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ABSTRACT

This report documents the currently-recognized most accurate values for the

masses, radii, and certain mean orbiral elements for most of the planets and

many of the satellites of the Solar System. These values were used to produce

computer-generated tables of libration-point parameters.
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SECTION 1 - INTRODUCTION

Tables of the masses, radii, and certain orbital elements for selected Solar

System bodies have been prepared for calculating improved libration point

parameters as given in the tables of NASA Technical Report R-346, "The Con-

trol and Use of Libration-Point Satellites," by Robert W. Farquhar, Goddard

Space Plight Center (Reference 41). These tables, presented in Section 2,

include the most recent values, many derived from spacecraft data and from

sophisticated ground-based observations of special astronomical phenomena

during the past five years. The data in these tables were collected primarily

for libration-point parameter calculations, but should have a wide range of

other applications. Section 3 contains tables of libration-point parameters

like those in Reference 41 using values for the constants given in Section 2.

Definitions of all libration-point parameters are given in the reference.
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SECTION 2 - TABLES OF ASTRONOMICAL CONSTANTS

Basic astronomical data about 8 planets and 14 satellites of the Solar System

have been compiled from various sources and collected in three tables.

The planets and satellites selected are the same ones as those used for the

tables in Reference 41 plus five satellites which are relatively close to their

planet: Amalthea, Janus, Miranda, Ariel, and Titania. All the planets are

included except Pluto, whose mass remains too poorly known for meaningful

libration-point calculations. The additional satellites were selected to check

the possibility that the collinear libration points might be below the surface of

the satellite. This is not likely for any of the satellites, but is possible for

Miranda (highest probability), Ariel, and Amalthea. The value-, for the masses

and radii for these three satellites are very uncertain.

Mass ratios of the objects with respect to its primary (the Sun or the parent

planet) are presented in Table 2-1, including error estimates, method of

determination, and source references.

Mean radii are presented in Table 2-2, since these are used only for calculating

mean shadow parameters. The mean radius is the cube root of the product of

half of the lengths of the principal axes of the triaxial ellipsoid used to repre-

sent the actual surface of the body. Values for the lengths of the principal axes

are available for many objects in the source references. Table 2-3 corre-

sponds to Tables 2-7 and 2-8 in Reference 41.

The orbital elements listed in Table 2-3 are the semimajor axis, eccentricity,

and the mean motion, which are useful for libration-point calculations.
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NOTES - TABLE 2-1

a. For all of these tables, if there is more than one reference, A = or`ginal;
B = possibly more available secondary source; and C = source for Error
estimate if not A.

b. In last place, References 10 and 28 give .5 rather than .7.

C.	 Calculated from masses of Earth + Moon and Moon; Duncombe et al.
(1976).	 I

d. In last place, References 10 and 28 give 0 rather than 4.

e. References 10 and 28 give 1/1047.355 based mainly on studies of orbits
of minor planets.

f. A weighted mean of many results.

g. The photographic satellite data probably give the strongest determination
(formal error much smaller); fears about very large problems involving
the photographic plate scale are believed to be unfounded.

t

h. The mass of Janus was calculated assuming that its density and albedo 	 }
are the same as those for liimas using the relation	 -

log (m/mo) = -0.6 (V-Vo),

where m = mass of Janus, m = mass of Mimas, V = stellar magnitude
Janus (Ref. 20), and V = stellar magnitude of Mimas (Ref 6 and 20).
The error is my estimate.

i. A weighted mean of various results, weighted in favor of a determination
by Message (Reference 18) which had by far the smallest error.

j. Doing a calculation like the one in Note h above using V = 14.01 f 
Titania and V  = 5.52 for Uranus (Ref. 36) yields m/m0 = 8 x 10 for
Titania. However, the density of Titania is likely to be greater than
that of Uranus, and the relative albedo lower. Both effects 5will raise
Titania's mass, but not likely as great as m/m = 10 x 10 , the very
uncertain dynamical result. This is emphasizeod further in recent ,:3 ork
by Greenberg (Ref. 35), who shows from the motion of Miranda the
dynamically determined masses are most likely upper limits. Conse-
quently, a reasonable mass for Titania would perha, . be m/m o = (3 ± 2)
x 10-0 , which has been used here. The other satellites of Uranus are
probably physically rathe. similar to Titania, so the mass scaling
factors based on magnitudes given in Reference 11 have been used.

k. A mean of determinations by Alden (Reference 2) and Nicholson (Refer-
ence 22).
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1^	 NOTES - TABLE 2-2

a. Same as Note a, Table 1.

b. Further improvement of this value will be less than neglected topography
and oblateness effects for the shadow calculations.

C.	 From Appendix 1: Astrometric analysis of the occultation of Beta Scorpii
by Jupiter on 1971 May 13. This occultation result is preferred for
optical shadow effects over Pioneer radio occultation data.

d. The standard error is calculated assuming 0 11 . 1 accuracy in the visual
measurements.

e. Various analyses are consistent.

f. This is in agreement with observations of an occultation of a star in 1974,
which can not be used since data were obtained from only one station (one
chord observed).

g. The standard error is calculated assuming 0 11 . 3 at 1 A. U. from lunar
radius uncertainty and Reference 19, which notes that the photosphere is
not sharply defined, but has a maximum gradient of about 10 magnitudes/
1".

NOTES - TABLE 2-3

a..	 The instantaneous osculating orbital elements depart considerably from
the mean elements given here due mainly to third-body perturbations.
These departures are considerably larger than the standard errors, which
are therefore not given. Most important for libration-point calculations
is the range of distances of the planet from the Sun (or of the satellites
from the planet), which is adequately given in nearly all cases by the mean
pericenter and apoenter distances, a (1-e) and a (1+e), respectively. In
every case, the sidereal mean motion is the most accurately determined
orbital element, introducing no significant error into libration-point cal-
culations considering the larger errors introduced via errors in the other
elements. Standard errors are not available for all mean elements,
especially for those derived from the early investigations. Under semi-
major axis and sidereal mean motion, values are listed as they are pre-
sented in the source, then converted to kilometers and radians per second,
respectively.

b.	 The orbital elements for the planets are mean elements valid for long
time spans based on comprehensive studies at the U. S. Naval Observatory

v^
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1

80 years ago. No improved values for mean elements have been derived
since then, all modern ephemerides being com puted by numerical integra-
tion, from which it is very difficult to derive mean elements. However,
the scaling factor, 1 A. U. = 149 597 871.41 ± 0.03 Inn, is from the recent
solution for JPL DE96 (Reference 26). The actual uncertainty in the scal-
ing factor is ± 1 km due to uncertainty in c, the speed of light value, but
this is removed if it is agreed to measure distances in light-time emits
with a fixed value of c (=299792.458 km/sec for DE96, the recently-
adopted value).

