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A WEIBULL CHARACTERIZATION FOR TENSILE FRACTURE

OF MULTICOMPONENT BRITTLE FIBERS

R. G. Barrows
Lewis Research Center and
U.S. Army Air Mobility R&D Laboratory
Cleveland, Ohio 44135

Abstract

Necessary to the development and understanding of brittle
fiber reinforced composites is a means to statistically describe
fiber strength and strain-to-failure behavior. A statistical
characterization for multicomponent brittle fibers is presented.
The method, which is an extension of usual Weibull distribution
procedures, statistically considers the components making up a
fiber (e.g., substrate, sheath, and surface) as separate entities
and taken together as in a fiber. Tensile data for silicon car-
bide fiber and for an experimental carbon-boron alloy fiber are
evaluated in terms of the proposed multicomponent Weibull charac-
terization.

Introduction

Fiber reinforced composites are being considered for future
high performance materials applications. Excellent strength/
density and stiffness/density properties are associated with com-
posite materials. Reinforcing fibers include both ductile and
non-ductile (brittle) materials. Tungsten and steel are examples
of the former and boron, silicon carbide, carbon, single crystal
and polycrystalline alumina, and glasses the latter. Only brittle
reinforcing fibers, which are typically low in density and have
high strength and modulus over a wide range of temperatures are
considered herein. JIncorporating these lightweight fibers into a
suitable matrix offei1s the interesting proposition of utilizing
low density materials which have superior strength and stiffness
compared to conventionil monolithic metals.

Brittle fiber ultimate tensile strength can be described sta-
tistically and composite strength theories incorporate statistical
fiber strength characterizations (l1-5). The Weibull distribution
function (6,7), which incorporates a size-strength effect, is often
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used to characterize the strength of brittle fibers. The usual
Weibull characterization, however, has been found deficient for
some brittle fiber materials (3, 8-10), and has provided little
insight for fiber development and improvement purposes.

It is the primary purpose here to present and demonstrate an
elaboration of the usual Weibull characterization for multicompo-
nent brittle fibers. The method considers the components making
up a fiber (e.g., substrate, chemical vapor deposited sheath, sur-
face, etc.) separately and together (assembled into a composite
fiber). The characterization permits an improved description -.
brittle fiber strength and is of instructional value in the inter-
pretation of brittle fiber tensile strength data. It is believed
the characterizatiou will aid in the identification of those por-
tions of a fiber to which, if improvements were made, significant-
ly improved total fiber performance would (or would not) result.

Room temperature tensile data are presented for two candidate
reinforcing fibers: silicon carbide fiber of 142 um (0.0056 in.)
diameter and a carbon-boron alloy fiber developed and evaluated
under NASA contracts (11-15). Silicon carbide tensile data of
Reference 8 are also interpreted in terms of the multicomponent
statistical characterization.

Theoretical Considerations

The Weibull function is often used to characterize strength
properties of brittle materials, including brittle reinforcing
fibers. As shown below the Weibull characterization predicts a
size-strength relationship, that is, mean ultimate tensile strength
(UTS) and/or mean strain-to-failure (STF) decrease as the volume
or surface area increase. Predictions of the Weibull function are
summarized and are followed by the development of the statistical
characterization for multicomponent fibers.

Weibull Single-Component (WSC) Characterization

The following relationships are as vutliued by Corten (16)
but in terms of strain rather than stress. The cumulative Weibull
distribution function for STF, €, of a single component brittle

fiber is:
€ - ¢, m
1 - exp|-w . for ¢ 2 ¢,

o]

1}

G(e)

=0 elsewhere (1)

where

G(e) the probability that the fiber will fail at a strain < e
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€ Weibull location parameter representing the strain at cr below
which the probability of failure is zero. 1t is noted here
that this term will be identified with residual compressive
strain in the multicomponent statistical approach described
below

€ Weibull scale parameter
m Weibull shape parameter

w dimensionless value representing the number of incremental
volumes or surfaces in a test gage length

The w term is somewhat analogous to the number of links in a
chain. In this paper ® will be used to designate either the
number of incremental volumes or incremental surfaces in a test
gage length. Since the value of the parameter ¢, is dependent
on the choice of incremental volume or surface, the increment
sizes must be defined and specified and used throughout a given
investigation. 1In this paper an incremental volume o shall be
1.6387x105 cm3 (10® in3) and an incremental surface y shall be
6.4516x10-3 cm? (10'3 inz). For volume and surface respectively,
the ®» wvalues are:

volume
QO

w =

surface area
Y

w =

For example, a 0.01 cm diameter fiber of 2.54 cm gage length will
have an w value for volume of 12.17. Similarly, the same fiber
will have an ® value for surface of 12.37.

