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SUMMARY

Numerical results of a theoretical investigation are
presented to provide information about the effect of
variation of the different design and operating parameters
on radial inflow turbire performance. The effects of
variations in the mass flow rate, rotor tip Mach nuamber,
inlet flow angles, number of rotor blades and hub to
shroud radius ratio, orn the internal fluid dynamics of
turbine rotors, was investigated. A procedure to estimate
the flow deviation angles at the turbine exit is also
presented and used to examine the influence of the
operating conditions and the rotor gecmetrical configuration
on these deviations. The significanca of the results
obtained are discussed with respect to improved turbine

performance.
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INTRODUCTION

The benefits of using small radial inflow turhines in con-
junction with automotive and aeronautical industries have heen
discussed by many authors [1, 2]. Boundary layer separation,
secondary flow effects and heat transfer problems within the
flow channels of these machines are examples of factors which
impeose a limit on their efficiency. These factors could ke
controlled by aerodynamic design methods based upon detailed
knowledge of the flow bhehavior within the different passages
of the turbine. Both theoretical and experimental investigations
of flow conditions that result from various design configura-
tions and operating parameters are considered necessary to
develop this knowledge.

In the present work a theoretical study, which makes use
of recent advances in computational fluid mechanics, is
presented. The object is to improve our understanding of the
internal fluid dynamics of radial inflow turbine rotors under
different operating conditions. A single stage rotor having
a prassure ratio of 3.0 to 1 is used as a model in this study.
The effects of variations in the following design and operating
parameters upon the rotor performance are investigated:

a. Turbine flow rate

b. Retor tip Mach number

c. Number of rotor blades

d., Inlet flow angles to the rotor

e. Hub to shroud radius ratio.

The flow field analysis procedure and the computer preogram
employed, to test the effect of the different parameters, are
identical to that presented in Ref. [3). Basicallv, the
procedure is based upon the solution of the velocity gradient
equation along an arbitrary guasi-orthogenal in the meri-
dional plans. From this meridional flow sclution the bhlade
surface velocities are obtained according to the methad
presented in Ref. [4]. The factors which govern the selection
of this procedure have been discussed in Ref. [5]. The

assumptions made in Ref. [3]) vield to a solution of the flow



field which give good results only for the velocity distribution
within the blade channels, away from turbine exit.

Due to the peculiarity of the method of analysis of
Ref, [3) in detecting the real flow behavior at turbine exit,
an analytical model is developed in Part 2 of this study.
The model offers a procedure whereby the flow deviation from
blade surface at turbine exit is estimated. The model is
based on the analytical solution of the governing equatic- -
of two dimensional irrotational motion of flow bhetween hlades
with some siwvplifying assumptions., The solution obtained
allows also for the calculation of flow parameters at turbine
exit in a quantitative manner, with a more realistic dependence
on the geometrical configuration and operating conditions.
It is hoped that the results of the parametric study presented
in Part 1, together with the application of the proposed model,
vyield an improved design procedure for the radial turhine.

PART I - PLOW ANALYSIS WITHIN BLADE PASSAGES

General

The detailed knowledge of the flow behavior through turho-
machines can be achieved through a field analvsis of the
unsteady, rotational, three dimensional viscous flow. One
approach would be to attempt the solution of the complete Navier
Stokes eguations. Clearly, such solution is out of reach now
and in the immediate future. An alternative approach which
has been widely used is to assume that a two layver model is
representative, i.e. an inviscid flow solution which interacts
with an end wall boundary layer solution.

Three dimensional inviscid flow analyses usually involve a
combination of several two-dimensional solutions on interscectirg
families of stream surfaces [5]. Most two-dimensional
gsolutions are either on a blade-to-blade surface of revclution or
on the mid-channel stream surface between two blades (Fig. 1}.

In the following study, the internal fluid dynamics of
turbine rotors are investigated under different operating

conditions. The viscous effects are neglected. The scolution to



the equations of inviscid flow on the mid-channel surface is
obtained using the guasi-orthogonal method ([3]. This solution
is termed here the "meridional flow solutjon". Using this
solution, the blade surface velocities are obtained.

Meridional Plow Solution

The flow field analysis procedure presented in Ref. (3],
and employed here to study the f£low behavior in the meridional
plane of turbine rotors, i1s based on the streamline curvature
method. In this method, the velocity gradient equation
along a gquasi-orthogonal is integrated numerically to calculate
the distribution of flow properties. The governing eguation

for the velocity gradient is given as follows:

dh
dw  _ dx dz drx dz 2 dy, 1
as - B FrEFVACEFHDIG g § W
where
28 'nzx.% 36
_ CosSa COoS _ si . , 38
A = T - + sina sing cosg 5T
sina cos28 36
B = - o 4+ s5ina sinf cosa 32
c
dwm dWe e
C = sina cosj a 24 8ing + rcoss (EH“ + 2w sinua) >
aw aw 28
= R — ™ RS T I 1 —_—
D cosa COsS + rcoss (dm + 2a sina)d Z {(2)

The coordinate system and the notations are shown in Figure 2.
The numerical solution to equation (1) is assumed to be
valid for the mean stream surface which extends from hub to
shroud. This mean flow surface is considered to be parallel
to the mean blade surface. Empirical corrections are made to
take into account the difference between the actual £flow angle
and the blade angle at inlet to the reotor. HNo provisions
have been reported in Ref. [3] to take care of this difference
at the turbine exit. In view of this fact, it is felt that

it is quite meaningfvl to study the mechanism which causes the



flow deviation from blade surface, at turbine exit, on a
rigorous basis, In the second part of the present study, a
calculation procedure will be developed to predict these flow
deviations so that appropriate measures may be taken to
improve the flow calculations.

