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ABSTRACT

Electrostatic emissions are often observed by spacecraft in
the outer magnetosphere at frequencies between low electron gyro-
harmonies. The emissions include the well-known odd half-harmonic
emissions as well as weaker emissions which occur near the electron
plasma frequency. We have constructed a scheme for classifying the
emissions and have shown that a theoretical model waich has bsen
previously used to explain the '"3/2" emissions can be extended to the
other classes of emissions. All of the emissions appear therefore i
to be generated by the same basic mechanism: an unstable electron
plasma distribution consisting of cold electrons (<100 eV) and hot
loss cone electrons (~1 keV). Each emission class is associated with
a particular range of model parameters; the wide band electric field

data can thus be used to infer the density and temperature of the cold

e

plasma component. The model predicts that gyroharmonic emissions

near the plasma frequency require large cold plasma densities.
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ELECTROSTATIC EMISSIONS BETWEEN ELECTRON

GYROUARMONICS IN THE QUTER MAGNETOSPHERE
I. INTRODUCTION

Banded electrostatic emisSions at frequencies above the local electron
gyrofrequency fg are a prominent and interesting feature of the outer magneto-
sphere. By far the most common of these emissions are those occurring be-
tween fg and 2fg . These were first observed by the plasma wave 'experiment on
Ogo 5 (Kennel, et al., 1970; Fredricks and Searf, 1973) as narrow band
(Af/fE ~0.1), large amplitude (1-10 mV/m) waves oceurring over the approxi-
mate range 1.25 {, <f<1.75 fé. - Because this frequency interval is centered
at 1,5 £, these waves are often loosely termed!'3/2" emis_si_ons. Similar
."3' /2" emissions have also been detected hy plasma wave experiments on 83
(Anderson and Maeda, 1977) and Imp 6 {(Shaw and Gurnett, 1975). In the Imp 6
experiment "3/2" emissions are sporadically observed on nearly every traver-
sal of the outer magnetospllere: théy are indeed also & common magnetospheric
feature. It hus been suggested that these waves play a dominant role in the
precipitatioﬁ of 1-10 keV electrons (Lyons, 1974; Ashour-Abdalla and Kennel,
1976). -

There are several other types of electrostatic turbulence whose charac-
tefisfiés'suggeSt that ﬁhey é,i'é related to '"3/-2" emiésioﬁ_s.  There are first of

all "n + 1/2" or "odd half harmonic" emissions with n integral and > .. Again
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the coinage is loose: these are narrow band emissions occurring between nfg
and (n + 1)fg but significantly away from the gyroharmbnics .themselves‘. The
Ogo 5 experiment occasionally observed ""5/2" and "7/2" emissions, and

(n + 1/2) emissions with n as large as 8 are common in the Imp 6 data, though
far less so than the ""'3/2" emissions.

When "n + 1/2" emissions are seen in the magnetosphere, all half har-
monies n =1, 2, ... N are usually sequentially present, However, Shaw and
Gurnett (1975) report narrow band emissions between higher gyroharmonics at
times when t.he "3 /2" and other low half harmonics are absent. In such cases,
the highest frequency band is often near the Iocal electron plasma frequency £,
the latter heing determined from the observed lower cutoff of nonthermal con~ |
tinuum radiation (Gurnett and Shaw, 1973).

Somewhat different from the narrow banded emissions discussed so far
are "diffuse' band emissions reported by Shaw and Gurnett (1975). These
emissions are also confined to bands between the low electfon gyroharmonics
and tend to occur just outside the plasmapause, They may have substantially
wider bandwidths (Af<0.5 fg), and much lower intensities than do narrow
band emissions., The highest observed frequency of diffuse band emissions is
frequently near fp.

Banded electromagnetic emissions near f5/2 have also been reporﬁed

(Burtis and Helliwell, 1969; Maeda, et al., 1976). These emissions, which are

presumably whistler waves, are seldom observed unless ""3/2'" emissions are




simultaneougly present, and a causal link between the two may exist, We shall
not be concerned, however, with electromagnetic emissions in this paper.

Part of cur task has been to develop a classification scheme for the emis-
sions discussed in the previous paragraphs. Five separate categories of waves
have been icientified. More importaﬁtly, we have developed a parameterized
model of a linearly unstable plasma. By suitable choices of the parameters
in the model, it is possible to duplicate in a ﬁore or less unique fashion the
emissions in each category,

The plasma model is essentially the one investigated previously by several
other éuthors (Fredricks, 1971; Young, et al., 1973; Young, 1975; Ashour—-.
Ahdalla, et al., 1975; Ashour-Abdalla and Kennel, 1976). Because of the high
frequency of the waves involved, we consider only electron dynamics., There
are two electron populations: a "hot'" (~1 keV) loss cone component, with den~

sity n, and parallel and perpendicular temperatures THH and Ty, is the source

- of free energy for the instability. In addition, there are "cold" (<100 V) elec~

trons of density n, and temperature T. The cold electrons, which originate
from the ionosphere, facilitate the propagation of the instability, As might be
expected for electrostatic emissions whose frequency is related to fg, the waves
which we congider -propagate nearly perpendicular to ﬁ, i.e. the perpendicular
and parallel wavenumbers k( and ky satisfy k; > K.

In this paper, we extend the linear analysis to investigate all types of

narrow band electrostatic turbulence observed in the outer magnetosphere. We



feel that diffuse band emissions can also be explained by this model, but our
work here is as yet tentative and will be reported later. The theoretical analy-
sis of narrow band-emissions is coupled to specific Imp 8 electric field chserva-
tions. The plasma conditions which give rise fo emissions in each of the pro-
posed categories are theoretically investigated. We summarize the effects of
varying each of the many free pai"ameters in the problem on the'mor.phology of
each category of emission. This leads us to a "best estimate™ as to 1oca17 plasma
conditions when a given type of emission océurs and hence a predictive or diag-
nostic capability. In particular, we are able to estimate the local cold plasma

density, a parameter which is difficult to measure by direct plasma observations.



1, TYPICAVL ELECTRIC FIELD OBSERVATIONS

The essential features of "half-harmonic! elecirostatic emissions are
most clearly seen in wide band spectrograms of the type shown in Figure 1.
The figure shows time compressed electric field data from the University of
Iowz plasma wave experiment on Imp 6 during an outbound orbital pass. Simul-
taneous magnetic field measurements from the NASA /GSFC magnetometer allow
us to caleulate f - The most persistent feature is the narrow bandwidth emis-
sions between fg and ng which are almost continously observed from 0500 to
0800. During this time, the relative frequency p= f/fg of this "3/2" emission
varies between 1.2 and 1,45 as the gyrofrequency decreases from 4. 6 kHz to
0.92 kHz. Tigure 1, however, shows only the last part of this time interval,
The "3/2" emissions in Figure 1 are almost constant in frequency and are the
dark trace occurring between 1 kHz and 2 kHz.

Higher odd half harmonic emissions oceur sporadically after 0655 with
as many as seven bands simultaneously present. The precise relative frequen-
cies of the emissions at 0715 —- f‘/fg =pu=1.4, 2.3, 3.2, 4.2, 5.2, and 6.1--
are indicative of the looseness of the "odd half-harmonic" terminology. The
emissions below 1 kHz are the concurrent electromagnetic emissions near
£,/2.