The probability density function for the above is:

c € -~ g, \M € - ¢, \®
ge) = (C‘fmc 3 ( - ”) exp-qn( - “) for ¢ 2 ¢,
u "0 o

t

=0 elsewhere (2)
The expected mean STF of fibers tested one at a time is given
by :
€ = f €g(e)de
€
u
= e pl/mpfmt 1
= €W / .( ~ ) + €, 3)

and the variance for fiber STF is:
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where S, 1is the standard deviation and Tl(m + 1)/m] and
Il(m + 2)/m] are tabulated gamma functions.
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The coefficient of variation (CV) is:

w

eV = = (5)

€

In the statistical characterization of brittle fibers the location
parameter €, 1is often set equal to zero and as such the CV will
be a function only of the m parameter and is independent of w.
For all positive values of €, the CV decreases with increas-
ing w.

According to equations (3) and (4), both € and S, de-
crease with increasing test section volume or surface, represented
by the term . Thus at a given fiber diameter, € and S, are
predicted to decrease for increasing gage lengths. Equations (3)
and (4) also predict that for a given gage length, T and S
should decrease with increasing fiber diameter. For tensile data
that can be described by the WSC characterization, 2 plot of
In(e - € ) versus In(w) gives a straight line of slope equal
-1/m. I% tensile data are for a single fiber diameter, a plot of
In(E - eu) versus Iln(gage length) also gives a straight line of
slope equal -1/m.

Weibull Multicomponent (WMC) Characterization
for Brittle Fibers

In the WMC characterization a fiber is considered to consist
of one or more components, ea.! having unique physical properties
and flaw distributions. Components are either volume elements
(e.g., a substrate or a chemical vapor deposited (CVD) sheath) or
surface elements (e.g., a fiber surface or an interface between
the substrate and a CVD sheath). It is assumed that the STF be-
havior of each component can be described by an appropriate statis-
tical characterization.

Wawner (17) reported fracture origins for boron-on-tungsten
fiber and characterized their location as to substrate, substrate
CVD sheath interface, bulk CVD sheath, and fiber surface. Smith
(18), who also tested boron-on-tungsten fiber, suggested that most
tensile fractures originated in the fiber core (tungsten boride).
Crane and Krukonis (19) reported that for silicon carbide-on-
tungsten fiber, tensile fractures initiated primarily at the
tungsten,/SiC sheath interface and at the fiber surface. McHenry
and Tressler (20) indicate that most SiC-on-carbon fiber tensile
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failures originate at the carbon-SiC interface. In the context of
the WMC characterization, surface (or interface) and volume compo-
nents have been identified as sites of fracture initiation in real
fibers. This suggests that by considering the different fracture
sites explicitly, the WMC characterization could lead to better
failure predictions than the usual single-component Weibull de-
scription.

The WSC characterization is used here to describe STF behav-
ior of each component. For a brittle fiber made up of n compo-
nents it is proposed that the fiber will fail in longitudinal
strain due to activation of a flaw in any or all of the 1. compo-
nents. Assuming independence of flaw activation in each component,
the cumulative distribution function, Q(€), for fiber fracture
will be:

n
Q(e) = 1 - l I (1 - ¢;(e)] (6)
i-1
where Gi(e) is equation (1) for the ith compornient. Substitu-

tion from equation (1) into equation (6) gives for amn n compo-
nent fiber:

€ - g \ 1
i
Q(e) = 1 - exp]- wi — for € 2 lowest valued €.
0, i
i
i=1

=0 elsewhere (7)

Note: m.

Co- e 1

Individual Wy ——:?———L terms are zero in the above and
o

following multicomponent relationships for € less than or

€ .
equal uy

The probability density function for the n component case

is:
n My m;
m; w; € - Eul € - Eui
Q(E) = € CXp |- €
- N 0.
)\ :
i=1 1
for ¢ = lowest valued €U
i
=0 elsewhere (8)




The mean failure strain, the variance, and the zoefficient of
variation for the composite fiber are given by:

€ = _‘(w €q(€)de )

s? = [ (€ - T)? q(e)de (10)

SE
== (11)

The lower limit for integration Y 1is the lowest valued € .

i
Equations (9) and (10) cannot be solved explicitly, but can be
evaluated by computer numerical integration methods.

