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ABSTRACT

A third-order solution is developed for the motions of artificial
satellites moving in the gravitational field of the earth, whose poten-.
tial inc]udes the second-, third-, and fourth-order zonal harmonics.
Third-order periodic perturbations with fourth-order secular perturba-
tions are derived by Hori's perturbation method. A1l guantities are
expanded into power series of the eccentricity, but the solution is ob-
tained so as to be closed with respect to the inclination. A comparison
with the results of numerical integration of the equations of motion
indicates that the solution can predict the position of a close-earth,
small-eccentricity satellite with an accuracy of better than 1 cm over

a period of 1 month.



THIRD-ORDER SOLUTION OF AN ARTIFICIAL-SATELLITE THEORY

Hiroshi Kinoshita

1. INTRODUCTION B

Second-order theories of artificial satellites have_been established
by many authors during the past 15 years; an excellent review is given
by Hori and Kozai (1975). A third-order so1utioﬁ was derived by Deprit
and Rom (1970), but their solution does not include Jg and J, terms.
According to Aksnes's numerical experiments comparing his second-order
solution (Aksnes, 1970) wi%h numerical ‘integration, residuals of a few
decimeters remain in position, most of which come from the third-order
interaction among J2, J3, and J4. On the oéher hand, the accuracy ef
current geodetic satellites equipped with retroreflectors for laser
ranging will reach 3 to 5 cm. Therefore, we can eipect to obtain more
accurate information on satellite mations by taking into account the

third-order periodic perturbations.

In this paper, we consider only the zonal-harmonics perturbations
of second, third, and fourth order. We chose a Kepierian motion as an
_intermediate orbit and adopted Hori's (1966) perturbation method. We

assumed that the eccentricity of a geodetic satellite requiring highly

This work was supported in part by Grant NGR 09-015-002 from the National
Aeronautics and Space Administration. =~



accurate solutions 1is usually low; therefore, all quantities in the
present solution are expanded into power series of the eccentricity, but
the solution is obtained in closed form with respect to the inclination.
ﬁe]aunay variables were selected as the canonical elements used to
construct the new Hamiltonian and the determining functions eliminating
periodic terms, which do not depend on the chosen canonical variables |
so long as Keplerian motion is adopted as an intermediate orbit. How-
ever, the final expressions of the periodic perturbations are given in

£ + g, h, e cos g} e_éin g, and L, which éré not singular at zero

eccentricity. -~

AT] Titeral calculations were carried out by means of the computer
algebra program Smithsonian Package for Algebra and Symbolic Mathemétics
(SPASM) (Ha1].apd Cherﬁiack, 1969). Final results were checked analyti-
. cally in yarious ways and‘weré compared with the results of numerical

integration.



2. OQUTLINE OF THE METHOD OF SOLUTION
Let us consider an artificial satellite orbiting in an axially
symmetric gravitational field of the earth, whose force function U is

of the form

4 n '

=E 4 Z ie—.JP(' ) (1)

v= r B r n'pts™ B ?
n=2

where a, is the equatorial radius of the eavrth, r the radius vector of

the satellite, and B the deciination. In this paper, the coefficient

J2 is assumed to be a small quantity of the first order and J3 and

J4 are of the second order.

To solve for the motion of the satellite under the force function
(1), we adopted Hori's (1966) perturbation method, which utilizes Lie
transformation; all formulas are canonically invariant, and the per-
turbations of any quantity are given by simple formulas and in explicit
form. Because of the generality of Hori's method, we can choose any
set of canonical variables. In the present paper, we use Delaunay vari-
ables as a canonical set for their simplicity, where & is the mean anomaly,

g is the argument of perigee, h is the longitude of the ascending node, and

=\$;; ) ' G = L‘Jl - e2 ) H=86cos i



The equations of motion are

d - oF d_ - aF
dt(L’G’H) AR dt(hsgah) N (2)

where

F=Fo+F +Fp
U2
Fp= X
0 2 ?
2L (3)
2
F1 = - —rg J2P2(s1n g) .,
]iag . uai’ .
F, = - ?1- J3P3(s1n B) - —; J4P4(s1n B)

Under the assumption that the eccentricity is small, we expanded the

disturbing functions Fy and F2 into a power series of the eccentricity:

uJ
L= ZZZXZZP (e) By oy (i) cos (ke + 2pg)

F
p=0 k=-o
3 3.2pt . .
Fy = Z Z y3»2p*l (e) B3,2p+1(1) sin [ke + (2p + 1) g] ,
p=0 k=-e (4)
u J
4
R Z Z )(4 Zp (e) B4 20 (i) cos (k& + 2pg)
p=0" k=-=



where XE’m (e) is a Hansen coefficient and

Bog =_% (-2 + 3 sin? i)y, Boy = % sin? i N

Byy =-3 sin i (-4+5 si.nz i, By =3 sin® 1,
By =- 3 (8- 40 sin® i + 35 sink i) .

Bip =72 SinZ 1 (-6 +7sin? 1) . By =-ysin’ i

When the Towest powers of e and sin i of the coefficient of i;g‘(kz + qg)

in the trigonometric series in equations (4) are « and 6, we have the

fof]owing refations:

[k - g} (mod. 2)
la]  (mod. 2) >

2
1l

o
il

which are called the d'Alembert characteristics.

*
The algorithm for deriving the new Hamiltonian F (Hori, 1966) and
the determining function S eliminating short-period terms is

zerpth order:



TI1rsStT ordaer:

F1 = Fls .
3 , (5b)
S15 = | Fip @ -
- M
. second order:
IS A |
Fo = Fag ?{1 1° 1}5 2
(5¢)

S. = L’_g. F + l{F + F* S } de’
2 3 2p 211 1> 71 2
H p
tﬁird order:

R s.l,s. b+l ¥ Fo 1 +F.,S
3 12 {Flp’ 1}’ 1 . 7 1Fs 2> 59 s t2 1 12 2 .

S 7 11 Sk Sif + 5 {Fp * Fp S
3772 12 \'1p° 1}’ H, 212" "2, (5d)

u

1 * ‘
+ *-‘2—' %Fl + Fl, Szip) de ’

1
]

fourth order:

*

Fg = l‘{F +FLst + 2 fe v L *
P S ERET 3} ?{Fz Fao 52} *?{F3+F3= 51}5

+ T;_{{sz 51}= Sl}s , (5e)



where the braces represent roisson brackets and the subscripts s and p.
indicate the constant and periodic parts in 2. It should be noted that

any function of L', &', H', and ¢’ can be added to S.

