program is given in Table 3-1.

im
r

z

I
;a

a



Figure 3-1. Computer simulation program of continuos-dato (PS system. 	 20

? tR0GR^'1*1 IPSSIM (IVPUT PSD. 	 AEP6=IPSD.. 01J_PU_-_ SD2)^	 ^T	 •^^?^_	 7^	 T	 T^TDB

I A PLI C -7 f REAL (M)
C0MMDV S–'»3,AKI,AKP,'!K7,AKUS,A.K1t6SIGPG,D77,M77,AK77,HZC,HY.0

1,M" "•1K -1z; '13 'i4l,`111,:'I31,FC7.,C1 !^2,11H,M" 2,14 22 D55
lAK -15 7, Mil MV, Doh, M 6, IMP, MR,AK66, M6 .M6
3Hs4T,AK:T,R0 ,,1,SLAS..,^xP7,1I

EX T, IR 14AT1 r Y, OUT P
il 1 M F,JSToN Y 1 1 ,>1BRY (11) ,AUX (8, 11),PRMT (7)

C 1110:1, I11E ZR TT Y '"n ' aT `IT

3 FAA=3.2444E4$TFP0=2.25F.-3
G1=, A MA*2F PI

C SAIL IAL COr DITIOJS
YA3)=1. 3.-9$ SL AST=Y(3)
11=9
A = 2. 0*-G1*SLAST

30 = 1 1: [:) (-z1+SQRT(A1 2+1. F^)) 	 014dINA 
C r lit IAL T_ZE STATES

1 DIM = 17
D0 1 ==1,NDT"1
1C _T . '' Q ., .3) .11 x7 T'0 1
Y ('•) 	 0. J

1	 Cj:1 r 	 VE
C, S r SYS T 3M 3C°13T1NTS
C M ASa C31"STA,ITS ,i3

P3 3r?S^:111=9.12:^^:, y 13	 2E.=-3 .'•t11:=2, 27
422=A 11-5123 =1 . 6 	 ?4=?. ?4 F?
131=:113fiLi32=123,,., ? „ = 7 .0c'E6 "i3u=2.67F4
1 4 1= 1 1 4	 4 '7 3 =r13 ► :;ML̂ 14=1.93E4
151=- 1.' 0 153=9.297-1 ;;^,^ ,=1 . EO i^157=-1.1 2 -3
'152=-1. )-V161 4.72-TN—$t6E=M5:')$H 7=1.37E-3
,377='15)

SET DAMPING C .̂ '13 ANTS
D43=1 97E4:fiD44=u1-'3:1.'D47=-76.4E
D55=414. 	 ; 166=D55TD7 7=; "15E^

Er 3TIFF"ITESS CO,'13TANTS
n K4 3= 7 . 4 +)A r:4 4= ^ x 431 y KU 5=-2. 23 L6
AK4(= - 3.37 , 9 KU7=- 2,-^2E2 bK5`=U. $E E2
AK66=9. -361?3AK77=1. 32J:2r ?I7 CO'1STI 113
A KR = D4 4 $3!G R,5=D47/n KR
*K P= ► K !'4 ^ i t xSS-= AK47/ K
,D41 =1.1 R, 5aIKi=Q43 $Q44=Qu3
Q47'=- 4. 27 s?

Cai J=S -11 .1 "IC 	 _'-10M CENT !,!R Or MASSES E CENTER Or,  GRAVITT•FS
1 rJ ON 1 7 =:n 7H3 CREW MOTTON TS NOT INCLUDFD IA' THE MODEL

x117^ = 1 J. 0$`1XC =1 .Iv,	
1,n

r=1. Fq—H Z =1 . F')
EFZ-1	 ,,RF 7, Ar1 4 A S S ELFh? TS

1I = M34 – '731* •'114/ M 1 1-M3 7'*2u/M 22
1K H43-A13*M :41/:111 MU2*v2 = /M 22
A S 733- Ill 3*`•i31/A11	 ?2	 23 /P7 22
111 ^:•14 '1- "114 M41/rn11 "u2*M24/M22
AU = A53- `151* 113/ 11 1
AV=-"1 51*'114/:•11 1
AP--`16) 123/'1Z2+:'163

•IR = -i 6?^:72u/:722
Er ;F?30R W ^I,:i7T-:;G F ACMORS

00 5 T=1 NDrA

PR1;T 1 =0 :30

P 11

PRMT
I? Rim 	 7; 2R1-(1)
CALL RK ' s(RR. T, Y,DERY,i4DTM, HLF,1'CTY,OUT ,F.11X)
STOP
E1'1 D



3-1 (continued).
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SUBROUT 311 ')JTP ( T i-m'C Y,DFRY,IHLF,NDTM,PWIT)
t7ZMFN9 -r ON Y( ID?'1),DERY(INDIM),PREMT(7)
DEL=TI:M PR11P (7 ^
M

F

ABS n T 1 ;-'.j .	 ) '.LF. 1.F - 10) rO TO 1
IF	

F,
A3S ^ORIT ( 5)) -DEL) .. LE. 1. c- 10) GO TO 1'

R,UR:J
1	 PRAT( 7) =TI''IE

WRITH61 19) idiiF.TZMP. Y13) cY (8)
10 FOR`lA :. (16, 1PE10.4,1P' E 1.3)

HBTUR N
END

SUBR3UT1.:1? FCTY ( TTIJ ,STATE,9TDOT,KF FP, ITDZt1)
IMPL C"" R 3?1L (M)
COMMON J Y .33, ?:KI,AKP,P.Kl,AK45,AK4^i 5IG^'G,Di7,.i477,AK77,HZC

I HXC i c11 1. AK,''1?,14'I M u l,Iell,t!31,FCZ,:14Z I RC V 'i'2 M22 D55
AE;Ŝ ^,'1`^1,9^^,t45^9?J MV,DFf,I^l6E,FiP,^,??,P.K 6,? 7,MF2,FWT,

3 1:^ 1fI T, Dl1,G	 S'" AST nnP	 T`

C ?'-,i13 St1BP,1DU'I:J 	 D:I ;Y [JPDI, ^^5 ,,, H DFuTVATIVZ OF THE S"'A?'T; VECTOR.
C rli^ JPDA'T EL D^?'FNDS ON T F. I'.`PU"S', `_"Ii1);, STATE, £. Ky'FP.