Blade to Blade Solution
In order to render a rational judgement with regard to

the effect of variation of the different design parameters
upon the performance of the turbine rotor, knowledge of the
velocity distribution over the rotor blades is necessary.
With the velocities on the mean stream surface calculated
according to eguations (1) and (2), the blade surface velo~-
cities can be obtained by several methods. One that gives
good results, when compared with the relaxation solution of
the potential flow eguation, is given by Stantiz {4]. Iis
nmethod is based on absolute irrotational flow and linear
velocity distribution betwesn klades. The following
equations pased on these assumptions are used, herein, to

obta:n the reguired blade surface velocities.

cosld_ cosg 5
5 cosid_+cosp cosi =} P
s P 2
d s 27y
+ ﬁﬁ'[(wr + stns)(—gm - te)] {3)
and
W= 2V - W (4)
o) S

.l

In these equations, the velcocity ¥ and the flow angle 2 are
those obtained from the meridional flow solution. The subscripts
"s" and "p" refer to the suction and the pressure surfaces,

respectively.



Conditions of the Solution

The flow behavior within the channals of a radial infleow
turbine rotor is investigated under different operating conditions.
The solutions which will be presented are intended to show the
effects upon the rotor performance of variations in the
following parameters:

1, Turbine flow rate

2. FRotor tip Mach number

3. Number of rotor blades

4. Inlet flow angles to the rotor.

The rotor considered in this study has a hub~shroud profile

in the meridional plane similar to that shown 1in Figure 3a.
Table 1 summarizes the ranges over which the different para-
meters are varied. The standard solution presented in the Table
corresponds to the following estimated operating conditions
(design point of the turbine)}:

Turbine inlet total pressure, Ptz = 42.5 lb/in2
Turbine inlet total wemperature, th = 2710°R
Turbine pressure ratio = 3.0
Rotational speed, r.p.m. = 79,800 x.p.m.
Turbine mass flow rate, Q = 0,932 lh/sec
Stator nozzle exit flow angle, ¢y = 73.0 degrees

(inlet to the rotor)
Working fluid = Air

Other design point conditions needed for the analysis were
determined theoretically from the previous data, and are given
as follows:

The angle hetween relative velocity vector

and its meridional component at rotor

inlet, 52 = ~40.91 degress

Absolute fluid velccity at rotor inlet, V 1575 ft/sec

Equivalent weight Fflow, (QVE/S) 0.735 lb/sec
r, = 346.98 ft2/sec

Prewhirl at the rotor inlet, Va
2.5 1h/in’

]

2

2
Additional drop in total pressure across

the turbine rotor due to losses



In order to obtain the reference conditions for the different
operating cases of Table 1, a computer program is developed.
The program requires as an input the stator and rotor geometries,
the mass flow rate, the rotational speed, and the total
conditions to the turbine. It calculates, through an iterative
procedure using a one dimensional analysis, the absolute fluid
velocity, V2, the angle 82, and the prewhirl at the rotor
inlet, V0 Lye These .alues are used as input data for the
computer “program of Ref. [3]. A sample input to the program,
for the turbine under consideration at the design poilnt, is
given in Takle 2. The velocity diagrams at each mesh node
(corresponding tc the intersection of gquasi-orthogonals with
streamlines), in the meridional plane, are also shown in

Figures 3b and 3¢ for the design point conditions.

For all cases studied and summarized in Tahle 1, the
impeller passage is divided into eleven stream tubes. The
‘inlet total pressure and temperature are kept constant at
values of 42.5 lb/in2 and 2710°R, respectively.

PRESENTATION OF RLSULTS AND DISCUSSIONS

Two groups of numerical results are considered in this
section., The first one dsals with the flow distribution in
the meridional plane of the turhine rotor. The second group
investigates the effect of variaticon of different parameters
upon the velocity distribution over the rotor blades.

Meridional [Hub-3hroud) Results

The distribution of streamlines, lines of constant relative
velocity and isobars conteours in the meridional plane are
congidered. The solutions to be presented are selected to
correspond to the cases 1, 4, 6, 12, 14 and 3 of Table 1.

a. S8Streamlines: The projection of the mean surface

streamlines on the meridional plane for the different cases
studied are shown in Figure 4. The streamlines are designated

by a stream-function ratic such that the value of the streamline



indicates the percentage of the flow throuch the turbine hetwee
the streamline and the rotor hub. The streamline spacing is,
therefore, indicative of the velocity relative to the rotor,
with ¢lose spacing indicating high velocities and wide spacing
indicating low velocities., It is cbvious that the general
trend of the streamline distribution is the same for all

casaes studied,

b. Meridional velocity distribution: Lines of censtant

relative velocity to the rotor are shown in Figure 5. For the
design condition corresponding to the standard solution of
Table 1, the rate of acceleration along the shroud is seen to
be much higher than that along the hub {(case no. 1). Such
bahavior is similar to that o flow approaching a turning duct.
As expected, this rate of acceleration along the shroud is
observad to increase with the increase of mass flow rate,
rotational speed and the number of impeller blades {(compare
casaes 1, 6 and 12},

Cxamination of figure 5 indicates that althoudah the annulus
cross—saecticnal arca of the rotor increases by 73% from inlet
to exit, thc veloclty increases generallv all over the channel.
This phenomenon may be attributed to the rapid decrease of
density along the flow path as may be revealed from Figure 6.

Along the hub, and especially near the rotor tip, regions
of decelerated flow are observed for all cases studiel. The

extent of these regicns and the velocity gradient through

th

each give an indication of the boundary layer phehavior, Thi
of course has serious effects on the rotor a2fficiency. As a
general rule, it is observed that for the cases of low mass
flow the negative velcocity gradient along the hub is so high
that regions of reversed flow do exist, as shown in case no. 12.
This would rasult in a high level cf turbulence with
accompanying flow separation and mixing losses.