C.	 J. Y. = Julian year = exactly 365.25 days; T. Y. = tropical year =
365.24220 days.

d. The semimajor axis of the Moon's orbit has been defined (Reference 15)
to be the perturbed mean distance to the 141oRn = the semimajor axis of
Hill's variational orbit = F 2 (GE(1+p)/n2) ^'^. F2 = 0.999093142 is the
factor needed for modifying Kepler's third law. It depends only on the
well-determined ratio of the mean motions of the Moon and the Sun. GE
is the gravitational constant of the Earth = 398600.49 ± 0.10 km3/sec2
based on five years of lunar laser ranging data and using the recently-
adopted speed of light (Reference 33). p is the Earth-to-Moon mass ratio
and n is the Moon's sidereal mean motion. Since all published analyses
of lunar laser ranging data have used a numerically-integrated lunar
ephemeris, it is not now possible to derive mean elements directly from
this data. Abalakin (Institute of Theoretical Astronomy, Leningrad)
reported, at the I. A. U. General Assembly in France in August 1976,
that he is analyzing the laser ranging data using the j=2 new improved
(Eckert-Brown) lunar ephemeris. Improved mean elements are expected
from Abalakhi's study.

e. Angular separation at unit distance, 1 A. U.

f. These are in emits of a  = 0. 0070854378 A. U. , log so = 7. 85036669-10.

g. Angular separation at mean distance, 9.538843 A. U. Only a few observa-
tions of Janus were obtained when the rings were edge-on in 1966-1967,
so the orbital elements are very uncertain. If more observations are ob-
tained by Pioneer II or during the next edge-on view in 1979, the value
for the orbital elements will be improved considerably. At present, a is
uncertain by 011 . 8 and the period by ± 1h.

h. Angular separation at mean distance, 9. 588843 A. U.

i"

i.	 Angular separation at unit distance, 1 A. U. A more recent study of
Triton was completed by J. R. Gill and B. L. Gault in 1968 (Astron. J.
73, p. 595), but their orbital elements for Triton have not been published
and an error is suspected. Alan Fiala at the U. S. Naval Observatory is
examining their calculations.

2-8
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SECTION 3 - TABLES OF LIBRATION-POINT PARAMETERS

Tables of libration-point parameters like those in Reference 41, but calculated

using values for the constants given in the tables of Section 2, are presented

in this section.	 Formulae for computing all librati.on-point parameters are

given in the reference.	 The number of the corresponding table of Reference 41

is given in parentheses after each table heading in Section 3.	 Since the Sec-

tion 3 tables were all generated using a computer, they can easily be updated

as new values for the astronomical constants become available.	 Certain very

large and very small numbers are expressed in the usual computer double `r

precision exponent notation, such as "D 00" = 10 0 and "D-03" = 10-3 .	 For

each libration-point parameter, three values were computed, corresponding to

the nominal value for the mass and radius, and for upper and lower bounds for

these values, as was done for Mercury in Reference 41. 	 This will facilitate -
a

the calculation of new parameters when the mass or radius of an object is

improved with future observations. 	 The upper and lower bounds selected are

generally a few times the formal standard error, to allow for the possibility

that future values will be outside the standard error range due to currently j

unknown systematic errors.	 If the mass of a satellite or planet is larger

than expected, it is probable that its radius will also be greater than its nomi-

nal value.	 However, when the low value of the mass is used for a shadow-

table calculation, the high value for the radius is used, and vice versa, in

order to compute minimum and maximum possible critical radii and shadow

apex lengths.	 For the same reason, low and high values for the Solar radius

were used with the low and high values of the mass of the body, respeatvely.

Normalized mass ratios g and distances of collinear libraV.on points from the

respective planets, expressed in units of the semimajor axis of the planet's

orbit, are given in Table 3-1.	 Similar data for the sateEites are given in

Table 3-2.	 Constants for the equations of motion of - an unpowered spacecraft
++

n^
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LIbHATIGN POINT PARAMETERS

PLANET VALUE MASS

' .IERCURY LU6. 1/0.C246000U Ob
:lE -iCURY NU14. 1/6.02_i6JUUO Ot
. ,,L<LJRY HIGH 1/U. J2260000 06

°_4U5 L,:., 1/4.08525701) 05
C:IUJ :J UA. 1/4. Vdo2J7CJ 05

vEnUS HIGH 1/4.Cd5217CL) 05

c+n TH ^U;, L/J.3c9465 CO US
- AHTH NLM. 1•1J.3294o00U 05
_AR TH HIGH 1/3.32945500 05

EARTH+MUCN LAW .1/3.26900780 05
EAa TH+MUCN Nubl. 1/3.cd90053D C5
EAKTH+MUON HIGH 1/3.2690028D 07

AAv5 LiW 1/3.09872400 06
.MARS NUM. 1/3.096714CD 0 
MARS HIGH 1/3.U987040D 06

JUPITER LC,.d 1/1.0473483D 03
JUPITER NCH. 1/1.04734633 03
JUPITER HIGH 1/1.0473443D 03

SATURN L U W 1/3.5000000D 03
SATURN VUM. 1/3.49850000 03
SATURN HIGH 1/3.497000CU 03

URANUS LGr. 1/2.29950000 04
URANUS 14 JM. 1/2.294SOOOD 04
URANUS HIGH 1/2.2895000[) 04

NEPTUNE LU7/ 1/1.93820000 04
NEPTUNE NU N1. 1/1.93320000 04
NEPTUNE HIGH 1/1.926200CD 04

J
ItW1tUllUClt2iL1'1'Y OF
gRIGJNAL PAGE IS P00a

Table 3-1. Mass Parameters and Distance Ratios
	 I

for Sun-Planet Systems (2. 1)

