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ABSTRACT

This study 1s directed toward two problems of radiative transfer
in dusty nebulae; the effects of dust scattering on observable optical
and wnfrared parameters and the accuracy of approximate solutions.

We solve the equation of radiative transfer an a static and homo-
geneous, but not necessarily uniform, distribution of gas and dust
around a central empty core with a point source of energy at i1ts center,
While the physics of the gas 1s well understood, we characterize the
dust properties by a phenomenological extinction cross section, albedo
and parameters describing the anisotropy of dust secattering, For
ultraviolet photons we simultaneously solve ionization equilibrium
equations for the gas, and for infrared photons we calculate a self-
consistent dust temperature. Ray tracing 1s used to solve for the
angular dependence of the intensity.

The addition of i1onized gas adds two serious complications to
the solution of the equation of radiative transfer. First, the initial
1onization structure and volume of the Stromgren sphere are known only
approxaimately a priori. Second, the gas goes from almost completely
1onized to neutral very rapidly at the Stromgren radius., Methods of
handling these two complications while solving the boundary value
problem of radiative transfer have been developed.

We find that in most cases variation of the albedo (the ratio of
the dust scattering cross section to the dust extinction cross section)
for ultraviolet photons does hot have significant effects on optical
observable parameters, and in all cases these effects are much smaller

than the effects of the variation of the fredquency dependence of the
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dust absorption coefficient., Increasing the albedo of the dust strongly
affects the emitted aznfrared spectrum from the dust by reducing the
amount of energy the dust can absorb and by reducing the variation of
the dust temperature in the nebula, When we compare our solutions

with more approximate solutions of radiative transfer, we find that

the diffusion approximation, the on-the-spot approximation, and the
Eddington approximation are very accurate when the assumptions of the

approximation are met.
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1. INTRODUCTION

1.1 Historical Background and Physical Ideas

The study of HII regions is very old. In the seventeenth
century Chraistiaan Heygens descrléed the Orion Nebula. However, the
emission mechanisms of gaseous nebula were not understcod until after
1925 when quantum theory made 1t possible to interpret the emission
line spectra quantitatively. Even then there was some confusion as
to the nature of forbidden lines. It was not until 1927 that
S. I. Bowen correctly identified the [OIII} 5007&, h959ﬁ doublet
that had previously been ascribed to the unkrown element "nebulium”,
Since about 1960 radio observations have been used to map the free-
free emissicn from HII regions, Molecular emission was discovered in
1963, sSince 1965 NASA has sponsored a program of infrared observations
from high-flying sircraft. In May 1975 the 9L cm Gerard P. Kuiper
Airborne Observatory became operational. With this instrument 2t
has become possible to make high quality infrared broad band photo-
metric observations of HII regions.

HII regions are 1mportant to astrophysics for four main reasons:
First, they are short-lived phenomenon that may yield information on
star formation, Second, they trace sprral arms and study of their
properties as a function of location may yield information on the
formation and maintenance of the spiral arms., Third, they enable the
determination of elemental abundances and variations of abundances in
the galaxy. And fourth, there exists the possibility of determining
the properties of dust grains in HII regions where 1indepen-

dent optical and radio observations can be made to determine the



structure of the nebula. Points three and four are alsgo valad for
planetary nebulae., In addition, the study of planetary nebulae yields
information on post main sequence evolution of stars and the formation
of white dwarfs.

The source of i1onizing photons that maintain the ionization in a
detectable HIT region is, 1n most cases, a hot central star waith an
effective temperature T* = 30,000°K. Photoronization adds energy
to free electrons that guickly thermalize to an effective temperature
BOOOOK S T, < lO,OOOOK. If the electron density 18 less than about

th cm-3

, then these electrons excite low-lying energy levels in the
1ions whaich depopulate through forbidden lines. Permitted lines in
the spectra are produced by recombinations, When the central source
18 very hot, high degrees of i1onizat:ion can be achieved by photo-
ronization. The 1onization structures of the gas are given by a
balance between photoionization and recombination. At the temperatures
and densities found in gaseous nebulae, collisional i1onizations of
hydrogen and helium are negligible,

The infrared radiation comes from two separate sources. First
18 free-free and free-bound emission from the gas, The luminosity
of this emission can be predicted from observed HE or radio lumino-
sities. However, the second source, which i1s usually lO2 to 103
times larger than the predicted infrared emission from the gas, comes
from the thermal emission of the dust grains embedded i1n the nebula.
These grains compete with the gas for the absorption of ionizing
photons, The energy absorbed by the dust 1s reradiated as

infrared continuum radiation at an effective temperature

given by a steady state balance between absorption and emission. The



evidence that the dust grains are mixed with the iconized gas comes
first from optléal photographs that show dark absorption features
inside of HII regions and second from the infrared maps which are
usually centered on the radio (whichare measuring free-free emission
from the i1onized gas) maps.

Internal dust alters the observable parameters of a nebula by

absorbing and scattering radiation. The dust competes with the gas

in absorption of icnizing radiation and, hence, alters the ionization
structures of the gas and reduces the volume of the Strdmgren sphere.
If dust extinction varies wirth frequency, then the electron temperature
structure of the nebula will be qualitatively different from nebulae
with only gas.

1.2 Observational Data

HII regions are excited by O and B stars or clusters of stars
of population I. Throughout the nebula hydrogen and helium are singly
1onized and most of the other elements are pramarily in singly or doubly

3 -3

1onized states. The gas density varies typically from 10 to 10 em”

with compact objects having densities as high as lOLl-cmu3 . The gas
158 highly non-un:form with braght knots, rams and condensations
observable on most optrecal photographs, There 1is also evidence for
neutral condensations inside of the i1onized reiongs. The mass

of 1onized gas in HII regions 1s usually in the range 102 to thM
where the lower limrt 1s a strong function of observational selection.
The spectra of HII regions contains HI recombination lines and colli-
sionally excited forbidden lines of NII, OII, OIII and Nelll,

Planetary nebulae are i1solated shells of gas that have been

gjected recently while their central stars evolved into white dwarfs.



*
The central sources are much hotter (T - lOO,OOOOK) than HIT regions
and the gas exhibais higher degrees of i1onization, including Helll,

0I11, NeIll, NelV and NeV. The mass in the shell 1s usually in the
range 0.1 to l.OMO (the densities are in the range 10° to lOncmHS)
and 1t 1s expanding at 25 km/sec typically. The mean lifetime of
planetary nebulae 15 a few times th years.

A common feature that many HII regions, planetary nebulae and
other infrared cbjects have is the qualitative shape of their infra-

red spectra. on Figure 1 we have plotted the infrared spectira

of DR2L (a compact HII region), W3(OH)/IRSE (an HII

region), NGC7027 ( a planetary mebula), and NGC 1068 ( a Seyfert

galaxy). ALl of these spectra have a sharply increasing infrared
flux in the near infrared () < 1Ou), a roughly power-law section in
the mid infrared (10p < ) < 1OOu) and a Rayleigh-Jeans tarl in the
far infrared () > lOOu). The similarity of these spectra indicate
two things. First, a similar mechanism of producing the infrared
emission is probably operating in all of the objects. Second, the
power-law portion indicates that for dust emission models, there
must be a range of effective dust temperature in the model and thus
that radiative traqsfer is important in describing the temperature
variatiam. The absorption feature at 10y that 1s apparent in the
spectra of NGCTO27 and NGCLO68 1s believed to be a feature of
silizcates. This feature 1s observed in the spectra of most galactic
infrared sources.
1.3 The Model

In order fto study and understand the effects of dust extinciion

{2bsorption and scattering) on the obserwvable optical and infrared
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parameters of dusty nebulae and to assess the accuracy of more
approxamate solutions of radiative transfer, we are going to construct
a numerical model that not only calculates the 1onization structure

of the gas but alse that is able to handle general anisotropic dust
scattering. nWe will assume a static and homogeneous (but not
necessarily uniform) spherical distribution of gas and dust around a

-

central empty core with a point source of energy at 1ts center, We
assume spherical geometry because tﬂe radio and infrared maps of many
nebulae suggest spherical symmetry and also because of the numerical
sumplifications which result from the symmeiry. The static and homo-
geneous assumptions are harder to justify observationally. Dynamical
models of HII regions {c.f. e.g. Yorke :1977) show that the dynamic
time scales are much longer than the photon diffusion time scales,
Our models are, therefore, a ‘'snapshot’ in the evolution of an HII
region. We will ignore the i1onization shock fronts which exist at
the Str¥mgren radius (1.e. at the transition zone where the gas goes
from being almost fully ionized to neutral), Clumpiness can be taken
into account 1n our eguations, However, in order to simplify the
interpretation of our results, we assume the nebula to be homogeneous.
We will also assume that our model HII regions are Just ronization
bound (1.e. there 1s no matter outside of the Strdmgren sphere) and that

there 1s no radiation incident on the nebulae from outside.

1.4+ Method of Solution

It 15 scattering by dust that requires detailed numerical solutions
of the radiative transfer problem because 1t makes the equation of

radrative transfer non-local, We solve the equation of radiative



transfer using the quasi-diffusion method (QDM) described by Leung
(1975), which 1s based on methods of solution developed by Auer (1971)
and by Hummer and Rybicki (1971). The equation of radiative transfer
can be solved analytically for stellar photons (1.e. photons from the
central source which have not interacted with the nebula) because of
the poaint source approximation. We therefore find 1t convenient to
divide the radiration intensity into itwo parts. First are stellar
photons that came directly from the central point source. They remain
stellar photons until they interact with the nebula, Second are
diffuse photons that are produced in the nebula by scattering or by
emi1ssion, The total intensity 1s then just the sum of stellar and
diffuse photons. The QDM 1s then used to solve for the anisotropic
diffuse radiation field,

Leung's method (QDM) first defines the Eddington factor, fv(r),
and a configuration function, gv(r), which describe the anisotropy
of the diffuse radiation field. These functions are used to solve
a moment or diffusion equation, The functions fv(r) and gv(r) are
initially set equal to the values they would have for isotropic
radiation. The solution of the moment equation i1s used to calculate
the scattering source function and ray tracing i1s used to solve for
the angular dependence of the diffuse intensity. With the angular
dependence, the functions fv(r) and gu(r) can be updated.
This 1terative procedure 1s continued until convergence of the diffuse

intensity 1s achieved,

The addition of ronized gas adds two serious complications to
this 1terative procedure., First, the initial ionization structure

and volume of the Stromgren sphere can only be approximated. Thus



the 1teration procedure will change not only the i1onization
structure but also the outer boundary (or Strdmgren radius) of the
model . The sécond complication 18 the very rapid change in the
ionization at the Strdmgren radius, Methods of haqdllng these two
complications have been a major consideration in the development of
our mumerical models,

Finally, we will find 1t convenient to divide the intensity of
radiation 1nto three frequency bins ultraviolet photons (0 < A < 912,
i,e. photons which can photoionize hydrogen) hereafter referred to as
UV photons, optical or OP photons (9128 < A < 1u), and infrared or
IR photons (1 £ A < ® ). We separately solve the equation of radia-
tive transfer in each of these frequency bins, simultaneously solving
the 1onization equilaibrium equations for UV photons and calculating
the dust temperature and infrared emissions for IR photons,

1.5 Summary of Results

We summarize here some of the major conclusions of this work. We
find that the major effect of dust scattering 1s to transport photons
(that otherwise would be absorbed in the inner parts of the nebula)
from the innexr to the outer parts of the nebula. Consedquently, dust
scattering can substantially increase the volume of the Stroémgren

sphere over what it would be for a nebula with the same central source

luminosity and dust extinction coefficient but without scattering., We

also find that in most cases variation of the albedo (the ratio of the dust
scattering cross section to the dust extinction cross section) for UV photons
does not have significant effects on optiecal observable parameters and in all

cases, these effects are much smaller than the effects of the variation



of the frequency dependence of the dust absorption coefficient,
I;creas1ng the aIbedo of the dust in the frequency ranges primarily
responsible for dust heating decreases the total infrared luminosity
of the nebula and the dust temperature at the same relative radius

by reducing the amount of energy the dust can absorb., Also increasing
albedo reduces the variation of the dust temperature from the inner

to the outer radius of the nebula and hence makes the emitted IR
spectrum narrower i1n freguency,

When we compare our QDM solutions with more approximate solutions
of radiative transfer, we find that the diffusion approximation and
the on-the-spot approximation are very acecurate when the assumptions
of the approximations are met., In addition, the Eddington approxima-

tion, which assumes that the diffuse radiation field i1s 1sotropic,

gives accurate values for all observable parameters in most cases.



2. MATHEMATICAL FORMULATION

2.1, 3Xquation of Radiative Transfer

The equation of radiative transfer in spherically symmetric nebulae

1s (c.f, e.g. Chandrasekhar 1960)

EI“(T:H) . (l-ue) BTv(r,u)

m = - Kv(r)Iv(r,u)

dr r [-M

(2.1)
+1

1 .=
+ = 15(x) dau’ P (u,u’) Iv(r,u') + 3,(r)

-1

where Iv(r,p) 1s the photon 1nten51ty,* ¢ s the cosine of the angle
between the photon propagation direction and the radial direction, Kv(r)
1s the extinction coefficient, Ki(r) 1s the scattering coefficient,
Pu(u,u') 1s the scattering phase function which determines the probabi-
lity of scattering from the direction u' into the direction y for
photons of frequency v , and Jv(r) 1s the emissivity per unit volume,
time, solid angle, and frequency interval. For UV and OP photons,
the contribution to Jv(r) 1s from recombinations in the gas and for

IR phetons, JU(T) 15 given by Kirchhofifs Law as
3,(z) = GIR(r;\))N\)(Td) (2.2)

where GIR(r,v) is the infrared emissivity of the dust grains and

* Throughout this discussion we shall be dealing with number,of photons
rather than energy of radiation, sc that Iv(r,u) 1s the number of '
photons per unit area, time, solid angle, and fregquency interval,

10



2\;2/02

2.3)
e(ﬁb/de)—l &3

N\)(Td) =

1s the photon emission for the dust effective temperature Td . The

phase function Pv(“’“,) 15 normalized so that
+1
Llap(@) =1 (2.4)
2 v
]

where ¢ 1s the cosine of the scattering angle. The phase function

w1ll be expanded in terms of Legendre polynom:ials as

L
P (uy’) ~ D wpRy(u) Bp(u’) (2.5)
£=0
where the frequency dependence of the coefficients have been suppressed,
The normalization condition [Eq. (2.4)] gives Wy = 1 . The average cosine

of the scattering augle, gy » and the average of the sguare of the cosine

of the scattering angle, g are defined in terms of the :Q&'s as

2 2
+1
1 i
TP =8 =3 /da o Pv(a) (2.6)
-1 !
+1
2_ 1 2
15 By =8y =5 dox o Pv(o‘) . (2.7)
-1

ORIGINAL PAGE IS
OF POOR QUALITY,
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2.2. Moments of the Intensity

th
The n moment of the intensity 1s defined as

+1

(=) =5 [ u” 1 (m) (2.8)

-1

Most physical processes in nebulae depend on the mean intensity
Jv(r) = Mg(r) . In addition, the flux, Hv(r) = Mi(r) , and the
K-Integral, Kv(r) = M%(r) are needed to solve equation (2.1). The
net number of photons passing outward through a spherical shell of

radius r 1s
s (1) = bm® [hr 1 ()] . (2.9)

Two additional functions will be useful in solving Eq. (2.1). First
the Eddington factor [Leung {1975) calls this the anisotropy factor] is
»

&
defined as

£ (x) = Kﬁ(r)/aﬁ(r) . (2.10)

This 1s also called the variable Eddington factor (Auer and Mihalas, 1970).

Second 1 a functron introduced by Auer (1971),

xr

gv(r) = exp {fdt - [3 - l/fv(t)]} (2.11)

o

where To 18 the inmner radius of- the nebula. Leung calls gv(r) the
configuration function. The Eddington approximation 1s equivalent to

setting fv(r) =1/3 and gv(r) = 1 ., fThroughout this discussion,

fv(r) and gv(r) will refer to the diffuse radiation field only.

iz



The point source approximation for stellar photons 1s expressed as

ri(r,u) =2 T(x) 8(u1) : (2.12)

and the moments of the stellar intensity are,

F(r) = B (¥) =K (x) . (2.13)
AY]

2.3. Combined Moment Eguation

The intensity in Eq. (2.1) is first divided into the diffuse and
stellar parts, noting that only the diffuse radiation field has sources
in the nebula, Integrating Eq. (2.1) over p from -1 to +1 using
the weighting functions 1 and p , gives the zeroth and first moments,

respectively. The zeroth moment equations are
as)(r)/dr = - k_(z) S,(z) (2.1%)
I Ir = — r Ir -
v v v
for stellar photons, and

1_2 g}_ [r2 Hg(r)] I K:(r) 3(x) + Ki(r) J:(r)+ 3,()
¥ (2.15)

for diffuse photons, where Kz(r) and Ki (r) are the absorption and
scattering coefficient, respectively (Kv = K:‘+ K:) . The solution to

Eq. (2.1%4) 1s

5.(x) = Si(zg) o™ (2.16)

*. .
where S (ro) will be determined from the boundary condations, and the
v

extinction optical depth Tv 15 defined as

13



r

Tv(r) = Kv(r') ar’ . (2.17)

r
o

Equation (2.16) combined with Egs. (2.9), (2.12), and (2.13) completely
describes the transfer of stellar photons ouce l{v(r) 1s known. The
remainder of this chapter will be concerned with solving for the diffuse
radiation field.

The fairst moment equation for diffuse photons 1s

[3 (x) - Jz(r)] i}

IQ-
"5
—~
N
+

|

(2.18)

g k(0] ) + gk )

- [@v(r)
Substituting Egs. (2.10) and (2.11) into Eq. (2.18) and using Eq. (2.15)

to eliminate Hp(r) gives the combined moment equation
v

@ i 4 Tg (=) € (x) (x)
" e @[ mae) 100 40 40

wmlk'

(2.19)

5 2
r2 dr

= Kz(r) Jg(r) + * Jv(r) .

