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METHOD OF FAN SOUND MODE STRUCTURE DETERMINATION
FINAL REPORT

by
G. F. Pickett, T. G. Sofrin and R. A. Wells
1.0 SUMMARY

‘This report presents a method for the determination of fan sound mode structure in the in-
let of turbofan engines using in-duct acoustic pressure measuremeits. The method is hased
on the simultancous solution of a set of equations whose unknowns are modal amplitude
and phase. By deploying microphones equal in number to the number of modes to be caleu-
lated, the set of simuliancous equations can be solved for the amplitude and phase of cach
mode. A computer program for the solution of the cquation set was developed. An addi-
tional compuler program wis developed which calculates microphone locations the usc of
which results in an equation set that does not give rise to numerical instabilities. Further-
moie, by calculating a set of iniluence coefficients for cach case considered, the method can
e used to determine the sensitivity of the modal calculation procedure to errors in the
knowledge of the measuring location and in the measured phase angles and pressure ampli-
tudes. Also, an estimate can be obtamned of the effect on the modal calculation procedure of
extrancous modes not included in the modal calculiation.

An experimental assessment is presented that shows that the method is reasonably accurate
if cither the number or the amplitudes of the extruncous modes are not too large. Based on
(his cxperimental assessment and an order-of-magnitude analysis of the influence coetfi-
cients, a procedure is presenied that can be used to estimate the number of microphones
and the accuracy of experimental measurements that would be required to achieve a specific
accuracy in calcufating the amplitudes and phases of the propagating coherent sound modus.

In addition to the development of a method for determination of coherent modal structure,
experimental and analytical upproaches are developed for the detenmination of the ampli-
tude frequency spectrum of randomiy generated sound modes for use in narrow annulus
duets. Two approaches are defined: one based on the use of cross-spectral teehnigques and
the other based on the use of an array of microphones.
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2.0 INTRODUCTION

All modern high-bypass ratio, commercial transport engines incorporate naise reduction
features in their design as evidenced by the blade-and-vane number selections in the fan
sections of these engines, These selections along with other noise reducing features  such
as large blade-vane spacing, cycle selection, and improved acoustic treatment designs

have resulted in significant reductions in aireraft noise compired with that Irom first-genera-
tion aircraft,

Despite these reductions, the gireraft industry is faced witli legislative requirements to
meet yet lower noise limits in the future. Also, because of the equally urgent requirement
to lower el consumption, the impact on efficiency of new noise reducing features must
be minimi.ed.

Fan noise is predicted to be tne dominant noise source for most advanced gas turbine en-
aine designs. More specifically, fan tone noise at blade passing frequency (BPF) and its
harmoniecs continues to he the most prominant spectral noise component from engines
tested without inlet and aft ducc acoustic suppression liners.

Fan tone noise can be generated by four different sources: 1) rotor wake-stator, or

stator wake-rotor interaction, 2) rotor-strut, pyion, etc. potential field interactions, 3)
rotor-turbulence and steady inflow distortion interactions, and 4) pressure feld of the
rotor alone. Experimental evidence suggests that randomly phased tone noise generated
during ground static testing is caused by turhulent flows in the fan inlet that nave very

long axial length scales. These turbulent Mows are believed to change in Tight, resulting

in preatly reduced turbulence intensities and length seales, These reductions significantly
reduce the importance of rotor-turbulence interaction as an in-flight tone noise source, and
is currently thouagit to explain the observations that flight fan tone noise levels from hiai,
by pass ratio turbofan engines are significantly fower than those measured during static
engine tests. The remaining contribution to flight fan-tone-noise levels of randomly generated
noise sources has yet to be determined. Broadband noise is, of course, generated by randoim
noise sources and is becoming more of a contributor to overall flight fan noisc levels as tone
noise levels are reduced.

The dominant noise source in flight, however, is thought to be due to coherent acoustic
fields generated by the pressore ficld of the rotor and the interaction of rotor wakes with
stator vanes and vice versa, The former will be classified s *‘rotor Jocked® and is a significant
source of muttiple pure-tonce inlet noise from fans operating at supersonic tip speeds. The
latter noise source will be classified as “interaction tone® noise and can be significant, parti-
cularly for typical low-bypass-riatio turbofan engines, even at low subsonic fan tip speeds.

IFans for engines currently designed for conventional takeolt and landing (CTOL) aircraft
(or example, the JTOD) exhibit acoustic duet modes generated by all of the above source
types. These fans typically operate at supersonic tip speeds at takeof T {(generating inlet
raciated multiple pure tone noise), and at about sonic tip speeds durine landing approach
where, at feast for the second harmonic of blade passing frequency and higher hanmonics,
the interaction tone mechanisms that lead to coherent modal structure are well ctt on and
dominate aver the tone penerated by the rotor/turbulence interaction, which leads to inco-
herent madal structure,
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I all new fan designs, Dlade-vane interaction theory is exploited to the extent passible 1o
minimize noise at hlade passing frequency. This theory, based on an analysis that is con-
stuntly being refined, identifies the modes that can propagate, but it has not yel been
teveloped to the extent that the amplitudes and phases of each of the propagting modes
can be predicted reliably, Analytical models also exist for rindomiy generated tone noise
and brogwdband noise due to rotorinflow turbulence interaction. Again, these models
identify the modes that can propagate, but are not sufTiciently developed to predict reliably
the expected amplitudes of the propagating modes,

Further tone and broadband noise reductions could be achieved through improved acoustic
treatnint design if the propagating modal structure could be quantified. Since reliable
analytical predictions of modal structure are nol likely to be available in the near future, a
need exists to be able to measure reliably fan modal structures. These measured modal
structures could then be used direetly as input to analytical acoustic tiner prediction Sys
tems, resulting in improved liner efficiency. The measured modal structure could also be
used to check the developing theories for fan noise generation and to evaluate noise reduc-
tion design concepts. Once a valid fan noise gencration model on a modal basis hus been
devetoped, it can be coupled with acoustic liner modal prediction systems so that fan and
inlet treatments can be jointly optimized to minimize engine weight and performance
losses while achicving specific fan noise goals,

The specific objectives of the work described in this report, and performed under NASA
contract (NAS3-20047) at Pratt & Whitney Aircraft are to:

1) Develop and clieck out experimental and computational methods for the cal-
culation of the amplitudes and phases of propagating coherent sound modes in
the inlet ol a turbolan engine using in-duct scoustic measurements as the cal-
culation input.

2)  Develon experimental and analytical methods for the determination of the ex-
pected amplitudes of propagating randomly generated sound modes in the inlet
ol a turbofan engine using in-duct acoustic measurements as the caleulation
input,

The report is organized as Jollows: In seetion 3.0 the overall progrant is described, After
an overview of the program {section 3.1), an analytical method is presented for calculating
cohecrent Fin sound modal structures (seetion 3.2). In section 3.3 an analytical approach

is presented for caleulating random sound fields in duets, and this is followed by an cxperi-
mental assessment of the accuracy of the method for determining cohierent fan sound
modal structures (3.4). A discussion is then presented of the aceurniey requirements for
general application of the method for eoherent sound ficlds (3.5) leading to an analysis of
the method ufility (3.5.6). The overall program results are reviewed in section 4.0 followed
by a conclusions section (5.0) and a section recommending future work (6.0)




1.0 PROGRAM DESCRITION
3.1 SCOPE OF WORK CONDUCTED

Pratl & Whitney Aircralt has developed and evaluated both computational and experimental
methods Tor caleulating amplitudes wnd phases ol coherent sound modes in the inlet of
turbofan engines using in-duct meastirements as the calentation input. In addition, an
approach has been developed for determining the structure of incoherent duct moces.

The approach used for determining the structure of incoherent duct modes was Tirst 1o form-
ulate the coneept of the modal power spectral density function of random sound lields in
thin annuwlar ducts. Secondly, a system for determining the modal power spectral density
was developed that uses progressively time-delayed outputs from circumfcrential array of
microphones, The array performance characteristics were then defined for boib random

and coherent discrete-frequency sound ficlds,

Emphasis has been placed on the determination of coherent duct modes such as those gen-
erated by rotor-stator interaction. This cmphasis is considered well placed because incoher-
ent tone noise, generated by rotor-tutrbulence interaction, is greatly reduced inflight, thus
diminishing the importance of rotor-turbulence interaction as an in-flight noise source.

Also, at the beginning of the program, a suitable theory was not available on which to hase

4 method for determining the structure of random sound modes. A theory was available,
however. for determining the structure of coherent sound modes. To meet the requirements
of this program, the governing equations and related slporithms were assembled to formulate
a computational procedure for determining the amplitudes and phases of coherent modes.

The computational procedure to determine coherent sound medes was developed in the
form of two computer progrims. One program selects microphone locations from three
dimensions in the duct to ensure that the signal averaged acoustic pressure amplitude and
phase measurements from these microphones can be used as input to the secottd program
without giving rise to numerical instabilitics. These locations are initiatly restricted to the
duct wall unless these locations de not suffice to identify all possible modes. Ly this situa-
tion, ticrophone locations are selected on radial probes at the furthest axial location. The
second program calculates the amplitude and phase of coherent duct modes using the in-
duct pressure measurements and the corresponding duct locations as input. Additionally.
this program has an option that permits calculation of overall pressure amplitude and
phase at specific duct locations given the modal structure cither arbitrarly, or as output
from an analytical prediction deck. The computational method is, in principle, capable of
determining all coherent modes that can propagate at a frequency of interest. In practice,
the number of modes that can be determined is limited by the time, aceuracy. and storape
litmitations of present-day computers and the accuracy with which the modal amplitude and
phase is desired. These computer programs were developed with sutTicient storage o
accommodate a group of fifty voherent modes,

A study was performed to define the error in the caleulated mode amplitudes and phases
due to errors caused by tolerances in measuring microphone locations and inacettracics in
the measurement of geoustic pressure amplitudes and plises. As part of this study, cqui-




tions were derived Tor the influence coefTicients or partial derivatives of the modal co-
effivients with respeet to first-order exrors in pressure measurement and microphone
location. These influence coefTicients were incorporated in the second computer program
and are evaluated as a part of the computational procedure for cach Jdata case that is run,
Upon multiplication by a particular measurement error, the correspording error in the mode
amplitude and phase can be ‘determined. In addition, errors in the caleulated maotes were
assessed due to the effects of a multiplicity of extrancous modes that propagate at the
frequency of interest, but are not included in the caleulation procedure,

These two compiter programs are wrilten entirely in FORTRAN IV and are Tully operative
on the NASA computers. A user’s manual was written for cach program, These manuals
define the algorithm and corvesponding subroutines that were developed to meet the com-
puter program objectives. Also, the input parameters and output forntat are discussed for
qach option.

The method and computer prograns were assessed inan experimental program approved
by the NASA Project Manager to determine the modal structure of the inlet duct sound
ficld in the P&WA 25 cm (10 inch) diameter compressor rig. During the course of these
experiments, measured acoustic pressure signals were obtained for six different maodal
structures. Four modal structures were generated by the wakes from a 34 rod stator inter-
acting with a 32 bladed rotor. For two rotor speeds, different modal structures existed at
both blade pussing and twice blade passing frequency. The final two modal structures
simulated steady inflow distortion by placing a single rod assembly upstream of the rotor.
For this configuration, the rotor was operated at two speeds and data were acquired at
only BPI. The measured acoustic pressures were filtered and then signal enhinced to pro-
vide amplitude and phase information at cach microphone location, Then the pressure
siwnals were used as input to the caleulation proccdure, yielding amplitudes and phases of
the specific modes.

The method utility and measurement accuracy were assessed by using the caleulated mode
amplitudes and phases to predict the overall sound ficlkd measured by microphones at other
duct locations not used to provide input to the caleulation procedure. This study demon-
strated that the method could be used within a desired accuracy when both the relative amp-
titudes and the number of those modes not included in the modal calculation were suffi-
ciently smail so as to yield errors in the mode amplitude and phase due to only measure-
ment inaceuriacies. The required accuracy of experimental measurements to ensure 4 de-
sired aeenracy in the modal coelficients is demonst rated to be a Tunction of the relative
amplitude, axial wave number, and circumferential order of the modes.

Monthly technical reports were completed and submitted as stipulated by the program
schedule Tor the purpuse of reporting work conducted under Contract NAS3-20047. In
addition, this final report and accompanying user's manual for operation of the computer
programs document the analytical analysis, experimental evatuation, and computational
algorithms that lead 10 the accomplishment of the overall program abjectives,
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3.2 APPROACH FOR MEASURING COHERENT MODAL STRUCTURES

3.2.1 Background

The basic work upon which fan spinning mode theory is based was initially presented in
1961 by Tyler and Sofrin (ref. 1) following extensive analytical and experimental studies,
Extending this work to include effeets of axial flow, Sofrin and McCann (ref. 2) showed
that the general form of any coherent acoustic wave (such as those generated by rotor-stator
interactions) in an infinitely long cylindrical duct can be written as the real part of

iLkxtmenwt + dmu .

p(r,e,x;w)=§§A,,.ﬂe. CEmp (km,. l‘) (3.2-1)

Me ® (P~ G-m) kT2
I- My

w here ky, =

and where notation has been chosen o as to be consistent with reference 2. The notation
description is also tabulated in Appendix A, In reference 2, it was shown that the numnber
of modes that can propagate at a given frequency is bounded by the condition that ky must

be real. If k, becomies imaginary, it can readily be seen that as x increases, the term eikx X
produces a term that decays cxponentially.

In fan inlets and fan ¢uot ivpical of current turbofan engines, the assumptions unde:lying
the acoustic theory of ruivicnce 1 are only partially met. In general, the duct geometry
varies with axial distance, and the ducts are finite in length. For typical engine inlet geo-
metrics, however, these effects are probably small, because the variation in geometry with
axial length and the rinite length effect is only significant for duct modes near cuioff.

In spite of these difficulties, the analytical consideration of rotor-stator interaction tone
noise, in terms of the general duct pressure, equation (3.2-1) has proven extremely success-
ful. Each term in the summation is considered as a separate acoustic mode with amplitude,
Amp' and phase, d’m,u; and it has been shown that rotor-stator interaction tone noise gen-
crates a finite set of these modes, The advantage of considering noise fields in terms of acou-
stic duct modes is that the generation, propagation, and radiation to the far field can be
considered separately for cach mode. The overall pressure at any desired location can then
be determined by summing the individual mode contributions. The prime coherent noise
fields that are (or can be) conveniently considered in terms of duct modes are rotor-stator
interaction, rotor-steady inflow distortion interaction, and multiple pure tone noise at that
location in the duct where the shock waves are sufficiently weak so as to be practically con-
sidered as linear acoustic waves,




The mathematical coneept of duct modes deseribed above, has motivated a number of cx-
perimental studies to measure modal structures and to verify theorcetical results, Measure-
ment of the amplitude and phase for low circumferential lobe numbers () were made by
Tyler and Sofrin using a rotating microphone on a probe mounted axially in the inlet of a
10-inch diameter mode! fan rig. These measurcinents were made by essentially cross-correl-
ating the output acoustic pressure signal with a once-per-blade passing trigger signal obtained
from a proximity pickup over the btade tips. Subsequently, other investigators (ref, 2 & 3)
measured low ni-lobe number modes by cross-correlating while others (ref, 4, 5, 0) used
cross-spectra techniques on signals from pairs of microphones in the duct.

A very thorough investigation by Plumblee et al. (ref. 7) on sound propagation in acoustic-
ally lined ducts with flow required the generation of low m-lobe number acoustic duct
modes with an array of speakers and the accurate detection of the amplitudes and phascs
of these modes with in-duct microphones. In a set of well controlled experiments, they
circumferentially traversed a duct probe in discrete steps and cross correlated the acoustic
signal output with a reference microphone in the duct, Specific duct modes were thus gen-
crated and measured with a high degree of accuracy. This experimental method was then
used in the verification of an analytical modet that predicts the acoustic decay due to
specified acoustic treatment designs on a modal basis.

The previously cited works dealt with modal structures generated by laboratory cquipment
under carefully controlled conditions. More recently, Kraft and Posey (ref. 8) measured
the relative amplitudes of sound energy in circumferential modes in a duct upstrcam of a
modecl fan stage under conditions representative of an actual jet engine (i.e., large axial
flows, large numbers of generated acoustic modes - some with large lobe numbers (m), cte).
They used cross-spectral technigques on the outputs from two microphones, one on a fixed
probe - used as a reference - and the other on a circumferentially traversing probe. In all
tests reported, they kept the pair of microphones at the same fixed radial location. Only
the relative distributions of sound energy in the circumferential modes were obtained, and
so the accuracy of their measurements could not be evaluaied (e.g.. by predicting sound
field at another duct location). Also, they were not able to relate all the measured modes
to the expected modal distribution that would be predicted by application of the Tyler-
Sofrin theory to the fan design used for the test.

The approach for determining coherent fan sound mode structures, adopted by Pratt &
Whitney Aircraft, differs from the previous approaches described above in two principle
ways. First, the resultant amplitudes and phases of the coherent sound field in the duct

is obtained by signal averaging the outputs from a number of fixed microphones in the
duct. From an assumption of the set of duct modes considered 1o contain the bulk of

the acoustic energy propagating out of the duct, it is possible to form a set of simuitancous
complex equations relating the measured resultant am plitudes and phases to the amplitudes
and phases of the duct modes. The modal amplitudes and phases then are caleutated by
matrix inversion, asswning that the number of microphones available is equal to the number
of modes propagating significant acoustic energy.

The second difference is that microphones are not located arbitrarily in the duct (often
equidistant in one axial plane). Microphones are, in fact, placed at specific duct locations

to ensure that the data ¢ rovided by the microphones can be suitably processed to yield the
component modal amplitudes and phases.
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The method for determining coherent fan sound maodal structures is presented under three
headings. In the first, Method of Mode Structure Determination, the theoreticul analysis
underlying the method will be discussed including a briel’ description of 1the computer
program for calenlating the mode stractures, Under the second heading, Selection of
Microphone Locations, & proceduire is presented for selecting microphone locitions in

the duct which ensures the stability of the mode caleulating procedure, Finally, under
the heading  Sensitivity of Method - an analysis will be presented in the caleulation of
sensitivity coefticients that can be uscd to determine the errors in caleulated modal ampli-
tude and phase cansed by errors in acoustic measurements and microphone placement.
Section 3.2 is concluded by a brief description of the User’s Manuals for the two computer
programs discussed in this section.

3.2.2 Method of Coherent Mode Structure Determination
Oujective

To establish, program. and check out an analytical method and to establish test procedures
for the determination of coherent fan sound mode structures,

Approach

Any attempt at measuring amplitudes and phases of coherent modes at tone-frequencics gen-
erated by a fan (or turbine) in an annular duct must address two major problem areas. First,
during typical static fan tesis, the inflow contains considerable turbulence and quasi-steady
distortions so that any coherent acoustic modes are generated in the presence of a multi-
plicity of randomly generated acoustic modes. A method must thus be fou nd to separate
the purely coherent sound field from the total sound ficld. Second, the number of modcs
that a duct can support increases rapidly with frequency. For frequencies typical of most
fan designs, there can be many hundreds of modes, both coherent and incoherent, propa-
gating at BPIF at typical approach or takeoff operation and, of course, many more for har-
monics of BPF.

In considering the first problem, it will be recalled that previous mode tracking methods
(ref. 1 to 6) used cross-correlation or cross-spectral techniques on the output sigrals of pairs
of microphones Lo suppress the contribution of randomly generated modes. An alternate
method, and the one adopted by Pratt & Whitney Aircraft under this contract, is to en-
hance by signal averaging the purely coherent portion of the output signal from each micro-
phone used to obtain data. This signal enhancement at a desired {requency can be achieved
by filtering the signal with a phase preserving fister at the frequency of interest (such as at
BPE) and then averaging the signal over a period corresponding to that {requency. A
onee-per-blade reference signal obtained by @ proximily sensor over the blade tips can be
used to separate the pressure signal into time Hlocks of one period, and a commercially
available signal averager can sum and average the pressure signal over that period. The once-
per-blade reference signal is also required to establish a time base from which relative phases
at all microphone locations can be obtained.

9




In addition 1o signal cnhancement, the contribution of randomly generated modes to the
overall sipnal ean be reduced during static testing with a turbulence suppressing sereen and/
or honeycomb placed about the inlet, Unpublished resudts from full scale engine tests con-
ducted al Pratt & Whitney Aireraft have shown sipnificant reductions in botls inflow tur-
bulence and the subsequently generated distortion tone nose at BPE,

As will be discussed more fully in section 3.4, signal enhancing in conjunction with the inlet
screen was found 1o be the most satisfactory mode ol operation during the experimental
portion of the contract, providing greater repeatability and accuracy of coherent acoustic
pressure amplitude and phase measurements, For the remainder of this section, it will be
assumed that the random modal structure is effectively suppressed by the use of signal
enhancing and the inlet sereen.

It remains to consider the second problem of large numbers of propagating modes. Using
the general form for the colierent portion of the acoustic pressure in the duct as given by
equation (3.2-1) Tyler and Sofrin showed that. at a given frequency, the duct can support
only a finite number of propagating modes. If, in addition to this set, the slowly decaying
modes that may have an impact on the fan sound field in the duct are added, the double
sutn of equation (3.2-1) can formally be replaced by a sum over that finite set of modes.
This sct of modes. however, will, in most practical cases, be very large and a large number
ef microphone measurements would be required to provide input to a modat caleulation
procedure.

11 information were available that identifies the modes likely (o contain the bulk of the

acoustic energy . the number of microphones required for obtaining data to provide input to

4 modal calculation procedure could be significantly reduced. One method of reducing the
number of required microphones is (o review the fan design (blade and vane numbers) and
determine from the kinematical Tyler-Sofrin theory (ref. 1) those acoustic modes likely to

controt the infet and aft radiated sound ficlds. Based on this information, locate microphones

in the duct to determine the structure of just those modes. As shown by Kraft and Posey

(rel. 8). such a determination, however. does not always identily all of the dominant modes.

Bascd on the above discussion, il will be assutmed that there are a finite and experimentally
manageable number of coherent propagating modes (or, in exceptional cases, slowly decay-
ing modes), including the possibility of reflected waves that make up the pressure. which
cant be expressed Tor a given frequeney o in the form

Plroximye S Awu ea[k.uma-mtf ¢MF]EM}L(k:; ,.) (3.2-2)

Faite Set
of Medes
W NPT o
'-Jl\?.fe k‘ﬂ - _ﬂﬂf_fﬁ_ii_(f‘_)rj:("Mgkm;:

!_Mxl.

and where the plus and minus sign accounts respectively Tor incidentamd rellected waves.
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11 the amplitude amd phase of the purely coberent portion of the pressure signal is measured
at @ number of duct locitions (either at the duct wall or at any location in the duet) and
inserted into equation (3.2-2) a set of equations will be generated with unknown maode
amplitudes (A, ) and phases (¢,,). ki should be noted that the only reason the radial
orders associated with a particular circumierential mode can be determined using only wall-
mounted pressure transducers is that the axial wave nimber, k. in equation (3,2-2)is o
function of k.. The value of k., is different for cach duct mode. “Fhis difference gives
rise to different spiral angles at the duct wall as each mode propagates in the duct. In some
practical cases, Tor example: high radial orders of a particutur circomlerential order, these
differences in spiral angles are sufficient to allow for the discrimination of the radial modal
structure using only wall-mounted microphones.

The equation system can be written in matrix form where the matrix coefficients will be
functions of the particular modes comprising the sound field and the microphone focations,
If the number of microphone measurements is chosen equal to the number of modes
comprising the sound field, then in principle, the equation system can be solved for the
mode amplitudes and phases by standard matrix inversion methods.

Mathematics of the Method

To illustrate the method of fan sound mode structure determination, the case will be con-
sidered of a sound field consisting of € coherent modes at blade passing frequency (BPF) in
combination with contribution due to an incoherent source. I the incoherent portion of
the sound ficld at BPE is given by f(r. 0. x. t: ), the pressure signal from a microphone at
a duct location (r, 0, x) and filtered at BPF, can be written uas

k) ¢ me, - wt 4 fuad
plr,e,x;w):- S Am/ue‘ EH/u(k:;'-r)

{ mades

+ £ (re.x,tsw)

In this cquation k, hus been written as kx(m' M) 1o denote that the axial wave number is a
functionof modal order. and it can be considered to be representative of incident and
reflected waves as well as a decaying wave if Ky (m.p) gy complex.

From a knowledge of the fan design (blade and vane numbers, axial How. ¢te.), kyom, p.
kmu' and I"Ill]..l can be calculated. Amp ;_uul ¢Ill.u‘ the modal amplitucle and phase,
respectively, represent the unknowns. I the period associated with BPEF is 7 and the pres-
sure signal is averaged over N revolutions, the signal enhanced pressure defined in the
time interval (0, 7) becoines

BN-t tm, )
u iLke X 4 me-witea®)s 9] -
N0 Amgley

PV e tiw) e oxtsT
n-o

and B s the number ol rotor blades,
[N




Now, silce wr = 2

L kx‘.’:‘ +me - wt +éau]

<P(r,e,x,t3w)7 = Z AM’. e En)t (k:; ") (3.2-3)

Amedey
CLM 20
+§L§§°-€(ne,x,t+ 5 b w)

If [ is correlated over time scales less than some value T S5dy, and if Nis chosen large enough
so that N » TO/T’ then contributions from the sccond term in equation (3.2-3) can be

neglected to a good approximation. The signal enhanced, measured output < p(r, 0, x, f;w)>

is a sinusoidal function yiclding an amplitude and a phase relative to a fixed once-per-blade
signal that is used to “trigger” the signal averager. The filtered and signal averaged pressure
from a microphone at a duct location (Xpps Ty @) can then be written in the form:

<P(rﬂ‘en’xﬂ,t;w3> - B ei. (¥a- wt) (3.2-4)

n

It can be seen that at cach measurement location, two parameters (B, and §,)) can be
obtained. Il measurements are made at N locations in the duct, the following set of
equations can be obtained from combining equations (3.2-3) and (3.2-4) for the unknown

l- - AN
Am,u s and qb“m 5.

(m

L% [k

Bee = X A, e’

* ]

p;(,,+m6.\+ ¢m,}l] o~ (3.2.5
E(knft r‘n) =)

tmodes

wheren=1,23,... M

The equation systein (3.2-5) lorns the basis for the caleulation of the coherent fan sound
modal structure. Since N was chosen to equal the number of propagating modes, a sel off
2N equations (for both the real and imapinary parts) is abtained from which. in principle,
the 2N unknowns (Amu and q';m_u for set of N modes) can be Tound, The solution for this
system ol equdations was progrummed and is now discussed.

Computer Program

The caleudation procedure 1o solve the system of cquations (3.2-5) was programmed in
Fortran 1V code (o be run on a high speed digital computer. The code and logic which are
described ina User’s Manual (ref. 9), were checked out using ten amalytical test cases com-
prising a variety of Tan designs and modal structures. The test cases used cre shown in
Tuble 3.2-10 Tt can be seen that the modal caleulation procedure was checked out Tor cases
that inchided up te 15 propagating maodes.

'I Al
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TABLIE 3,21

MODIEE STRUCTURES FOR TEST CASES

Total
Number Input Modal Amplitudes
Modes (dynes/ch) and Modal Engine/Rig Blade/Vane
(my 1) Modes Used Phase {degrees) ) Application  Number Frequency (Hz)
2 (-2,0)(-2,1) (-2,0): 1725 c?oz P&WA Rig 32134 BPF 2987
(2,1} 345.°
; e
| 2 (2,0)(-3.0) (2,0): 690¢'© . P&WARig RS BPE 2433
' (-3.0): 10,0 x 10°3 ¢lv
3 (-4,0) (-4,1) (-4,2) Analytical Prediction P&WA Rig 32/34 2 BPF 6000
3 (-1.0)(-1,1) (4,0) Analytical Prediction P&EWA Rig 32/5 1BPF 3200
3 {-4,0) (-1,0) (2,0) Analytical Predictior P&WA Rig 3243 BPF 2667
5 (5,00(5,1)(5.2)(5.3) NASA Sugpestion NASA Rig 15/25 2BPF 4470
(20,0)
. O
7 (3.0)(2,0)(1,0) (0.0) All: 345 ¢10 P&WA Rig RIS BI'F 2133 A
(-1,0) (-2,0) (-3,0) f
7 (-4,0) (-4,1) (4,23 (-4,3) Anadytical Prediction P&WA Turbo-  18/40 2BPE 27,600
5 (-4,4) (-4,5) (-4,6) fan Simulator
7 (11,0 (11,1)(11,2)(11,3) Analytizal Prediction JTSD Refan 34/23 BPF 2210
(-12,0) (12.1) (12.2 {
15 (-16,0) thru (-16,14) Analytical Prediction on.7 46/108 2BPF 3220

The Modal Calculation Program (MCP) wis checked out as follows: The amplitudes and
phases of the modes in given case were assigned either arbitrary values or values from an
analytical deck. The resultant sound field was then caleulated by the MCP from the given
modal structure at specific locations in the duct. For this checkout study, the locations

. . were specified by the Microphone Location Program (ML) that will be discussed in section
3.2.3. The amplitudes and phases at these locations were then used as input to the MCP so i
that the constituent modal structisre could be calculated. The computer program was

checked out by making sure that the input and caleulated modal structures were identicul

within vidues that could be attributed to computer roundof T errors. In fact. ail the analytical

test cases considered reproduced the input modal structure to at least three significant ligures

in amplitude and phase. '




3.2.3  Selection of Microphone Locations
Objective

To esiablish and check out a method for determining microphone focations that will pro-
vide data input to the Modal Caleulation Program so that the numerical stability of the ‘
caleutation procedure will be assured. 3

Criterin to Ensure Method Stability

It was shown in the tast section (3.2.2) that the fan sound modal structure is determined
by solving for the Am.u‘s and ¢m“’s from the equation system given by equation (3.2-5). [t E
can be seen readily that the solution requires a matrix inversion algorithm and, thus in order to i
get a numerically stable solution, the matrix of the equation system needs to be well con-
ditioned in a mathematical sense. Since the matrix coefficients are functions of micro-
phone locations, it is possible (for a sound ficld consisting of a distinct set of modes) to
select microphone lecations so that the resulting matrix leads to a numerically stabic
solution.

e

In order to establish a procedure for the selection of suitable microphone locations to

determine o mode structure comprising € modes, it is necessary to consider the following -
criteria; 1

. Microphone locations must be chosen so as to yield independent complex
cquations,

2. Porlarge number of modes, microphone locations must be chosen so that experi-
mental and round-off errors do not accumulate significantly in the Modal Caleula-
tion procedure.

3. Some mode combinations witl require that acoustic measurements be made in
fan inlet with microphones on radial or axial probes in addition to those located
on the duet wall, Viscous wakes from these probes will interact with the rotor
to generate duct modes at BP1- and harmonics in addition to those predicted
Dased on the fan design.

4.  Locations chosen can only be i function of the sel of modes (m, @) considered to
be propagating, and not on relative amplitudes and phases (Am,u and g’)”ml ol the
modes.

5. The method for locating microphones should be sufficiently peneral so as to !
accommadate all possible types of made structure. ‘

Procedure 1
Addressing these criteria, ¢ procedure for selection of micrephone locations was devised '

and computerized. This method will now be deseribed 1ollowed by a discussion on how |
this method addresses the above criteria, !

14 P
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Given that the sound field in the duet is assumed to be composed of N propagating duct
mades, and given an axial region in the duct where microphones can be placed away from
the influence of the direct rotor field and effects of the intet termination, a reference micro-
phone is located on the duct wall at an arbitrary (or convenicent) azimuthal location and
within the specified axial region. The N modes are then ordered so that the highest radial
order for the highest m-lobe is considered first and subsequently for that m-lobe the modes
are ordered in terms of decreasing radial order. This ordering is then continued for
successively deercasing m-lobe numbers,

For the first two modes in the ordered sequence, i sccond microphone is located on the
duct wall and in the specified axial region using a two parameter (x, #) stochastic scarch
routine. This routine searches for a microphone location that maximizes the absolute
magmitude of the determinant associated with the resulting 2x2 matrix equation system
corresponding to the determination of the amplitudes and phases of the first two modes in
the ordered sequence. The conditioning number — defined (ref. 10} as the ratio of the
magnitudes of the largest to the smatlest cigen value of the determinant of the matrix — is
then calculated. As discussed in reference 10, this number provides a means for estimating

the maximum number of significant figures lost in the solution of the simultancous equations

associated with the matrix. If the conditioning number is less than 100 (which, according
to reference 10, translates to the loss of two or less significant figures in the resulting
solution), or an alternate specified value if more or less accuracy is desired, the second
microphone location is fixed and a third microphone, corresponding to the third mode in
the ordered sequence, is located on the duct wall and in the designated axial region. Again,
the two parameter (x, 8) search routine is used. In this case, the search routine locates

the third microphone so s to maximize the absolute magnitude of the determinant
associated with the resulting 3x3 matrix equation system. The conditioning number for
this 3x3 matrix is then calculated and if it is less than the specified value, the third micro-
phone location is fixed.