Figure 2 shows one of the types of emissions reported by Shaw and Gurnett
(1975), The sporadic narrow band emissions which first appear about 0525 are

the main feature of interest. The shaded region above ~6 kiiz is the nonthermal
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continuum vadiation (Gurnett and Shaw, 1973). This radiation is electromag-
netic and is density trapped between the plasmapause and .the magnetopanse, Its
lower cutoff is the local electron plasma frequency fp. The narrow band emis-
sions here are well above f o The three bands at 0540 are just below '7fg , 8f g
and 9f . Although in this case, the frequencies of the narrow band emissions are
just below £ ot similar bands are sometimes observed above the lower continuum
cutoff,

Although the continuum radiation is usually observed whenever narrow
band emissions of the type shown in Figure 2 are present, the continuum emis-
sions are sometimes missing (e.g., Shaw and Gurnett, 1975, Fig, 4}). This may
be due to having fp exceed the upper freguency limit (10 kHz or 30 kHz) of the
wide band spectrometer, but it is more likely that the narrow band emissions
are occurring near f,, and that the continuum is simply too weak to be observed
(R. Shaw, private communication).

The presence of continuum radiation above fp is not eorrelated with the
occurrence of electrostatic emissions. Continuum radiation may accompany
any type of narrow bandwidth electrostatic emissions, diffuse emissions (e.g.,
Shaw and Gurnett, 1975, ¥Figs. 6 and 11), or it may even occur in the complete
absence of electrostatic turbulence. These pronerties, plus the fact that the

continuum radiation is electromagnetic in nature, suggest that the mechanisms

for generating continuum and odd half-harmonic emissions are unrelated.



Based on the work of Shaw and Gurnett (1975) and our own survey of
Imp 6 0-10 kHz broadband daia, we propose the classification scheme shown
in Table 1. With the exception of Classes 1 and 2, the distinction between
separate categories is an observationally natural one, and as we shall see, each
class corresponds to a different configuration of our plasma model. The origi-
nal Ogo 5 observations were primarily low latitude measurements and found
typical frequencies f ~1.5f ot i.e., Class 2 emissions. Our analyses of sev-
eral orhits of Imp 6 data, however, suggest that fg <f< ng waves are concen-
trated below 1.2 fg: for example, 60% of the narrow band emissions observed
in Orbits 178-183 were Class 1 as opposed to Class 2 emissions. Qur theore-
tical work suggests that this difference in frequency distributions between the
Ogo 5 and Imp 6 observations is a latitudinal effect. At the same radial distance
/f

from the Earth, the ratio f upon which the frequency f of narrow emissions

p'Te?
depends strongly, is smaller at the higher latitudes traversed by Imp 6 (if £ p
is constant or decreases with latitude), Thus, the plasma characteristies of
Class 1 and Class 2 events are also different,

Class 3 emissions are maultiple "(n + 1/2)'" emissions of the type shown
in Figure 1. Class 4 emissions are the diffuse electrostatic emissions described
by Shaw and Gurnett (1975)., Finally, Class 5 emissions are narrow band emis-
sions such as those in Figure 2 between cyclotron harmonics near f .

We have assumed that all Class 5 events have frequencies controlled by

eyclotron harmonics even when only a single band near f,1s observed. It is

e e



possible that some of these emissions are in fact electron plasma oscillations.
We shall see that it is theoretically possible to produce gyroharmonic emissions
which occur in a narrow band right at £,. In principle one shoﬁld be able to dis-
tinguish between electron plasma oscillations and gyroharmonic emissions from
the location in time of intensity nulls associated with the spin period of the
spacecraft since o} is predominantly perpendicular to B for gyroharmonic emis-
sions and parallel fo E for electron plasma oscillations, Unfortunately, the
Class 5 emissions don't usually show spin modulation (Shaw and Gurnett, 1975).
Emissions cccurring in two or more bandsv near fp, such as Figure 2, can
safely be considered gyroharmonic emissions, while emissions which occur in
a single narrow band near the continuum cutoff could be electron plasma oscilla~
tions or gyroharmonic emissions. It may be possible to distinguish the two by

analyzing electron particle spectra.



TABLE 1

Classification Scheme for Electrostatic Emissions in the Outer Magnetosphere

Class

Frequency Range

Commerts

. Low “3/2”

. t¢3/23!

. “n+1/2” or multiple

half harmonic

. Diffuse band

. Y~ fp ” narrow band

1 <fff, $ 1.2, Af/f, S0.1

L2 /£, <2, Af/f; S 0.1

fmax/f >2
E
Af/f, £0.1in each band

fmax/fg <4
A\f/fg ~ (0.5 in lowest band

fg<<f ~f

max P

Af/fg <0l

Most common emission class for 20° S I\ | S 55°.

Most widely studied emission class, Probably
most common emission class near equator.

Narrow bandwidth emissions in each gyrohar-
monic band above f, up to the nth band (e.g.,
Fig. 1).

Less sharply defined emissions in the lowest
(1 <f{/f o < 2) band. May have emissions in one

~or two other bands. If continuum observed,

f

max pr‘

One or more bands near £ are enhanced. Lower
(e.g., “3/27) bands usually missiug.

o




1II. THEORY
The dispersion relation for electrostatic waves in a magnetized electron
plasma, where ions form only a fixed neutralizing background, is in eylindrical

coordinates, with the z-axis along B (Harris, 1959),

+oo

27 r T T2k p, [S2) 3f n& of
0=1-—w? fdvlul fdv” )L [k“——+——--] (1)
k% 0 Yoo npm—oo k"U“ + nil- w aV" vy avi

Here w, = (47ne? /m)% and Q=|e|B/mc = 27f , are the angular electron plasma
and gyrofrequencies respectively and the electron distribution (v, , o ) is

normalized to unity

oo +o2
ZW-{‘dULUl‘/;lU”f(UJ_, U”) =1

Two different classes of £(V, V") which lead to unstable solutions (v =
Imw > 0) to Eq. (1) with k; >> kll havé been wid.ely studied. The first type is
characterized by an anisotropy in which the temperature T associated with
the electronic motion perpendicular to B exceeds the equivalent parallel tempera-

ture T". While T, > ZT" is sufficient for instability in the "3/2" band, the

instability is restricted to the region 3/2 f, < f < 2f, (Young et al., 1973), and

in order to account for observations below 3/2 £ g complicated non-linear
coupling must be invoked (Oya, 1972; 1975),
Instability at higher odd half harmonics requires a still more pronounced

temperature anisotropy. It is primarily because such anisotropic distributions -
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are not observed in the magnetosphere that we analyze this type of distribution
funetion no further.

The second category of distribution functions is one in which offdv, >0
over some region(s) of v; . Only this class of distribution is unstable to strictly
flute mode (k 0 = () propagation (Baldwin et al., 1969). Pionee_ring work with
thie type of distribution was done by Tataronis and Crawford (1970) who investi-

gated the stability of the distribution

. 1 ' .
f‘=-2—7r—ul S(U_L'-' &_!_)5(\?") {2)

in an attempt to explain odd half harmonic emissions observed in laboratory
devices.

Shortly after the Ogo-5 magnetospheric observations, Fredericks (1971)
seized upon the distribution Eq (2) (with a thermal spread in the perpendicular
distribution) and was able to show the existence of unstable "3/2" waves propa-
gating within 10° of perpendicularity to the field for large but realistic _values
of copz /S%. The electrons involved were thought to be "hot" plasma sheet elec-
trons: there was indication that ""3/2" emissions are most prevalent during
substorm periods when the flux of plasma-sheet-like electrons at Ogo-5 alti-
tudes is enhanced.