*w
The algorithm for calculating the new Hamiltonian F  and the de-
*
termining function S eliminating long-period terms is given by the
foTlowing equations: -

first order:

Fl =F; (6a)

. * 6
C o (3F1) F* , (6b)
517 \a@ 2p 47

%\ _1 (GC)
S* 1 3F1 { * *k ”
2 = 3\5¢ Fp ¥ Fps Sl}p dg” s
fourth order:
F** _ 1 F* * * 1 * *% *
4 ‘T{ 2p° 51}= 1t 'z"{Fs tFg 51}5
+ 1 * *k *
TR 52}5 , (6d)

(eq. (6d) cont. on next page)



* Cl-l) _j 14 % * % 1({.* *k S*
353 = -\a¢, 17 {sz’ 51}= 31 ) * ?{Fs tFys 1}

p

+

*
Hive o) 8
p

where the subscripts s and p indicate the constant and periodic parts

in g”. These algorithms are actually very gimple, but calculating them

by hand is laborious. Therefore, all computations were carried out by

the computer program SPASM (Hall and Cherniack, 1969). SPASM handles

the ?perations in equations (5) and (6) easily, keeping rational fractions

for coefficients.

A key operation in equations (5) and (6) is evaluating the Poisson

bracket {A,B}:

- 8AB pA , BA B A B , 3A 3B _ 9A 3B
B} =3C 3 " anal * 3G 3g ~ 3g 96G TS "o - (7)

In the present theory, as we seek to obtain a solution that is closed
with respect to the inclination, the atomic variables in the computer
algebra are L, e, s = sin i, ¢ = cos i1, and-y =1 -5 c032 i (v appears
in the denominator of S*)- The derivatives with respect to L, G, and

H are

- cos i (8)

.2 .\ 3
+ 10{(1 - sin 1)3—Y> ,

(eq. (8) cont. on next page)
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R s 13 42 410 cos i Qﬁ) s (8)

9
oH sin 1 9s  ac 3y
EVl - e2

where the factor‘d& - e2 will be replaced by a Taylor expansion in

powers of e. If both A and B satisfy the d'Alembert chardcteristics,
then even if these derivatives include the terms 1/e and 1/sin’i, the
Poisson bracket {A,B} keeps the d'Alembert éharacteris%icsland does not
have 1/e and 1/sin i in the expression. This serves as a good check on

Titeral manipulation by a computer. In Deprit and Rom's {1970) theovy,

cos i = H/L‘\E - e2 is developed in power series of e. Therefore, their
determining function W apparently loses the d'Alembert characteristics
with respect to the inclinatidn. "If A and B are expanded into power series
of e and truncated at en, the derivatives with respect'to L and G are

n-1

correct up to en"Z; however, {A,B} is correct up to e In other

words, with one operation of the Poisson bracket, cnly cne degree in
e {not two) is lost. Our program, which takes this fact into consideration,

saves a 1ot of computer time.

Compiete to Jg, the analytical solution must take into account all
the fo]]owﬁng terms:
first order: -

second order:

2 2
Jz J3J4/JZ , 5, J

2 2
(9190 (@,)7



third order:

‘ 2,3 ' 3
R L S AP YR D
3 3 25 493
B Iy (dp735) 330413, >
2 2
B3, s G,

Most of these terms arise from the 1nterac£ion among J2, J3, and J4.
Tables 1 and 2 list the numbers of terms involved in 53 and S;, respec-
tively. The total number of terms with the factor Jg in S3 is 106. On
the other hand,rDeprit and Rom's w3 contains 192 terms up to e4, partly
because they chose n = H/L as one of the arguments. Explicit expressions

* Kk ok . . . :
of S, F, S, and F are given in Appendix A.

Table 1. Numbers of terms in the determining
function 53.

ecgggipigfty Jg JpJ3 Jodg Total
e’ 6 6 6 18

e 16 g . 16 a0

e 19 18 18 55

e 32 19 32 83

¢! 33 30 31 %
Total 106 81 103 290

10
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Table 2. Numbers of terms in the determining function S;.
Order of 2,3 3 : : 3 .2..,.3 2 2 3
eccentricity Y3°4/Y2 @3“2) 3900 903 (9449)) PNy Wy 3% B 9 ot
el 5 4 8 9 - — - — - em 2
o2 - - - — 6 7 15 7 15 15 6
¢’ 19 u oz 8 = = = = = = 8
Total 24 18 34 35 6 7 15 7 15 15 17




When both short- and long-period terms have been eliminated, the
*&
new Hamiltonian F contains no angular variables. The action variables
L”, &, and H” are constant,'and the angular variables 27, g”, and

h” are expressed as follows:

L - §___ #

"= - aLﬂ F + £0 L]

- d ok "

g = - 3G”7 F + 90 s (9)
_ 3 Fk p N

h” - = aH” F + ho : .

The generating functions S and S* determine a completely canonical
trqnsformation from the osculating elements (L, G, H, 2, g, and h) to

the mean elements (L”, G, H“, 2“, g“, and h”). The periodic perturba-

* tions of £ and g have negative powers of the eccentricity as a factor,
which reflects the fact that the perigee is not well determined when

the eccentricity is small. If the eccentricity is smaller than
(-J3/2J2a) sin i, the argument of perigee Tibrates and does not circulate
(Kozai, 1966; Kinoshita and Hori, 1972; Hori, 1973). Because &, g, and

e do not satisfy the d'Alembert characteristics with respect to the eccen-
tricity, we selected & + g, h, e cos g, e sin g, L, and H as the set

of elements for calculating the ephemeris of a satellite, as was also
done by Deprit and Rom (1970). If e stands for one of these elements,
the osculating element € is obtained from the following formulas through

the third order of Jg:.

- 12



e =+ (L SHe g U, SY, sh o+ R, S1, s}, sEe o(ad)

e = e+ Ler, ST+ plers 5T STH Dfeer, s 57, %

+ o(Jg)

These expressions do not contain negativé powers of the eccentr%city.,'
Even though'neither 2 + g nor h satisfies fhe d'Alembert characteristics
with respect to the inclination, the sum of £ + g + h does, thus pro-
viding another good check on the lengthy calculations. Explicit
.expressions of aF**/B(L,G,H), short-period perturbations € -~ ¢, and

Tong period perturbations e/ - &” are given in Appendix B.

13



3. bOMPUTATION OF POSITION AND VELOCITY

s o o ) I ” Fi > - L
Given the mean elements ds €gs 1gs 250 9p» and hO at the initial
epoch, which are determined from observations, the position and velocity’
of the satellite at an arbitrary epoch t measured from the initial epoch

can be calculated from the following procedures:

" A. First we compute the secular perturbations from equations (9)

plus L” = Vaa, G” = L1 - e62, and H” = @” cos 16.

B. From equations (10), we compute the long- and short-period per-

turbations.

C. Now we have the osculating elements £ = e ¢cos g, n = e sin g,
A=28&+4g, h, L, and H. The method of calculating the position and

velocity from these osculating elements is given in Deprit and Rom (1970).
Kepler's equation in the form
p=r+Esiny -ncosy (11)

is solved by iteration to obtain v = E + g, where E ¥s the eccentric

4

anomaly. The eccentricity, the semimajor axis, and the inclination are

computed from the relations
o’ = 62 + n2 » 2= L2 » G = qu - e2 <, cosi=HEG . (12)

PRECEDING PAGE BLANK NoT FILMED
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The position and the velocity in the nodal frame of reference are

given by

X=alcos v - g+ ——2D— (g sin ¥ - n cos P) ,

L 1+\]1-e2 .
Y=alsin¢y -n - 3 (g s%n % - n cOS W) .