This process is repeated until cither all the modes are exhausted or until the conditioning
numbecr is greater than the specified value, 1T the Jatter event occurs, it signifies that a
numerically stable solution is not possible for the set of modes under consideration using
only wall mounted microphones. In this event, a microphone on a probe within the

duct is necessary, Since radial probing (rather than axial) is generally more practical dur-
ing both static and flight fan noisc tests, the microphone is located by a two parameter
(1, 0) stochastic search, assuming a radial probe at the furthest upstream location within
the specified axial region, In this way, the wake from the probe interacting with the fun
rotor and the subsequent tone noise generation will be minimized, The remaining micro-
plrones will then be placed on this probe (if possible), using a one parameter (1) stochastic
search. At cach subsequent microphone, the absolute magnitude of the determinant of the
equation system is maximized, and the conditioning number is calculated,

If a location cannot be found on the radial probe that provides a conditioning number less
than the specified value, then a two-parameter (r,0) scarch is made for a location in the
duct on another probe {also placed at the furthest axial location), In the event that o
pusition cannot be found that yields a satisfactory conditioning number, the List location
of the microphone is fixed, and the program proceeds to locate the next microphone
assoviated with the next mode in the ordered sequence.

15
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Having presented the procedure, we will now diseuss to what extent the procedure con-
plies with the criteria established and listed eatlier for locating microphones,

1} By constraining the conditioning number to be less than 100 (or a suitably specified
alternative value) for the N x N equation system, the magnitude of the determinant of the
equation systens is assured to be sufficiently well away from zero, Thus, this constraint
makes sure that the microphones are bocated so that cuch of the N complex equations
devived is independent.

) The maximizing of the determinant for cach additional microphone is compatible

with generating low conditioning numbers and makes for a convenient criteria on which

to base the step-by-step application of the stochastic search routine. Tdeally, a search
routine that maximizes the N x N determinant of the entire equation system by simultan-
cously selecting all microphone locations would be desirable because the determinant
always appears in the denominator of the final result. In this way, the solittion of the
equation system would be independent of first-order errors in the matrix elements duc lo
errors in locating microphones that will inevitably be met in practice. Such a procedure
would be impractical however, since generally it would require a 3N parameter stochastic
search which is not available for the range of M being considered under this contract

(M < 15). The procedure presented relies on maintaining a fairly low conditioning number
to ensure that small experimental and round-off errors do not accumuldate significantly.
As discussed in reference 10, a low conditioning number ensures that the number of
significant figures lost in the calculation method is kept fo a minimum.

3y The procedure has been sct up to avoid the need of radial probing where possible, atwd
when it is inevitable, (o minimize the adverse effects associated with the introduction of
radial probing.

4) The microphone locations are selected based only on the modes considered to be
contributing to the sound ficld and not on the relative amplitudes and phases of the modes.

5) Finally, the method is quite general, being able to locate microphones for any rcason-
ably finite set of modes. In fact, the procedure was checked out with a number of fest
cases including a 15 mode set (that had a conditioning number of 5.7) and a 2 mode set
that wis successtully compared with a closed form solution.

Analytical Nustration of Method

In order to illustrate the underlying approach for selecting microphone locations that
assume the subsequent namericai stability of the modal calewlation method, the relatively
simple case will be presented of determining the amplitudes of two radial orders of a given
circumierential mode using two wall-mounted transducers. Incorporating the vatue of the
I-function at the wall into the A"w‘s. the average pressure at o duct location ol (x DAL
becotties from equation (3.2-5).

B[@. L q" - A cl[ku(Kgﬁ)X, +ma + ¢H‘L]
i

_ (3.2-0)
F A, ea[k:(kﬁlh’c tmo i+ fupl
‘M2
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where o << <y

The pressure at anotlier duct location (x5, 05), given by (x + xq, 0 + 0()) where (x, 0())
represents the refative displacement of the two microphones, can be written sitailarly as

i [kx (Kn:_‘) (‘414')(::) +m{6+ e.)+ ¢m.j

BQ_QAPz = A"‘- e
+ Amz e

wl\_ere o<t =<T

ke (kD) (it Xo) + 1o (B4 8a) + P ] (3.2-7)

Defini |
I i[kx(kma:) X. +mé + ¢Hl]
Dms = Aua ©

Dr-rn. 2 fuz €

Equations (3.2-6) and (3.2-7) become in matrix form

l:[kx(l(::) (x,+ }’o)+ m{8.t+6,) + ¢n1.]

B, eiw 1 siLke (i) Xo +m @1 ([ D,

Bae L‘l’:. =

|

. o o (3.2-8)
ef-[kx(kMJXO +m e ] 1 DM?.

Thus, from the measurements of the amplitude and phase of 8‘ e+ Yjyand 5;_ R ¢ ¥, ,the

amplitudes and phases of D) and D 5 can be obtained since the elements of the matrix
are al! known and Aml’ Aml' dmi and ¢y can be evaluated. Clearly, the values of

(xg. 0g) must be chosen so as not to make the exponential terms in equation (3.2-8) cqual
to one, since this would give rise to a zero determinant for the matrix and to two depend-
ent equations. In that case, no solution for Dmi and sz can be obtained. Assuming that

the determination of the 2 by 2 matrix is non-zero, the matrix equation can be inverted in
the usual way yielding

r 1 i [ kxCkuz YXot m 6,3
] Bret¥
D L[k;(k::)xo+m9.] 1e 4+
M1 s . 1
- , [ . {3.2.9)
Lk (k )xotm @0
DMLJ 1 ei- Jt(kn )x +m 8 ] Je"?j
(,’L[kn(k::)xo*m eu] 1
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Notice that the value or the determinant in {he denominator is

L[ Kx (ki) ~ K (K{z—)] Xo

(3210 S

]1-e

and the onby reason that the radial modes can be determined using only duct wall micro-
phones is that tee axial wave nun ber kg s a lunction of the circumferential and radial
maodes that are propagating. Note also that even for this relatively simple case, poor
resolution due to the Aenominator of equation (3.2-9) approaching zero is unavoidable if
the axial wave numbers (K, ) Tor the two modes are almost equal and Xg is bounded by

practica] constaints. Such cases often are met when several rudinl orders are propagating j
for a particular m-lobe circumferential mode at high frequencics, In particular, if m is 3
fairly high. the axial wave numbers of the Tirst few radial orders for typical practical !
sitiations are indistinguishable, In such cases, the detailed mode structure can best he ]

obtained by probing within the duct. Poor resolution is also experieneed if the distance
between microphones is chosen such that

L[ka(k;\r‘l’)']\’x (Kf::)j)(o l j
e A {

I'rom inspections of the Torm of the determinant, equation (3.2-10), it can be seen that u
maximum value ol the modulus and the real part of the determinant is obtained when

X, = (anl)’h' (3.2-1n

[ke (657 - ka (ki) ]

Two eriteria are satisficd by this choice off Xt 1) both the modulus and the real part of
the determinant are well away from zero, and 23 both the modulus and the reyl part ol the
determinant are at local masima and will be insensitive to fisst order ertors in X (that is,
the microphone locations). Having establishied the microphone location according to the
form of the denominator of equation (3.2-9), the actual values of D}y, and D)2 depend
on the form ol the numerator and the measured amplitudes and plitses of the pressure at
the two microphone locations. However, as long as the matrix-vector product in the
nuerator is bounded. singularities and pross sensitivity to first-order errors in measure-
ments and imicrophone locations can be avoided.

FFor this simple case. the stochastic search that maximizes the determinant for cach addi- {
tional microphone location in the MEP would determine one of the vidues of g satistying
equation (3.2-11), and within the specified axnal range Tor locating microphones, 1 one of
the vadues of N 18 notin the speciticd axial range, the stochastic search will find another
vitlie of sg that will manimize the determinant in that ranpe, Sinee the cigen values of the
determinant in the denominmator of cquation (3.2 are (1 4 iy and (1 - i) when a value of
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sy s chosen that satislies equation (LD, the conditioning number is reidily seen o be
unity,  Phe equation system resulls from the choiee of microphone locations piven by s
iy equation (-1 s thus seen to be well conditioned,

Compulter Program

Ihe wicrophone focation selection procedure was progcammed in Fortran 1V code te be
rutt on i high-speed digital computer, The code and lopic, whieh are deseribed o User’s
Manuwal (ref, T1) were chiecked out by locating two microphones for g case where the
sand field consisted of two propagating modes, Fhe computer output was compared with
the exact analytical solution obtiined by application of equation (3,211, Apreement o
within four sipniticant figures was obtained. As noted in section 3.2.2, the Microphone

I ocation Program (ML) also was run to obtiin microphone locations for the ten
analytical test cases (hat were used 1o check om the MCPL Finally, once the M1LP was
checked out, it was used (o seleet microphone locitions For the experimental portion off
this program described in section 3.4,

It this section a method has been established and checked out for determining microphone
locations that will provide input to the Modal Calculation Program (described in section
3.2.) that will ensure the numerical stabitity of the caleulation procedure. The method
for determining coherent fan sound mode strictures is thus complete, o the next
section, the sensitivity will be considered of the maodal caleulation method 1o errors in the
knowledge of the measuring locations ami in the measured phase angles ad pressure
amplittdes,

3.2.4  Sensitivity of Mcthod
Objective

To derive a set of influence coeflicicnts from which the sensitivity can be determined of
the calculated mocde structure 1o errors in the knowledge of the measuring location amd in
the measured phase angles and pressure smplitudes.

Derivation of Influence Cocfficients

The gecuracy ol the modal coetficients, as computed from the measured pressures, is
affected by errors in these measurements, and also by the precision ol the microphone
fostions, Specilicially the amplitude and phase ercors associated with a specified maode
iare required as funclions oi amplitude and phase errors in the measured pressures, and
alser as functions of ervors (or tolerances) in the radial, axial, and circamerential
voordinates of the prossure measuring locations. T this subsection, expressions will be
obtaincd tor the influence coetlicients or partial derivatives of the maodal amplitude and
and plyse with respect to pressure aud lociation coordinates. These can be used Lo
estimate the sensitivity of the caleulated maodes (o fiest-order measurement and position
crrors. By mualtiplving o piven influence coelficient by an appropriate measatemeenl
crror, the corresponding crror g the amplitude or phase of the mode due to that
errow is obtained. Tnoaddition, the standard deviations of caleulated mode amplitude
and phase can be obtained in temms of assumed or experimentally derived standard
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deviations of the measurement and position errors. The derivation of the infliunce
coefTicients and their use in estimating the standard deviations in calculated maodal
amplitude and phase are discussed in the foltowing paragraphs, This discussion is
then followed by a physical interpretation of the influence functions,

The analysis is simplificd and will be casier to follow i all appropriate complex variables

are denoted initially by single symbols rather than expressed in rectangular or palar form,
until such time as is necessary o specifically obtain separate amplitude and phase expres-
sions, Lurthermore, matrix notation is employed as the most efficient and revealing way
of manipulating the large rumber of variables involved.

In matrix form, the relation between N teasured pressures and mode coefficients (cquation
3.2-5) can be expressed compactly as

p=Hz (3.2-12)

where p is the column matrix of N measured complex pressures, # is the colunin of N
desired complex mode coefficients, and His an N x N matrix, the clements of which are
functions of microphone location and modal cigenvalues and cigenfunctions (but not
mode amplitude or phase). The expressions for the H matrix elements (denoted by H o)
can be written from equation (3.2-2) as

L[kx;Xn"‘ Mg Q"']
Hie = EMsﬂs ( Kumg pi y-n) e (3.2:13)

where (x,,, 1), 8)) denotes the nominal location of the nth microphone and s denotes
the sth mode in the ordered sequence of modes discussed in the last sub-section and Mg, 4
and ko are respectively the circumferential lobe, radial order and axial wave-number
corresponding to the sth mode. Solving equation (3.2-12) for the modal coefficients

‘£=H‘IP or 2=QP

where (3.2-14)

\‘\4 or Q s the iaverse of the H matex

It should be understood that although the clements of H have closed form analytical
expressions given by (3.2-13) the elements of the inverse, 1! cannot pencrally be expressed
analytically because of the complicated form of the determinants involved in matrix

inversion. However, in (he modal caleulation procedure described in sections 3.2.20 and 3.2.3,

numerical values of the 1 matrix are obtained, and the computation procedures included
in the MCP give corresponding numerical values of the inverse, Q = 1 . Furthermore. P
is known from N duct micrephone measurements and the resulting computed quantitics
7 (the amplitude and phase of cach mode) are known from the output of the modal
caleulation procedure.,
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The result on the caleulated modal coefficients of errors in the measurement ol pand
errors in microphone location, which are manifest as errors in [, may be seen by replacing
p, HLand z in equation (3.2-1 ) with p+ Ap, 1T+ AllL and 24 Az Substituting, and sub-
tracting p == Hz from cach side gives

Ap=HAR + AH2+ AHAR (3.2-15)

If the errors are small, the second-order term AT Az can be ignored, and to denote (his
approximation, dp, dH, and dz will be employed in the usual sense of differentials, giving

dp = Hd: + dH-2 (3.2-1¢

Using standard matrix algebra the error in the mode coefficient can be expressed in terms
of pressure measurement and microphone placement crrors as

dz = H'dp - W dH 2
or 4% = Qdp- QdH 2 (3.2-17

Since Q can be numerically calculated from the known matrix H, and the 7z arc
catculated using the modal calculation procedure, it can be seen that the errors in the
amplitudes and phases of all the modes dz can be expressed in terms of the known
clements of Q, the calcutated mode structure z, and the errors in pressure measurement,
dp. and the microphone placement errors, that give rise to errors, di in the clements
of the matrix 11

In particular, from cquations (3.2-17) and the form of the expression for the clements of
H given by equation (3.2-13).

. - dx, + akr X ”
dz = Qdp ( Ix, de, | 2
where. since His a function only of micmphonc location, d has been ruplaucd by

AH-.-E(%M ar, 5 2 g,)

I'rom this equation, the independent efTect of cach error Lype in pressure and location
coordinate can be evaluated. For example, the error in the modal coefficient Zpy. due to
an error only in x, say. is given by:

dz, = - Q 5% dx, - 2

Multiplying out the dast two terms as is shown in equition B13 of Appemdin B,

b |
L o1 AH“
d 2” - Q é.l &;" ZS J x'
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where H I8 the clement in e n'h pow and s cotumn of the mateix 3, and zgis the

sth modal coefficient as ordered in the modal ealeulation method,

The expression

- Q % A Hnﬁ Z
PR :

is defined as an influence coeflicient and is simplitied still further, along with all the
othier influence cociticients, in Appendix B. If the measured amplitude and phase of the
coherent sound field at the ! microphaone at location (%, 1y, 0,,) is given by B,, and ¥y
then the influence coefTicients can be presented in terms of wmplitude and phase and are
equivalent to partial deviations of the modal amplitude and phase with respect to
acoustic pressure and microphone location coordinates. As shown in Appendix B, these
partial derivatives are as follows
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where. nﬂ and ¢" are the u,mpl.'h.le and lJlm.Sts of the M‘k mode

and $Mn =/9n-1 + q)"l - ‘t’n and ?m\s = lenn +ol,g t+ d.)s - 4)14
The remainder of the notation is fully described in Appendix A,

It should be noticed from these partial detivatives that, in general, the influence

cocfticients are functions of the microphone location (xp. 1y, 0, and the acoustic pressure
measurements (B, and ¥y, b and also depend on the calculated modal amplitudes and plases
{AM and @) Thus the influence coetTicients are different For cach modal structure that

is determined.

Lixpressions Tor the standard deviations of Ay and g cun now he obtained in tens
of the standard deviations in pressure measurement and microphone location errors,
Since the resuiting amplitude and phase errors of the Mt madal coefficients dAyg and
dgpyg are linear funclions of the input etrors, they can be written as

o AHA &nﬂ QA)\ &nn A-AM
S (G A8+ Aty TR0 ¢ Tl dn ¢ T ton )
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Then, it itis asstumed that the pressure and position errar (A d g, dycdoand dgdare nde-
pendent viriables having Gaussian distribution funetions that are mdependent of noand i
these standard deviations wre characterized by zero mean and stindard deviations o . VIR
0 gy the resulting standard deviations of the computed mode amplitudes and phases
are simply

AL A &A, dAnY
g?[ ,\—&;)"EL*(:lf)r “)-G‘F + li'x:)"? ' T (3.2-19)
Y
L0,\* AL m)* ( ) : ;-zéﬁ)a, =
) Ts +(jf+f AT J dea

Both influence cocfficicnts (cquations 3.2-18) and standard deviations g Ay and o0y

are caleulated as standard provedure when the MCP caleulates the amplitudes and phases
of the acoustic duct modes. Thus, a significant feature of the modal caleulation method is
that the sensitivity of the method to errors in measarement and microphone location can
be assessed for every modal structure that is caleulated, The basis Tor this assessment is
mide by inputting to the MCP estimates ol the standard deviations ol the errors in
pressure measureiment and microphone location. Estintates of the errars in the ampditudes
and phases ol cach ol the caleulated modes are obtained as an output of the MCP. For the
remainder of this section, the form of the tnllucence coelTicients will be discussed and a
physical interpretation will be presented Tor those cases where it is reasonably clear,

N

Physical Interpretation of Influence Coefficients

It is not seen readily from the expressions given in equation (3. 2-18) (or the influence
cocthicients, how crrors in cateulated modal amplitude and phase are infuenced

by acoustic measurenment and microphone placement errors, 1t is apparent, howevet, that
a significant termin all the influence coelTicients is 4 pyp,- The Mp 18 turn are compli-
cated functions of the particalar mode set that is being determined, atony with the
microphone locittions wsed to obtain data for input 1o the MCP.

In detail, the influence coelTicients exhibit different characteristios depending on whether
they are associated with microphone location errors ur acoustic pressure measurement
errors. The influence coelicient characteristics will thus be constderad separately under
these headings,

Microphone Location Ervors

If the mode amplitude and phase sensitivitios toanpulin orQerrors aA | afand oy ol
are considered First, it can be seen Trom Che equation €32 18 that thes depend ditectiy
on the values mg which are the set ol integer. siving the ||u|nh ol circumlerential oy cles

of the sth \pnmmr maode pattern, 10 all or most of the mgare e, the sensitivity s bagh
compared with cases where all the ing are relatively snudfl numberss A high salue o s
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associated with small circumferential wavelength, and it is to be expected that a given
circumferential error d0y, would impacet determination of the phase of the pressures and
modes to a greater extent when d0, /(2 = finYis large — that is when m is large - than
when m s low, It is not intuitively obvious, but aAm/aon shows that the amplitude error
as well as the phase ervor inereases as the value of m increases,

In an exactly analogeous manner, large values of the axial wavenumbers (corresponding

to short axial wavelength) increase the sensitivities of both Am and $m to errors in axial
location, dxn.

The physical interpretation of sensitivities to errors in radial position, aAm/ar“ and aq&m /
arn, is a little more obscure, and may be found by examining the expression for knshns =
kg I (kgr)). This equation shows that the seasitivity depends on radial location, I, which

is very different from the x and 6 sensitivities which are independent of these coordinates, At
cither the inner or outer walis of the annular duct the slope of radial distribution function,

I (ksrn). vanishes. Therefore, pressure Mmeasurements at or near the duct walls are very in-
sensitive to errors in radial location, Apart from these wall locations there are no other radial
locations that will provide cquivalent insensitivity in practice. If for example, the (m,0),
(m,1) and (m,2) modes were present, a location in the neighborhood of the mean radius

(for high hub-tip ratio) would be near the antinode of the (m,2) mode, and would

thus give a very small value for E }11,2' Howevet, this location would be very near to the

node of the (m, 1) mode yiclding a large value of E }11,1' The resulting sensitivity would
depend on the relative amplitudes of the (m,1) and (m,2) modes,

The cigenvalue, kg 2lso enters the sensitivity as a factor, and does play a similar role to
the previously discussed axial and circumferential wave numbers, kys and mg. That is,
large k¢ produces higher error sensitivity than low values of ks. This relation is

intuitively clear, for increasing kg implies an increasing number of nodes and rapid changes
of pressure in traversing from wall to wall. A given radial error is, therefore, reflected in
relatively large pressure changes compared to cases where the radial pressure variation is
more gradual, as is the case for fow order radial modes (i.c., low values of k).

Pressure Measurement Errors

The expressions, equations (3.2-1 8), for the influcnce cocfficients giving the effects of
crrors in measured pressure amplitude and phase upon the amplitude and phise of the re-
sulting modal coefTicients are somewhat complicated. This complication is a consequence
solely of the fact that the quantitics involved are complex variables, If, hypotli-ticully, the
quantitics were all real, equations (3.2-14) for the modes in terms of measured pressures
could be expressed as

18 = Lgue] 588
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Where A, and B, are mplitudes of the mt mode and measured pressures at the o
location respeetively, and the g, are the magnitudes of the mairix Qq clements. Then,
the efror in a typical resultant can be obtained from the difterential as:

JAM ® le 0\5.‘*: M2 AB;"’ ¢ '.?ma JBN (3.2-20)

The influence coetficients, ﬂAmlaB“ are seen 1o be simply ), or jusl the clements of the

Q matrix.

In the actual case, equations (3.2-14) are seen to contain ;) 48 in the above hypothetical,
real variable case, but they also include other factors. inchuding harmonic functions ol an
angle that is a combination of the phases of the measured and calculated pressures and the
phase of Q- (1t should be poticed. however, that the influence coclficients in this section
are not functions of the calculated modal atmplitudes).

To get a general appreciation for the nature of this complication, consider the case of two
complex modes and two complex pressures, for illustration equation (3.2-1-4) becomes

'E. = Qu ‘Pu + Ql?- f"

2. * Qi Pr + Qu. P (3.2-2
The (complex) error reiations again can be found from the dilferential:
dz, 2 Qudp + Qadpr
(3.2-21)

d?.z = QLIJPJ + Qz; sz.

Now these expressions are just as simple structurally as the hypothetical real variable case
given by equation (3.2-20). ltis only when we obtain the separate ¢ffects on modal ampli-
tude and phase of both measurcd pressure amplitude and measured pressure phase that the
extra lactors (apart from q, the amplitude of Q) in the influence coeflicient ¢xpressions

appear.

To suggest the nature of this complication, let us examine 7, and 7y in the above equations
(3.2-21) and (3.2-22). For simplicily

Z. 2 Qu Pt Gz Pa
Z, = U+ U.

Then the complex error in Z due to efrors in the complex components, Uy = Qy Py and
Us = Qal 5w be expressed as the dilferential:

d%t = Cl U, + c»lUg_
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Figure 3.2-1 shows Zy as the resultant of U and U, Fach complex error dUyand dUy s
shown resolved into Two camponents:

1. A component colinear with the appropriate U vector, This component is the
differentisl of the amplitude of U or the error in the U amplitude.

2 A component perpendicular to U which is equal to the error in the angle of U
multiplied by the magnitude ot U.

Figure 3.2-1 shows the projections of these (wo differenl components of the etrors dUy and
dUs upon the resultant fuctor Z . The sum ol these errors may be seen to give the error
dA| in the amplitude of the resuttant 7. The trigonometry involved in describing this
projection process mathematically can be shown to account for the factors for aAmlaBn
and 9A,, /oy, in equations (3.2-18).

A similar process (not illustrated) may. be used to tind the error in the phase of the resultant
Zy. This time the same four U-component errors are projected ot an axis perpendicular to
Zy. The sum of these perpendicular components is equivalent to the error in the phase of
Z) muttiplicd by A, the magnitude of Z. On dividing by A, the phase error of the
resultant is obtained. This procedure may be shown to give the mathematical expressions
for the pair of influence cocfficients a¢,, /a8, and 09,,/0, in equations (3.2-18).

COMPONENTS
OF dU3 UQ/

Z1 - RESULTANT
OF Uq + U2

dAy - SUMOF TWO COMPONENTS
EACH FROM ERRORS
INLUj & U2

COMPONENTS OF

Uy duy
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The main conclusions from the above description of the physical characteristics of the
influenee coefficients for both microphone location crrors and acoustic pressure measure-
ment errors are as follows:

For microphone location errors:

i)  Influence coefficients are functions of the calculated modal amplitude and
phase as well as of microphone location.

i) Calculated modes with large circumferential, axial or radial wave numbers are
sensitive to errors in locating microphones.

For pressurce measurement €rrors:

i)  The influence cocfficients are functions of measurement position and the cal-
culated modal phase angle only.

3.2.5 User’s Manual for Computer Programs

A separate User’s Manual has been written for the MCP and the MLP that were developed
and checked out in section 3.2.2 and 3.2.3, respectively. They are both presented in u self
contained report in references QY and 11,

3.3 APPROACH FOR MEASURING RANDOM SOUND FIELDS
3.3.1 Introduction

In addition to coherent discrete frequency noise resulting from rotor-stator interaction, fan
noise contains significant random or broadband content  produced by rotor-turbulence
interaction, for example. The objectives of the analytical investigation conducted in this
part of the program were to derive a means for specifying the essential propertics of a
random noise ficld in a cylindrical duct, and then to evolve instrumentation and data re-
duction techniques that permit experimental determination of these propertics.

To simplify the problem, which is more complicated than the analysis of coherent, discrete
frequency fields, attention is focused on thin annular ducts, where radial variations in
the sound pressure are negligible. The content is divided irto these parts:

Section 3.3.2, “Field Structure of Random Noise in Thin Annular Ducts™. formulates the
concept of the maodal pov er spectral density Tunction, its expression in terms ol cross
property Tunctions of local pressures, and interpreations of the function including spinning
rodes, The elements of data acquisition and processing systems for experimental deter-
mination of the field structure are discussed.
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Section .33 deseribes a speeial system for measuring tandom fields in thin annubar diets
an arrny of circumierentially spaced detectors, incorporating progressive linear delay times.
The tunction of the areay is to provide o direet measure of the set of mode-frequency pairs
having conmon cutol? mtios. Array performance characteristics are derived for both ran-
dont and colwerent, diserete-Creqieney sound ficlds.

3.3.2  Field Structure of Random Noise in Thin Annular Ducts
Background

In order to appreciate the objectives and approach of this analytical study, it is helpful
to mention certain features of the current theory for ducted coherent soumd liclds.

The theory of coherent, diserete wave propagation in cylisdrical ducts hos been established
for some time and has been validated by a number of experimental investigations, A
central item in both formulation of this theory and also in determining the 1tvpe of meastre-
ments required to acquire meaningful experimental resuits is the appropriate specification
of the pressure distribution in a transverse plane perpendicular to the duct axis. The

riddial structure of this distribution is exprossible in termis of sums of Bessel fuvihions of
order corresponding to the eyeles of circumferential pressure variation. Thus, the trans-
verse pressure structure depends crucially on a very clear understanding of the charactet-
istics of the circumberential pressare variation at a fixed radial location, typicalty along the
circumference of the duct wall, The features of this circumierential belivior are cirbodied
in the vase of a very thin annular duct having, at any instant. a constant pressure across its
very narrow annulus,

By focusing on this simpler case it is possibie to work with relations that are unencumbered
by Bessel functions and other complications that tend to obscure certain basic features,

It this way if has been possible to recognize clearly that so-called spinning modes are a
usetul and convenient way of deseribing the coherent pressuare field of o rotor and the ficlds
generated by rotor-stator interactions, In particular, simple interpretations of propagation
direction, cutoft, and other propertics follow from this thin anbulus approach and are used
to guide and interpret the results of studies of the more general cases where the duct
annulus is of Tinite size. o the current study of random noise, the approach ol formulating
the problem for the case of a thin anbular duct has been retained.

An analysis of random fields in eylindrical ducts tref. 4 and 6) has been done previousty
by pastulating the existence of a spitming mode amplitude spectral density Tunetion.
However, 1o exstend the coherent spinning made Tormulations (o deseribe random pressare
fields requires that the coneepts of “amplitade™ and “phase™ of such 3 made be modificd
to accommodate random finte variations. Providing an o priori phivsical basis For sacha
maodification is difficult, and it was therelTore decided in the presest study to adopta
formally ditferent model for the space-time description o a candom pressure field  one
that did ot enybody spinning modes as is starting point, This model specifies the fivld
by products of pairs of functions  functions of space only that are strictly periodic, amd
[nctions of tme alome that satisty only the usualb requinenments Tor random tine setices.




Alter description of the space-titae pressure field in terms of this mathemattical model the
modal power speetral density function, which specifies the pressure ficld in terms of mode-
frequency space, is introduced. To evaluate the modal psid, expressions are first obtained
for the cross correlation function of the pressure ficld by using the space-time model,
Then the modal psd is found us the {double) Fourier transform of the cross correlation

function.

Finally, the modal psd function is resolved into two component functions, cach of which
has mathematicat propertics paralleling those associated respectively with forward and
reverse spinning modes in the coherent, discrete field case, Because of this correspondence,
these components of the modal psd function are designated as the spinning mode conm-
ponents of the random ficld modal psd. Furthermore, it is subsequently shown (in another
section of this report, section 3.3.3) that these random fichd spinning modes “exist” in the
operationally definable and mecasurable sense.

Mathematical Model of Random Pressure Field

A coherent diserete pressure field ina thin annular duct may be specified by the super-
position of spinning modes in the usual way by:

o o
= f -
p(e,t) mgo- E' Cmn cos me nwit + CPM") (3.3-1)

This torm cannot conven ently be modificd to describe a random fiekd because Comn and
Qun must incorpotate time dependence, and @ continuous frequency variation must he

provided.

Instead, the following forn will be taken as the mathematical model of a random ficld
in a thin annular duct:

péest) =§; [ am(t) cos(me) + bm (t) ,,N(ms,j (3.3-D)

where a,;,(t) and hm( t) are random time functions chatacterized only by their cross and
direct cotrelation and power spectral functions.

Equation 3.3-2 is seen to satisfy the following requirements for a model of the pressure
ficld:

1. Time dependence at all positions, 0. that is arbitrarily random in the conventiona
sonse of the term as used in the context of time series (ref. 12)

2. Spatial variation at any instant of time that is strictly periodic in 0, with period
3
2.

29

S P ——



Power Spectral Density of Pressure Field

The objective is to derive a suitable Tunction, starting with p 2,0 given by cquation (3.3-1),
that will specity the distribution ol acoustic pressure as a function of mode mumber,
m,and frequeney, w. Maans far obtaining this function in teems of experimental data

are also required. This function is called the modal power specteal density, Sim ., w).

Two basic steps are used o obtain an expression for 8{m, w), First, the cross-correlation
function corresponding to equation (3.3-2) for p (1.0 is formulited, Secondly., by virtue
of the relation that power speeteal density aad correlation functions are Fourier transform
pairs, an intmediale statement of the Tunction Sm. w) is obtained.

The correlation funetion of a function that is periodic with respect to ¢ and random with
respect to time can be written as:

R > = bm an %
e Twoo 27TI Pee.t)-plore, t+2) dtde (333

-Fé

It will be uselul to define the pattial correlation function, RU(O:G'.T) by meians of:

Re(e;0727) = Lim L %
ersy . € T—aw?

