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THE GENERAL SOLUTION TO THE CLASSICAL PROBLEM OF FINITE

EULER BERNOULLI BEAM

M. Y. Hussaini and C. L. Amba-Rao¥*

NASA Ames Research Center, Moffett Field, California

SUMMARY

An analytical solution is obtained for th? problem of free and
forced vibrations of a finite Euler Bernoulli beam with afbitrary
(partiaily fixed) boundary conditions. The effects of linear viscous
damping, Winkler foundation, constant axial tension, a concentrated na.ﬁ.
and Qn arbitrary forcing function are included in the analysis. No
reétriction is placed on the values of the parameters involved, and the
solution presented here contains all cited previous solutions as special

cases.

1. INTRODUCTION

Since the classical theory of beam was evolved by Euler and
Bernoulli, a large literature has accumulated on the subject, the
major part of which deals with either infinite beams or finite beams
with standard boundary conditions. The general solution for the dynaqic
response of the infinite Euler-Bernoulli beam with arbitrary initial
conditions, subjected to an arbitrary load including the effects of
dampiﬁg, an elastic foundation and constant axial load, was obtained

comparatively recently by Stadler and Shreeves (1). The ahalogoue

* Vikram Sarabhai Space Center, Trivandrum, India



problem for a finite beam does not seem to have been solved in all
generality. The first study allowing an elastically restrained edge
condition, which 1s of particular interest in the aerospace field, appears
to be tha§ of Carmichael (2). Among subsequent investigations, those

of Maltbaek (3), Hess (4), Amba-Rao (5), Sharp and Cobble (6) and

Amba-RAo and Hussaini (7) are perhaps worth mentioning.

Maltbaek (3) solved the problem of a uniform beam with a rigid

mass attached at its center and with elastic.éupports. Hess (4) gave

a more complete solution. Amba-Rao (5) considered the free vibrations
‘of an elastically restrained beam carrying an arbitrary number of discrete
masses. He used the transform method, treating the added masses as 1upuilel
(represented by Dirac delta functions) in the mass density function.

Sﬁarp and Cobble (6) solved the problem of the arbitrarily loaded damped
beam elastically restrained against rotation. Amba-Rao and Hussaini (7)
presented a closed form solution to the problem of free vibrations of .‘
partially fixed, linearly damped, beam on a W1nk1er‘foundation, carrying
arbitrary masses. Thevpresent note extends the latter solution to include
the case of forced vibrations under arbitrary initial conditioua..and

unifies all earlier investigations into a general theory.

2. STATEMENT OF THE PROBLEM

In addition to the usual assumptions of the Euler-Bernoulli theory,
the beam is assumed to have constant axial tensile load, with viscous
damping proportional i:o velocity, and to be resting on a Winkler foundation
whﬁse resistance is p:oporﬁional to the transverse displacement. The

relevant differential equation in operator form is



Ly(x,t) = q(x,t) ' (2.1)

.where

32 3

LB -P—+f+d 3P —-5

ax" ax
Here y(x,t) is the lateral deflection, EJ the flexural rigidity
of the beam, p the mass density of the beam and concentrated lnlipl,
x the space coordinate measured along the length of the beanm, .
P the tensile axial force on the beam, f the Winkler foundation
constant, d the damping constant, t the time, and q the forcing

function. The 1ﬂitia1 and boundary conditions are, respectively:

y = u(x) , %% = v(x) at t=0 (2.2)
1Yy, )
Tl ax3 y . ‘
} at x= 0 for all ¢t (2.3)
—x-_R El
3x2 ax)
1 3% )
Tza 3 =y
r at x= L for all ¢t © (2.4)
.a_zl-R .a.l A

ax2 2 3x J
where L is the length of the beaﬂ anﬁ Tl;ﬂTz. R,, and R, are spring

constants (partial fixity factorat Tuese boundary conditions are
el
unmixed. The method of solution giéenfﬁetg‘is applicable even if the

conditions are mixed. S

3. SOLUTION | .!»
i

LIS RPN

The general theory of linear dpagntors suggests two fundamental
‘ i

methuds of solving equation (2.1). Une method is to find the inverse
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of the operator £, that is, in effect to obtniﬂ the Green's function.