Kv(r)~glﬁjkr)

Subsequently, Eq. (2.19) will be referred to as the JAY equation. Gaven
the source function and the functions fv(r) and gv(r) , this 1s a
linear second-order differential equation for Jg(r) that 1s easy to
solve once the boundary conditions have been specified (see Appendix A).
Before discussing the rest of the quasi-diffusion method {QDM}, some

simplifying notation and normalized fluxes will be introduced. (on the firs:
time through, the reader should skip directly to section 2.5)

14



2.4, Optical Depth and Normalized Fluxes

The dust in this model 15 characterized primarily by 1ts extinction

optical depth, dT , at the Lyman limit (y = Vy hvy = 13.6 &V) as

aT = K\b(r) dr = nd(ro)dd(r) Gd,O dr (2.20)

where nd(r 15 the dust number density at the inner surface of the

o)
nebula, g, (r) describes the radial variation of the dust density
(ﬁd(ro) =1) , and Gd,o 1s the extinction eross section of the dust
evaluated at the Lyman lamit. The total extinction optical depth of the

dust at the Lyman limit 1s

r

T(r) = nd(ro) Gd,O[ dr’ Cid (r') , (2.21)

0

which, for a power-law dependence of @ ,(r) ,

[84
Cid(r) = (ro/r) , (2.22)
gives
RL[(R/R 1o 3 a#1
T = 1*"% 0 (2.23)
R, Ain (R/RO) o =1
where
R = nd(ro) Gd,O r, R0 = R(ro) . (2.24)

Once the function ad(r) (or 0 for power-law density variatlons) has
been specified, the dust optical depth 1s characterized by the parameter

Rd . For unmaform nebulae, the value of RO has little effect on the

15



properties of the mddel as long as R,y << Ty (Tl = T(rl) where 1, 18
the outer radius of the nebula), Hoﬁéver, 1f o¢>1, then RO/(a—l) 1s
the value of T as r — « , and the properties of the model become
dependent on the value of R.O A
The frequency dependence of the dust extinction optical depth is

defined by the function fd(V) as
T () = 2,(0) (), (v =1 - (2.25)

One other parameter, the albedo, 15 needed to completely specify the

dust properties in this model. The albedo is defiﬁed as
w = K5k, (2.26)
\ vy

Only the dust number density i1s allowed to wvary with radius so that

o fd(v) and © are constant throughout the nebulae,

d,0

The normalized mean intensity (and similarly, all moments of the

intensity), denoted by a hat, 1s defined as*

164 g (v)

) [nd( %)%, o] 2So

where J has units of 1/Hz and 8
v

3 (x) (2.27)

v

0 1s the number of i1onizing photons
per second coming from the central point source, i.e.

8o = /d\,{l&rg r% H: (ro)] . (2.28)

Vo

% For nebulae without dust, the factor mny4(r)og o 1n Eq. (2.24%) and in
other equations throughout this discussion 1s’ replaced by n{r)o
where n(r) is the hydrogen number density and %o is the hydrogen
photoionirzation cross sectron at the Lyman limat.

16



The normalized net flux through a spherical shell is defined as

167 B Hv(r)
§v(r) = (2.29)

5
[nd(ro)dd, 0] 5o

so that for stellar photons,

A% —
/dv S, (ro) =1, (2.30)
Yo

In a similar manner, the normalized emission "source function' (the
source function is usually defined as 3 (r)/K (r)) 18 defined as
RV v
16 B Jv(r)
+E
o0 (r) = (2.31)

[nd(ro) %, 0]3%( r) 8,

and the normalized extinction, absorption and scattering coefficients

are
%V = Kv(r)/nd(r) Gd,O
R: - Ki(r)/nd(r %4, 0 (2.32)
Rf; = Ki(r)/nd(r) S40= O, -

For nebulae without gas, Kv = fd(r) . However, ﬁ: ={Dv 1n all cases

because gas does not scatter radaiation, resonance scattering of Lyman-(x

radiation 1s, in fact, absorption followed immediately by an isotropic

emission (see §3 9).

L7



Although the reason for defining these normalized functions may
appear obscure at the moment, it will be seen later that once the dust
parameters are specified, the properties of the model are determined by

one parameter, namely S The value of this parameter determines the

o -
total extinction optical depth of the dust and determines the relative
1mportance of gas and dust.

Finally, in terms of these normalized parameters the JAY equation

takes the form .

R/T -
d v d D
Fr— & EGINCEAO)
gl wb
(2.33)
ok
o S(T)
ca 2 oD I ¥ SF
- U SR AL VAN B - &
kR I (1) + 3= . o, 5 (7) ST
v °1 Ty

where only g1y, does not depend on optical depth, or equivalently on

radaius.

2.5. Ray Eguation

Once the JAY equation has been solved, the QDM uses 1ts solution to
calculate the scattering source function. This section describes how
ray tracing is used to solve for the angular dependence of the diffuse
radiation field. The diffuse antensaity If (r,u) 1s calculated along a
ray characterized by 1ts distance of closest approach to the center of the
nebula (see Fig. 2). This calculation.1s necessary because the diffuse
intensity is, 1n general, highly anisotropic. For a similar treatment,
see Hummer and Rybicki (1971).

If we transform into (r,b) coordinates, (where r 2 b), then

18
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Fig. 2. Geometry of Ray Tracing
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==L - be/r2 (2’34)

and due to the symmetry, only values of (r,b) for which z 2 0 need

to be considered. Because ( 18 double valued, 12 18 separated into

Iz for 0SS, £1 and I for - 1 < n< 0. I:(I;) denotes the diffuse
v

intensity aleng a ray going in the outward (1nWard) direction. By thas

divaision, only positive values of p need to be considered.

Along 2 ray, Eq. (2.1) for diffuse photons becomes

WL, /B = - K (O)T] + 5 () + E° (z,0) (2.35)

and wa17/or = K (1) 10 -0 (1) - B (m) (2.3)

where %5° 18 the scattering "“source function',
v

+1
1l .s ’ D ’ * ’
Ei (z,0) =5 K (x) / du’ p (s )L (xu") + 1 (xu)],
-1
(2.37)
and from Fig. 2, it 1s easy to see that y ©/8r = 8/%z .
It 15 now convenient to define an i1ntensity-like function, Uv R
and a flux-like function, V , as
v
1, + -
U ==(1I +1 2.38
L, =5 (1) (2.38)
1, + -
V ==(1 -1 . 2.
v 2 ( v v) (2.39)
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http:b2/2(2.34

Alternately adding and subtracting Egs. (2.35) and (2-36) grves
8U /8r = - K 2.40
i v/ \)(3:')‘-1’\J ( )
and

udv, /dr - _ k()T + 3 (x) + e (2.41)

:

from which Vv can be elaminated to obtain a second order differential

equation 1n Uv ’

d 8 r S(r
3 Ej;; 5 U@ =€ By (re) -3 () -2 (), (2.42)

or 1n terms of normalized parameters

=
3

i) ~ A ~ 2K 2 A
-~ T =K - S
[ o] =8, 8, - 5 - 85n,0) . (2-43)
v

Subsequently, this shall be referred to as the RAY equation. Iaike the
JAY equation, once the source functions are given, this 1s a linear
second oxder boundary value problem that 15 easily solved for U (r,ﬂ)

v
using the difference egquations in Appendix A. From the solutaon,
D
Jv(r) and all higher moments, fv(r) , and Cv(r) can be calculated.

The scattering ''source function”" in normalized units 1s obtarned

by combining Eg. (2.5) for L =2 , with Egs. (2.12) and (2.37) to give
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+1

2
B5(Tn) = o, ; wp Pplu) 3 / au’ By’ [EXmon) + 23 (2)8(u" 1))
=0 -1

=, {727 + 350 + 3gu[BAm + 3] (2.1)

M-

+ 28, (1) [(m - 230 (m + 28]}

When evaluating ﬁz(r,u) s 33(T) 1s taken from the solution of the JAY equatic
and ﬁz(w) and RS(T) are taken from the previous iteration (see § 1.k),
On the first iteration, ﬁg(T) 1s given by the Eddington approximation
and ﬁE(T) 1s set equal to zero, This iteration procedure 1s explained
in detail in section 6.2, 3i(¢) 15 obtained from the solution of

Eq. (2.1%) combined with Eq. (2.9) giving

5y = B (2.45)

Computations have shown that thas iteration procedure i1s rapidly coun-

verging and stable., It will be shown later that the relative strengths

-

of ﬁi(r,u} and iE(r)/R? are determined by the parameter SO . For
convenrence in calculating fluxes, the RAY equation 1s solved on an

(r,b) grid, where experience has shown that the most accurate solutions
are obtained when the b grid is equal to the r grid, However, ten

b grid points are added for b < r in order to accurately calculate

0

moments of If(r,u) at r =r

o "
The moments of Ig(r,u) are calculated irom Uﬁ using the

relations
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1 R

33('?) i ﬁv(R,p.) = R_lf aB B(F-¥5) /2 ﬁv(R,‘.B), (2.46)

0O O
1 R
f{ﬁ('r) = [ au ¥ (R = R | aB B 7 (,8) , (2.547)
O 0
and 1 - R
f{i)(-r) Y ﬁ_‘)(R,u) -5 | aBs (R2~32)1/2 f]v(R,B)
0 o (2.18)

~D

D .
where B = nd{ro) o To calculate Jv and K , it is assumed
v

b .
4,0
that UQ(R,B) varies linearly between two adjacent B values. ﬁb is
calculated from Eq. {2.40) using a three-point approximation for the

radial derivative of U\)(R,B) . Again a linear approximation for the

variation of UQ(R,B) with B 1s used.

2.6. Boundary Conditions

In order to make the boundary conditions clear, we will reiterate

the basic structural assumptions of the model-

1. Spherically symmetric nebula around a central empty core with a

point source at the origin.

2. ©No radiation 1s 1necident from ocutside of the nebula,

3. There is no mass outside of the Strbmgren sphere,

The spectrum of the central source must be specified. For example
1t can be taken to be a black body of arbitrary temperature, or for stars
which have an effective temperature in the range 30,0063 to 50,00d)K, the

spectra given by the model atmospheres of Auer and Mihalas (1972) have

=3



been used, In normalized units, the solution of the equation of radia-
tive transfer for stellar photons {Eq. 2.1Lk) 1s

=T

s (T) 8 (o) e (2.49)

where Eq. (2.30) gives the normalization condition for é:(0) . Thus
form for the stellar flux will allow the Strbmgren sphere radius to be
defined 1n terms of the normalized flux, gv s rather than having to

rely on a less consistent (from model to model) iomization structure
criterion (e.g. defining the Strgmgren radius as the point where hydrogen
1s 90% neutral),

The JAY and RAY equations for diffuse radiation are two-point
boundary value problems with mixed boundary conditions., For the JAY
equation, the inner boundary condition 1s expressed physically as the
fact that there 1s no source of diffuse photons inside of the central

~ b
core 1l.e. SikT = 0) =0 . The less physical boundary conditions on Jv

are obtained from Eq. (2.18) as

2
g—d—ff (e (0 (01| =8 e, 850 (2.50)
(JAY equation inner B.C.)
R2
AR (1) 35(7)] (2.51)
T=T

-1
- gy B5(T) - [k - g ] £ R ()
17V Tyl v v Ty v 1

(JAY equation outer B.C.)
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where the boundary factor, fﬁ s 18 defined asg

B ~D ~D
=H (7 T ) . .
£ = H(1)/3,(7y) (2.52)
For an 1sotropic radiation field, fi = 1/2 . This value 1s used on the

first 1teration and for the Eddington approximation, For the QDM, fs
15 evaluated from the solution of the ray equation. Note shounld be made
of the fact that, because Uﬁ(rl’u) = Vﬁ(rl’“) » only the function U/
1s needed to evaluate fE .

The boundary conditions for the RAY equation are physically simple.
At the symmetry line (r=b) , I = I; and at the outer boundary I; =0,

Using Eq. (2.40), the inner boundary condition becomes

d Uv/dz|r=b =0 for r >71, (2.53)
and (RAY equation inner B.C.)

d Uv/dz|r=r =0 for r =z (2.5k4)

0
where d/dz 1s used because py(r=b) = O . The outer boundary condition
1s
udu /8r + KU =0, (2.55)
\Y ARG rnrl

(RAY equation outer B.C.)
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3. PHYSICAL PROCESSES IN THE GAS

3.1. Basic Assumptions

3

All of the physical processes used in this chapter are discussed

in detail in the excellent book by Donald E. Osterbrock, Astrophysics

of Gaseous Nebulae (Osterbrock 197hk) hereafter referred to as AGN. We

review some of the basic processes briefly, TFor densitzes found in most
gaseous nebulae (1.e, lO2 to 10LL H atoms per cms), plasma effects are
negligible and, for most atomic processes (except for forbidden tran51t10nsj
electron collisional transitions are unimportant. The gas in this model
1s composed of n(r) hydrogen atoms per emS , Yn{r) helium atoms {where
Y a 0.1) and a small amount of trace elements (we include the following
elements 0, N, C, Ne, Ar and S). It 1s assumed, because the abundance
of the trace elements 1s small compared to H and He, that they do not
affect eirther the mean intensitiy or the electron density inside of the
Strémgen sphere. For computational convenience, 1t 1s assumed that all
photoionization cross sections are zero for frequencies v > 10 vo .

Two other basic assumptions are made about the gas. First, all

atoms are photoionized from the ground state. The mean life-time of a

hydrogen atom against photoionization, TION , 15 given by
[+~
T o | ay o (v) bx g (3.1)
ION H v
Yo

-

where UH(v) 1s the photoionization cross section for hydrogen. For

many nebulae (and all of the model nebulae that we have calculated),
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3

sec & TION < ld6 sec, However, the mean life-time for spontaneous
8

radiative transitions of hydrogen excited states 1s ILO_h sec to 10 ~ sec

10

for all states except 228 for which 1t 15 = 0,1 sec. All of these mean
Iife-times are much smaller than TION . The second assumption ais that
all recombinations are to n =1 or n =2 states. This 15 done for two
reasons By the assumptions of Case B (AGN §4.2), recombinations to
states with n 2 3 eventually lead to population of the n = 2 state.
Also, the recombination rates to n = 3 states are much smaller than the
rates to n =1 or n =2 states. This assumption allows us to reduce
the number of frequencies that we must consider and thus, to do a more
detailed and accurate calculation of the important aspects of the problem.
Finally, the electron temperature can be calculated (see AGN
Chapter 3) and it has been shown (Hjellming 1966 and Ruban 1968) that the
variation of Te(r) can be quite strong, especially at the Stromgren
radius. However, the eifect of dust is to damp out the variations of
Te (Balick 1975 and Sarazin 1977). For this reason, our models assume an

ho

isothermal electron temperature (Te =10 K). This assumption will have

little effect on the ionization structures of hydrogen and helium because

-1/2

of the weak temperature dependence (~ Te ) of the recombination coeffi-

cienis, but will affect the intensities of certain lines,

3.2, TIonization and Recombination

The ionization equzlibrium equation for any two successive stages
of aonization 1 and 1+l for any element X may be written in terms
of the total mean intensity, the electron densaty, ne(r), and ?tomlc

constants as
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=]
v
1

n(X1+l) dv o a(v) b Jv(r) + bn(H") (3.2)
= 3.2
1
n(x7) n_ ax1+l + é'n(HO)
vhere N
2 n(x") = nx) , (3.3)

1=0
n{X) 1s the total number density of the element X , N 1s the number
of 1oms with photoionization potentials, hvl » less than thvO s
cxl(v) 1s the photoionization cross section of the species X

1

-+ 1
(04 15 the recombination coefficient for the reaction Xl +e—->X + v

X:|.+l

and & and 8’ are the charge exchange coefficients for 0 and N

(AGN p. 36). We have neglected dielectric recombination because, 1in
general, 1t has less than a 10% effect on the ionization structures
(Ssarazin 1977), and we have meglected collisional 1omization because of
the relatively low (Te &!lou °K <= huo/k) electron temperatures found in
most gaseous nebulae. As was mentioned in §3.1, Jv(r) and n_ are both
calculated inside the Stromgen sphere assuming the presence of H , He ,
and dust. Table I gives the photoionization cross sections and the recom-
bination coefficients for the heavy elements. The frequency integral an
Eq. (3.2) and all other frequency integrals in this discussion are calcu-
iated assuming that the integrand varies as a power law between two
frequency grid points. This assumption 1s necessary because the i1oniza-
tion edges of the gas result in large variations in Jv(r) as a function

of frequency, especially at the Strémgren radius.
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TABLE I. DPHOTOITONIZATION CROSS SkcrronsT Anp
RECOMBINATION CORFFICILNTS

TRANSITION o th(xlo_lacme) REF | v /v 8 s e 10 3em/s)

¢ (3r)-6"("s) 2.94 3 1.002 266L | 10

& (3p)-0" (°py 3.85 3 1.2k 1ok | 15 31
¢ (3p)-0" (4 2.26 3 1.367 310 ] 1.5

o (¥5)-6"2(3p) 7.32 3 2 583 3.837{ 25 20 0
6*2(3p)-d"3(®p) 3.65 3 Loko | 2.0lk | 3.0 51 0
0""3(21’)—0’“4(15) 1.27 3 5.693 08n | 3.0 %.0
6" (1s)-0"5(%s) 0.78 5 8.3 |26 3.0 12 0
¢ (3p)-c"(%p) 12.19 3 o 828 3.317 | 2.0 .7
¢ (2p)-c"2(*s) 1.60 3 1.793 | 1.950 | 3.0 23.0
¢2(1s)-c"3(%s) 1.60 2 3.521 2.6 30 32.0
¢*3(2s)-c(ts) 0 68 2 | w3 {10 | 2o 7.0
¥ (*s)-5"(p) 11.he 3\ 1.069 L.287 | 2.0 b1
¥ (3p) 52 (2p) 6.65 3 2177 | 2.80]| 30 22.0
N2 (2w 3(ts) 2,06 3 3.489 1.626 ] 30 500.0
¥ 3(Ys) - (%s) 1.08 2 5.697 | 2.6 3,0 65.0
¥ sy (%s) 0.48 2 7.199 | 1.0 2.0 150.0
ye' (1s)-net (2p) 5.35 3 1 58 3.769 | 1.0 2.2
v (?p)-ne*2(3p) .36 3 3.012 27| 15

ve' (%p) net2 (1) 2.70 3 3.25 | 2148 1.5 15.0
¥e' (?p)-ne'2(s) 0.52 3 3.529 | 2.126 | 1.5