DIVEIS1014 S TA TE (VD-rv ) I STDO T (NDIM)

FZ ^T 9^'; _). 'E)
10 ? t0FiMAT(:6,1n-1Q. t,?r^E11•^)

AJD: 7 TH P N' EA
aG^1ED"=1. ^9T -,	 LT. n -	 N	 =-.	 I (SSA ^ ,, (3) .... r, ) SG ^^'D.' 1.,,r
r:$C=a i*! DP^t1.,11'kftKt1^"kST?^'_E^3

v HOD3L FOR `-nHE DAHL 'dONLI"EARs_Y ) ^I=2
GO —3 2S.3T.^.FO).AND. (Y.Fi;'P. Q.O;)GO TO 1

1 II=1
2	 X31= `?R-S3N "IT

TrP= iG'd 7:'+c 1/(1. F0- G1-*(ST A ml( 3 )-SLAST) P.1 )) TFPCIF ('17F P . GT. TFP") "P=TFPD
IF(-fFP.LT.-T~L(1) TFP=-TFP0
IF II I. 72. 3) GO TO 3

LI =O
SLIE ST=S ?'E1'_" (3);O TO

3 TFP= 3. F3^9„F 'l
NN=T F P+ T/,7C

STDOT 1 = TA' y' ^))
S`"DOT 2 -j AT ~J 7)
3YD0-2 3) -1 	 3
STD01	 2E 9)
STDOT	 =3TAT- 1'?
STDU' ??)^ ^^11, ^^+c'TATF('1+S?G SS* SmA1,+F 1^

iJ+ ^d T ^"'1	 ^^ 1) +A KP x a'"D^)" (11) +A'riU 4 1  , ATE (4) +AK4F'^ST'A'"r(
15) +AKR* (ST r 3 (7 +^ ' n ^ F (^) +S GPG' S-A -^,• E)'

DOT (')) _ D?7/1'17 -7 ST?--Tj (0) r K77/_M7S	 d. : A r+	 {1.)
 

Z ry
/D 7 37 ^ M r ) +FY { ^ T "	 T4-773TDOT 7) =1. )/^1. D-M; x MIr/'"^/.' ,) (4 ' "/'IS/t 'ii ^C.'':+ ^ M ^ltcrtgl /S!ri5 "%x3#

1 :111	 L, +.i31/..11)/ ?1C ^F7( _i^1J) t(il_ccy7/(-Curt; akA.11)+(^C:1

STD'DT (R) = -_1rCPIN*6 TDOT //(7) ^CM/ ylN 1141/ ►.nN/M11-FX (TIXE) -11tl2P',N
1 :'11 1 ScF7 

f 
1A -LL

3TDO `' ( )_ = -'1-5/M55*3 TA77 {9) z Y,	 /1'4!55* G rnA T r ( q ^ _ra 51 /X'11/f, 	"55' F'y (
1 I' :1 P )4 -'^^7/'455*STDOT (6) -n,U /ti -5*S DOT (7) -N VA: F S TDO- (8

S^'DOT(191=-D i 5/.M6- 6 STA"F(1^) - A K66/1166- *S ATF(5)-M67/M66*STD;.T
1 S) -e1P /M60 S T D J T (7)-M7/%66*STD0','.' (8 -V62/ 122/i6k;*FZ (11M1`)K EP= 1
3B ill URI
END
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Table 3-1	 (continued),

SUBROUTINE 8135 (PRIT,Y,'JR Y,'.IDTI•'.,IjIIF,FCT,OUTP,AUX)

n
C
C

^^	 t	 ^A	 TM	 T	 c (4) , B ( 4 )DZMESSIDN Y (IDT R..) ,DE_Y (n!)T -) ,AU} (S,YD-M) ,A

'
1 ,C (4) ,P`M-2	 )

ADO	 1	 i-1',:I_TA

•

1	 UP(,1)1'-.'16666667*DFRY(I).{	 y 
r(

{ Y,, D= ? R'iT	 1+1_)

PRM T (1+4)=9.iBEn_n
CALL FCT (X, Y, D-E RY,KEEP NDIM)

C
C 38902 T 1Si

IF (H* (x.2,:1D-T	 33, 37, 2
C
C PREPARnIIICNS FOR RUUG---vUTTA METHOD

Z
A	 2	 =. 2929932'
A	 3	 =1.717117
A	 4'=.1666667
3	 1'=2.3	 2	 =.I.
3 3 =1

^ ? =.2a?.3932
3 =1 707107

.22.

C	 PREPARA 71O:I3 0? FIRST °U"IGE-KLITTA STEP
JO 3 1 = 1, IDTJ
All 	 1 ,I) = Y (1) T

AUt 3,?) =0.

_a=H+Ii
IHLF=-1
ISTEP-n
IEND=^

C
C
C	 START O q 4 RUNGE-K'1T-1 S" FP

4	 ^ F r X+11-X3"I D) xj.;) 7,6y

6 IEND=1
V
C	 RECO12D1_ 13 ? !UITIAL VALr1FS OIL THIS STEP

7 CALL 0 !72P (';,Y DERY TREC,IIDI`1,PRMT)
IF (Pia ( 1 +4)) 40,3,4

$ IT''S?=D
`,' 1STE°=T3Ti3? +1

C
C
C	 ST&RT 07 T'I J-RMOST ?rl;1F-KU` TA 'LOOP

J=1
13 aJ = , ^J))

3J=3 J)
„J= C J))	 •
DO 1	 1=1, 1.4 DI: tI
.R1 = H* DER Y (1)`
12='J*R1-3J*AUX (6,1)_)
If 	 )=Y^-) +32

11 .1 u x{^ 6 I -r) =A1'((1^ T) 
+?? -CJ*R1

12 J= j +1
I F (J- -1) 13, 14, 13

13 X +. 3 a
14 CALL TC T (X,Y, DERYKEL'P fNDIYI)

v)To 10
C	 END OF INN',3[!IOS:' RUNGS- KUTT'A LOOP
C



Table 3-1 (continued).
23

C
C . 	TES'TOF AC-URACY

15 IF (IT3ST-) 16,16,21
C
C	 IN CNSE IT3S"=0 THEFE IS 110 ?POSSIBILITY FOR TESTING OF ACCURACY

15 DD 17 I=1, 10I
17 AU'X14,")=Y(I)

IT EST=i 
}^ L

IS EP=T.S 1J D •r Y Sn r-0-2'

13 IdLF=IHLF+1

H = . 5 * 11I
D) _19 T= 1,'1 1M

D,, ,Y
5
{ T ^=Aux (2 I)

19 AUY(
GOTOhL

C	 IN CASE I y ^-aT = 1 TES'_'I"S OF ACCURACY , ,IS PO;SI°Z,E
23 1M0 D= L'S TED/2.