Attempts to extent this work to more realistic (loss cong) distribution
functions met in failure. Thus loss cone distributions of the Dory-Guest-Harris

(DGH) (Dory et al., 1965) type

11



: | 1 1 vl of (3)
fwp.vp = 32 (o 2yN+1 o™ exp _(— +—2—)
i N!(Tr) (Ol.!_) OEH G!i O£“

i were tried and shown to be electrostatically stable unless N became unrealis-
tically large (>5) (Dory et al., 1965), It was Young and his coworkers who

i first recognized the difficulty with small N: in those regions of w,k space where
‘% the imaginary component of Eq. (1) could be satisfied with y=Imew > 0 (corre-

E sponding to instability) the real component of Eq. (1) could not. However, the
addition of a small amount of cold plasma to Bg, (3) alleviated the difficulty.
The cold component was and is thought to be of ionospheric origin. The admix-

ture which probably exists around L= 8 is optimum for instability.

The most recent work in the field, that of Ashour-Abdalla and Kennel
(1976, cf. also references therein), also allows partial "fill in" of the loss cone
in order to keep growth rates écceptably smali. (If growth is too fast, saturation
oceurs at a low emission amplitude.) Ashour-Abdalia and Kennel thus analyze
: the stability of the distribution
\

1 1 (1- Ap? w2 ?
oo ==~ (A T ' ) . (—é‘ * _Il_
(m)*1* ey oy & oy

H

g8 vl vuz
* 2. P\ T T (4)
el N i, |

This distribution is then the sum of three components: a cold bi-Maxwellian of

density n , a hot bi-Maxwellian of density, An;,, and a hot N = 1 DGH loss—cone

H?

distribution of density (1 - A) ny. The ratio A/(1- A) between the densities

12
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of hot Maxwellian and loss-cone plasma is referred to as the "fill-in'" factor.
The ratio § is n /n, so that in Eq. (1) mg is caleulated using the hot plasma
density n, (w;’- is then properly mgﬂ ). The Ashour-Abdalla and Kennel paper
reporis on a detailed parameter search for conditions which can produce "3/2"
emissions and an analysis of the convective properties of the instabilities. It also
containg a somewhat more detailed history of the evolution of theoretical ideas.

Our work extends the plasma parameters search to the frequency regime
f>2f,. BSince we are concerned with characterizing all categories of odd-half-
harmonic emission discussed in Section II, we shall also be considering "'3/2"
emissions. Our results in this regime generally support the findings of Ashour-
Abdalla and Kennel.

We differ from previous work in one major respect: our hot electron dis-
tribution parallel to B is a Lorentzian of order p; thus the distribution function
which we analyze is that given by Eq. (4) with the substitution

1 1(2p- it (o, )%

oxo- G laf, )

()% o 7 (2p- M (v} taf P

Ol =(-Dit=1
The Lorentzian for several values of p is plotted in Figure 1 along with the
Maxwellian for comparison, Note that as p becomes very large, the Lorentzian
devolves to a §-function at vy = 0. We have chosen the Lorentzian for two

reasons: 1) magnetospherie particle spectra frequently show a "power law"

high energy tail (e.g., the spectra shown in Anderson and Maeda, 1977) and




2) the ensuing complexity of the hot contribution to Eq. (1) (cf Appendices) is
greatly reduced when a Lorentzian is used.

Let us write Eq. (1) symbolically in the form

w,
0= 1 i\” ,p)'*'Hc(?tf,?t]‘f;#)] (5}
where
w k,ele kyolle
Y M He oLt He o Al
‘u‘_ﬂ’ hlc—' R E!I‘ldh”c— Q

We adopt the convention that k > 0, realizing that symmetric waves having

ki <0 are equally possible. For the instabilities which we investigate in
this paper A Ly > 2.5 and may range as high as 20, In Appendix A we show that
for large ?\J_H

1 k" 2p-1(- 1)+l pp-l r2
?\"H~k2 (2p- 3)!1 3Pt \/_

A2\ /1= A 2 o a2y
A [(—--—— (—-—)—(]—A)—A] +I"-——[2A+(1—A)(——-— )]
H A2 2 cos 27 - 1 af ?\
H
sin2#T i 20c"2 - A2
[ - ierf( ):l - i [A+
1- cos2#T ?\J_ ccf

Here I‘(\/s) u+in/s 7\”H and erf(z) is the (complex) error functmn

Hy =

—

ex - 3
?\ A

- Z
erf(z) = —2—-f dt exp - t2
T g

In addition, the validity of our asymptotic procedure in Appendix A regiiires

14



oy) S Ay 2ndO() A 1> these conditions being amply satisfied in all our

Lo

computations, (Notfe that we can treat yu~ N ™~ Ay provided all are comparably

}f
i
k
{
g
fi

large.)
The coinputational value of using a Lorentzian parallel distribution should

be manifest in Eq. (6): ne1ther sums nor integrations remain; the computation-

ally most difficult component is the error function which is quickly and effi-
ciently evaluated from a series representation; computer complex algebra
readily separates Hy into its real and imaginary parts Hy ..., and Hy imag *

1 Tn our investigations we have considered the p=1 and p = 2 Lorentzians,

for which
Hﬁj:l = — —'HH s . (7)

! where H_ is the quantity in< +in Eq. (6) (evaluated at s = 1 so that ['= y + Nyg)

and

P Hp™ (1“”\:15 5 )Hp' (8)

i Were it necessary or desirable to study situations with yet higher p, one
* could continue this procedure and express HE>? completely in terms Hp"!
and its pu-derivatives. These derivatives may in turn be evaluated either

numerically or algebraically.
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The corresponding cold contribution

is of a form derived in several places in the literature (e.g., Ashour-Abdalla
et al., 1975). In Eq. (9 I, is a modified Bessel Function of order n and Z

is the Well—know_n (Fried and Conte, 1961) plasma dispersion function

_ 2
Z(x)—\/_fthxP t

While a strictly cold approximation to Eq. (9) is appropriate for some of our
computations, 7\" c and A, can in other cases be of 6(1) so that thermal correc-
tions are important and several terms in the sum need be retained, Even under
.these conditions, however, the number of éomputations is fewer than for a "hot"'
plasma.

In solving Eq. (5) we consider only the situation close to marginal stability

so that || << |y . Denoting Hy, + H_ by H we thus solve first the equation
l=—=H aly) : o ' (10}
P .

in a2 manner ouflined in Appendm B. Here H

ceal 1S, in the usual sense, the real

part of H, given u to be 1tse1f real. We then determine a correction A# by

solving the quadratic
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(Aﬂ)z 1 ' . _ 1
2 Hioai(u) +AnH (o) +iH,, ag(‘ur) =0 (11)

where in Eq, (11) the prime notation is used for differentiation and yu . is that
value determined from Eq. (10}, Solutions to (11) are complex and thus pro-
vide both p, and a correction to p . The quadratic term in Eq. (11} is impor-
tant only when H (1) =0; when H_,(#) =1, Eq. (11) reduces to the common-~
ly used prescription for calculating weak growth or damping. Having thus
solved Egs. (10) and {11) ywe check 4 poste_riori that terms in (11) are in fact

smaller than those in (10} and that other neglected terms are yet smaller. If

this test of emaliness fails, the roots are rejected.
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IV. SOLUTIONS OF THE PLASMA DISPERSION RELATION
Equation (5) is charaéterized by the following 6 parameters which can be
3 _

specified independently: %’;, B, A, TIIH/T,LI-I . Ty c/TiL;’ and T”c/T"H. It would he an
enormous task to examine a significant volume of this 6-dimensional parameter
space for instabilities, so we delimit the task somewhat by considering only the
"isotropic" case where Tjy "TJ_H =Ty dand Tc T;Lc. =Tc.' The gyro'fr"équencjﬂ
scales all frequencies in the problem, and the gyroradius calculated using $2 and
Ty is the fundamental unit of length. Our goal in this sectioﬁ ié to summarize
the gross effects of changing the remaining four parameters on instabilities in
the frequency ranges described by our five proposed emission categories, In
further discussion we consider the variables in the dispersion equation fo he u,
Ay (calling it simply N), and 6 = tan™! (k /ky).