L 1 +N1L -~ e

(13)

io-Llfc.Y
L= - G (% * r) :

v =1 X
Y_G(ﬂ'l'r.) s

_where r = sz + Yz. Finally,

inertial frame:

X = X cos
y = X sin
z =Y sin i
X = X cos
y = X sin
z= Q sin

Y cos

Y cos

Y cos

Y cos

we have the position and velocity in the

isinh ,

i cos h .

(14)

i sin h .

icos h .

16



The semimajor axis is usually obtained from the mean motion of the
mean anomaly. When the eccentyicity is small, the mean anomaly is not
well determined, because it is strongly correlated with the argument
of perigee. On the other hand, even if the eccentricity is very small,

the mean argument of latitude 2 + g is well determined and does not
suffer so much from the inaccuracy of the long-period perturbations.

The long-period perturbation of £ + g is expressed as
A {2 + g) = eA'{e,i} cos g + eZA (e,i) sin 2g + o(es)
long d 1+~ 9 21\ ?

which satisfies the d'Alembert characteristics; this expression is also
small because the amplitudes of cos g and sin 2g have factors of e and
e ,-respectiveiy. On the other hand, since the eccentricity appears

in the denominator in the long-period perturbation of the mean anomaly,
the semimajor axis is determined with better accuracy from the mean

motion of £ + g than from the mean motion of %.

17



4. ANALYTICAL AND NUMERICAL CHECK

Hori (1970§) and Yuasa (1971) showed that both Hori's and von
Zeipel's perturbation theories give the same canonical transformation,
together with the same new‘Hamiltonian, up to the third order. This
allows us to compare the present solution, based on Hori's theory, with
Kozai's (1962) solution, based on von Zeipel's theory. Our F;* com-
pletely agrees with Kozai's F;*. Although Hori (1965) gave a relation
between the determining functions of his and von Zeipel's theories, we
have not compared thése functions, because of the complexity of Kozaj's
expression of 52 and the tediousness of the calculations. Instead, we
compared our S, with that derived later by Hori (1970b). In determining
S, we ‘have an ambiguity and can add an arbitrary function of L, G, H,
and g to S, giving us S. In the present theory, the disturbing funétion
s expanded into a Fourier series with arguments of 2 and g; therefore,
it is natural to determine S in such a manner that its mean value with
respect to the mean anomaly is zero. 0On the other hand, the mean value
of Hori's S is not zero. The relation between S and S, both of which
are determining functions e1iminatiﬁg short-period terms in the Hamil-

tonian, is

[%4]
]
W

PRECEDING PAGE BLANK NOT FILMED
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where f, and f, are arbitrary functions of L, G, H, and g. Then the
relation between S* and §*, which are determining functions eliminating
long-period terms, is
kT .
Sl - Sl‘ - fl 2
(16)

K *

1 g o*
Sp=Sy +5 {51 fi} - T

Even if the functional forms of these determining functions are different,

the tomposite canonical transformation of (S, S*) is identical to that
.

of (S,-S ). The second-order determining function S2 of the present

:theory and that derived by Hori are found to satisfy relation (15).

‘It is of interest to .compare the present solution with that due
to Deﬁrit and Rom (1970), in which J3 and J, are zeros. Their solution
was obtained by their own perturbation method, wh%ch, 1ike Hori's, is
based on Lie transformation. Campbell and Jefferys (1970) showed that
the perturbation theories of Hori and Deprit are equivalent and derived

explicit relations between the determining functions for the two:

Wo = =25, (17)

Wy = -6S4 -{51, sz} .

20



where wn are the determining functions in Deprit's theory. Using

these relations, we compared our solution with Deprit and Roh's,

which also serves as an independent check. The few disagreements. we
found with their terms 'all seemed to be typographical errors. Kutuzov"
(1975) also discovered some discrepancies between his solution, obtained.

by computer algebra, and theirs.

As an internal consistency check, we wanted to make sure that a
small divisor {1 - 5 cos2 i) disappeared for the even-order harmonics when
the deopotential was equal to that in Vinti (1959) [JZn = (-1)n+1 an,
n = 2]. In checking the third order, wé had to add long-period pertur-

bations arising from J6 and J8'

Finally, the present solution was compared with the results obtained
from numerical integration. A Taylor-type integrator was adopted, in
which the positions and velocities are expanded into a power series of
time and the coefficients of the series are determined by recurrent
formulas (Rabe, 1961; Deprit and Zahar, 1966). The order of the power
series and the step size of time were chosen so as to maintain about
12 significant figures in the integral of energy; the integration step
is roughly one-fifth of the convergence radius t of the two-body problem,

v = (1/n) .{Je,n [(1/e) +V(1/e2) - 1] -\/1 - ez}, when the degree of the

Taylor series is 16. The numerical calculations were carried out by
a CDC 6400 computer in double precision in order to avoid round-off
errors. It takes about 0.7 sec to evaluate the series of the present theory

and about 0.3 sec to integrate the equations of motion for one step.

A



The initial conditions were computed from the present theory from
a set of mean elements a“, e, i, 2”7, g”, and h”. It should be noted
that the mean motion of the mean anomaly of the integrated orbit is

expected to be different from the computed mean motion by an order of

4
J2
This discrepancy can be avoided by adjusting the semimajor axis so as to

because the accuracy of the periodic terms is of the order of Jg.
remove the secular term in the residuals of the mean anomaly.

Such comparisons were done for the artificial satellites Geos 3,
Starlette, Lageos, and Anna 1B. The results for Starlette are plotted
in Figures 1 and 2. Figure 1 shows the in-track, aleng-track, and across-
track errors over two revolutions. The deviations, less than 2 x 10'4 m,
are totally negligible. Figure 2 plots these same errors over about
600 revo]ﬁtions. The deviations along and across the track are totaliy
insignificant, but the in—track error has é secular trend that seems to
be proportional to the square of time. The error first increases, then
decreases, and finally vanishes at about t = 22 .days, at which time the
semimajor axis was adjusted. This secular trend can be explained by the
accumulation of fruncation errors, which are caused by replacing infini-
tesimal operations with finite operations. The round-off errors do not
accumulate significantly, because our calcuiations were carried out in
double precisibn, which amounts to an accuracy of about 30 significant
figures in decimal notation. The accumulation error due to discretiza-

tion (Kinoshita, 1968) is

A « agZhP > (18)

r"in—tr‘ack

22



ALONG-TRACK ERRCR (m) IN-TRACK ERROR (m)

ACROSS~-TRACK ERROR {m)
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5x165

Figure 1.