MU	 GAMMA LL	 GAMMA L2

L.65S66100-C7
1.66013650-07
1.6u04122D-C7

2.44762J40-06
2.44783240-Co
2.-4473444D-Cc

3.0034765:-Ct
3.30348100-06
J.0034,365D-06

3.C4C42140-C6
3.0404237D-06
3.04042600-06

3.22713370-07
3.2271442D-07
3.2271546D-C7

9.53881450-04
9.S3436327D-04
9.5388509D- 04

2.E563268D-04
2.857b511D-C4
2.E5877E4D-C4

4.3485824D-05
4.358058OD-05
4.3675751D-05

5.15916013-05
5.1725030D-05
5.1859151D-05

3.EC5EE731)-C3
3.EC 5^776C-1)3
3.tJbJ88UU-03

S•_IcG376C-0_
5.3L5252oJ-J3
S.21z2E79D-C3

c,.57C3962C-03
4.97C4031C-03
S.57C4C61C-03

1. 0  1C97SU-02
1.0J 109700-02
1.00 10 96 00-0 2

4.74EJ4000-03
4.74634510-03
4.74E35020-03

o. 60 EOb 76D-02
t.66807170-02
6.66EC-759C-02

4.49E0258C-02
4.45605800-02
4. 45729050-02

2.4182821C-02
2.42CO228D-02
2.4,^--17E85C-02

2.55EE179C-02
2.56 LOGW6D-02
2.5631947D-02

3.81E3473C-03
3.61555t7D-03
3.61577C10-63

s.373445ID--!?
9.37346450-J3
5.J73475EC-03

1.0037115
1.0O371200-02
1.00371250-02

1.0078238C-J2
1.007E2410-02
1.CC7E243C-02

4.7E3415UD-02
4.76342410-03
4.76342920-03

6.9784548C-02
6.97845940-02
6.97E46390-02

4.63499:1C-02
4.6356,3500-02
4.63633730-C2

2.4579.121C-02
2.45571 C30-02
2.461°_1370-02

2.6C32306C-02
2.60e4GI8D-02
2.60776C8C-02
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Table 3-2. Mass Parameters and Distance Ratios
For Planet-Satellite Systems (2.2)