Fig. 4 displays the frequency p = w/§ of the fastest growing mode in éach
gyroharmonic band plotted against §= nc/nH . The warm p}asma density is constant
(wlfH [Q* =20), T /T, =0.04,A=0,and 6 =86°. As n_ increases, p increases
within each bhand, and higher frequeng;v bands may appear. The dotted line indiQ :

cates the cold upper hybrid frequeuéfv defined hy

“Hs \/1+wpc/522—f( ( ) | (12)

_ w
The fact that instabilitieé d‘o not occur for u's much above uucH is due o having

Re H dominated by the ‘6old electrons for these values of §. Away from exact

harmonics of ‘Q! iﬁ(}iere HH imag is appropriate for instability, propagation in

18



the 1imit T, ~ 0 is possible only at p =pgy. This role of the cold upper hybrid
frequency has been investigated by Ashour-Abdalla and Kennel (1976) and Gaffey
and LaQuey (1976).

Figure 5 demonstrates the complicated effects of the cold plasma temper-
ature on the range of the instability when oy - 2. Heref=0.5,A=0,and pr =
3.32 (or wpzﬂ /S22 =20). The range 2.5 <A< 12 and 82° <8< 89° has been sampled,
and the region of corresponding unstable p's is bounded by the solid curves shown.
An asterisk indicates the fastest growing mode within each band at the corre-
sponding T /Ty value. For T /Ty < 0.01, note that (a) the lowest band is véry
narrow and lies close to g =2 and (b) g, is more nearly an absolute upper
bound oﬁ i than it is at higher T /Ty. For T, /Ty 2 0.01, bands above 452 and
5§ become unstable, and the instability width tends to narrow in the second and
third bands. The appearance of these higher bandg is due to the increase in A,
with increasing T . As Aj approaches'e’(l)l, thermal effects become important
even for the "'eold" electrons and several In(l§/2) contribute to the sum in
Hc,re .1+ The resulf is that solutioﬁs with p>puf, are possible.

In addition to shifting the unstable frequency range, the principal effect
of increasing T, /"TH is to reduce most instability growth rates. TFigure 6 plots
the maximum growth rate Ymax &5 & function of T, /Ty for the parametefs of
Fig. 5. For T /Ty Z 0.04, further increases in T, tend to stabilize the plasma

in all bands. The lack of strong instabilities in the fivst, fourth, and fifth

~ bands as T, /Ty > 0 occurs because when T, is very small, only modes near
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“Lfn can have large growth rates, The stabilizing effect of the cold plasma
temperature arises primarily from the faet that H ¢ ima g(,u) <0 always. This

gives a Landau damping effect which opposes the H (1) > 0 contribution

H,imag
which drives the instability.

For B> 0.05, the real .part of the.d'ispersion relation is dominated by
the cold plasma component. Increasing ny, should therefore increase the

w
growth rate y without changing 4 by much, This is verified by Fig. 7, which
plots the most unstable frequency vs. § =n_/ny with T /T, =0.10, A=0
and r.opz':/‘Q.2 =5 (u5y =2.45). The "error bars" delimit the frequency range in
which ¥ > 7., /2 and hence give an estimate of the bandwidth. The solid, dashed
and dotted lines correspond t0 Yyax> 0.01, 0.001 <7, < 0.01, and v, < 0.001
respeetlvely. Decreasing ny tends to reduce v, as expected. The small vari-
ation in p which does exist is apparently an increase with decreasing n.

We have already discussed the addition of a hot "fill-in" component which
reduces the sharpness of the less cone. Tigure 8 shows the maximum growth
rate y_ . in each band vs. A for 5, =3.32, n,/n, =0.5, and T /T, =0.04.
Increasing the fill-in factor A decreases Ymax it 211 bands but tends to affect the
higher bands more strongly._ In fact, for A =0.05, we found no unstable solu-
tions above ¢ = 5. This preferential stabilization of higher frequeney bands
when the loss cone is filled in is more pronocunced for our Lorentzian parallel

distribution than it would be for a Maxwellian of comparable temperature, The
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fill-in component reduces growth rates hecause its contribution to Hy ,imag('u) is
always negative,

Figures 4-8 reveal some of the complexities of the dispersion relation.
The gross effects of changing each of the major plasma parameters are sum-
mavrized below based on these Figures and an investigation of a much wider
range of parameiers.

Cold plasma density. The cold plasma densify n  primarily determines

the cold upper hybrid frequency pj, and hence governs the number of unstable

frequency bands. The highest unstable frequency p

may 2lways lies below p

when p . <2, but it may be slightly above p5y if g, >2. I a particular band
is unstable at some value of p 7, the frequencies within that band will inerease
if n  is raised further,

Hot plasma density. The hot plasma provides the free energy to drive

the instability, Growth rates tend to increase with n,, but the unstable fre~
quency range is largely independent of ny,

Cold plasma temperature. The role of T . /'I‘H is a complex one. As

T, /'1‘H =+ 0, large growth rates occur in the one or two bands closest to u [y
while other bands have much smaller growth rates, Low frequency bands
(whose frequencies y satisfy (p;; — [#]1) > 1) occur near the top of the band and
have small bandwidths, For T, /'I‘H 2 0.01, one or two bands above Biy may

become unstable. At high cold plasma temperatures (0.05 < T./Ty £0.2), the
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unstable frequency range in each band is shifted downward, and all growth rates

are reduced. All instabilities disappear for T /Ty 2 0.2,

Loss cone fill-in, Reducing the slope of fH (U.L) reduces growth rates m all

frequency bands but tends to suppress higher frequency bands much more

severely than lower ones,
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V. PLASMA MODELS FOR EACH EMISSION CLASS

In the previocous section, we examined the effeets of changing various
plasma parameters in our model on the solutions to the dispersion relation. We
now proceed to use this information to infer plasma conditions which produce
instabilities in the apprupriate frequency ranges for each category of emission
defined in Section II. The fact that we are successful in achieving this goal by
variations in a single plasma model strongly supports the validity of the model.
This single plasma model hypothesis is also suggested by the fact that there
often seems to be a smooth transition in the Imp 6 data from one emission cate-
gory to another (Shaw and Gurnett, 1975). We feel that the model is sufficiently
successiul that it can be used in a predictive fashion to infer the unknown cold
plasma density and to a lesser extent the cold plasma temperature and logss cone
fill-in factor whenever gyroharmonic emissions are chserved,

Using Section IV as a guide, we pick for each class of emissions a com-

2

bination of parameters%i—f-l- , /g, T /Ty, and A which produces frequencies and
bandwidths characteristic of that category. By varying A and §, we determine
the largest v corresponding to each unstable p and thus constiruet curves of
maximum growth rate as a function of frequency. These curves should repro-
duce the features of the emission class while having realistically small growth
rates, Using Ashour-Abdalla and Kennel (1976) as a guide, we require temporal
growth rates to satisfy < 0.01. Although we have not systematically calculated

convective growth rates as was done by Ashour-Abdalla and Kennel, such low
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temporal growth rates usually produce realistically small convective growth
rates (ka,/Q2 <1 where k, is the spatial growth rate).