] 1 ] 1
i20 150 180 210

TIME (min}

30 0 20

In-track, along-track, and across-track prediction errors of
the third-order 'solution for Starlette plotted over two rey-
olutions: Jp = 1,082 x 10-3, J3 = -2.54 x 10-6, Jg = -1.619 x
10-6, a” = 7.335 x 106 m, e = 0.020636, i” = 4998223, 4 =
35023968, gf = 8227702, hfy = 125°0266, P = 104.2 min.
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2. The same as Figure 1 plotted over about 600 revolutions.
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where a is the semimajor axis, & the mean anomaly, h the step size,

and p the degree of the Taylor expansion. About 1 cm of the in-track
error at t = 40 days (1 = 3600 radiaﬁg) is obtained from using

- equation (18) with a = 7.335 x 10° m and h = 600 sec = 1/10 radians,

the order of the error agreeing with that of the numerical experiment.
We can ayoid discretization errors by employing a much more accurate
integrator, but it seems to be an unnecessary use of computer time. The

comparisons for Geos 3 and Lageos gave roughly the same results that we

got for Starlette.

The errors for Anna 1B are plotted in Figure 3, while Deprit and
Rom's (1970) results for Anna 1B are reproduced in Figure 4. Even though
the time span of our test is shorter than Deprit and Rom's, a comparison

of Figures 3 and 4 indicates that our solution gives better predictions.
We are now confident that the solution presented herein can predict

the position of a smali-eccentricity geodetic satellite with an accuracy

of better than 1 cm over 1 month.

on
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Figure 3. In-track, along-track, and across-track prediction errors of

the third-order solution for Anna 1B plotted over 860 revolu-

tions: Jp = 1.082 x 10-3, J3
e” = 0.006711, i” = 50°14768,
hg = 54°41, P = 107.15 min.
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APPENDIX A

i *x  k *k
EXPRESSIONS OF S, F , S, AND F

"Some of the expressions herein are reproduced directly from computer printout, whose format differs from the type

written equations. In the printout, the following notation is used:

A(2)=Jz . SE=sini E=a

- 1\(3)=J3 s Ci=cos1 S6=g

A(A) =3, We=1-5cosei , H=g

A.1 Expressions of §

S = 5135) + 5505) + 55(0,) + 5,008) + 5303 + 530050 + $,(09)

J
_ 2 3 2 : .
54{d5) -E{- -2—(1 - 3N F -2+ esin ) +% {3e sin (f + 2g) + 3 sin 2(f + g) + e sin (3F + Zg)]}

d 22
+—2§-—(—-ls € 1+§" sin 2g
86 {1+ n}

J .
52(J3) = - 9625 s {3(1 - 5c2)[12e(f -2)sing+ 3e% cos (f -g)-6(2+ e2) cos {f + g) - 6e cos {2f + g)

- e? cos (3F + gl + s2[15¢% cos (f + 3g) + 30e cos {2F + 3g) + 10(2 + %) cos 3(f + g} + 15 cos (4F + 3g)

’ dg z, " 33 : 2
+ 3e? cos (5 + 39)]} P [5(1 - 5¢%) se(5 + Bn + 2n%) g-Se (3+9a+8%) 39]
966

° 1#n (1+n)?

2

Iy 1 2 2 2 3
S,(0,) = ——<4-2(3 - 30c¢” + 36¢c7)[6(2 + 3e“)(F - 2} + 9e{4 + &%) sin f + 9e° sin 2f + ¢” s1n 3F}
274 1o’

+ 252(1 - 7cE)[60e2(f - 2) cos 2g9+10e% sin (F - 2g) + 30e(4 + e?) sin (F + 2g) + 20(2 + 3¢%) sn 2(F + g)
+10e(4 + €2) sin (3F + 2g) + 15¢% sin (4f + 2g) + 2e° sin (5F + 2¢)] - s*[35¢ sn (F + 4g)

+ 1086% sin (2F + dg) + 352(4 £ o) sin (3F + 4g) + 35(2 + 362) 'sin 4 (F + g) + 21e(4 + &%) sun (5F + 4g)

. dJ 2. 2y 2 2 3
+ 3562 sin (6F + 4g) + 5 sin (7F + 4g)]}+ 1 [Zs (1 - 7c7) &7(77 + 154n + 10In" + 2807) oo oo
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s”et(5 + 200 + 29n% ¥ 160%) 4}
4 e
(1 +n}
where ¢ = cos i, s=sini, n = 1-e2.
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APPENDIX B

EXPRESSIONS OF SHORT-PERIOD, LONG-PERIOD, AMD SECULAR PERTURBATIONS

The notation used in the following printout is the same as that 1n Appendix A; refer to page A-1 for definitions.
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.
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2 6 - .
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B.5 Second-Order Long-Period Perturbations

A;(e cos g) .
COEFFICIENT OF COS(3%56G) y

2 2 3 8 3 2 . 4 ERE] 3 8 3 10 2
17A2 %A% HE sL #{-375747ING ¥51 +18125/32/1NG #51 -37875/32/ING %51 +133875/126/IN6 #51 ~42875,128/ING #51  +75/8/ING

2 2 2 & 2 L] 2 8
«19075/128/16 #S1 +137125/256/ING #51 -353325/512/ING #51 +302575/1024/1NG *51 }
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&
F10247INGRSI .
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5
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2 & 2 2 3 z 5 ? 7 3 5
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COEFFICIENT OF CO5{S6)
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, 4 2 3 & 2 3 8 2 3 10 2 F 2 P . 2
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+

2 4 2 2 _ & 2 2 8
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2z 2 4 2 . 4 2 2 2z 2 2 2 a4 2 2 6 2
L7A2 #A3 #EsL *(5/1/ING*S] =5/8/INGAST +1/8=1/2%5] +25716%E /1Ing #SI ~25/8%E /ING ¥5I +25/16*E JING %51 =5/16%E fINGges5/32

2 . 2 2 4 2 2 2 - )
%E sINGRSI ~55,32%E sINGRSI ~1732#E 5] +19/328E ~574%E %51 )
8 ? 2 2 4 2 s 2 8 . 2 & &
AGKEJL %[-35,7271Ng #SI +2555,76471KG #5] —1495/6471Ng #S1 +175725671NG %51 +2B5/16/INGaST ~3095 64/ INGS] +4025 /7128 7LhGHS1
2 3 2 2 3 4 2 3 6 . 2 3 8 2 3 10 2 2

“17572%E 7ING #S1 +18375/64%E sING =51 ~10125,32%E fING #SI +30775,2564E /ING %51 =B75/256%E /TNG #51 +35/4%E /ING =3485

z 2 2 2 2 4 2 z2 6 - -2 2 8 2 2 2 2
J6LXE sING %51 =1075716xE sING %51 +2435/B%E /ING #S] ~198625/1024%E /NG #5101 ~285,32#E ING+23TS57162E fINGHSI =~695/2#4E