The prasent results have important sionificance on the
process of channel design for a radial turbkins, particularly
when the rotor is operated at high specific speeds. In such

cases, the inlet-to-exit radius rat.o »f the roteor is small,



moreover, the curvature of the hub is large to turn the flow
from radial to axial direction. Thus a careful design of the
roter and flowpath is required to prevent flow separation
from the huk.

Blade Surface Velocity Distribution

The velocity distributions over the rotor blades are
considered in what follows. The examples which are presented,
illustrate the effect of changing the number of blades, the
mass flow rate and the impeller tip Mach number on these
velocity distributions. This is followed by an investigation
of the effect of changing the stator exit angles upon the

performance chnracteristics of the rotor.

Effect of Changing Number of Blades:

Flow analyses for the 10 and 14 bladed rotors, described
in Table 1, were also performed. Figures 7 and 8 compare the
calculated blade surface velocity distributions for these
rotors with the distribution of the basic 1IZ bladed rotor.

At the design point (standard sclution) the velocity distribution
shov's some diffusion on the suction side of the blades

especially at turbine exit near the shroud (Fig. 7) and at the
middle channel near the hub (rig. 8). The rotor has also a
leading edge separation and flow reversal over the pressure
surfcce near the hub and between the nondimensional distance

from tip (Am/m) of 0.4 and 0.7 near the shroud.

Examination of Figures 7 and 8 show clearly that an
increase in the number of rotor blades is accompanied by a
reduction in blade loading. This effect is expected since the
increase in number of blades reduce ithe blade passage effective
area through which the flow passes, giving more guidance to
the flow. The last figures also indicate that reducing the
number of blades result in an increase in the local diffusion
as well as the extent of the flow reversal regilons.

It is a common practice to consider the praessure surface
reversal regions as well as the suction surface diffusion as

the governing parameters for rotor losses. Therefore, the



implication of the previous calculated velocity distribution

is that a reduction of th2 number of rotor blides is
accompanied by a loss of turbine efficiency. However, one
should take into account that there ought to be an optimum

for the total number of blades. This coptimum could ke defined
by weighing the opposing effect of increased friction losses
with (or against) benefits gained by veducing the flow reversal
region as a consequence of increasing the number of blades.

Effect of Mass Flow Pate:
The effect of variation of mass flow rate upon the blade

surface velocities is illustrated in Pigures 9 and 10. In
these figures, all design and operating conditions (other than
the mass flow} were maintained constant at the standard

value, (Table 1).

Figure 9 shows the calculated velocity distributions
along the rotor hub at both the sucticn and the pressure
surfaces. It is evident from this figure that the blade
loading® increases as the mass flow passing through the turbine
increases. Near the turbine exit segtion the increase in
blade loading with mass flow results primarily from an increase
in velocity along the suction surface.

Figure 10 shows the calculated velocity distributions along
the shroud of the rotor. At low mass flow the rotor tip element
1s operated at an incidence angle above the design valuve and
bayond the stall conditions as evidenced by the negative loading
near the tip for the 80% mass flow case. Tha calculated
negative velocity (in reversed flow regions) a% the rotor
pressure surface is noticed to be almost the same for all
mass flow studied (reaching a maximum around 350 ft/sec). On
the other hand, the estent of the region which the reversead
flow occupies is inversely proportional to the mass flow rate.
As for diffusion along the suction side, a relatively low

value is obtained for the case corresponding to low mass flow.

* Loading is defined here as the difference between the suction
surface velocity and the pressure surface velocity.

10



The turbine rotor has only 510 ft/sec diffusion at a mass flow
rate of G0% of the design value compared to 680 f£t/sec for

a 1l00% mass flow rate. On the wheole, it could be recognized
from the last figures that the largest variation of impeller
performance with mass flow occurred near the blade tip regions,
thus indicating the criticality of design in these areas.

This result has important impact on the process of blade

design for new impellers, particularly when the design procedure
is based on specifying the blade surface velocity distribution.
The present results indicate that when high losses are

expectad near the inlet, the loading due to blade turning should
be small since substantial losses will occur due to rapidly
decelerating flow near the rotor tip.

Effect of Rotor Tip Mach Number:

The relative velocity distributions along the pressure and
suction surface of the roter blades, for different rotor tip
Mach numbers are shown in Figures 11 and 12. In these figures
all the design and operating conditicns other than the rotational
spaed of the rotor were maintained constant (see Table 1).
Basically, these figures indicate that a relatively high
loading is initially formed near the rotor tip on both hub
and shroud for low tip Mach numbers. On the other hand, as
tip Mach numbers are increased, the leoading near the impeller
exit is obhserved to increase. The additional loading near
the rotor tip may be atbtributed to the fact that the rotor
is operated at a relative inlet flow angle above its desiagn
value when the rotational speed is varied. These results
demonstrate once more the sensitivity of the turhine rotor
performance to the variation in inlet flow angles.

As a gencral rule, it was observed at low r.p.m. that the
valocity distribution is severely distorted. Not only the flow
is reversed over a considerable portion of the pressure surfaces,
but the deceleration aleng the suctien surface is large and
will lead certainly to flow separation. The present results
shows that high losses are expected near the turbine inlet,

whent the turbine operates below the design r.p.n.

11



Effect of Variable Stator Angle on Turbine Performance:

In the preceding discussions, it has been demonstrated that
the fluid dynamic characteristics of turbine rotors are highly
sensitive to the variation in inlet flow angles. It is felt,
therefore, that a detailed study of the effect of changing
the stator exit angles upon the performance characteristics
of the turbine will help to create a general understanding
of the phenomena of rotor-stator interaction in radial
machines.