From Figures 4 and 5 and from Ashour-Abdalla and Kennel (1976), the
first two classes of emissions ("low 3/2" and "8/2") definitely require
Mooy <Hyg- With somewhat less certainty we also infer that ulfH <2and
0.05 <T,/Ty; £0.2 when these Class 1 or Class 2 emissions are observed.
Figure 9 represents y vs, u for pfy = 1.34 (Curve 1) and pfy, = 1. 73 (Curve 2)
with T, /Ty = 0,10 and A = 0, Both curves show substantial growth rates above
¢ = 2 which can be suppressed completely by filling in the loss cone. The small
curves (3 and 4) within the growth rate profiles represent the same parameter
set with the fill in fact?ar A=0,1, Hence, curve 3 represents the growth rate

profile for a typical Class 1 (u < 1.2) emission while curve 4 represents a

max
Class 2 (1.2 Sy, £2) emission. Both curves have small growth rates and
narrow bandwidths. The Class 2 or "'3/2" emission could be shifted closer to
p= 1.5 by decreasing T /T, or increasing .

Figure 10 represents an attempt to replicate the features of "multiple
half harmonic" or Class 3 emissions. The cold upper hybrid frequeney pfy =
3.32,A=0,n,/ny =0.50, and T /Ty = 0.10. Higher cold plasma densities are re-
quired than for "3/2'" emissions, and large fill in, which preferentially sup-

presses the higher frequency modes, cannot be tolerated. The frequencies and

bandwidths agree well with those shown in Fig, 1, and the successively smaller
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growth rates as one goes to higher bands are in accord with the apparent mono-
tonic decrease in intensity of the bands in Fig. 1. The unstable modes which
oceur just above p = 5 propagate at a more nearly perpendicular angle to §

(6 2 89°) while lower frequency modes tend to propagate most strongly in the
range 80° <6 <86°. Modes with 8 = 90° have small Ny and have frequencies
very near the gyroharmonics, Instabilities in such modes tend to be stronger
with our Lorentzian parallel distribution than with a Maxwellian.

Bince Class 4 o.: diffuse band emissions almost always oceur above 10 kHz,
and since we have not yet examined any data above 10 kHz, we have not presented
a detailed parameterization of such emissions. However, preliminary calcula-
tions suggest that diffuse band emissions can also be explained by this same
basic electron model, and we are continuing to investigate this possibility.

Class 5 or f ~ f narrow band gyroharmonic emissions can be achieved by
thig model only if n, 2> ny,. This condition arises because the model cannot pro-
duce instabilities withfrequencies muchabove p 7y, and for wpzt = sz + °~’p2c = 522,
rig <Vl /9P + 1~ @, /Q. In fact, if the cold upper hybrid frequency is
exactly eqizlal to the total plasma frequency (g, = w, ./S2), one can easily show
that =-—s-2135t-— . Itis W, which is determined from the lower cutoff of the
trapped continuum radiation. M p_  =pf, in Fig., 2, then the model requires
n, /nH ~ 80 since fp ~ of g However, we have seen that if T, > 0, frequencies
somewhat above the cold upper hybrid can be generated and hence a smaller

n,/n, ratio would be permitted, In same cases, gyroharmonic hands similar

hY
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to those in Fig. 2 are displaced just above fp; this situation requires a larger
n, /ny; than the one with gyroharmonic emissjons at or just below £ p*

| Tigure 11 shows that gyroharmonic emissions at or above fp can be pro-
duced if n_/n; is sufficiently large. Since there is less free energy available
from hot electrons to heat the cold plasma and since large cold plasma densities

tend to reduce growth rates, the ratio T /TH is probahly smaller for f ~ £ p

]

emissions than for "3/2'" emissions. In Fig. 1la, in which n_/ny =10, T /Ty
0.01, A =0and puy =./21 =458, a single narrow band emission near
f, =221, =4.69f, is the dominant feature. In Fig. 11b, the cold plasma tem-
perature has been raised to T, /TH = 0.02. An emission band appears above
4= 5, the band just below u = 4 might also be observable, while the band nearest
f, has a lower growth rate than in Fig, 1la. This Figure suggests that (a)
emissions which are clearly above and separated from f ps Such as those in Shaw
and Gurnett (1975, Fig. 4) are possible with this model and (b) the appearance of
two or three bands near f; requires a higher T /Ty than a single emission band.
Multiple bands just below fp, such as those shown in Fig. 2, require a somewhat
smaller n_/ny than the value used in Fig. 11 (e.g., n, /ny, =~ 3 instead of 10).
The results of this section are summarized in Table 2, which gives a
reasonable estimate of the plasma conditions which we believe produce each
type of emission. The "3/2" model is in essential avreement with Ashour-
Ahdalla and Kennel (1976). This Table can be used as a crude diagnostic tool

~ whenever gyroharmonic emissions are observed on a particular spacecraft,
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TABLE 2

Proposed Plasma Conditions for Each Class of Electrostatic Emissions

Class

Frequency Range

wol =y/1+w? /Q?

Comments

. Low “3/2”

151/E, S 1.2

f

max
£ <piu i< 1.5

nc/nH <K 1 (typically 0.1)

0.05 ST, /T, S0.15

A £0.1 (some fill in of loss cone
distribution)

. “3/2”

1.2‘,§,t‘/fg <2

fmax/fg < “;H S 3

Essentially same as Class 1 but with
larger cold plasma density

. “n+ 1/2” multiple fmax/fg >2 fmax/fg ~ RS n/ng $1,005 ST, /Ty $0.15
half harmonics A0
. “Diffuse band” LSS, .. Ifg <4 fmax/’fg ~ ol nc/nH >1(
f s ~fp N Tc/'i‘” ~0.01 (D)
Requires further study
Cfom, £ 93 ~ H A~
e fp narrow band fg K I .. fp ul fp nc/nH >1C1 (M

T /T, $0.02,4~0




VI. THE DIAGNOSTIC USE OF OUR PLASMA MODEL

We have shown in the last section that each of our 5 categories of odd-
half-harmonic waves can be explained by suitable variations of parameters in a
single plasma model, Table 2 summarizes the specific values or narrow ranges
of n, /nH, T./Ty, and A characteristic of each class of emission. We suggest
here that gyroharmonic wave ohservations be used in conjunction with Table 2
and magnetometer measurements of the steady B-field as a diagnostic tool for
determining local plasma parameters. We respond to the potential argument
that the observed waves are not generated locally by pointing out that electro-
static oseillations, unlike electromagnetic radiation, are rapidly damped as
they propagate info regions which are not at ieast marginally stable to their
growth.

The plasma parameter which is most definitively determined by observing
odd-half-harmonic emissions is -'"31-1 . In this section we shall develop further
its relationship to emission frequencies, first by presenting in more detail re-
sults of ovr theory and seéond by.applyiug these theoretical results to observa-
tions, both individual and statistical, made by the Imp-6 experiments, These
observations are all consistent with our theory. | |

While it is sometimes possible to deduce n, by measuring n, from the
continuum cut-off and subtracting the warm plasma density as measured by
particle detection experiments (Gurﬁett and Frank, 1974), this method éb,.ecor'nes.

inaccurate when n, << ny. The results of our caleulations, previous
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theoretical work (Young et al,, 1973; Ashour-Abdalla and Kennel, 1976}, and
the one ohservation presented by Gurnett and Frank (1974) all suggest that

n, /oy € 1 is a necessary condition for n3 /2" emission to occur. Further-
more, the appearance of these "3/2'" waves is very common in the outer mag-
netosphere. We conclude therefore that the use of the subtraction technique to
caleulate n _ is frequently a suspect one.