-1

(3.3-4)
Pet)- Pletr, t+%) 4t

= ?’-P((f‘j?') {

_—

sor that equation (3.3-3) can be expressed:

-y

= 4.
ROV =35 | RaCe,02) do (135)
o

The integral R(,(U;O’.T) is simply the time-correlation of the pair of pressure signals at
& and 0 + 07

The resulting modal power spectral deasity, Stm . ) is the (double) Fourier transform ol
Rie . . which because of thed” - periodicity @ is the difference in 0 coordinates) becomes:

r oo ]

| ~tH Y mp
S5(m,w0) = 47¢ f J R(r,2) e e d do (oo m, (e ) (3.3:0)
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On eliminating R(e", 1) between equations (3.3-4) and€3.3-6), a general expression for the

modal power spectral is obtained:

.4 gn I
= / ] ¢ - .(u"? m”)
S(m.w) ng 3”’7][?4 Plat)-Plorryt+?) & grdodedr T
iy - - 2

‘This expression for S(m , w) will be cvaluated in terms of the specific rodel for p(0.1)
given by equation (3.3-2) by executing the following scqnence of steps:

. The explicit form for p (6,) given by equation (3.3-2) is substituted in cyuation
(3.3-4) to obtain the partial correlation function Ry(8;0%%),

~{wT
(9;9"2')6 a? is applicd to

9. The Fourier time transform g",‘, !:Re
tral function expression in terms of moda!

Ry(0:0°, D to obtain a local cross spec
spectral functicns.

an
3. A space-averaging operation, 'a"ﬁ f do : isapplicd to the result of step 2. The
o

result will be a spectral function in the form of a Fourier series with argument o

4, By applying the Fourier transform for 0—3 M in equations (3.3-6) or (3.3-7),
the cocfficients of this series are obtained. These coefficients are the desired modal
power spectral density functions, and the set of these functions is S(m , w).

Thus, the four integrations involved in obtaining Stm , w) by cquation (3.3-7) are executed

in the order: -t,-,‘_r, e,
Step 1 Substituting equation (3.3-2) forp (0,t) in cquation (3.3-4) for the partial
correlation coefficient, Ry, and using indices p and q for.m in the double

summation gives:

Re(@;0;2) = 7«%{:_@ * ﬁt :{ fgo La, (#) t0apo + bp (2o pej} .
o { g"fa; (¢ +2) Coe g(@+0) + By(t ¢2) UG (B+L )J}

e — e

= 3 {40t + bubn 23 ] oame + £ [0 bn®) - bl olnmo}  (334)

+ 2 {${amaa ()~ Bobon )] cowm(ze+0) +5{ambm 2) + B e8] 0. (20 w)}
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where the 1y, teris have the peneral structure

apily ("2) .
- rr&'} {2 Cersmre ]} |

3, by (2)

Sep 2 Applying the Fourier ime transform to equation 3,3-8Y:
{

o -t
9:&.{99(9{072’)} = é‘ﬁ_j,.&(e,’ﬂ',f) € dr (34
= g{%[@f@ + Pl coame + £ [t - i) ] ""”‘""o-}

+ S5~ §uw)Jroam(zore) + 1[4 + Yo JainnGeesa)]

]
plus sum ol Fourier transforms of the I:l"l {erms in equation (8). 1
The following listing defines the notation for the Fourier transform pairs in cquations %] i
and (3.3-9): s
CORRELATION o 5 SPECTRAL 1
FUNCTION FUNCTION *
JE— ] L
QA Q) B C4+2)
b
e ab
QA bm(2) m (W)
e et bd
bm Gm(F} ba (10)
lu equation (3.3-9) only the terms in the first line are independent of position #, and depend
only on the w-spectral functions and the separation @ of pairs of signal detectors, All
other terms, including those resulting from the transforms of the p 2 4 terms in equition 1
(2.3-8) involve O-dependence.
Step 3 Apply the f-uveraging operation required by equation (3.3-8) 1o equation (3.3-9) i
The left hand side of cquation (3.3-9) hecontes the space averiape of the cross-spectral
d by o~ . Iisa quantity directly caleulable from {

function between detestor pairs separate
appear in Turther analy tical and exjerimental

cross-spectral measurements and will
it is represented by the swmbol S (075 uJ)

conpections, Deeatse of ils importance
wiere

!
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SN CARID IR 4 {R,(o; . 2)} de (3.3-10)

-2n
Application ol the vperstion 35 _L d(". (o the right side of eguition (3.3-14)
arakes alt tecas laving harmoenic G-dependence vanish, eaving only the following simple
sum ivom the first line of cquation (3.3-1)

Sy (0} w) = ,,i {(#L e + f:(t(ﬁﬂmmuéltfm(laj— w:(w)]m_m 0-—} (3.3-11)

20

% sb ba
(The symbaols ({)m () and ils conjupale Wm (¢2) have replaced l-I),,‘ (w) and e (W)

\ x R i . O-b ba ) o he
Since  bm @m ()= 0u2nE72 the Fourier transforms Wnn and l}’“ cuh readily be
shown to be conjupale.

Introducing the detinition:

Foe) = n) + Q) ] (renL )

(3.3-120)
V. () = [ . () - ({),.f(w)] (ZMHEINARY)
Equation (3.3-11) becomes:
S S
— £z . )
Sp-(rw) =2 [ F R@0omo+ 4§ Wru(«) sin m 0’} (3.3-13)
mao
Step 4 Fourier translorming equation (3.3-13) with respect to 8" completes the
progess for obtaining the modal power spectral density, S,y L w):
7 .
| s MO
Stm,w) = E‘ﬁ'_g Sy (o) e do-
ow > L
S 2‘;'{1@ _c_[\(w)mano—-r-é-l}’,cw)nénna“}e 40~ (3.3-14)
no =
o . . .
= Sl LS s Sonni]e £ B, emn) #8 o]
o

The dummy index 1 has replaced m - as the index of summation in equation (3.2-1%)in
keepite with conventional practice. The § - functions required in the Fourier transtorma-
tion of harmonic functions are defined to unity operators when their argument is zero and
otherwise are annbilating operators, Collecting tenns with §om-m\ and _f(m-rn) factons,
and replacing the pure imaginary 'g{(w]hy ,[g)‘:‘. }o Stm. w)canbe expressed in terms
of real functions:
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S {318,004 G w)] §men) +

5(m, )

Nz

4. )] - ’u, e
4[@'( -y )]Mm ’} (3.3-15)

Letting

; —
Uy = 4000 + W, (w) (3.3-16a)

{3.3-161)

Vi (w) = &, (w) — ', ()

the modal power spectral density becomes:

Sm, ) :n_Z{a"' U §Cm-n) + 4\ (M)S(mm)} (3.3-17)

This equation indicates that Sem . w) is defined over both positive and negative values ol
o and w: The U and V functions, being combinations of functions resulting from Foutier
(ranslorms are perforee defined over the entire w domain. Also the function  §¢m +n)
directs V@) 1o fill the negativem-domain of St . w) just as Som-m fills its positive
domauin with 1117 Un (W),

Now by combining these characteristics with the svaunetry propertics of the constituent
E,.(u‘) and Tf:'(w) functions. St . ) can be simplitied. For this purpose it should be

noted that since’ Gy results from Feurier transtorming the auto correlation functions of
the QaCe) and b, (£)  series itis an 2ven [unction of w. Similarly the combination of
cross spectral functions of these series that comprises H’:C“’\ tsee e 3.3-1 2 resulls it
Yo being an odd function of w. (This can be shown by recognizing thal (Qm bo B~

bm Qm LT) ) is an odd function of T Then converting the factor exp-iw to rece-
tangular form when writing the Fourier transform to obtain W, it will become cvident
that W, is pure imaginary and an odd function ot w.)

The following important relations are consequence of the above properties:

(3,318

Un (mar) = V), (e?)
Vo (~u ) = Up(e)

[RI1

et - et~ ‘r




and S('M,-HJ) - SC—m, w) (3.3-19)

SCm,-y =5 (m, )

or

Equations (3.3-19) indicute that if the fM, ) planc is divided into 4 quadrants in the usual %
way, as shown in Figure 3.3-1(a), quadrants | and Il where 72 and @ have the same sign i
present equal information about S(m,wJ » and similarly, the specification ot‘g'm,w) in

both quadrants Il and IV where m and W have opposite signs is redundant, S(m,uﬂ may

accordingly be specified in quadrant | by adding its (equal) values in quadrants I and [1].

Similarly, the quandrant II values may be added to that of quadrant 1V to aliow repre-

sentation only in quadrant 1V of.S'('mJu‘)) for values of 9 and W having opposite signs.

[P ——

Figure 3.3-1(b) shows a sample point of this representation of S (m: '-D) , where only ;
positive values of W are us’ed. Values corresponding to positivem in Sr'm,u)) are denoted 1
by the symbol Smlthnd Sl denotes the component functions for negative r

values of ™ in 5(m,10) | Absolute value signs are used with the w to ensure against the
possibility of cvaluating the functions for negative w . Useof m (orn) as a subscript
in Sy (e0l) and Sm (11) s restricted to positive values only, in conformity with all
prior usage, starting with the time serics Q, (¥, by (2), and the spectral functions
§r-n () and % (w) . The +and - superscripts are used to indicate opposite and simijlar
pairings, respectively, of the signs of m and w in the corresponding modal psd, S(m,w).
The signed superscrifts used with S;l (le|) and 81, (lwl) have been selected to help convey
this information: S, (w!) and Si, (Jeo)) may be interpreted as the random field counter-
parts of forward and reverse spinning modes in coherent discrete frequency ficlds. In the
coherent case, Po,t) £ XL [me-1ot] » Where m and @ appear with opposite signs,
fepresents @ forward spinning wave since the pressurcat @ § t s received at ce+Ae)»
ot =(mf) A e seconds later, The spin rate of this mode is therefore JL = A0/t
= w/ M. - Similarly, a reverse spinning mode, in which M and w tyke
the same sign, has argument Dnﬁﬁ-’t]indicating that pressure at A©  distant from ® was
received carlier or At = = & , . In each case, the magnitude of the spin velocity
is [2) = [m/w] + These coherent case facts suggest a corresponding interpretation
for the modal power specteal density function, In Figure 3.3-1(b), radial lines of slope
= ['m/u)l may be considered to represent the common average spin rate magni-
tude of the forward and reverse spinning mode components comprising the random field
modal psd, 8§ (m. w) at the illustrated point vatues.

Figure 3.3-2 illustrates a representation of these spinning mode components of the modal
power spectral density functjon. Clearly, S (m, w) and the components S ({1 }and

S (D) are defined over a continuous set of values of w, but exist only for integer values
of the variable,m . This property, which is g comsequence of the @ — periodic
boundary condition on P{e,t). will be shown to have major significance in the operation

of the delayed circular array system for duet ficld measuremenis theseribed in section 3.3.3.
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A more formal development of the correspondence between random and discrete field vases
may bhe obtained by starting with a single diserete monle Cm ?ftplfm&u‘t,'}’uml compuiing

the appropriate correlation functions and their Fourier transforns correspoiding to those
defined previously in the developmient of § (-mju)) jor the randowm case, The tesult is

found to be a single pair of 8§~ functions. cach of clfective strength GG L one located
at (=m, t¢> ) and the otherat (m,~w), Their sum, Sn(wo) = SEmer) + 5(m,-w)

= écﬁ Co .is of course the well-known expruession for the “power” or meian-square
pressure of this forward mode.

Despite the similarities described above in these random and discrete case functions, the
appelations of sTorward’ and “reverse” to the mogdal components Sin !tﬂl) ¢ Sm(iwl
remain to be justificd more fully. In section 3.3.3, *Delayed Circular Array System”” will
be found a physicai or operational basis for use of these terms. In concluding this sube
section, it should be again mentioned that the construction of u spinning mode was
completely absent in the mathematical model of the random pressurc field used here as the
basis for Jeriving the modal power spectral density. Rathier, it emerged as a component of
the modal psd function that satisfied certain mathematical properties held in common
with coherent, discrete frequency ficld spinning modes. But furthermore, as will be shown
in section 3.3.3. random ficld spinning modes turn out also to have a very close physical
resemblance (defined in terms of measurable attributes) to their coherent pressure field
counterparts.

The following cquations stnmarize the expressions for the spinning mode components,
S,;(HU') and Smﬁui!!) , ol the modal power spectral density function. 9(m, w)

5Cmu0) .
Forward spin component. Sm Uﬁ'-?f) = S(m - U-)) + 5 (-m, o)

m{ W0 have opposile
sign in S(mw) 2 2 S(-'fml’,lu)l)
L U (0} (52 Unm (-1w0))

4 [ - Yo (o) ]

[}

n

H

Stm,w)

Reverse spin component. S “ w2 w) +SCm -
m¢ W have same m (1) S m, ) +5¢ m, )
sign in S(m,w) s = 2 S(Uﬁ{, ILL’I)

= % Up (1) (= £ Vm (“I'WI))
= L[ Emi0) + Y Ceon) ]

(iole: M as a subseriplis always i positive inteyer)

3




Measurement of Modal Power Spectral Density
in Terms ol Cross Spectral Funcetions

Procedural Allernatives

There are 2 number of ways that can be followed 1o determine experimentully the

madal psd ol the pressure feld ina thin annular duct. Choice of method depends on
soveral Factors, including the use to be made of the final result and the availabitity of

Jata acyuisition and processing equipment. Two procedutres are deseribed in this report.
This section gives 2 method that is essentially patterned after the analytical procedure

that was used to derive an expression for the modal psd in terms ol cross spectral functions,

Section 3.3.3 presents a different method, using a circtumferential array of detectors incor-
porating progressive time delays. 1o a thin annular duet, the array system maps (he set off
modes having a common cutoff ratio and eliminates the requirement for obtaining cross
spectral properties. Additionally . the cross spectral method will provide a basis for com-
patison with the delayed array measurement system deseribed in Section 3.3.3.

Before proceding to this major topie, a briel deseription of the use of the cross
properties method in measuring random pressure ficlds is (irst presented below,

Modal psd 'rom Cross Spectran sicasurements

Since cross-propettics are involved in this procedure, simultaneous information lrom

patirs ol microphones must be processed. 1 the Tield is stationary. these signals may be
obtained Trom a reference detector, and a secomd detector, separated A8 07 from the
reference., with the understanding that the &-tocation of both microphones must assoime

14 suceession of values, Alternatively, signals [rom N detectors spaced 48 = 24 aparl may
e selected Tor processing. Tris procedure is required if e Tield charaeteristics are not
stationary,

FFquation (3.3-158) gives explicit instructions for computing S(m, t9) in terms of §.m('-0)
and 'B_J,:,(w) L and equations (3.3-20) specity clearly how the modal components S (huf)
and S0} are to be computed in terms of the same §40) ;nul'_lfi(t'-)) functions. Therefore,
itis sulficient to deseribe a procedure for obtaining §m and ‘gf,L in terms of measured
data:

First, (he @—averaped cross spectral density 5,(03-1.0) is obtained. For equispaced
detector locations obtain

-t
So 07, w) = 372 S(& 8 +0:510)

AR




where S(e; ,8 100, fﬂ) is the meastred cross spectrtl density between detectors
& and @ +a7,  Sp(c7;w) iseviluated for g,-0, G- 2m/N Lot to
define 9@ ;02) i i sel ol N tunctions ol 2, Vulues ol 58, 6;44; ,“D) and thus
Se (07 Ju") , maty be found Tor a set of (requencies, 2L in the range ol inferest,

Typically for such a frequency, suyh | the known value of Sy (67; u'),) determined by
the above procedure his been expressed by means of equition (3.3-1)interms of the

desired modal I'uncliuns§,,§‘L’-):uul Yy (¢ g_f,,', (wo)) e,

Splo7; ) = 2 {2 8n0) oamaz «

N
X

& Wy () sin moz

The right hand side of equation (3.3-22) is just a Fourier series representation of the
known lefthand side function having (numerical) coefficients
These coelTicients are then found hy standard algorithms for N-point Founer analysis:

N-t
F@ner) = 2% O (00 7u2) Coa moz (m* o)
and
M-t
fYwa) = & & S (07 ;1) atn me?
L20
In priactice since Sg"(o‘;' wa) 15 a complex mumber §m is real, and Q—-m is pure

imaginary.it foltows lhu[ﬁ.\ cin be oblained by processing only the real part of S in the
cosine algorithm amd yf,’,. (the magnitude of '!fm ) can be obtained by using only the
imaginary part o' S in the second formula above, 11 the complex quantities. S, are used in
the alporithm. vanishing ol the aiternate parts of the two results will serve as a check on
the computations.)

Summary of Steps

. Before taking data decide on highest frequency. (W, at which modal psd
information is needed.

2. Cualeubate m ’lilt‘ circunm lerential made ntmber at or slighdy above cutoft for
“"Mns )

. - . . 5 aat
3. Seleet Ny the number ol microphones or microphone locations, such that N>2m

Lo avoid iliasing.

4. Obtain data in the Form ol N cross spectead density Tunctions betveen
micraphones pairs separated by @, (=0t N-t) that is obtain:

19
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Nole: Only N autospeetrst and one-hallof the (N&-N ) eross spectra need e measured-
the remaining cross spectea corresponding (o values of 0 27 are obtainable as
a4 L) nies o c B =
complex conjugates of the Tormer sinee S(QJ K=25 3 u)) =5 (""c,éf‘. ; u.))

5. Average these functions over @ by tormulda (3.3-'2!) 1o et 50—(02; uJ) \

6. Sclect Trequencies ¢ = Wy, (8- Wmay . and process the results of
step 3 at cach of these ¥ by cqitations (3.3-23) to obtain the Tunctions

1B,  and  EY. ()

T -
7. Compute the Sm (“‘)’) and S (lw')cnmpnncms of the modal psd. S(M,“’),
from the sutm and ditference of 14 by and 14 \lr'm obtained in step 6 by the simple
formula (3.3-20).

3.3.3 Delayed Circular Array Systems for Measurement of Discrete Frequency and
Random Pressure Ficlds

Introduction

A prime objective ol the background material presented in section 3.3.2, "Field Structure
ol Random Noise in Thin Annular Ducts Backpround ™ has been to define the modal power
spectral density function, its properties, and a method for its measurement. This informa-
tion will be needed now to establish the operating characteristics of the delayed circular
array for pressure ficld measureiments in 2 thin annular duct - the subject of this main stib-
section. The background matter has formulited the concept of modal power spectral den-
sity, § (m. w). and itscomponents s“’q {lea] and 8 (feol). This function. shown in Figure
3.3-2 for an illustrative random ficld, gives the distribution over circumferentinl mode num-
ber. m. and frequency. w, of the mein-square pressure. Only integer values of mapply
because of the requirement for circumferential pressure periodicity. Associated with cach
value of m is a continuous distribution over frequency. Parenthetically, a coherent, discrete
frequency ficld may be characterized by u corresponding modal psd - in this case, the
lrequency distribution for any modu is not a continuous function but rather consists ol one
or more “spikes” or (effective) d-functions.

The methods used to evolve the analytical formulation of the modal psd. § (m, w). in terms
of the mathematical model for the pressure fickl. p (2. 1) involved cross correlation and
lFourier transform operations, The resulting expressions for § on, w) and its components.
S‘T, (leol) and S tel). cquations (3.3-17), were given explicitly in terms ol cross spectral
functions. tn concluding this bachground, section 3.3.2 details of one procedure For cild-
culating S (. w) from measured vatues ol cross speetral Tunctions of data obbined experi-
mentally were specifivd. T essence. S Gny b was aapped as a function of the coordinate
pairs moaind . using cross spectral Tunctions ol pairs of mivrophone sienals.

Now. in the tm. wi plane over which the modal pad is defined. lines of constant slope,
w/m. correspond to a common value of cutofT ratio. or cquivalently, circumferential
spin velocity, §2. For wave spiral angular direction, as iHusteated in Fipures 23100 and

3.3 1t should be possible to evolve an altemative method Tor napping S (o ), using a

1)
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A circumferential array of microphones, incorporating a selectable, progressive time delay
between elements provides just such a measurement system. By adjusting the time delay
rate, the array is tued effectively 1o Tollow all waves having a common circumferential
velocity or spin rate. Thus the array acts as a filter in mode-frequencey space to enhance
the set of waves having the common properties of the selected spin rate, spiral direction,
or cutofT ratio,

An outstanding feature of this array system is the complete elimination ol the need to
execule any cross-properties signal processing operations - - for cach array rate sctting a
single, ordinary frequency spectrum is used to obtain values of the modal psd spinning

mode components at the selected spin rate and the overall power of the set of these modes.

Another desirable feature of the method is that it applies equally well to the mapping of
discrete frequency pressure fields.

As a guideline to the array analysis that follows, the material is organized as follows:

Section Features

{1) The Array Response Function Using a single spinning mode discrete frequency

field for convenience, the main features of the
array response are determined. This case is
preliminary to analysis of array response in
rattdom fields.

(2) Array Application to Discrete An example of array use in mapping discrete
Frequency Field Meusurements frequency fields is given before proceeding
to ritnidom ficlds,

(3) Array Response to Random Fields  The power spectral density of the (single) array
signal is expressed as the Fourier translform of
the signal autocorrelation function. This result

is 0 combination of the pressure field character-

istics and the array response function, Using
only the simpliest property of the response
function,a method is given for determining
the modal psd of the defayed array system.

A basis is found for the existence of rmndom
spinning modes as a physically imecaningtul
coneept. Furthier propertics of array response
and its use in random fields are deferred to
the subsection *Details of Array Function™.

(4) Application to Distortion Tong These two subsections, “Application (o
Measurement, and Distortion Tone Measurement™* and “Applica-
tion (o Broadhand Noise Measurements™ pre-
(5) Application to Broadband Noijsw sent essentiils of how the array method may
Moasturements be used in measurement of two random fiekd
LiSeS,
- —_ : . o—— -




(6)  Details of Array Response Function A more comprehensive examination of the
response function is given in order to allow eval-
uation of the sources of error in array measure-
ments. Possible means for sharpening the
response are mentioned,

(7)  Extentions to General Cylindrical Mention is made of the possible uses of arrays
Ducts in generai eylindrical rather than narrow annular
ducts

The Array Response Function

In this section are presented the basic features of the performance characteristics of the
delayed circular array when deployed in a narrow annular duct and subjected to the pres-
sure field of a single spinning inode. This simple discrete frequency single mode input is used
to determine what amounts to the filter characteristics in (m, w) space of the array, and
cotresponds to the practice of analyzing ordinary (w) filters under harmonic excitation,

This procedure is a helpful preliminary to considering array detection of a plurality of
coherent modes and the detection of random fields — the main objective of the investigation.
After finding some of the key properties of the array response, a more complete presentation
of its features is deferred until section “Details of Array Response Function”.

Two purposes are scrved by this break: 1. use of the array in measuring a discrete frequency,
coherent field containing a plurality of modes and frequencies is illustrated in the section
“Array Application to Describe Frequency Field Measurement”. Then the next section

gives the derivation of the array response to random fields, followed by illustrated applica-
tions in the next two sections. The material in these sections, “Application to Distortion
Tone™ and “Application to Broadband Noise Measurcments™, requires minimat information
about the response function and is, therefore, presented immmediately after such information
is obtained. This procedure should help to convey the essential concepts better than if

more defails of the response function were given here,

After the basic principles and usage of the array method have thus been presented, 4 more
detailed examination of the array response function is resumed in section *Details of Array
Respornise Function™.

The basic features of the system may be perceived by reference to Figure 3.3-3. which
shows an array of N detectors equi-spaced A = 2 /N around the circumfercnce of a
narrow annular duct. An incident waveltont traveling in a general direction, ¢, is shown.
together with its phase velocity Vi = £ in the 0-direction. Note that, since the concept

of wavelength is not even presented in Figure 3.3-3, all wave trains, regardless of frequency,
that spiral in the direction ac have the same circumferential phase velocity or spin rate, §2.
Further, at any or all frequencies it can be seen that there is a one-to-one correspondence
between direction and spin rate. [n addition, cutoff rutio of a wave train is also uniquely
related to a or £ since it equals the tangeniial Mach number, %l&_ = Qi
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Figure 3.3-3  Delaved Cireular Array - Developed View

Independently of the pressure ficld existing in the duct, the array system is designed to
incorporate a progressive time delay for detection of a signal by successive microphones,
(This time delay is usually best provided in the data reduction phase of the array system
operation), The array delay characteristic is adjustable and is conveniently specified by a
parameter, , called the array delay rate. The selectable delay rate is given by B = At / AE
seconds per fadian. Thus, for a selected value of 9, signals received simultancously by

all detectors are delayed in processing by time increments: @, nae, 2N46 <~ . -

eor (N=1) n ae corresponding to the microphones at 6=¢ (zr/N)
2 @% )’ «+++  These progressively delayed signals are added to form the array signal.

Returning now to Vigure 3.3-3 and in particular to the illustrated wavelront traveling in the
@ -direction at JL radians/scc, it is casily seen that if the array delay rate, ﬂz secfradian,
is selected according to the expression M= VJL , the delayed array detectors effectively
sense the wave simultancously instead of progressively as would be the case for zero delay.
Thus the array is adjusted by means ot (o “tollow” the wavefront, The array signal,
sum of such progressively delayed detectos signals will, therefore, enhance all

being the
direction ok Gind hence having a common spin rate, S compared with

waves traveling in the
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other waves traveling in different directions or with spin rates different from .fL . Notice
that this enhancement applies to the set of all wave trains (independently of quuvmy)
having the spin rate JL= Aq y in i complicated pressure field structure,

It should therefore be anticipated that in a complex pressure fizhi (regardiess of periodic or
random time dependence and independently of the degree of madal coherence) that the

ideal array signal overall mean-square value is propertionat to the total acoustic power of

all waves traveling in the direction corresponding to J2 = ! . Further, it may be expected
that an ordinary narrowband analysis of the array signal will give the spectral distribution of
the acoustic power propagating in this direction.

These expectations are indeed realized, as will be seen in the following material. At this
point, it should also be made clear that use of the delayed circular array completely
eliminates the need for employing cross-correlations or cross-spectral signal processing
operations, Thus the nced for executing a large number of relatively complicated cross
properties operations required by the method previously described in section 3.3-2, *Field
Structure of Random Noise in Thin Annular Ducts”, is completely eliminated in the
determination of the modal psd function of complicated pressure fields.

The remainder of the report on this subject establishes the validity of the above-mentioned
array properties. The key questions to be resolved are: How well does the array enhance
the desired set of modes or wave trains having 4 common spin rate, Jl'-yn 7 Also, how
well does the array suppress contamination of the signal by waves traveling in directions
differing from the “target™ direction, o ?

Answers to these questions (which are really two aspects of the same question) are provided
by deriving the array response to a single, coherent, discrete-frequency spinning mode. Such
a mode plays the counterpart role of the pure harmonic signal used to define the transfer

or window function of an ordinary (time-serics) filter. For, as will be seen, the time-delayed
circular array is in essence a filter in the (8,%) or (m,LD) domains.

Consider a single ¥n -lobe pattern spinning at JL radians per second in the & -direction.

The pressure field will have harmonic variation at frequency W= m-/L and can be represented
in conventional notation by

P = R.0C, e‘(me_‘ot) (3.3-24)

where the complex number Cm gives the amplitude of the mode and its phase with respect
to an arbitrary reference harmonic signal,

Let the array consist of N detectors spaced A6 =27/N | With a delay rate n fAtﬁle
the pressure at the ™ detector located at &, =nhHe wilt hc sensed at a time Xy = V89

later than hy thc detectorat Go=0 | I the pressurc at €p s P” P@,t) the delayed
signal will be PCB.-. t+2’n) .gwm;,.

P = pCen,2+2,) = L G, mpi[mg,, ~,,¢7<¢.fz,)]
F?e 'S e-—c'u.?:.‘ e“(m..q_),z)nm (1.3-25)
m
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Denote hy 'F’l (ff‘) L Ahe averaged sum ol the N delayed detector sipmals. Then:

(3.3-20)
: Wt
£, (1) = R.C,c Z
where (3.3-27)
7o 4 § im0
Nzo

In lincar array theory (ref, 10) Z is called the array fuctor. The behavior of the magnitude
of Z asafunctionot w and . and of the combination PR(‘M —twn) s
iifustrated in Figures 3.3-4 and 3.3-5 in section “Details ol Array Response Function™. these
characterictics are derived and discussed in detail.

Clearly when Z =/ the array output, Re Cm Ewﬂf is 2 harmonic signal with amplitude
and phase cotresponding exactly to those of them -lobe spinning pattern. Therefore, the
objective of this investigation is to determine how Z can in fact be made equal to umity,
which then results in the array tracking perfectly the targel wave. This is casily done:

Z isa function of the four vatiables, m .0 L Land N . Two of these, M and &
depend only on the pressurc ficld. Of the remaining two, N s fixed for a given array, and
, the delay rate. is @ selectable constunt. For a given array with a fixed namber of
detectors 2 depends upon the value of the quantity ('m-wﬂ). Accordingly let

(3.3-28)

p o= (m-wn)

1+ 12 (8} = \Siziﬂ‘\ g = (m-wn

0.6

0.2
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Then the array lactor Z  can be expressed as

N-l .
Z = -/;-:,- S em'gﬂ/” - (3.3-29)

Nz

Now let the array delay rate be set to the value % = ‘m/“> (’ ‘/ﬂ-) This makes g=0
and mukes cach of the (unit) complex terms cxplinpafl/ul equation in (3.3-29) a unit
real number. Theirsum willbe N and Z s thus exactly unity, Consequently, from
equation (3.3-26), the array signal reduces to

P'q Cf') = Aje C,m (:-"Qt

Thus, as was explained previously in a qualitative way, the array signal is identical in
amplitude and phase with the complex modal pressure, Cm  the array is tracking perfectly.

But suppose we lcave the array Sracking the mode Cpm undisturbed and add to the pressure
field a new mode Cﬂ @ PB7) ot the same frequency, 0 . What happens to the array
signal as a result of superposing the new mode? The answer turns out to be — absolutely
nothing. The array continues to track Cm  perfectly as before, and its signal is completely
undisturbed when the CM modc is superposed.

This complete lack of signal contamination by a mode different from the target mode (and
thus spinning at a rate different from the target rate RYEL 4 } is exactly what had been
hoped for. To see why there is zero contamination, examine equation (3.3-29) for z .

The terms are all unit camplex numbers with successive angular orientations in the complex
plane differing by ﬁZ"/N’ radians or ﬁ/N revolutions. Now 1 was set to make

Wn =y of the target mode. So @ for the new M mode will be (M-m) . If M s
one more than ‘m  or one iess than m |, it is clear that the terms in equation (3.3-29)
consist of N complex numbers in a symmetrical “whecl spoke” arrangement.

The sum of this arrangement is obviously null and the average, which is the array factor,

is therefore zero. Hence the array signal response to the added M -lobe pattern is null,

and its response to the original target M -mode remains unaltered and uncontaminated. For
other values of M, it is shown in section “Details of Array Response Function” that the
terms comprising Z also make synunetrical, null-sum spoke patterns, provided that Ny

the number of microphones in the array, is “sufficiently " farge.

This clementary analysis explains the previous statement that the array enlinces the response
to the target mode. If the acoustic pressure fiekd consisted only of the target 7 -mode,

the array signal (before averaging) would be N times the output of i single microphone,
Consequently, local contaminating pressure Huctuations, due for example (o hydrodymamic
pressure fluctuations of airflow over the deteciors (“noise® ), are very poorly correlated. I

is casily shown that the signal-to-noisc ratio of the array is also erhanced in this case by o

factor of W

43

. . -




It is worth mentioning that, for the case where several modes exist, all at the same frequency,
the ability of the circular array to reject totally all modes except the target mode depends
critically on the fact that the wave number in the quantity @ = (m- e9%) is restricted
by physical considerations to integer vaues. In conventional lincar array theory there is no
corresponding requirement that the number of cycles of signal variation along the array at
any instant be an exact integer. Consequently, the cquivalent wave number can vary con-
tinuously, and waves arriving from other than the target direction cannot be completely
prevented from contaminating the array signal.

Thus the success of the delayed circumferential array system depends both upon the system
design per se and also upon its use in a field having inherent pressure periodicity in the array
direction, While this result has been obtained for the coherent modes at 3 given frequency,
it will be shown in section “Array Response to Random Fields” that the same integer
restriction on m implied by & -periodicity is an important element in the use of the array
in measuring random pressure fields having such periodicity.