Three different stator configurations are considered here
to investigate the effect of stator exit angles upon the mass
flow characteristics of the turbine rotor. The meridional
flow field analysis cf Table 2 is repeatedly performed under
different operating conditions of the rotor for each stator
exit angle, Figure 123 shows the variation in equivalent £flow,
Qve /S, with rotational speed and pressure ratio, Pt2/p3’
across the rotor, for stator exit angles of 60°, 73° and
B0° respectively. In drawing these cﬁaracteristics, the static
pressure, p,, at exit from the rotor is evaiuated on a mass-
averaged basis.

Figure 13 indicates that at pressure ratio above 3 and
rotational speeds below 60% of design value, the turbine is
choked with a limiting flow of 0.827 lb/sec for the 73° stator
exit angle. At all other conditions, for the same stator exit
angle, weight flow dacreases rapidly with increasing speed,
indicating the impact of centrifugal effect upon the turhine
rotor performance. It may be noted also that slight changes
in pressure ratio have a large effect on weight flow at all
rotational speeds.

Comparison of the three sets of curves of PFigure 13,
which correspond to different stator exit angles, shows clearly
the large influence of stator exit angles upon the choking
conditions in the rad%al machine. As a matter of fact, the
choking mass flow is reduced by about a third when the stator

exit angles are reduced from 80° to 63° at a rotational speed
of 100% of the design value.



PART II -~ FLOW DISTRIBUTION AT TURBINE ROTOR EXIT

PRELIMINARY CONSIDERATIONS

Experience has shown that the shape and the geometrical
configuration of the turbine exit section has a serious effect on
its performance (6]. It has been common practice to design
turbine rotors such that the flow leaves the machine in an
axial direction. The exit secticn of the rotor is often
designed under the assumption that the relative flow leaves
the blade tangent to its trailing edge. In fact, the relative

exit flow angle, B at each radius of the turbine exit,

‘
usually deviates fiom the corresponding geometrical exit angle,
Bg, (Fig. 14). Such deviation may be attributed primarily

to the secondary flow effects caused by the relative swirl
motion within the various blade passages due to the impeller
rotation, as shown in Figure 15. an approach which has heen
used to determine these deviation angles is hased upon the use
of an empirical formula ([7]. As new design concepts are
developed, a need for a more comprehensive and rigorous method
of predicting the deviation angles is needed. This step is
critical in the design process since excessive flow angle
deviations may result in flow separation with the subsequent
drop in the efficiency of the expansion process.

In the following study, an analytical model which predicts
the magnitude of swirl velocity behind the rotor of a radial
inflow turbine is proposed. The model is based on the analvtical
solution of the governing equations of two dimensional
irrotational flow between blades with some simplifying
assumptions. The effects of variations in the followinig design
parameters of the impeller upon the swirl velocitv distribution
are also investigated:

a. Hub to shroud radius ratio

b, Circumferential spacing hetween blades

c. Impeller rotational speed

d. Turbine flow rate.

From the analytical solution obtained, along with appropriate
assumptions concerning the blade shapes, deviation angles at

rotor exit are calculated. 1In this context, the flow angle

13



distribution in tangential direction, along the turhine exit
section is presented for the rotor of Figure 3a under various
operating conditions. Finally, possible improvements in flow
nonuniformity by means of design changes using the results of
the present method analysis are indicated.

ANALYSIS

Method of Approach

The method of approach taken here is to construct a
calculational procedure for analyzing the flow conditions at
the rotor exit. The analytical model developed for that reason
is based upon the analysis of two dimensional flow between
blades on the flow surface of revolution, Sm’ of Figure 16.
A develcped view of the flow stream channel, Sm’ of thickness, h,
in the meridional plane, together with the coordinate system
usaed in the analysis are also shown in the same figure. The
flow field analysis procedure employed to derive the necessary
governing eguations used in the present study is identical to
that presented in Ref. [8]. The variations in the flow
properties between blades on the flow surface of revolution,
St
aquations by the method of seprration of variables. The

is obtained through the solution of the governing

solution obtained will be used to predict the influence of
the chosen blade shaps {or boundary conditions) upon the
relative valocity and th2 flow angle distribution at exit

from the turbine votor. -

Governing Equations

a. Continuitv:

From continuity considerations for a steady compressible
flow through the stream tube of Figure 16, the following

expression 1s obtained:
3 (— V B R) + I (- g H) =0 " (31

Y "
IM ? o 38 S .

14



A nondimensional stream function, ¢, satisfies the continuity
Equation (5} if defined as

%ﬁ =2 . vH R (5a)
e (8]
v _ e
5 - " o UH (5b)
Q
where
o W, o W o E
= _0 ? - '} - - ]
mrs mrs rs
H = %— , M= D (50)
r
=1 =]

b. Relative Irrotational Motiocn

In the absence of shocks and viscous effects, the absolute
motion of the fluid on the surface of revolution, Sm' is
irrotational. Therefore the relative circulation is zero.

3 2

] 3 _
ST (RU+ R7] - —= (V] =0 (6)

r = Y

.

Substitution of the stream function, ¢, as defined by Equation

(Sa) and (5b) in the above equation gives

20 B sing = &0 4 2, 20, 204D F) 3
Po aM®  R“ 30 '
S p_y 3% _ 3 p_ Y
7 35 (4D 76~ am U )] gy (7)
P (0] 0
where

sihna = dR
am

Equation (7) is a nonlinear partial differential equation for the
nondimensional stream-function distribution of two-dimensional

flow past arbitrary blade shapes. For given houndary conditions,
equation (7) could be solved using numerical techniques to obtain

15



the velocity field beiween blades [9]. Basically, these numerical
solutions require a large amount of computation tiwme. Therefere,
it would be advantageous to have guicker means, based un some
simplifving assumptions, for estimating the flow conditions
between blades. With this motivation, a mathematical solution

to the governing equation is considered in the next section,

Assumptions and Limitations for the Analvtical Solution

To simplify the task of findiag an analvtical solution to

equation (7), the folleowing assumptions have heen macde:

a. The flow through the passage between blades is
considered to be incompressilble.

b. The passage height in the meridional plane is
constant with radius, hence H = 1.

c. The rotating impeller has straight radial blades.

d. Variation of axisymmetric stream surface angle, a,
with radius is neglected. Consequently, the flow
surface of revolution 1s conical, and a is constant.