Ne*2(3p)-we" 3(¥s) 1.80 3 | w666 | 2.277| 2.0 4.0
Ne 2 (3p)-net (2D 2.50 3 5.060 | 2.6 25 91,0
Ne*2(3p)-net 3(2p) 1.18 3 5.253 | 2.225| 2.5 150.0
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TABLE I. (Contd )

TRANSITION Uth(xlo-lscﬁ+2) REF Ven/Vo B 8 arec(x10-13cm3/s) REF
N?(I*S)-Nzh(?’P) 3.11 3 T | 1963 3.0 230.0 1
Nzh(3P)—NZ5(2P) 1.k0 3 9 282 1.471 3.0 280 0 1
S (3pyst(ts) 12.6 6 ot | 10 0 264
& (3p)-s*(*s) 10.6 6 147 | 1.0 2.33 .1 1
£ (3p)-s*(*s) 2.56 5 7.35% | 1.0 3.19
s*('*s)~s+2(3p) 8.20 6 1 716 10 0.837 18 0 1
§2(3p)_s"3(%p) .37 6 2.561 1.0 0. 721 27.0 1
s+3(2p)-s+4(1s) 0.290 6 3.478 10 -1.95 57 0 1
s (1s)-s"2(2s) 11.8 6 5.3%5 | 1.0 2 oh 120 0 1
s*? (28)-S+6(ls) 7.56 6 6.475 10 0.23 170.0 1
AP (Ys)-ar (Cr) 30.0 4 1.159 | 3.0 2.0 3.8 b
ar (Cp)-ar2(3p) 30.0 y 2.03 2.5 2.0 23.8 I
ar*3ets)-artt o) 2.67 b | 2.99% | 20 1.0 118.0 i
A£+3(us)-A£+h(3P) 0.591 3 k.398 30 2.0 8k, 0 L
A (3p)-arO2p) 0.450 I 5.518 | b.61 2.0 146.3 I
Ar+5(2p)~Ar*6(ls) 8.0 h 6.693 ok 2,0 120.0 4

1 Photoionization Cross Sections
o (v) = 0,180y, ) + (1) (v, ) %)

X

(cth and v

References

1. Aldrovandi and Pe'quignot (1973)

th

2. Flower {1948)

3. EHeury (1970)

4. Kirkpatrick (1972)
5. Weishelt (197hk)

6. Weisheit and Collins (19765)
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The ground state recombination coefficient 1s related to the

photoionization cross section by the equation (AGN p. 239 £f)

3/2
o) = e (o) o (e e
SERS vl)o= ® v ow Mk T_ & v (3.4)
(vzy)

where W, and m1+1 are the statistical weights of the states 1 and

1+l , and Me and Te are the electron mass and temperature, respectively.
-hv/kT

1 e
The freguency dependence of 1+l(v) is O 1(\))e where GXl(v),

for H and He , i1s a decreasing function of frequency and hv/kTe << 1.

The spectrum of 1onizing radiation from the central source goes approxi-

S —hy/kT b oo

# 1
mately as V- e where T 2 3 x 1 K . Thus « 1+l(\)) for H

X
and He has a much narrower characteristic wadth in frequency than does

the central source and we shall approximate all+l(v) as
X

1 1
O‘X1+:L("eff) =°‘X1+1 8(v-v rg) (3.5)
where
— 1 i
Veps = dv v (v) /o Ll (3.6)
X1+l X
)
1
and
[=~]
i
_ 1
o - 3.7)
el / W) (
Vi
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This approximation 1s valid as long as veff/vl - 1< 1l . We shall

refer to this radiation as a "iline".
3.3. Hydrogen

For hydrogen we define the ionized fraction as

n(H")/n(H)
n(E°) /n(H) . (3.8)

X

(1-%)

The photoionization cross section and recombination coefficient (Hummer

and Seaton 19563) are

-1
(vo/v)3 for v = Vo
£(v) = (3.9)
0 for v < VO

4L o

Qy = .13 y 10_18 cm3/sec (t, =10 "K).

Recombination to the ground state is the only source of UV photons

from hydrogen, and for T_ = 10* °x » equations (3.5) - (3.7) save

Veff = 1.06 Vo The ground states recombination coefficient i1s given

by Eqs. (3.4) and (3.5) with Wy = 2 and W = 1 . TUnder the assumptions
of §3.1, there are 3 OP limnes produced by recombinations to n = 2 states.
Each recombination to an excited state produces a Balmer continuum (Ba-C)
line, In a manner similar to the treatment of the n =1 recombination
line, we will treat the spectrum of the Ba-C as a §-function. However,
because these photons cannot ionize hydrogen, we will set the Ba-C
effective freguency equal to O.25v0 .

Of the recombinations to excited states, two-thirds eventually

populate the 22P state and one-~third populate the 228 state. The
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22P state depopulates through the emission of a Lyman-{ (Ly«x) photon

at y = O.T5v0 . Our model includes resonance scattering of Ly-x photons
(see §3.9). We assume that this does not alter, howe¥é¥, the ground
state criterion for photoionmizatious. For hydrogen, the resonance

scattering cross section (at line center) s UH(Ly%x):z 9300 UO for

o]
T = 10% K., The 228 - lES forbidden transition produces a 2-photon

e

continuum with the most probable distribution Vi F Yy = 1/2 vLyﬂI .

The emission rates of these OP photons are

B
hac = xn(r) n Ol

&
Lyt

2/3 €0 o - (3.10)

1

£
2-photon =2 ¥ §'eBa—C

where aB1+l 18 defined as
B n
o = E a s (3.11)
X1+l X1+l

and an1+l 15 the recombination coefficient to the state h .

3.4. Singly Ionized Helium

The fraction of He atoms that are singly lonized, yﬁ , and the

fraction that are neutral, yo , are defaned as

yo = n(HeO)/n(He) = n(HeO)/Yn(r)
¥ = n(He )/n(Be) = n(He )/wn(r) . (3.12)

In the 1onization equilibrium equation [Eq. {3.2)], the 1onization poten-
tial of He® 15 k.6 eV or v, = 1.807 vy » and the photoionization

cross section and recombination coefficient (Hummer and Seaton 1964) are
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HeO HeO,O Heo

-0.'{3(\J/v0 - 1.807)
T O(V) = © 0
He 0 v < 1.807 v

v 2 1.807 v

o} o = T.35 % lO_l cm (3.13)

¢ o= L.31 « lo_lll- cm3/sec (Te = th OK) .
He

The addaition of helium (~ 10% by number) to a nebula has a strong
effect on the hydrogen i1onization structure because H and He compete
for UV photons with frequencies y = 1.807 Vo This effect 15 lessened
1f T, S LY 1ok OK or i1f dust preferentially absorbes photons with
v > 1.807 vo so that the helium Stromgren sphere i1s smaller than the
hydrogen sphere.

Recombinations of singly i1onized helium can produce one of four UV

lines and one of three OP lines, Ground state recombinations produce

N

©
photons at an effective frequemey v _.. = 1.87 Vo (Te = 10" K) at a rate

ik o

given by Eqs. (3.4) and (3.5) with m0"= 1 and wy =2 . Three-fourths

of the recombinations to excited levels are to the triplet state 238
1 1 3
and one-fourth are to the singlet states 2 P and ©°S . The 28 state
i
1s metastable with a half-life of &,1ou sec. It decays to the 1 8 state

via emission of a single photon forbidden line at 19.8 eV (v = 1.456 uo).

If n, Z5 ¥ 103 cm"3 » the dominant mode of depopulation i1s through

1 1
collisional excitation to the 2°S or 2 P states. For many HII regions,

n, & lO3 cm-3 s0 this process will not be considered. Although the
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life-time of the 23

S state only marginally meets the life-time criterion
of §3.1, a detailed analysis of excited state populations 1s beyond the
scope of this work, OFf the singlet state recombinations, one-thaird are
to the éLS state and two-thirds are to the éLP state, The éls state
depopulates (life-time ~ 0.02 sec) by a two photon containuum with

| + hv2 = 20.7 eV. The probability that a UV photon 1s produced 1is
0.56 and the most probable frequency of the photon 1s y = 1,183 vo

hw

Fanally, the éLP state emits a He Ly-@ photon at y = 1.522 vy that 1s

0
reasonantly scattered by helium (at the line center, o o(LY*x)’¥
He
2600 © 0 for Te =1 y OK). Each of the excited state recombinations
He ,0

dascussed above produces a Ba-C line with slightly different frequencies.

These OP lines are at frequencres v = 0.241 Vo 2 0.285 Vo and 0.351 v

corresponding to recombination to the states élP 3 éls , and 238,

0

respectively.

3.5. Doubly Ionmized Helium

+
The atomic structure of He * 15 hydrogenic with 2 =2 . The

photolonization cross section 1s, therefore,

o (v) =0 £ (V)
He' He+,0 Hé%
(v /)3 vE by (3.24)
) 0
f +(\)) =
He 0 v < lwo
c ., = co/u = 1.575 ¥ 10'18 cm3 s
He ,0
and the recombination coefficient (Seaton 1960) i1s
o, = 2.176 ¥ 10712 cm3/sec . (3.15)
He
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The fraction of helium that i1s doubly ionized, y*+ 5 18 defined as

y*+ = n(HB++)/n(He) = n(He%+)/Yn(r) . (3.16)
The 1onization potential of He  1s 5h.k eV or v, = Iy vo - Even the

hottest O stars produce few photons with v = hvo so that doubly 1onized
helium will only play a significant role in the properties of gaseous

*
nebulae 1f T ﬁleP OK (i.e. planetary nebulae).

Recombinations of He++ produce four UV lines and no OP lines

wzxth the assumptions of §3.l. Ground state recombinations produce

h o
photons at an effective frequency v ;. = k.06 Vo (T, = 10" K) at a rate

given by Egs. (3.%) and (3.5) with w, =2 and o, =1 Recombinations

to excited states produce a Ba-C photon with v = v Two-thards of

o °

these recombinations result ain Ly photons waith frequency v = 3“0

+
that are resonance scattered by He (o +(Ly4x):w 9300 ¢ at lane
He He ,0
center). One-third of the recombinations result in population of the
228 state that depopulates through a two-photon continuum, The most
probable distribution in frequency is vl = u2 =1/2 v + . The
He ,Ly-Cx

emission coefficients are given in Table II.

3.6. Recombination Source Term and Extinction Coefficient

The recombination source term for UV and OP photons that appears

in the JAY and RAY equations has the general form

3,(2) = n(z) n (x) 8(x)/bx (3.17)
where

n (x) = [x - (5 o+ ef*)] n(x) | (3.18)
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TABLE II. RECOMBINATION LINES COF HYDROGEN AND HELIUM

SOURCE LINE v/vo EMissioNTT
HO llS Rec’T 1.06 aé
HO Ly~ 0.75 2/3 ai
1
HO els - 18 0.375 2 x%—xag
HO Ba-C 0.25 ai
0 i 1
He 1S Rec 1.87 Ot
1’ | 1y 1502 | 1/h x 2/3 02
y - X He-[-
me® | 235 - 1% 1,456 3/h ap s
t
He¥ zls - 1ts T 1,183 /% x 1/3 (0 56) ocie+
HeO 233 Rec 0.351 3/h age+
ge” oS Rec 0.285 /% % 1/3 a§e+
e’ op Rec 0.241 /% x 273 a§e+
+ 1 1
He 1S Rec h.ob Oyt
B
He | Ly« 3.0 2/3 cip s+
1 1
et | 275 -1 1.5 2 X 1/3 Ok
+ B
He Ba~C 1.0 (}:He++

1
T Recombanation to the 1 8 state.
Tt  Normalized by nen(Xl) .

‘ 1
1t The 444 of the 213 - 1”8 transition photons which are not

in the UV have bkeen neglected.
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the recombination term, & , i1s

R(r)

x [cg;(v) + b AH]

+ Yy+ [oal +(\)) +ob L +:|
He

He He
++ 1 B
+ Yy [a L) et A ++] (3.19)
He He He

1
and the o 1+1(U) terms are approximated by §-functions at appropriate
% .

effective fregquencies. For UV photons, the { terms are (see Table 1I)

A =0

-1 1
AHé+ = v, [3/# 6(v/v0 - 1.456) + E-[2/3 a(v/vo ~ 1.522)

+ 2 (0.56) 8(v/v, - 1.183)]] \ (3.20)

-1 1
AHe++ =V, [2 x 3 8(v/vg = 1.3) + 2/3 8(v/vy - 3.0) + a(v/v, - 1.0)]

and for OP photons,

-1 1
By = vy [2 x 3 8(v/vy - 0.375) + 2/3 8(v/v, - 0.75) + 8(v/v, - 0.25)]

-1 12
Aﬂé+ = vy [3/# é(v/vo - 0.351) + T [§ B(v/vo - 0.2k1)

+ 1/3 5(\)/\)0 - 0.285)]] (3.21)

A =0 . .
Hé+F

In normalized units, the "source function” [Eq. (2.31)] 1s

38



2.2
Z5()= [R AR NETS Gl e (3.22)

G4(T) Sq Ay
where
a(x) = w(rda (%) 5 g (zg) -1 (3.23)
and
s.[n (r)o, 13
.= ot "d 2o d,OB _ (3.24)
La o (ro) O

~

The value of the dimensionless parameter SO , mentioned previously

in §2.h, determines much of the physics of the model by specifying the

-~
relative roles of gas emission and dust extinction, When SO << 1, then

E
Ev(r) 1s large and recombination photons dominate dust heating. Alter-

natively, when 8. >> 1 , recombination photons have little effect on

0

the dust thermal structure. Once the dust parameters have been specified,

1t 1s §0 that determines the total dust extinction optical depth of the

nebula (see Appendix B),

The extinction coefficient for UV photons 1is

Kv(r) = nd(r) Gd,ofd(v) + n(r)[(l-x)co fH(v)
(3.25)

0
FYYO oo (V) + vy o R N O
He ,0 He ,0 He

0 +
where the radial functions x, y , and ¥y vary slowly until they reach

their respective Stromgren radii. In normalized units, Eq. (3.25) 1s

1-x

K (T) = 2,(v) + [a (R)/Gy(R)] x {== £4(v)

(3.26)
0

" +
+ Y [Heo Y o2 (y)+He £ (\))]
[ §] € +
He He
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where

~ 0
He =0 /
HeO,O ©
(3.27)
iIe+ =g + / 0'0
He ,O
and
n3(r0)oy o

e = W . (3-28)

The parameter € determines the "width" of the hydrogen and helium
transition zones (1.e. regions where the functions x and y+ go from
1 to 0) by specifying the optical depth of the gas relative to that of
dust. The functions (i-x)/e¢ , yo/e and y*/e are all independent of
¢ except near their respective Strémgren radii. For normal interstellar
dust-to-gas mixtures, e ~2 Y lO_h (and as described before for nebulae
without dust, e =1) .

Equations (3.25) and (3.26) are valid for OP photons 1f we note

that fH s T 0’ and f 4 are zero except for Ly-¢ photons.
He He

3.7. 8Solution of the Ionization Equations

In dimensionless form, Eq. (3.2) can be written for hydrogen and

helium as
2(x%) = (XN wew(v 2y ] 4 o P (R) /() (3.29)
X
where )
u(Xi) = dv le(v)[éi(T) + R? 35(7)}
\)1
Nl
2 ~D

+ R ]; fxl(\)J) ijcfr) , ‘(3.30)
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i

and the summation 1s over the number, N , of "lines" that can ionize
i

the ton X (e.g. for hydrogen, this summation 1s over all 9 UV 11nes).

The coefficients A are

X:L+l

~ B
A =€ s
H %S0 Oy

A, =eq +/§OaB+f{eO
He He He
A B a4
AHe =g ¢ ++/SO L, He (3.31)
He He

Inside of the hydrogen Strbmgren radius, 1 - x<< 1 and Eq. (3.29)
1s a linear equation for (1 - x)/e . Near the Stromgren radius, where
x varies rapidly with T , the quadratic form of Eq, (3,29) is solved,
This rapid radial variation of x has been a challenge to all who have
constructed models of HII regions. Kirkpatrick (197T7) has*developed an
elegant method of handling the variation accurately when the equation of
radiative transier 1s approximated as an initial value problem. However,
because the exact solution to radiative transfer i1s a two-point boundary
value problem, we have developed & less elegant method (1n fact, a brute
force method) in order to improve the accuracy of the i1onization structure
at the hydrogen Stromgren radius { see §6.4).

As can be seen from Eqs. (3.29) and (3.30), the function u only
approaches zero at the Stramgren radius so that x—- 0 as T e . It
15 therefore more convenient and consistent to define the Strémgren radius

as the point where
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)

» P
Stot = d\’[S\,("’ )+ o fBJD(TlH + K Z fB J (-r ) < 10 -0 (3.32)

v
0

It should be remembered that §tot approaches unity as Tl -0, Itas
~D

not exactly unity because of the small contribution by Jv(T=0)

The helium Strbmgren radius 1s defined when yo —~ 1 . Inside of

+
this point, to avoid solving coupled quadratic equations for y and
++ + ++
¥y , there are two possible alternatives. TFirst, the y + 2y term
from n, can be calculated from the ronization structure in the previous
0 ++

1teration. Second, 1t can be assumed that y and ¥y are never both
non-zero at the same radius, It has been found that the first method

leads to a slightly less rapid rate of convergence of the :onization

structures.