The next feature to examine is the ability of the array to track not only single or multiple
modes at a given frequency, but also an entire set of modes having a common spin rate _/y .
To do this, the array delay rate 77 is made equal to y .- When the array signal is
spectrally analyzed, the spectrum levels at frequencies s2,2.n, 3.4,... correspond exactly
to the amplitudes of the successive modes .- , » &, 3. . This case is examined in

more detail in section “Array Application to Descrete Frequency Field Measurement.,”

‘The last matter to be examined in this section is the problem of mistuning. That is,
suppose the pressure ficld consists of the pair of modes characterized by /1 and A7 ata
common frequency &/, as before. The delay rate "’Lremains set to track the 1 -mode,
and the array signal is exactly Cq €% Now suppose that the frequency is changed by
an amount 4«4~ . Two effects result:

1. The array response to the target /1 mode is slightly reduced by the drop in the
value of the array factor for the target mode, 2 ®):2 (m-{0 +aw] 7)

2. Secondly, a slight amount of contaminating signal is introduced into the array
signal from the off-target A7 mode. This contamination results because the
array factor for the A- Moot @r8) » 2( /- Lewva o) 7), is not exactly zero unless de/: o
The amount of contamination depends not only on the magnitude of gz 1
but also on the proximity of 47 to the target mode number 9p,

These effects are disclosed by the graphs in Figures 3.3-4 and 3.3-5 which present the

magnitude / 2/ of the (complex) array factor, /2/ is called here the array response function.
Figure 3.3-4 gives /2/ versus Bf-on . e/mY . When &: © (on target),/2/is 1, and Eigure
3.3-4 shows that for ¢/~ a@ <</, 721" differs trivially from unity. i

The A7-mode contamination is harder to understand. Figures 3.3-5(4) and 3.3-5(1) show
/2] as a function of the separate patamcters . and W tor a fixed value of B . In
particular, Figure 3.3-5(b) shows what happens to /2 fvhen the target mode frequency
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changes by a small amount, A -, Careful examination of this figure shows the contam-
inating contributions from modes in the neighborhood ol the target mode, m. For w fady
+ Ao, the larpest contamination results from mode m+1, w:lh successively lesser .mluunls
frommodes mt, mtde cooandm Lbm 20 whenws Oy Aw, the greatest contamin-

ton is produced by the m 1 mode, with propressively SIII:I“(‘I’ contributions from more
distant modes,

The properties of the array response funetion, /2 [, revealed in these figures are derived in
section “Details of Array Response Function™. Before taking up this detailed subject, the
array response to a random ficld will he given in section “Application to Broadband®.
However, in section “Application to Distortion ‘Tone”, an application of the array system for
mapping coherent, discrete frequency field is given first,

Array Application to Diserete Frequency Field Measurcment

The delayed array system can be used to map the complex modal coefficients,
of the pressure field of the fundamental and harmonics of fan blade frequency noise,
o8

3 !
P(qc):,ceeig_ Cmnéf(me?na.{,i)

Ye iV m‘_mﬁ

where &b is fundumental blade-passage circular frequency, /7 7.3 is the highest harmonic
index of interest and /7% is the greatest propagating wavenumber at this harmonic.
Values of m=m™for #7:/ and #2:2 will be decaying modes, but such mades can be
detected if their amplitudes are sufficient.  Also note that negative #7-subscripts are now
used and identify reverse modes sinee evs - 2744 s taken with a negative sign.  (This usage

is consistent with conventional spinning mode formulations.)

A typical modal amplitude (not power) spectrum is shown in Figure 3.3-6. Also shown is the
first target Jdelay rate scttuu.,/?—-—--/ . This rate targets the modes: 7=, for cer: ey,
rr: & for e 2egand - 3 for we U,

As has been meationed several times, the number of microphones, A, in the array is
P . N . aye . . .
sclected such that AV at w3y, to avoid aliasing. Then the following steps are followed:

R LM L
l. SL[ _11 w ity

2. a, Filter fnfg)illc itrray signal at Ly giving /C .7/
b, Filter £ € ) the array signal at 24/ giving /¢ a2/
¢. Filter /1% ¢¢) the array signal at 3&b  piving , € 23/

3. Sctf7-‘§é/otn targel /72: 2 for Wb, #77: ¢ (or Sldp m7: 4 for FWe

4, . Filter array signal at «fp giving / Car/
b Filter array signal al 24/,  piving /C a2/
o, Filter array signal at 3¢/,  piving /Ceas/

8. Repeat the process far other delay rate settings, including negative rates for
reverse ntodes 1o cnmplctcly map the frr wiichl. Figure 3.3-6 can be used to
seve whitt values of 72 Y, are reguired.
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Figure 3.3-6  Sample Mode Amplisude Spectrum of Fan and First Target Set of Array

Notes:

d.

If the random broadband noise spectral density is “low™, the effective post-
array filter bandwidth need be only narrow enough to resolve components one
octave apart.

If the random broadband noise levels are high, the post fitter bandwidth must, of
course, be reduced.

If the array signal is low-passed so that frequency information beyond /= 34/,
is suppressed, the signal total mean square value is the “power™ of the set of

modes traveling at - %] For example, for the target set illustrated in Figure .
3.3-6 the array signal mean square reading equals £ [CC.l Cap Co27C33C33

The relative “phases” of the modes at any one harmonic, /o, 24y 0R 3L,

can be found if reference signals €,:cosé/,, Coicasugand C 3 s cas 3y

are provided and if the ficld is perfectly coherent (frequency, amplitude, and

phase of each mode are substantially constant over the analysis time). This is
accomplished by the usual methods for phase determination, operating suc-
cessively on the filtered signals at a given array setting corresponding to the
modes/mi b 5. 24/ v 34y - The fact that the complex array factor re)
is exactly real and unify at these/, er)  combinations makes possible this

phase dctection, or equivalently, determination of the complex modal co-
efficients, € m m as well as simply amplitudes /C m»/

51
ORIGINAL PAGE IS

OF POOR QUALITY




¢ I there is some sipmal Jittery &ef, 7 const t Augiifhere dlegy (€ ) s a tsmall”,
randomly varying component, the array oty e pseed i1 it least two ways. This
sipnal fitter may be due to fan speed Muctitions, o it may result from cutting
ol upstream wakes that have some depree ol nnsteadiness,
et. Virst: I the amplitudes/Cmaplone are wanted, there is no problem
the post filtered array will detect companents having frequency bandwidth
small compared with both the army (freguency ) bandwidth at a particular
and 1o the post [ilter effective bandwidth, Figure 3.3-5(b) shows how
small frequency shifts result in only slight loss ol array response and small
contamination from neighboring modes. Section *Details of Array Response
Function™ explains this “oli=target™ response in ferms of detailed propertics
of the array response function, / &/
¢, Second: I the fan speed is constant, but signal jitter occurs, phase as such
has no meaning and only the amplitudes JCmn { can be found. However,
if frequency changes result from deviations in Fan speed. the portion of the
fickd that is coherent with respeet to the rotor may be deterinined by
synchronous detection technigues. Here the reference sighals € 77 2
cos Nl upralis (€)J¢ are generated by a rotor shaft transducer
that follows shaft speed or fundamental blade frequency, &o# 4 &b <)
By sampling the array signal - ey (€) at time intervals controlled by
the instintancous value of (€0 A& the coherent portion of the array
signal is enhanced. Processing of this synchronousiy detected signal com-
ponent by the methods desceribed ibove will give mean values of hoth
coherent modal coeflicient amplitude and phase, again assuming that the
range vfA &, is not too large. (A more sophisticated procedure waoutld
involve using a variable delay rate 9{&) ‘J"\.:Ltt) for the target mode set))

Array Response to Random Fields

This topic is the major item ol coneern in (he investigation reported here. 1t will be shown
that the delayed cirentar array provides a relatively simple and effective system for mapping
the modal power spectral density function, S/m,w ) which was established in section 3.3-2,
“Field Structure of Random Naoise in Thin Annufar Ducts™, as an appropriate function to
speeily the characteristics of random lichls.

Although the Tinal result of this study — a method for use of the array systemis simple.
the derivation of the arany response when deployed in o random lield is sothewhat compli-
cated. These complexities are just a consequence of having to cmploy cross propertics
analy tical technigues (not measureiments) and of having to use some ol the Liitly intricate
resttlts of the backpround material in section 3.3-1

Despite the complevitics ol exceuting the reguited alpebra, the analytical method can e
specified in one sentence. the anady tical model of the pressare ficld given by equation
(3.3, e ”:) Ll st )cos peY e by re) SN ¢ed] is used 1o obtiin
the arvay signal, after which the madal power speeteal density of the signtal i obGained Dy
Fourier tramstorming the signal anto-corelation tunetion.  Vhe following material resulis
from completing these instrictions.
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As in the previously analyzed discrete frequencey case, the array sipnal is piven by

A
st w5 PrE L
fo66)- 3 ho (n & (3.3-30)
where 75, = 77 €n and 7’( is the array delay rate.
The corresponding auto-correlation function is
7 :
RUT): Lonr = / , R
T Iy 1€) Sy (€rT) € .
/ " 7k 74 (3.3-31) E
Y PO A 7 A V4 :
17): ye F' 2" cone L P/@‘,hZ}) POy, CrTx T )t L
Jio K 7 o
- 772 ; ]
This can be reduced to
!
{
Nt N _ (3.3-32) ‘
R/T) fhe B 2 R k(T+LxIT] 27K
Jre Ko

where ’55(/"77 is the ordinary cross correlation between the undelayed pressures at éﬂ,
and £,

. 2
“Je

The power spectral density of f(‘ % /<) -57] ( ) . is the Fourier transform of
equation (3.3-33). Itis known that if the transform of a function of & is given by
¢ /&), then the transform of the function with argument Z#C is @ e drar),
Thus with C = [ &-S19277 ;v'

oD
Sple): 55 err)e YT
TP e ¢ K ) s ey, (3.438)
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where -f_{,,( (e f/, the cross spectral density between the undelayed signals at 6_91 il

&« is the Fourier transtorm of € ,¢/7) Equation (3.3-34) shows that the single output
psd of the array S /) automatically *performs’ the operations of measuring A
separate cross spectral densities, S ercqfand adding them after appropriate phase shifting
by the factors ax#2e 7y ) wrg 2 707

Let the A€ terms in cquation (3.3-34) be collected into groups for which the combination

K- is constant and is denoted by the index, > . Also, for 3,0/t the cross spectral

density between detectors at &5 and Ex  put 5/8,,EK) , suppressing the &/-dependance

for simplicity. Then &g can be written as & rSemly ol 5/68,,8«)+ S8 6_’,‘*5277;/#)-
j?/w)will be s ’

NA NIy
Sotw) £, 2 £ @ 508, 80527 )
/Ve J:o Jl-‘yr /

Collecting terms for which 5 is constant, and distinguishing between those with positive
and negative exponentials, the A Ztenns can be arranged as follows:

, X AP g4 !-/-jjﬂ?' &, A5
Sora)l S 15 € 7 & *Seny, )
? ¥ 55 WA
’ A1 (33'35)
e ( (5N}l <o .
+#+ & i = . . . ’
v e, & .
Gis LD J"‘j"”?’f‘)}

“This rather complicated expression is 4 mixture of spectral functions of the pressure ficld
and components of the array factor 22 . One reason for the complexity is that it
involves a double summation which in turn is a consequence of representing a power spectral
density rather than an amplitude spectral density.

The form of equation (3.3-35) contains fragments of (finite) Fourier transforms on the
two_s -sums of the fiekd cross spectral functions. If the two exponential weighting factors
happened to be numerically identical, the expression would be greatly simplified. This
simplification can in fact be achieved i attention is restricted to integer values of the
quantity &/ . Invoking this restriction will be shown not to impair use of the array
method in measuring the modal psd.

Operationally this restriction means that tor a given array delay rate setting, 77 the
array signal psd S’((w) will be evatuated or used only at the successive values of - w0/ -
7, 5’,-’71 .7 Itisimportant to recoghize that this procedare ensures that
the array factor € s exactly unity or zero sinee @-'m oy s zero for M- wy o oand
(3 c a non-serointeger for 22 7 72 The use ol 5 v din evaduating S/m, /) at
intermediate frequencies will not be disctissed at this time (see section “Details of Array
Response Funetion™). For the present consideration will be limited to obtaining .5, m,«/
from -'.‘v(w-u-f‘l for this spevific value of - & . Accondingly let o/ ) AL an integer,
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Then the second exponential in equation (3.3-35) becomes

. 7’ - P SALS I
o £ ) a2 73//}, s og ESarg .y e (”M'BZ:-CV e { /fv

which is just the factor of the first set of terms in equation 3.3-45. Accordingly

A7 : P A
: : L, (ATSRIT; A= D & 17 .
._5 -)?/a/) = ;; - C,Gﬁ » 4 / e 4 {;‘V J(goﬁ._s/ & r 52 A/y (3.3 3(])

The quantity in braces is simply the (finite-element) space average of the cross spectral
density of detector pairs spaced ¢ —Seftvapurt. This quantity was denoted in section 3.3.2,
cquation (3.3-10) as Sy7a5 ; ). Hence

N7 o (3.3-37)
Snw) s Eoo D0 Bie)e TS

Replacing the above .5 -sum average by the exact cquivalent integral representation (ref, 12)
gives:

Pt
~ 2 cArd
‘DY () = Z —-557'//6“/) €. P (3.3-38)
-7
In this form, —5‘7/“"/ can be recognized as the Fourier transform of S y/G ;e ) with

the transform variable - 7= - 47 replacingm . Since the transform of  _S- T )
was found to be the modal power spectral density of the random pressure field, the link
between D7/ ) and Sfar e Jhas been made,

fesis obtained in terms of Spn.w)by replacing M with -M  in the previously
obtained expression for Spnadequation (3.3-17) giving

) [
. = 7 o / -
ONE L ) e %’W)J/’W”B (3.3:39)

Evaluating equation (3.3-39) for the positive and negative values of 47 | nanmely A7 /a//7‘(
:md/tz.f u{/a? contributions will result from Ly and v, unlyfor /. 4 /,-2?/
resulting in ’

., P . :::é’ ./ : y X4 ; P
2N e Z(.g Z (/77/} 74 n {//?/-',{/)}
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Finally, since by equations (3.3-20) the forward 22 ~lobe mode power spectral density
, 1 . 1o Ve 7 . rd . ¥ o
component 5%, //,,/,) is given I)yg %//zu// orJ j/;? (/a//} . there follows:

) (5SRO 1 S5 )
: nZ:o M //%Z/) (3.3-40)

Now Sl"{ (1wl) was seen in section 3.2.2 to be the component of the modal psd, S(n, w),
associated with values of n and w having opposite signs. It was described there that the
choice of notation, involving + and - superscripts was based on a formal correspondence
of forward and reverse spinning modes between the random and coherent ficld mathemat-
ical results, and that it also anticipated information that would be (and has just becn)
obtained in this section. S: (§wl) from equation (3.3-40) is a term in the expression
for the array signal psd. The array delay rate has been positive throughout this entire
derivation and it was seen in the previous section on arrays in discrete frequency fields
that this selection will cause the array to track coherent forward spinning modes. We

- have just found out that with positive delay rate the array in a random ficld tracks only
the portions of S(n,w) with opposite n and w signs, which werc called the forward spin-

- ning modal components, S;F (Ywl). Because thie same array in a coherent field with
positive tracks only forward discrete frequency spinning waves, it cimerges that the array
in a random ficld recognizes values of S; (Jwb) in exactly the same way as it identifies

- _ coherent forward spinning modes.

S;'{ (|w|) is the power spectral density of the forward spinning mode with circumlvrential
wave number 0, and 8, (Ve is the random field counterpart of the modal power of the
reverse spin n-lobe pattern in the coherent fickd case. Therefore, it can now be stated
that spinning modes do “exist” for the random field case in the sense that the array
provides an operationally definable way of obtaining their power spectral densities which
comprise the fiekd modal psd. § (n, w}).

Returning to equation (3.3-40), the array signal psd, S, (w), is the set of the numerical
values of successive Torward-spinning modal mmponmﬁs S;'{( w ), cach cvaluated at a
specific frequency Lwd =[n/n) . This is the equivalent of the class of forward modes
having a common spin rate ST = %% = '/-rL . Values of the array psd at other frequen-
cies are undefined, since the derivation of equation (3.3-10) specifically restricted the
results Lo integer values of wn. (By similar means it can be shown that if the delay rate
is made negative, the array will track the corresponding set of reverse spinning modes,

& S5 (] )Pl

Figate 3.3-7 shows the sample random lield spinning modal distribution illustrated in “Field
Structure of Random Noise in Thin Annular Ducts,” section 3.3.2. In the (., o) plane, the
tine with slope 7 = mfw represents the target setting of the array. At the intersections of

this line with the hines = 1, 2, 3 .. L ordinates of the component modat psds, ST wl = 12/,
ele. are shown, The set of these ordinates is the meaningful part of the array signal pd, as
piven by cquation {3.3-40),
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In practice, the values of the array psd 8, (cd) at the specific frequencivs w ~/7( ‘?/;(
ete. are obtained simply by computing m measuring the signal psd at these [reguvncies
only, ignoring intermediate frequency information, As will be seen in section “Details of
Array Response FFunction™, the intermediate frequency information is contaminated by
array signzl contributions from neighboring, off-target modes as was seen 1o be the case when
measuring coherent ficlds. This contantimation is a consequence ol the incomplete vanish-
ing of the array factor 7 for bordering modes at freguencies in the neighborhomds of the
turget [requencies.)

Inn the subsections immediately below, two examples are given of the ase ol the delaved
circular array system in mapping the 2, and $- spinning mode components ol (he
modal psd for vidom fields.

Application to Distortion Tone Measurement

The term distortion tone denotes marrowhand coergy in the neighborhood of rotor blude
passage frequency for example, due (o Gan catting ol unsteady inflow disturbances. et
[&e] De i circular frequeney in the neighborhood of blade passage trequeney. but not
exactly coincident with BPE. The array system can be used 1o measure the modat com-
position of the fickd atJwe] w0 the Tollowing way:




Vilues of the power spectral densities of all propagating Torward and reverse spinning
modes cantributing (o the signal at frequencey Jate] are required.  Let the array signal
be filtered (digitadly or electronically) with a narcowband fitter centered at wa]. 11 will

be convenient to suppose the filter effective bandwidth to be unity; if some other band-
width is used, division of the filtered signal power reading by the actual handwidth will give
the power spectral density at |wu|

(En this and the Tollowing subsection, the same remarks concerning selection of a sulficient
number of microphones in the array to satisfy the Nyquist requirements apply as well to the
random ficld cases as were made in connection with the discrete frequency fickds discussed
in seetion, “Array Application to Discrete Frequency Field Measirement™,)

Since cquation (3.3-40) for the array signal psd applics only when wn is an integer, the

delay rate, ¥, must be sclected to correspond to successive mode number n

That is, to determine the power spectral density at @l of the forward mode, 5: (lU-I) )
“J.ll? = n  requires \p="/Iu.l. Reverse modes are detected by setting corresponding

negative delay rates. The following tabulation indicates the delay rate settings and the
resulting output of the filtered array signal:

Frequency [9¢f (Array signal filtered at Jwel )

Eorward mode : ! 2 3 T h
B o
Array output Splw) S (1wa) S (led) 5; (N St (1wel)
Modal psd Slm,w) ¢ §(-1, W) (-2, w) §(-3,wa) S (~n,w.)
Reverse mode n : | 2 3 vos n

Delay rate D : ~V/vwl =21 =3 [1wel ol
Aryoumt () i STae)  Siws)  S3Oed) S ()
Modal psd Sim,w) : S (1,w.) ${2,6) § (3, wa) S(n,we)

By repeating this process for a set of Jwo]in the neighborhood of blade passage frequency.
a map of the modal composition of distertion tone noise is obtained.  In performing this
data analysis it is assumed that for the @o nearest to BPY the filter effective bandwidth
is sufficiently narrow and the rotor speed steady enouph so that coherent BIPE signal is
excluded from the filtered array sipnal, 1€ such is not the case, it may be recessary to
obtain a reconstructed signal in which the periodically sampled cohierent blade passage
component has been eliminated from the total signal. (11 a diserete fregueney component
is contained in the filter bandwidth, the array will of course respond o this signal as well
as 1o the band-limited random power.)
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Application to Broadband Random Noise Measorement

‘Fhere are applications where knowledge of the general shape of the modal power spectral
density function, 8 (e, w ) for o broadband random noise field is desired.  An alternative
to the methods based on cross spectral measurements deseribed in section 3.3.2, “Vield
Structure of Random Noise in ‘Thin Annular Ducts®, is provided by the array system.

This procedure once again is hased on the property that the array sigoal provides a corr-
cet measure of the power spectrat density of each mode only at those frequencies for
whiclt &Y is an inteper.

For efficient mapping of the modal power spectral density the delay rate nis set to a
(small) value, say v, . The resulting array signal, 5?'(@) is narrowband filtered or FFT
transformed at the following sequence of center frequencies, giving the indicated modal
power spectral densities:

Delay rate 9 =1,  Array signal narrowband filtered over ¢ < Wl £ {@uax ]

Mode, n : i 2 b n

Read array signal SP~ (ran) -

at following: o] . I/? z/? n/'2

' ) f
el Svlw) o SMwizA)  Sp(wnfh) ST (ms )
Modul psd Smw) 1 SCLTR)  5(2,%,) § (-0, "p.)
This procedure is repeated for a set of D= D, Py - up to a value of ps= Va

corresponding to the value of SL for which cutoff occurs. Negative values of  produce
the reverse mode spectral densitics.

Figure 3.3-7 illustrates the process for sample value 5. 1t is clear that this procedure is
an alternative mapping of the $& and S5 components of S (m,w ) where values of 8
are determined at the intersections of lines of constant lgs“"/m with grid lines at integer
m in the (m,w ) plane, as shown in Figure 3.3-7.

It may be noticed that the mode 8o ( 1W] ) has not been specified in these tabulations.
If the system described above were extended to the case n = 0 | the corresponding freq-
ueney [wl = "/7 would be ol = o . In practice, information about the spectral content
of the N =0 mode is obtained by setting the array rate R at zero and simply perform-
ing a narrowband frequency analysis of the basic array sipnal. The case of ? = 0O coires-
ponds to enhancement of all waves arriving siultancously in the plane of the array

(plane waves), independently of frequency.
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Details of Array Response Functions

In this section, the detailed properties of the
function 12| are developed. ‘The ohjective s to determine

ferent acatracy of the array method, such
target modal contamination, and (m,w)
possible future “superenhanced” arrays arc

through some algebraic detail before an interpref

IFor convenience

as number of

array factor & amd the array response

characteristics alfecting the in-
array detectors, aliasing, off-

space filter bandwidth, The advantages of .
alse indicated. 1t will first be necessary {o po

ation of

the results can be made.

the previously obtained expression for the array factor, 7, is repeated here:

w-t .
Z . "]Q' E eu.nﬁ 2% /N

nto

where 8z (m-wyg)d

The properties of Z can be found by considering two cases:

Case A; A= T ,an integer

1n this case, Z is generally the
o /N . There are three subcases:
k integer. Now for & = T = O, +N,.
are sitnply real and unity. Their sum is
set to track the mode g . The three

(Subcase 1) —_

The first integer value 1 = O is especially significant.

results when p=@fa

track the spin rate of this mode. In fact, for all modes ha
In a field composed of a plurality of modes and frequencics,

ived perfectly by the array. ANl that is required is
t delay rate 9

atray will respond perfectly.
all those having this ratio will be rece

that for any mode the ratio ™ be equal to the se

(Subcase 2)

To discuss the other cases where 82T is

Suppose the array is set to track a specific mode, say

delay rate is therefore set by 2=
V4 7

ing paragraph.  Let there be other modes indicated by m
field at this frequency, & . Then when £

tollows:

sum of N unit complex numbers spaced apart by

1 = Q;1is a multiple of N; and T4 kN .

kN all such complex elements of the summation
N and Z = 1, the desired result when the array is
subeases are treated separately below.

In this case, B= 0= m- w9
That is, since @am-R2 , ps /% and the delay rate is sct to

ving the ratio "/ s Y the

4 non-zero multiple of N, let B=kN, (k4 0),
mrM at frequency . The
Mis so that w2 M a8 deseribed in the preceed-

. also present in the pressure

has vilue kN (K 20 ) there

,65'- kKN = m-owp s m- M
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[ence m s M4 RN will also make the aray Sactor 72 10 This ieans that it there exists o
mode having mzMekN |, s steenpth will contvibine fully 1o the array sigmal, even though
is spin rate is radically different from the value ol the tarpet nlmlv,“’/M. In discussions of
sipna) processing, this type ol contmmination is vitled aliasing.

Vo avoid alinsing, i provedure analogous to that employed in ordinary sigial processing
is inclicated: AL the highest frequency of interest, Wegy ol m®  be the larpest mode
number that can propagate. 11 the number of deteetors is made Jarger than 2a*, then

, for any farget M less than m™ . {ml={MekN]will be larger than m® and will corres-
pond to a mode thit cannol exist in the duct. “The requirement N2Zm may be recog-
a nized as the equivalent of the Nyquist eriterion in signal processing. In this way Talse

'5 signals chue to aliasing are climinated trom the array output.

(Subcase 3)

In the following it is now assumed that the Nyquist criterion, N2>2 m" , has been satisfied.
When g = I, an inteper that is pof a multiple of N, the sum of the N unit complex num-

bets spaced apart by T2r/N is casily seen to vanish, Thus the array signal vanishes for

all modes having integer values of grm-wy dilferent from zevo. Thus, if at a given frequency
» s set fo track the specific modemaM  wee™M |, and gzm-M _ All values of m

other thanms M make & 1 non-zero integer. Therelore, with N>2m" it a plurality

of modes, o . exists al a frequency 63 and the array is set to track a specific mode,

M, the array signal will completely reject the contributions trom all the other modes.

i Case Bt B=(m-wn) . non-inteper

When the array tate 9 s set to target a specific mode-frequency combination, it has

N been seen that the arry signal gives the amplitude of the target mode, rejecting com-

pletely all other modes that may be presenf at this frequency. It remaing to determine

, what happens to the array signal, if the delay vate is not precisely set equal to o .

and also how the array responds 1o the preseuce of other modes with this mistuned delay

- ]; rate. This information is oblained by evaluating the array factor, 7, for noninteger values
E of A . In particular, it may be convenient to suppose that s torgeted to some

w/, ratio so that & is mitially zero. and to then suppose that 8 increases as @ conse-

gience of a continuous change in the frequency, @, of the target mode, m . This

frequency change, for example, could be produced by changing fun speed, and its elfect

on the array output is obviously important to determine.

Zis evaluated for noninteger A by observing in cquation (3.3-29) that NZ is the sum of
a peometric series of N complex ferms, starting with 1 forazo and with subsequent
terms having a ratio ol exp iﬂaﬂ'/iu. Using the standard expression for the sum of
peometric series, after some rearrangement, 7 can be shown (ref. 1.3) 10 become

i LSBT | eﬂ%{"‘)ﬂ’ﬂ"
NSl’nﬂ’l?’/l\l ~

o hl




H !
¢ it A, PR 4 e w L4 [ I v [T .k

The magnitude of Z, 7] (sometimes called the array pattern) is significant in determining

the array response,  In this report)Z)is called cither the array response or the array res-

ponse {function, It is not likely to be confused with the (generally } complex quantity

7 which is called the areay factor, because of the notation used. Since the exponential .
factor in equation (3.3-40) is just a unit complex number, the array response function is

simply:

_ Sin A
2] = IN sin 8T /N

when the array is on target AB=0and zZ-= 1. Also it is clear that for 4 =1,2.3...

7.= 0. When N is reasonably large (as will be the case when the Nyquist criterion for
aliasing suppression is satisfied, the array response becomes essentially independent of N
and cquation (3.3-43) simplifies to:

Sin £V
Aar

By mecans of Figure 3.3-4, the array response, [Z], may be seen in a simple manner. If
there is but a single mode at some frequency and ifrz is sclected by ps /W to track this
target, then =0 and 12] = 1. As the frequency, w, is changed, the response falls grad-
uatty to zero when £ = 1 and then behaves as indicated. Furthermore, the effect of other
maodes in addition to the target may be scen. At the target frequency other modes given
bym #&p generate values of A= 1, 2, cte. and zero response. When the frequency of other
modes differs from the target the array response will be given by noting the behavior of

1Z (8)I,

(N Lnrae )

| Z(3)]

To illustrate the array response as a function of the discrete variable m . and the con-
tinuous frequency w, Figure 3.3-5 may be helpful. The array is illustrated when opera-
ting with a specific delay rate 9 so that the entire class of modes for which "%)H] are

on target and the array responds fully. Maode-frequency combinations departing from the
target v contribute responses as illustrated. by the shaded curves.

With array systems incorporating just a selectably constant delay rate, p: J"t'/.\, o = Coagt
and incorporating no independent frequency filtering, it is not possible to avoid signal
contamination by mode-frequency combinations that depart from the target setting
LY/RRY p - This contamination is a result of the limited ability of such arrays to discrim-
inate among waves having directions slightly off the target value. In lincar array techno-
logy (ref. 13) methods for sharpening the array response have been developed. These
include unequal detector spacings and unequal weighting of the individual detector sen-
sitivities. [0 is reasonable to assume that corresponding methods may paossibly be de-
veloped 1o sharpen the response of the cirenlar array.  The ideal response would he the
§ -function: |7, (8 )= 3§ (Br ~ §(m- wWp ). Foran array approaching
stich a response function. the output for a discrete Trequenicy ficld would he a set of

S -functions of strength Cm tocated at frequencies w = "y | and mode-lrequency
combinations departing from the tarpet set woukd contribute trivially to the array signal.
Similarly the random field signal psd would automatically he the set of modal pad's

Sa (11} or Sa (lul) given by equation (33K and shown in Fipure 3.3-7.

02

4,

o I ey o B L . . . .

—— ek D - e e - S . -




ich beam-sharpencd aray, ihe basic array can e used with fre-
quunuy-l‘iltcring of the arry signal to reject contaminating spectral components (cither
diserete or random) outside of the very near ncighhurhnod of the set of target frequencics.
This procedure s been llustrated in sections “Array Application to Discrete Frequency
Field Mcasurement™, « Application to Distortion Tonc Mcasurement’™, and “ Application

to Broadband Noise Measurement”. Figure 3.3-7, shows the (small) effects of reduoed

target frequency response and contamination from off-target modal components due to

deviations from & particular target frequency on the target line. These cffects apply to

the discrete frequency case if the target tone hunts about (W, the specific filtered tar-
Here,

get frequency by taW. gimilar effccts for the continuous modal psd case occur.
if 24w is the array post filter effective bandwidth of the processing algorithm oT elec-
tronic filter, the filtered array signal will be contaminated slightly (if Aw is small) by

the energy in the A0 bandwidth associated with the modes that ar¢ close neighbors

of the target mode M. Modes W = M+ 1 and m = M- 1 arcseen to be

the most important contaminants, Obviously, such contamination is reduced by
narrowing the effective bandwidth of the frequency-ﬁltering process applied to the
an'ay-dclaycd signal. Care must be taken, however, when processing specira containing
pboth discrete and continuous components that the effective filter bandwidth is not made
so narrow as 1o miss detection of important discrete tones. Preliminary spectral analysis
of some of the individual microphone signals i8 recommended to guide selection of the

final array signal post-filtering effective bandwidths.

in the ahseney of any st

This concludes the discussion of some of the detailed features of the delayed array mea-
surement system. Other relevant propertics exist (such as array bandwidth dependence on

delay rate, and array response function distinctions when applied to amplitude versus

power spectral field functions (for example), but discussion of these matters is beyond

the scope of this report.

Application to General Annular Ducts

For teasons fully descrihed in the introductory subsection, this investigation {both basic

modal psd packground and array methods) has focussed on thin annular ducts (hub/tip
ratio ~ 1) supporting only constant acoustic pressure distributions across the annulus
width. In general, problems with cylindrical or annular ducts (hub/tip ratio <1) are

naturally morc involved.