.. p (IS 2F?-S'4Jil- T M-)D) 21 23,21
21 CALL 7'	 '(, Y, D!' R7,KFF%PIDIM)

00 22 T=1^,?IDy?I
AUY 3,I =Y^r)

22 
UX (7 47 =D-RYD	 (z)t

C
C	 ' r -)MPU TA 'IO:J JF TEST VALTIE DEL rT	 .

23 7 wLT=0.
D O 24 1= 1,.TDT I

24 DFL "= D?LT+AUX (3 i) B S (A Ux (4 ,I) -Y ( T ) )IF (5^4L t -:)—M T (1+ ) )28,29,25

C	 ERRO-: IS 'T')O GE . -'n
23 IF(1HL'' - 1 )) 2:i,36,346
25 D') 27 T=1,,IT).:
27 AUr. ^4,T)= k`1.{^^,?)

X=X-q
IE4D=?
GOTO 18

C
C	 RESULT VAL'J%S APE GOOD

23	 KEEP ='?
CALL F';T(X,Y,DJ?f,KFM-P,ND!!)

DO
J
 '29 T=1,,!1)111

ATJ

29	 ^ p Y
:
(T)Jt aa ^: (7 ; )

CJ	 • -CALL 0 TP (4- i, Y, DE?Y THLF, NDIM, PRrIT)
IF (''R IIT (1+ 4 ^ U O ,30, 0

30 DO 31 ?=1,:1 , IM

31 9Y !T = AU -{
_(l,T7

P LC -I
1-7 n
Z y' MEND) J.., 32, 39

INCR"IE'_IT 3tiiS -DDUBL"-D
32 TALL7-=THLF -1

ST r 3=1 ST ?/2
H=II+H	 .
IN (II1LF) 4, 33 33

33 IM0 D=1'ST' 2
I'I0D) 14 34-

34	 1? D Lm-.02*2R!-̂ ( 1+3( ) ` ,39,435 IifLF=TifL^-1
ISTE?=T3T P3P/?,	 -
H=If+ i

JT 0 4
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^.
a :•I gat, _ u d	F	1

'..
^ (^	i7 (	,1 aSWW01d	aq	OL{J	1,̀L 1it1	^{V.L Ya	•4tFW	•io	• 100	dHL-j	40	'G1•.	L1f 1.	=r1 l:, •.%{'l {l. I lv

^J'FiMO'l iod	Spi `Ll4	au12I 1V,v itd	EIi%17d4Lr	,Flll2
Yakk^^^'sF^tkklk;kkk^=k^^^^^k%^%k=X-''r^%iji•m=6^`^F>kk^#3kk kk=f^aXxi^zF'k,^c>ac^^k^M'^>7sF#kX^ht;'F^yci'7^c^^^^

(SL) x' (OE) C1L'^0' (C.Giit) Z4y4C1
s,	I (OoGL) LitLi':a' (L	)3cGl,S)I (`JJL)S;i '1.11 (yu.iL) C'	I.-11SI;aI..	cl

'U'Lil,il&Si•„	d}!S14,K	ZG4F1,	U L b N	^►
'LGvan$Ldwfl'vIzEdrlmi IVRi,l/ ,I:.izi	a aii	Ii	En 7' f"z' ICLSfiSt a,	Q 11 i!j

is
LIisL0Wf1QriI	Iis!CJCI`HST.tIZI('0•uvL'V•JInIu,3I1cT^i'L)FdutiEpt.^.

(GCCG-=oadY1T l I•r	1	^In	I	r.	../
ZaSdT	zHaS='AaL	zEd0 ^f.dili=M^at,w 111cINT_)SZuG.kr.	64)i'IScue

aNP
t:anL,Kr	or,

(1;Wild'idiaN',ZI1iIJlcaC(11iIX)dunc.:	i'I4^	F£
EL=a7H1	Li£
eE oiof:•
ZL='I111	LZ

•rt^	7	bE	0Z0V
(WIQI:Id33}1'AG,	a	aI}.) WJe_	rlrlvt

L L =d'INI .9f
W^^^o>ia	^h^ lrz^:.,	c,?	srt ^:nz^^a	^

' (panupuoo)	t-£ algal



Table 3-1	 (continued).	 25

I ? .14 1 	 *LT, AIVI T-)	 GO TO 20
IS	 -?=ISK:?+l
IF	 K T I>=	 LZ. N1111SK?)	 GO TO	 20^!

:M E- 1. C	 5)	 G'P .FINAL)	 GO TO 11,0
Tj '	 _M	 ^,J= JA'.̂ ^JU 1-1+

D kTA 1.1 A	 (N17 11 COT.)
-DATAl - (MA -CNUM 
DA -2.12 (AVVIUA) =X (1TU,,4P2)
G0 To 20

170 (NUIURIT.-L).C)	 WRITF( 1 ,110)	 A N AM E	 1i	 D
in

IF ( 11!312^iT. 30.	 ' WP -TT-- (1	 120tA NAME	 HFA D,FFAD1
120 FO?MAT( 9 	 'A10)

130
11PRT.	 'r'D( I ll y 	 H3, Q. 2)	 w p -T-	 1	 1	 oi	 AU-BEAD1,HEAD2

?0;:'1-17-7	 A 1 C , 3 X	
.

D K "1 := ) x_'
DO	 5r	 M=2

r
 AAXN'J,%1

DAT 1-1:4= j.1 T A
F ( D^ 7 1:•1 . L T. DM A X)	 G 0 	 To	 tinI	 K

DMAX=DA-i1AM
4) 1 F (DI,2?,,M	 T. MAIN)	 GO	 TO	 50

D Pq T 'N = D A	 M
50 C 0'N n T ','j ;3

61. w -,: D -'Ii H =D 4A 7 - D 11 TN
DO	 q 0	 M= 1	 : ,1 It X , 11 -M

K	 1+	 DA T A	 D	 W I D T 1i)	 T T Y 11 U M
K.	 1	 0	 -0

1,'011= K- 1
Do	 7)	 'J=1, 1S, !)"1

7 QJ C S'2 0 P H
75 C S 1! O R3 (K)	 +

1"ZJ 002=K+1
D1)	 77	 J= 7 2010 2 	 81

77
I r	 !vj i p -q - -P - 7. P ( 1, q r )-- I mEs	 "T,	 -01,—T	 (CS	 !F (L)	 L= 1	 7)

93
4m)	 -	 ,

OR.'W2^	 1 --dE1 n .L1 r 1x ' 'T)-1 1	 ^CAI)
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IV. DISCRETE DESCRIBING FUNCTION OF THE COMBINED

WIRE-CABLE TORQUE AND FLEX-PIVOT NONLINEARITY

In the last three chapters the continuous-data IPS system with the

combined nonlinearity of the wire-cable torque and flex pivot is studied.