3.8. Observables
A useful quantity in comparing model HII regions, with observations
15 the fraction of ronizing radiation ''destroyed" by the gas. The gas

"destroys" 1onizing radiation whenever a recombination takes place that

does not produce a UV photon. This fraction, fgas » under the assumptions
of §3.1, s
1
fgas = Ssl dr hx £° n(r)ne(r) X'ag
o
+ Yy (Exlxotm)aJ (3.33)
He

where all recombinations to excited states of hydrogen destroy UV protons,

whereas only recombinations to the 218 state of Heo {where the two
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photon emission process has a 4U% probability of not producing a UV

photon) can destroy UV photons. In normalized units,

-l

ol 2 2 [ + B B]
fgas =8, | dr (ig(R) RO |x + 0.0k Y ¥ ocHe+/aH ) (3.34)

Ry
and

R =X+ ¥y +2y ) . (3.35)

Equation (3.34) can be used to approximately determine Tl and
§O for any spherically symmetric dusty nebula, 1f the radial variations

of the gas and dust densities and the spectrum of the central source are

known, If the dust 1s optically thick over most of the spectrum of the

*
central source then the total stellar luminosity L 18 equal to the

and assuming a spectrum, S0 can be

calculated. If the dust 1s optically thin, then 1t might be possable

*
to observe L and the spectrum directly, Because 1t is possible to

total observed IR luminosity LIR 3

express S approximately as an explicit function of Ty (see Appendix B),

0

+ s
then setting X =y =1 1inside the hydrogen Stromgren sphere allows
Eg. (3.34) to be expressed as a simple function of T . In addition,

fgas 18 approximately proporiional to the ratio LIHB/LIR (1.9. the

integral in Eq. (3.33) 1s proportional to the HB volume emission

measure) where the constant of proportionality is the ratio of the

effective Hp recombination coefficient (AGN p. 66ff) to ag . Thus

Eq. (3.34) relates an observational quantity to an explicit function of
.
1 -

* It should be noted that this analysis 1s not dependent on the determi-
nation of the gas or dust densities. This 1s consistent with our

k3



The ratio of the intensity of helium to hydrogen recombination lines

1s directly observable and 1s (in the absence of intrinsic redening)

+1
L ~| ara® (R) Ny t/ dRae(R) PR x . (3.36)
+1 g e g e
He
R
o 0
L + sz 1 when the hydrogen and helium Strbmgren spheres coincide., For
He
O stars, L _,_ 1s on the order of ].O_8 .
He i

+
Finally, we have defined the average wionization of the ion X as
R
1 !

(x(xH)) dR GE(R) Rgnex(x“)/ dR aé (R) R2Tle . (3.37)

Ry Ry

This quantity 1s proportional to the volume emission measure of recombi-

1-1
nation lines emitted by the 2on X .

3.9. Lyman-Alpha Iines

Radiatrve transfer of resonantly scattered Lyman- lines is
included in our calculations with a slight modification of Ey. (2.1) and
subsequently the JAY and RAY equations, Resonance scattering i1s defined
to be an absorption (u51ng the doppler broadened absorption cross section
evaluated at line center) followed immediately by an isotropic emission.

Equation (2.1) for H Lyman- pbotons 1s, for example,

comments of §3.6 thaf once the dust parameters are specified, i1t 15 the
combined parameter S which determines the physics of the model and
not the values of the individual parameters which combine to form §
At thas point, however, 1f the size of the nebula 1s known, nd(ro)cd 0
can be calculated from Eq, (2.24) once T, 1s specified. ?
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= = - [nd(r) 94,0 £alvp) + (100 (3) o (vL)] I

L
+1
+Emn (2o, £ (v.) o du’ 2 (pyu’) P
2 Mt %a,0 TatT By [ SR, M,
-1
* @) w () 9y () 90 () (3.38)

where Vi, = 0.75 Yo is the frequency of the H Lyman-¢ line, A 1s
along the photon propagation direction, and the last term represents
the 1sotropic emission., This equation differs from that of recombination

lines because the gas source term depends directly oun Jg(r) .
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4. PHYSICAL PROCESSES IN THE DUST

.1 Basic Concepts

The parameterization of the dust has been discussed 1n Section 2.k4.
To reirterate, the dust 1s parameterized by nd(r), cd(v) and @, and,
in the case of anisotropic scattering, by 81 and g2. All of these
quantities are, in fact, averages over a distribution of dust particle
properties, If the distribution of particle properties 1s represented

by a function f(a), a being the particle's radius, then the mean

da a :E(a)// da f(a) (k.1)
0 o

and, for example, the mean extinction cross section 1is

radius 18

o
m

P o
 4(v) E/da o4(v,2) f(a)/f da f(a) (k.2)
0 0
in a real nebula, f(a) may also be a function of position, time and
particle composition., Keeping this in mind, we will continue to use
"mean"” particle parameters knowing that these averages can obscure
some of the physics of the dust. For example, we characterize the

dust emissivity by generalized Mie theory so that the emissivity is

erp(A) = nae(zna/h)J (k.3)

where J 218 1n the range 0 £ J £ 2, and the mean dust radius i1s in
the range 0.lp S a € 1y for normal galactic grains, If we average

Eq. (#.3) over a particle distribution then an adeditronal factor
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the order of unity would appear and 2a would be replaced
by a .

For UV and OP photons the frequency dependencies of cd(v) and
wv are given by power laws and for IR photons, both generalized Mie
theory and a more realistic extinction coefficient from Knacke and

Thomsen (1973) have been used,

L.2 Dust Energy Balance and Dust Temperature

The dust particles absorb UV, OP and IR radiation and radiate
this energy in the infrared at temperatures from ~ 1000°K down to
a theoretical 1imit of 3°K. Assuming that the heating procegges are
radiative only, the dust energy balance equation 1s
= e .
dny(D)og(v) (1o ) B (1)) = [dvhy ny(x)ay(v) (Lo )7 (x) (h.A)
0 0
where Td 1s the effective temperature of the dust grains at the
radius r and Bv(Tﬁ) 15 the Planck function at the temperature Td'
The left-hand side of Eq. (4.2) represents the infrared emission and,
in practice, for arbitrary cd(v) the integral extends only over IR
photon frequencies, The right-hand side calculates the absorption
of UV, OP and IR radiation.
To evaluate the dust temperature from Eq. (L4.4), 1t 1s convenient
to write the energy absorption term an the form
2=
W™ = 5 [ vEg (V) A0 IS, (0) + RTm],  (h5)

Vi
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where, (v} s proportioned to the right-hand side of Eq. (4.4) and

W
FR
depending on the limats vy and Vos WﬁR(T) 18 also proportioned to
the energy absorbed from the UV, OP or IR frequency ranges. In
actual calculations, (vl,ve) have the wvalues (vo,lOvO),

(0-0912v0:v0) and (0, o.oglevo) for UV, OP and IR photons respec-

tively. For the lines, Eq. (k.5) integrates to

15 & I
2 -1 D
W (r) = R JEHvJ JvJ (T)(lﬂmvj)fd(VJ): (%.6)

and 1s summed over 21l 15 UV and OP lines. F(q) 1s the sum of the

W functions:

F(r) = Wﬁv(w) + wbP(T) + w&R(¢) + wi(w). (L.7)

The left-hand side of Eq. (4.1) has the form

Wt = [ qmamy — 2 To = Mok x = vy, . (0:8)

fIR(x) 15 the frequency dependence of the infrared emissivity

[fIR(v)I(lqmv)fd(v)] and Tb=l57890.00K. Eq. (4.4) now has the form

1(1y) = ir(r) /R (+.9)

and the dimensienless constant T, which scales the temperature, 1s
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—=—= ] s fn{r)o. .17 Q
32“2\;8 ot4 0/%4,0

[EE S
1]

L (%.10)

where QJ gives the efficiency of IR emission relative to Gd 0
¥

- 2 J
QJ = gd,o/[ﬂa C?ﬂavO/C) 1 . (4,11)

For non-Mie theory emissivities, Q, 1is used in Eq. (4.10). Q

0 1S

(8]

the ratiec of the extuanction to the geometrac cross sections and 1s
the order of unaty for interstellar grains (Spltzer 1968, p. 60).

As we have seen 1n Section 3.8, 8. 1s determined from the Iumincelity

0

of the central source and nd(ro)c can be determined observationally

4,0
so that QJ 15 the only free parameter i1n Ey (4.10) and can be
varied to scale the dust temperature of the model. 1In the next

section, we shall see that I also determines the 'strength" of

the 1nfrared emission.

For generalized Mie theory, I(Td) 18 given by
1(1) = (2/1)" 7 T(ha)C(keg) (4.12)

where I(4+ j) 1s the gamma function and {(4 + 3) 18 the Riemann

zeta function., If £.__(x) has an arbitrary functional form, then

IR(

Bq. (4.8) must be used to tabulate T, as a functaon of I. The

right-hand side of Eq. (h.9) 1s given by radiative transfer and a

table look-up or Eq. (%.12) are used to calculate Td(T)



4.3 1Infrared Source Term

The source term of IR photons for the Jay and Ray equations 1s
given 1n terms of the IR absorption coefficient by Kirchoff's law
(Egs. 2.2 and 2.3). Using the normalization condition, (Eq. 2.31),

the source function for the Jay and Ray eguations 1s

S 74(0) (1) (w/hg)

E
5 (0 = (4.13)
v AN
The parameter S o (with units of 1/Hz), which determines the
"strength" of the IR photon emission, 1is given by
A i L
Sip = 1/\;0 . (k,1h)
-~ -~
So far, SIR and I are valid for any nebula regardless of the

N
exi1stence of gas. For nebulae with gas SIR 18 more conveniently

expressed in terms of the gas density and dust-to-gas ratio as

2
6mH\,0

IR aBCE

wn?>

3,-3 J
R_[107em~/n(r,)] [2n/0.912]
DG AO . (ll-.l5)

So

M is the mass of a hydrogen atom and the "dust-to-gas' ratio, RDG 3

15 defined as

J-1

B = Md/Mg lgr/cm3 0.1y (4.16)
DG | 0.01 o a )
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where Mdﬂmg 15 the dust-to-gas mass ratio and p 1s the densaity of

a grain (p ~ 1 gr/cmg). For non-Mie theory, Egs. (4.15) and (4 16)

~

are evaluated for J = 0. With SIR and I ain the form of Eq. (4.15),

1t 1s the parameter RDG which can be freely adjusted, Combining

Eqs. (3.28), (4.11) and (L4.16), 1t 1s easy to see that
e =(2x 10“1‘)(211/0.912)3RDG/QJ . (5.17)

From Eqs, {4.9) and (4.13) 1t can be seen that Sim (or equi-

valently 1I) determines not only the "strength' of the IR emission

but also the spectrum. By noting that neither QJ nor R

DG depend

on 8 1t 1s easy to see that the variation of these parameters will

O}

change the qualitative shape of the emitted i1nfrared spectrum while

keeping the total IR luminosity, L constant. We will return to

IR’
this point in the next section.

The observed flux of infrared photons 1s

S g = FR (v/vg) (HS-!- I ) (%.18)

where

;‘: h\;OSO/J-I-TfDE . (h.l9)

D 1s the distance to the nebula. SIR(v) 18 usually expressed 1n

-2
10 3ergs/cm2—seC—Hz. s s

Janskys (JY) where one Jansky 1s o

obtained from the total luminosity of the source which, in turmn, 13

obtained from a measured luminosity times hﬁDg, Thus the quantity
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SO/D2 1s usuvally independent of distance. T 1s also 1ndependent of
distance 1f nd(ro)cd o 18 calculated from an observed angular size.
»

4. I Generalized Mie Theory

For many HIXI regions that are heated by O or B stars, the
dominant source of dust heating i1s from UV and OP photons. Also,
1n many nebulae the infrared spectrum 1s much broader in frequency
than a single black body indicating that the dust must not be optically
thick over most of the spectrum, 1f yv >> 1 for IR frequencies, then
we would only see into the nebula to a depth where ¢v ~ 1 and the
spectrum would necessarily be much narrower. In these cases i1t may
be physically reasonable to assume that the dust is optically thin
to all IR photons, This assumption is very useful for the purposes
of understanding this model bhecause 1t allows the investigation of
the effects of radiative transfer ain the UV and OP freguency ranges
on the dust %emperature structure while preserving the quantitative

features of the IR spectrum

When the dust 1s optically thin to IR photons, the observed

spectrum is

gl
baof s (v) = | arbnr® [hsy (z)] (%.20
IR Iy -<9)
*o
which in terms of SIR and ¥ 1is
B A A 3"'.] dTR
SIR('\J) = F SIR('\‘/VO) W (LI-.Bl)

Td(r) 1s calculated from Egs. (4.7), (4.9) and (L4.12) with Wop = 0.
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The total infrared luminosity of the source is

[+

2
L= W00 [y s (). (k.22)

0
Substituting Eq. (4,21) into (4.22) and changing the order of integra-

tion, LIR 1s equal to

T
Lig = LsD? %[dq- F{%), (%,23)
0

~ N
independent of SIR (or equavalently, of I). It can be explicitly

-

L3
seen that variation of SI and I through the parameters QJ or

R

RDG does not change LIR' In addition, while SIR affects the

qualitative shape of the IR spectrum, 1ts value cannot be obtained

observationally. Thus QJ or R,. can only be obtained by "fatting”

an observational IR spectrum with the results of the model.

Eq. (4.21) assumes that the nebulae just f£i1lls the beam of the
observing telescope., In general, however, the flux i1s measured as a
function of aperture size where the aperture of the telescope 1s less
than the size of the object. 1In the optically thin case, the IR flux
from within a circle of radius b, centered on the nebula, is

ro rl b rl

1
P dtf dr + | dt | dr 1-1:(r‘2_t2)"2 J\}(I‘) b>ro

(4,20

0 = r t
b 0 0
L
uﬁ[d*fdr rt(re-ta) 23 (r) . b <7,
v
0 ro

2
LxD SIR(b, Y)=
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Changing the order of integration, Eg. (4.2%) reduces to

) ry r
keD® 8 (b,v) = hﬂ[[dr r23 (r) -Fr r,/:c'2 - b2 J (r)], (&.25)
¥y max(b,ro)
where max(b,ro) picks the larger of (b,ro) . When b= x,

Bq. (4.25) reduces to Eq, (L4.20).
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5. APPROXIMATE SOLUTIONS OF RADIATIVE TRANSFER

5.1. Introduction

Approximate solutions of radiative transfer have been used exclusively
in previous models of the 1onization structure of H II regions. Hummer
and Seaton (1963) were the first workers to calculate accurate models
using the on-the-spot approximation (OSA) for planetary nebulae (w1thout
dust). Tarter (19567) developed a more elegant solution using the "outward
only" approximation. For medels of H II regions with dust, Balick (1975)
has used the OSA and Sarazin (1977) has used the "outward only" approxi-
mation., All of these solutions are unable to handle dust scattering
explieitly. 1In this ;hapter we will discuss approximate solutions of
radiatzve transfer in some detail including the 0SA, the diffusion
approxim;tlon (valid for nebulae with li1ttlé or no gas), and a "modified
Eddington approxaimation’. In Chapter T, we will make detailed compari-
sons of the results of these approximate solutions with the QDM solution
1n order to assess the accuracy of the approximations,

Petrosian and Dana {1975, Paper I) and Dana and Petrosian (1976,
Paper II) have developed semi-analytic approximate solutions of radrative
transfer which are accurate to within 50%, and whaich are convenient forx

f

the initial modeling of dusty nebulae. The important results of these

papers will be presented here.

5.2. On-the-Spot Approximation

The existence of a Strbmgren sphere requires that all ionaizing
photons bhe absorbed in the nebulae, i.e. the number of diffuse iomizaing

photons emitted per second must equal the number of diffuse photons
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absorbed per second. Thus, for UV photons,

avy (x) = avk_ (r) Jz(r) , (5.1)

where the integrals are over the entire volume of the nebula, The
essence of the on-the-spot approximation i1s to assume that, in the

absence of dust scattering, Eq. (5.1) 1s valid locally so that
a D
3,(5) = Kx) () . (5.2)

We shall distinguish between two different forms of Eq. (5.2). Fairst,
the generalized on-the-spot approximation (GOSA) assumes that the diffuse
intensity 1s absorbed by both gas and dust. Second, the on-the-spot
approximation (OSA) assumes that the diffuse intensity is absorbed by the
gas only. )

For recombination photons to the ground state, the effective frequency
1s very close to the ionization limt of HO, Heo, and Hé+ where the
respective photoionization cross sections are the largest. The gas
opacity is therefore large for these photons and they should be absorbed
close to where they were emitted, This 1s also true for Lyman-¢x photons
which are resonantly scattered and hence cannot travel far before they
are absorbed by dust. Equation (5.2) 15 not valid, however, if dust
scatters UV photons or 1f the nebula is density bound (1.e. there 1s

insufficient gas or dust in the nebula to absorb all UV photons).

5.2.1, Generalized On-the-Spot Approximation

From Eq. (2.15) with Kz = 0, 1t can be seen that Eq. (5.2)

~D
implies that SD(T) = 0, and that the normalized mean intensity, J (T) ,
v
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1S given by the ratio of Eg. (3.22) to Eq. (3.26). With 33 given by
GOSA and 3: given by Egs. (2.45) and (2.49), the 1onization structure
and dust temperature functions WUV(T) and WL(T) can be calculated,
Other solutions of radiative transfer must be used, however, for OP and
IR photons. A GOSA sclutftion has been included in our numerical model

that has the same gas and dust properities as the QDM solution.

5.2.2, Semi-Analytic Approximate Solution

We have developed semi-analytic 0SA models of dusty H I1
regions containing hydrogen and helium. These models use frequency and
angle averaged cross sections and intensities. Approximate analytic expres.
sions are derived for evaluation of the variation of the fraction of ionizir
radiation absorbed by gas and the ratio of the volume emission measures
of He II to H II regions with the spectrum of the central source, helium
abundance, and absorption properties of dust. For nebulae containing
hydrogen and helium, we have derived simple coupled differential equations
for the net flux of i1onizing photons and for the fraction of i1onizing
photons capable of 1onizing helium, These initial value problems are easil:
solved numerrcally to give g*(T) [Eq. (2.16)] and the ronization structure:
of hydrogen and helium. In the absence of helaum or in the absence of
dust, these equations have analytic solutloﬁs. Appendix B gives the

derivations and i1mportant results of the 0SA models.

5.3. Diffusion Approximation

The diffusion approximation has often been used in models where
scattering dominates radiative transfer. The approximation assumes a
single isotropic point source surrounded by an i1sotropic medium in which

o >> Kz and the scattering is isotropic. The medium can exrther be
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infinite or be surrounded by a "free surface' i1.e, a surface on which no
photons enter from outside, The solution of the diffusion approximation
1s valid 2 few scattering mean free paths away from the central source
and away from the free surface.

The inner boundary condition 1s
*
S (7=0} = 8 .3
J(7=0) = s (5-3)
and for an infinite medium, the outer boundary condition 1s

Lomat J (r) =0 . (Infinite Medium) (5.4)
v

Tr 7 e

At a free surface, 1t 15 agsumed that Jv(r) vanishes at an extrapolation
distance d (Davison 1957, §8.5) outside of the surface where d 1is
obtained from the exact solution of Milne's problem (1nf1n1te half—space).