SATELLITE VALUE

MOON L U w
MOON NG.M.
MOOiv H I GH

AMALTHEA LOW
AMALTHEA IN
AMALTHEA HIuH

IO LL.W
iii 14 UM.
IU H LuH

EURCPA LG.l
EURC;PA Nv -M.
tuk CPA HIGH

MANY'4EDE L(.W
^ANYMEUt iv uN.
6ANYMEOC H Iuh

C:ALLISTJ Lua
CALLISTO Nub,.
CAL. L 	 STU H IuH

JANU5 L'u'h
JANUS NJM.
JANUS HIGH

.41.4AS Lu*
MIMAS NUM.
M I M A S HIGH

ENCELADUS LOW
ENCELADUS NON1.
ENCELADUS HIGH

RHEA LOW
RHEA NUM.
RHEA HIGH

TITAN Lu*
TITAN NUM.
TITAN HIGH

MIRANDA LUW
NIRANDA NJ id.
MIkANJA HIGH

ARIEL LOW
ARIEL NUM.
ARIEL HIGH

TITANIA Lu.r
TITANIA NJM.
TITANIA HIGH

TRITON LOW
TRITON NuM.
TRITON HIGH

MASS

1/6.130.08500 01
1/8.13006500 01
1/6.13004500 01

9.00000001-10
I.tt0000000-09
2.70U.000OD-09

4.6-14.00000-05
4.664000CJ-05
4.73400000-05

2.473000OD-05
2.52..00000-U5
c.S7300000-u"b

7.75300000-05
7. dCJ000CD-0b
7.d0J00JUU-CS

11.01100050-03
5.00LO0000-0b
5.71100000-05

3.00000OGO-09
5.G0000000-09
7. 000.00000-0 9

6.C9000000-Ub
6.5y000JGD-Cb
7.090.00000-08

8.70000000-U8
1.48000000-07
2. 090000017-07

2. CJO.000CD-06
4.000OOOOD-0E
6.00000000-06

2.45190000-04
2.46190000-04
2.47190000-04

3.000000OD-07
1.000000OC-06
1.70000000-06

5.00000000-06
1.7000000U-0EI
2.900000OD-05

1.00000001'-05
3.00000000-05
5.0000000C-05

I JuC.13000C-03
3.0000000D-03
5.300.00000-03

to U

1.2150:543D-C2
1.2150572D-C2
1.2150002D-02

9.0000JO0D-1C
1.80000000-09
2.7000JOOD-C9

4.6337d5-3D-05
4.6837o06D-05
4.7337759D-GE

2.4729386D-05
2.52293030-05
E.572y33dD-05

7.732.5990D-CS
7 b 2J912D-05
7.E523634D-05

5.610od520-05
:5 .66 Lb79 SU- C5
5.71067390-OS

3.00000000-C9
5.0000000D-09
7.0000000D-C9

6.0d99996D-C6
6.5899996D-OE
7.C399995D-C8

0.63999920-CE
1.47999980-07
2.0899996D-07

1.999990OD-G6
3.9999840D-08
5.9999040D-CE

2.45129900-04
2.461294LD-04
2.4712691D-04

2.9999991D-C7
9.999990OD-07
1.6999971D-06

4.999975OD-CC
1.6999711D-05
2.6999159D-CE

9.9999000D-C6
2.9999100D-05
4.9997500D-05

1.2932122D-C3
3.269145dD-0J
5.27205d 1D-03

GAMMA L1 GAMMA L2

C.LSG9341 0.1678325
C.15C9342 0.1674327
C.15C9344 0.1678328

C.000ob93 O.00066S6
C..0008432 0.0008437
0.0009b62 0.0009658

...0246ScO O.C2_EIC94
0.0247637 O.C252001
C.C2487Cd O.C2E2902

C.C2CCcJd C.C2033_d
C.C2C1572 J.C20472a
C.C2032dd J.C2C60c1

C.C2S2709 ).C2S853-
0.C2ti33uU 0.02951?1
C.C2S3949 C.C29982u

0.02c3073 J.C267770
C.02CJd45 U.C26E570
C.C264613 O.C2693E5

C.000 y 967 O.CCICGC'
0.0011852 O.0011861
0.0013258 O.G013269

0.0027254 u.CC273C4
C.CC27980 O.CC28032
C.CO2d670 0.0O28725

O.CO20692 O.CO3C755
0.0036@31 0.003E721
O.GO41091 O.0041204

O.CCE7103 O.CO87612
0.01C9E59 O.CL104E7
C.C12546.1 C.C126519

0.04n7593 O.C440143
C.C428165 O.C440749
C.04267J5 0.C441353

C.0046344 C.004L486
O.CO69170 O.0069496
0.00E2523 O.CG82979

O.C118C93 U.C119030
C. 0177217 0.C179336
C. 0211499 C.C214524

U..C1486J3 0.0150120
C.C213d85 0.C216979
C.025=242 O.C2575S1

C.C7_7C82 O.C77E1S8
0.0S95267 0.106EOE5
C.1I5775d 0.12546SC
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"	 near the collinear libration points are presented in Tables 3-3 and 3-4. Roots

of the characteristic equation for estimating stability of orbits near the libration

points are given in Tables 3-5 and 3-5. Tables 3-7 and 3-8 list the factors for

normalizing units of time, velocity, and acceleration to the non-dimensional

units of the restricted three body problem. Distances between the planets and

their collinear libration points are given in Table 3-9. Similar data for the

satellites are listed in Table 3-10. Distance variations between some planets

and their collinear libration points, based on their perihelion and aphelion

distances, are presented in Table 3-11. Libration point distances and planetary

shadow lengths are compared in Table 3-12. The 'critical radius" is the radius

a planet would have to have in order for the apex of its shadow to just reach L2.

A table of critical radii and shadow lengths was computed for the satellites,

similar to the one for planets, but is not included here. The critical radii were

all much smaller than the actual radii, ranging from 300 kilometers for _a

Boon to 0.1 kilometers for Janus, so a total solar eclipse by the satellite will

occur at L2 during each satellite's revolution about the planet.
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Table 3-4. Constants for Equations of Motion
for Planet-Satellite Systems (2.4)

<i

SATELLITE VALUE u L1 8 L2

NOUN Luc: 5. 147Gv3J J.1904260
MOON NJIa. 5.147 J J41 J.ISC42S6
MUUN HIU11 5.1476951 .,. 1904240

A6IALTHEA LJh 4. J 040202 J. SSE•i87C
ANIALTHUA NU14. 4.6 000663 3.9949451
AI•IAL THGA HIGH 4.0006304 3.1942145

1 LUW 4.1543627 3.E554867
ID No14. 4.1545J3J J. Eo47P42
to HI6H 4.1665002 3.Et42653

EUROPA L 	 i9 4.1a44G56 J. 6419267
eUkUPA NCI •I. 4.12;i J I OS 3. 481156'i
EURuPA HIGH 4.1461546 3.E8CJ967

GANYMEUE LLa 4.I64J3d6 3.8251647
GANYHL 3 E N.. F,. 4.1--47<od J.cdt6356
GANYI•ILUC HIuH 4. 16. Z!513 3.84t4d4I

CAL"ISTO L-. 4.1u4i:707 3. 1:46070d
CALLISTO N,,. 4.1653755 J.2450299
CALLISTO HIuH 4.1658774 3.E451917

JANUS LUIr 4.30ou080 3.SS40Cd0
JAN6S NCM. 4.3071250 3.99 .6974
JANUS HIGH 4.U0*19722 3.95aO559

M ltd AS LLW 4.UI64270 3.9d-'o 917
M Ind A5 NUM. 4.0ludGo5 2.9t22586
M 174 AS HIGH 4.0 172843 3.582d471

ENCELAUUS Lu'4 4.0135054 3.(,616411
EN CE LAOUS NuM. 4.U2211JU 3.97ElO1J
ENCELAUUS HIGH 4.0248236 3.5764459

RHEA LOW 4.u53O244 3.94E1847'
RHEA NUM. 4.0670057 3.5349047
RHEA HIGH 4.u168621 J. 925a419

TITAN LUw 4.2752836 3.7E34069
TITAN NUM. 4.4756772 2.753C493
TITAN HIGH 4.5760699 3.7527725

MIRANDA LJW 4.0280217 3.5723212
MIRANDA NOM. 4.U419d5d 3.9567774
MIRANDA HIGH 4.0501979 3.55C8876

ARIEL LOW 4.0722599 3.9259594
ARIEL NUM. 4.1095OJJ 3.0954612
ARIEL HIGH 4.131427d 3.8756607

TITANIA LO. 4.09140dO 3.5121027
T ITAN IA NJM. 4.134.0027 J.E74285d
TITANIA HIGH 4. 1044529 3.d5169C6

TRITON LLW 4.49d7236 2.5ESJ128
TRITON NUbl. 4.7011607 3.4501162
TRITON HIGH 4.6J60967 3.3t6d933

C L1	 C L2	 -	 D L1	 0 L2

	21. C11u5	 1_.64517	 157.355	 91.701

	

2 L. 5116.3	 15.84516	 157.J55	 91.701

	

2 I. 511u2	 15.44614	 157.3'55	 91.711

44d4.4CdLS 447E.4CE19 67C1EC6.180 6E868o8.149
3559.89JeE 2653.d5787 422JO99.155 4211242. d45
J110.23J14 3164.43315 32234E4.343 3213126.dJO

	

123.47C24 117.47690	 5 04 5. fig 	 4643.417

	