The describing function analysis is applied to the continuous-data system.

In the present chapter the digital IPS system with the combined

nonlinearity is considered. The block diagram of the system is shown in

Fig. 4-1. The combined nonlinearity is represented by the block N. The

digital system is characterized by having the sample-and-hold units which

have the notation S/H. In order to apply the discrete describing function

technique, a sample-and-hold.unit is inserted in the path of the nonlinearity

N

The objective of the investigation is to study whether self-sustained
t;

oscillations will occur in the digital IPS system. 	 If self-sustained

r
oscillations do occur, as they most likely will in a digital nonlinear

system, what are the amplitudes and frequencies of these oscillations 7

4.1 Discrete Describing Function of the Combined Nonlinearity

The discrete model of the combined nonlinearity of the wire-cable

torque and the flex-pivot characteristics is shown in Fig. 4-2. The zero-

	

order hold at the input of the combined nonlinearity is deleted, since 	 l

there is already a zero-order hold at the output of N.

The wire-cable torque T 	 is modelled as shown in Fig. 4-2 and is
we

functionally represented by

Twc - H
WTSGN(O

i ) + KWT"i	
(4-1')

or

Twc(0 i) 	 HWT + KWT)i	
0i > O .	 (4-2)

l
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P

T
WC

0, 	̂ 0I
,! T

0 /	 i Flex-pivot
torque

Figure 4-2.	 Discrete model of the combined nonlinearity
of the wire-cable and flex-pivot torques.

i	 WT	 WT i	 i — (4-3)p	 we

zl

where HWT	 is	 in N-m,	 WT 
in N-m/rad. O i 	is	 in rad,	 and Twc (O i )	 in N-m. €	 ,.l

It has been established that	 the Dahl	 solid	 rolling friction charac-

teristics can be approximated by the nonlinear 	 relation,

dT	 (0 . )
FP	

'd0.	 - y(TFPI	 TFPO)'
i

(4-4)

where

i = positive number

{
y = positive constant

TFPI	
TFPSGN(0i)

T
FPO = saturation bevel of TFP

For	 i	 = 2,	 Eq.	 (4-4)	 is	 integrated to give

O i + G1	
Y 

T	 -1 T	 -)--	 Oi > 0
FP	 FPO

(4-5)

Oi + C2 -	 Y(T-	+ T 	 < 0
FP	 FPO

(4-6)

T
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where C l and C2 are constants of integration, and

TFP	
TFP 0	 > 0 (4-7)

TFP = TFP	 _ Oi < 0 (4-8)

The constants of integration are determined at the	 initial point where

O
ii	

=	 initial	 value of Oi
I

TFPi	
initial value of TFP

Then,

C1 = -O
ii 

-	 T	
1

 T,--T
FPi 

0'	 > 0 (4-9) x

—^-C2 = -0
ii	 YET	 + T

FPi	 FPO
pi < 0 (4-10)

The describing function analysis depends on the assumption that	 the•

s	 input to the nonlinearity is a sine wave. 	 Let O i (t) be described by the

cosinusoidal function,

O i (t)	 Acoswt (4-11)

r

Then, 0i (t)_ -Awsinwt ( 4-12)

Thus,
Oii, _ -A

> 0 (4-13)

Oii	
= A Oi < 0 (4-14)

Y

The constant of	 integration	 in Eqs.	 (4-9)	 and (4-10) become

C^	
A- Y T	

1_ 
T

FPi	 FPO
( 4 -15)

C2 = -A - —_ 1
Y( T	- TFP i	 FPO

(4-16)

Substitution of	 Eqs.	 (4-11)	 and	 (4-15)	 in	 Eq. (4-5)	 and simplifying, the

solution of TFP* is written as
Y

fi

t
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R 
R 1 + 20- 	 coswt)

+	 (4-17)T (t) = T
FP	

FPO 2(1 - coswt) + R 1 l

which is valid for O i > 0 or,  (2k + 1)Tr < wt < 2(k + 1)Tr, k = 0, 1, 2,

where

	

a = 2yATFPO
	 (4-18)

R = _ 1 +ja2 + 1 = TFPi
{4-19)a	 a2	 TFPO

Similarly, for O i < 0, using Eqs. (4-11) and (4-16) in Eq. (4-6), we have

R 
R1	

2	
(4-20)

(1 - coswt)

TFP - TFPO 
2(1 - coswt) + R + 1

which is valid for 2k7r < wt < (2k + 1)Tr, k = 0, 1, 2,

The relations for TFP and TFP in Eqs. (4-17) and (4-20) together with

those of TWC (0 i ) in Eqs. (4-2) and (4-3) are used for the derivation of the

discrete describing function of the combined nonlinearity. As shown in Fig.

4-2, the total torque disturbance due to the combined nonlinearity is given

by
T _ TWC 

+ 3T
n	 FP

R	
+ all - coswt)

= HWT + K.WTAcoswt + 
3TFP0 a	

1	 2	
1	 Oi > 0 (4-21)

2 (1 - coswt) + R - 1

Tn _ 
TWC + 3T FP

R	 a
R + l - 2(1	 coswt)

-HWT + K
WTAcoswt + 3T FPOa
	 1	 Oi < 0 (4-22)
2(1 - coswt) + R + 1

For the discrete model we let

0 i (t)	 Acos(wt + $)	 ( 4-23)

M	 where $ denotes the phase in radians. The z-transform of 0 (t) is

_y
9
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W

O i (z) _	 Acost2Nk +	 z-k	 (4 -24)
k=0

N = 2,3,. .	 Or, in closed form,

(z - cos2^r/N) cos¢ - s i n27r/N-Azs.i nL 
0 i (z)	 zr- 2zcos27r/N + 1 	 (4-25)

The z-transform of Tn (t) is denoted by T n W. Then, the discrete describing
^r	 h

function of the combined nonlinearity is defined as

Tn (z)
N (z) _ 	 (z)	 (4- 26)

The discrete describing function (DDF) for N 	 2 is derived separately 	 i
m,

in the following section.