The operator £ 4is not self-adjoint with respect to either xor t.
However, if the Green's function G is evaluated satisfying the homogeneous
initial and boundary conditiomns, then the problem can be solved in
principle by an extended definition of £ as given in equation (3.1)

below:

Ly = q + [pu(x)é'(t) + pv(x)6(t) + d&(t)]

+ terms due to inhomogeneous boundary conditions

= Q (say) (3.1)

where ¢&(t) 1s the delta function. The solution takes the form

\

L po ' o
y(x,t) -If G(x,t; £,7)Q(E,1)dE dt : (3.2)
oYo

In the present paper, the solution {8 obtained by the second method
using spectral representation of £ in terms of x-eigenfunctions.
First, the solution is sought as a sum of two functions, one of which is
thé solution of a homogeneous problem with inhomogeneous boundary conditionl,
while the other is the solution of an inhomogeneous equation with homo-

geneous boundary conditions. Thus, let
y(x,t) = yl(x.t) +y,(x,t) ‘ (3.3)
where

Ly =0 (3.4)



with the boundary conditions

and

y)"(0,t) = -T,y,(0,t)

y;"(ﬁ.t)

] - - '
yl(ost) Rlyl(oﬂt)

szl(ﬁ,t)

yi(R,e) = Ry (R,¢)

Ly, = q

with the boundary conditions

and the initial conditions

ayz
TS (x,0)

where, by a proper choice of the origin and unit of length, the end

points of the beam are at

y;(O,t) = YZ(R;t) =0

yz(x,O) = u(x) - yl(x,O) = U(x)

ayl

x = 0 and x = K, and primes denote

differentiation with respect to «x.

a) EVALUATION OF y,

The solution Y3

slightly different arproach is presented here which yields results

identical to those of reference 7.

of equation (3.4) is given in reference 7.

= v(x) - TS (x,0) = V(x)

The approach is expected to be

(3.5)

(3.6)

(3.7)

(3.8)

A

useful particularly if the series representing the inverse of the finite

Fourier transform is not summable in closed form.




Write

¥, = ¥(x)exp(-at)cos(uwt) (3.9

Substituting this in equation (3.4), we find that y(x) satisfies the

ordinary differential equation

L 2
EJ g;% - P %;% +£9 - p(a2 + W)y = 0 (3.10)

where 2ap = d, and with concentrated masses being represented by delta

function p = m + M, 8(x - x,). Thus, the concentrated mass is supposed to be

3 3

situated at the point x =, ; and d 1s assumed proportional to op.

j;
The boundary conditions are
v =t V@ = Tm } (3.11)
V@ = -rpM ) and v @ = rppM (@

(1)

where denotes ith derivative of ¢ with respect to x.

Define X
1- aly

&y = 7 CO8 nx dx
o 9x

Integrating by parts, we establish the recurrence relation

gl - L [N @ - 1D ()]
2

- (0™ @y - 0] + L al*y (3.12)
n
¥ = &% = L [0 P @ - 0]
n

- H [P m -] + 8 (3.13)

The expression for &4 1s obtained from the finite cosine transform of

equation (3.4):



3"'#[1 + = = ¥(n )[EJ (02 + «?) - Ef_;]
ta55 [ DN ® - v ] + s, (3.14)
where
a? + w2
Sj =3 ij(xj)cos nxj
Finally,
1

V() - [m2 + 222 (- VM) - 4D (0}

(n2 <+ 22)2 - k“

- D™D @ - ) + sj] (3.15)
where ‘
" Then .
v(x) = ¥(0) + % mz: ¥(n)cos nx
or :

1 1 a? + w? e m - P o
V(x) Kl“-k"‘[m Mp(x) = {87 M® -7 0)

v 22000 @ - vV )] + L w1500+ %)