Under the stipulation of the foregoing, equation (7) is simplified

ta give

I .
2 = slna 5 *+ e

also, egquations (5a) and (5b) reduce to

- -—ﬁ sina {8h)

I 7%
e
ad

Tpr
L=7F
~

wr

“?

n
Sl
1
L
I

Equation (8a) is a Poisson ecuation and its solution is given by

the method of separation cof variables as:

w o= ¢ + R(R) {9)

! ‘ . . . .
where ¥ in the above eguatcicn satisfies Laplace eguation, then

o= Rl(R) 3(2) + RE(R) (1)
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Substituting for ¢' in equation {8) one obtains:

2
2 d"R drR 2
S;n o [RE 21 + R a_h_l-_] + .Jé: .@..._g_ = 0 {10a)
1 dr 98

Similarly, substituting for Rz(R) in equation (8} one obtains:

1 =
5 + .ﬁ 5 - = 0 {L0b)

Therefore, the expressions given by equation (10) satisfies the
governing equation (8) providing the following relations are
satisfied:

d“R dR , R
R2 ql + R Eﬁi + 3 12 = 0
ar”“ sin“a
1 4l 2 11
fandi 2-—-;\“::0 ()
g ds”
2
a®R, dr
R T
ar2

where A = constant, to be determined from boundary conditions.
After solving the set of the above given ordinary differential

gquations, the general solution of the stream function ¢ is

as follows:

A \ A .
y = et ——— / e
U] [AlCOS(sina in R} + A2Sln(sina in R)]{Cl sinh?

2
R‘-—
+ C2 coshig] + Tsine

+ D, in R+ D, {12)

1
where Al’ AZ, Cl' Cz, Dl’ and D2 are constants of integration to
be determined from boundary conditions.

Once the value of ¥ is deduced from equation (12), the
complete analysis of the theoretical wvelocity distribution in

the rotating impeller channel is obtained using equation {(8b).
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If the angular spacing between two successive blades is denoted
by 20, and the radius ratio of the hub (= rhub/rshroud) as ry.
The boundary conditions to equation (12) in the special case

of a pure radial turbine, for which the blade to blade streawm
surface is similar to that given in Figure 16C, may be written

as:
1. ¢y =20 at 8 = % 0
2, =20 at R = 1 {corresponding to shroud radius)
3. v =20 at R = r,
4, wie) = -y (8) at any radius ratio.

The first boundary conditicn gives:

The second boundary condition results in:

Ay =0 (For Laplace eqguation)

o1 . .
D, = STina (Por Poisson equation)

While the third boundary condition gives:

N = E;_Ei&& {For Laplace equation)
N
1
(rlz "l)
D, = ~ (For Poisson eguation)

2in rlSiﬂO‘-

Hence, the expressicn for ¢, using the superposition principle,

reduces to

= T : n_R nt_sina, .,
y o= Z [Pn sin{n- TR ) COSh(?H—E V2]
n=1. 1 i
2 1
r —
1 2 1 _— .
> =Ina [R (Zn N j in R-1] (13)

is



In order to determine the coefficient (An) in equation (13)
the first boundary condition is applied once more:

(=] »
ey A, sin(nm In R,y oosh (8L _Sina,
n=1

in ¥y lnrl
2
r -1
= ol L S -
= 75ine (B T lgag )t RU (4)

Expanding the right hand side of equation (14} in a Fourier
sine series, one ohtains:

n_ 2. .1 fy 2
(1-(-1} "¢, "} [= -
1 n nznz + 4{n rl)2
A, = . (15)
[rsinc] [cosh (%—g-—f-liﬁi)c]

The general scolution for ¢ may now be written as

2
_l o
1 2 K1 n _ 2
Tl e R S BN S SR SN
1 n=1
2 sin (320 5 oosh (E%_Eiﬂﬁ)e
_[L - nw 11 in 1 n Iy
n n2w2 + 4(2n rl)2 T sina cosh (%iiiﬁg)c
nor,
(16)

It is to be noted that this latter solution is obtained from
the irrotationality condition. Then, the stream function ¢
expresses the case of a displacement flow, that results from
the rotation of blades in still f£fluid. The pure through-flow
which accounts for the net discharge of the impeller is obtained
in a traditional way by placing a line sink at the center of
rotation of stationary blades. The nondimensional stream function
for a through-flow at a volume flow rate Q may be written as
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-
",::...

{6 + o) (17)

2T wrs hs

Various operating conditions may be obtained by a linear com-
binatisn of solutions (16) and (17). This procedure is valid
by the linearity of Laplace equation and the fact that each
solution separately satisfies its own boundary condition.

ESTIMATION OF THE PRELATIVE SWIPL VELQCITY DISTPIBUTION

Shown in Fig., 17 is the blade exit configuration in a typical
turbine. The geometrical blade angle (g ) is related to the
minimum width of the flow passage at blade exit (o) and the blade
pitch (t) at certain radius by the relation

Bg = sin_l(o/t) (18)
In the absence of secondary flow caused by swirl motion, the
relative flow at the blade exit would have a direction of B .
When the effect of relative swirl veloecity, u , is considered,
the relative exit flow angle, 33, at sach radius of the turhine
deviates from the corresponding geometrical angle, Bg. 2t the
shroud, swirl motion exhibits backward characteristics because
the £fluid actually leaves with a slight backward component,
as illustrated in Fig. 18a. 2t the hub, the relative swirl
motion produces a forward characteristics as shown in Fig. 18h.
The important effect, from the practical point of view, is that
the tangential component of the absclute velocity, C3a is
altered across the rotor exit in accordance with the swirl
velocity distribution. Consequently, radially nonuniform exit
flow conditions prevail with the subsequent redistribution of
available power output at each radius of the turbine exit.