For one thing, cutoff ratio or spin rate of 2 mode at some cutoff ratio depends not only
on m (itis independent of /M in the thin annular case), but also upon the radial mode
puiber, usually denoted by /u A delayed circumferential array of microphoncs that
are flush-mounted on the outer annulus wall will still enhance detection of all modes
having a commnon tangential wall velocity or commion spin rate, as in the narrow annulus
duct. However, depending on the combinations of m and A4 defining such modes the
members of thissct of enhanced detected modes may have a significant range of cutoff
ratios instead of 4 common valuc. It may turm out, nevertheless, that the property of o
comiron wall speed for setof (m,p2) modes is a parameter that could be useful in
ceFtain applications. I s is indeed the case, the array system previously described can

e used for studies inv Iving this application without the need for maodification.
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As Far as using arrays to map the modal psd in (m, &, W) ) space, it is obvious that

more information is required than can be obtained trom a circular array of microphones

at a single radius in one transverse plane, Tt may be possible to extend the technigues that
were explored in this section to provide the required information in general duct geomet-
rics. Such extensions would involve the deployment of array detector clements in cither
or both radial and longitudinal dircctions, To arrive at elficient data acquisition-processing
systems to handle this problem would require further investigation,

3.3.4 Summary of Section 3.3 Results

1. A simple mathematical model was obtained for the random acoustic pressurc ficld in a
thin annular duct, p(g,t), in the form of a sum of products of random functions of time
alone with harmonic functions of space, 8, only.

2. Starting with this model, an expression was produced for the modal power spectral
density, S (m, w) — the distribution over wavenumber — frequency spac? of the mean
square modal pressure. This function is expressed in terms of the power specttal densi-
ties of the random time series comprising the mathematical mode! of the pressure field.

3 From the symmetry propertics of the modal psd, S (m,w) was found to be resolvable
into two unique sets of components, S+m (lwl) and 7 (Jwl), having mathematical
properties similar to those of forward and reverse spinning modes in cohierent, discrete-
frequency fields. Because of the formal similarity. these components are called random
field spinning modes.

4. Means for experimentally determining the modal psd in terms of measurements ina
transverse plane of a thin annular duct were devised. Either two separately movable
(in. 0) microphones or a sct of fixed microphones may be used to acquire cross power
spectral density functions which are combined and harmonically analyzed (spatially)
to obtain 8 (m.w) and/or its spinning mode components, S+m (Jwl) and S—m(lwl)- The
same techniques may be used in coherent discrete frequency field analysis or for pres-
sure ficlds containing a mixture of random and periodic components.

5. A data acquisition and processing system wis devised, using a circumferential array of
microphones and incorporating a sclectable, progressive time delay. The time delayed
outputs from the microphones can be filtered at a specified frequency and added. The
resulting signal from this system can then be used to determine the modal psd (randotn
or colierent) in two-dimensional annular ducts.

6. In general annular ducts, having hub/tip ratios too small to be representable by the nar-
row annulus simplification, the delayed circular array system will enhance all (circum-
ferential-radial) modes having a given frequency and a common spin rate, as it does Tor
the thin duct case. Although there is no longer a one-to-one correspondence between
mode spin rate and cutoff ratio, the common spin rate property of the eithanced mode
set may have value in certain applications.
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1. The ordinary power spectral density of the delayed array signal is used to map the

acoustic modal power spectral density function, S (m,w) and/or its components
8T (Il and $7(e)).

8. When the sound field is concentrated in integer harinonics of BPF, selective information
about the total modal power associated with all modes spinning at a common speed is
available from the delayed circular array signal without the need to map S (m.w) .xten-
sively. For a thin annular duct this selection on the basis of common spin rate is «-quiva-
lent to obtaining the power associated with all modes having a common cutoff r; tio.

9. Anespecially attractive feature of the delayed array system is that it eliminates the need
to execute any cross spectral data reduction procedures. Thus, the large number of rela-
tively complicated cross-properties operations required by the basic (non-array) method
for obtaining 8 (in,w) are completely bypassed through use of the delayed circular array
method.

3.4 EXPERIMENTAL ASSESSMENT OF METHOD ACCURACY
3.4.1 Objective

To conduct an experimental assessment of the method to determine coherent fan sound mode
structures.

3.4.2 Approach

An experimental program was conducted on a small-scale, low-speed fan rig at Pratt &
Whitney Aircraft. The rig was capable of generating specified modes under controlled condi-
tions. Six fan sound mode structures were generated in the fan inlet under conditions carefully
controlled to maintain constant fan tip speed and ambient temperature. For each mode struc-
ture, the MLP was run to determine suitable locations for the duct microphones. Because of
the simple mode structures generated, all the microphone locations chosen by the MLP were
on the outer-diameter duct watl. The microphone measurements were used to provide input
to the MCP which in turn was used to calculate the amplitude and phase of each of the
propagating duct modes for each of the six generated mode structures. The MCP also was
used to calculate the resultant sonnd fields at other locations in the duct where microphone
measurements were made that were not used to provide input to the MCP. Assessinent of the
method accuracy was based on a comparison of the predicted pressure amplitude and phase
at these locations and the actual measured pressure amplitude and phase.

*

3.4.3 Facility Description

The Pratt & Whitney Aircraft 25.4 cm (10 in.) diameter research fan rig was used throughout
the experimental portion of the program. This rig consists of a low axial flow. 32 bladed fan
that has an operating speed range between 3000 and 6000 rpm. The tan tip Mach number
operating range is approximately 0.12 to 0.24, and axial flows of up to 25 meters-per-second
(80 [t/see) result. The fan is cantilevered from a Maired lange 38 om (15 in.) downstream of
the tan and, in its baseline configuration has no inlet or exit guide vanes.
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In order to comply with a masimum number of the assamptions used in formulating the
Fyler-Sotrin smalysis, a constant annular inlet duet was constructed by positioning i
evlindrical centerbody concentrically in the duct. The diameter of the centerbody (or 1)
dne b wall) was 112 em (4.4 in0), and i extended 2.8 meters abead of the rotor, with o sup-
port strut 1.8 meters ahead of the rotor. At this distance, the wake from the support stiut
was considered negligible.

To reduce both steady inflow distortion and unsteady inflow turbulence, a wire mesh sereen
was placed about the infet at a distance sufficient for there to be negligible pressure loss
across the sereen, The sereen wits supperted by 0,6 em (0.25 in) diameter rods. The loss
factor (k = AP/Q) of the screen was calculated from a formula due to Schubauer (ref. 15)
to be 2.84 for the Reynolds number range: 50 << R, < 200. At lower Reynolds number
(typical of those through the screen when placed ahead of the fan rig), the pressure drop
cannot be measured accurately, but indications from available information are that the loss
factor increases at the lower Reynolds numbers. Experience from as yet unpublished work
shows that screens with loss factors on the order of two to three are effective in reducing
inflow distortions; thus the screen material used for the tests conducted under this program
was considered suitable. A schematic of the rig is shown in Figure 3.4-1, and a photograph
taken from ahead of the inlet is shown in Figure 3.4-2.
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‘The reason tor using an inlet sereen (o reduce steady inllow distortions was to comply with
the assumption of uniform axial Qow in the Tyler-Solrin analysis. Reducing steady inlTow
distortions in turn reduces the mnplitude of modes generated as a direct vause of the steady
infow distortion (see Appendin C for such a generation mechanisimy. These modes (ealled
extrancous modes in this tex O are not predicted from o divect application of the Tvler-Safrin
analvsis and, s will be seen later in section 3406, catise inaceuracies in the method presented
tor the determination of colerent sound mode structures predicted to esist by the Tyler-
Safrin theory.

Lhe reason for usine the sereen o reduce unsteady intTow tarbulenee was 1o inerease test
repeatability and thereby to reduce the amonnt of time necded Tor sienal averaging. This
abicctive was achivved citectivels as can be seen by Frenee 30830 This Brenre shows the

deviation tin decibelst ol the enhanced sisral amplitnde venerared by the wakes frome 34
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RESULTANT AMPLITUDE DEVIATION ~ decibels
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rods interacting with a 22 bladed rotor at 2 BPE (obtained from five sinple outputs at 2
given microphone as o function of the averaging time (or number of samples). A compari-
sonof the deviations is presented for the two configurations with and without the inlet
sereen. 1t ean be seer that the converpence Tor the configuration with the inlet screen is
obtiained with shorter averaging times than for the confipuration without the sereen. A
stmilar result was also obtained af BPE. This improvement in repeatability and in the
accuraey of measured coherent signals is achieved without significant cha nge in the fone

or broidband sound pressure levels. The two Figures, 3.4-4 and 3.4-5, show spectra oblained
from a wall mounted microphone when the inket control screen was respectively removed i
instalied. A comparison ol the spectra indicates that the tone and broadband levels are
almost identical and, thus, the predominant sound field in the duct could not be generated
by rotor turbulence interaction.
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3.4.4  Data Acquisition and Processing System

An Con-ine’ data provessing system wis developed to provide coherent pressure sipgnals for
subsequent use in the calculation procedure to deterntine amplitude and phase ol the con-
stituent modes. Input to the processing system is the overal! signal from each microphone
atong with a rotor-locked time-reference signal, The overall acoustic pressure sipnal includes
the contribution from two components: i periodic coherent signal and a random incoherent
signal. The principal output of the data analysis system is the coherent amplitude and phase
at each microphone location. In addition, the output includes filtered tone noise at desired
frequencies (BPEF and 2 X BPE for the purpose of the present test) versus fan rpm or time
and spectral analysis. Analog recording capability was also provided. so that data could be
stored for any subsequent analysis that may be required.

Each of these system components is discussed in detail along with an accompanying de-
scription of how they were employed during the experimental evaluation program. The
components of the data analysis system include: 1) signal enhancement, 2) tone tracking,
3) spectral analysis. and 4) analog recording. First, however, a description will be presented
of the instrumentation for acquiring the overall pressure signal that is input to the data
analysis system.

Instrumentation for Acquiring Input Signal

For ecach configuration tested, ten microphone systems were used to measure the sound

ficld at ten locations on the duct wall. These ten locations incorporated the number of micro-
phones and locations as specified by the MLP for cach configuration. and the remainder were
used to provide data for checking the method accuracy. Locations for each configuration
were determined prior to the test and provision for the different locations required were made
by drilling 14 holes in the test section of the duct. These locations are shown for reference
purposes in Figure 3.4-0. The microphones used were B&K. model 4138, 1/8-inch diameter
condenser type. They were calibrated for output sensitivity before and after cach test run
with 1 B&K. model 4220, pistonphone calibrator. The microphone and pistonphone calibrator
were certified acceptable by the Pratt & Whitney Aircraft standards laboratory with the
pistonphone output being certified ot 124.0¢ 0.2 dB3. All microphone outputs were normal-
ized at 1.0 volts equal to 124 dB.

Data Analysis System

The input 1o the data analysis system wis processed “on-line™ and also recorded on magnetic
tape 1o he processed at a fater time by the “on-line™ instrumentation. The “on-line™ data
analysis system used throughout the test program is shown in Figure 3.4-7. 11 can be seen
hat in addition to providing signal enhanced amplitude and phase values, the “on-line™
sighal could be spectrum anatyzed. 1ltered at desired frequencies, and plotted versus fan rpm
or time.

In Figure 3.4-8 is a block dizgram of the magnetic tape recording system. This fater system

wits developed o document the acoustic pressure signal at cach mivrophone focation as
stipulated by the experimentil assessnent program.
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The overall tone sound pressure level s also un output of the data-
putis used to demonstrate the cut-on of 1 specibic mode
recording the overall microphone signal for the blade-p

fo determine whether most of the sound ¢Cnergy is ¢

To provide plots of BPEF or 2 X BPF versus rpm or time
stanal for signaf enhancement. o tracking ratio tuner and
This capability was provided as follows:

The microphone signals were filtered with a 50 herts ph
ot the Trequency of interest (BPE or 2X BPEY. The

atio uner that had e capability of following
ing tilter 1o any multiple of the blade P
was tnpul to the tracking ratio tuner and wis multiplic
driving frequency to the tracking filter for BPE or
NOBE Vs rpme ok time. the output from the travking file
the -y plotter. The “DC proportional 1o frequency”

Sitnal Bnhancement

1o provide coberent acounstic pressure sigial; al microphone locitions identificd by the
MLP, arotar-locked time reference was obtained from spevd Erigpering system that used o
trigger circuit to generale o pulse every time a rotor blade passed a point of reference, The
triggering system operated on the 32-pulse per revolution speed signal and generated 2 pulse
at the zero crossing of (he signal. This zero crossing occurred af equal 1ime increments as
citch blade passed. The ontput was o transistor-transistor logic CITL) pulse that was time
locked 1o the rotating fan, The 1777, pulse was used in signal enhancement to determine the
/ero reference tinte and repetition rate of the enhancement.

During the test, all microphone signats were filtered at cither BPE or 2 X BPE and stored by
the memory ol the signal enhancer. This storing was achicved by digitizing the analog

input over i time period sulticient 10 acquire at least one fufl cycle of the input frequency.
Subsequent cycles, triggered by the TTL pulse, were digitized and added to the memory.

A total of 32,768 summations were achieved Tor signals at BPE. and 65.536 suimmations,
for signals at 2 X BPIE. The summations were chosen as optimum based on repeatability
studies.

The enhancer output was the average of the summations.
the microphone signals was obtamed. in order to measre
one bade pressure pattern. the blade related TTI Lrigge
that generated a pule on every third blade. The rator assembly contained 32 blades. so
triggering on every third blade carsed the enhancer to sumple all of the rotor-locked pres-
sure patterns every three revolutions of the fan, The enhancer output, representing the
colierent portion of the microphone signal, was plotted on an x-y plotter from which the
averaged signal amplitude and phase could be abtained.

and thus the coherent portion of
sighals representative of more than
rsignal was fed (o a preset counter

Fone Tracking

analvsis systeni, This aut-
by increasing the rotor speed and
assing tone or harmonic of interest,
compared with the coherent amplitude
ither coherent or incoherent.

The tone fevel at a specific frequency could also be

and to provide i suitably filtered
a tracked Tilter system was required.

ise-locked bandwidth filter centered
tracking filter was continually 1uned by

as passed through a phase coherent tracking
any retor speed varriation and to tune the (rack.-
assing frequency. Fhe 32 pulse per revelution signal

he 32 pulse per revolution speed signal which w

d by one or two 1o provide the froper
2NBPE respectively. For plots of jone
rwas dirccted 1othe Y oanis of
Soutput Trom the taicking ratio tuner

prosded the Xoasis tepam) st for ploting during aceel decels
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Speetral Anabysis

To assess the speetral content of the overall microphone signat, o spectral amalyzer was in-
corporated in the data analysis system., Spectral plots could be remdily assessed 1o determine
whether the sound pressure level of the blaude-passing tone or its harmonies dominate the
broadband naise component. Spectral data obtained during the test program indicate thit
this was always the case.

A paratlel output from the microphone was connected to the high speed specirum analyzer
which allowed simultaneous spectoum analysis during signal enhancement. The analysis was
made over a frequency range from 25 hertz to 10K hertz with a 25 hertz bandwidilh filter.
The analyzer provided digital storge and averaging of the anatyzed signal. In order to obtain
data sumpling consistent with the enbanced data, the analyzer was set to accumulate 512
spectrum averages, Stored averaged spectra were then plotted on the Xy plotter.

Analog Recording

An analog tape recorder was employed to record the microphoene output to enable analysis
similar to that pertormed on-tine. The advantage of the recorded amalysis was that cach
microphone signal could be analyzed over the same time period: however, disadvantages in-
cluded the careful calibrations required to preserve phase relationships.

Data from the ten microphones were recorded on magnetic tape simultanecusty for each
conliguration tested. Five microphones were recorded on the odd record head: and five, on
the even head. The 32 pulse per revolution speed signal was recorded simultancously on the
odd and even heads. Al data were recorded on the wide band Group I recorder in the FM
mode at a tape speed of 30 inches per second. Figure 3.4-8 is a sketeh of the magnetic tape
recording system.

Calibration signals were recorded on all the recorder channels simultancously, including the
speed channels. Signal enhancement of these catibration sighals provided & measure of in-
dividual data channel amplitude sensitivity. The enhancement also provided a channel-to-
channel and head-to-head relative phase correction. Data recorded on the odd hewd were
enhanced using the speed signal recorded also on the odd head and similarly for the even head
data.

345 Tost Program

The matrix inversion method tor deterntining colierent fan-sound-mode structures was assessed
for six mode structures. The assessment was made with measureiment thput obtained from the
test program described in this section. These modes structures were generated by two sets of
distortion generating rods on the Pratt & Whitney Aircralt 254 em (10 in0) dimpeter research
Gin rig, Four of the six mode structures wepe peneritted by one set of hardwire which
simudited astator wake-rotor interaction by positioning 34 cqually spaced rods of 023 ¢m
(090 iny in diameter, 3.7 em (146 i) from leading edge to trailing cdee upstecam of the
rotor. For this configuration. the 32 bladed rotor wiis operated at both 3400 rpm and 9812




rpim. Microphone locations were determined for each of tese modial stroctores by tise af the
Microphene Location Propram (ML), as discussed in section 3.4.4. A cach rotor speed,
dati were obtain at both blade passing frequency (BPEY and twice blade passing [requency
(2 X BPEYL In this way, four modal structures were ealeulited by the Modal Calculation Pro-
pram (MCP).

The other set of hardware sintulisied steady inflow distortion by placing a single rod assembly
in tfront of the rotor, Two modal structures were evaluated by operaling the rotor at two
speeds (3400 rpm and 3740 rpns) and acquiring data at BP'E. For this conligutation. the MLP
was used to locate microphones for the modal structure generated at the 3400 rpm rotor
speed. For the higher speed, which represents g ten percent increase in rotor speed. the same
sl ol microphone positions were used as for the Jower speed. The objective of this test was
to determtine if a set of microphone locations as determined by the MLP for a given rotor
speed and frequency, can be used successtully to obtain data at a slightly ditferent frequency
and rotor speed.

A summary of the test program is provided in Table 3.4-1. This table includes: the geometric
configuration, rotor speed, frequencey. the total number of propagating incident modes
supported by the duct, the mode structures predicted by the Tyler-Sofrin analysis to be de-
termined for cach case, and the conditioning number associated with the microphone locutions
as determined by the MLP tor each case.

For cach of the six mode structures, the amplitude and phase of cach of the modes was calcu-
lated using the MCP. Inpat 10 the MCP was obtained “on-line™ from a set of microphones at
duct locations determined by running the ML, as deseribed in section 3.3.3. Additional
acoustic pressure measurements were obtained at other locations in the duct. and were used
to check the method aceuracy by comparing the measured sound field at various lacations
with the predicted sound field at those locations based on o knowledge of the calculated mode
structure, Shown in Table 2.4-2 {or cach test configuration, are the microphone locations
used to provide data Tor the modal caleulation and the toeations for the microphones used to
check the accuracy of the modal calculation method,

In addition to these measurements. an evaluation of the standard deviation Tor the errors in
measurement of acoustic pressure and microphone location was conducted {or cach of the
six mode strugtures, Table 3.4-3 presents. for each test con Figuration, the values used as in-
put to the MCP so that the standard deviations Tor cach of the caleulated modes could be
determined,

The standard deviations of the errors in microphone location tas obtained from the P&W A
Standards Laboratory ) are related to the toleranee of the measturement tor determming the
axial and azimuthal coordinate of the microphone. Frrors in the radial location of Mush

mounted transducers retlect the variation in the rotndness of the outer duct wall and thas
is seen 1o be small.
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TABLE 3.4-
TEST PROGRAM SUMMARY
32-BLADE ROTOR
(25.4 CM FAN RIG)
MODE GRNUP
Test Mode Structurc to(c) Conditioning
Designation  Stator, Speed (rpm)  Frequoncy  Duct Supported (a) be Calculated Number
Stator-rotor 34 rod
interaction
1 3400 BPF 7 (3.0 (20 1 0) 00y 2.1
B0 R0(1,0
2 3400 2XBPF 20 {-4,0) -
3 5813 BPF 16 (-2,0)(-2,1) 1.3
4 5813 2XBPF 53 (-4,0) (-4,1)(-4,2) 20
Steady inflow
distortion i rod
5 3400 BP: 7 (-3.0) (-2,0) (-1,0) (0,0} 2.1
(3.0)(2,0) (1,0
6 3740 BPF 7 (-:3.0)(-2,0) (-1.0) (0,0) 31
(300 (2,0 (1,0

Notes: (4) Not including reflected modes.

(b} (-2,0) is only one in the group
predicted by Tyler-Sofrin ‘Theory
for a stator-rotor interaction

(c) Predicted by Tyler-Sofrin analysis
far a stator-rotor Interaction
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FABILE .-
PESIGNATION OF INPOT OR CHIFCR MICROPTIONTES

Miciophane Test Designation
Numbe
(See Fig, 3044 1o location) la Lh 2 h 3 ib 4 s o
l | [ ( | ¢ ] ¢ I |
: 1 ¢ l | ¢ | ¢ I 1
3 ] | ¢ { C ( I I I
4 | ¢ ¢ ! e | ¢ l | ;
l C ¢ | ¢ 1 ¢ I |
o l C ¢ 1 ¢ 1 ¢ [ I
7 | ¢ ¢ ¢ | 1 ¢ I i
% ¢ ¢ ¢ 1 1 | ¢ C o« b
T v ¢ ¢ ¢ | ¢ | | ¢ (
1y ¢ | L . ( | | . { 4
I G R S ]
(I ct C* * o
13 c* (S o* o
B e I* o+ C* |
|
|
N Miccophone not used to obgain data }!
| Miciophone used to obtain data tor input o calealation procedme (MCP) j
- ¢ Mictophone used to obiain data for checking caleulated modal stimctnes {
+ Mictophone used 1o obam additional data Inorepeaging the test,
|
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TABLE 54.3
SFANDARD DEVIATIONS OF MEASUREMINT ERRORS

Test Desigmatum

Frior Souree Frron Sounce 1 2 3 ki 5 I
Axul oy Laviod e ket paci0d s pod IRENTE
(Centine,ers)

Miciaphone . . . 1 ] 3

Locatn Crreumferential ag XSy 10 2S5 x0- B8 x 14 RSy 10 85 10rd ARSI

Frians [deprees)
Radul @, Six10d s1x10% saa10d Six il s g0l Sl
(centuneters)
Amplitude oy 0.1 0.8 0.6 10 1.0 1.2

Presaure [decibels)

Measurement

Errors Pliase g, 1.5 20 [ 35 2o 20
[degrees)

The standard deviation of the inaccuracies in acoustic pressure measurement are not only
due to measurement system variations. but also to the different sound fields at the different
frequencies considered during the test program. The accuracy of the microphones to measure
acoustic pressure amplitudes was assossed by comparing a precalibration and a postcalibra-
tion of the microphones for cach test. During this test program it was expetimentally man-
ageable to adliere to careful procedures so that the standard deviation of the errors associa-
ted with transducer calibration was relatively small (about 0.2 to 0.3 dBY. In addition to
calibration errors, the standard error for pressure measurement includes an evaluation of
measurement repeatability for cach of the six mode structures, The variation in repeatability
was assessed in a similar manner as the deviation shown in FFigure 3.4-3. By this procedure,
an enhanced signal was obtained from five sample outputs at a given microphone at the num-
ber of summations chosen as optimum based on such repeatability studies. The standard de-
viations of the variation in repeatability are typically larger than those attributed to trahs-
ducer response. Thus, a combined standard deviation (in decibelsy of both calibration crrors
and variations in repeatability, as presented in Table 3.4-3, yickds values that are controlled
by the retatively larger observed variations in the repeatability of the enhanced signal,

[0 tight of this observation. it is expected that the magnitude of the variation in the cnnhanced
signal will depend on whether the random contribution in the overall signal is comparable (o
the colterent sound pressure level. The rmdom component of the overall sound pressare lovel
was compitred to the coherent level for the two mode structures that were generated at BPF
(test configuration Ty amd 2 BPYF (test configuration ) by the wukes from 34 rods interact-
ing with a 32 bladed rotor operating at a speed of 3400 rpm,

AU BIY, the variation of the enhanced signal for five sample outputs af g given microphone
was 0.3 dB. However, it was found that the coherent sound pressue level at ive microphone
locittions was from 9.1 1o 11.5 dB higher than the random component. Thus, in this case the
rndomly phased noise structure was on in order of O dRB below the colierent signal so the
variation in amplitude and phase of the enhanced sipial is assigned the soaltest Prressure miva-
surement error of those given in Table 3-4-3.
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AL 2 BPE. a similar anabysis at three microphone locations was condticted by comparing
sigmal enlaneed and overall tone fevel data. Fhis anatysis indicates that the coherent noise
ficld is between -2 10 5.4 dB higher than the randomly phased strocture, The pressure mwei
suretnent error of 0.5 dB in Yable 3-4-3 [or test confipuration 2 reflects the farper varisition

in pressure amplitude measurenent due to the relatively higher randomly phased componceiit.

A finad comparison of the overalt tone level amd signad enhanced pressure amplitude was con-
dueted for the filth mode structire configuration. In this test conliguration i single rod was
placed upstream of a 32 bladed rotor operating at 3400 rpm. Al several microphone locu-
tions the meastred resultant pressure amplitude was small doe to the cancellation of the con-
stituent modes. Thus. a comparison ol the relative amplitude of the colierent and randomly
phased sound ficlds varied substantially from one microphone location to another. fn parti-
cular. at microphone location 5 the coherent sound field was 10,6 dB higher than the am-
plitwde of the randomly-phised component. However, al microphone 3 the measured en-
hanced pressure amplitude was 16.3 dB lower than the sotnd pressure level for the random
structure. As may be expected. accurate measurenent of the enhanced signal al some micro-
phore locations was difTicult so that in Table 3.4-3 a relatively larger standard deviation was
assigned to the pressure amplitude error.

In the next section, 3.4.6. the amplitudes and phases and the caleulated standurd deviations
are presented Tor cach of the sixomodal structures investigated. o addition, the accuraey of
the caleulated mode structure is demonstrated by comparing (he measured sound fivld at
various duct locations with the predicted sound Tiekd at those locations based on the caleulated
mode structure. Discrepancies between predicted and mensuted data are discussed and related
1o the caleulated standard deviations associated with eacly of the modes. A summary anned an
assesstient of the test results are presented insection 327, Readers wishiing to avoid the
detailed test deseription may proceed directly to section 3247,

3.4.6 Toest Results

Results Trom vach of the sis mode strctures will be presented noder o separate heading. An
assessient of the overall test resulls will be teserved unhl the nexd section, 347,

Maode Structure Configuration Ne, |

The first modal structare wis zenetiated af BPE (L8313 Hzy by the wakes from the A rods
interacting with the 32 bladed votor operating at a speed ol 3400 rpm. Phe overall acoustic
spectrim generated at this speed at microphone No. FO s shown in Figure 3.1-9 aiud it can be
seen that BPE is well ahove the hackeround broadband noise level as determtined fronva 25 Hy
baandwidth Tilter, ACBPE. the T inlet can stipport seven incident modes: 3,00 ¢ o

1. 00 (0. M. (1 0% (2 0y, amd (300 Based on aa application ot the Tylee-Solrin analysis,

it was expected that the sound pressure fes el of the ¢ 01 swould be much greater than the
sound pressire fevels penerated by the remaining sis icident modes, However, hecanse off

the low munber of modes supported By the duct it wis decided o locate seven micropliones
in the duct to provide data Tor caleudating the ampliudes and phases of all seven incident
modes. 11 was asstmed o this test hat modes reflected from the infet do nol canltibute
sigtilicantly (o the sound fiekds The actnal fociahions as determined By thie M of the soven
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microphones are given in Lable 394-2 and resulted ina conditioning munber (see section

3 3 . N M H
32D of 2L Also, data weee obtained at thieee other nicrophone locations so that a check
on the accuricy of the calealated mode struciure would be obiained.
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Figrere 3.4-9 Overalt Spectrom Generared at 3400 RPX gt Microphiane Location No. 10 Mode

Stricrire Configurarion No. |

The coherent acoustic pressure wmnplitede and phase atall ton microphone locations are listed
in Fable 3.4-4. The lirst seven ampr bades amd phases were used as input to the MCP, and the
atmplitudes and phases ol the seven poopagating incident modes were caleulated. In addition,
the standard deviations Tor the amplitude and phas e ol each mode were caleulit-d using the
standard deviations due to amplitude and phase measurement errors. These stndard devia-
tions in measurement errors were delined in Fable 3130 Phe caleulited amphtudes and
phases of cach maode along with the corresponding ~standard deviations are listed in Fable
3.4-5G0. The vwodal amyditudes ared error ands givea by phes and minos one standard devia-
tion are illustrited in Fipure 3410,

The modal structure was used to predict the resubiant souned tield at three mivrophone loca-
tions: No. 8, No. 9 and Noo 1O of Tabe 2520 The discrepaney hetween predicted and
mcasured acoustic pressure amphitude omdecibedao and phase om desreesy s Bisted i Lable
2460 Tt can be seen that the phase s predicted slishty hiele e 3  tooo 7y at all thiree Tova-
tions and that the amplitde s within 0.8 dB o 17 dB Smee three cheek Tocations are o
statistically small populationg it s difficad e assess aecunarely the method tar this test cise,
To gt better estinibe, advantape will be tiben of the Taet that the -2, 0y mode s moeh
preater insunplituwde than the othes propagating modes I the contribotion Trom modes
other than the € 2000 mode is considered tocbe insignificant, only one microphone is sequited
to determine the amplitude and phase of the dominant mode. The ten nncrophone measane
ments made during this test thos eive ten samples rone whieeh the averaee amplioede and
phase of the ¢ 200 mode can be determmed alony weth the respectve stamdand desetions,
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TABLE 344
MEASURED DUCT ACOUSTIC PRESSURE
{RPM = 3300 BPF = 1X13 HA)

CONFIGURATION NGO

Mic: thone (‘nhcrcnl_‘ Resultant Amplitude | Phas i
No. Ll (dynesfem™) [T (ddep) k
[ 1214 2358 a2 xaet 4.5 K
2 1206 1S 1090 X 103 23R
3 1201 010 2045 X103 245
1 175 1540 a7 x e w2
5 1201 020 011X 1od 910
o 1141 1613 2340 X 107 STH
7 120.1 2010 2045 X 107 1285 o
% 9.7 1914 2508 X to3 1293 '
9 119.4 IR7.0 22x107 350.4 j
10 1194 1875 2 x i’ wia ’
Avg Resuliant
Amplitude B, = 119.7 1955 28169 X 107
TABLE 345 1

CALCULATLED MODE STRUCTURE AND ERROR

CONFIGURATION NO. |

A SEVENMODE INVESTIGATION

Amplitude lFenar Pha.w f-iot i
Manle (1) (i tlegh A !
-30) 1058 1.0 a7 %1
-2 1256 0 M0 4
(-in) "z i sy 71
{0.0) 1030 1.5 1712 4
(i [[VAN] 1 LF 154
(2 e gt 1106 154
nm ur s 25 REE e

B THRIEE MODE INVESTIGATION

{3 1071 [ (SN [AR!
{-2(h XS n’ Mnn io
Lim 108 & 0 in fu

{ AMPLITUDE ANDPHASE O ¢ 2 MODE BASEDON AVTRAGH OF 10 MK ROPHONY S !

LA Ly (R} f o TS N !
|
82 :
i
b
I
- .- i' - - ~ Ly




1 30— SOUND MODE DETERMINATION
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TARILE b

DIFFERENCE PETWEEN PREDICTED AND MEASURED et
ACOUSTIC PR FSSURE

(I’RI-'DI(‘I'I"D MINUS KEASURED)
CONFIGURA VION NOL Y

Amplitude Pelta Phase Delta

Mictophone
N, (43} (depd
] 17 S5
9 0.4 O
10 0.8 .7

Supc.‘rimposcd on Figure 3.4-10 and listed in Table 3.4-5(c) 18 the average amplifwde and
standard deviation of the (-2, ) muode obtained from the 10 microphoue messtrements as
described above. 1t can be seen that the average amplitide s only 0.2 dB below the tevel
{he matriy inversion method. The standard devi
at predicted from the influenee coelficients and cstitttes of the peasuve-

of the (-2, 01 maodve is 28T witha ctandard deviation ot S4¢
jon used for the iy inversion ethod e,

pl‘cdiu‘h‘d by
is sreater than th
ment errors, The average plase
when prujcclvd to the samy relerenee locat
at the rotor plane and 1807 from top dead center), Again this compares well with the M4
plitse predicted by (he matris inversion method; but the standard deviation s il preater
than the 0.u° pr-.'diclcd from the influence cocllivients and estinmiies of the measurcnient

Srrors,

jyersion metliod predicts well the amplitude and phase
ent propagating modes, Parcathetically,
at the contribution

Thus it can be seet that the matrix
of the dominant mode ottt of the seved possible incid
it may be noted that the pesitlts substantiate i this case the assumption th

to the sound field of rellectod wives is instpnificant.