The free surface boundary condition is
Jv(r1+d) =0, d k:O.TlO4/Kv 5 (Free Surface) (5.5)

where 1/Ku 1s the extinction mean free path. The key assumption in
this approximation is that d/xl << 1 .

We will assume a uniform medium. However, this assumption 1s not
mathematically necessary and nonuniform nebulae will have a different

numerical factor in the "diffusion constant"” which comes from the value of

S

av’ exp { af, K(%) JAZ , (5.6)

=,
I‘

rntegrated over the volume of the nebula,
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The diffusion equation for J (r) 1is
v

-g° 5 (x) = Ki 3(=), Ky Nl Sl (5.7)

8 a
K and ¥ are functions of frequency but are assumed uniform throughout

the medium, In spherical coordinates, the solution to Eq. (5.7) is

™ o
(ae ~ + Be_ ) s Tp = KT (5.8)

W]

I m
3,(%)
The ratio A/B can be obtained from the outer boundary conditions on

Jv(r) [Eqs. {(5.4) or (5.5)]. The net flux through a spherical shell 1s

given by Fick's law

sy(r) = = (b /365%) T 3 (1)) (5.9)

Equation (5.9) 1s derived assuming that the medium s infinite (1.e., 1t

1s not valid within a few mean-free-paths of surfaces) and assuming that
Jv(r) 15 a slowly varying function of position. A nice derivation of
Fick's law 1s given in Lamarch (1966, §5.%). Upon substituting Eq. (5.8)
into (5.9) and using the ipner boundary condition [Eq. (5.3)], the flux is

-7

r
Sv(r) = St [(l+TD)e D _ 8(1—TD)e #] (1-£) , (5.10)

where

e _ |exp [;E\I&Dilqu (Tl + O.Tlohi] (Free Surface)
0 (Infinite Medium)

(5.11)

*
I£f T 18 frequency independent, then Sv 1s replaced by S

D o -
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5.k. Modified Eddington Approximation (MEA) .

Hummer and Rybicki (1971} introduced a modified Eddington factor
which they us&d as an initial estimate of £ (r) [Eq. (2.10)]. In this
Vv

approximation, we solve the JAY equation with

£ (x) = 1 ~(2/3)e_T Continuum frequencies
v 1/3 lines (5.12)

for all iterations. This approximation has the correct form for the
continuum fv(r) at both the inner boundary where JE 1s 1sotropic
and at the outer boundary where Js 1s radially outward (fv - 1) .
Because the lines are emitted 1sotropically, their intensity remarns

fairly isotropic throughout the nebula,
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6. COMMENTS ON PROGRAM SCATER

6.1. Introduction

Program SCATER 1s the numerical model that has been constructed
to solve the problem of radiative transfer in dusty nebulae. The program
currently resides in the NASA-Ames Research Center's CDCT600Q computer
and 15 available for public use. SCATER 1s currently about 6000 cards
long and requires ~ 25,000 words of small core memory and ~ 75,000 words
of large core memory. While SCATER was being written, an effort was
made to make the code as efficient as possible {within the author's
limited knowledge of code optlmlzatlon) and most Eddington approximation
models can be run with less than 30 seconds of CPU time, However, because
the prograg was written for a general dusty nebula with or without gas,
and because 1t was written over a period of about a year, there are many
parts of the program which are not necessary and/or efficient when the
program 18 applied to a specific nebula, Also, the program 18 not complete
as 1t does not calculate a self-consistent electron temperature or the
forbidden lime emission from the gas, It 1s estimated that this additional
physics would regqguire 2 to 3 months of additional programming and testing.
Inasmuch as this thesis 1s a users' manual and guide to SCATER, we will
deal briefly in this chapter with the iteration procedure, timing, and
accuracy of the numerical model.

6.2. Iteration Scheme

Figure 3 gives a brief flow chart of the iteration scheme of program
SCATER, Most of the "bookkeeping” details are necessary because the

LI
e L b0t

program uses the same subroutines for UV, OP, and IR photons., This
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1teration procedure 1s necessary because the source functions if(T)
[Ea. (3.22)] and %3 (R,B) [Eq. (2.43)] depend on the total intensity
and must be updated each iteration. In addition, 1f there 1s gas, the
extinction coefficient zs also dependent on the total intensity and the
iteration procedure s much less rapidly converging.

The following numbered comments refer to the numbered sections of
Fig., 3.

1. On the first iteration, the Eddington approximation or the
modified Eddington approximation [Eq. (5.12)] 1s used to evaluate fv(T)
[Eq. (2.10)], Cv(T) [Eq. (2.11)] and fi [Eq. (2.52)]. 1f there is gas,
then the initial hydrogen 1onization 1s given by the OSA analyiic meodel

(see Appendixz B) using § and the absorption optical depth. If

0

o & 0.5 for UV photons, then using w,, = 0.5 for the absorption optical
v
depth i1n the 0SA model produces a better guess for the value of Tl at

the Stramgren radius.

2. Once the initial ionization structure has been calculated, the
stellar flux as a function of T and v can be calculated. If there
18 no gas or if OP or IR photons are being considered then the stellar
flux does not depend on the 1omization structure (extinction 1s by dust
only) and 1s calculated only on the first iteration.

3. The UV and OP recombination lines source term is calculated

from the iomization structure, and the JAY egquation can be solved for

~D
T = .
Jv( ), T T v
F I, &
L. For nebulae with gas and for UV photons, the Stromgren radius
condation [EBq. (3.32)] on the flux is checked at the old value of Ty -

it gtot(Tl) 15 too large, an extend flag 1s set (meanming that the
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Stromgren sphere will be moved outward) and EB(Tl) is calculated for
T > Tl assuming radially outward flow and extinction by dust only.

5. The new value of BB(T) 15 used to update the scattering source
function ii(R,B) . Using iﬁ(T) calculated in step 3, the RAY equation
15 solved within the old Strsmgren sphere,

6. 1If the extend flag 18 set, ﬁv(R,B) [Eg. (2.38)] 1s extended
beyond the Stramgren sphere assuming dust extinction and no sources for
R > Rl . TZ 15 the dust extinction optical depth along a ray starting
at the old Stromgren radius, For B> R , 1t 1s assumed that f]\)(R,B) - 0.

7. Because ﬁB(T) 18 calculated from the derivative of ﬁv(R,B)
[Egs. (2.40) and (2.47)], the program avoids its calculation unless 1t 1s
required in the scattering source function (1.e. gl % O) or z#t is the
last 1teration and the diffuse flux 1s desired for comparison with §3(T) .

8a. At this point, frequency integrals are calculated assuming that
the i1ntegrands vary as power-laws between two adjacent frequency grid
points. The total integrated mean intensity, J(T) , 1s calculated 1n

each freguency bin and is equal to

v
e

Sty = [ av [E(0)/F 3P ST T (1), (6.1)
[ v v ] ;2; vy

V1

where m 1s the number of lines in the bin and 15 equal to =zero for IR
photons or for nebulae without gas.
8b. For nebulae with gas and for UV photons, gtot(T) 1s calculated.
A new value of Tl 1s defined as the firgt value of T for which
-10

A
Stot < 10 . The i1onization Ffunctions for hydrogen and helium are

calculated for T = Ty [Eq. (3.30)1
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8c. The  dust energy functions, WFR(T) [Eqgs. (4.5) and (4.6)], are
evaluated on the last iteration for UV and OP photons., If the dust as
not optically thin to infrared photons, then WIR(T) and the dust tempera-
ture are calculated on each i1teration of the IR intensaity.

Q. 3(T) 15 compared with 1ts values on the previous iteration. For
UV photons and nebulae with gas, 1-x [Eq. (3.8)] 1s also compared with
1ts previous values. If both of these functions have converged to within
a specified error limit throughout the nébula, the program does one more

i1teration.

6.3, Timing and Array Sizes

The timing of program SCATER 15 critiecally important 1f 1t 1s going
to be used to 1t the spectra of observed objects, The fitting process
requires wmany runs as several parameters are usually varied. In general,
the ODM solutions take too much times to be of value in the faiitaing
process, However, either the Eddington approximation or the modified
Eddington approximation run in a reasonable amount of time and are
accurate (see Chapter 7).

Because of the large variration in optical depth scales associated
with various frequencies and because of the 1/1'2 dependence of the
diffuse mean intensity at the center of the nebulae, 1t 1s not practical
to use an optical depth distance scale. We therefore used a uniform
distribution of radial grad poinis, with extra radial points added at the
center of the nebulae to handle the l/r2 dependence and for models with
gas, extra radial grid points are alsoc added at the Strﬁmgren radius. We

%
used 100 radial grid points and 110 impact parameters . Each frequency

¥ Dr, Alan Tokunaga of NASA-Ames has doubled the size of the radial
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band has up to 40 grid points. In the continuum, the frequency grid
pornts are determined by specirum of the central source and by the edges

of the gas.

In order to make useful comparisons, a standard model without dust
scattering has been run to calculate the 1onxzation structure of hydrogen.
Without scattering or helium, only one frequency grad powint i1s calculated

23 recombination line). Each model

for UV diffuse photons (1.e. the H1
calculated only UV photons and executed 30 iterations. The times of
executIOn‘(not including compiling tlmes) were 8.638 seconds for QDM,
3.264 seconds for the Eddington approximation, and 3.256 seconds for the
GOSA. The QDM time can be reduced to 6.815 seconds 1f the Eddington
approximation 1s used for the first 15 iterations while the program
"finds" the Stromgren radius. The difference in time between the QDM

and the Eddington approximation 1s approximately proportional to

1/2 % (no. of frequencmes)2 , 1.e, the time regquired to solve for ﬁv on
the (R,B) grid for each frequency. Additzonal time 15 also reguired to
calculated 33(T) and fv(T) using Eqs. (2.46) and (2.48). Thus, 12
scattering (w, = 1.0) 1s included, the QDM time increases to 187.7

seconds while the Eddingfon approximation time 1s only T7.95L4 seconds.

6.L. Stromgren Sphere

The rapad radial variation of the ionization structure at the

Strbmgren radius causes serious problems of the accuracy and rate of

¥ (Contd.)
arrays in SCATER as part of his effort to use the program to fit the
infrared spectrum of S140.
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convergence of the numerical model. Interior to the Stromgren radius,

the ionization structure is rapidly converging and accurate. To deal

with these problems, extra radial grid points are added where the hydrogen
ionization varies most rapidly. However, because the exact position of
the Strémgren radius 1s not known a priori, these points are added several
1terations into the UV calculation when the value of Tl 1s no longer
changing.

The new radial grid points are added gymmetrically around the grid
point where the variation of 1l-x from the previous i1teration is maximum.
Depending on the number of unused grid points in the radial arrays, 2, 8,
18, or 32 points are added between the first through fourth grids, respec-
tively away from the point of maximum wvariation. The functions
fv(T) and ﬁv(¢) are estimated at the new grid points using a
cubirc splines f£it through the old points. The 1onization functions are
estimated assuming a power-law dependence between the old grad points.

A better "fitting" function could be used that might speed up the conver-
gences of l-x . Once this procedure is completed, the B grad is
adjusted so the B grid is equal to the R grid and a new iteration is

started.

6.5. Accuracy

During the construction of program SCATER, each subroutine was
carefully tested and comparisons were made with analytic resulis whenever
possible. In addition, there are two models that can be run to test the
differential equation solvers and dust physics and to test the gas physics.

For pure dust nebulae with wb =1 the total net flux through a

2

spherical shell must remain constant throughout the nebula. To within
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1 to 2%, over most of the nebula the model kept the flux constant where
the difference is attributed to the linear approximation of ﬁv(R,B)
between B grid values, This effect can be corrected (e.g. Mathis 1972)
but the error i1s well within acceptable astrophysical error limits.

For pure hydrogen nebulae, direct comparison can be made to Hummer
and Seaton's (1963) on-the-spot calculations. TUsing our built-in GOSA
model, we find close agreement between the hydrogen ionization, l-x , and
the optical depth of hydrogen at the Lyman limit, except at the Stramgren
radius. Because Hummer and Seaton take into account the frequency dependence
of H lES recombination spectrum and because of differing radial grids,
close agreement is not expected at the Strémgren radaius where diffuse
photons are the dominant source of ronization. In addaition, our model
calculates fgas [ Eq. (3.33)] to be ~ 2% below the exact value of unity

in this case. This error is attributed praimar:ly to the rapid variation

of n(r) [Eq. (3.18)] at the Stromgren radius.
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T VARIATION OF PARAMETERS AND
COMPARISONS WITH OTHER CALCULATIONS

T.1 Introduction

Although we have calculated model dusty nebulae using program
SCATER for a wide range of the parameters, we will 1aimat this das-
cussion to those questions which have not been addressed 1n previous
calculations. 1) What are the effects of dust scattering on the
internal structure and cobservable parameters of dusty nebulae?

2) How accurate are approximate solutions of radiative transfer?
The internal stiructure of gaseous nebulae without dust i1s well under-
stood theoretically from the work of Hummer and Seaton (1963,1964),
Hyellming (1966) and Rubin (1968). More recently, Balick (1975) and
Sarazin (1977) have analyzed in great detail the effects of dust
absorption on the 1onization and thermal structure of dusty HII
regions. Neither of the calculations, however, include scattering.
Approximate models of dusty HII regions that analyze the effects of
UV absorbing dust have been calculated by Mathis (1970, 1971),
Petrosian, Silk and Field (1972), Krugel (1975), Natta and Panagia
(1976) and by Papers I and II.

In this discussion we will consider two types of models, Type I
models have a constant Strémgren radius while the dust parameters are
varied. In these models, §, {1n practice, gO) 15 "tuned"” to keep the
Strsmgren radius fixed. Type II models have a constant value of SO
(or EO) while the dust parameters are varied.

We define our standard model to consist of a uniform nebula at a
distance of 1 kpc with a constant dust-to-gas ratio. The stellar
spectrum 1s a hO,OOOOK (log g = 4.0) model atmosphere from Auer and

~

Mihalas (1972). Once the dust parameters have been specified, S

&
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determines the properties of the gas (see Section 3.6). We have
chosen SO = 4,13 which corresponds to (but 1s not uniquely defined

bﬁ a single zero-age main seguence central source with radius given by

3,.-3

Panagia (1973), hydrogen number demnsity of 10 em °, and ¢ ¥ lO_h. When “kfo’

Y=0.1, and fd(v) = 1 for UV photomns, this §; gives
m & 1.5,

Table III summarizes the physical parameters that must be specified
to completely determine the properties of our model., IFf the model

nebula contains no aronized gas, then the parameters § Y, e and

o?
Gg(r) do not need to be specified, Conversely, 1f the model nebula
contains no dust, then the parameters fd(v), mv’ &1 g2 and QIR do
not need to be specified. However, e = 1 and Gd(r) = Gg(r) in
this case, The values of the parameters for our standard model
(model A in the next section) are also indicated. The value of Ry

18 entirely arbitrary and was picked for numerical convenience,

T.2 Variation of Albedo and Extinction Coefficient

We will consider the effects of the wvariation of the albedo and of
radiative transfer on the mean intensity and Eddington factor using
type II models (constant central source luminosity). The same
quantitative effects that we wrll discuss are also seen 1in type 1
models (constant Tl).

Algo 1n this section we will discuss the effects of the variation
of the albedo and the frequency dependence of the extinction coeffi-
cient on the i1onization structures of the gas for type I models, The
observational question we are trying to answer 1is If I have line

intensaities from a resolved HII regron, how do dust parameters affect

T0



TABLE TIiX

PHYSICAL PARAMETERS

Parameter |Defined | Model A Comments
S0 3.2E+ L.13 Determines ., and "relative strength”
of dust and gas physics
-k .
€ 3.28 2 x 10 Determines "width" of Stromgren radius
Y §3.1 0.1 n{He) /n(H), He abundance relative to H
ad(r) 2.30 1,0 Radial variation of dust and
Gg(r) 3.23 1.0 gas densities
RO 2,24 0.1 Radius of central core in optical depth
units
~x *
s (0) §2.4 TAM= Normalized spectrum of the central
v 40,000 Ok | Source
2
fd(v) 2.25 1.0 Frequency dependence of the dust
extinction coefficient
w 2.26 0.0 Albedo of the dust
A"
8y 2.6 0.0 Average cosine of the scattering angle
g2 2.7 0.0 Average of the square of the cosine
of the scattering angle
R
SIR L,15 0,356 Determines the dust temperature and
the shape of the IR spectrum
| .
{
+ Equation number
2 2k
43 Auver and Mihalas (1972) Spectrum, 8 /hﬁr* = 1,667 x 10 uv

prhotons

it

For 3 =20

-2
cm sec

-1

, Ty = 5.66 x lOl em (Panagia 1973)
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the physical parameters that I deduce from my observations?®

Finally, we will discuss the effects of the variation of the
albedo on the observed IR spectrum again using type II models for
clarity of interpretation. However, 1t 18 usually the infrared
luminosity of a source that 1s known: observationally rather than
the central source luminosity. Hence, these resulis are only a
qualltat}ve guide to the effects of albedo.

7.2.1 Mean Intens:ity and Eddington Factor

On Figure 4, we have plotted the variation of log [Jv(T)/Jv(O)]
versus r/7; for y = ﬁz (these photons can photoionize hydrogen),
v = va (these photons cannot photoilonize hydrogen), v = O.EﬁvO(Ba-C)
and v = 1.0690 {(H 1% recombinatzon "line™). The difference between the
shapes of the continuum curves (v = vg) and +the line curves
(v = 1.06y0) 1s due to the difference in the "source functions" of the
two types of photons. The source of continuum photons 1s, for isotropic
scattering, KzJV(T) which 1s a strongly decreasing function of 5 whereas

the source of lines 1s, for hydrogen, xnnéxH which 1s almost constant

inside the Stromgren sphere for uniform densities.