Tigure 12 represents our best extimate, based on solutions of the linear
dispersion re‘lation, of the cold upper hybrid frequency as a function of the maxi-
mum observed frequency of magnetospheric odd-half-harmonic emissions. The
"arror bars' are uncertainty estimates made under the assumption that the fill
in factor A is <, 05 (which in turn assumes that cold plasma heating is the domi-
nant stabilization mechanism (Ashour-Abdalla and Kennel, 1976; Crume, et al.,

1972)). For p <2, 4 <piy always so that we can deduce a very accurate

max
lower limit for the cold plasma density. If in fact A 3> .05 then the upper limit
is higher, since under such circumstances p 7y may be large and strong fill in
can quench all but the "3/2" emissions. The dip at Bpax — 2 reflects our
computationally observed fact that for Classes 1 and 2, p_,, <pjy (always),
while this is not necessarily true if p_ > 2(Classes 3-5), We also obsverve |
computationally that A must be near zero for Bay =2 1 and hence the error
estimat.es in Fig.. 12 are quite accurate for large p_ .

The estimates of pf,, are converted to densities in Fig. 13, using
2
(&
-L;= (18y)? - 1. Fig. 13 can be used by experimenters to estimate the cold
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plasma deunsity whenever gyroharmonic bands are observed., When the con-
tinuum cutoff is simultaneously observed, one can estimate ny =n, —n,. Itis
usually possible to estimate u_ . to within 5% using the electric field data and
the measured local magnetic field strength.

We have previously stated that Class 5 (f ~ fp gyroharmonie) emissions
with fp > fg probably require n, >> n,. Whereas Classes 1~3 emission tend
to cccur during geomagnetically disturbed times when n, /11H is expected to be
small in the outer magnetosphere (cf. Anderson & Maeda, 1977), Classes 4 |
and 5 are most common during quiet times (Shaw and Gurnett, 1975) when this
ratiois more likely to be large, as predicied by our theory. We predict that when-
everf ~ flJ gyroharmonics are observed, n, is anomalously high. At such times
one would expect that particle detection experiments which measure particles only
above some minizﬁum energy threshold can give a significantly lower electron
density than t1_19 density measured from the trapped continuum iower cut-off. We
are currently investigating the data for verification of this hypothesis.

Our discussion of the variation of n_ /ny from class to class is pretty much
independent of the precise form of the electron distribution function, so long as
it has a cold component and is loss cone unstable., Such is not the case with T, /'I‘H
and Table 2 should be used v th according caution. The hot distribution functicon;
W.hi.ch we 11a§e used for our calculat.io.ns has a loés cone which is unrealisticé.lisr |

large for the real outer magnetosphere,. A more plausible distribution with a

peak in ;. at a much smaller value of v | (relative to a ) can likewise be
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unstable (Young et al., 1973). The characteristics of the instability depend
strongly on the positive slope (8f;/dv) >0) portion of the distribution function
and are virtually independent of the fail (3f)/ov; <0) so long as it is "gentle."
In applying Table 2, T’y should be interpreted as the eﬁecfive temperature
my . .
TH ofF ~—-k—B—-- corresponding to the speed at which f } maximizes, since the
important low v, region can generally be fit by a DGH distribution of the type
we use. An important consequence is that given a hot electron component with
a 1 keV thermal spread typical of the plasma sheet, Ty o C21 be 100 eV or
smaller, and hence from Table 2 T, ~ 10 eV, a realistic value for plasma of
plasmaspheric or ionospheric origin,

The use of Fig. 13 and Table 2 as a diagnostic tool can be illustrated using
Figures 1 and 2. The emissions at 0715 of Fig. 1 are Class 3 (multiple half
harl_nonie emissions) with Epax = 6.1 and £ g = 1.15 kHz. (All g values are
obtained from the GSFC magnetometer data.) Hence, we estimate
wpzc/Szz ~ 30 from Fig. 18, and therefore n_ ~ 0.5 em™, From Table 2, A~ 0
and 0.05 S T,/T, < 0.2, Trapped continuum radiation is not observed, so the
total electron density is not available, TFigure 2 is a Class 5 emission with
Bax = 87, fg =, 70 kHz, and fp =6.4 kHz = 9.1 fg at 053%. Using Fig. 12 as
~ a guide, we estimate p%; ~8,son, ~0.38cm™3. Since the total plasma density
{from fp) is 0.50 cm™3 , the ratio nc/nH ~0.38/0.12 ~ 3.2 When n, > Ny the»denA-
gity raﬁd pfédicted by this mefﬁod is quite sensitive to the estimate of p ;.

From Table 2, we estimate T /Ty ~ 0.02and A= 0.
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Tigures 12 and 13 aré also supported by a statistical survey of the data
taken from a number of orbits, Figure 14 shows as a function of fg the highest
value of £/f " observed during 15 minute intervals from orbits 178 through 183
of Imp-6 whenever odd-half-harmonic waves are present, The data were all
taken on the day side of the outer magnetosphere at moderate magnetic latitudes
(20° < A, IS 55%). The tendency to see higher relative freqﬁencies when the gyro-
frequency is low can be understood if the cold plasma density chang’es muchk more
slowly than f.g once the spacecraft is more than ~1R; beyond the plasmaﬁause-. |
In that case, w2 /R and hence ufy will tend to increase as f, decreases, and the
theory predicts that higher values of u (and hence more bands) may be observed.

Thc;.z data used in Fig. 14 also suggests thatu decreases at high magnetic

max
latitudes A,,. We divided the data into high (IA_|=40°) and low (A | <40°) mag-
netic latitude cases. 82% (23 of 28) of the high latitude observdtions were Class
1 (u,, <12) emissions. However, only 53% (29 of 55} of the low latitude ob-
servations were Class 1, and all of the Class 3 (u max > 2) ohservations were at
low latitudes. This effect can be theoretically interpreted using our model, At
constant radial distance R/BE , T g increases and n, is probably constant or de-
creasing at high latitudes. Hencve ;Llfﬁ and thus g, would tend to decrease.
This probably aécomits for the preponderance of Class 1 (pm ax <1.2) observa-‘
tions in the Imp-6 data. Explorer 45, which always remains at low latitudes,

observed more of the traditional g~ 3/2 emissions (R.R. Anderson, private

communication).

32



VIiI. CONCLUSIONS

We have conducted a theoretical analysis of the banded electrostatic
emissions which gccur between consecutive harmonics of fg in the outer mag-
netosphere and have compared our theoretical predictions with Imp 6 elecirie
and magnetic field data. Our resulis are summarized helow.