123.C4010 117.04641	 5010.297	 460).C40

	

122.E1603	 116.0 22.39	 4575.716	 407o.470

	

15!.51259 145.52267	 7EC7.005	 7111.521

	

150.52102	 144.53517	 7507.908	 7015.71:;

	

149.56923 143.07343	 7412.020	 6423.02u

	

LC4.48C78	 Sd.485455	 3ECS.C74	 3271.13

	

104.2u36 y	Sd.2725J	 3594.036	 J466.'i

	

104.[4624	 bd.05722	 3579.156	 32,+1.7-'^

	

11o.02d57	 110.03570	 4453.53(4	 4070.615

	

115. US446 109.70203	 4428.271	 4C52. C6J

	

118.36504	 1C9.37227	 4402.581	 4027.471

J003.0006n 2557.00067 30CSCC7.674 29)SOC7.o31
2633.29677 2'• 27.298:9 2136360.822 2129926.46d
2264.E4J19 2258.64321 17C9C87.646 1701543.141

1102.73977 105C.7JS34 4C4581.E26 401315.570

	

1074.19185 106d.19193 344275.721	 3807C5.C23
104d.39425 1042 JS493 366032.196 262547.4d7

979.46375 S73.463d4 3194451.005 316206.062
820.979.33 6114.S7S46 224399.769 22167J.115

	

732.CE995 72'6.G 9.011	 178412.2-10	 1755_1.524

	

346.41933 J40.42CC8	 35891.2210	 38746.298

	

275.57421 269.57540	 25226.484	 24317.674

	

241.11696 2J5. 11652	 19303.428	 18509.442

	

72.1278E	 66.15755	 1716.15E	 1444.776

	

72.04411	 456.GOJd7	 1711.686	 1480.617

	

71.95C88	 65.S7C69	 17C7.244	 1476.484

	

649.32329 643.33.350 140332.584	 138174.043

	

435.67902 429.67548	 63131.358	 6166d.951

	

365.53601 359.°3663	 44421.567	 43212.941

	

256.C3629 250.03768	 21770.E32	 20927.131

	

171.26072 Lt5.28J89	 9726.751	 9165.443

	

143.83571 IJ7.4442o	 6a5J.590	 6333.676

	

203.63759 1S7.835oO	 137EE.710	 13116.540

	

142.25727 126.20193	 67C3.214	 6233.872

	

L20.45632 114.46291	 4801.461	 4400.404

	

42.E25E3	 26.65326	 ES8.224	 464.471 r

	

32.0029d	 2e. 127 1; 	 238.460	 239.450.

	

27.71604	 21.89325	 255.290	 170.1011

i
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Table 3-5. Roots of Characteristic Equation 2.49 (2. 5)

ROUTS OF C-1AHACTERISTIC EQUATION (2.49)

HOOTS FOR LL
PLANET VALUE REAL IMAGINARY

MERCURY LOd 2.5174852 2.C7719E2
MERCURY NOM. 2.:5174857 2. C771GE5
mEkCUHY HIGH 2.5174doe 2.C77198)

VENUS Luw 2.0309470 2. C,•t.4020
°_ANUS ry 2.Ojj9471 2. CEc40"b

d3?.Us HI6ii n.,1_3j471 2.Cc`_4Cti0

EARTH LJw 2.6325512 2.0--CJ92b
EARTH Num. 2. CE6J92o
cAk Tn HI6H 2.Cd E;;92U

- Ak TH+m UON LU.1 2.03265 y 2 2.UEE4536
EAHTFI+N,JGN N '

T
M . r..532b 592 2.CEE45Jo

EAHTh+ih GCVN HIUH 2.0320562 2.CEE4536

MARS LOw 2.51977b3 2.C765948
MARS NQM• 2.5197763 2.C785949
.MARS HIGH 2.5197763 2.C7b5949

JUPITER LUW 2.o611409 2.1770953
JUPITER NJFI. 2.6611410 2.1776954
JUPITER HIGH 2.u8L1411 2.1770955

SATURN LUw 2.02214d9 2..1413020
SATURN NUNI. 2.0421657 2.1413124
SATURN HIGH 2.o221825 2.141"3227

URANUS LOW L.ao61267 2.10E1383
URANUS Nurt. 2.bbb1710 2.10ELG54
URANUS HIGH 2.:i o 62153 2.1Od1926

NEPTUNE LOW 2.5717052 2.1103302
NEPTUNE NJM• 2.5717609 2.1103643
NEPTUNE HLGH 2.5718168 22.11C3985

RCUTS FUR L2
i4EAL [MAGINA.HY

2.4961409 2.UEbOdJ3
2.4991444 2.C60C3J3
2.49 ,)1459 2.OE0C-72

2.4669751 e.C_d6,10
L.	 X9751 2.0.5 ducl.i	 ,.
e.4e Eel	 1 t.JSoC.:il

2.46~4 L34 2.C57C739	 V,
2.40441J4 2.J570725	 7

2.4d .141J4 C5 7C7,:!=

2.46431u7 2.0070:42
2.4d43.ib7 e.Cb7CL12
2.4d431u7 2.05701~2

2.496886,: 'q
2.496d8E: !.Cb46-67
2.496Edez 2.0640967

2.35'20592 1.9772045
2.3_°20591 1.9772044
2.352C59C 1.9772043

2.4022044 2.007.1?35
2.4C218S7 2.CC73e46
2.402175C 2.0073158

2.45C756C 2.03666EE
2.4507150 2.0.106337
2.45007.39 L.C36u0d8

2.447449_° 2.03465b6
2.4473979 2.C34E253
2n4473464 2.0245942



1J

Table 3-6. Roots of Characteristic Equation 2.49 (2.6)

RGUTS OF CHAkACTERIST IC EQUATION 	 (2.49)

14UCTS FOR L1 ROUTS FUh L2
SATELLITE VALU!: REAL IMAGINARY REAL IMAGINA-Y

IJL..!+ LUWd •9320554 2.3343456 2.I5EE747 1.EE2L4ul
AIUUN h.i;4. <. ^e2UU30 2.3343JUd 2.1546744 I.do2E4ud
PICUh H1uH 2.9220561 2.3343doO 2. 16E6742 1.EL2C4o8