4.2 The DDF of the Combined Nonlinearity For N = 2

Let Tn(kT) denote the value of Tn (t) at t = kT. For N = 2, the signal

T* (t) is a periodic function with a period of 2T. The z-transform of T*(t)

is written as R

x

	T n (z) = Tn(0)(1 + z-2 + z_4 + 	 ) + Tn(T)(z-1 + z -3 + .	 )

Tn (0) z2 + Tn (T) z

Z2 - l	
(4-27)

For the cosinusoidal input of Eq. (4-23), the corresponding expression

for TFP (t) and TF P (t) are

R	
a

RTFP (t)	 TFPO	 1

+ 2	 -
a

cos(wt + ^)j
Oi > 0	 (4-28)

R _ 1 + 2^1	 - cos(wt+^)^

R 
R
1

-	
2

(1	 - cos(wt.+

TFP (t)	 TFPO	 1 a
Oi < 0	 ( 4 -29)

R + 1 + 2^1	 - Cos (Wt +

respectively.	 For t

1

kT,	 the last two equations become
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U

_	 x

R 1+ 
2 

1 - cos (2Nk +R 

T+ (kT) = T	 0. > 0	 (4-30)
FP	 FPO	 1	

+ a 1 - Cos (27rk +
R - 1	 2 ^-	 N

R R
l	 - 2 ^1 -
 cos (2,k + c^)

^

T-FP (kT) = T
FPO	 1	 + 2- (

1 - Cos(
2Trk + )	 Oi < 0
	 ( 4-31)

	

. R + 1	 2^	 N

For N	 2, Eq. ( 4-25) is simplified to

0.(z) 
= Azc+s1
	

( 4-32)

Substitution of Eqs. (4-32) and (4-27) into Eq. (4-26), we have

T (z)	 T (0) z + T (T)

N(z) - On (z	 A z-	 1 cosh	
(4-33)

Also, for N	 2, z = -1; the last equation is simplified to

T (0) - T (T)

N(z) - n2Acoso 
n	

(4-34)

For N = 2,
Tn(0) = Tn(0)	 0 <	 <	 ( O i > 0)

=T+ (0)	 7r < 	 <27r (0 i <0)

Tn (T) = Tn ( T) 	 0 <	 < 7T (0 i > 0)

Imo.	
= Tn (T)	 f <	 <2n (O i < 0)

Then, Eq. ( 4-34) becomes	 i

T - (0)' - T+(T)
N(Z) - ”	 n

2Acos^	
0 < < 7r	 (4-35)

T+ (0) - T-(T)
N(z) _ 

n

	

	 n	
w <	 <27	 (4-36)

2Acos^

For stability analysis, it is convenient to define

r

32

I
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F(z) _ _ N(Z (4-37)

Using Eqs. (4-2), (4-3),	 (4-30)	 and (4-31), we have

R R 
1 + 2(1	 - cosh)

x

T

+
(0)n = HWT + Acos^ + 3TFP0ICWT

1	
a-+_	 1	 2(1 cosh)

( 4-3$)

R
it

R +	 1	
- 2(1	 - cosh)

T_n(0) _ -HWT + KWTAcos^ + 3TFP0 1	 a
(4- 39)

R -	 1	 + 2 (1	 - cosh)

R 
R 1 

+ 2^1	 - Cos (7T +)^

1

T+ (T)n = H+WT Acos (^ + 7r) + 3TKWT	 FPO	 1	 +
R

--a 0 - cos Or +
1

-	 1 2

= HWT R
K	 Acos^ + 3TFP0WT

.R	
1	 + 2 (1	 + cosh)

--_ (4-40)
1	 a

R _ 1 + 2 0 + cosh)

R R 1	 - a (1 + cosh)'	 T-(T)
n

_ -H
WT

Acos^ + 3T
KWT	 FPO 1	

+ all
1

+ cosh)
(4-41)

1R +	 2

Thus,	 for 0 <_ <	 Tr, ^t

T-(0)	 - T+(T) = - 2H	 +KWT	 WT

R

3T	
R +1

FPO
'
	 - cosh)

2	 ---

r

R + 1

-

+ 2(1	 cosh)

R	 + all
R -	 1	 2

+ cosQ^)
(4-42)

1

-

1	 + all
R + 1	 2 - cos)

3

For Tr < < 27,

R R	 i
+ 2(1 - cosh)

T^(0) - T^(T) = 2KWTAcos^ + 2H WT+ 3T 
FPO 1 a. R
--1

+ 2(1	 - cosh)

R	
a

R + 1	 - 2(1 + cosh)
(4-43)

1	 + a-(R + 1	 2 1 + cos)
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4.3 Properties of F(z)	 1/N(z) for N •= 2 as A -> 0 and A -> oo

The properties of F(z) for N = 2 as A -> 0 and A	 are now investigated.

These properties will be useful in the.determination of the critical regions

of F(z) for stability studies.

Themem 4-1.

For N =_2,

	

Jim F(z)	 lim -1/N(z) _ -1/KWT 	for all	 (4-44)

Proof:	 From Eq. (4-19),

R __ - 1 + 3a 2 +1 (4-45)
R - 1	 -1 - a+a• +

R	 -1+ 3a + 1

1	 _	 a	 (4-47)
R- 1	 -1 -a+

1	 a	 (4-48)
R+ 1 -1 +a +3fir

i

and a 2yATFPO'

Let F+ (z)	 F(z) for 0 <	 <7r. Substituting Eq. (4-35) into Eq. (4-37),

we have	

j

F+ (Z) _	
-2Acos	

(4-49)

Tn (0)	 Tn`''

Then,

2Acos^
lim F+ (z) _ limT_(0

	 T+ (T)	
(4-50)

A-)--	 A-	 n	 n

Substituting Eqs. (4-39) and ( 4-40) into the last equation and using Eqs'.

(4-45) through (4-48), we get

^..	 ^ •	 ._	 -	 _.	 __ +.m^c^urmaoc.-^z _ ^,. 	 ^cr	 _._	 L1SWiYWyk.
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I i m F+ (z)

1im	
2Acos^

-1 +a+	 a	 -1 +a+	 a
A-'°°	

_ l + a + a +	
2 (1 -cosh)	 _ 1 _ a + a^T + 

2(1 +cosh) +

	

3TFPO -1 + a + a +^ + 2-0 - C00)	 -1	 a + a + + 2(1 + cosh)

2K WT Acos^ ` 2H WT

	

= lim	
-2AcosY

A-wo
2
 - 

2 (1 -

	

cos-Y )	 -a+ 2
(1 + cosY)

3T	 -	 + 2KWTAcosY 2HWT

	

FPO 2 + 2(1	 cos Y)	 -a + 2(1 + cosY)
1

	= Jim	
2AcosY	 -AcosY	 _	 4

lim	 Q.E.D.