In order to obtain an accurate estimation of the nei power
output from a turbine for design purposes, a knowledge of the

relative swirl velocity distributieon at roctor exit is recuired.
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The task of producing the necessary ecquation suitable for the
prediction of relative swirl velocity is presented below.

Referring to Figure 18, the tangential component of swirl
velocity is given by:

U = @wr - W38

(19)

From the expression given by equaticns (8b), (16) and (19),
the value of the nondimensional tangential component of swirl
velocity, Ugr at any radius, R, will be:

= - a4 3_ 1y 'y
Us = R siny =z (v + ]
£ 2 -1 w
e L1 R S St AtnR, cosh{A2) 5
“2R'In 1:_L ) n;l {w Rsinua Cos(sin3) cosh(lc)] (20)
where
H nt sina n
C = I A= 7= =
S mrs in rl z
2 (20a)
o= -t e ?yid - n >

The theoretical distribution of (Us) as given by egquation
(20) is seen to depend primarily upon tue following parameters:
l. Number of blades.

2. Hub to shroud radius ratio, ry. - .

3. The radius (R) and position (3) at which swirl veiocity
is evaluated.

4. Axisymmetric stream surface angle, «, independent of

the turbine flow rate.
Variation of US with these parameters will be studied in the
next section, for the special case of a radial inflow turbine

in which, a = 71/2.
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IVv. RESULTS AND DISCUSSION

Two groups of numerical examples are worked out using the
present method ~f analysis. The first one investigates the
effect of number of blades and hub-to-shroud radius ratio on
the swirl velocity distribution at turbine exit. The second
group deals with the influence of the same parameters in
addition to the effect of mass flow rate and the impeller
rotational speed on the flow angle distribution at rotor
exit,

Passage~Averaged Value of Swirl Velocity Distribution at

Turhine Exit

Calculations which give an indication of the magnitude of
the tangential component of swirl velocity, Us' at turbine exit
are performed using the first ten terms of the series in
equation (20). Higher order terms have been neglected. Sample
results showed that the maximum error introduced by such
approximations lie within 0.2% as compared with those calculated
using up to fifty terms. The value of US from hlade-to-hlade
at different angular positicns, 6, are averaged over the bhlade
passage at each radius ratio, R. The variation of this average
value, ES, near the hub is plotted in Figure 19 as Function of
hub to shroud radius ratio, ry, with th2 number of impeller
blades, 2, as a parameter. Bbsolute value of the swirl velocity,
U,

is increased for all values of Ty These curves alsc indicate

is seen to decrease considerably as the number cf blades

that for a given number of blades, Z, increasing the hub to
shroud radius ratlioc, increases the absolute value of Es until
a maximum is reached. The points of maxima are shifted towards

lower wvalues of r, as the numbeyr of blades decreases.

1
Figure 20 shows the variation of US neay the shroud.
Unlike the previous case, it is obvious that for a given number
of blades, there exists a region of relatively constant U_,

and a region of changing Es‘ The region of constancy extends
over a large portion of radius ratio ry, and its extent increases
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as the number c¢f blades increases. Accordingly, a reduction
in the absolute value of Es at the shroud is achieved only by
selecting higher design values of hub-*o-shroud radius ratio.

The effect of variation of both the hub-to~shroud radius
ratio, ¥y and the angular spacing between blades, o, upon
the swirl velocity distribution at turbine exit is illustrated
in Figures 21 through 23.

Figure 21 shows the radial distribution of the mean value
of ﬁs over the exit section of the bladed impeller having
different design values of r,. It is evident from this
figure that the hub-to~shroud radius ratio has a serious
effect on the ﬁs distribution. For low values of ry, the
distribution obtained is nonlinear from hub to mid radius
approximately. However, the distribution becomes generally
linear from hub to shroud as the radius ratio approaches 0.7.
Figure 21 also shows that the center of rotation of the swirl
motion in an impeller having ry equal to 0.2 occurs at R = 0.735,
and for a 0.7 radius ratio impeller at 0.B45. This indicates
that the radius of rotation of £fluid decreases as the hub
to shroud radius ratio of the impeller decreases.

The effect of changing the angular blade spacing, 2g,

{(by varying the number of blades) on the radial distribution

of Es is shown for the case of a 6 and a 10 bladed impeller

in Figures 22 and 23 respectively. The variation of Us with R
exhibits the same trends as discussed for Figure 21. However,

the magnitude of swirl velocity, ﬁs, is decreased by increasing
the number of hlades.

The impact of increasing the number of blades, Z, upon the
position of centesr of rotation of fluid at turhine exit
is alsoc shown in Figure 23. It is evident from these
figures that the center of rotation shifts towards the shroud
as the number of blades is increased.
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Flow Angle Distribution at Rotor Exit

In studying the effect of swirl velocity, 65’ upon the
relative exit fiow angle, 34, from the turbine rotor, both the
flow coefficient, ¢, and the geometrical angle distribution,
Bg, at turbine exit have to be known. The flow coefficient
is related to the meridional cowponent of absolute velocity,
C3 , of Figure 18 by

Cq

¢=a.f._..‘;'._._....._

shroud
and is directly proportional to the flow rate passing through
the rotor. Representative values of ¢ used in the present
study are chosen to correspond to the Cases 1, 2, 3., 7, 8
given in Table 1. The relation between impeller exit radius
and geometric exit angles used to carry out the necessary
calculations is shown in Figure 24.