AMALTHEA LUA 2.5098965 2.0725756 2.5060769 2.0706139
AiiALTHtA NGm. 2.aIOJ177 2.C72d311 2.SCE23d7 2.070359:
AhiALTHLA mI"11 2.5100119 2.0730103 2.50556bb 2.U701eCd

I LOW 2.bo94320 2. ICE9J78 2.4455482 L.U3bSG72	 s
IL N-A. 2.u69u5Z4 2.IUS0746 2.4493417 2.C3adC22
IO H1UH 2.bE6677e 2.1052.104 2.4491367 2.02567al

FURLPA LUB e.,577CI9 2. 1017b72 2.46C4689 2.0-1G5427
Euii-PA NU+•+. 2.5 0  03 b3 2.1019624 2.4oO1635 2.042JE1 "i
L-U,<GPA HIGH 2.u5cs u90 2. 102IE59 2.4391430 2.0421u3.:

G A N Y:d E DE LU'd 2.0(311.)+8 2. IlcI092 2.4382012 2.0 29424;
GANYMEU1 NU. -1.5d 12445 2.110'2072 2. 4.3 E6534 2.U29JJo..	 -
GANY4LDE HLull 4.5614537 2.1113047 2.43651CJ 2.C2524E_

CALLISTU LUr. 2.4735400 2.11.14546 2.4457SE6 2.03JE333
CALLISTU N.:I,I. 2.373737-1 2.1115755 2.4455772 2.C.i 36.23_
CALLISTU HIGH 2.57J9339 2.L116956 2.4453969 4'.(13.;4144

JANUS LOW 2.5106951 2.C730610 2.5058826 22.0701303
JANUS NiJM. 2.5111426 2.07333-15 2.5054:67 2.0@51569
JANUS HIGH 2.5114419 2.C735402 2.5CSC988 2.C65EE31

MIMAS LUW 2.5140659 2.0756020 2.5017977 2.0676073
MIMAS NUM. 2.6150417 2.C757C91 2.50156.3E 2.[675[13
MIMAS HIGH 2.b 152068 2. 0758109 2.5013961 2.0 d74006

ENCELADUS L U W 2.5156987 2.C76LO54 Z. 5009 L30 2.Cb7LC54
ENCELADUS NUM. 2.5171391 2.076987J 2.49948E7 22.C662360
ENCELADUS HIGH 2.6142221 2.C776474 2.4584197 2.0655dd4

RHEA LOW 2.5294606 22.0845015 2.4874180 2.0548587
RHEA NUM. 2.5330135 2. C.8 7139 Cd 2.4820422 2.0556325
kHEA HIGH 2.53(39206 2.09C2767 2.47E2828 2.C53J494

TITAN L U W 2.616.3136 2.1377122 2.4073163 2.C1U4141
TITAN NOM. 2.61o4u48 2.1378052 2.40718J4 2.C103240
TITAN HIGH 2.016o157 2.1378980 2.4C70505 22.0102541

MIRANDA LOW 2.5194991 2.C7E4259 2.497161.2 2.CE48227	 +
MIRANDA NOh1. 2.5250676 2.0818214 2.491698d 2.CG15C0d
MIRANDA HIGH 2.52d3365 2.CE28156 2.48E511C 2.055S1JG

ARIEL LOW 2.5370972 2.C851630 2.4800351 2.0°44134
ARIEL NOM. 2.551dL67 2.0581576 2.4660064 2.045 d999	 -
ARIEL HIGH 2.5604415 2.1024335 2.4579C47 2.C409E87

TITANIA LOW 2.5446754 2..CS37925 2.4727756 2.0500083
TITANIA NU14. 2.6010442 2.1C3(3024 2.4573417 2.C40E475
TITANIA HIGH 2.5710321 2.1059179 2.44EO702 1.03E 0323

TRITON LUW 2.7007646 2.1ES8414 2.33E92E5 1.SC754645
TRITON NLM. 2.7750308 2.2359820 2.2768407 1.9323270	 .
Tµ1 TUN HIGH 2.02-54217 2.2661887 2.2396715 1.9LO2576	 -
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Table 3-7. Conversion Factors for Normalized Units
for Sun-Planet Systems (2.9)

CONVERSION FACT(,RS FAR NORMALIZED UNITS FOR SUN-PLANET SYSTEMS.

PLANET

MERCURY
VENUS
EARTH
EARTH+MUUN
MARS
JUPITER
SATURN
u.tANUS
NEPTUNE

TIME
(DAYS)

14.000742
35.762243
58. 132,ib 5
56.132355
109.^3o219
639. 35.:757
L712.onOZol
43dJ.70Jato
9679.4504V4

VELOCITY
(ME rE17S/SEC. 1

4.78721320 04
3.50206730 C4
2.97E4741C C4
2.97c47410 04
2.41292860 C4
1.30e41E3C 04
9.o45L121D 03
o.dCC7243C OJ
5.43284dSC OJ

ACCEL
(M/5eC4*?_)

3.95747_10-02
1.13340730-02
5.93010210-03
5.930102.10-03
2.53426920-03
2.19280660-04
6. tit 91d53D-GS
1.61172450-05
6.56406SdC-(1L

cRATICN
(G=9.7643125)

4.0529972D-O:
L . 1 60 76 5 1 0-0::
6.C7324C80-04
6.07324C8C-04
2.61592:30-04
2.245735EC-0E
c.o7654H00-Ot
I.c5G63290-OE
6.722b06dD-07

i

Table 3-8. Conversion Factors for Normalized Units
for Planet-Satellite Systems (2. 10)

CONVER61 10N FACTORS FUR NUkMALIZEO UNITS FUN PLANET-SATELLITE $YSTEMS.