4 . 2 ]
FINGRS] +54565/2568E FINGASE )
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+ AZ KEyL (=117 s471MG *SI_¢1327?/!23/[NG %51 =156657/1287tNG #51 +3075764,IHG #S1 +191716/INGHS] =463 716/ 1HGRST +112576471NG
A v
3 2 E - 2 3 & 2 3 & 2 EN ] 2 3 10 2 2
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2 2 4 2 &
#8581 -9l6B1/512%E sING#SI +10486571024xE sINGRS] ) -

a;{e 10 g}
COEFFICIENT OF SIN{3#5G)

2 2.3 8 32 3 4 3 6 3 8 3 10 2

1,82 #A% %E gL %(=375747ING £51 +15125,32,1N0 kST -37875,3271ING #S1 +133875/128/1KG ®51 =42B757128/1HG RSl +75/B/1ING
2 7 2 4 2 5 2 8
«18625,12B71NG *xS] +E30375,266/1NG *51 -329525/512/1Ng %51 +278075/1024/1NG %51 )

2 2 3 4 2 2 2 A 2 & 2 4 2 2
b L7A2 ®A3 XE sL #(-25715/1NG %51 +25,8,1Ng %51 -25,16/11g #51 +5716/1NG~45/32/11GRS1 «35/732/INGeS51 =3732/50 417324174051 )

3 8 3 2 E R 3 3 8 3 10 & z 2
+ AGkE L w(175/27ING %51 =2175/8,ING %51 +34025;126/INC #SI ~16475/256/ENG #51 -4375/25671NG #5q «3524 700G 41525764 7ENG #5]
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+2255 32 ING 5T =49695,266, g #51 +111125,1024, TG #51 +2B5,32 7 1NgnT725 /B INGRS] +95145/512/EngnSE ~13545/7126/1NGR51 )
2 3 8 3 2 34 3 & 3 8B 3 _ 10 2
3+ AZ ®E sL k(585.4/1NG #51 =21065,3271NG #ST +141915/128/ING #5351 =6625/8/1KG #31 +29625,1287ENG #5F  ~1177871NG +1T695/128
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71024 7TNG#ST }
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244 .2 FI 2 z 8
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+ A4RESL #(35/27ING #SI ~216576471NG #S1 +295/327INg %51 +1925/25671NG #51 =285716/INGRST +3095,/54 /TtigRS1 ~4025/1287 INGHST

2 3 2 2 3 4 2 3 & 2 3 3 .2 E] 10 2 2
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2 z 2 2 2 & 2 2 6 2 2 B 2 2
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2 2 2 4 2 2 z & 2 6 3 ) 4 2 F
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2 4 2 & 2. 8 . . 2 . 4 é
+7175,128,106 250 1911564710 51 +23625/128/EHg »51 4255,15/1N5-59a5;3g/INQ*SI +49215/ 2B/ INGKST —28175/1287ING#51 }

2 2 8 3 2 3 & 3 & 3 8 3 10 2 2 2
+ Az #E ;L %(585,2/11G %51 =21065,15/1HG #3531 $1419L5/64/ING %51 66254 7ING #SI +296257264,TNG #5]1  «117s4/1N0 +233L/8/1NG =51

2 _ & z2 6 2 8 2 4 6
-96313/1268/ING #51 +100855/1287ENG #51 ~1B075/64/1HG #S1 +191/16/180-18B1/16/INGRS] +14487/64/INGRST ~7875/64/ING#S] }
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ORIGINAL PAt 10
OF ‘POOR QU

COEFFICIENT OF (COS{50}

2 6 2 2 3 2 '
1,A2 zA3% - 5 2 7
7 #AZRAGRE/L k(50 ,ING %5I~525,2/ING #S] +T775,2,1HG %SI =~175/ING #5] —5/1N6/51+1525/15/!NG!SI-4235/16/IN65513011585;&4
5 2 2 2 2z 3 2 2 5 2 2 1 2 2
7INGRS1 7125 /732%E /ING #51-17975/168E /ING #S1 +2082257120+E /ING %51 -92925/12B4E /ING #51 =45/2%E sING/S1+13385,320E
2 3 2 5
sINGHSI=146805/128%E /INGXS] +19T155/256%E sINGXSE 3 i
& 2- F 3 2 5 2 7 3 H
+ ABREsL %{-6071NG %S[+654572710G #51 ~2125/8/1Ng #51 +825/8/ING %Sl +6/1Ng/51-1417/16/ING2SE+6165/32/INGRSE ~H85/87INGXS]

2 2 2 2 3 2 2 5 2 2 1 2 2
~5585,324F ;ING *51+41045/64%E sING #51 -6075/8%E /INg #51 +19775764%E JING %51 #69/76%E fING/STI-14165/764%4E J1hGRSLe8669/16

2 3. z 5
*E /1NGRS] ~78545,256%E JENG*SE

*
agh

COEFEICIENT OF COS{3%5G) -

2 3 6 B 2 z 3 2 5 3
lfﬁi *AIMALRCIKE /L7 #(=75/327INg #5[~1225/192/ING #5[ +1925/192/1kG #51 +1571671NG 51 +257167INGRSI~2135/384/10GR51 )

[ z . 2 3 2 5 3
+ ABRCIXE sL % (-65/32/1NG %81+175,72/ kNG #51 ~25/96/1Ng 51 +13714/1NGF51=200/192/ INGR51-115/384/ TNGRST }

COEEFICIENT OF SIN(2ASG)

2 2 2 & 32 3 4 3 6 3 b z 2 2
L/A2 kA% »CLxE 4L #137572/ING %50 =15125/1671HG %51 +11375/8/1HG %51 «&2B875,647ING %51 »75747106 +30257167IKG #51 -oB25/16
2 4 2 _ &
7ING %51 +BS575/32/ENG %51 )
2 2 2 4 2 2 2 4 2 2
+ L7A2 ®A3 ®CIXE /L ®(2578/1HG *SI ~257871HG #51 =5/8,1Ka+bso7 ING*ST +178/50 +1r4)
2 8 32 34 3 6, 3 8 2 2 2 2 4
+ AGRCIRE sL n(-175/1Ng #5] +147576/1HG #51 =1042576%/1Hg #51 =4375/712B/1HG %51 +3572/1NHG 2457 0h1G #81 =24695 /71287 INg 451
2 & 2 &
«21875,12871MG %51 ~285/16/IN6+3095/327 INGKST =12075/128/ ENGRS] )
2 2 B 3 F4 3 & 3 & 3 B 2 2 2
+ A2 RCI#E ,L #(-5B5,2/ING %51 +16335/16/1lG %51 —7637576471NG #ST +296258,6471NG %51 «117/4/1Ng -1l61/8/1kG #51 «27305/7128

2 & 2 & 2 3
JING ST =6225764/ENG %51 =151716/1HG+463 /87 INGRST -3375/647 0GRS5 )
COEFFICIENT OF C05{5G)