Sample results showing the influence of swirl velocity
upon the distribution of relative exit flow angles are shown
in Figures 25 and 26. These figures indicate clearly that
the flow loses the directional influence of the blade surface
for a finite number of blades.

For a given impeller geometry, the difference between B4 and &
depends upon the relative magnitude of the mass flow rate and the
impeller rotational speed. These results indicate that for

high specific speed, rotors, as in the case of small radial
turbine, large deviation angles* can occur even for sizable

values of the flow rate.

* Deviation angles are defined here as the 4difference between
relative exit flow angle, 3, and the corresponding geometrical
angle (& = Bq—Bg)

-
-~
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For all cases studied, a positive deviation of flow angles
over the geometrical angles are observed near hub, while the
flow near the tip tends to have locally negative deviation
angles. This implies that near the hub, separation of flow
is liable to occur at blade suction surface, on the other hand
near the impeller tip separation may take place at blade
pressure surface. This conclusion conforms with the experi-
mental work presented in reference ([101.

The effect of increasing the number of blades is to
decrease the predicted deviation at all radii, Fig. 26. The
position of maximum deviation is seen to occur near hub for
low mass flow, while it shifts towards the shroud for high
mass flow rates, Fig., 25.

Briefly, it may be concluded that the effect of swirl
velocity, ﬁs' is to produce a non-symmetrical deviation angles
distribution at rotor exit. The deviation angles at all radii
may be reduced by increasing the flow rate, decreasing the
impeller rotational speed, decreasing the angular blade spacing
and choosing an optimum hub-to-shroud radius ratioc.

It is obvious that in order to overcome the adverse
effects of non-uniform flow conditions at turbine exit,
procedures with which the effects of appropriate counter-
measures can be estimated must be available. It is felt that
with the present theoretical model such estimation can bhe

adequately accomplished.
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NOMENCT.ATURE

Constants of integration in eguations (11} and (14).

Absolute fluid velocity, ft/sec.

Stream channel thickuness normal to meridional stream
surface, ft., or static enthalpy, ft.1lb./slug

Normalized stream-channel thickness defined as h/hs
Distance along meridional stream surface, I[t.

Normalized meridional stream line distance defined
as m/r
/ s

Throat dimension, £t.

Total pressure, lb/in2

Mass flow passing through the turhine, lbh/sec.
Radius from axis of rotation, ft.

Normalized radius ratio, defined as r/rS

Distance along arbitrary guasi-orthogonal in meridional

plane
Elade thickness in tangential direction
Tangential component of swirl velocity, ft/sec.

Normalized tangential component of fluid relative

velocity, defined as We/urs
Normalized tangential component of swirl velocity,

defined as u /urs

Normalized meridional component of fluid relative

valocity, defined as Wm/urs
Fluid velocity relative to hlade, ft/sec.
Prerotatien in eguation (1), ftl/sec.

Axial coordinate



2 Number of blades

a Angle hetween meridional stream line and axis of
rotation, deg.

3] Angle between relative velocity vector and meridional
plane, radians

r Circulation

) Ratio of turbine inlet total pressure to atmosphere pressu
8 Relative angular coordinate, deg.

A Coefficient in equation (11)

P Mass density, slugs/cu.ft.

¢ Flow coefficient at rotor exit, defined as C3m/wrs
¥ Normalized stream function

P Pensity, lb/ft3

2a Angular blade spacing defined as {2v/Z)

t Rotational speed of the impeller, rad/sec.
Subscripts

2 Inlet to rotor

3 Exit from rotor

o Total conditions

o Geometrical

S Shroud

8,r,m,x Components of argument in tangential, radial,

meridional, and axial directions, respectively.

Superscripts

- Mean value



Soclution

b

(%]

10
11

1z

2
)

14

Mo. of
blades

12
10
14

12
12
12

12
12

12
12
12

12
12

Hozzle angle
{degree)

73
73
73

73
73
73

73
73

60
60
60

80
80
80

TABLE 1

PRPAMETERS FOR WUMERICAL SOLUTIOHS

Mass flow rate
{2 of design)

100%
100%
100%

100%
100%
100%

90%
80%
160%

160%
160%

65%
65%
65%

Rotational speed
(2 of design)

100%
100%
1003

120%
80%
60%

1o00%
100%

100%
80%
60%

100%
803
602

Rotor inlet
relative swirl
angle, 82

-40.91
-40.61
-40.91

-61.93
- 2.2381
38.25

~-58.61
~-69.47

-38.54
-16.22
12.12

28.60
57.51
68.93

Prewhirl
at rotor
inlet,

ft</sec

346.98
346.9¢8
346.98

346.98
346.98
346.59¢8

2882.49
241,59

300.62
300.62
300.62

485.61
485.61
485.61

Pemarks

Standard



TABLE 2: INPUT CARD LISTING ORIGINAL PAGE IS
OF POOR QUALITY]

a) Inlet Flow Conditions and Rotor Geometry Data:

10 11 17 13 8360:6h07 0,932 14,0000 1,3300 1715,0000
0 0 0 0 2710_0000 346,9BuS 0,0u24 n, onto 2.5000
1-3 1 a | 0050 e DO R 8904 §1-0-8-2
0,00001
0,5000 0.,5250 0,5750 0,.65%00 0.7250 0,8125 0.8875
—_— 08875 g 625
0,0 0,0093 90,0250 0D,0750 0,1625 n,2625 0,4125
0,5875 80,8750 L,1250
2,400 2-basp 2 5000 2. 2628 . 2 a6g0.. 21750 2. LiA%h
2.,0750 2.05n00 2,0375%
2,7400 2.5000 2,2500 1,8750 1,5500 1,3000 1,0250
— ) B RS 5 RS 05054 :
‘ 0.0 0,0 0,0 -0,0004 -0,0027 -0,0090 -0,0240