Fipadly. the mudal distribution of acoustic theoty is worth mentioning. Fipure 34-10 shows
(hatt the soud pressure levels of the mondes peighboring the principle - Y00 mode are higher
than the remaining modes. This feature iy be explained by e presence of a small residual
steady one lobe inflow distortion modutating the witkes front the 34 pods interieting with

ihe rotor. A more precise description of this mechanisn is given in Appendix C.

In hipht of thas ohservabion, il wis Jecided 1o chieck the method aecuracy with thiee niicro
phone neasurements gustnning the oy aiud it innnedute neighlbors t oo and ¢ 3 Oreon
tain the bhulk ol e acoustic enered Firsdly, the AL) 1P was i using ils second apnon to
wlect the three microphon jocations out of {he ten possible fowations that pasy the lowest

comditioning pum e, Thwas found that microphione focatiens o3 and 10 conditioned the

p

ation about the averaes. however,



equation system so as to yield a conditioning number of 1.1. Data from the three selccted
microphones were used as input to the MCP and the resulting mode amplitudes and phases
along with respective standard deviations were calculated. These values are shown in Table
3.4-5(b) for the (-3, 0), (-2, 0). and (-1, 0) modes. Comparison with the mode structure ob-
tained using seven microphones shows a discrepancy in amplitude of 0.9 dB for the dominant
(-2, 0) mode and on the order of 1.5 dB for the other two modes. Also the calculated phase
of the dominant (-2, 0} mode changes from 243° to 246° — a value further removed from the
estimate of 241.8° based on the average of ten microphones.

Thus it can be seen how the omission of only the four smallest modes out of the seven incident
propagating modes affects the predicted amplitude of the dominant mode. In this case the
differences are small, showing that a good estimate of the dominant mode amplitude and
phase can be obtained without considering all seven modes. Despite the small difference,
however, it is interesting to note that the omission of the four smallest modes (more than

20 dB down from the (-2, 0) mode) results in a 0.9 dB change in the calculated amplitude of
the dominant (-2, 0) mode.

Mode Structure Configuration No. 2

The second modal structure considered was that generated at 2 X BPF (3627 Hz) by the wakes
from the 34 rods interacting with the 32 bladed rotor operating at a speed of 3400 rpm. At
this frequency, the fan inlet can support twenty incident modes al though only the (-4, 0)
mode is predicted by the Tyler-Sofrin analysis to contain significant acoustic energy. For
this case, it was beyond the scope of the program to make a sufficient number of meastre-
ments to determine the amplitude and phase of all twenty incident modes. It was assumed,
therefore, that the incident (-4, 0) mode contained the bulk of the acoustic energy in the
duct sound field. With this assumption, only one microphone measurement was necessary

to determine the amplitude and phase of the (-4, 0) mode and the respective standard devia-
tions based on a multiplication of the influence coefficients and estimated measurement
errors. Although the choice is arbitrary, microphone location No. 2, listed in Table 3.4-2 was
selected to provide input to the MCP -principally, of course, to determine the standard
deviations of the mode amplitude and phase. In order to have a large sample of check micro-
phones, measurements were made at ten microphone locations. The measured amplitudes
and phases at cach microphone location are listed in Table 3.4-7.

The amplitude and phase of the (-4, 0) mode and the corresponding standard deviation as
calculated from the influence coefficients and measurements from microphone No. 2 are
shown in Table 3.4-8. Also shown is the amplitude and phase of the (-4, 0) mode along with
the standard deviation in amplitude and phase obtained by averaging the ten microphone
measurements. The main observation to be seen from this example is that, as was seen in the
first test configuration, the predicted errors based on the influence functions, underestimates
the actual measured variations in amplitude and phase. A comparison of the average mode
amplititde and phase with that obtained from microphone No. 2 has no real sighificance in
this example, because of the arbitrariness in the initial selection.
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TABLE 347

MEASURED DUCT ACOUSTIC PRESSURE

(RPM = 3400 2 X BPF = 3627 Hz)

Microphone
No, (dB)
I 108.4
R 106.3
3 1069
4 107.8
5 109.8
6 106.6
7 105.5
108.2
107 4
10 1069
Avg. Resultant:
Amplitude B, = 107.5

CONFIGURATION NO. 2

Coherent Resultant Amplitude

(dyncs]('mz)

5289
41.47
44.35
49.24
61.59
42 88
37.85
51.20
46.89
44.09

47.24

TABLE 3.4.8

(ihffin.2)

7.672X 104
6.015 X 107
6.433 X 10"
7.142 X 104
8.933 X104
6219 X 104
5.489 X 1074
7425 X 104
6.801 X 10"
6.394 X 104

6.394 X 10"

CALCULATED (-4.0) MODE AMPLITUDE AND PHASE

AND CORRESPONDING ERRORS
(ONE MODE INPUT TO MCF)

Amplitade
Muode (:1B)
(-4.0) 1142
Avg. (-4.0) 115.3

from H) nicropliones

86

CONFIGURATION NO. 2

Error
(dB)

0.6

b2

Phase
{deg)

13
3ss

Phase
{deg.)

2331
3309
3206
285.1

385
3258
133.2
145.5
195.6

64.3

Error
(deg)

20
10.4




Fo determine @ better estiniite of the sound mode strrcture in this vase, it was devided 1o
apphy the matris inversion method to the determination ot the structure of nine modes
Gincluding the (3 Oy moded using gine microphone meastrements as input. The nine modes,
selevted were the zeroth and first order radial modes i the immediate vicinity ol the (-1 (0
mode. The rational Tor this selection was based on the observation from the Last test case
that the Targer modes pronped ahout the dominant mode predicted by the Pyvler-Soltin
analysis,

The nine modes selected weve: (-0, 0) -5, 00 (-4, 00 3L 0 2000 (-3, e Db
and (0. D Nine microphone locations were chosen from the set of fourteen available o
tions. This was done by running the M1 D for varions combinations of nine ot af tourteen

until a set with o fow conditioning number of 8.4 was obtained. The chosen locations are
listed in Table 3.4-2.

The caleulated amplitudes and phases of the nitte modes are listed in Table 34-9 The
amplitude distribution along with the predicted amplitide standard deviations are shown
in Figure 3.4-11. 1t can be seen that the amplitude of the dominant (~+. OYy mode is within
0.6 dB of the average of 10 microphones but that the phase is ol by 10,57,

It should be noted also that the magnitudes of the remaining vitbet - fed modes cannot be
considered 1o have negligible elfect ot the overall sonnd ficld since four of the modes

1 0) R D2 Doand ¢ Iy are within 10 dB of the Jominant (-4, 01 mode. Despite
the high amplitude of these modes, however, the amphitude and phase of the domitanl

(-4, 0) mode is reasonably well determined.

PABLE 310
CALCULATED MODY STRUCFURY AND FRROR
{NINE MODLES INPUT TO MDY

CONFIGURATION NO.?

Amplhitude Fum Pl Fom
Mode i (i tdeyd eyt
(-6 8ol 00 AR b ]
{3 s Y rwal s
(1M [NRRY N RO 0
(-3 10| A {0 AR
(-2 [EURIR [ wh ol R
(- [[LA (I AR [
{0 T AR HELE ARRA
(1.1} 100 LIS %1 N o
(.l vwro A o ERY
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An additiond estimate of the method accuraer was abtained Tor this nine mode cise, by
cepeating e test with three sulditional microphaone Too o rons desigiated Noo 1 Noo 12 and
No. 13 in Figure 3d-6, These three mictophones tagether with nzicrophones Noo 7 and 10
Gaot used 1o provide input to the calealationy provided data, so that the megsured sound
field at these specific duct locations could be compared with the predicted sound Tiekd based
on the cleulated mode structure of nine modes. The ditferepce between predicted and
measured amplitade and phase are shown in Fable 3.4-10. T can be seen that the predictions
are generally good. The amplitude is predicted somewhat low by ibout 0.5 dB to 1.9 dB
with a standard deviation of 1.4 dB about the mean and the phase is within 97 and -8° with
a standard deviation of 8.07 about the mean. 1t s difficult to estimate the dceuracy with
which the modes other than the (-3, 03 are predicted. Howeves, it is seen from Figure 3.4-11
that the standard deviation of modat amplitade caleulated from the influence function, is
larger for modes with low sound pressure levels,

Mode Structure Contiguration No. 3

The third modat structure considered was that generated at BPE (3100 12 by the wakes
tfrom the 34 rods interacting with the rotor operating at a speed of 3813 rpm. At this
requency . the fan inlet duct can support sixteen propagating incident modes. From an appli-
cation of the Tyler-Solrin analysis. the (-2, 0, and -2, 1) modes were predicted o contain
the bulk of the acoustic soutd energy in the duct. For this case. the M was used 1o select
microphones No. 7 and No. 8 from those listed 1 Fable 3.4-2 and the microphone combing-
tion had a conditioning nunber of 130 Again. measurements were niwde at 2 total of ten
mticrophone locations tmicrophone Nocs F 1o 10000 Table 3.4-2Y 1o provide cight locations

to check the accuraey of the catculated mode structnre. Fhe measured amplitudes and phases
from these ten microphones are listed in Table 32111,

FABLE 2110
DIFFFRENCE BEFWEEN PREDICTED AND MEASURED
DUCE ACOUSTIC PRIFSSURYE
(PREDIC D MINUS MEASURED)

CONFIGURATION NGO 2

Miciophone Anphitude Delta hase Delta
N, Iy (tl(‘!'.'
[ i
Y] | 3 g
I (U 50
12 I~ s
[IR | +} A

. 11 " =0

I V.
b
. .
- [ roo "
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FABRLY: 3411
MEASHRED DUCT ACOUSTIC PRISSURT
(RPM = 3513 BPF = 3100110

CONFIGUHRATION NGO .3

Microphone Coherent R:.‘:illll:ml Amplitinde \ Phise
Na, {di3 (dynes-cm=) (Ihidin.-) (Jeud
1 1302 7254 s N o 532
> 1253 iMoo 7505 X 107 3280
— 1389 8559 s063 X 107 61y
1 1269 44122 0.398 X 1077 2053
5 1308 6920 10036 X 107 ISR
6 1253 3770 471 X107 1441
7 126.1 405 8 5886 X 107 2014
8 130.3 054.1 987X 107 197.8
9 1257 8.2 s.001 X 107 3369
0 268 4380 053X 107 0.

The caleudated amplitudes and phases of the (-2, 0y and (-2, Py modes and the respective
standard deviations calculated from the intfluence coetticients and estimated measurenient
crrors for this case ate shown in Table 3.4-1 2. The predicted sound fickt hased on the
ammplitudes and phases of the -2, 0 and (-2, 1 maodes was compared with measured data at
the cight clieck micvophone locations and is presented in Table 3.4-130 1t can be seen from
this sample that the predicted amplitude is within - 1.4 dB to 3.0.dB with a standard deviation
of 1.5 dBand twe predicted phase between =22 17 and VEA7, with a standard deviation of
1457

In an clfort to determine the smplitudes and phases o modes other than the ¢ 2003 and
(-2, D)y mades and. thus, improve the predicted aceuracy at a set ol check microphones. a
larger set of micropliones and modes was selected o test the method ina manner similar
to that ised inthe Tast test case, Again gine modes were selected <o as ta be grouped abont
the predicted dominant (<20 0 wnd 20 D) neodes, The modes selected were: (=4, O (-3, 0y,
Groon oo 20 G2 Deeflected, -1, Dyand €00 1) The reltected 20 11 miode
was inchuded in the selection because the incident ¢20 Tymode had a cutotl ratio near one
daad o significant portion of the acoustic enerey wis expected to be reflected.

Ihe nine wmodal amplitudes and phases and e respective standard deviations are shown n
Fable 3004 Phe amplitudes and amplitude standard desviations are shown praphically in
Figure 34-13 00 can be seen that the G300 mode and the ¢ D modes are gquite comparable
m amplitude to the 20 and G20 ymodes illusteating tor s case the weakness ol the
asstintption that the sound fichd s conteolled only by the modes predicted By the Tyle
Sotrin analy sis.
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TABLE 3.4-1)
CALCUT ATED MODE STRUCTURE AND ERROR
{2 MODLS INPUT TO MOCP)

CONFIGURATION NO. 3

A mplitude Eaten Phase Ettar
Munle i) () {dleg) ek
[-2m 1141 0.4 341.2 12
2N 138 % 0.4 2518 6.3
TABLL 3413

DIEFERENCE BETWEEN PREDICTED AND MEASURED
DUCT ACOUSTIC PRESSURE
(PREDICTED MINUS MEASURED)

CONFIGURATION NO. 1

Micruphone Amplitude Dela Phase Dela
No (4B} {deg)
! 04 - B0
M 14 - 50
1 10 1.4
4 LX) 204 ‘
5 ue 187 P
3 1.1 - 435
" 6.4 200 ‘
i 1.4 -6
sap=135 a,, =148

3

TABLE 3.4-14 i)
CALCULATED MODE STRUCTURE AND ERROR i
(9 MODES INPUT TO MCT) 1

CONFIGURATION NO. 3

Amphtude [ HITH Pluse Lirm
Mude [ (B (dep) (dzg)
{1 1115 43 NYR nd 2
(-4t 1275 IR 0 187
(-2 1124 13 138 AN
-1 e 15 tla 2 s
(om IR s 155.2 17R
-2.1) (I ] 15 nn 111
CI et &7 It 1521 AT
L 1264 M 1T IR
w.h s 17 2408 144
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Again, this test was repeated with check microphones at four locations different from the
original ten. A comparison was made of the measured and predicted sound field based on the
calenlated amplitudes and phases of the nine modes at these four microphone locations and

a 1ilth from the original test that was not used to provide data input to the MCP. This com-
parison is shown in Table 3.4-15 along with the standard deviations in amplitude and phase
of the resultant sound field at the five microphone locations. 1t can be seen that the aceuracy
obtained using the caleutated structure of nine modes is similar to that obtained using the
caleulated modal structure from two modes. 1t is possible that no improvement was obtained
hecatise one or more modes were omitted from the modal calculation that actuatly confribute
significantly to the duct sound ficld.

Mode Structure Configuration No. 4

The fourth modal structure considered was that generated at 2 X BPF (6200 Hz) by the wakes
from the 34 rods interacting with the rotor operating at a speed of 5813 rpm. At this fre-
quency the fan inlet duct can support 53 propagating incident modes. From an application

of the Tyler-Sofrin analysis, the (-4, 0), (-4, 1), and (-4, 2) modes are predicted to contain

the bulk of the acoustic energy in the duct. For this case the MLP was uscd to sclect micro-
phones No. 3, No. 9, and No. 10 of those listed in Table 3.4-2, Measurements were made at a
total of ten microphones locations (as in previous tests), thus providing seven locations to
check the accuracy of the caleulated mode structure. The measured amplitudes and phases
from these ten microphones are listed in Table 3.4-16.

TABLE 3.4-15
DIFFERENCE BETWEEN PREDICTED AND
MEASURED DUCT ACOUSTIC PRESSURE
(PREDICTED MINUS MEASURED)

CONFIGURATION NO. 3

Microphone Amplitude Delta Phase Delta

No. (dB) (deg)

3 14 17.3

il 1.7 1.7

12 14 118

13 0.2 29

L4 04 -30.2
uAB=|.h dn 04y = 18.4
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TARLE bl
MEASHRED PUCT ACOUSTIC PRIEFSSERI
(RIM O asl3 AN BRI - 000 HA)

CONFIGURATION NO._ 4

Mictophone Cobelent 1{1::{llll:|lll Amplinnde Phase
N, (J1h (dynesfem=) (ILifin.~) {deit)
1 118§ l67.9 1436 X 107 TR K
2 7.2 1443 soui X 54.4
3 §21.2 AR sy 307
4 103.3 231 04250 X 1ot 2540
3 PR 175.8 rs50X 107 0.2
o LI%.4 165.7 2403 X 107 80.2
7 P18 1668 4o x 10 1889
R 1137 9603 1 406 X 107 2370
9 1102 1206 1880 X 107 1358
10 12s 84,54 {20 X 107 3822

The ealeulated amplitude and phase of the theee modes predicted to be dominant and the
respective standard deviations are shown in Table 3.4-17 and the amplitude components ane
iHustrated in Figure 3.4-13, The predicted sound Ticld, based on the caleutated modal strie-
ture, at the seven ¢heek microphone locations was compared with measured amplitudes and
phases und are presented in Table 3.4-18. The standard deviations are also shown of the ddil-
ferenee between predicted and measured amplitudes and phases. 1ean b seen that the
errors are large, 12,2 dB to =<H2 dBin amplitude resulting in g standard deviation of 3.3

dB about the mean, and between 33,6 ad -32.17 in phase, resulting in a standard deviation
of 25.5° about the mean.

FABLY 3017
CALCUTATED MODE STRUCTURE AND FRROR
CTHRER MODE INPUE TO MCPY

CONFIGURATION NO

Amplitude Fiim IMawe ot

Muode LY (i (depd {deyd

(-+n 1.5 o (RN '

{40 108 P [RRRL 0o

£ s AN} W Mo
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TARLY 3,418
DIFFERENCE BETWEEN PREDICTER AND MEASURED
DUCT ACOUSTIC PRESSURE
(PREDICTED MINUS MEASURED)

CONFIGURATION NO. 4

Microphone Ampiitude Deita Phase Delta
No. (di) {deg)
1 2 34
2 -3 REX))
4 122 -321
3 0.3 b7.6
o -4.2 0.8
7 3.5 16.0
8 5.0 8.5
N B= SdB Vag " 355

Additional predictions with more than three modes were not conducted for this case. How-
ever. 1t is reasonable to assume that the inaccuracies at the check microphones is due to the
significant acoustic energy levels in some of the 50 modes not considered in the modal
calculation.

Mode Structure Configuration No. 5

The fitth modal structure considered was that generated at BPEF (1813 Hz) by the wake of
a single rod interacting with the rotor operating at a specd of 3400 rpm. An acoustic spee-
trum at microphone location No. 10, for this configuration is shown in Figure 3.4-14. This
case was included to evaluate the method for predicting all the incident propagating modes
in the duct where the mode amplitudes are expeeted to be comparable. The propagating
modes at this requency are the same as those for configuration No. 1, and these seven
microphone locations for this case are predicted by the MLP to be at the same locations as
in configuration No. 1. Also, the same three check microphones were used Cor this case.
Table 3.4-19 presents the measured amplitudes and phases at the ten microphone focations
and the caleulated modat amplitudes, phases and standard deviations are presented in
Table 3.4-20. he mode amplitudes and amplitude standard deviations are illustrated in
Figure 3415, The accuracy of the method at the three check microphones is illustrated in
Table 3.4-20 in the satie manner as in previous cases.
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CALCUTAF)ND MODE STRUCTURE AND FRROR
(SEVEN MODE INPUT TO MCT)

CONPIGURATION NO .S

Amplitade Frror Phase Frror
Meode Al (4 (dep) {dep)
-3 1054 .o B0 3.8
(-2 a7 0.7 1758 6.4
(-1.m 809 4.9 733 67.0
(.M 85.0 13 R 250
(1.0 %97 i0 1250 18.5
(2.m 871 4.2 2118 A2
(30) 105 5 0.5 3587 31
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FARTE M
IEEFERENCE B TWEEN PREDICTED AND MEASURED
DUCT ACOUSTIC PRESSURYE
(PREDICTED MINUS MEASURET

CONFIGURATION NO_ 5

Mictophaone Amplitude Delta Phase Delta
(N0 (IR deg)
3 s2 AN
Q 0.1 1069
10 0.2 o

The first point to observe is that the modat structure is such that the higher sound pressure
levels are i modes close to cutoft. This result is not altogether unexpected. It was shown, for
example, by Pickett (ref. 16) that tor rotor-turbulence interaction, the higher amplitude
caivdom modes are those elose to cutolt. A similar model (osed Tor stator-wake-totor inferae-
tion) for a steady distortion that excites all the duct modes, shows essentially the same result.

A passible explanation for the 3.2 dB difTerence between the predicted and measured sound
fichd at wicrophoue location Noo 8 s that the measured resubtant amplitude at that location
is the smallest of the measured amplitudes at the three check microphone locations. The
reliability in predivting low resultant sound ficlds must itselt be low as can be seen from the
fultowing argument: I the Tow resultant sound fiekd amplitade is considered to be a small
comples vector that is the resuttant ot a series of large vectors that represent cach muode,

then il the Lirge complex veetaes ave slightly perturbated in wmnplitude and phase, it is nat
ditticult to see that arge percentage changes can be experienced by the small resualtint vector,

It an efTort to obtain g better estimate of the sound made structure in this case, it was de-
cided to apply the matrix inversion method o determine the amplitude and phase ot the re-
(e ted nuoddes that may have a sigaificant portion of the acoustic energy. The reflected (-3,
OY and retlected (3,0 mades were ineluded an the selection due to an observation that (-3,
O and (3200 modes had a significant portion of the acoust ¢ enerpy and with a cutodd ratio
nete one were expected 1o be reflected, Apain seven modes were selected soas to group
about the domimt modes near catof?. Fhe modes seleeted include: G301 retlected, (3, 0y,
L LM, L O and (3 ) reflected.

Acoustic pressure teisuretents at seven microphone locations are eequured Tor the deter-
mination of the sound tield based on the abose mode group. For this stikdy, five sets ol seven
microphone locations were chosen from the ten aviilable locations so that the mateis inver-
sion tiethod could be applied Gve tiimes, Fhis was dose by raning the ML for vanoas com-
bitnations of seven aut of ten until g low conditioning number was obtained. 10 was Toutd
that the Tive sets of seven mictophone lecations conditioned the equation sy stem so as to
vickl a conditioning number between 1.8 to 107,

L3 18]




The caleulated amplitudes of the seven modes oy each of the Tive cases are listed in Table
3400 i addition, the mean and standard deviation of the amplitude for cach mode were
caleulated and presented in this table, It can be seen that the mean amplitude of the incident
modes with a cutof! ratio near unity have the highest sound pressure level. Comparison with
the mode structure obtained without including reflected modes shows that the (3, 0y mode
compares well to within 0.1 dB. Albsa. the amplitude of the (-3, 0 mode is 105.4 dB for the
case that assumed reflected waves were insignificant and is within the standard deviation of
the mean amplitwde for the (-3, 0) mode when two reflected modes were included in the
matrix inversion method. A final point is that the mean amplitude of the reflected modes is
an order of 13 dB below the same incident modes that contiolled a significant portion of
the duct sound icld. The inclusion of reflected modes in the calenlation procedure did not
expliain the observed discrepaney between the predicted and measured sound ficld at the
chieck microphones. However, in each of the five cases the accuracy at a check microphone
deteriorated when the measured resultant pressure was small. and thus, reaffirmed the above
explanation,

TABLLE 3.4-27

CALCULATED MODE STRUCTURE
(SFVEN MODL INPUT TO MCP)

REFLECTED MODE STUDY
CONFIGURATION NO. 5

Case Mode
-3.0)R {-3.0 (2.0} (1.0} (2.0 {(3.0) (3.O}R

| RGeS 105.8 101.3 Rl.6 8.3 106.4 913

2 854 105.6 101.1 R39 RO0 106.4 9.2

K] 93¥7 102.0 101 8 80.7 940 104.9 a3z

4 9.4 107 .6 101.5 88.1 Bi7 104.2 Q30

A ul.2 10289 1019 S I a4 5 1049 4.6
Mean 907 1035 101.5 A5.8 934 1054 916
Standard
Deviation RN 1.8 0.3 1.8 22 00 1.6

Mode Structure Configuration No., 0

The Tinal modal structure considered was that generated at B (1995 Hz) by the wake of
the single rod interacting with the rotor operating at a speed of 3740 rpm. This configuration
was chosen o determine the effect of a ten pereent speed change on the method 1o deter-
mine mode structures with microphone locations chosen for the original speed and frequeney.
The simie seven modes as in configurition No. | and No. § were generated in the duct, anl

at the frequency of 1995 Hy o the seven microphone locations as used in the previous conligara-
tion were found by the M1 to yickd a conditioning nwmber of 2.1, This value is comparable
1o those obtained where the MIP is used to seleet the microphone locations: so no problems
in method accuracy were anticipsted. Data were tahen at mictophoties No. | through No. 14
and are presented in Table 3.4-23. The cateulated modal amplitudes, phases, and standard
deviations are presented in Table 3424 and the amplitudes and amplitude standard
devittions are llustrated in Figure 1d-10. Finally, the comparison of predicted and measured
sound field at the three check microphoties s showiy i Fable 3405,
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TABLE 3.4-23 OF POOR QUALITY]
MEASURED DUCT ACOUSTIC PRESSURE
(REM = 3740 BPF = 1995 112)

CONFIGURATION NO. 6

Microphone Coherent Resultant Amplitude Phase
N, (dn3) (dyncslcmz) (lhflin.?‘) (deg.)
1 918 7.769 1127 X 104 49.3
2 95.7 12.24 1776 X 1074 23
3 85.9 3.940 05715 X 10 1577
4 104.2 32.48 4711 X104 42.4
5 100.4 2092 3.034X 10 167.4
6 100.4 20.89 3.030X 104 23.0
7 103.3 19.32 4253 X 104 172.5
102.7 27.34 3.965 X 104 270
91.7 7.707 1.118 X 1074 358.3
10 94 4 10.53 1527 X 10 107.0
TABLE 3.4.24

CALCULATED 1 :ODE STRUCTURE AND ERROR

CONFIGURATION NO. 6

Amplitude Error Phase Error
Mode (dB) (dB) (deg) (deg)
(-3,0} 1031.2 08 368 4.0
(-2.0) 101.6 08 2092 30
(-1.0) 97.1 1.0 1570 7.3
(0.0) 911 1.5 177.8 15.6
(1.0) 94.7 1.5 1759 15.7 !
(2.0 99,7 1.3 180.3 80
(3.0) 97.3 1.6 495 7.0
101
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Figure 3.4-16  Sound Modal Amplitudes and Standard Devigtions - Mode Structure Configuration No. 6 -

TABLE 3.4.25
DIFFERENCE BETWEEN PREDICTED AND MEASURED
BUCT ACOUSTIC PRESSURE
{PREDICTED MINUS MEASURED)

CONFIGURATION NO. 6

Microphone Amplitude Delta Phase Delta
Na. By (deg)
& -h0 8.0
o A4 s
o 0.2 - 33
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Results for this case are similar to those observed in configuration No, 5, although it can
s From Pables 3019 and 3,4-23 that the ten percent rotor speed difference between fests
resulted in significant changes in measa:ed amplitudes and phases at the 10 microphone
locations. Again it is difticult 1o assess the accuraey of the method Tor this case, but it can
be seen 1o be no wone than for configuration No. 5, despite the speed change. Apain, 31
possible explanation for the 3.4 dB difference between the predicted and measured sound
field at mivrophone location No. 9 is that the measured resultant amplitude i that location
is the smallest of the measured amplitudes at the three check microphone locations.

347 Summary of Test Results and Assessment of Impact of Ex trancous Modes on Method
Accuracy

In the previous seetion, it was shown how the modal caleulation method was applicd to six
diffcrent fan duct modal structures. In the first case, all incident propagating modes that
could be supported by the duct were included in the modal calculation. {n subsequent cases
a subset of the total number of modes that could be supported by the duct was selected as
predicted by the Tyler-Sofrin theory and was assumed to contain the bulk of tlie propagating
acoustic energy. In the second and third cases considered, this subset was enlarged to include
nine propagating duct modes in an effort to improve the accuracy of the results. The ampli-
tudes and phases of the selected number of modes were caleulated using as input the meas-
ured sound ficld at an equal number of microphones in the duct as modes to be catculated.
The caleulated modal structures were then used to predict ihe amplitude and phase of the
sound field at other duct locations where measuren: ants were also made.

FFor the first test case where the structure of all seven incident modes was calculated and for
the additional test of the second case where the structure of nine modes was caleulated., it
wis seent flat the resultant sound field was predicted within +1.7 dB and -0.8 dB for case
one and within -0.5 dB and -1.9 dB for case two. An alternate separate check could be pro-
vided in each of these two cases, since the amplitude and phase of the single dominant mode
could be calculated accurately based on an average of all the in-duct microphone measure-
ments, A comparison of the caleulated amplitude and phase of the dominant mode using
the modal caleulation method with that obtained from an average of all the microphones,
showed much better agreement, For this method of comparison. agreentent was within 0.2
dB in amplitude and 1.27 in phase for case one and within 0.6 dB in amplitude and 10.5°

in phase for case two. Although the phase is somewhat off in case two. it is apparent that
for the first two cases, the amplitude and phase of the dominant mode was cateulated quite
accurately using the modal caleulation method. Since the prediction of the resultant souwnd
field based on the caleulated modal structure, however, is seen to ditfer from the measured
sound Tield by almost two dB. iv can be seen that using the caleulated mode structare to
prediet the total sound field at other duct measurenient locations is i stringent test of the
modal calculation method.

In case two, the amplitude and phase of the dominant mode was accurately determined des-
pite,in the fiest atterapt, the presence of 19 extrancous modes not inchuded in (he imodal
caleulation and in the second attempt, T extrncous modes. In the third (est cise consid-
ered, the amplitode and phase of two modes, 2,00 and 2.1, were caleulated and fourteen
extrancous modes were present  For this case the total sound field at other duet locations
wirs predicted within three dB, with a standard deviation ot 1.5 dB. When the number of
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modes incladed in the eeulation was increased to nine, so that only seven extraneous modes
were present, the acceuraey in predicting the sound field at other duet Jocations was essen-
tally unchanped. The cateulted amplitude of the (-2,0) mode was 132,85 dB Tor the two
made caleulation and 1341 dB Tor the nine mode caleulition, and the amplitude of the
-2.1) mode was 1288 dB for the two mode caleulation and 129.4 dB for the nine mode cal-
culation, The differences betwen the two and nine mode caleutations are fairly small (with-
in i standard devittion ws obained from the nine made ealeulation), indicating that cither
citleulation could be used 1o determine the structure of the (-2,0) and (-2,1) modes with
reasonable gecuraey,

FFor the fourth test case, where the structure of three modes was determined, the amplitude
of the total sound fickd at other duct locations based on the calculated mode strucfure, was
predicted to be as much as 12.2 dB different from that measured, with a standard deviation
of 3.5 dB. The significant difference between test cuse four and the other three cases was
that in test case four, the number of extrancous modes supportable by the duct, but not in-
cluded in the modal caleulation was much greater than in the other three cases. In test case
four, fifty incident extrancous modes could propagate in the duct in addition to the three
used in the modal calculation method based on an application of the Tyler-Softin analysis
to the fan design. Clearly the impact of these extrancous modes greatly affected not only
the caleulation of the structure of the three modes, but also the prediction accuracy of the
total sound ficld at other duct locations.