2 5 . H 2 3 2 5 3 2 2
1782 %AIrA4aCIRE/L ®(=-5071ING #5T+425727ING 251 £175/IHG 251 +5[!Nb/51~1005}16/lNGiSIOZTéEIBZIIMG'S[ =7125/32%E fING %51
2 2 3 2 2 5 Z 2 2 . 3
+57875/64%E #ING #51 w5672564%E ING %51 +45/2%E FENG/S1«B585/328E sINGRS14+46235/1288E fENGAST )

& 2 2 3 2 5 N 3 2 2 2 2
+ A3RCIRE/L #(607ING #51.32572/1NG, #ST +825/87ENG 451 .=6/ING/51+793 716/ TiGR51-105/2/1NGaS] +56857320E sING %21=1855/4%E 7ING

3 2 2 5 2 2 2 3 .
%51 +4625716%E 7ING %51 =60/4%E FING/SI14907T/64%E /INGHSI=18935/128%E JINGRSI )
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8.6 Third-Order Long-Period Perturbations

A;(E cos g)

COEFFICIENT OF SIN(2%5G)

3 2 2 1) 3 3 3 3 5 307 3 9 3 - 11 2
L7A2 #A3RA4 XE sl % (50071NG #51-4T50,ING *SI +6712574/1NG #5] ~109825/471NG #S1 +21000/ING #57 -5125/1HG #§1  =25/IHG /31

H 2 3 2 5 2 7 - 2 9
+20757271NG #51-110925716/1NG #51 +281575/16/ENG. 051 ~1206075/66/18G *51 +23152h/32/1N¢ *51 )

3 3 2 & 2 3 2 5 2 7 3 5
17A2 ¥A3 #E sL w(=25.4,1NG #SE-425,2/1NG #5] =25/4/ING #51 +25/8,/10GK51=365,24/INGRST +145,12, INGRS] +1/32/50237/16%51+113

3
£24%51 )

2 10 3 3 3 3 5 3 7 3 9 3 11
1/A2ZrA3%A4KE sL % (~1500,1HG *S1+11450,ING %51 =259775,8/ING %51 +1403726/32/1N6 %51 ~915775/37/1HG #S1 +116375/16/1NG %51

2 2 3 2 5 2 7 29
+75/Iﬂ52/51-15175/4/ING %61+1419955,96,INg #5]1 ~11357495,384/INg #51 +0u4stsa5,3847ING #S1 w8323175/1024,10k #51 +2a5/8/1ING

-

3 5 7

/Sl-zqusfaaglﬂanIo«34435/128/INGk51 —5353057128,1NGx51 +1729565,10241NG*ST 3
Z 10 3 3 3 3 5 3 K 3 ] 3 11 2
A2#AZRE sL  x(1080,ING %51=6345/11G %51 +14TE5ING %51 =539975,32,ING %51 +1226675,128/106 #51 =2763757128/IHG #5]  -54sING

2 2 3 zZ 5 z 7 2 q
758414137 Hg #51=6540T6/ING %51 +290327/32/1Ng #51 =4980205/768/ING #51 +1770125/1024/8HG #51 =99/78/1NG/S143589/16/ING#S]

3 5 7
~141751/256/INGRST +482271 /10247 THGRST ~259525/2048/71hGhST )

COEFFICIENT GF COS(5G)

k] 3 12 3 2 3 4 3 & 3 1) 2 10
1742 wA4 wEgL ®1-375727IRG #S1 +52375,32/1INHG #51 ~5581625/1024/ING ®5] +17686575/2048/10G #51 w26b45875/9U96/ING #5]

3 12 .
+15735125/8192/FNG =51 )

3 2 a 2 2 z 4 7z s 2.8 2
17A2 xA3 xA4nEsL % (-257471NG %51 +2175/647ING #51 -56525712871Ng ST +2975/7128/1Ng 51 =5/2/1NGsL9B5/64/INGHS] ~11235/128
4 6
INGHST #15995/7256 10651 ) .
2 12 32 34 3 6 3 .8 . 3 10
1/AZRAG RESLT *(1025/2/1NG #5F =113225/32/1NG #51 +9420375/1024/106 *S1 -11756325/1024/7ING ¥S1 +2B463575/4096/1KG 5]
312 2 2 2 4 2 6 -2 8 z 10
~336262572048/ING 451 +75/16/ING #51 +6175/128/1N0 #S] -164425,5127 NG %S] +254625/5127 NG A5y -469175/20487ING *S1  =4725
2 4 & 8
764/ THGRST 4797257256/ 10GRS] =460055/1024 7ENGRS] 4247657128/ 1MG*S] 1
2 8 2 2 2 4 2 & 2 8 F4 4
1/AZNA3 #EsL %(45,4/10G #5] ~221576471NG #51 +451671287ING #S]1 152571287186 %51 +3,1NGe2229/86/INGHS] +587,871NGRS] =10795

6
7256/ INGHSI 3 . . .

12 3 2 3 & 3 & 3 [:] 3 i
AZWRALRE/L  #{-45/27ING %51 «21475/32/ING %51 +3484B45,10247ING %51 ~12422185/2068/ING ®S] +9683275/720468/ING 251 =5621875

3 I2 z 2 . 2 4 2 8 2 8 . z 10
74096 7,ING %51  «1595,8/ING #51 ~69775,64/ING #5] +1082855,/512/ENG #51 -180B265,/10247IKG #51 +139125,256/1Nu %51 =1285/32
2 & 6 8
/INGRST +63925/25671NGRS1 06750372048/ INGXST +875665,4096/1NGXST )
3 1z 32 . 3 4 3 3 8 3 10
A2 ®EsL  %(=105372,ING 251 0100053/32/Iﬂ6-!51 =7602699,1024,IHG %S] +4511495/512/ING #5] «10703875,20487I8G %51  +2538375
3 12 2 2 2 4 2 & z 8 2 10
/2048 7ING %51  +1215716,ING #51 ~47777/128/1ING %51 +171037/256/ING #51 =538965,10247ING %51 +80175,512/ING %51 +3815,256

2 & -3 8
FINGRST =7951/5E2/ GRS =52377/2048/7INGRST +210959/8192/INGXS]T }
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http:100053/32/1NG.51

L

+

B 3 5 T
+30455 732 7 INGASIwb645085 7128 fINGRST 45984757128/ ENG*51 202632510247 1N#51 )

+

+

+

B IS
ORIGINAL PAG
OF POOR QUALITY

*
agle sin g)
COEFFICIENT OF COS(2K3G)

3 2 2-to 3 3 3 3 s 37 3 9 31l 2
1/A2 #A3BXAL ®E sL % (~500/ING R51+47507ING %51 —67125/4/ING 51 +109625/4/1NG #51 ~21000/ING RSl +8125/1NG =51 +25/Ihg /51

2 2 3 2 5 2 T 2 9
=1000,THG #51+a37725/128/THG #5] =2086325/12871NG #5] +pg24025/512/ING %51 =1669675/256/1hG %51 )