+
For UV photons (y = vo and v = 1.06v0), 1t can be seen from the
figure that as albedo increases the relative intensity 1s lower near

the center of the nebula and higher as g approaches Ty * Thus the

effect of albedo 1s to "transport’ photons from the center of the

L.
nebula to the outer rg%}gnsu This 1s primarily a result of the fact
that we are keeping the extinction coefficient constant whale the albedo
15 increased and we are, therefore, also increasing the dust absorption
mean free path. For type I models 1f we increase the albedo while

D

keeping all other parameters fixed, Jv(T) w1ll increase at the same

radius because the absorption coefficient 1s decreasing. This effect 1s

most apparent in the value of r (1.e. the size of the Stromgren sphere).
1
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Variation of the Mean Intensity Versus Optircal Depth.
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(non-1onizaing photons), y = 1.06\;Q (H 178 recombination "line")
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the radin where Tg = L.
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For these type IT models with Y = ) and §O=h.l3, ¢1=l.675 for w, = 0 and
Ty = 2.388 for o, = 1. Hence for the same central source luminosity,
variation of the UV albedo from O to 1l makes the volume of the
Stromgren sphere 2.75 times larger.

When the albedo 1s zero, only stellar photons contribute to the
mean intensity at y = Vg . Thus the difference between the two
curves 15 due to gas absorption of ¢y = Qg photons. On the y = QB
curves we have indicated the points an the nebula where the opfical
depth of neutral hydrogen at Vv = QB, Ty is equal to unity. TH
1s defined as

r
rg(r) = [ (1 = %) n(x') ogax’ (7.1)

o

Interior to that point, the y = Vé curves converge because the gas
is optically thin. At the Stramgren radius, TH ~ 103 in all of our
models,

Because the pgas does not absorb y = va photons, the large
drfference between the = vé curves for m = 0 and 1 1is due
entirely to the properties of the dust. When ® = 0, rEHv (r) e« e 7
where T 1s the dust extinction fand absorptlon)Optlcal depih. How-
ever, when w, = 1, r2Hvo(r) = rE(H 4 H;D)

Vo 0
see that the effects of albedo on continuum mean intensities are much

= constant. Thus we

greater for photons that are not absorbed by gas. In addition, the
"source function" for diffuse continuum photons 1s proportional to
va(T) and hence the mean intensity is strongly dependent on the
albedo, This 1s not true, however, for lines as can be seen by

comparing the 4 = O.25v0 curves for ¢ = 0 and o = 1, In thas
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case, the variation of the mean intensity is almost independent of
albedo because the ''source function' 18 roughly constant.

Although we have not plotted the variation of the mean intensity
for "hard" UV photons (v > h\,o), we should mention here that the
1onization at the Strgmgren radius 1s sustained by these penetrating
photons (whose gas opacity 1s small over most of the nebula) and by
recomblhatlon photons,

The Eddington  factor, calculated self-consistently by the QDM,
depends on the boundary conditions and on the source of the photons.
Our boundary conditions assume that there 1s no source of photons
from outside of the nebula. Thus diffuse continuum photons must all
be traveling "outward only' near the outer boundary and fv(T) -1,
However, for lines, which are emitted i1sotropically and whose
em1ssion does not depend directly on JvD(T)J fv(T) stays close to
the 1sotropic value of % throughout the nebula. On Figure 5, we
present the Eddington factor from the standard model for the diffuse
continuum at the Lyman limit and for hydrogen n = 1 and Balmer
continuum recombination lines, It can be seen that even for inter-
mediate values of wv and ¢ (¢ & 1,5 for the standard model), the
diffuse continuum becomes sharply forward peaked at the outer boundary,
and the Eddington approximation should differ from the QDM solution 1in
this region. The modified Eddington approximation (see section 5.,4)
does & better jJob of approximating the variation of the Fddington
factor for bhoth the continuum and the lines.

Physically, the reason that UV continuum photons become so

forward peaked at T 18 that those photons which are not traveling
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radially outward have a longer path length in the gas and are hence
preferentially absorbed by the gas. It should be remembered, however,
from Figure 4 that the intensity of these photons is so low at L
compared to UV lanes that they do not contribute to either gas i1oniza-
tion or dust heating. Because lineshave a constant source function,
they can maintain 1sotropy throughout most of the nebula. The OP line,
which 1s not absorbed by gas, does ''see" the edge of the nebula and
becomes somewhat forward peaked right at the Stromgren radius. On the
other hand, because of the large gas optical depth, the y = l.06v0
line does not ''see’ the boundary and remains nearly isotropic through-
out., The Lyman-& line, for which we have not plotted the Eddington
factor, maintains fv(T) = & throughout the nebula.

Finally we note that the variation of the Eddington factor 1is

almost indepedent of albedo.

7.2.2- Ionization Structures

The overall ionization structures of hydrogen, helium and the
trace elements are presented in Table IV, These type I models,
calculated using the Eddington approximation, have the same central
source spectrum and StroOmgren radius while the albedo and frequency
dependence of the dust extinction coefficient (Eq 2 25) are varied,

We have used a power-law dependence for fd(v)

£,(v) = (v/ig)® (7.2)

where § 15 constant for both UV and OP photons Models A, B and C

have wv =20 and § = 0, 1 and 2 respectively. Model D is a nebula

1



TABLE 1V

IONIZATION STRUCTURE OF MODEL NEBUIAE

Models

Parameter A B C D E F
'éo k128 9.0 13 0 1.69::1@]JL 2.5 1.3
8 0 1 2 0 0 0
o, 0 0 0 0 0.5 1.0
£ a5 || 0-298 | 0.158 0.102 | 0.927 | o.ko5 | 0.961
LA 1.015 0.889 0.383 1.019 1.015 1.01k
(=) 0.973 0.995 0.991 | 0.977 0.97k 0.976
(') || 0.988 | o0.884 0.380 | 0995 |0.989 | 0.989
(6" 0.035 0.25M 0.793 | 0 0% 0.030 | 0.027
3y | 0.952 0. 740 0.195 | 0.953 0.957 0.962
@ 0.0k3 0.157 0.506 | 0.02L 0.039 0.036
(&2 | 0.u26 0.642 0.466 | 0.451 0.398 | 0.375
&3y | 0.555 0.199 002k | 0.505 0.558 0.586
(Y 0.043 .22 0.691 | 0.032 0.038 0.035
o3 |l o a8 0.719 0.286 | 0.815 0.818 0.819
a3y [jo0.135 [ o.054 0.0001L | 0107 |o0.1%0 | o.1kp
C 0.0097 | 0.036 0.155 | 0.002L |0.0090 | 0.0083
"8y i 0.068 0.31k4 0.680 | 0.069 0.059 0.051
&3y llo33 | o577 0.150 | 0.767 |0.73% | o0.73
™ |lo.a88 0.071 0.011 | 0.156 |0.198 | 0 205
(ve'y | 0.133 0.479 0.899 | 0.136 0.117 0.10k
ve" 2y || 0.864 0.516 0.083 | 0.86k 0.881 0.893
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TABLE IV (Cont.)

Models
Parameter A B C D E F
(ar’y || 0.0056 | 0.117 0.612 [0.0017 | 0.005L | 0.0046
art?y |l 0 208 | o0.543 0.315 | 0.306 0.266 0.2L3
(Af+3) 0.698 0.337 0.052 ] 0.692 o.}zT 0.750

9




without dust. Models E and F have § = O and m$ = 0.5 and 1.0

(1ndependent of frequency) respectively. The functions fgas and L
He
are calculated with Egs. (3.34) through (3.36) and in all of these models,

8
. The average 1onizations are calculated using Eq. (3.37)

L

+P -
and we have not listed ions for which (X ") < 10",

Loy -
He 10

In models A and D through F, L , # 1.0, in agreement with the
He
results of Hyellming (1966) but not with Hummer and Seaton (196L).
Sarazin (1977), who finds L + < 1.0, ancorrectly concludes that this
He

1s an effect of the on-the-spot approximation. Our parametric studies
have shown that the details of the 1onization structure at the
Stromgren vadius depend most strongly on the spectrum of Jv(q-m Tl).
However, as Sarazin states, the question i1s academic because statie
photoionization models are not valid at the StrOmgren radius where an
1onization front and associate shock waves exist. We note also that
LHé+ does not depend on mv. Because wv < 1, this conclusion 1s
independent of the frequency dependence of the albedo. As 8
increases dust competes more effectively for He 1onizing photons
and the He Stromgren radius moves inward relative to rye The function
fgas’ on the other hand, depends strongly on both § and o which,
unfortunately, reduces 1ts reliabality in determining T observa-
tionally (see section 3.8).

There are two classes of 1ons whose average ionization depends
on mv- This dependence is defined arbitrarily as a variation of
(X+P> greater that 104 between models A and F, Class I 1ons

+ o+ o+ 4+ 4 + v
(O, ¢, N, S, Ne and Ar ) all occur only at the Strémgren radius
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where the variation in the spectrum of J (7} 1s the greatest from
A%

models A to F. As we discussed in the last section, the effect of

albedo 18 to strongly enhance the intensity of UV photons near Tl'

Hence the effect of increasing albedo 1s to enhance the lines from

higher stages of 1onization at the expense of the lines from lower

stages of aonization.

+2 & +2 +2
Class II zons (C ~, C 3, S 7, Ar ) occur in izonization structures

that are not dominated by the X+2 1o01t. Dominance of the second 1on
+2 + P
1s defined roughly as (X ) 2 0.8. Physically changes 1n (X ~) can
+Pr1
only affect (X Y af the P+ 1 a1on does not dominate. The
1onization structure of carbon is not dominated by any ion so all

stages of i1onization are affected by ®,, - All of the effects are,

however, much smaller than those of the variation of 4.

Although our central source temperature i1s for an HII region and
not planetary nebulae, we can comment on the CIV/CIII rat:io that has
been a problem for models of NGC 7027 in particular {Bohlin, Marionni,
and Stecher 1975 and Péqu1gnot, Aldrovandi, and Stasinska 1977).
Depending on the details of model, the model CIV/CIII ratio
[1(15493/1(19093)] has been from 5 to 10 times larger than the
observed ratio. Our calculations show that increasing the albedo
enhances the abundance of CIV relative to CIII. However, increasing
8§ has the opposite effect., It would appear that some combination of
positive § and resonance scattering of the permitted CIV A 1549

line to increase 1ts absorption by dust could help solve this problem.

In Figure 6 we have pleotted the zonization structures of H, He, O,
C, N and S for models A through F. The Ne and Ar 1onization structures
have not been plotted, The Ne structure i1s qualitatively like that of
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Model A 1s the standard model, Model B has § = 1 and
Model C has § = 2.
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0. However, the Ar structure i1s unique as can he Seen in table IV,

+3
It 15 almost dominated by (Ar

Y and there 1s a monatomic decrease
in (Afkp) as P decreases for the & = O models (C also exhibits
this behavior), The ionization structures are plotted versus T/Tl
and there is no material with ¢ > 5y (see section 2.6).

The 1onization potentials of CO and SO are below 13,6eV so
that they are not neutral at the H StrBmgren radius, So does not exist
in our models but CO and d+ co-~-ex1st at Tl' For clarity in

4
Figure 6, ® and ¢ abudances are extended as straight lines for

T > Ty The C a1onization structure 18 the only one we have plotted

that 1s sensitive to the electron density. The discontinuities in the
d+2 structure in models B and C occur at the He Strdmgren radius
Sarazan (1977) plots on his Figure 1 the i1onization structures
of Hy He, N, O and 8 for a Salpeter initial-mass function central
source whose spectrum 1s similar to an 06 star (f*.u 42,000k, ZAMS).
This spectrum i1s slightly hotter and broader in the UV than our stan-
dard mode]l central source. Sarazin finds a monotonic increase in the
He transiton zone w1dthé* wirth i1nereasing— §. Our results indicate
that this behavior is not monotonic. This result 1s, however, highly
dependent on the details of the central source spectrum and, to some
extent, the method of solution. We find {hat albedo has little effect
on the width of the transition zones, Sarazin's zone II 1ons

+ + +
2 6 2 g 3’ d+3,

+2
(N: e

+
N Ar 3) are all dominant and have the largest

?
average 1onization i1n model A, The average 1onization of these 1ons

decrease with increasing §. The average ionizations mncreagse slightly,

however, with increasing albedo.

-b
Sarazin uses 2 slightly smaller value of ¢ (e ~ 1.4k x10 ) for
his models 1n Figure 1 which accounts, in part, for his wider
transition zones,

ka
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Balick (1975) has calculated average ionizations using the on-
x o 3. -3
the-spot approximation, T = h0,000 K, and n = 10 em for
uniform nebula and various forms for fd(v) 1ncluding a linear form
+
(8=1), He then varies & and studies the behavior of (X P). He
>

finds that only an extreme step form of fd(v) [fd(v) = 1 for

vg € v < l.SOTyO, fd(v) = 10 for l.BOTvO % v € » | can reproduce

Mezger's (Mezger et al, 197l4) observations of L , ~ 0.1 for several
galactic HII regions. Our parametric studies hazz shown éhat we need
3Sa<h to produce Lyor ™ 0.1 with our standaxrd model.

Balick and Sneden {1977) have calculated model HII regions using
the on-the-ppet approximation with up-to-date model atmosphere central
source spectrums that include metal opacities,, These atmospheres have
considerably less high energy UV flux than those of Auer and Mihalas
(1972) or black bodies. Therefore, emitted low excitation lines will
be enhanced relative to high excitation lines 1f more realistic

stellar spectra are used.

T.2.3 Infrared Emission

In order to study the effects of albedo on the dust temperature
structure, we will use the simplifying assumptions of generalized
Mie theory (with jJ = 1) and optically thin IR emission. With these
approxamations the IR spectrum xs a probe of the entire dust tempera-
ture structure. We will use type II models so that the luminosity
of the central source 15 constant.

Figure 7 shows the IR spectrum for our standard model with
,, = 0O and mv = (.9 1independent of frequency, The spectrum was
calculated usaing Eq. (h.2l). The albedo therefore applies only to
the UV and OP photons that heat the dust. Again we assume that there
18 no material outside of the Strbmgren radius of the gas. If

radiative transfer of IR photons had been calculated, then because
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most of the spectrum would be optically thin due to the 1_1
dependence of Kv(r) in the infrared, the main effects show up i1n the
near infrared where the unattenuated Rayleigh-Jeans tail of the central
source adds significantly to SIR(v).

There are three important effects 1llustrated by Figure 7. Farst,
as the albedo increases the luminosity of the IR spectrum decreases
(1.e.mz(r) 1s smaller for a given extinction coefficient so that the dust
absorbs less energy). Second, the spectrum is shafted towards longer wave-
lengths and 15 reduced in width (i.e, the spectrum looks more like that of
a diluted black body) As we have seen, dust scattering transports photons
outward and thus tends to make the mean intensity more uniform as a function
of radius (see, Fig.l), Hence the effects of albedo are 1) to reduce the
maximum dust temperature which occurs at the center of the nebula
(1.e. Ty, max 182% for o = 0and T, . = 117% for o, = 0.9) and,

2) to reduce the variaztion in dust temperatﬁ}e throughout the nebula

(2.e. /T = b, 75 for ®, = 0 and T /T = 4,02 for

Td,max d,min d,max’ d,min

@b = 0.9). The first of these effects is due primarily to the (1 - mb)
term in the right-hand side of Eq. (L4.4t) while the second of these
effects 1s due primarily to radiative transfer. Thus we see that as
albedo ancreases, the dust temperature at the same relative radius
decreases and, as a result, SIR(v) for the near and mid infrared 1s
substantially lower than the zero albedo model. Third, because T
1s larger for the non-zero model, there is more material with low dust

temperatures which radiates the "excess" far IR flux.

7.3 Comparison of Solutions of Radiative Transfer

In this section we will make detairled comparisons of the solutions
of radiative transfer that were discussed in chapter 5 wirth the QDM -
solutions and with the Eddington approximation solutions. We will

concentrate on observable parameters such as fgas’ L 47 the average
He

1onizations and the IR spectrum., However, the hydrogen i1onization
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structure will be examined to extract the differences in the properties

of the approximations.

7.3.1 Diffusion Approximation

On Figure Ba we plot the emergent luminosity normalized to the
luminosity of the central source for pure dust nebulae with i1sotropic
scattering as a function of the total extinetion optical depth
(fd(\J =1). The diffusion approximation (see section 5.3) does a very
good job of predicting the emergent luminosity when the albedo 1s
large and L 2 2. The free surface diffusion approximation 15 almost
exact fo; Wy ? 0.9, whereas the infinite diffusion approximation is
10 to 404 low even for wy & 0.95.

The diffusion approximation is not valid at the boundaries and
the free surface boundary condition uses a calculation similar to QIM
to correct the emergent luminosity. We therefore expect good agreement
when the other assumptions of the diffusion approximation are met
(see section 5.3). A more exacting test of the accuracy of the
approximation 15 a comparison of L(T)/L* when all assumptions are met.
Figure 8b plots the transmitted luminosity as a function of t for
Ty = 10 and,mv = 0,9, 0.95, 0.99, and 1.0.

The QDM solution for mv = 1,0 15 a test of the overall accuracy
of the differential equation solvers of program SCATER. We mentioned
in section 6.5 that flux was not strictly conserved in this case,

Over most of the volume of the nebula, the flux is 1.5% high, a result

we attribute to the linear approximations made 1n doing angular

integrals, This error increases to 3% at the center of the nebula

C-"¢
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where the angular grid 1s coarse (1.e. there are only 10 grid points

at r = o whereas there are 110 at r = ry

- “D
are used) and where the r 2 dependence of Jv {7) results in less

1f all of the radial arrays

accurate radial integration.