First, we have constructed a scheme for classifying these emissions
(Table 1). Our five categories include the widely studied odd-half-harmonic
emissions as well as the waves reported by Shaw and Gurnett (1975). Second,
we have extended successfully the linear plasma model of Young, et al. (19;13)
and Ashour-Abdalla and Kennel (1976), which can explain "3/2" emissions, to
the other categories of emissions. Our resulis indicate that a single plasma
model consisting of a hot loss cone electron distribution and a cold electron
component can generate instabilities in the frequency ranges appropriate fo
each category. Hence, all of these emissions appear to arise from the same
physical mechanism. Figure 13 and Table 2 can be used as diagnostic guides
for estimating the cold plasma density and temperature whenever handed elecfro-
static emissions are detected. Finally, our results indicate that certain types
of emissions require the cold plasma density n_ to exceed the hot plasma density
n,. Hence, although the hot loss cone component usually dominates the density

in the outer magnetosphere, there are times when n, => n,.
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Figure 1.

"n o+ 172" fy, EMISSIONS
fy = 115 kHz

An example of multiple half harmonic emissions observed by IMP 6 at R = 9R;on the day
side of the magnetosphere., As many as seven gyroharmonic bands are simultaneously
observed. The intense "'3/2" emission which occurs between 1 and 2 kHz at 0700 is
almost continuously observed from 0500 to 0800. The emissions below 1 kHz are eleciro-
magnetic and are not considered in this paper.
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U OF IOWA PLASMA WAVE EXPERIMENT
ORBIT 84
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R (R,) 0.9
o 27.2° f~fp GYROHARMONICS
MLT 1.0 fg = 0.70 kHz

An example of gyroharmonic emissions occurring near the electron plasma frequency f, .

Figure 2.
The shaded region is trapped continuum radiation whose lower cutoff is f,. Up to three

gyroharmonic bands are observed.
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Figure 3. A comparison between a Maxwellian parallel velocity
distribution and the corresponding p'" order Lorentzian
distribution. The p = 2 Lorentzian has a similar shape
for V) < a) but has more high energy particles than
does the Maxwellian,
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Figure 4.

l
0.2 04 0.6 0.8 1.0
ﬂc/nH

The dependence of the frequency , = £/f, of the fastest growing mode
within each gyroharmonic band on the cold plasma density., The
parameters wl; /9% =20, T./Ty =0.04, 6 = 86°, and 4 =0. As
ne/ny increases  increases within each band. The highest frequency
tracks the cold upper hybrid frequency {(dotted line).
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Figure 5.

Te /Ty

The dependence of range of the instability within each band on the
cold plasma temperature for g = 0.5, A =0, and u{y = 3.32, The
region of unstable frequencies within each band is enclosed by the
solid curves, and an asterisk indicates the fastest growing mode
within each band as a function of T, /Ty. The temperature ratio has
a considerable effect on the range of the instability.
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Figure 6. The maximum growth rate ,,, within each of the five gyroharmonic
bands shown in Fig., 5, plotted against the temperature ratio T /TH.
For T./Ty < 0.01, strong growth is seen only in the second and
third bands which are closest to #fy = 3.32. For T./Ty = 0.04,
Tmex decreases monotonically with T, in all bands,
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Figure 7. The effect of the hot plasma density on the range of unstable fre-

quencies. The most unstable frequency is plotted vs. n_/n, with
Te/Ty = 0.10, A =0, and n, fixed (1S =}6). The "error bars"
estimate the bandwidth based on the frequency range for which the
maximum growth rate Ymax < 2y(n). The solid, dashed, and dotied
curves correspond to vy, > 0,01, 0,001 < 74,y < 0.01, and

Tmax < 0.001 respectively. Increasing ny tends to increase vy,
while leaving frequencies relatively unaffected.
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Figure 8. A plot of v,.c Vvs. fill in factor A in each of the five bands which
oceur when T./Ty = 0.04, 4§y = 3,32, and n_ /ny = 0.5. Growth
rates in all bands decrease monotonically with A, but higher fre-
quency bands are suppressed most severely.
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Figure 9. Growth rate v vs. frequency u for uyy = 1.34, § = 0.1 (Curve 1) and

pin =1.73, 8 =0.2 (Curve 2) with T,/Ty; = 0.10 and A = 0. TUnstable
waves above K= 2 can be suppressed by setting loss cone fill in
factor A = 0.10 (Curves 3 and 4)., Hence Curves 3 and 4 reproduce
the features of Class 1 (low 3/2) and Class 2 (3/2) emissions.
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Figure 10, g vs. pfor pg; =3.32, A=0, §=0.5, and T,/Ty = 0.10. The
frequencies and bandwidths are characteristic of Class 3 (multiple
half harmonic) emissions.
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Tigure 11. An example of gyroharmonic emissions near the plasma frequency.
Fig. 1la gives y vs. p for =10, A=0, ply =4.58, fp/fB = 4,69,
and T./Ty = 0.01, The dominant feature is a single strong emission
near f,, In Fig. 1lb, T./Ty = 0.02, and an emission band above
5f, would be seen. Class 5 emissions include both single band and
multiple band emissions near f,.



Figure 12. An estimate, based on solutions to the linear dispersion relation, of

the cold upper hybrid frequency p8; vs. maximum observed fre-
QUency H... The error bars™ are uncertainty estimates assuming
A <0.05, This figure can bhe used to estimate 4§y from electric and
magnetic field datx whenever emissions of any class are ohserved.
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Figure 13. The estimates of Fig. 12 converted to w3./Q? (or equivalently n )
vs, maximum observed frequency p... . This figure can be used as
a diagnostic tool to estimate the cold plasma density n..
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Figure 14, A plot of 83 individual electric field observations taken at 15 minute
intervals from Imp 6 Orhits 178-183 whenever "odd-half-harmonic*
emissions are seen. The graph shows the maximum observed
frequency Mmay (in units of f,) vs. f,, Higher relative frequencics
tend to occur when the magnetic field is weakest, and almost all
emissions between f; and 2f; occur below 1,5%,. The region above
the solid curve corresponds to frequencies above 10 kHz and cannot
be observed in the data.
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APPENDIX A
EVALUATION OF HOT ELECTRON CONTRIBUTION

TO THE DISPERSION RELATION

Since f =fy + i, the hot and cold electron components contribute sepa-

rately to the dispersion equation, Egq. (1), We consider here the hot contri-

bution
Bf, D
Qr = 7 o _a:,ﬂ o ;H filu
Hy =% 5 [ a " 1 (A-1)
k2 H n& — ¢
me—eo " o

where the Hj; -notation is that introduced in conjunction with Eq. (5), and we

have partitioned

fy = £, (W) ()

. We evaluate

and find it equals

AL ?\fﬂ (1-4) -
C,g =exp 5 [In( > ) ol ?\f‘H a -1y ] (A-2)

where the 1 's are modified Bessel Functions of order n and the notation

A =k /. has been used. In a similar manner
H H



2 ? (1- Aw? v?
D =— |dp 2 — A L exp——*l*'"
H g2 L o el ol
La 1 Ly Ly
1 AL
= H 2 '
=— ex ~—[ 2AT +(1- AP (1 -1 )]
OE_LH

Tor the parallel integration we insert the Lorentzian form and define

w- nk
Ky

By =

The first Y -integral in (1} thus becomes

o0

m.p ﬁ”u =-2pN, d”u P
Uy - By ff e I oy -,

where NIJ denotes the normalization factor -

1(2p- 21

N, T (2p- 3)

(aHH)ZP-l ol =(¢-nt=1

Note that Q? p MaY be written as

+o0

2 N aP X 1

2 +1 2
u:; dsP pl (X +S) x_.f.ll
(a3
IlH 5= 1
. Pt g ki 1
(2p-3)t of B/ _if,
( o chIII-I') =
; 5=1

A2

(A-3)

(A-4)

(A-5)
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the latter form of (A-5) following by contour integration-closing in the negative
imaginary x-plane and pick-ing up the contribution from the simple pole at
x=-iy/s. (According to our convention, integration in the complex w-plane is
to be c¢ 1r1ed out with Im w > 0, so that for integration purposes Im p >0.)