Since fiber UTS is a property more often measured and re-
ported than fiber STF, it is desirable to have ¢xpressiorns such as
equations (7) to (l1) ia terms of fiber UTS. A change in variable
from fiber strain to fiber stress, o, is accomplished using the
Rule-of-Mixtures (ROM) relationship for composite fiber modulus
Ef:

=2 (12)

V; and E; are the volume fraction and modulus, respectively,

for the ith component. QCumulative distribution and probability
density functions in terms of fiber stress become:

n m
¢ - Ef&u L

Q(9)

1 - exp|- L,

for o > lowest valued Efe
u

=0 elsewhere (13)
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n m; n m
m; W, 0-Efey, o -Efe,, \
q(0) = L - exp| - wy _—
B E c E¢€
(O -Efeui) £ Oi b3 Oi
i=1 i=1
for o 2 lowest valued Efeu
i
=0 elsewhere (14)

Relationships for the mean and standard deviation in terms of
stress are as in equations (9) and (10) but with incorporation of
the change of variable. Alternately, it is simpler to multiply
solutions of equations (9) and (10) by the fiber modulus. The CV
will be identical in value for either stress or strain.

The WMC characterization contains a feature useful in corre-
lating experimental observations of fiber fracture origins. Given
that a large fiber sample has been tensile tested to failure at a
given gage length and fiber diameter, the fraction of the fiber
failures whose origin was in the jtr!l component can be estimrated.
From equation (6), the probability that the n-component fiber will
fail between ¢ and . + do is:

n n

dd,_ L 4 = q(.)d = ZgJ ) U (1 - Gi(- )Jdev (15)
- if]
j=1

where i and j subscripts refer to components. Each summation
term is interpreted as the probability that a flaw in component j
initiated fiber failure between - and « + de. For the jth
term, substitution from equations (1) and (2) gives:

n as
. i
N Mg UJ
g.(€) tL - Gi(:)id = = -
| (AN
i#] J
n e - ¢ my
Vi
exp|- | de 16
p 1 (16)
1
i=1

Given that a large sample has been tensile tested to failure,
the following is the expected fraction of all fractures (over the
entire strain range) that had origin in component j and which
occurred in the strain range «; to 5 (|~ ,).



2 m, n m
€ - € j e - ¢ i
3% uj uy
2, = exp |- W, de (17)
j € = € eO + e0
uj k| — i

€1

For a single component brittle material which is free of im-
posed or residual strain and whose strength nust be characterized
statistically, it can be assumed that the parameter €, in the
above relationships should be zero. The term, €,, however, will
be identified with and defined as residual compressive strain.
Residual stresses and strains often occur in portions of a com-
posite fiber which vesult from, among other factors, thermal ex-
pansion differences and/or volume changes upor reaction between
the substrate and thie CVD sheath. An example is boron fiber which
is produced by CVD of boron onto a tungsten substrate. The “esul-
tant substrate core is in a residual compressive stress stat. fol-
lowing fabrication (17,21). In such a case, fiber failure woill
not occur due to substrate flaws until the fiber were strair-d to
such an extent that the substrate became unloaded. This behavior
can be accommodated in the WMC characterization by defining the

€y terms as residual compressive strain in the respective ith

component (e.g., substrate). Therefore, the €, parameter, for
purposes here, is not a statistical curve fitting parameter but
rather, a mechanical property peculiar to a given component of the
particular fiber being considered. Note that to retain conven-
tional sign notation in the Weibull relationships, a residual com-
pressive strain has a positive sign when identified with the ¢
parameter.

u

To summarize, the WMC characterization for brittle fiber ten-
sile behavior is a function of component volume and/or surface
area, component moduli, component residual strain, and the STF be-
havior given by the Weibull parameters m and ¢, for each com-
ponent. Predictions of the WMC approach are illustrated in the
following sections for a hypothetical fiber.

WMC Cliaracterization Applied to a Hypothetical Fiber

To illustrate the WMC characterization a hypothetical three-
component fiber will be examined. The three components are a
substrate, a CVD sheath, and the fiber surface. Figure 1 sche-
matically shows a cross section of the hypothetical fiber and the
three components. Assumed values for component modulus and Weibull
parameters are given in Table I. The surface (interface) compo-
nent at the substrate/CVD sheath interface will be considered to
be flaw free and is therefore neglected. A comparison of the m
parameters indicates that the substrate is assumed to be (in STF)
a high variance and the CVD sheath a comparatively low variance
material (if each were tested alone), No residual stresses or

strains are assumed, therefore all ¢ = 0. Various fiber diam-

eters will be considered and the lowcrlportion of Table [ gives
ROM modulus for the hypothetical fiber diamcters.
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Figure 7. ~ Calculated mean: STF for 142um diameter
SiC/W fiber as a function of test gage length. Pre-
dictions for components and of the fiber are shown
together with experimental test results.
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Figure 8. - Observed mean STF for CBA fiber groups as a
function of test gage length.
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