As wv decreases, the diffusion approximation becomes more accurate
over most of the volume of the nebula. For o < 0,99, the anfainite
and free surface approximations differ only at the outer boundary, and
agree with the QDM solution to within 10% over most of the volume.
When.mv = 0.99, the infinite and free surface solutions differ by 20%
while the QDM and free surface solutions agree to within 0.5%. Part
of the large differences between the QDM and diffusion solutions at
the center of the nebula must be attributed to the i1naccuracies of
program SCATER,

7.3.2 Average Ionizations of Type I Models

The accuracy of any approximate solution of radiative transier
must be assessed in terms of observable quantities. To do this, we
will define the QDM solution to be an "exact" solution. We will cal-
culate models A and F {see section T7.2.2) uging the Eddington approxi-
mation, the modified Eddington approximation, and GOSA (model A only).
Table V lists the observable parameters for these models and for the
various solutions,

For model A average 1onizations, both the Eddington approximation
and GOSA differ from QDM by less than 1.5% for all ions, and fgas
varies by less than 2% among the solutions. For model F however, the

-+
average ionizations can vary by as much as hS% in one case (Ar ). For

dominant ions {see section 7.2.2), the Eddington approximation values
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TONIZATION STRUCTURE OF MODEL NEBULAE

TABLE V

COMPARISON OF SOLUTIONS OF RADIATIVE TRANSIER

ModelSH

parameter A A A P 7 F

Solution EDD gosa” Qou® EDD qomt wea™t
éo h128 | k.28 | 4.128 | 1.300 | 1.300 1.300
5 0 0 0 0 0 0
o, 0 0 0 1.0 1.0 1.0
f s 0.298 0.291 0.298 0.961 0.936 0.961
Lye 1.015 1.016 1.016 1,01k 1,016 1.015
{x) 0.973 0.972 0.973 0.976 0.970 0.973
{vd 0.988 0.988 0.988 0.989 0.986 0.988
(0" 0.0 | 0.03: | 0.03% | 0.027 | 0.032 | 0.030
23 || o.g52 | 0.953 | o.952 | o0.962 | 0.953 | 0.957
¢y o.083 | o0.043 | o.obk | 0.036 | o0.086 | 0.0k
<d+2> 0.h26 0.420 0.425 0.375 0.385 0. 375
(é*3) 0.525 0.531 0.525 0.586 0 .56k 0.580
() 0.043 o.ok2 | o0.083 | 0.0% 0.043 0.0k0
N 3y 0.818 | 0.816 0.817 0.819 0.809 0.801
a3y 0.135 0.138 | 0.135 o.1k2 | o0.1k2 | 0.154
¢shy 0.0097 | 0.0098 | ©0.0098 | 0.0083{ 0.012 0.0097
(3 || o0.068 | 0.066 | 0.068 | o0.051 | 0.062 | 0.058
¢s73y {| 0.733 | o.732 | 0.133 | o0.735 | o0.723 | 0.715
st || 0.188 | o0.192 | 0.18 | o0.205 | o.202 | 0.217
(Ne' 0.133 0.130 0.133 0.10h 0.121 0.115
(ve'3y || 0.864 | 0.87 | 0.86% | 0.893 | 0.876 | 0.882

g2




Modelé++

Parameter A A A F F F
*

Solution EDD GOSA QmuE EDD Qo MEATE
¢ary 0.0056 | 0.0055 | 0.0056 | 0.004 | 0.006% | 0.005k
+
{Ar 2) 0.29h 0.288 0.29k 0.243 0.266 0.257
o+
{Ar 3) 0.698 0.70k 0.698 0.750 0.725 0.736

*GOSA: Generalized On-the-Spot Approximation (Section 5.2.1)

TeDD- Eddington Apvroximation

iQDM- Quasi-Diffusion Method

ThMEA- Modified Eddington Approximation (Section 5.4)

4
Models EDD and FEDD are reproduced from Table IV for comparison.
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agree with the QIM values to within lo% in all cases. In general,
the modified Eddington approximation (MEA) does better than the
Eddington approximation, especially for those ions whose average
ionizations are small. Only for (é+2), (N+3}, and (S+h) does the MEA
fa2l to do a better job of reproducing the average ionizations.

T.3.3 JIonization Structure of Type II Models

The detailed ionization structure of hydrogen i1s presented in
Figure 9 for type IL models. The solid lines are for QDM models with
w, =0, 05, 0.8 and 1.0 in the UV. In addition we plot (1 - x) for
the GOSA, the Eddington approximation and the analytfic model. For
simplicity helium has not been included in these calculations although
all the other parameters are the same as our standard model.

For mv = 0 we can make a direct comparison of all our models, As
can be seen from Figure 9, (L - x) calculated with GOSA and Eddington
approximation agree with QDM's calculation over most of the nebula.
The Eddingion approximation agrees to within 5% over all of the nebula
and to within 2% except where (1 - x) ~ 0.l. GOSA agrees to within
10% when (1 - x) % 0.1 but varies by as much as 40% when (1L - x) &~ 1.0
A1l three models produce exactly the same value of 1 (1.e. they all
find the Strdmgren radius condition [Eq. 3.32] satisfied at the same
radial grid point). The analytic model which uses OSA (diffuse UV
photons are absorbed on-the-spot by the EEEQ underestimates the value
of (1 - x) because dust does absorb a Jarge fraction of diffuse UV
photons, The analytic model also underestimates the value of T
by 10% primarily because it uses frequency averaged intensities and

cross sections. Hence the analytic model cannot account for the fact
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that hard UV photons penetrate farther into the gas than do photons
with y = Vo* The rounding of 1 -~ x at the Stromgren radius is due to
ionizations by recombination lines and by penetrating hard UV photons.

As the albedo increases the Eddington approximation becomes less
accurate when compared to the QDM solution of (L - x) because the
Eddington approximation does not account for the forward peaking of
the scattered continuum, The Eddington approximation model calculates
a larger value of Jikw) over most of the nebula and hence a smaller
value of (1 - x). It should be remembered from the last section that
despite these differences in the internal structure, observable
quantities agree well between the two models,

We have also plotted 1 -~ x for a dusty model with wv = 1 and a
dustless model [dashed line with df = (2 y lO—u)n (r)codr} with the
same luminosity and gas density. The difference in (1 - x) between
the two models 1s due praimarily to the difference in the stellar flux
as a function of radius. The dusty model quickly scatters the stellar
photons into diffuse (and more i1sotropic) photons, increasing the mean
intensity near the center of the nebula and thus reducing (1 - x)
relative to the dustless model. At the StrBmgren radius the dustless
model has a smaller (1 - x)} and therefore a larger T, because the
stellar flux 1s considerably larger than at a corresponding peint in
the dusty model. IHence in the dustless model the stellar photons
penetrate farther into the nebula before they are absorbed by the gas.

7.3.4 vVariation of fgas with Albedo

The fraction of UV photons 'destroyed" by gas, fgas’ depends

primarily on the value of Ty for our standard models because of the
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"sharpness' of the 1onization fronts. We therefore expect that all

models of radiative transfer that accurately calculate T will also

s

accurately calculate fgas' On Figure 10 we plot the variation of
foas (caleculated with Eq. 3.34) with albedo for the QDM,. Eddington
approximation, GOSA and analytic models. As expected the Eddingten
approximation calculation of fgas agrees very well with the QDM
calculation. In addition, both GOSA and analytic models accurately
calculate fgas when ¢y = 0,

v
Although we have not plotted L 22 the ratio of the intensity

He
of helium to hydrogen recombihation line (Eq. 3.36), we find similarly
excellent agreement among the various models because this quantity

also depends primarily on the value of Ty

7.3.5 1Infrared Emission

On Figure T we have plotted the infrared spectrum Ffor our Standard
models and for the QDM solution, the Eddington approxamation, GOSA,
and the analytic model, TFor mv = 0 2ll approximaie solutions reproduce
the shape and the strength of the spectrum.

The analytic model 18 least accurate for two reasons. First,
the volume integral of Eq, (2.21) 1s calculated ina more approximate
way in the analytic model, Second, the analytic model underestimates
T, by 10%, and hence underestimates the far infrared flux that 1s
radiated by low temperature dust at the edge of the nebula,

Agreement between the Eddaington approximation, GOSA and the QDM
spectra for mb = 0 is almost exact because, for this model, most dust
heating 1s by stellar photons in the OP and UV ranges. However, for

D
mv > 0, the Eddington approximation underestimates J at the center
A"
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D .

of the nebula and overestimates J at the Strdmgren radius. Hence
v

the near 1nfr;;ed 18 too low ccompared to the QDM and the far infrared

1s too high. Even so, (Eq. 4.23) agrees to within 0.2%

LIR
between the Eddaington and QDM spectra.

In general, these comparisons are academic because of the 20 to
50% errors 1n the published IR broadband photometric data.

[y

7.3.6 Accuracy of Semi-Analytic Solution

The semi-analytic solutions described briefly in section 5.2.2
and appendix B and completely in Papers I and II are extremely useful
for calculating fgas and LHé% because they are simple to calculate.
The models use frequency averaged intensities and fluxes, however, so
that they cannot be expected to accurately describe the details of the
1onization structures at the Strdmgren radius,

We have run several GOSA calculations using program SCATER with
various power law forms for the frequency dependence of the dust
extinction coefficient in the UV ranging from (v/vo)—3 to (v/vof+h,
with r; 1n the range 1S ™ < 3, wath Yo = 0.04 and 0.108 (see
Eq. B.1l), and wath Y = 0.l. We have also calculated the semi- .
analytic models with values of « (see Eq. B.4) calculated by using,
the corresponding power law from for gd(v) averaged over the spectrum
of the central source [i.e, 1n Eg. B.2, replace GH(v) with gd(v)

A
and use Jv(ro)].

When we compare these solutions, we find that for ¢ £ 0

(6§ 0 4n Eq. 7.2) L agrees to within lO% and f to
: ' H e+ gas
within 20% in all cases. However, when ¢ >0 (§ >0) L 4 usually
He

agree to within 50% but fgas can differ by as much as 150%. The
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reason for these large errors i1is that the gemi-analytic models faal
to predrct the sharp decrease in r; 2s a positive 3§ (defined
above) incréases, Physically what 1s happening i1s that because the
semi-analytic model treats all UV photons alike, 11 fails to account
for the "penetrating power’ of hard UV photons (remember that the
gas opacity drops rapidly as y 1increases), If these photons are
preferentially absorbed by dust, then the Strdmgren radius must move
inward. Even so, L 4 18 fairly accurate because 1t is calculated
He
ag the ratio of two functions of ™ (see Eq. B.33). fgas’ on the
other bhand, 1s proportional to a single function of T (Eq. B.3Ll).
Finally, we can define an effective optical depth, Toff? which
when used 1n Eq. (B.3l), produces the same value of fgas that is
calculated by program SCATER. If we do this as a function of the UV

albedo for our standard model parameters, we get the curves shown in

Faigure 11, Here we have plotted o /T where

eff’ abs Tabs = (ldb)Tl

versus . We see that these curves bear little resemblance to those
of Figure 7 1n paper I, If, however, one were to continue the lengthy
and costly process of calculating type I models (go must be adzusted
to keep Ty constant as @ 1ncreases), then Figure 11 could be used

to adjust the values of Ty deduced from observations (section 3.8)
for an assumed albedo.

7.4 Conclusions and Concluding Remarks

We bhave considered the effects of dust scattering on the internal
structure and observable quantities of dusty nebulae. We have a2lso
compared our solutions with more approximate solutions of radiative

transfer, When doing these comparison we consider the QDM solution
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to be "exact”, Particular emphasis has been given to ionization

structures of the gas and to the emitted infrared spectrum, The major

new results and conclusions of this study are listed below.

1. UV and OP recombination line intensaties (even those not reso-
nantly scattered by the gas) remain fairly isotropic throughout
the nebula while the scattered continuum intensities bhecome
outwardly peaked.

2. The radial variation of the Eddington factor is Ffairly indepen-
dent of albedo.

3. Ly, does not depend on the albedo of dust. It does depend
weakly on Ty and strongly on the frequency dependence of “the
dust extinction coefficient and on the spectrum of the central
source.

k, fgas depends strongly on both the albedo and the frequency
dependence of the dust extinction coefficaient.

5. Dust scattering has the following effects on the z2onization
structures of hydrogen, helaium and the trace elements,

a) Dust scattering enhances the UV mean intensity near the
Stromgren radius,
b) Therefore near the Strdmgren radius increasing albedo

enhances lines from hapgher stages of i1onmization at the

expense of lines from lower stages of ionization,

c) Interior to the Strlmgren radius, dust scattering can
strongly affect only ionization structures that are not
dominated by a single aion, Carbon and Argon were the only
elements we ancluded that were strongly affected by dust

scattering.
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d) In all cases the effects of the variation of the albedo
were much smaller than the effects of the variation of the
freguency dependence of the dust UV extinction coefficient.

Increasing the albedo of dust in the frequency ranges primarily

responsible for dust heating has the following two major effects.

a) The total infrared luminosity and the dust temperature at
the same relative radius are reduced because the dust
absorption coefficient 1s reduced for a given extinction
coefficient.

b) The varzation of the dust temperature from the inner to the
outer radius of the nebula is reduced, thus making the
observed IR spectrum narrower,

The diffusion approximation with the "free surface” boundary

condition can accurately predict both the emergent Iuminosity

and the internal variation of the flux when the assumptions of
the approximation (large scattering optical depth) are met.

When the UV albedo 1s zZero the average ionizations of all elements

calculated using GOSA or the Eddington approximation agree with

the values calculated by QDM to waithan 1.5%. fgas varies by less
than 2% among the different solutions.

When wv = 1 for UV photons the Eddington approximation average

ionizations agree with the QDM values to within 10% for all

dominant i1ons. Variations between the solutions as large as

k54  can be found when the average ionizations are small. In

general, the modified Rddington approximation predicts values

closer to those of QDM.
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1o, fgas and the IR spectrum are accurately calculated by the
Eddington approximation.

11. rhe semi-analytic solutions calculate LLH + and fgas to
within lO% and 209 respectively i1f dust d:es not preferentially

absorb hard UV photons. When this does happen, L s 18

He
accurate to within 50% but fgas can be off my more than a

factor of 2.

Finally, a few words should be said about the conclusions we dad
not or could not make, As has often been the case of previous genera-
tions of graduate students, this thesis i1s being completed at thas
time because a new and completely different career awaits in the very
near future. Hence several things must be left undone.

Although program SCATER has been used in close collaboration wrth
the author by Alan Tokunaga of NASA-Ames Regsearch Center in an attempt
to fit the IR spectra of SlhO, this work 1s st:1l too prelimainary to
include here. Regretfully, we have not had time to use SCATER o fit
both the OP and IR spectra of an HII region.

In addition, we have not had time to include radiative transfer
of OP and IR forbiadden Iines., This work would reguire first a self-
consistent electron temperature calculation and then calculation
of the populationsg of the collisionally execited states from which

these forbaidden lines cone.
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Appendix A

DIFFERENCE EQUATIONS

The JAY [Eq. (2.19)] and RAY [Eq. (2.42)] equations are both of the

form

oY = AEi—

= g—x- (DY)] = EY + F (a.1)

o|w

where the known functions A +through F are, in general, dependent on

frequency, x , and Y . The boundary conditions are of the form

= (HY + 1) (4.2)

KX,
B

d
G = (DY)

X=X
B

for both the inner and outer boundaries of the JAY and RAY eguations.
The range of X 1s divided into n graid points with
xq < x2 <......<xl_l < x1 < xr+l <o w el Xn. Using a three-point

central difference approximation for the @gY term evaluated at the

1 graid point gives
Bl+1_+ Ei DY DY || By + Bi1 D1Y1_D1—1Y1-l
- | o X - X
Cl+l Cl x}%l xi Cl Clul 1 i-1
9, Y= 4 (A.3)
a1 T %

Substituting Eq (A.3) into Ey (A.l) gives the set of difference

equations that approximate Eq. (A 1)-
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(T1+T2)D1_1Ylnl - [(Ty+ Ty T3t Tu) D_+ T5E1] Y

. (A.L)
+ (T3+ Th) D 1Y = TF,
where
Ty=¥  CLhqC By A
To=W 4 Cu1 € g B, A
T3 = w2,1 €, €1 Ba A (4.5)
Th = wé,lcl+l Cl—l B1 Al
T5 = w§,10x+l C1 C1-l
for 1 =2, 3, .......; n-1, The weighting functions Wj , are
>
defined as
wi,l T S N
WE,:L =X - X 3 (A-6)

=
|

3,1 " (x41-%) (eq-% 1) (x-x )

Note that the W functions depend only on the grid spacing and hence
can be calculated when the grid i1s defined and/or changed and stored
for later use. Using the Eq, (2.33) and Eq. (2.45) forms of the

JAY and RAY equations respectively, the W functions depend only on
7(r) and can be used for both equations. For the RAY equation u 1s
tabularized as a function R and B.

At the boundaries DY 1s expanded in a second-order Taylor series
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in a manner described by Auer (1967). Eq. (A.2) 1s used to evaluate
the first-order derivative of DY and Eq. (A.l) 1s used to evaluate
the second-order derivative. At the inner boundary we get the
following relationship between Yl and Y

2

+ - = = -
[4B1CoP 0 + ¥ally * 815)] %y = ABC PG Y, = - Ty - &F (A7)

{Inner B.C.)

where

-~
i
il

#hy (x5m3) (38,05 BC,)
(A.8)

2
- L -
8, = g(xe xl) ClCEGl .

At the outer boundary,

- + - = =
AanCn—an—lGhYﬁ-l [AanCn—anGn Yan+ 5nFn] Yﬁ 6nFﬁ+ 6nIn
(A.9)
(Cuter B.C.)
where '
= - X -
Yn 2An(xn n—l) (3Bncn-l n—lcn)
(A.10)
1 2
= = - C
by 2(Xn xn-l) Cn n-lGn *

The inner boundary of the RAY equation regquires more care because Q

1s 1dentically zero on the symmetry line. Thus we use EdsS. (2.52)

and (2.53) at the inner boundary.
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Eas. {A.4), (A.7) and (A.9) form a diagonally dominant tri-
diagonal system of linear eguations that are easily solved using
the GausiZn elimination method (Greenspan 1970) .

Finally, the W weights can be used to calculate radial

derivatives of a general function =£(x) using a three-point

approximation:
2 2 2 2
- + p:3
af (x) a w2,1f(xl-l) * (w2,1 wi,lyﬂxl) wi,if( 1+l) (4.11)
dx X =X W
* 3}1
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APPENDIX B

SEMI-ANALYTIC MODELS

B.l Introduction

In this appendix we discuss the ionization structure of hydrogen
and helium. This discussion is 2 condensed form of Petrosian and
Dana (1975, Paper 1) and Dana and Petrosian (1976, Paper II) For a
general form of the frequency dependence of the dust extinction
coefficient 1n the UV, we derive ;oupled differential equations which
can easily be solved numerically for the Stromgren radii of hydrogen
and helium, We present approximate analytic expressions for the
evaluation of the variation of the fraction of ionizing radiation
absorbed by gas, fgas,and the ratio of the volume emission measures
of Hell +fo HII regions, L 42 with the spectrum of the lonizing
source, helium abundance andgzbsorptlon properties of dust As before
we assume spherically symmetric nebulae and we use frequency averaged
cross gectioms and intensities, We will apply these models to dusty
HII regions excited by O or B stars so that no doubly 1onized
helium exists., Equivalently, we could apply these models to the

regions of the nebulae outside of the Helll Stromgren sphere.