The accuracy of the method when applied to test cases five and six is more difficult to deter-
mine. In these test cases, a single rod was placed upstream of the rotor with the purpose of
generating seven comparable incident modes at two slightly different frequencies. Modes
with a cutoff ratio near unity were expected to contain higher sound pressure levels than the
other incident modes. It was shown by Pickett (ref. 16) that for rotor-turbulence interaction,
the higher amplitude modes are those close to cutoff. A similar model (used for stator-wake
rotor interuction) Tor a steady distortion that e xcites all the duct modes shows essentially the
same result. For the frequencies considered, the duct was able to support 7 modes, so there
wete no extrancous modes for these cases, The calculated mode structures were used to pre-
dict the sound fields at three other measurement locations. Tt was found that in both cases.
two otit of the three predictions were reasonably accurate, but the third prediction was on
the order of 5§ dB different from the measured level. Because of the widely differing results
from onty three check locations, it is not possible to make a definitive statement on the
method accuracy for these two cases. As explained in the last section, however, a possible
reason for the large difference at a single location for cach case, is that at those locations,
the amplitude of the total measured sound ficld was smaller than for the other two check
microphone locations. When the resultant amplitude at any duct location is small but causced
by the confluence of seven modes, as in this case, and when the amplitudes of these modes
are comparable, inaccuracics can be expected in predicting the total sound field at those
duct locations based on the caleulated mode structure. This is suggested as a possible expla-
nation ol the poor agreement between measured and caleulated Tevels at the third micro-
phone tocation,
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In order to explore further the effect on the method accuracy of extrancous modes, an
order-of-nagnitude analysis will now be considered. The contribution of extrancous modes
to the amplitude and phase of the resultant sound fiekt at any duct location can be consi-
dered equivalent to a measurement system error, The magnitude of this error at any location
is the resultant of all the extrancous modes at that location. The order-of-magnitude cstimate
of the variance of the resultant of the extrancous modes is obtained by assuming that the
number of extrancous modes is kirge and invoking a statistical argument. It the total number
of modes propagating in the duct is N-p and the number of modes used in the modat calcula-
fion is N, then the number of extrancous modes is (N-p - N). Since the mean amplitude of
cach extrancous mode as measured at the various duct measurement locations is Ay Ey
and if (N -- N) > 2 1, it is shown in Appendix L that so long as the phases of the extrane-
ous modes are considered to be unif‘ormlx distributed in [0, 27], the variance of the resultant
of all the extrancous modes-is (A:mEpm)” (N -~ N), where the average is taken over all the
extrancous modes. Thus, it can be scen from this analysis that the expected resultant ampli-
tude of the extrancous modes at any duct location increases significantly as the amplitudes
and number of extrancous modes increases.

In summary then, the modal calculation method presented in this report can be expected to
be accurate only for test cases where either the amplitudes of the extrancous modes are much
less than those being calculated, or the number of extraneous modes is small, which is equi-
valent to selecting the number of microphones used to obtain data during the test to be com-
parable to the total number of modes propagating in the duct.

In the next section the experimental requirements are determined for the application of the
modal calculation method to specific applications. An approximate procedure for defining
these experimental requirements is described and is applied to an example of a fan design
that has been run on the NASA 1/2-meter (20-in.) Fan Rig. The general utility of the inethod
also is discussed.

3.5 EXPERIMENTAL REQUIREMENTS FOR APPLICATION OF METHOD

3.5.1 Overview

In order to apply the methods developed it is desirable to have, a priori, a procedure which
for a given problem and desired caleulation accuracy, would provide a guide to the number
of microphones and measurement accuracy required, Such a procedure should be simple to
apply and should not require input from cither the MCP or MLP, To develop such a proced-
ure, approximate expressions based on an order-of-magnitude analysis for the MCP infuence
cocfficients were derived. These approximate expressions were used to genente a sel of para-
metrie curves from which an estimate can be obtained of the required measurement aceur-
acies that will yicld a desired caleulated modal amplitude and phase accuracy. Additionally,
an approximate cxpression was derived that relates modal amplitude and phase errors to (e
number of extrancous modes li.e., the difference between the total number of modes that
cin propagite in a duct at a given frequency minus the number of modes (i.ce.. microphone
inputs) used in the modal caleulation] .

105

]

 ———————ay

PP



The decivation of these expressions iid He use of these expressions in the development of j
the procedore to detine experimental requirements are deseribed in the following seclions,
Phe objective of this part of the program is sunnarized as follows:
) 1
Lordevelop a proceduee st can be used to provide: ,
1y an estimate of the number of microphones required to calenlate coherent Lin
thodal structure to within a specified accuracy for e specific application. ;
2 an estinte of the experimental accunacy required to ensure tat caleulated maodal 1

amplitudes and phases are within a specificd accuracy for a specific application.
3.5.2  Analysis For nfluence Coefficients
Objective
T'o derive a set of order-of=magnitwde expressions for the intluence coelficients, equation

(3. 2-18%) and to check thent against those values obtained from the analytical and experimen-
al test cases deseribed in seciions 3.2 and 3.4, respectively.

Analysis 4
W section 304 and Appendis B, closed form expressions were derived for a set ol intluciice
coclTicients that are used (o determine the fisst-order ervors in caleulated mode amplitude
and phase due 1o errors in the knowledge of microphone location and erroms in acoustic :
pressure measorements, 1Cis shown in Appendis 1Y that by assuming: 1) the number of 1
modes, N, being determined is ktrge tie., N> 0and ) the large set of deterministic phase .1
angles associated with the complex matrix clements of the modal caleulation atgorithm can j
be formally replaced by aset of statistically independent and random phase angles uniformly *
distributed in 0. 221, then order-of=magnitude expressions Tor the variances (":;\M and ”:‘I’M) ‘
ol the cabeulated modal amplitides CAp ) and phases (@) can be ‘dvri’\'cd in terms of the
varkinees in measurad acounstic pressure ;‘lmu‘lillulcs and phases (”ii"".j,)' amd e varisnees in
focating microphones in the duct (0. o ug)
t
Flhe assumptions used in the analvsis woukd seem intuitively reasonable so long as the num- .
Ber of modes being caleuladedd s Lerpe, but the justification requires) s comparison with ex-
pericinee, which will be considered presently.
Using Appendin Dywe can write Tor the expected values of the variances of Ay and gy !
!
. i . |
I\ {"’\i\l } _ , ('“'B"’g',"“\"’ﬂ'”r) ) .
Ay ' Ay Ty ‘
1 Ty \ 3 1 1 1 L} Yo
whene tlogao Lo cogad oy | By oy } | {.-\; It k'\ oy g et by o nl--)}. i
E N S | B, and s 1 detined i equation (RES) and the remaining netation s ;
1"

Jdetined in Appendiy A
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Pordeternune how well the expriessiony of cquation (3.5 1) represent caleubited values, these
CAPrESIons were evitigded by commpanng the predictions from cuiattion CLS- D with caleula-
tons of modal amplitude and phase stindand deviations based on (he influenve coetfivients.
Fhese comparisons were made using the ten analytical test cases used in Section 3. 10 vheck
oul the computer propims and an equal number of experimentat cases from 1he tes( program
Presented insection 3.4, Considering first only acoustic pressure amplitude neasurement
CITOS, QUIon (351 can be writjen as:

| A . 0]
\ 1” \“] ‘ “n l .'\ln m
B ———— e (150
2 N ) T
A i - I‘n

where B, is the root mean square amplitude of the resultant sound field at the measurement
locations, and A Iy B8 the amplitude at the duet wall due 1o the mth mode,

Using the cialeylated i‘n!‘lucncc; coclljcients trom the 10 Aty tical and 10 experimental test
citses, values n._"\m:"':\-m A Ii“niun“ were obtained for cach made in c:wb case. As ;"ihuwn
fn Fizure 3.5-1, these values were plotted on 3 praph as a function of A, - Fon /By~ which
isaratio of the amplitude at (e duct wall due 1o the ! mode and the mean amplitude of
the resultant sound tield at the measurement locations, Superposed on this plot is the equa-
tion given by (3.5-20 18 can be seen tor this case that the analyvsis predicts the proper order-
of-magnitude, since most of the data falis within an order-ol-magnitude of the line given by
cquation (3.5-2. Comparisons for Phase measurement ereors and microphone location errors
show simitar results. Fizure 3.5-2 shows the compirison of approvimuate and exact values
tor the ratio of varianees of caleulated nrodal phase and measured phase. For this IS, cquit-
tion (3.5-1) for the phase variance based on the order-of-magnitude analysis reduces to-
matsimbhde analysis reduces (o

b, Y2 ‘
Fy 1%, } ! Y
T H—__:-— (3.5-3)
0, 2 B,

Fhe use of cquations 3.5 1 in (he devetopment of the expressions for crrors due (o estrine-
ous mades and expressions for the definition of measurement aceuraey s deseribied in see-
tons 3.5 3 amd 3.5 4, respectively

353 Approvimate \naivsis For Frrors Due (o Fx traneous Modes
Fo obtain an onder of-magnitude expression tor determining the erroes i calenlated modal
amphitade and phase attibutablbs o e Preseiee of extrancotts modes, use will e nade ol

the approximate expressions for (e influence coelfivients, CQuttion (LS D and the analysis
for the expected contiibution 1o (he total sound fichd of the extraneous modes presented in
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Appendin FoPhe analysis in Appendis I shows that the vacianee of the resaltant amplitude
of the extranconus modes is proportional to the mean spee amplitude of the extrapeous
modes Himes the number of extraneous modes, Fhat is:

S
: o Ay { (N - N) (3.5-h

“i ) {

where N is the total number of modes supportiable by thy 5!}1;1, N _is |'I]c number of modes
assumed to contain the bulk of the acoustic cnergy. ;md{l"m” Ain” } " is the rms value of
the exteancous mades st the measurement locations.

Now. the resubtant amplitude of the exteancous modes can be considered to be equivalent to
an error in acoustic measurement, Thus, asstuning perfect measuring system, the varianee

of the pressure measurenent, o=, in the sensitivity analysis (cquation 3.5-2) can be considered
1o be a pressure measurement error cansed by the nmuber of extrancous modes. Substituting
into cquation (33 vields equation (3.3-3)

Fy EUA lg | Agz E:
B L. - S A - N i
A,: 2 A: ,..L ('\’T ) (L5-8)

In cquation (3.3-3), can be considered (o be the square of the signal (o notse

radio, since l-'m.f\ is the acoustic amplitude at the measurement location attributable to the
modes that are due to be caleulited Gind which are assumed (o contain the bulk of the

is the averall contribution due to the extrancous Modes.

Fxperience pained from the experimental portion of the progeam demonstrates that the
methad accuracy deteriorates as the nusmber of extrancous mades inereases, providing, quali-
tative substantition of cquation G5 31 Phe expected etror of the caleatated mode ampli-
tude in decibels can be oblained from

E
adB[ s 20 Log. L1+ -%ig

whictenpon, using cquation (33,

Y )
a O'BIA = L0 Lnnw [ 1+ J‘iz-", - —A—gﬂ_bi'_, J/‘Irt?] (3.5-0

" AM EH
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In Figure 353, Ad“f\“l cwhicl van be considered 1o be the order-of-mapnitude crror in
the caleulation of the amplitude of the Mt mode, is plotted against the number of ex traneous

A
maodes (NP-NY Tor a range of signal to noise ratios m_m .
LY ARTAI
v E A

Following a similar 1y pe ot analysis, the order of magnitude ervor in the caleulated phase of
the M mode can be detenmined. That result also is plotted in Fipure 3,5-3,
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354 Approximate Analysis for Definition of Required Measorement Aceueaey

The ordet-of-masnitude estinetes of the mlaencee coeticients canalso be nsed Lo determine
the evperimental aeenracy requusemients to costire esults within g specitied error range for a
specific apphication. e redquieed scoustic pressute measurenient aceuraey will be considered
first, Assuming only acoustic pressupe autplitude measarenent ervors, equation (3.5-1) be-
CONIS;

Ex Loy’ o7 "

———

- 1
A. 2 AYE:

The expected error in modal amplitude, expressed in decibels, can be shown in a similar man-
ner to that presented in equation (3.5-0) to be:

m

— — |
A“BL“ = 20 LOg.o [ 1 + FQ'— W‘] (3.5-7)

o anticipation of developing o procedure tor estimating the instrumentation requirements, a
desired accuraey tor mavmum crvon) Tor the caleulated modal amplitude Gand possible

plased will be assuimed given. This same ceror will be used to estunate the number of allow-

able extrancous mades 1or, by application of Vigure 3.5-3, the number of microphones required ),
the allowable crror in pressiue amphiode and phase measurcment, and the atlowable error in
microphone location  Fhe mterprettion of these allow able ereors is discussed inosection 3,85,

Proceeding we can combine cquations CL5-0) mnd (305-7) Lo give:

- i i = 1
fon e (a - Ay - (A58)
Lo ALt ' A AL ET

Since Npoand N have alrcadys been assumed baeees it will be fucther assumed that the mean-
square amplitade of the measared pressure, 3% is ol the sanie ordet-ol-magnilude as the

suin ol the expeceed mean square resalband Jdue onhy 1o the estaneons modes and the os-

pected meanssguare resultant due ondy 1o those aades beae calealated. Dhat is:

- R - f————— e & mme
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Clearly, thes approsimation will be remsonabde o the contpbabion Brom e extraneous mode
is thuch simalter than the conrnbateon from thie modes bepee ased e the modal calvulation,




Uhis approxinuation will deferiorate however, iF the two contributions are comparable. Sub-
stiviting equation (3.5-9) in equation (3.5-8) yields an equation from which a set ol pari-
metrie curves can be obtained demonstrating, for a range of signal-to-noise ratios (i.c., ratio of
the amplitude of dominant modes to the rms acoustic amplitudes of extrancous mode), wlicn
extrancous moide coatributions and pressure measurement errors cause an equal error in the
caleulated mode amplitude, This set of parametric curves is shown in Vigure 3.5-4. Also, it
will be seen that, following a similar analysis, the same curves can be used to relate extrancous
modes and measured phase errors in the same mannet. Thus, by way of example. if the con-
tributions from the average o) the extrancous modes are about 30 dB down from the domin-
ant modes, and il the ratio (N - N)/N takes the value S0, the error introduced in the calcula-
tion of the mode amplitudes will be equivaient cither to a 1.7 dB error in amplitude measure-
ment or a 13° error in phase measurement by the microphone system.
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Figure 355 can thus be used (o show, for g ranpe of sienal 1o noise ratios, when exigmeons
made contributions and axial and circumferential microphone location errors Pive Tise 1o oan
equal error in the ealeulated mode amplitude, A similar relationship for ereors in radial
microphone location is not readily obtiined becanse the appropriste indlaence coelficienis
contain rdial derivatives of Bessel functions, Based on expeticnee from this propriam. how-
ever, the errors introduced into tie modal caleelation by radial microphane location errors
are always much smalicr than those due 1o the other measurement and lovittion errors con-
siddered here.

Itis now possible using Figures 3.5-3, 3,54, and 3.5-3 (o demonsirate o provedure for esti-

mating the experimentat iceuracy that would be required in applying the method for de-
termining coherent fim sound maode structure.

ACCURACY REQUIREMENTS OF MICROPHONE LOCATIONS
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353 Deseription ol Procedores Tor Defining I yperimental Reguirements

Sitee D res 3y 30 band > were based on order of nienitande analysis, they i at bt

e trsed s an approsiniade punde in selecting nubers ol microphones ad meastnemeid andd
position gecatacies. T hiew ot any prioy eapetivnee, the procedure 1o be deseribed can e

tsedd s nide i detinmy the instrimentation requitemients. Onee a test s been complensl
and e MOP has Deen used (o caleulite modal amplitudes and phases, the inlluence cocelficients
(ot are also caleulated by the MOPY can be usad (o quantify more accurately the errors i
caleulated modal amplitudes,

Fhe procedure 1o be deseribed shartly consists ol 8 steps, First a value of the desired ae-
curey. of masinmm creor, in the calealded modal structure is selected. The secomd step
provides an estinite of the total nuber of microphones required to provide the desired
calentated modal amplitude and phase aceuriey assuning there ate no wicasurenent or posi-
lion errors. The third step provides an estimate of the allowable error i measured ampli-
tude and phase, consistent with the requirements of step one, assuming all microphones are
perfectly locitted and there are no extraneous modes. Step 4 provides an estimate of the al-
towable error in the microphone positions, consistent with the requirements of step 1, assum-
ing that ihere are no extrancous modes or instrumentation measuremert efrors. nostep 5, the
allowable errors in measured pressure amplitude and phase are compared with the estimated
instrumentation system measurement errors that would be expected in conducting the test.
Similarly. the allowable position cerors caleulated in step 4 are compared with the actual
position errors that would I expeeted in locating the wicrophones for the test. 1 the actual
Srrors ate an order or magnitede (or more) less than the allowable errors, then the aceuracy
selectad in step [ ean probably he achieved by use of 1he number of microphones defined in
step 2. 1 on the other land. the actual errors are comparable to the aflowable errors that
vield caleutation errors ol the modal coefficients on the order of that specilicd in step 1 then
these calenlation errors will accumulate from cach souree, and the total error in the caleulated
modal amolitude and phase will be farger than that specilied in step 1. 1o this eventuality, an
assessient of the modal cateulation accuracy can be obtained only after the test has been
condueted.

I the following. the above steps are owtlined:
Step 1 Select desired accuracy for modal amplitude and phase caleutations, in dB and degrees.

Step 20 Fora piven duet geometry and sotund frequencey, the total number of modes support-
able by the duct can be calenlated. For the pacticular aceuracy in caideulating the dominant
mode speviticd in Step L the number of allowable extrancous modes can be determined

from Figure 353 as o function ol signal-to-noise ratio® tdefined as the ratio of the amplitude
of the principle modes as measured at the doet witll to the mean amplitude of the extrancons
modes as meastred at the duct walh. Thos, the number of allowable extrancous niodes 1o
achieve the destred aceuracy i the modal calealation can be deternned, from which the
pinmber of microphone measurements that need 1o be nade also can be determined by sub
tracting the mumber ol allowable extriancous modes front tie total nambers of modes sup-
portable by the duct

ORned o1 P ienee or 8 oot g ine e e value 1or the setal o feise oo most be estinated




Ntep 3 e aHowable presspre MCINent aeciney s detetmmed s follog s

From the hnown i of the number Shestneaus modes (o the ey of mogdes to he
used i e medal valeulation, {?\'I NYNnd 1he estinmated sivngl o nuaise rito, the order-
ol-nipnitude allowable error iy measured seonsgje amplitade qind physe. CONSISte Nt witly (lye
requireniengs ol step | ean be determined rrom Figare 3.4,

Step b he allowiihle microphone location ACCHLIY s deternnned s follows:

From step 2 (he number of microphone measurements required is known, A seb ol modes
MUSENeNE be identified, which wall be nput 1o the MOP. e modes seleet should e those
hat e cansidered 1o contain the bulk of the Propagiting acoustic cnerey s s therefore
supgested that the Particular modes chosen e based on an application of (e Iyler-Sofrin
Analvsis o the fan desien together wWith the ey perienee rresemted in Section 3444 fue
enldarging ey on (his number, 1o achiove (he sebot modes reguired for the calenlation.

FFram this sep of modes and for the specified requency, the Meraee values of the gyl wive
frunber 'I\:,- did the ciecumiterentiag made number M ean e cileutated or esttnnted. Frogn
the estimated signal to noise ratio and the known ratjo (N 1NN Figure A58 can e used o
determtine thye standard deviations of the allowable errog inandal and vircumiceenjal locition
oy and g that would BIVE Tise 10 errors mthe caleulated madai strireture, vamparable o e
aceuracy selected i step 1,

Step S0 I the fnal step of (e procedure, (e allowable crrops caleulated in sleps Y throngh
4 should by evaluated. Fiest (he allowable errors iy easured pressure amplipugde and phase
dre compared with (e Msrumentation SVSLCin meastremeny crrorss Sunikaly | (he Hlowable
POsition errops, cileubited in Step b ape vampared o the gemnal POSTHION errors, {1 () actul
creors i all cases are an order of magnitde rmore) fess than iy allowable errors, then the
accuracy selecied in step | oean probaibly he achioved by use o the ntimber of mivrophones
determined in Step LG on the other and. the actual errops arecomparable to the allowahle
errors that vield caleulated Crroes i the muodyl voetticients on the order o that specified i
step 1, then these caleulated errors will accumutyge from cach soupee (CxIRHICOUS mies,
pressure simplitude and phase measurement crrors and postiion errors) g the total error in
modal amplitude ap phase will be Tareer than Hat specitied in step 1. b this cventuality,
this simple metliod underestimates (e actual error and the nfluenee coetficients AR reguited
and an assessment ol the muadai caleulation ey will be obGiined oty after the fes has
been conducted.

T applying 1he provedure presenied here, it should e remembered that Fipures A83 a0
g 358 e obtained from order of-maeninde CAPIessions of e mllence CociTicien]s
LS Phas, care should Be e xereised i interpreting the particulir values presented it
these Gigitres. 1his rrocedure can oy be considered g g LU 1o the user. e daetial sen-
sV of (e methed ;s applicd to specinge applications can be deternuned Des e the
test has been condacted by vise of he mluenee coetivients roveded by phe \KCP

I




5.0 Application of Mode Cateslating Procedure 1o a NASA Tan Design
Objective

Fo provide an example of the applivation of the procedure for determining the experimental
ACCUTACY FCQUTeme s, sechon U8 8 usiogan existing CGan design that s been run on the
NASA A0cm 20 inchy diameter Ga rip.

Application

Foillustrate the application of the procedure for determining the required experimental
accuracy loraspecific application, @ particudar Tan design will be used that has been ron on
the NASA S0em (20 in diameter fan rig at the Lewis-Research Center. The particular fan
stage chosen, desigated rotor 35, has a 15 bladed rotor, 25 fan exit guide vanes, and has a
design speed of 8020 rpm. At a ty pieal approich speed, the Tyvler-Sofrin theory woukd pre-
dict that at twice blade passing frequency the rotor-stator interaction will generate five modes:
UGN G D0 Typicatly. however, the duct could support at that Trequeney
on the order of vace hundred incident acoustic duct modes.

I the desired aceuracy for predicting the dominant modes in the duct is set at approximately
248, (Step D, and i i s assumed that the mean amplitude of the maodes omitted from

the caleulation procedure Gice , the extrianeous imodes) are about 20 JdB down from the
dominant modes, then it can be seen from Figure 3.5-3 that the allowable number of ex-
trancous modes has to be about 120 This quick analysis ilustrates that, providing the assump-
tions made are reasonable, a 12 dB aveuracy in the cateulation of the dominant modes can

be achicved only i 88 (ie. 100 12y microphones are used te obtain data (Step 2). Note
that with the same assumptions. a 3 3B accuracy in the modal ¢aleulation coulbd be obtained
with about 60 microphone measurements.

If the rotorstator spacing for this tan design was reduced so that a strong interaction tone
wis genered, and it care was taken to control inflow distortions, it is conceivable that the
mean amplitide of the extrancous modes will be 25 JB (o 30 dB down from the Tive domin-
ant modes due to fhe interaction. In this case, it can be seen from Figure 3.5-3 that an aceur-
acy with +2 d8 could be expected with as few as five microphones.

FFor purposes of proceeding with the iltustration, it will be asstied for Step 1 that a ¢ 2 JdB
aveuriey in the modal caleulation procedure is desired amd that the mean amplitude of the
maodes is about 30dB down from the dominant modes. From Step 2, using Figure 3.8-3, it
foliows that five microphones should be used. The allowable crror of the acoustic measure-
ments (Step 3 can be determined from Figure 350 From the assumption stated above,
Np-N . . . , _
|-—-—[\T—-1 19 From Figure 354 it cim be seen that the allowable eeror in pressure ampli-
tude measiurement should be 1T AR, and the allowable error in pressure phase measure-
mend is pbout eipht deprees.




The awllowable error in locating microphones on the duct wall in this case is obtained (Step
4) from Figure 3.5-5. Again, based on the assumptions stated above, and since m is five and
Kxg is on the order of 83 (e wees-per-em for the ease being considered, it can be seen from
Figure 3.5-5 that the allowable error in placing microphones at specific axial and cireumfer-
ential locations is on the order of 8/kxg = (.1 cmoand &/m = 1.6 degrees respectively.

As required by Step 8, the allowable measurement and placement errors are compared with
estimates of the actual measurement and placement errors that would be cxpected when
conducting the test, Clearly, the microphone location errors met in practice would be much
less than the 0.1 em in axial direction and the 1.6 degrees in circumferential direction, Also,
th > measured acoustic pressure amplitudes and phase errors should be able to be held within
values wel below 1.1 dB and 8 degrees, respectively. Thus in the situation deseribed in this
section, the acoustic measurement and location accuracy requirenients are reasonable,

and the desired modal calculation aceuracy of £2 dB (Step 1) should be achieved. If more
modes (requiring more microphones) arc included in the modal calculation method, the cal-
culation accuracy will improve. ‘This improvement would continue with the addition of
more microphones until evenfually, the measurcment system accuracy would determine the
maodal caleuwlation accuracy.,

Based on this illustration of the procedure that can be used to provide an approximate guide
of the number of microphones and the Measurement accuracy ex perimentaily required for
a specific application, it is recommended that a test of the modal caleulation mcthod be
conducted on the NASA 50cm (20 in.) diameier rig. The number of microphones used dur-
ing the test and the number of modes used in the modal caleulation, could be increased fur-
ther reducing the contamination from extrancous modes and thereby achicving a greater
accuracy in the modal calculation.
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A0 DISCUSSION OF OVERAL PROGRAM RESULES

Dunnye thos proeram, twoo stidies swere pertenmted tor the valeulation of the miodal stsuctue
i the et ot a tatoban enpme usime udoet meastrement as the valealation mpats o the
Gst study L espenmental and computationsh provedures aml (w o computen progians weie
devefoped tor the calealation of the amphitudes and phases of the colwewent propag ating
sotntd medes. Tnadditon, an espetnental prosinmn was tun 1o proside venteation of the
procadure For the other studs, procedutes weee slentified (or the detenmianion o the ey
pected nplitades of the duet modes wesulting foom a random noise pedentfing nedvikaisim,
In Gl these procedures are sulBicienty peneral and conld be applicd o any Jduet sound
Creld Phese onerall poopram results will be disenssed sepavately for cach of the two cases

L1 COHPRENT MODE STRUCTURES

Flie computational procedure (o cidealate the amplitudes and phases ot the cohereatl maode
structure i the inlet diset of g specilic Cansdesipn is based on twe compater propoams, the
Mictophone ocation Progaam ¢M1TPY and the Modal Caleulation Program (MO, Tirst,

in those cases where e nonber of propagating mades is greater than the number of micro-
prhones to be used, o subset ol modes soselected from all the propagating modes supportable
Iy e ander duct that are considered 1o contam the bulh of the acoustic enerey in the doet
sound Tefd. This selection can be based on an applicaiion of the Pyler Sofrin analysis,
With the number of maodes (o be caleulated wdenditied, e M s wsed 1o determine loca-
tons for an equat number of aucrophones witlhun the duet (it ensues numeneal stalabiny
ol the subsequent modal calculaton So long as specilic cotera ae satisted thit ensue
munetival stability i the madal caleutation, the microphone locations are restricted only (o
vl ad cocumterental wall meastrements. For many sitiahons, iowever, to provide suf
ficwent stabaiey L pot measuteents e eduited from all theee dimensions within the duet;
atd i those cases the M wil select such positions. Phe MCP, using data from these i
ctophones as mput calealates the amplitude and phaxe of cach ot the modes comprisig the
chosen sel of modes.

I addsbon, the MOT calealaies aoset of wmttuence coctficicnts that can be ased (o calealate
the tist order erton nemodal amplitode d plhase that wonld wesalt from errors in the
hnowledpe o ile measunng location and in the mcasured phase anples amd pressure ammple
Cades by the standand deviations due to meeasurement and nuciophone location
crrors are mput fo the MO, the standand deviabions of the tesulting errors i each ot (he
calvulated maodes s computed,

1he method tor detesminmye colierent mode stouctuges was cheched out using ten arbitranily
chosen aaly Ocal tes cases,and sulbsequently, i a setof evpediments to determune sivo il
terent modal struetotes senerated i the et of the Paate & Whotnes Averalt Psem (1o
el eseacch fan g Bapenmentad procedotes that were establisbed on the Basis of the
anly teal method were alse chiecked ont duomg this sel of expennents

Resubts trom fhese expetinenis demonsteated that the method for detenmmimyg colerent
mode stonctures sositable tor weldnvel simple mode structures when the namber of mcee
phones wsed 1o provide data mpt to the M1 s compatable to the nunmber of mondent
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propastiinge modes 1 (e dint T one case, the shinctute alseven wiodes wasoadenibwed
ustny sevenn netophones, and 1w s determed that the domsant mode was caleulafed o
Wit it aeetitaey of 0 dBim antplitude and O Jegree w phase. o otlier cases, whete [he
straretine of tp To e modes was Jetermined, amd e number of merophones used m e
fe t was o the order of one halt e total number of mewdent modes that cotthd propapate,
e strctunie was determmed wath anaccuney Hiat allowed the sound Gicld o be medicted
o within astandard creor of B A1 At other duet tocations based on the ealeulated miodal
structute. In vt another case where the staucture of three modes wis Jetermined using three
arerophiones but where the duet could suppaort 33 propagating incident modes, he sotid
freld at other duet lovations was poorly predicted  within a standatd crror of 25 dB 0 hased
on e aadenkatad mode stictsre.

Rased on these experimental and analviwal test cases and o a complementary analytical
sty L 11 was tousd that the aveuraey af the method depends o the number ad nerape
anmplitiede of the extraneous modes. (e, the differenee between the numbes ol modes sup
portable by the Juet, aud the munbes of modes used as mput to the MUY as well s the
medasurenent and position aecuracies. Anapprovimate proceduone was developaed tehelp
rinde the eapentinentalist mowdentiby g the number of mctophones that wontld be reguired
o acieve 2 destred aecunaey . Ninee the proveduie was based onan otder of mapntimde
anaby s, sliould be used ondy as e euude

4.Y RANDOMEY GENEFRAVED MODY SFRUCTURES

By uswg the properiy that any acousiw freld ot (randont o colierent) atany mstant
of e must exlubtt i penodieds in the aupulat coordimate, it was showa that a madal

Pow e Spectial Densihy funetion LIPS conld be penerated that depended on Trequeney and
wtepet valies of the wase (o mode) number mthe circunttetenial ditechion, Fins defum
fon of e Modal PSTY alse permatted mteipretation of tandont acoustie Tields Tor the annulat
Juets 1t teris of spinning mode concepts sl G those cvolved for coherent acouste

Tchds

Uw e approaches for mgasunng tie maondal PSD o than ansilar duces wee detived  Fhe fast
evolved from e desvelopment of the ekl PSDY coneept i gequnies cross spectral analy sis
of mcrophone sieals fon s amuplementation. A seaemd approach was also Jevived, using
plased atray measiement ad dabd teducton convepis - This sevotl method does not e
quite cross spectil propethes for s nuplementation amd should therelore e easien Do s

A otthine of e stray method soas follows Fo a spectlie anniban duet peomein and
fregquency ranes chintetestoa ninntim numbet af mctophoies issclected manden tosatis
fv the Nyguast coenon i fiequency A e mambes spaced Phese nuciophones aie
then placed cqu distant i one antdl plane on the duct wall Dunng: the fesl. the outputs
from these merophones e seconded on amalos Gape and o subsequentls disteed Lhe
sorttnd Dredel as thett discranated e acousin wates sl spectiie spim rates The deenmm
Ahon et Beoachieved when provessig e bt By st poissaang the el feom vach mete
phone thiouelta narrow famnd Tltes 1o setect siemals at g presenbed heguoenay, amd thess sub
sequently delaving cacly siptal sutpin By enen incementon e aned e e e the

spials to viehba supele outpot seenad
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L eftoct, thus provess enhinees aconste waves of @ piven [egqueney ietating at i specifie
spant tale along the duet wall and soppresses the inpuat to the sipal from waves rotating al
other spin nates. Siwee the spin tate is piven by oy, moewhere or s the tadian fregqueney of
interest and s the cocimderentul mode number), once the spin ate or delay tune has
been selected, the outpul sipnal consists of contiibutions only feom aeoustiv waves will a

specHie cucumiivrential mode number. The provess can then be cepeated for anange ol delay

tates to penende the contiibuation 1o the modal PSEY Gt the selected frequency) of wanves
with other cirenmilerential mode numbers . Repetition of the process at other fregquencies
leands 1o complete definition of the modal PSD.

s meflund for the determination of randomly penerated mode stroctones is et gqinte

penetab, and the method can be applicd equally well 1o coherent sound Gields. For tan annu-

by docts, the spin ate can be relited 1o the propagation angle of the mode. 10 the method
i applicd {o 1 colierent sonid ficld whose frequeney spectrun consists of i fumbamenial
timie i s harmonies, applicvation of the procedune penmits the modal enempy ot all modes
spEnning out a given nate o be determned by simply processing the unfilieted signals in

the manner cescribad previously,

W hen applicd o thee dimensonal ducts, ghie method will determine only the arcumibeeential
mode strectne at the duct wall, soinits present form it can give no inforaaticn about the
tandtal modal structuge.
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5.0 CONCLUSIONS

“The method has been assessed experimentally for sample modal structures and is reas-
onably aceurate when the number of available microphone measurements is comparable
to the total number of propagating modes in the duct., For the experiments in this
program, up to ten microphones were used for the modal calculation. The accuracy
deteriotates as the number and average amplitude of those modes not included in the
modal calculation ingreases.