	

A-^- 
-6T

FPO + 2 "WT AcosY - 2H WTA-^. KWTAcosY	 KWT
s

Similarly, for Tr < ^ < 2Tr , F - (z)= F(z) ,	 )'

__	 -2Acoslim
A F (z) A- T^0 - T' TT

lim	
2AcosY

	

-1 +a+	 a	 -1 + a+ 1	 a
	A-%- +	 -cosY)	 - (1 +cosY)

a-1 - a++	 2	 _ -1 +a+a+	 2
3TFPO	 a	 all -cosY)	 a a	 + all +cosY)-1 +a+a+	 2	 -J+a++	 2

+ 2K AcosY + 2HWT
	

i

a

	

Jim	
2AcosY

	

A--)— 	-a + a; 0 - cosY)	 - a (1 - cosY)
3T2
	 - 2 2	 + 2KWTAcosY + 2HWT

+FPO	 J	 a(J - cosY)	 l +
,
a(1 + cosY)

2 2	 T 2

	= lim	
-2AcosY	

K1
A-	 6TFP0 + 2Kw TAcosY+ 2H WTWT	

Q.E.D.
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Theonem 4-2.

For N=2,

Iim F(z) = lim - N(z) = 0/1800 + tan-1 
cosh	

for all	 (4-51)
A-+O	 A-+0

Proof: For 0 <	 < 7r,

1 im F+(z)
A-*O

1im
-2Acos	 _

-1 +3a —+l 	 a	 -1 + a+ T	 a
A-'0	 - l + a + a +	 - 2(1 - cosh) _ -1 - a +v/a 4+  1 + 2 (1 + cosh)

3TFPO	 a	 + all - cosh}	 a	 + all + cosh)-i +a+a+ 1 2	 -1 - a+	 2

+ 2KWTAcos^ - 2HWT

=	 1im
-2Acos^

A->0 a-

1	
a

- a 0 - cosh)	 _	 a	 +
l	 a

a 0 + cosh)

^ J 	3TFP0 1 a l
+ 2KWTAcos^ - 2HWT

1	 + a + 2 (l	 -cos¢) -1 + a +
2.0  + cosh)

= 1 
.
im	 ? Hose = 0/00 for O< ^ < 7r/2

A40	 WT

= 0/1800 for 7r/2 < <

Similarly,	 for Tr <	 < 27T,

1 im F - (z)
A-*0

lim
-2Acos^

A-*o +- I	 a^+	 +
-1 -a+3a l+ 1

a (1	 -cosh)	
-12

1 + a + - a0 + cos¢)
2+a+a+ 1

3TFPO a

_

+	
1

-t+a+a+
+

1
a

ll	 - cos )2	 -.1
a

+ all + cosh)2+a+a+

2KWTAcos¢ + 2HWT

f
ti

i
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1 j  F•- (z) = 1 km	 -2Acos^

A-+O	 A-YO	 a	 + a (1 - cosc)	 a	 - a (1 + cosh)-1 +a	 2	 1 +a	 2
3T	

-1
 1	 + all - cosh)	

1	
+ all + cosh)

1+ a	 2	 1+ a	 2

+ 2KWTAcos^+21-1WT

lim	 -2Acos^

A-}0 2KWTAcosc + 2H WT

0/1800 + tan - I cos¢	 = 0/180'	 3Tr/2 <	 <2Tr
cosh

= 0/00	 Tr <	 <31r/2	 Q.E.D.

4.4 The DDF of the Combined Nonlinearity For N > 3

A general relation can be derived for the combined nonlinearity for

N > 3.

In general, the z-transform of the output of the combined nonlinearity

may be written as
co N-1

Tq (z) _ I	 I Tn(kT)z k-mN
M=O k=0

N-1
Tn(kT)zN-k

k=0

z  - 1

The discrete describing function then becomes

N-1

T (z)	

X Tn(kT)zN-k

N (z) = n	 =	 k=0
0. (z

(zN - 1) 1 (Acos 2Ni. + q) z-k
k=0

The last equation is simplified to

N-1	
N-k-1

(4-52)

(4-53)

4

Tn(U)z	 JI
N(z)	

N - 1 
k=0	

(N > 3)	 (4-54)

A	
(cos 2Trk +	 zN-k-1

k=0	 N a

Or, alternately,

LV --
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N-1
Tn (kT)z

N-k (z z - 2zcos2N + 1)
N(z) = N_O (4-55)

-	 j	 (z - eJ 27rk/N ) Az ^ (z - COST) coso - s i n N i no)
k=0

Ur,	
N-1	

N-k-1T (kT) z n
N(z) =	 k=0

(4-56)
N-2

_	 j 2irk/N	 27r	 27rA(z - 1)	 (z	 a	 )((z - cos	 cosO - s i n 
N 

i no)N)
k=2

j 27r/3
For N=3, z = e

T (0) z2 + T (T) z + T (2T)n	 n	 n
N(z) = A(z -	 1)((z + 0.5 coso - 0.866sino (4-57)

Similar expressions can be obtained for N = 4, 5,	 with z identified

with ej27r/N.

In general,

Tn (kT) = T- (kT)	 0 < 2 rk +	 < 7r

(4-58)

= T+ (kT)	 7r 
< 2Rk +	 < 2 7r

4.5	 Asymptotic Properties of -1/N(z) for N > 3 as A Approaches Infinity

The-following properties of -1/N(z) 	 are found for N > 3. The proofs

of these properties can be obtained the same way as those for N = 2 by
3

replacing	 by	 + 27rk/N.

_	 (a)	 Jim	 (-1/N(z)) _ -	 l	 for all (4-59)
A^	 ^T

(b)	 lim	 -1/N(z)l = 	 1	 for	 all (4-60)
A-	 KW r

Y

(c)	 l im	 (Arg(-IA(z))	 = 1800	for all ( 4 -61)
1
a

4.6	 Asymptotic Properties of -l/N(z) 	 for N'> 3 as A Approaches Zero

The following properties of -1/N(z) 	 for N > 3 are obtained as A

,
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approaches zero.