In exactly the same way we evaluate

1
Q n,p fdul

00 (U“

o0

f 1 1
I[H - f
Np

(”u + e )P (o) = )

_iwhnerl o gel 1

(2p- 3 oy 8sP! I
\/S—( o laﬁn;i.) s=1 (AHG)

If one of the differentiations in (A-5) is carried out explicitly, Hy can be ex-

pressed in the particularly convenient form

1 kP 2pi(-1p+t et t 1
H=__ R R N
IH k2 (2p- )il 3P [ /5 n iR,
Vs
: it
C ig
[— nH..-‘u + 7\“H nDnH] (A-T)
(%)
X / s=1
If we define further
' { k2 1t ) c )
Hp=! = o L b |- = 41 nD, .
Nk BVE L e ) Mu
. Togn /o VST
§():1 '

A-3



so that

p-1¢. 1yp¥l p-1
B, =2 D (a Hg;=1) \ ‘
(2p- 3)1 \ agp-! s=1

(A-8)
then
k2 1 1 A 3 1-A 3 3 oo I
H}{;:l -_—..._].! — -exp_....l_. [__._____A-EH — (___)]Z n
K2 Afy /5 /s 2 NE oz /3 . _ if,
s
g, 1 I T |
B I‘[QA (1- AN, (1———)] > ——
%n A 0z /., _ iy
;i
2
ZAa"H - AR, (4-5)

In. Eq. (A-9)
PG/s) = utiVshy

and use has been made of the identity

£ (B ) etk



We now proceed to evaluate the summation

LA - L@

L = tiNg X
n=-ca

= (=5)
IlH

in the limit that z +oo. Note that

(A-10)

+og

f(z, )= 2,

n=-co

L)
I'-n  1- exp 2ail’

f dep exp (iT¢ + z cos ¢) (A-11)

This result is most easily proven by working in the reverse direction, i.e.,
expanding exp{z cos ¢) in terms of a Bessel Series and performing then the

p-integration. Further

— __L_____ : ™
fz, 1) = 3= o le(z, ) +exp 2milg(z, - T ]
where
m
gz, ) = f do exp(il'¢ + z cos ¢) {A-12)
0

The form (A-12) is ideal for asymptotic analysis: for large =z, the major
contribution to the integral comes from a small region around ¢ = 0 where

cos ¢ = 1, and we may series expand the cosine function

2 4
gz, T)=expz f dg kp (1I‘¢~ 20 ) [1 + = 2¢ +&(z¢5 ] (A-13)
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2
Convergence in (A-13) comes from the exp- 2 factor and has essentially

2
occurred by the time ¢ ~\-—f——. The %%4 term is then an & (—;—) correction to the
dominant term in (A-13). The 6(z¢%) correction is of 6’(—12-) and still smalier.
A
Extension of the upper integration limit to oo introduces an error exponentially
small in z. We retain the dominant and first non-dominant term in g and
write

2 ~ 2
g(z,MN=expz (1-}-52_2) dg exp (ipcf,_?:f_.)
2/
0

G oz

VT z2)\ T il (IP )] (A-14)
=T expz I+tSazz \/Texp Cr 1+erf\/z

where the error function has its usual definition

X

dt exp - t2
\/_

erf(x) =

Carrying out the differentiation indicated in {A-14), we obtain

T 1 r o )] P’-[ ( il")]
- -_ I+_.__... —_— e — 1+ f
g(z, I ,22 expz [ . 3-6 P exp - er. T

r 1"2
(A-15)
1 2\/?2 \/’Z._z z co

Finally we conclude

+eo
L@ ( rz) @ [ sin2ar ir )] 1 ( 6r2 r“)]
n 7 | _sin 2m . i
= —— — —————— ey — — e c—
)> T-n 0 \* 72z 2 |- cosal 1o (ﬁ T2z z 2

n=wto

LeXDZ (S _ _I_‘i) (A-18)
2472 z
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The leading order term is the one of order 71? The asymptotic smallness of
corrections depsnds on I2/z remaining of (1) or smaller as z oo,
For I'%/z~@(1) all correction terms in {A-16) are of comparable magnitude
and arve small compared to the dominant by the anticipated 1/z,

We now incorporate the leading order term of Eg. (A-16) into Eq. (A-9).
While it would appear that terms in (A-9) having A fH as a rmultiplicative factor

are asymptotically dominant, operation by (1 - % ) drops their magnitude by

one compensating order in th . We are justified in retaining only the lowest

order term in (A-16) because neither the operations 9 nor (1 - —Q-) changes

04/ 8z

the relative ordering of the dominant and correction terms. Our final result is

k2 1 1\/‘« 2 22 1- A I
e e AL e
k A A 2 2l - 1
]\IH\/E 1y A i cos 27

1 iy
ot or? sin 2aT" ir
+1"—-2—'-2A+(1-A)“—;-- ———ierf
~ cos 2aT" A
oalH ?\J_H 1~ cos 2w K
A-17
2oty (1-Ar? (A-11
- 2 [A * 2 ]
iy Afy



APPENDIX B

OUTLINE OF COMPUTER SOLUTION TO THE DISPERSION RELATION

We here discuss computational detail briefly beginning with a summary of

our treatment of Hy. We choose initially values of Ay, ey /r.&:"H ., and the propa-

k
gation direction 0= ta]‘l"'l—k—']—". Qur work thus far has concentrated on the "iso-
I

tropic'" case a4 = Yy and we discuss only these results. Given the values of
these three chosen parameters, ?\”H is determined. We next vary M., typically
between u_=1,02and u. = 5,98, in steps of .04, evaluating H}!I":'rlc o and H}_’Ifilmag
using the computer to sort real and imaginary parts. In the process we also
compute the first three g, derivatives of both the real and imaginary parts at
each p_ value. We store these values of H,; and its derivatives on tape, tabu-
lating separately the contributions of the "loss cone' and "filled in'' components,
which are characterized respectively by the multiplicative factors (1 - A) and
Ain Eq. (6). This table is then repeated for various pairs of Ay and 8,74
typically varying between 2.5 and 16 in a variable step size (S<AAL2)and 6
taking on the values 89.5°, 88°, 86°, 82°, and 76°.

We combine each tabulation of Hyp characterized by fixed A, 0,and u,
with several '"realizations" of cold plasma. In characterizing the cold plasma

we still have the freedom to choose fand ¢ /oy;. (Again, we have as yet con-

sidered only @ = ;). Once these parameters are chosen I-Ic’rcal and Hc’img



are calculated from Eq. (9). This procedure is a standard one, and further
discussion of it will be omitted.

Finally w:H /92 is evaluated from Eq. (10) and #; and (Ap), are deter-
mined from Eq. (11). [Ap, is typically <0.02 for accepted results. ]

While the sequential events of computation are as detailed above, para-
metric dependencies are ultimately determined by cross referencing., For
example, one would determine the dependence of g, and p, on Ay, (and hence
A ) for fixed 0,6, and & /o, by first generating several tables each character-
ized by a different value of Ay - Each table would have as "output" the values
of wl;"H /92, iy, and (Ap), as a function of the "input" #.. One would then further
search from table to table at fixed wsz /Q? to determine, usually by interpola~

tion p; and p, +(Aw), as functions of }‘1'