A procedure has been established to estimate for a specific potential application, the
pumber of microphone systems that would be needed and the acoustic pressure nteas-
urement and microphone location accuracy that would be required to achieve a desired
accuracy in the calculation of the amplitudes and phases of the dominant propagating

modes.

Two approaches have been defined for measuring the modal PSD of a random sound
field in two dimensional annular ducts; one requires cross-spectral analysis of the micro-
phone signals, whereas the other depends on processing through the use of incremental
delays, the outputs from a circumferential array of microphones whose signals have
been narrow-band filtered.
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6.0 RECOMMENDATIONS

Based on the work conducted under this contract, the following recommendations are sug-
gested for continuing the development of methods for determining fan sound mode struce-
fures:

a2

The method for determining coherent fan sound mode structures should be evaluated
on a high speed fan rig, such as the NASA 50 em (20 in.) fan rig. The fan design should
be such that a strong rotorstator interaction tone naise is generated, and provision
should be made for minimizing the levels of inflow turbulence and steady distortion,

In this way. the amplitudes of extrancous modes not included in the modal caleulation
will be minimized.

Develop and experimentally assess circumferential microphone array methods that can
be used to determine the pressure amplitude at the wall to define discrete coherent
andfor random fan duct sound ficlds in terms of circum ferential mode orders. This
would provide guidance in selecting the dominant modes for use inn the modal calcuta-
tion program (MCP) developed under this contract.

Apply the circumferential array method, together with the cxisting P&RWA/NASA pro-
cedure (MLP and MCP), to the problem of determining the amplitude and phase of the
dominant modes in terms of both circumferential and radiat order when a relatively
large number (i.e., 60) of discrete colierent duct mosdes are present in the P&EWA 10-
inch circular duct.

The method for determining the amplitude frequency spectrum of coherent andfor
randomly generated sound modes in a thin annular duct, using a circumferential array
of microphones should be developed and assessed experimentally on a small-scale, low-
speed fan rig such as the Pratt & Whitney Aircraft 25 ¢m (10 in.) fan research rig.

The microphone array method should be extended to include axial arrays so that the

radial structure of coherent and randomly generated modes can be determined in three-
dimensional ducts,

PRIECFDING PAGE BLANK NOT FILMER




6.

9,

[y,

REFERENCES

Tyler, LM, and Sofrin, 1.¢;,. Axial I'low Compressor Noise Studies,™ Trans. SA
70, p. 309, (1962),

Sofrin, T.GLoand McCann, 0,C.: “Pran & Whitney Aireralt Ex perience in Compressor
Noise Reduction.” For Presentation at 7 2nd Meeting of Acoustic Soc, Amer., Los
Angeles, CA, M- v, 1966,

Mugridge, B.D.: *“I'he Measurement of Spinning Acoustic Modes Generated in an
Axial Flow Fan,™ J Sound and Vibration, 10 (2, 1969, pp 227-249,

Bolleter, U. and Chanaud, R.C.: “Propagation of FFan Noise in Cylindrical Ducts,”
J. Acoustical Soe. Amer., Yol. 49, No. 3.(Part 1), 1971,

Moore, C.J. “In-Duct Investigation of Subsonic Fan *Rotor Alone® Noise,” J. Acoustic
Soc. Amer., Vol. 51, #5 (Part 1), 1972,

Bolleter, U. and Crocker, M.,: " Theory and Measurement of Modal Spectra in
Hardwall Cylindrical Ducts,” J. Acoustic Soc. Amer., Vol 51 #5, (Part 1), 1972,

Plumblee, H.E.; Dean, P.D.; Wynne, G.A.; and Burrin, R.H.: “Sound Propagation
in and Radiation rom Acoustically Lined Ducts: A Comparison of Experiment and
Theory.”™ NASA, Washington, NASA C'R-2306. Oct. 1973,

Kraft, R.E and Posey. J.W.: “A Preliminary In-Duct Measurement of Spinning Modes
in the Infet of 4 Rotating Vehicle,” Presented at 915t Mecting of Acoustical Soc. A mer.

Washingtor D.C.. April 1976,

Pickett, G. I°.; Wells, R. A.: and Love, R.A: “Computer Program User’s Manual
Madal Calculation Program.” NASA Lewis Researeh Ceater, NASA CR-135295, (97,

ResanolT, R, AL and Ginsburg, 1. A “Matrix Frror Analysis for Fngineers,” AFED.-
TR-06-80, p. 88Y.

Pickett, G. I Wells, R, AL and Love. ROAL: “Computer Propram User’s Manual

Microphone Location Progrant.”” NASA Lewis Rescarch Center, NASA CR-1 38294, (1977,

Lec Y. W Sravistical Theory of Conmunication, Jolin Wiley, New York, 1960,
Collin, R.FF and Zucker, 17, 1. Antenna Theory, MceGraw-TTill, New York, 19609

A. Silverstein ot al: “Downwash and Wake Behind Plain and FTapped Airfoils,” NACA
Report 651, 1939,

Schubauer, G, |- Spamgenberg, WA amd Klehanofr, 1. S “Acrodyimumic Chareter-
istics of Damping Screens, NACA TN 01, January 1950,

Pickhett. Gobo: L ireet of Non-Uniform Intiow on ) an Noise " Ao, Soc Amer.
S5, 83A), Spring 1974,

PRECFDING PAGE BTLANK NOT FITMET



Symbol

Al]'ll-!»

4K
(B

Amam(t)
Bbm(t)
Ayt

nm

dp.dz,dx.cte.
A, xdzm.ctc.
E

mgt

Ex( )

APPENDIX A - NOTATION

English Symbaols

Desceription
amplitde of modal pressure
distortion harmonics of downstream tflow

random time function

cross correlation functions

number of rotor blades

amplitude of measured pressure

distortion harmonics of inflow
random time function

drag coefficient

complex amplitude

modal amplitude complex coefficient

cofactor of an element in Ham
stator vane cord

speed of sound
crrors in indicated variables

error in variable due to error in superscript variable

characteristic radial function

expected magnitacde
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Symbol

£)
F(r.0.x,t:w)
fn(t)

H

hnm

k

k

Mx

m#
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APPENDIX A - NOTATION ( Continued)
[)cscript_iho_n
Fourier transform operator
incoherent noise filtered at frequency w
wake deficit from airfoii
- array signal average
= complex matrix giving p in terms of Z

— amplitude of elements of H

-~ loss facior
integer

= charactenstic radial cigenvalue
chaiacreristic radial eigenvalue
defined by eqn, B-15
axial wave number

- number of calculated modes
specific value of m
axial Mach number

circumierential mode number

highest propagatimg circumfierential mode

number of detectors in array
member of caleulated modes
namber ol rotor revolutions

number of duet supported modes

ke r
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ap

Q

q
Gmn

R{o.7)
Re
Rjk(”

Rg(o 07)

Stm,w)
Shtleol), S, (el
Sjk(w]
Sﬂ {w)

SU(o‘w)
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APPENINX A - NOTATION (Continued)

D__L'scriptiml

complex measured (local) pressure
average pressure for N averages
probability distribution density about mean A
pressure difference

Inverse of H giving Z in terms of Q
dynamic head

amplitude of clements of Q

cross correlation function

real part

cross correlation function

partial cross correlation function

radial coordinate
radius of narrow antular duct

modal power spectral density
modal component psd functions
cross power spectral density
array signal psd

space average cross psd function
time coordimile

mean inflow velocity

stator wake deficit
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Symboi

Un(w), V"(w)

\Y

Jat

Symbol

®nm

APPENDIX A - NOTATION (Continued)

Deseription

combinations of spectral functiong defined by
eqgs. 3.3-16

flow velocity dowastream of stator
number of stator vanes
voordinate in ditection of axis

transverse coordinate of stator wake

complex modal pressure
array factor

tagnitude of array of factor: array response or
array response function

Greek Symbols

Description
=z rrs

phase of clements of H

aeray factor argument, B=(m-wnp

phase of elements of Q

sum of phase angles

determinant of a N X N matrix

delta function defined by properties:

o
‘\
oy
n=0

on

2
n=|

(‘“ Stin-n) = Cpyform=0,1, 2,

€, dtmin) = ('Illll form=1, 2




Symbul

n

n

Uf\' (,.\" Ol.. e,

T

Py ()

¢

Py L), ‘pnl: (e}

‘l’m (W) =i ‘l"m (w)
Yy

Vi ) vl o)

2

w

Greek Symbols (Continued)

Deseription

sum of phase angles

defined by eqn. B-19

array delay rate, AtyAQ

angular coordinate, radians

ridiad mode index

hub-to-tip ratio

anguliar separation of detector pir

standard deviation of errors of subscript vartables
periad of one revolution of the rotor

delay time

combimation of q‘im"(w). ghmh(m} psds

phase of modal pressure

power spectral densitios of a0, l\m{t)
combination or ""m‘ (), \b"l:“ (W) cross puds
phase oF measured pressure

cress psd functions of a0, b (0

e spin velocity

radiin frequeney
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Notation

Sy mbols
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Greeh Symbaly (Continued ) ?

Deseription

interer

mdicatig spedific modes
number of modes

number of microphone locations
specilic microphaone location

anial, radial, and circumterential coordinates

Desceription

—

optiottal usage for column matriy

Ophional “isdge 1or square matris



APPENDIX B
DERIVATION OF INFLUENCE COFFFICIENTS

It was shown by equation (3,2-17) that the combined effeets of aeonstic pressure and

microphone placement errons on (e e coetficients (4) can be expressed inomatria
notation as:

L/ﬂ 5 (;)‘;{LJ - ._,-);,7/‘;/‘3 (l”)

To taclitate the determination of the specitic effe
due to changes in amplitude and phase of the
in the coordiniate (x. y, #) of the N microphone locations, the two terms on the RHS of
equation (B will be considered separately. The 1otal effect can then be obtained by

lincarly superposing the (wo sepiraie efleets.,

cls on mode amplitude and phise
N measured pressures, and due to Crroes

Sgrgg e

Consider HE 7y e (B

Fach pressure Py at the nih microphone location has amplitude "n and phase angle

¥, subject (o independent errors dB” amd dyand these errors affect all clements 7,
The dett hand side of equation (B2 can be expressed in terms of these creors through the
appropriate partial derivatives (o give the following:

e B e L pem)

{dlln} and {tIZM [ are column mat Hees idicating the inde

Pendent pressure iimplitude
errors and the resulting (comples) errors in the

madal coctficients, The squure natris

DZM t']ZM |
| = | has elements - which represent tie oftect of the nth pressure amplitinde
aB JB
iy n
fi[M
error on the Mt madal coetfivient, This matriv. and the COMpinion I,]—,— [are to by
dy
]

found in tepms of the right lutnd side of cquation (B2, Considering
genertlity the change in one of the cotponents (the A
equations (B2 (B3 pive;

without loss in
1Y or e coluni matris Js,

N
- ‘71 Lrm ‘?'/L}n {H”
Rt

(.‘{r.:’t'( B

L4 [:'ft" 17 7 .','»‘ 172 )“/'(-/ )
‘/P,{f : ‘-‘. ( {J l" \ (/J “n 1"‘ ) #‘,? ,7 'H-\'
no L Han .

t" - . - e . . - - e
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Mitfing 1l p——— ——— i oauati . Hivwvinatine ¢l dwe ey eonetione
Putting dp,, DB" B, + (Wn diy, in equation (B4) and climinating dzpyg between equations,

(B4} and (B5) give:

N den g8y, N 424 44, . Z 2 By L
g oAy L S a E Qun 22 A0t 2 TP Ay
;é; Aﬁn 5—:1 4n n o Bn f,—,_, Q/‘" J ¥n (136)

Since the dBn and the dy,, are all independent variables, the only way this equation can
be satisfied for arbitrary values of dB,, and dy, is il corresponding coeflicicnts of cach
dBn and dy, on each side of equation (B6) are equal,

Thus

IEM Dun )5,
75 7%
(B7)
/ZM * Gun IP7
J) ¥n ;Vf?

e S

Now expressing the complex quantitics zp and p,, in polar form and taking the
derivatives required in equation (B7):

From Zy = Ay oM

1w - JAm 4 , -
JEr Jgn € Yt Ap DU g

/B and  (B8) i
(LA A g ' 1‘
o A A 4
JBn jﬁ’” )5 g‘ff
IEN (A

2 4 A 9 pn s }
J¢n /7 );m)g |

, : - Jdgn,
and from Py = B, ¢ ¥

A~
Jon O f
(B)
j:ﬂ et
»
i
136
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H 1 1t ] - L] h1|‘
Substituting equations (BR) and (B9 in equation (37) and writing Qg = g, ¢

((»/”IA’/,#{ A )(-" g jmw ¢’ {(/?}?"ﬁ-)"”/)

/A

J 57
) b ) (310
(M Tpl A\ ar c/(/j") ¢ o ﬂ{ oy By P Carrs
J 7 J

Liquating real and imaginary parts gives the following results for the four influence
coefticient matrices:

[f;z:_ 1427 st 0]
L5 [0 e fmrtpi]

r”&x

(152 ) onberma

/’ju/ / An uf) u/p’uﬂf?'n ﬁjd) (B1

iz 1&"
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Fhese are four of the influcoce funclions presented in equation (32180, Fhe renainder
are influence functions related (o errors in microphone loeation and his sthject is
vonsidered nest.

B.2 FEFECT OF MICROPHONE LOCATION FRRORS

The ¢leet ol errors dyg e, and 40, in the coordinates of the microphone focation
are represented by the second term cm the RIS of equation (B1).

i /o e
[ T e

g (B1LMH

It should be noted that the cobumn matris praduced by the product dilsz2 can be
considered to be similar to a set of pressure errors, sinee dlles premultiplicd by Qs
similar o the set of relations for d/ (- Qdp) that has fust been analyzed, Therefore,

the analysis given in the preceeding section apply equally well here. The orly com-
plications result from having to formulate explivit expressions for dl« 7 instead of slarting
with piven valoes of dp. Instead of see Ring directly expressions tor the partial
derivatives of 7 with resneet (o Fyge Nppe il U“. it is more straightforward 1o liad Jds in
terms of e cdxgcand do,and o finally equate coefficients of the differentials in

otder 1o obtain expressions for the derivatives.

In obtaining an expression of N, two teatures oxist that simphity the alpebea. 1irst,

the equation system (B12) s lincar in the elements of JdHL so thi the contributions

of erroes dr e gyl de may be abtained separately and then superposed. Secondly,

the \Ir”. d\ ne and dy errors of positions of the n|h microphone location aflect only the
clements dITin the ot row, the other clements of the 1 matris being sero. Phese Teatures
allow explicit expressions for the partiat desivatives 1o be obtained,

nse ST
where the subseript nodenotes that only the nf pow ol Jdig 'Ml wsafTected. The subseript s
replaces the M subseript to denote suceessive elements in this nih row, This replacement

IS nevessiey 1o avoid subseduent contusion when it becones nevess; (Y Lo perform summations
with respect 1o an indes denoting these soceessive n! row clemets  the indes M s

reserved 1o specily a pactivular mode coefticient, /M And should not also be cmploved s o
dummy or stmnition index.

The contributions to d1Y due 1o dryeddncamd do s will be denoted by i

Fhe column matris A1z due to errors in location ol n[h

micraphone only can e
witdter oud i Tull as:

Rh
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Sinee the partial Pronduet dil-,

is a column of seros everywhere exeept in the ntit row,
the results "’M will be the

colimn matrix formed from the nth column elements of [()Mnl.
all multiplicd by (e common sealar ¥ LIII",‘/\.. Accordingly | the elements "’M resulting
from position errors in (e pth location van be denoted by ndsm and are simply given by:

e

. l!.'rf.m- . (BL-H

s 2
‘)(’_.-) Oy

Fauation (B14) s the essential restlt ot the analysis. Furlher work anly involves alpebraic
detail in obtaining rd”"s. \"l“n.\“ ”dll o the specitic differentials for errors J Iy t|\| .
Sy eand then resolving the resulting © PAYRRL U”d/M mto amplitude and phase .
Ay My, ele.. by the procedures deseribed previously it the pressure etror analysis.
From equation (3.2-13) for the clements of the matrin H, there follows:
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Substituting cquation (B1SY into (BE-H pives:

{/?_f/" '_/}‘ﬁ ('),‘,f/; Li-’. A

If the complex quantitics on the RS of equationB3 16) are then expressed in the polar

forms:

Then

and
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On substituting (BT and (B18Y into (B1o) equating real and imaginary parts, and ex-
tracting the coettivients of xlrn. thn aud dnn. the tollowing expressions are obiined
for the influencee coctticients or partial derivatives:

;I ..I"r 'V
oL e L,L. L /l 3 Lot F) oy
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These sin influence coetficients represent the balanee of all the infleence coetlicients
presented in equation (3.2-18)
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APPENDIX C
THE EFFECT OF NONUNIFORM INFLOW ON ROTOR-IGV
INTERACTION TONE NOISE

The duct sound field generated by rotor-1GV interaction consists of a set of duct modes
that can be predicted by an application of the theory presented by Tyler & Sofrin
(ref.1). Sofrin & McCann (ref. 2) extended this theory to include the effects of uniform
axial flow, One of the main results from this work is that for a B bladed rotor and V
inlet guide vanes, a set of circumferential acoustic duct modes at blade passing fre-
quiency harmonics are generated given by the expression m = nB +kV. In this
expression, n denotes the particular harmonic of blade passing frequency and kV
denotes the harmonics of inflow distortion duc to the wakes of the IGV's interacting
with the rotor. The range of k and the set of radial orders for each circumferential

duct mode are bounded because at a given frequency, the duct can support only a finife
set of propagating acoustic duct mades.

The purpose of this appendix is to demonstrate how the kinematics of fan noise '
generation due to intet-guide-vane wake-rotor interaction can change when steady
non-uniform fan inflow modulates the vane wakes, resulting in the generation of
additional acoustic duct modes. [t is sufficicnt to consider the effect of steady
azimuthally non-uniform inflow to a fan with high hub-tip ratio where no high order
radial modes are generated.

If the inflow upstream of the IGV’s is given by U (8), the flow distortion downstream
of the rotor will be of the same general shape but with viscous wake deficits super-
imposed as shown schematicatly in Figure CI. Since the viscous wake deficit from
cach vane depends on the free stream velocity in the vicinity of that vane, the wake
deficit from cach vane will be different and can be denoted by U;ia Yy ) where J
denotes the j YOGV, and 4y (8 is the free stream velocity in the vicinity of the
vane.

I (@) is a slowly varying function of 0 (relative to a vane gap), U; can be taken

to be a constant over the wake width from cach vane and the non-uniform flow down-
stream of the IGV's can be written as:

v
Vi) = Ute) —~ 3 u; (e U;) («n

it

Again, since U (8) is assumed slowly varying. the wake deflicit dj (e ggcan be represented

by empircally derived formulae for wake deficits behind isolated airfoils, An example of such
formula is that given by Silverstein et al. (ref. 14, The form of these formutae are

similar and the wake deficitw(q)  can be written penerally as

() i )
ﬁ[‘f’:&(i,(‘o,‘a) ()
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whete v s the Dansyerse coordonate centered a the mdpott ol the wahe, s s the
distanee downstienn of the TEVS o the chord or cach vane, Cy s the diae
coetleent for cacle sane, o B s the nean tlow over the antoil. Based on the gl
assumptions the velocits deten due to the g% e i the coordinate system

of the duet, van e written as
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sce {:j (F y (-D,'a) 15 non seto anly in the vicinity of (the 71”‘ Ve,

Substituting{c g in(l ’ 1),
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Vie) - (lw\J_ P2 C, MJ (-
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Now [or uniform Gow U 1 a0 constant, and

V“f (o) = l’ | - ‘Z_J;(},C.., 9\_{ TR

By Foueses expansion over the peood of one sane, thos expression can be witten as
LW
/ o ; it hVve
Vs (o) - (L ,} TR
A1 - omd
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y)= U (e) L‘-&iﬂ

witereupon

2 i kve
Vi) = =L S g, e

u K2~ab

Now if the inflow distortion U (0) is expanded in tenns of a Fourier series with
period 2x, U (0) can be written as:
cAe

o0
) = U & bye
fz-er

The inflow distortion interacting with the rotor is thus

oo c(kvel )@
Y (¢) = ZE Qg ’he (Co)

L, ks -~

When the distortion given by (C@)interacts with the rotor, the circumlerential duct modes
generated are now given by

where € represents the distorfion harmonics in the flow upstream of the 1GV’s,

For low inflow harmonics of distortion (the case most likely to be met in practice

due to ground effects, stand cffects, cte.) the assumptions used to derive this result are
good. The assumptions become weak for large values of € because this would indicate
rapid changes of U (0) with 8. IF the absolute magnitude of the inflow distoriion
harmonics, lhg l, are monotonic decreasing,  then the mode structure penerated by rotor-
IGYV interaction with nop-unifornt inflow will consist of the primary circumferential
mode given by msng+ Ry {i.e., with €=0), and suceessively decreasing side modes
about the primary . given by manas€VE(  mmBeRV L L cre This case is
iltustrated schematically in Figure C2.

Thus, nonuniform inflow imposed on a stator-rotor interaction, gives rise to side modes

that would not exist it the inflow were unitorm. 1t can be seen that this process can give

rise to significant pressure levels in extrancous modes, noi included in the mndal

caleulation, "
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APPENDIX D
ORDER-OF-MAGNITUDE ANALYSIS OF INFLUENCE COEFFICIENTS

In section 3.2.4 and Appendix Bclosed form expressions were derived for the first
order errors in calculated mode amplitude and phase due to errors in the knowledge of
microphone location and errors in acoustic pressure measurements, These expressions,
which are a set of partial derivatives, are termed influence coefficients. Since these
coeflicients are caleulated along with every mode structure caleulation, it is possible to
use the values of the coefficients to determine the sensitivity of the method for fan
sound mode structure determination for every modal caleulation performed.

A need exists, however, to have some estimate of the sensitivity of the method for any
given situation before conducting a test and before running the MCP.  This estimate can
be obtained from both a consideration of an order-of-magnitude analysis of the influence
coefficients and a review of the experience gained (and reported on in section 3.5) from
conducting this program. The objective of this Appendix is to present this order-of-
magnitude analysis. The analysis will be presented separately for i) pressure amplitude
and phase measurcment errors, and ii) microphone location crrors.

i) ANALYSIS OF PRESSURE AMPLITUDE AND PHASE ERRORS

Anr L Prt L Ant o Pus
Four influence coefticients ( ‘,Lg,,, L Er I¥n, ,,U,m ) express the error in the
caleulated modal amplitudes and phases due to acoustic pressure measurement errors.
The partial derivative,

A A ‘
S ay  f7 @ (an? $y-phr) DD

obtained from equations (3.2-18), will be used to illustrate the order-of-magnitude
analysis. The analysis for the other three partial derivatives is similar and not shown
here. The combined standard deviation for a given pressure measurement standard
deviation, taken to be the same at all locations, while assuming all other measureinents
are perlect, can be rewritten from (3.2-19) as:

e,

Chur - J} /v‘*‘”) =
Y . g En (b2)

wheee ﬁ\ andﬁ are the standard deviations of the amplitude error in the calculated

mode and acoustic pressure measurement respectively.

It is convenient to initiate the order-of-magnitude analysis by examining the most
probable magnitude of an clementg My, in the inverse matrix @ . First, consider 4
the original matrix H which can be written in full as:
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Fjo €2 [, e X2 Los & (13)
<
£p, el  Ep g K

, O
where o par © KrarXn? My t‘)f; and [/7,«,4 = fﬂ,q( A At ut b )yare
consistent with the notation in Appendix A.

Since in nost cases considered in this program, the duct microphones were located on
the duct wall, and because of the simplification achieved in the ensuing analysis, in
what follows, the mu,mphonu will be considered to be restricted to the duct wall,
With this assumption, £, - [n,q/z(,,“& b) . Thatis, the E-functions are
independent of microphone location, The determinant of the matrix H can then be
expressed as:

N
dg{ff ) {_/T f;fj Ann (D4)
oy,

where Adnrn is the NxN determinant of H with the E-functions fictored out.
The clements of the determinant are unit vcctor\ Similarly, the determinant of the
co-factor transposed corresponding to the /s clement, can be expressed as:

G T (/H‘f?)
’l .
C/wr ‘(1) / An_,'m (DS)
f/p{

(+7.71)
where A ., 727 s the (N-1) x (N-1) determinant of the transposed co-factor of

the nth row and mth column of the matrix 1L, ‘The clements of this determinant are
also unit vectors,
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An ciement gan in the inverse matrix @ is defined by the ratio of the determinant
of the co-factor transposed and the determinant. Thus, using the preceding relations
6)4] and (I)S)thv madulus of the element g,ofn hecomes, after some simplifying:

_ y fav )
if/t.//? P Nt A7 (D6
Ear wy T
NN

Combining cquutinns(j)l) and 12 and using equution(])ﬁ) for ;M'i:

G"‘AM . (/g N R - ?
s S N (arh) 2 2
A wr A ar |} bt _.I.L A/v«!./_\{'// cas (/65/4/; * fﬂ/u') (D7)
n:.rEH /d/v,»v/e

In order to obtain an order-of-magnitude analysis of equation (D7), the phase angles
of the unit complex vectors in the two determinants Axwoand A ,.'f.’;,"fv(-’z an-t the phase
angles [ Bun? ¥n-Fer ) . denoted by P - will be assumed statistically independ-
cnt and uniformly distributed in £o, %] . Also, the total number of modes
given by N will be assummed sufficiently large so that a reliable statistical analysis can be
conducted.  Although in fact the phase angles of the determinant and@Hnare deter-
mined once a set of microphone locations has been fixed, it is conjectured that it N is
Jarge, these angles will probably cover the rangefgWin a reasonably uniform manner for
most cases considered, Fxperience from tie program conducted under this contract
indicates that the above assumptions are pood. A comparison of the order-of-magnitude
results from this Appendix with the exact values for the influence coefTicients, shown in
Figures 3.5-1 and 3.5-2, demonstrates that the order-of-magnitude results of this section

are representative of the exact vilues.

Now. the determinant A4,/ . consisting entirely of unit complex vectors can
be expanded formally and swritten in the form;

i
"/ljvﬂ'v : c‘:. (’4 a/j
- (D3)
Similarly
//V-/) S
. (M"7) H — O
ANyt & o (o
et




where .-(1 is assumed to be independent of n so that the expressions for the
determinant can be taken out of the summation over n in cqu.ntmn(l)‘l] Substituting
OR)and (Minto equation (D7) and squaring each side, the expected value of the
variance of Ay, can be written as:

Sin . ot g0 e e '
A Ae f,q JKl ! ]
|
—t O |
f;% S ) s m"’7ﬂ,, b10)
J.=K-'/ 74

The three cxpected value expressions in the RHS of equation (D10) will be considered

separately recalling that all the XJ ,f and 7,,,7 are statistically independent
and uniformally distributed in [o,¢ 77»} .
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Now, it was shown in Appendix I that Ex 5 /f‘ ‘f” for larpe N
and with o4 anitormly distributed in Loyzma . Thus, the denominator
i e enpanded, }‘It"tlll\}' ‘or lirpe N:
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Continuing this process, for all Nt integrations yiclds:
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Substituting (D11, (D12) & (D13) in (D10):
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Fquation (D ED relates the expected variinee of the modal caleulation with the vagianee
associinted with the eevors in acoustic pressure amplitude measureiment. Ina similar
manner, similar expressions can be obGiined for the other three influence coefTicients
associated with measurement corors, They ane:

2 V 3 2 “
©oA iﬂzq j _»f’ 77 Ty
42 9.5,

s (D15)
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It probe microphones had been vsed. the expressions (D1 and (D13 would be much
more complicated.  However, for cases where 0o o ¢ s are the same order-of-
nagnitude, e above expressions can be used to represent the order-of-magnitude although
the approximation is not as pood as the case for just wall wmounted microphones.

ANALYSIS OF MICROPHONE LOCATION ERRORS

Sin influence coetticients ( e A e R IEPPEED BN I ]
A AR 1ed J,G' B Fay REEL

L .

eapress the error in the caleulated modal amplitades and phases due to erroes i the
Lnowledee of mictophone lociations. The partial derivative from eqguatton (3.2-18)
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wiall be used 1o illustete the orderol-maenimide wmalvsis, Fhe amalysis for the other
tive miluence coctBicients is similae Phie combined standand deviation for axial
lowation erroms it all mictophone locations w hile assuming all other errors are 2ero s
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Substituting (D16) in (O17Y amd usting fhe result s T ey ey L (see
cquation (3,213
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Again. the microphoties will be assumed restricted 1o the wall so that Ens =E
Sataring and taking the expected values of cach side tassuming as betore that the
7,“,5 are statistically independent and unitormdy distributed in (o ah]):
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Ilie expressions given by (D4, (DISY (hisy, and (Djwy represen nnlcr-uf‘-nmgnilmiv
estimates of e expected variances of madal amplitude and phase, due 1o the five
Possible ¢rpor INPes represenied by the varfangees associated with microphone location
and pressy e tmeasurement erpors, These variithees are used in section 3510 determine
the utitity and reqlitrad CXpertment] awenracy of the mdyl caleulation niethod,
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APPENDIX Y

ANALYSIS FOR T STANDARD DEVIATION OF 711 FRROR IN PRIESSURI:
MEASUREFMENT DUF TO FXTRANEFOUS MODES

I the total number of modes propagating in a fan inlet duet is N e the number of modes
used i the modal caleulation is No then the number of extrancous modes js (N ;N e
contribution to the total measured pressure amplinede and phase at any given location of the
nth mode ace A and @) respectively, forn - 1, 2, N the resultant of the total acoustic
field at that point can be written as:

He v ¥ .. { Lo
‘ Lo v (1)
The resultant due to the maodes included in the vitleulation is:
PR ._‘ N A
b B . .('.»! ¢ ¢ (l_‘}
s
atd the resultant due 1o the extrancous niodes s
) . V . . PR ‘{
LS - AR
N . i ll'.‘]
7 v
Ihus, ar the given lovaton
L& N
.,"(. Y e = e : th -h

Fhe spuare ol the muplitude of the total sound fiekl, =, can de obtained by sepatatinge the
comples functions into realand imaginany parts and by trigonometrical nunipulidion, thus,
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I spressions tor B vin dand Bosin d can be obtaned From 1he real amd U P ls of
cquation th3band B can be obGrined as rollows:
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Phe assunpiion is now nuade that (N P NS darge and tat at any duet location the phases
o e extraneous tiodes can be considerad to be wimtormiy distributed in [0, 20 ] and can
be treated as statistical variabies, 1f the amplitudes of the extrancous modes are s consi-
dered as statistical variables with mean Ap gy iand a probability distribution function I‘._\n.
and it the A and Sy A ssimed 1o be statisticatly independent, an capected value for

tB= - b can be obtained, which can be considered as the vartnee in the amplitude measure-
ment ertor due to the contribunon to the sound rickl of all the extrancous modes. 1hat is

u- R AN S R - where the vperator by i } denates that the cxpoected vabine i
to be taken.

Fhe assumptions ased m this analy sis can be justitied on (he basis that for ta pical turbotan
cngme anlets, the tatat number of duct modes 15 vers darge and thus the number of modes
omitted from the madal calculation (N |- Nabo will be Large. | he amplitndes and phases

of these maodes although, strictly speaking deterministic can be vonsidered to be statis-
Dealh independent vanables because there is generally no simple reason for spectiie extri-
neous modes to favor particular amplitudes and the phases of these imdes chanpe at ifferent
LAt s pew Tocahions are considered.

Lakmng the expected values of cquation (f -
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which from (he asstumptions stated warlicr beeomes:
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Since (e st two Terms infegrate to zero thecanse of the unitormly distributed phase),
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3
where A7y i the mean square amplitude of these extrancous ides.

Thus, the standard deviation in the geoustic amphitude measurement error due to the conlr
bution ol extrancous modes is:

his expression for o due to extraneous mondes is used an the muain bady ot the teport to
abtain order-oCmapnitade estimates ol the eflecton thie modat calenlaton method of a Tagee
number of extrancots muodes,
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