+ Ia(lx - lei] --% [?(1)(0){Il(x) + (22 + kz)Ia(x)}
YD (1,00 + @2 + DL} + (4P 01,60 - ¥ @1}



where

1 ;! cosh(m - x)/e2 + k2

+
2022 + k2) 2722 + k% gynh KVAZ 4 K2

Il(x) - -

Is(x) -

1 X [ cosh(X - xUl! + k¢
)

208" - k") 42 /22 + K2 sinh RVAZ + K2

_ _covh(l - x) /22 - k?
/22 22 sinh K22 - K2

Iz(x) = II(K - x) and I“(x) = 13(K - x)

b) SOLUTION OF £y2 = q(n,t)

The operator £2 is a sum of two commutative operators Lx and Lt

defined as
L EJ a 22 + f (3.17)
- - P .
X axt 3x?
Lo=p 22 4al (3.18)

The inverse of £2 may be obtained by considering Lx as a constant.
The results will be a function of the operator Lx and should be interpreted
by using the spectral representation of Lx’ Consider Lx: Its domain
Dx is the set of all functions in S (which is a linear vector space of
real-valued square integrable functions over (0,X)) and they have piecewise

continuous fourth derivatives for 0 < x < x, and for x, < x < K, which

3 3
satisfy the conditions

Y(0) = y(K) = ¢"(0) = y"(X) = 0 (3.19)

and are such that wa belongs to S.

1f *1' Vv, are in Dx. it can he easily shown following standard

i

procedure



Fyrtery) = ¥y ¥ (3.20)

where the inner product is defined as

1
6’1""3> -J'o byb,dn (3.21)

In other words, Lx is self-adjoint and its eigenfunctions are *1'
These ¥, can be obtained from the analysis of section (a) by letting

Tl’ Tz + « and Rx, R2 + 0., The ¢1 defined by the relation

¥y

o, = (3.22)
1 '652331777

form the orthonormal basis for S. Hence q, U, V can be represented

as
a/o = 32, ()¢, (x) 3
1
Ue) U0, (x) r (3.23)
1
Ve 2: V1¢1(x) p
1
where
) )
q =] 9.t)
1), T e (0)de
X
U, -fo U(E)9e, (§)de b (3.24)
X
v, -fo V(e)e, (0)dt J
The equation (3.6) is written as
a2 3 3,
( ;t—z +d _3-t- + Lx)YZ = q(x,t) , Y2(xo0) = (x) , _5? (x,0) = V(x)

(3.25)
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Treating I.x as a constant, we find the solution of (3.25) (by the

method of Laplace transforms or by variation of parameters) as

t
Y, -J'o exp[-u(tl - 1)] sinh Bﬁk - 1) Q(T.:)dr

s.nh ft + cosh B8t
B

+ exp(-at) U(x)

+ exp(- at) 1‘—“—‘1—%‘ V(x) (3.26)

where £ = /02 - Lx/p and 2 ap = d.. It is to bg noted that

the function of the operator is written before the function on which

it acts and it is interpreted accordingly. For instance,

£(L UG = ?,f(xn)vn%(x)

vhere An are the eigenvalues of Lx end ¢n(x) the associated normalized

eigenfunctions. Thus,

) y, " El [Fn(t)*qn(:) +F (YU + V)

exp (-at)cosh Bnt Un]¢n(x) (3.27)

t
where Fn(t)*qn(t) -J- Fn(t - r)qn(r)dr
0
sinh B8 £

Bﬂ

Fn(t) = exp(-at) , and Bn = /a2 - An/p
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DISCUSSION
Substitution of (3.16) in (3.11) yields four equations for five
unknowns <20, v @), v ), v @) and ¥(x,). Evaluation of ¥

at x = x, from (3.16) provides the necessary fifth equation. The determinant

b/
of this system set equal to zero is the equation for natural frequencies.
In the above procedure, if equation (3.19) is used instead of (3.11), we
finally obtain the equation for the eigenvalues xn of the operator Lx'

From equation (2.10) it is obvious that An have the form

- 2 2
Xn p(as + w )

and then

B = w2

n n

. where w, ~are the natural frequencies of ths team simply supported at
both ends. The corresponding eigenfunctions are obtained from
equation (3.16). In summary, a general solution has been presented

for the free and forced vibrations of a finite Euler-Bernoulli beam.
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