ACCELERATI-CN
(M/SEC*+2)	 (G=9.7643125)

SATELLITE

MUON
AMALTHEA
IO
EUROPA
GANYMEUE
CALLISTO
JANUS
MIMAS
ENCELAUUS
RHEA
TITAN
MIRANDA
AkIEL
TITANIA
TRITON

TIME
(DAYS)

4.348377
0.079266
0. ebl6u7
O.50b ad
1.1 JoudJ
.656140

J. 130046
0.149991
0.218077
0.713983
2.5377y3
0.224903
0.401131
1 . _) 853 0 .1
0. 93baL9

VELOCITY
(METEHS/5EC.)

1.02?. 154tD 03
2.64c409OD 04
1.73368770 04
1.37418426 04
1.U6799790 04
6.20 2 46C6C 03
1.50410000 C4
L..432LO650 04
1.2636762D 04
8.486625EC 03
5.57L37d3O 03
6.67753950 C3
5.50555816 03
3.6424229D 03
4.3959822:0 C°_

2.7223JCED-03
3.d543563U 00
7.1264843D-01
2.8140918D-C1
1.1058893D-C1
3.574641P-L-02
1.338649GU CC
1.105CE59U 00
6.70675180-01
1.3o6L6420-01
2.54093CLO-02
3.4355128U-01
1.588SE25D-01
3.0425971.0-02
5.43973730-C2

2.78906530-C4
3.94739140-01
7.29850C30-02
2.d8201730-02
1.I325828D-02
3.6609246D-03
1.37C96 C8D-01
1.13176C1D-01
6.66Ec3700-02
1.39914C20-02
2.E022621D-03
3.51643900-02
1.E2@E9E4D-J2
3.1.160362D-03
5.57104C20-03

3-9



PLANET

MERCURY LGiv
MERCURY NUM.
MERCURY HIGH

VENuS Luw
VENUS NLA.
VENUS H1uH

EARTH LLA
-AK T H N _%1 .
cAr TH HLUH

EAttTH+MJON L u w
LAkTH+MUCN ML ill .
cAR TH+MuUN HIGH

'4ARS LGw
MARS NuNl.
MARS HIGH

JUPITER Luw
JUPITER NaM.
JUPITER HIGH

SATURN LUw
SATURN NG14.
SATURN HIGH

URANUS Luw
URANUS NOM.
URANUS HIGH

NEPTUNE Luw
NEPTUNE NUM.
NEPTUNE HIGH

r`

Table 3-9. Distance Betiveen the Smaller Finite Body and a
Collinear Point for Sun-Planet Systems (2.11)

MEAN DISTANCE OL TwEEN
PLANET AND L1
(AU)	 (KN)

0.0014732	 2203EJ
0.0014733	 22OJ95
0.0014733	 '2';0406

0.0067363	 1CC79y"L.o
O.OJo7JdO	 1CC7993.3
u.JJo73t0	 IOC7994.9

0.JJ-YY704	 14 ) 15 50.6
0.3099704	 1491551.4
O.O0Y97J4	 14,1552.1

0. '̂ luullu	 1457b20.e
J.^iJu110	 1457621.2
0.0100110	 1497u21.6

O.007235C	 ICE234C.9
0.0072350	 1062342.1
0.0072350	 1Cd234J.2

0.3469264 5L899457
0.3469267 5129948-)
0.-3469269 51399522

0.,4288690 641E7883
0.4289293 641bb904
0.4209896 6417593L

0.4638737 69394b 16
0.4642076 65444466
0.4645424 65494560

0.7691239 115059296
0.7647805 115157529
0.7704394 1152561.00

MEAN	 CISTANCE	 Et.TwEEN
PLANET ANC L2
(AU) (K.V)

0.0014769 22C-J44
0.0014770 22CY56
0.0014771 22C96E

O.0067d01 1014290.6
O.JOu7801 101429;.3
O.JCu7c01 lUl-+2)..9

O.J10u371 15C1j31.Z4
0. 01'0 Ca71 1^01^d<.l
O.C100371 Ia.J15_2.9

O.JLOC762 1507633.3
O.CLOC7d2 1607td3.7
0.01OU7d2 ID076d4.0

O.CO72550 ICE577E.0
0.0072580 1GE5779.2
O.CC725EC IC6b78C.3

0.363C753 E4J152E9
0.363C755 5°4315324
0.363C7bL 543.15J5.9

0.442124E o614C935
0.4421889 bE150b22
0.4422531 66160116

0.471475b 7CC3172G
0.4718204 705.d333C
0.4721EC A 7C635C81

0. 782473 L17056-:547
0.7831536 117151022
0.789t350 117260045
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SATELLITE

MOON Luw
MOON NUM.
MOON HIGH

AMALTHEA LUSr
AMALTHEA NtiM-
AMALTHEA HIGH

IG L 	 17

(O NUM.
IO HIGH

EURUPA LUN
EURuPA N.i vl.
EUr GPA HtuH

GANYMEOt LUS
GANYME__Ut N .M.
GANYMCDt Hluh

CALLISTJ L J w
CALLISTO N:;.d.
CALLISTO HIUH

JANUS LUW
JANUS NUM.
JANUS HIGH

MIMAS Lu''.9
AIMAS Ni M.
MIMAS HIGH

ENCELADUS Lu'n
ENCELADUS NOM.
ENCELADUS HIUH

RHEA LuW
RHEA NOM.
RHEA HIGH

TITAN Luw
TITAN NUM.
TITAN HIGH

MIRANDA LJw
MIRANDA NJhi.
MIRANDA HIGH

ARIEL LUw
ARIEL NCM.
ARIEL HIGH

TITANIA LOW
TITANIA NUM.
TITANIA HIGH

TRI TUN Lun
TRITON. NUM.
TRITON HIGH

Q	 Table 3-10. Distance Between the Smaller Finite Body and a
Collinear Point for Planet-Satellite Systems (2. 12)

11;
l'

i

MEAN DISTANCE
SETwr-EN SATELLITE

A14D L1 (KM)

58018.9
5d019.0
5duly.o

121
153
175

10416
10453
10490

1J464
13653
1..5642

31331
J1J'3d
31404

47527
49d 72
49610

Log
200
224

506
519
532

731
872
978

459?
67bl
6614

52235
Y12305
54.5 7 5

601
898

1071

2253
3381
4036

6461
9326
11043

26185
35352
41129

.•1c AN DISTANCE
SETAEEN SATE^LITt

AND L2 (KM)