B.2 Equations of Transfer for UV Photons

We shall be dealing with fluxes and intensities integrated over
frequency. We must distinguish between photons capable of 1onizing

only hydrogen and those capable of i1onizing both hydrogen and helium

1Q9



We therefore define net fluxes through spherical shells

1-8 7\)0 J-l-vo
s{x) = [ av sv(r), 85(r) = [ av Sv(r),
\)0 1.807\)0

(B.1)

s(r) = Sl(r) + Sg(r), vix) = Se(r)/S(r), Yo = Y(TO)

and similar expressions for the intensities I(x) and J(r). We
use hvo as the maximum frequency because photons with V > 4v0
w11l be absorbed in a small HellIl region interior to the region
of validity of these models.

Average hydrogen cross sections for v < l.SOTvO and for

v > l.BOTvO are defined as

1. OTvO
GH:l Jl(r) = dy UH(V) Jv(r))
Yo (B.2)
lwo
oy, 2 Iy(r) = fdv oy(V) Ju(r),
1.807\)0

so that the total average hydrogen cross section is

1+ (l-ﬁ)Je/Jl

o, =0 (B.3)
H H,1 ?
1+ J2/Jl

B=l- °H,2/°H,1 .
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Similarly, for dust we define ¢ and Gq.0 99 that
2

q,1
1+ (1+Q) I /Iy

g, =0 3
d d,l
1+ J2/J1

1+ /o4 1 (B.k)

= Ud’g d, .

In these models we will characterize the dust by 1ts optical depth

averaged over the frequency range =2 v < 1-807v0- Hence the dust

Yo
extinction cross section at the Lyman limit 1s replaced by 949.1
2

in our formulas for 8, (Eq. 3.2k), ¢ (Eg 3 28) and for the optical
depth functions ¢ and R.
+
For helium we have one average cross section UHe (the He

et
notation 1s unnecessary because He does not exist in this model)

defined as

iy °

Se Tp(™) = [ @ oy () I (%) (8.5)

1. Tvg

&+ D
We now define separate average cross sections oL and Ux for the

*
stellar and diffuse radiation. For . the average intensities Jl

* *
and S. , respectively.

and J can be replaced by 82 1

2
We will use the on-the~spot approximation (i1.e. diffuse UV
recombination photons are absorbed by the gas where they are emltted)

and set the dust albedo @ = 0, With these approximations the diffuse
v

UV radiation satirisfies the relations



(1 - x)n(r)gH?l by JE (r) = xn(r)ne ai + glen(r)ne age

(B.6)

(1 - $)¥a(x) ogg (1 + p)kay (x) = Yym(x)n O,

where gl is the fraction of photons from recombinations to excited
states of helium that are capable of i1onizing hydrogen (Gl = 0,96

with the approxamations of Section 3.4) and

p = Oy p /Toe ™ (1 = x)oy(1.80Tv) [ YL - yloy_ o1 (B 7)

18 the fraction of recombanation photons to the ground state of
*
helium that are absorbed by hydrogen . Upon substitution of

equations (B.6) into the 1onization equilibrium equation (Eq. 3 2

with 8 = §' = 0), the dimensionless ionization equations (Eq. 3.29)
hecome
(1= %) = (3¥) [x-5¥(6;7,)] ART (1 -6 y(m)] / 8 (v)
(B.8)
(1 - 5) = y(s¥y)[1 +L,] AHeREGg/[v(T)Q%(e)]

*In most OSA calculations this fraction (and consequently the quantity
G in Eg. B.8) is set equal to zero. If this were the case, the
agsorptlon of J photons by hydrogen could also be neglected. As

we shall see below, neglecting p or { with respect to unity will
cause up to a 30 percent underestimation of YO or a similar over-
estimation of Y.
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where

Ay = e/l So("H’fl/"o)}
(B.9)
B ~ B
Bge = &% / [Sdza(cﬁiﬂ’o)]
and we have defined
. 1 B
Y = chie/ocg s 52 = ocHe p/[ouHe(l + a)]- (B.10)

Substitution of these equations into the equations governing radiative

* #
transfer of stellar photons (dSl/dr = -k S1 ) gives

tot,1

* % ¥ 2 - * % ¥ %
ds,/dr = —Kd,l Sy “lgr n(r)né1§ [x+ Yy(glf ge)ch’lSlAuHS (.11)

* * X 2 B >
ds,/dr = _Kd,E S, “Yr n(r)néxH (1+ Qe)yY +
: (B.12)
~ * A % ¥
[x - Yy(gl + €2)] O'H,ESQ/Q'HS ] .
Addition of these two equations gives
4
¥ ¥ % 2 ~
d§ /dr = -k 8 ~hxr n(r)neaﬁ [x+ y¥(1 - Cl)] 5 (B.13)

which for Gl =1 1s 1dentical to Eq. (25) of paper I for nebulae with

* ¥ *
dust and hydrogen only (note also that Kq/€g 1 =1+ ¢y depends on ).
7

* X o % - p¥
Note that oh O'H’l (L -p 'Y)
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From here .on we shall be dealing only with stellar photons.
Therefore we shall eliminate the asterysk notation in what follows.
1f we eliminate S; and S, 1in favor of § andy I Egs (B.11)

and (B.lE), the general equations for stellar photons are

N

d8/dr = (1 + oN)S - &(r)

(B.1k)
_.l ~ ~
dy/dr = -oy(L1 - y) + (1 - y)(By-Y )L - gy) ~ Z(a)/8S
where
N . ﬂ,}L
dr = Kd,ldr’ 8(r) = 8 (*r)/SO
B =[x+ WL - gD+ YRGS, (2.15)

(L + §,)

x+ yY( - £q)

We shall agnore (1 - x) and (1 - y) with respect to unity 1n
Egs. (B.11) - (B.15) (e.g. paper I). This 1is true everywhere (in
partrcular for large dust optical «depths) except wery near the
xzonization fronts, This amcunts to setting x=1 .and y =1

inside of their respective Stromgren spheres an Eqs. (B.1ll) — (B.15).
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B.3 Pure Hydrogen Nebulae

For nebulae without helium (y = Y= =@ = 0), Egs. (B 8) and

(B.1h) reduce to
(1 - %) = ARG /8(7) (B 16)
H Tg
- - 2, 2 *
ds/de = -8 - x (R G,z/ad)/so (B 1L7)

These equations are eguivalent to Egs. (23) and (25) of paper I./7

Ea (B.17) 1s easily solved to give

8(m) = & 1 - g(r)/5,] (8.18)

where
.
e(x) = f at = R(9)a5(v)e /a,(0) (5.19)
0

and we have used the normalization of B(T) (Eqn. 2.30) as the initial
condition of Eqg. (B.lT). In practice x is set equal to 1 inside

of the hydrogen Strimgren sphere and g(y) becomes a simple function
of 5 once the radial dependence of the dust and gas densities

[ad(r) and ag(r)] have been specified. For uniform nebulae,

g(t) = e Bt + Ry) - E(RO)
(B.20)

E(X) = X2 - 2%+ 2
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where RO 15 the inner radius of the nebula in optical depth units

(Ban. 2.24),

Equation (B.18) points out the role of %O in determining the
optical depth of a nebula., The Strdmgren radius is defined 1n this
model when g(w) = 0. This occurs when g(¢1)= EO’ (Note that g(r)
15 @ monotonically increasing function of ¢ for the power law
density variations of section 2.4). Although this 1s the cnly model
where T can be determined analytically, ;O plays an analogous
role 1n all of ocur models including the QDM model.

The 1onization of hydrogen can now be calculated from Egs. (B.16)
and (B.18). Interior to the StrOmgren radius, (1 - x) 1s given by
the right-hand side (with x = 1) of Eq. (B.16). At the Stromgren

sphere, however, the quadratic form of Eq. (B.l6) must be solved to

give

(L -x)=[1+ A(7)] - V[l +—A(¢)}2 - 5_—' (B.21)

where

A(r) = E(fr)/eAHRgag . (B,22)

4

For nebulae without dust, Eq. (B.19) with kg = 0, gives
dg/d¢ = —XER%E /é dr = n(r)g, -dr (B.23)
H g 0’ H H,L *

and SO 1s given by Ed. (3.24) with nd(ro)cd,o = n(rO)UH,l' The

solution to Eg. {B.23) 1s
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S(ry) = 1 - E(m,)/8, (B.24)

where

Ty
8(ry) = | atxR(£)a(®) (8.25)

and Tiy 1s the optical depth of neutral hydrogen at the Lyman

limit, Again, the role of SO rs apparent from Eq. (B.Qh). Foxr

uniform nebulae (with x = 1 inside of Stromgren sphere),

E(ry) = 5(my RO)3 - —é—Rg , (B.26)

The ionization structure 1s given by Eq. (B.21).

B.4 Nebulae with Hydrogen and Helium

Since to our knowledge there are no approximate solutions Ffor
nebulae with hydrogen and helium but without dust, we consider this

case farst. With Kk = 0, Egs. (B.14) and (B.15) reduce to

$(ry) = 1 - E(¢H)/§O )

(B.27)

dy L (2 - gy - ¥)
d S (1 - By)



where
~H
Fr) = [atrx+ WA - ¢+ WR(D)E,(H) (B.28)
0
To evaluate Eq (B.28), x and y are set equal to 1 inside of their
respective Stromgren spheres and are set equal to O outside.

The parameters B and ¥ an Eq (B.28) vary throughout the
nebula The variation of P 1s due to the change 1n the spectrum of
UV photons. However, since the photoionization cross seciron of
hydrogen decreases rapidly with frequency (UH(v) o v-s),
gl - (1/1.807)3 ~ 0.8 and changes by a few percent for a variety
of plausible spectra (cf. Table VI) We therefore neglect the
variation of p. The parameter Y, on the other hand, varies because
of the variation of ge, which 1s primarily due to the change of the
ratio (1L - x)/(1 - y) 1n Eq (B.7). In gemeral, 1f y, <Y, then
g2 << 1 and 1t can be 1gnored However, for Yo > Y, g2 > 0.1 an
the 1inner regions and near the edge of the nebula where vy — 1,

OK). As we shall see below, even

i L
¢, aHe/aer ~ 0.6 (for T_ = 10
1n this case the variation of g2 1s negligible. Thus we shall assume
that Y 18 also constant.

Equation (B.27) 18 now readily solved-

1-8 1-Y
1-y(m) \B-¥ (BYO-Y’ \B-Y

E‘»(TH) =(—1'_—%-'— (B.29)

By( TH) -Y

-~

Figure 12 shows the variation of x with S for various values of
Yo {solrd lines) For PYy = Y, yv= yo = comstant. For By, < Y,

v (and therefore SE) becomes zero at
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TABLE VI

AVERAGE CROSS SECTIONS AND STELLAR PARAMETERS

T(OK)T Y B . 170, o, 7,
0 ,1/% e’ %0

90300. 0.500 0.837 0.hs2 0.688
62200, 0.300 0.808 0.487 0.832
50000, 0.194 0.793 0.51h 0.900
40000. 0.108 0.787 0.555 0.959
40000.++ 0.268 0.831 0.528 0.802
37500. 0.0887 0.786 0.564 0.979
30900, 0.04k5 0.785 0.602 1.023

30000.++ 0.0013 0.790 O.7ht 1.123
n= 2% 0.553 0.916 0.507 0.410
n= 4 0.169 0.855 0.585 0,754

Je
Averaged over power law distribution 8 ==So(v0/v)n.
v
TAveraged over black body distribution B (T).
v

++Averaged over model atmosphere (Auer and Mihalas 1972)
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Fig. 12,

Variation of (1) Versus S(«) for Various ¢, and Yo
The values v.=0.50, 0.194% and 0.0445 correspond to
black body stellar temperatures of 90,300, 50,000

and 30,900 °K respectively. The solid lines are for
nebulae without dust (4.=0). Four different dust cross
sections were used: O= -1 (dash-dot line), @ = O (short
dash), & = 1 (dot), @ = 5 (long dash), where 1 + @ =

/o

Two cases where g =2 are plotted and labeled,

%q,2%,1" 1

A1l other cases are for m,= 1., All curves are for uniform
gas and dust daistribufions, '
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% Scr = (l_B,YO/Yf )(l“‘Y’ )/(5"‘[’)(1_,\,0) (B-1) /(5"‘Y’ ) (B.30)

il

or at x = r. vwhere r, s obtained from Eq. (B 28) with

g = gg =1l-8 . Thus in these cases the helium Stromgren sphere
15 i1nside of the hydrogen StrOmgren sphere. For BYO > Y’,

vy 1increases toward the outer edge and approaches unity at the hydro-
gen Strimgren radius where é = 0. As 1s evident, the shape of these
curves 15 deterxmined primarily by the value of Yo (actually by the
value of BYO/Y').

Once the variations of % and v are known, the i1onization
structure can be calculated with Eqs (B 8) - (B.10). Since
10« (gl + ge) < 1.4, Eq. (B.8) can be approximated as (1-x) = A(-r)x2
(A{T) 1s equal to AH times the radial functions on the right-hand side
of Eq. B.8) A few values of GH’IASO and cHe/bO are given in
Table VI. The slow variation of these quantities due to changes in
the spectrum of UV radiation throughout the nebula are neglected 1in
this treatment.

Equation (B.8) can now be solved for (1-y) using the above values
of x and assuming g2 = constant. This assumption 1s clearly justified
because R%Eg(l—ﬁy)/é varies much more rapidly than any expected
variation of ge. The results of these calculations are shown in
Faigure 13a for various values of Yo Y = 0.1, and uniform nebulae,

We also show the variation of gg. As 1s evident, the assumption of
constancy of g2 1s a good approximation for small values of Yo+
For small values of Yo 1;2 <« 1l so that Y~ ¥ n 1.05Y (for

O

Té = th K, c.f. Burgess and Seaton 1960). For large values of
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104
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Fig, 13a. Ionization Structure of Hydrogen and Helium,
The neutral fraction of hydrogen (solid lines) and
helium (dashed lines) and [, (dagh-dot) for uniform
dustless nebulae ag a function of normalized radius
r/rl. The open circles denote the volume average of

c2- Y: O-ll
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Fig. L3b.

Ionization Structure of Hydrogen and Helium.

The neutral fraction of hydrogen and helium and {

as functions of /7, for uniform dusty nebulae w1%h
a constant dust cross section (@ = 0). s, & 1,0 and
Y = 0.1 for all cases. The symbols are the same as
in Fig. 13a,

123



YO’ C2 varies slowly but is mo longer negligible compared to unity.
Therefore, neglecting C2 as 1s commonly done, will result in an
incorrect determination of the value of YO/Y' from observations.
For example, for a given value of Y and observed value of refrl
(rl 1s the H Stromgren radius and r, 1s the He Stromgren radius),
the required value of Yo 18 underestimated when g2 1s neglected,
In general, for small values of r2/rl, 52 18 negligible and is
rarely exceeds 0.4,

For nebulae with dust and with hydrogen and helium, simple analytic
solutions to the coupled differential equations (B.LllL) are possible
only 1f & 18 negligible or Zero, 1.,e. only af cd(v) varies slowly

so that o In this case we have plotted: on Figure 12 the

4,1~ %a,2
variation of ¥ with g (dashed lines). Using these results, we
have calculated (1-x), (l-y) and {, for uniform nebulae, ¢ = 2 x l@h,
and ™~ 1.0, These results are presented in Figure 13b., Comparison
of Figures 1l3a and 13b show that for a given size Ty of the nebula,
introducing dust increases the fraciional rzonizatiomnr of both hydrogen
and helium. This 1s primariiy due to the increased value of SOJ and
thus of g(?) throughout the nebula,.

When © # 0, simple analytic solutions are not possible. However,
Eq., {(B.1l%) can readily be solved numerically. Omn Figure 12 we present
¥ versus é for a Tew values of ¢, In general we find that the
shapes of the (1-x) and (1-y) curves are nearly independent of the
details of the problem and are determined praimarily by the values of

~

S and YO' Consequently, we do not present the i1onization structures

0
for O # (0.

124



-

B.5 Observable Parameters

Since we treat fluxes integrated over frequency, we lose most
of the information on the variation of the spectrum of UV radiation
throughout the nebula., Conseduently, we cannot calculate the 1oniza-
tion structures of the trace elements with these semi-analytic models.
The main result of these solutions is the i1onization structure of
hydrogen and helium. Hence we can calculate £ and LH {we have
gas e
-
neglected doubly i1onized helium so LHe refers only to He )
The fraction of ionizing radiation absorbed ("destroyed", cf.
section 3.8) by gas is
T
* H ' 2 2
£ = —_ dr{x + Yy)[X - ¥Yy(1 - gl)]r n (r)

gas 5

o} (B.31)

I
wm

o at[x + ¥y(l - L=+ Yy)Rg(t)Gz(t)/ﬁd(t) .

o

For (4 ~ 1, Eq. (B.31) reduces to

foag = [£(m) + ¥E(ry)]/8, (B.32)
where
T
2 2
£(7) ={ dtR (t)Gg(t)/Gd(t) (B.33)
0
and ¢2 15 the dust optical depth at the helium Strgmgren radius.

The ratio of the intensity of helium to hydrogen recombination
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Iines (Eg. 3.36) 1s equal to

as

L= (1+ y)f(q-g)/éofg (B.34)

As explained previously (Petrosian 1973, 1974), for a given value of
YO/Y the presence of dust with Ud(v) ~ constant (1.e. O = 0)
increases the value of LHe with 1ncreasing values of the total dust

optical depth Y- For negative values of (cd 1>0 fewer
2

a,2)?
He 1onizing photons compared with H ionizing photons are absorbed
by the dust and LHe 1s larger The reverse occurs for positive
values of ., It should be noted the Lo depends on YO/Y but is
insensitive to the value of Y. LHe 1s also fairly independent of
non-uniformities or inhomogeneities 1n the dust and gas distribution
as long as the dust-to-gas ratio is constant. However, LHe changes
for dust and gas distributions that are not the same.

Note that because we have used the approximations x = 1 for

r<ry and y = 1l for r = v, the ratio Lo = 1.

2
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