(a) For N > 3, and for a 1 1

l im II/N(z)l-=  0	 (4-62)
A-}0

(b) For N > 3, (N = odd integers)

Jim Arg (-1/N(z)) _ - l + 3N 
+ 2k1 7. +	

(4 - 63)

A}0	
))

for kTr/N < ^ < (k + 1)7r/N, k = 0, 1, 2, 	 (2N - J ) .

(c) For N > 4, (N = even integers)

lim Arg (-1/N(z)) _ - 
l2 

+ 
3N 

+ 4k1 T. +	
(4-64)

A-}0	 l2N JJ

for 2k7r/N < ^ < 2(k + 1)7r/N.

In view of the properties of -I/N(z) listed above, the following theorems

are generated.

Themem 4-3.

For even integral N > 3, the magni.tude and phase of -1/N(z) repeat for

every	 = 27r/N radians.

Themem 4-4.

For odd N (N > 3), the magnitude and phase of -1/N(z) repeat for every

_ 7T/N radians.

4.7 Discrete Describing Function Plots of the Combined Wire-Cable and

Flex-Pivot Nonlinearity - The Critical Regions

The discrete describing function, N(z), for the combined wire-cable

and flex-pivot nonlinearity is derived-in the preceding sections. The plots

of F(z) = 1/N(z) together with the plot of G eq (z), which is the linear

transfer function that N(z) sees, in the frequency domain allow the study of

the condition of self-sustained oscillations of the digital IPS system.

I
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Computer programs for the evaluation of the -1/N(z) for N = 2 and

N > 3 have been prepared. The listings of these programs are given in Tables

4-1 and 4-2, respectively.

For N = 2, the expression for F(z) _ -1/N(z) is given in Eqs. (4-35),

(4-36) and (4-37). Figure 4-3 shows the F(z) plot for N = 2 in the gain-

phase cop.•rdinates with 0 < A < - and all values of ^.

The following set of parameters are used for the nonlinear elements:

T
FPO = 0.00225

y = 9.2444x104

KWT = 100

HWT = 1

In view of Theorem 4-1, Eq. (4-44), the most important parameter among those

listed above is 
KWT	

since when A approaches infinity the magnitude of F(z)

approaches I/ 
KWT- 

However, as shown in Fig. 4-3, the F(z) plot stays on the

-1800 and -3600 axes for N = 2.

The discrete describing function N(z) for N > 3 is given by Eq. (4-54)

or Eq. (4-56). Figure 4-4 shows the gain-phase plot of F(z) = -1/N(z) for

N = 3. The curves for several values of ^ between 0 0 and 600 are plotted to

illustrate the effect of varying the phase of the input signal to the non-

linearity. It should be noted that for N = 3, Theorem 4- 3 states that the

values of F(z) repeat every 60 degrees starting from 	 _ 0 . As the magnitude

of the input signal, A, approaches infinity, the magnitude of F(z) becomes

1/KWT which is -40 db in this case, since K WT is 100. On the other hand,

as A approaches zero, the magnitude of F(z) becomes zero or -- db, and the

phase of F(z) is bounded by -3000 and -2400• for all values of ^. When the

value of KWT is varied, the curves of F(z)_ will shift up or down according to

s:.
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	 41
Table 4-1. Computer program ' for the computation of the discrete describing
 function of the combine flex-pivot and wire-cable nonlYnearity

' of the |PS. N = 2.

L;	 CALCULATION FOR — I/N(Z) FOR COMBINED NONLINEARITYYN=2
COMPLEX GNIYGN2

 .`^~^—~ . .^.''...~,.~~"".".","".".`.,","",°,°"",°". ,°"°

^^I=.^ ° 1. 41.5 uo	 .
RAD=18O^DO/PI

 - '	 ---- 	 `	 .	 .
KWT=10O,DO
^'~` ^-~~ 	 ^ 

.   mr=o
|ND=1 
WRITE(5,1OO)
Will IEWYMETT) ---

8N2=-2.DOTAA*CSP/T2

1	 CONTINUE
100	 FORMAW DISCRETE DESCRIBING FUNCTION NOR IPS

102	 FORMAT (IPW1495)
STOP

^^	 o,	 n

`
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_-- '-------------^-----~--~----'^~^'-'-----`--- 	 ----	 f	 ^^--- T
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Table 4-2. Computer program for the computation of the discrete describing
' function of the combined flex-pivot and wire-cable non7inaarity

of the IPS. N GE, 3.

C	 DI-SCRETE DECCRIBIH5 FUMCTIOM FOR COM8 r ME1, MOMLlMERRITY, M.GE.3
.	

REAL 
PHI vP(15),pI,RHD,GHMMH,H^THRT,H FAA FR. ,HWT,KWT,TO

REAL PP,RR,HRR,R1,R2,R3,R4,HH2,TC,PHIK,PHID,pIK,TWM,TWP
COMPLEX 6V,TTC1JM
C0MPLEX TSUMM,ZCUMM,Z3UM,TZ,TCUM,Z,T HE_ TH,5MM,5M
PI=3,14159
RH11=180./PI
HUT=1.0 
K3T=100.
G3MMH=9.2444E4
HSTHRT=1.E-8
MD=9
MP=1	 ' 

'	 T0=0.00225
RR=0^
NI =50
HN=FLOHT(MI)
M1=MI-1	 ^m^^^"^--

M2=MI-2
P(1)=1.0
MPH1=360O
PP=2.+PI/FL0HT(MI)
THETH=CMPLX(RR,PP)
Z=CEXP(THETA)
Z3UMM=CMPLX(1.,0.0)	 '
T3^MM^CMPLX(O.0,0.0)
WRITE(5,100)
WRITE(5,102) HM	 ' 

N9lTE(5,110) GAMMA
W -I lTE(5,111) HWT
W'.%ITE(5^112) KWT
1)jRITE(5,113) TO
W9ITE(5,101)
D3 8 I=0,144536
PHI=(2,0*P +FLOHT(I))/(FLOHT(MPHI))
PHlD=PHI+RHD
WRITE(5,1(,3)PHID
DD 1 J=1,MD
D3 9L=15HP 
ZCU MIN =CMPLX(1.0,0.0)
TCUMM=CMPLX(0~0r0.0)
H=9^THRT+FL0RT(L)+(10.^+(^-1))
RH=2.0+15HMMH,^H+TO
HR2=HH/2.0