64514.7
64514.7
64514.6

121
153
175

10590
IC62d
l06u6

1364d,
1373d
i^d2y

319n5
J2024
320x3

.3J411
SCSol
50711

log
200
224

507
52C
533

732
874
9d1

4619
5824
6670

53764
53842
53916

o03
902
1077

2"271
3422
4Uy3

6546
9461
11232

27539
37873
44573

RADIUS CF
SATELLITE

(KM)

1/38.1
1738.1
1738.1

12E
75
25

IE30
1820
1610

1Zd0

140u

2640
2_yC

240
241C
23CC

160
1 I
60

400
200
1JC

450
275
125

C338
768
738

2G66
2916
2E66

duo
ESC
300

2.300
1500
700

2600
1doc
000

3000
1d85
1000
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i

I 
Table 3-11. Distance Variation Between the Smaller Finite Body

and a Collinear Point (2.13)

DISTANCE VARIATION oETAtEEN THE SMALLtR FINITE BODY AND A CL...LINEAR POINT

duDY AIM.	 DISTANCE MAX.	 DISTANCE MIN.	 DLSTA.,,Cc N AX.	 c1STANCa
oETh LEv,	 0GOY tETAEEN	 BODY EET'nttN	 BUOY EETAEEN	 SC Ye

Ava.i	 L1	 (K:4) AN.;	 L1	 (NA) ANC	 LL	 ((Cal) AN1:	 L2	 (Kioi

4=,tCURY Lue 175360.4 206699.y 17t°_11.7 266375.7
^iERCUKY ti..)•r. 175'7o.1 205714.0 17=	 1.+ 266390.5
mtEkcun y HIGH L7n06b.d 2b5729., 176P.L.25 2664C5.2

c7ua TH+;d UON LJa 1472571.6 152267U.0 14b24b5.d 1-°032900.4
-AR T 	 rMuUN NUII•I. 1472572. 0 152 26 70. 4 14d44c6.1 1bJ2961 .2
EARTH+MOGia HI,;H 1472:572.4 1522670.8 1462466.5 1532SOI.b

MAiii Lu.v J01234.4 L133396.9 Sd44C1.1 I I d 7 1 " 4.9
MARS IN LM. 40 12d5.v L183396.2 SE44C2.1 1187156.,
MAkS HIGH 9o1267.0 1163399.4 S64403.2 L187157.5

JUPITER LL.v 493d5707.0 544132C7.4 S1E84227.y 56546045.9
JUPITER NUM. 49305737.6 54413241.2 51644561.5 569460E6.9
JUPITER HIGH 493o57o8.3 :4413274.9 51E84595.L 56546123.9

MLQN Luw 54,333.7 61204.2 o 0 S 7 2 . d 68056.6
'Ni CO NUM. 54833.7 61204.2 6CS72.a EEC56.6
MOON HIGH 54833.7 61204.3 oCS72.9 6E056.7



.I

Table 3-12. L2 Distance and Length of Planetary Shadow (2.14)

LL DTSTANCc AND LENGTH OF PLANETARY SHADOW

f

PLANET MtAN RADIUo CRITICAL RADIUS MEAN DISTANCE
uF PLANET LF PLANET BETAEEN PLANET

I KM) (KIM) AND	 L2	 (Kid)

AE ,:CURY Lug, X440.1 2647.4,3 220943.7
IE..:.urtY %. 6k 440.1 2643.53 &X550.0
!E^..uKY M 16 G440.1 c047.5o 22C9cc.2

V_^is L.. .. U1.:J.J ^. :bd.u9 lul4cyj.o
vt:..,J N.ay. JI10.0 0403 .Jo to 142Y2.---
1_VQ5 H1GH uIUO.0 6464.OG LG14293.v

EA, TH L,N uj71.0 6911.44 1EG153L.4
EAKTH NuM. 0371.0 b916.41 1bJ1b J2.1
cAnT^ HIGH o37L.0 U621.39 I^CIZ22.9

EA. TH+MOGN L U 4 0371.0 693i.4d InC7oc.3	 J
EAK T H+M0UN N4,M. c371.0 6944.47 16C lot J.7
EAk TH+MuON HIGH u371.0 6949.46 1bC7dE4.0

N1 Am LuW X390.7 J297.2b 10E5774.0
'4 AKS NuM. 3,390.7 3299.63 10E5779.2
MAMS HIGH J390.7 3J02.00 LOE57tO.J

JUPITER LUW 704o2.0 45369.0,) 543152E6.9
JUPITEk NUM. 70452.0 45401.74 E4315324.2
JUPITER HIGH 70442•.0 45434.3d E43I52Z9iS

SATURN LUN 56322.0 JUdC8.41 6bl4C934.7
SATURN NUM. 57822.0 --0834.8) Et15C522..4
;aATURN HIGH 57322.0 3066L.26 -	 t6160115.7

URANUS Lu^r 2o1b0.0 16684.64 705 1728.9
URANUS IN ;t31b0.0 16709.00 705E-329.7
URANUS HIGH 24150.0 16732.57 7CE350E1.2

NEPTUNE Lury 2519.0 1764o.10 11705E34U.t
NEPTUNE NUM. 25091E.0 17673.73 1171SEC21.c
NEPTUNE HIGH 24992..0 17701..44 1172ECC49.1

MEAN DISTANCE
OETWEEN PLA,I:=7
AND SHAJC* Ap AIn I,

2JJ466
eCJ73 y
2G35S?

oG4J2b
SCE a5 ^

636 C7

13c^CJ4
1332031	 '
1341030

1393034
1382 031
133 1G30

1116714
1115908
1115103

4774277_
67658797
87E74S56

IJC614944
129'292256
127973707

1121CSOC2
107579X5
103C71E12

168993721
16E1723t5
167352477
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13. W. S. Eichelberger and A. Newton, Astron. Papers Am. Ephem. 9,
Part III (1926).
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