3 3 2 6 2 3 2 5 2 7 : 3 5 3
17A2 #A3 *E L *{25s4/ENG #S1 -25/2/1NG #81 +257470HG 5] ~5/2/INGA5T 454548/ TNGRS] =42574B7THGRST ~1/16/51+255] 01724851 )

2 10 3 3 3 3 & 3 T 3 9 2 11
1/A20A3nAGSE L #1500, ING %SE=11650,1HG #51 +2597T5,8, 106 #5] ~1403725,32, 106 #51 +9lsT75,32,ING 85] =116375/16/E0G %51

2 2 2 3 . 2 5 P 2 9
~75,10g /51427707146 #51-27998057192/ING 51 +11196955,38471NG #51 =405685/167ING #SI +8276275,102471Ng #51 -285/8/1N/51

2 10 - 3 3 3 3 s - 3 1 3 9 3 11
A2uA3xE sL %{=108C/IKG £S1+6345,/ING #S] =L14715,1h0 %51 +539975,/327ING #5] «1226675/12871NG =51 42762T75/120/ING 251 54

z 2 2 3. -] 2 7 2 9
FING #S51-584T247IN: %51477078%9,128/ING #51 -3804757/334/IHG X5F 4140604571927 0hG %51 20777251024 71NG #5101 +99/8/71nGs51

3 5 T
-1699,8/THG+ 514125371 /256 INGRS] =420835/3024/INGn5] +2E0085/2040/ THGRST )

CDEFFICLENT OF SEN(SG}

3 2 1z 3 2 3 4 3 & 3 5 3 10
17A2 whé xEsL  #137572/1HG #5] ~54625,32,10G %51 +6028625,1024,/THG #5] ~19625375,2048,1KG *51 .30422875/4096/ it #51

. 3 1z
=18126125/81¢2,ING %51 )

.

3 2 8 2 2 F 2 6 2 8 2
1742 #A3 rAaxEsL %(2576,1hg #51 ~2325,64,1NG #51 +717571287/1Ng ®51 ~3325/128/10G 451 +b/27IHG=1855,64/1H,5]1 +10155/7128/1Ng

& &
#5F ~1%245725571HGRS] )

2 12 3 2 3 4 3 -] 3 8 3 _ 10
LyRZels wF/L % (=1025,27ENG %51 +113375,3271NG %51 ~92E3775/1024,ING 451 +1114T8T5,1024 IR0 #31 =25627176/4056/1KG %51

B2 2, 8 10

+1063757517 7 TNGS#S T2 —75 716/ INGPASIE w4725/ 1287 THGERS T + 207175 /51 2/ IneSws 100s23325/51 2/ [n6 %8180 75092572043/ 1nGExs 110 44725

2 & & 8
7647 TNGHST ~79725/256/TNGXST +440055710247INGAST 2474571287 1INGRST )
o2 3 2 2 2 4 2 & 2 8 2 4
1AZRAT #E/L #(=%5,4,ING %51 +2085/664/ING %51 ~39557128,ING #S1 +1225,12671NG 2531 =3/1Rg+2011/8%71MGHST =055 /647 INGRS]
&
+G055,7256,11'GR5] )
iz 3 2 3 4 3 & 3 B 3 10
AZHAGRE/L %(457271HG #S] +26B05,327ING %51 —4199055,1024,1N6 #5] +1464TB65,20487ING 251 =11210375,2048710 %51 +6398875
3 iz 2 z 2 & 2 & 2 B F i0
74096 7ING %51 w1595,8,1HG %51 46320564186 51 -885885/512/IKG #51 +1320775/71024,ING 251 =44s25,1287ING #51  +12857327EN0
2 . & ) [ ]
#51 =63925,256/THGHST +86T750372048, INGRS] =87S665,40962INGHST )
3 12 3 2 3 4 3 5 3 8 3 10
A2 #E L %q1053,2,ING %51 =g7011,32,ING #5F +71495T1/1024,ING #SI -1029075/128/ING #5] «9479275,20487ING %51 ~2182875,2043
3 12 2 2 2 4 N ) 2 8 2 1 2
JING #5I -1215,16,TNG #5T +42811,128,ING %51 ~135501,256,ING #S] +369345/10247ING #51 -46425,/512/ING *51 =3515,256,1NG*S]

4 & )
#7951 ,512,ING*ST +523TT/204B71NGRST -210955/8192/INGAS] )
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ORIGINAL PAGE IS
' OF POOR QUALITY:

COEFFICIENT GF C0OS{0) -

3 2 10 2 2 3 2 5 2 7 2 9 H 3 2 3
17A2 xA3%AL sL #(-507ING -#51+425/ING ST ~L0025,8/1ING *51 +2975,2/ING %51 -1225,2/ING #S1 -500%E ;IRG x51+1937574%E ING

3 2 3 5 2 3 7 2 3 9 2 a 11 2 \2 2 2
%51 _278125/16%E sING #51 +918625,32%E ,ING #51 ~700625,324E ;ING #ST 4104125/164E sING #51  +25aE sING ,5[-5475/4%E /ING

F4 F 3 2 2 5 2 2 7 2 2 9
#51e312275/32%E ,1G #51 -33076757128%E sING %51 +7313775/,256%E sING %51 -2862825/256%E sING %5k )

3 2 8 - 3 5 3 4 2 13 2 2 s 2 27 2
17A2 #A3 fL w(5s5/1HGRST =574/ 1NGRST +3/16451=13,16%5] +25/4%E fING #51 —25/2%E sINg RS +25/4#E sING %51 =b65/16%E #1NG#S]

* .

H 3 27 . .5 -2 . H -2 3

+34516%E #IHGRS] =35,2%E sINGRSI —1716#E s5I+51/16%E %51=-113716%E %51 )
10 2 2. 3 2 5 . z 7T, 2 g 3
1,82803%AG L K(15021NG #51-995,1RG #5] +36035/16/ING %51 ~136605 64/ 1MG #51 +23275,327ENG %51 +255 747 1HG*5E~5355/16/11HG*5]
5 7 2 3 2 a, 5 2 I 2 3 7
+30615/76471HG%ST ~27895712871NGxS] +ES00%E /ING 251245925 74%E 7ING ¥SL +32500%E sING #SI -2798.75/64%E fINy %S1 43632825
4 3 e - 2 3 11 2« 2 2 Z 2 -2 3 2 4 5

712B8E sING %51 -917875/128%E ;ING #5]1 =75#E ING 751+2861578%E sING #51-39455/28E sINC 251 +1030345572562E s1HG =51

2 2 7 2 z .9 2 2 2 3 2
=18078B65/512%F /1%G #51 +STT5875/512%E /ING #5851 -285/68E /ING/SI+20B95s16%E sINGR51~3280157844E /IlignS] «4231T5764%E f1HG