`
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Table 4-2.	 (Continued)	 43

j F:=(-1 . ii:,'AA)+.'-..A :T( (AA +•AA +1 . f1) rr (AFi+AA) )
F'1 = 1 . ri :,'	 F:-1 . 0)
F:E=F:+F:1
R. =,=1 .0	 R+1 . ii;:^
R4=F:+F' _,

f^ DO 2 k::=i vNI
F'I`t;.=(2 . 0+F'I+FLOAT(K)) ( FLOAT( t'iI) )
F'HIf::=F'HI+PIl::
I F (PHI K. GT . (2. I i+F' I 	 )PH I K=F'H Ii-`-c. 0+F' I
T!At•i=-HI,.IT +f;I0 T+A+ C0:-: r: F'H I f::; )
TWP=HINT+F : WT+A++_ 0:3+:: F'H I k::
I y (F'HIK .LT .F'I )1-70 TO 6

GO TO 7
6 TI-: =•_,.ii+TO+('R4- AA2+A A2 + i_O 	(F'HIk:))/('.F'_ +AAA -AAL +1_:0:-: (PHIK)	 +T1j.1N

T-:1-IMN=T:=I fMN+T:-:1,1M
2 CONTINUE

I-- (NI.LE. , )GO TO	 Iii

Z `:I- M = Z — 2++t1
'. I! M H = Za { M t•{ *	 7= i_I t•1

3 CONTINUE
10i 1=:Ot•iT I tit IE

TZ=(Z-1_0:-:(F'F')	 (PHI	 It'i(PP)+:-:It'i (PH I'^
I t'd=T::I.1t,1t'i:,' (H+TZ+(Z-1 .)+`:-alt-1t•1)
GNN=-1
GV=1iNt

- I,1=F:EAL<G",.')
'-'=ri It1AI-^:;i	 v;^

GDB=r 0. +AL0I;1 0(13MA I= )
G 'HA::E=F:AII +ATAH2 (I= c , IS 1
I FF (I IS F H A'SE . G E.0	 G1PHA'-:E=1=F`HN:_E-' 6 0.
WR.'ITE(5,104 )A,I;FHA:-.E,I_TIB,I IS

105 FOFa'1AT ( 	 F'E24.15
9 CONTINUE
1 CONTINUE 
8 1=:ONT I t' UE
100 F3F'MAT( ,.-.' ± : D E ,---., C R I B, I N IS	 FI IN C TIDN	 Or	 1-:0MBINELI	 t'i0NLINEAF:IT''r •')
11:11 F0RMAT	 A''±1 0 ::.,	 PHA:-:E'',10X9— II F,`'•1CI;;,''MAISNITUDE`::^
102 FOF't'1AT	 5:	 `N_'	 F4 '- i'^
11 0 F RMATi:.:`,5X: 	'`I^AP1INR=`±IFE12.#`•^
1 i 1 FORMAT(5X ±	 HI,IT=' +F	 .2'
112 FORMAT (5X , 	 F,_. c)
i I:-; FOF:MAT(5':, `'TO=`` ±1PE12.;
111=, FOFa•1FT('.-"-5:; ,`'PHI=	 9F5.1::^
1 1_I4 F^1RMAT(:1F'5E14.5;^

:-'TOF'
END

t
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Figure 4-3. Discrete describing function plots of combined flex-pivot
and wire-cable nonlinearity for the IPS. N = 2.
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Figure 4-4. Discrete describing function plots of combined flex-pivot
and wire-cable nonlinearity for the IPS. N	 3.
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1/K WT in db; when the values of TFPO' Y, and HWT are varied, the shape of

the curved portions of the plots in Fig. 4-4 will be changed. However, in

general, the impact of the variation of KWT will be the greatest.

The F(z) plots for N = 4, 5,6,8, 10, 20, and 50 are shown in Figs. 4-5

through 4-11, respectively. For N = 4, the F(z) plot extends from -3150 to

-2250 as ¢ varies. For N = 5, the span of the plot is -2880 to 2520.

For stability analysis, it is sufficient to consider only the bounds of

the F(z) plot for a fixed N. Self-sustained oscillations characterized by

the period Tc = NT, where T is the sampling period, may occur if Geq(z)

intersects with any part of the F(z) plot. The region bounded by all the

F(z) curves for a given N is defined as the critical region. The critical

regions for the combined nonlinearity for N > 2 are the regions that are

bounded by the F(z) curves for ¢ = 00 and ¢ = 27r/N for N = even and ¢ 	 Tr/N

for 14 = odd.

As N approaches infinity, the discrete describing function N(z) approaches

the describing function N of the continuous-data nonlinearity, as shown in

Fig. 4-1'1.	 It is observed that as N increases the width of the critical

region becomes narrower. As N approaches infinity, the critical region of

F(z) =-]/N(z) approaches the -1/N plot shown in Fig. 2-1.

a

j

S



_	 +.i^1tlL'^r4r	 ^	 ..	 ...	 L

-..-....	 . w .^- ,=r ae. x.	 .._-_^-r-. ,.n -r.	 +`-r1.^'aa++I+trwweY6.^.+aasrsmaV+rww:.hwa..a_

47
-20

iF

-4o

-60

-80

-100

WJW
m

W0
-120

-140

-16o

'II
t
r

18o

_ 1
..

t
4 -_ r -Y —

t	 ^ ^
.-;-T r_

^_ _

i

^_ 4 -,

r	 •-Y,	 I

2

f

-

0

F

I
i

-

_+ - ,.

^ or_,_ 1

1-0 -L3:

-1- 7-

1-
_1'I-.

r-
} a .^^ —

i

1-
-	 tI--

I

1 - 10 ;	 ' TL 1 p 10
1 p4+1 ^ 1p 4

}
ff	 .

_

 
T

t A_ t	 F
F PQ

9. 444x 1_.
^.{

710 11.07 l 10 _

1

-f
T

r

..
-•

T^

1	 10 y6+

l-

'- -
10

-}
- -r a - -

10-6

-
10 -

?	 -
_f

-^	 -f
{ j

-'
y

-^ }

^-6
-

1
6-

- '

Y

F

- - -

y 
+

- - - -	 - - 
t

-
1a

, - +

f—}(.

__	 .	 •
r

-_
10

_
+^ 107 10

7 _
0 10 '.::

. M1

,

w

10

,
p.

10	 A'

-	 0- 0-

-320	 -300	 -28o	 -26o	 -24o	 -220	 -200
	

-18o

PHASE	 (Degrees)

Figure 4-5. Discrete Describing function plots of combined flex-pivot

	

and wire-cable nonlinearity for the IPS. N	 4.
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