=0,0517  =0,0972 =0_,1632 =0,2887  =0_3512 ~0,4660

b) Blade Thickness Table:

50 01666 02554 . F T R Y 7Y W -0V W—
0,7000 0,8000 0,9000 1,0000 1.1000 1.2000
. 0,3850 0.3580 N,3220 0,2900 0.260n 00,2300 0,2010
O S S eV A - L R ——— 0 0926 65-0-+53-0
0,3750 0,34s50 n,3110 0,2R800 0.2500 0.2200 0,1910
0.,1650 n.1400 0,1190 0.,1000 0,0840 D,0740
G- 5650 H LB =00 0 G240 - t-arf e A o
0,1550 90,1310 00,1100 0.0920 0,07RN N.0690
0.3550 0.3210 0,2900 0,2590 0.2290 0,2000 0.1710
— 50, 0--1-2-1-0 04010 Q-850 00739 (a0 Bt —_—
0,3450 00,3100 n,2800 0,2499 0,2190 00,1890 n.leto
. 0,1360 0.1130 0,0930 00,0790 0,0690 0,059
—0A3A0 0 3000 2. 2690 D2 FBLH—— Q2080 Do-1-7-9.0 g 1500
) 0,270 0.,1040 0.,0860 0,0730 p,N630 ¢,05h60
) 0,3200 0,2900 0,2580 0,2270 0,1970 0.1680 D,1u00
— 020 HN850 - n_n7dn n 0HB0 g onhan O 0-5 2 me
. 0,3100 0,2790 0,2470 0.2150 0.18600 0,1570 0,13%00
0,1070 0,0870 0,0730 00,0620 0.0550 5,0890
0~ 3000 O-2b80— 02360 g 2080 g 17850 gy ju7n 81200
0,0980 0,0790 0,0680 0,05890 0.0510 0,0860 -
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Blade Thickness Table {Continued):

0,2800 0.2570 U,2240 0.1930 0.1640 1360 g, 1100
A 0 0620 — 0O ~0-L20 IR X1 R

0.2510 00,2460 60,2130 06,1820 0,1530 0,1240 00,1000

0,0790 0,067¢ n,0570 00,0500 g,0450 0,0400

2230 02230 0o 242.0. D700 L R B L o, M B % s SN, POOF ¥ - ¥ » S—

0,0700 6.0610 0,0520 00,0460 0.0630 w,0370

¢,1940 D.1940 0,190¢0 0.1590 0,13%00 0,1020 0,0790
0 00 05 050 00 Ay 00300 f-0200- O 4-0-0

0,1b660 0,1660 D,1660 0,1480 0,1180 N.,0910 00,0690

0,0500 0,0800 ¢, 0300 0.,0200 0.01D0 0,0
— O b 3O L3370 I e X & B LB e e e 0 0 B0 0500

0,0400 60,0300 0,0200 0,0100 o0 N,0

0,1090 0,109 G,1090 0,1090 00,0930 0,0700 0,0500
—— 00300 Ay 0200 0,0l00 g D (-0 N

0,0R00 0.0800 0,0800 0,.0800 0,nBON 0,0600 D,0400

0,0200 0.,0100 u,0 0,0 0,0 0,0
wu—n-0.0~-“~——-&rLﬂ&0»*“_ﬂ.anﬂu—-_*nﬁ$0ﬂ0~—~_nvaa@@__~_ﬂT5nnﬂ 0 E00 Qe
‘ N.7000 0.8000 0,20n00 t.0000 1.1000 1.2000

5000 0.6400 00,7809 N.9200 1.0600 1.20¢00 Fe3000
ek AR 4 b2 0 LB 90— 2. a00 -l AG Y2, 3200

2,4600 2.6G00 2.,7400

ORIGINAL, PAGE I3
OF POOR QUALITYi
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ORIGINAL PAGE IS
OF POOR QUALITY

Blade

Mid~channel
surface 52

Flow

§
Blade~to-blade

surface Sl

FIGURE 1. TWO-DIMENSIOHAL ANALYSIS SURFACES IN
A TURBOMACHINE,



FIGURE 2, CONRDINATE SYSTEM AR VELOCITY COMPOHENTS,
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W=£04

W=582

W=336

72°
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V = 1130 o ° o
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- =
wr = 1079 wy = 1329 wr = 1456 wr = 1543
[1, 5] (4, 5} {7, 5] {10, 5]

t Numbers between brackets designate the mesh location, as specified in Fig. 34d.

FIG, 38, VELOCITY DIAGRAMS (FT/SEC), AT DIFFERENT MESHES.
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Mesh
Location
[z, J1

[1, 1l
(4, 1]
(7, 1]
{10, 1]
(1, 31
(4, 3]
(7, 3]
{10, 3]
(1, 5]
(4, 5]
(7, sl
(10, 5]

Radial

Coordinate

r, inch

. 740
. 740
. 740
. 740
.250
. 344
.419
.481
.S48
.908
091
»215

S I R T o o e At o N s

FIG. 3b,

Axial

Coordinate

2z, inch

o

.153
. 305
.452
.025
.232
. 397
.533
.162
. 451
.596
.697

o O o 0O o O O o o oo o O
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MESH COORDINATES

Mash

Location

[Ir J]

[1, 7]
(4, 7]
(7, 71
[10, 7]
(1, 9]
(4, 91
[7, 91
(10, 91
[1, 10]
(4, 10!
[7, 10!
[10, 13]

ORIGINAL PAGE I8
OF POOR QUALITY

Radial

Coordinate

r, inch

025
651
. 894
.063
. 587
. 397
. 731
.976
.500
.278
.665
.950

I -~ T S S R e

2xial

Coordinate

Zz, inch

0.4125
.685
.782
. 8686
. 875
.978
.021
.053
.125
143
153
161
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