5 2 T
#SI —71179572562E sIHGx5]1 ) -

10 2 2 3 2 5 2 7 z 9 3
A2RA3 L w(-108;1H5 #51+1053,2,IhG %51 =945 710G #51 447515764 IHG #5] =55275/25671NG 251 =994, IHGA51+565/8/1nun5] ~E46l

5 ! .2 3 2 3 3 2 3 5 2 3 7
71287ENGRST +10125,512/iNGXS] —1080%E ;sIhg ®S1+12495/2#E fING %51 ~227855/16%E /ING #5] +1025635/64%E s1hg #SI -1141475/12b
2 3 9. 2 3 11 2 2 2z 2 2 2 3 F 2 5
#E 7ING %51 +251625/128%E /ING 51  +540E sING /51-14631/8%E /ING #SIe7604#E sING %51 -3162851/256#E sING #51 +1141B15/128

4 2 1 2 2 9 2 2 2 3 2 5
¥E sING %51 ~613025/256%E 7IKG %51 +99/8%E /IHG/SI=99B3/32%E /INGSI+197889/256%E /INGRST ~652983/1024%E /IRGRS] +162805 -

2 7
71024%E #IRGRST ]

*
a5(z + g}
COEFFICIENT OF SIN(2#56)

3 3 2 12 4 2 4 4 4 & 4 8 4 10
1742 »A4 %E sL #{5625,27ING *5] ~223125/8/10G #51 +3523125732/ING %S] «3545625/16/1RG #51 +15448125/64 /NG %51  -3&4759375

& 12 4  la 3 3 2 - 3 4 3 s 3 &
/2567IHG %SI  +7931875,256/ING %51  ~375/2/7ING +18625,4/IRG #51 w972125,32/ING. 51 +2797875,32,ING #5] ~BO&3IZ2E/664/ING *51

3 10 3 12 -
+114231257128/IN6 #5]1 =15B63T5/64/ING %51 )}

3 2 208 3 2 3 4 3 b 38 3 10 2 .
1,A2 #A3 xAGKE 4l x(125,/2/ING %51 =5625/16/ING #51 +28375,32/ING #51 =3125,4/ING #50 #7075/32/1N6G #S1  «75/471ING +1925/16
2- 2 2 4 ) 2 .6 2 8 2 2z . 4
sING %81 ~2075,871iiG %51 +59B25,7256,ING #51 =19425/286,71nG #S1 +5/2/IhGsSE =125/8/ING-2275/3271INGRST 4737357256/ 1NG#S1
5 & "
=27125/71287INGx5SI )
2 2 1z 4 2 4 4 4 6 LI 4 1D
LyA2xA4 #E 7L % («15375,27ING %51 +4B6375/6/1NG #5] —6077625/32,ING %51 +76008525/256/1NG #5) ~68363125/25a7ING #51
4 12 & 14 3 3 2 3 4 3 -1
+12484237571024,1RG 251  w2324437571024/7ING #51  +102572/ING =85725/8,ING %51 +219675,4/ING #51 -7778575/647ING 4S5}

3 8 3 10 . 2 2 2 2 4
+34273375,2567ENG #5SE —4423325,6471NG #5]  #T772625,512,I0G ASL  +T5/16/ING +31975/,64,ING #5] .1005525/7256/ING 51

2 4 2 8 2 10 2 4
«10660975710247IHG %S ~2873675/256/ING #5I «434507571024,1IHG #5]  «4725/64,ING+145075/128/INGeS] =3871365/102471KGRS]

L] 8
+4752335/1024/INGRS] =123725/64/ENGEST )

8-50
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. GEB
1GINAL BA
O PoOR QUALITY

2 2 98 ES 3 & 3 & 3 8 3 1D 2
+ 1/AZRAS %E gL % (=227572,IHG 251 +7175,16,1NG #5] ~42675,64/10G 251 +14025,32,ING #51 <878 ,647In6 %51  +E057475RG =1825/16
2 2 K3 4 2 & 2 8 2 2 4
JING #51 +15095,128/1Ng #51 -14635,256,/1Ng %51 =1075,256,1Hg 251 <3,/1NG/S1 +23/8/ING+12517/96/THgRSI ~23E293,T68 7/ INGRD]
[
+44285,256/ IHGHS] )
2 12 4 2 & 4 4 [ 4 8 4 10
1 AZRAGNE ;L m(675,27ING %51 +BTR25,6,1HG 5] «270525,4,1HG %51 +1244625,87ING #5] =360297975,2048,ING %51 +404406625 74096
4 12 4 1l 3. 3 2 - 3 4 3 & 3 b
FING %51 =g0391875,50967ING 5] ~45,27ING ~324571ING #S1 +474865716/10G %51 «11503925,128/7I0G #5]1 +25B5277257204871ING #S5I
. 3 10 31z 2 2 2 24 2 _ b
~96821625710247ING %ST  422645875,1024/ING #51  41595,8,THG ~104725,32,1NG #SI +L616605,128,INn #51 =410589565,2048,ING 51
2 8 2 10 2 4 .
+58662445 14096, ING %51 -1571B675,5006,ING #5351  =1285,32, [HO4I9FFN5,128/IHEKS] —6093T0F /2048 INGHS] +955BEBT /2044 ENG#SE
8
-4370325,2048/ENGRST )
3 2 12 4 2 ko4& & & 4 8 4 Lo
+ A2 RE sL #(15795,22/ING %51 ~432675,8,1NG #5I +1564225/ING #S[ «50002485,/256/ING. #5]1 +410043675 720467116 #3]  «46665375/512
4 12 & 14 3 3 2 3 4 3 -3
7ING x5F  +35375625,2044,1NG %51 -1053/27ING +72575,68/IHG #51 =1342165,32/ING #S51 +E1350673/128/ING #5] =201589205,2048
"3 ] 3 10 3 1z 2 - 2 2 2 L]
JING %51 4113478125,/2048,1N0 %51 =4442125,502,ING ST +12157867ING ~336331/2562ING %51 +244602T75E2/1NG #S]1 145565743

2 & F4 ) 2 10 2 3
720487 ING %81 +39254065,8192,ING #5] -1008500578192/1HG 51  +3815,256/1NG=1083,8/71NGX51 +97301 72048/ 1HGXS] +4264T7128/ING

& - 8
#5L -1054795 /40967 IHG#S] ) -

COEFFECIENT OF CO5({56)

3 2 10 3 3 3 3 5 3 .7 3 9 3
LsAZ #A3KA4 RE/L x(~L000/ENG #51¢37625,4,1N0 #5] ~527375716/ING KST +1712375,327ING =51 ~1306375,327ING &3] +18987571671NG
11 ? 2 2 3 2 5 2 7 2 9
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NOTICE

This series of Special Reports was instituted under the supervision
of Dr. F. L. Whipple, Director of the Astrophysical Obse:f:‘va.tory ‘O:f the
Smithsonian Institution, shortly after the launching of the first artificial
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of the Observatory. ’
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