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FINITE ELEMENT STRESS ANALYSIS OF 

IDEALIZED COMPOSITE D H G E  ZONES 

ABSTRACT 

A quasi three dimensional finite element stress analysis of 

The idealized damage zones in composite laminates i s  presented. 

damage zones consist of a long centered groove or cutout extending 

one or two layers in depth from both top and bottom surfaces of  a 

thin composite laminate. 

Elastic results are presented for compressive loading of four and 

eight layer laminates. 

the cutout edge similar to that previously shown to exist along free 

edges. 

in the interior o f  the laminate away from free and cutout edges. 

3nter:aminar stresses are also shown to contribute to failure which is 

defined using the Tsai-k'u failure criteria. 

It is shown that a boundary layer exists near 

The cutout is shown to produce significant interlaminar stresses 

The 

Nonlinear stress-strain curves are presented for compressive 

It is loading o f  three configurations of a [90/*45/0], laminate. 

shown that a damaged laminate fails at approximately 60 percent of 

load carried by an undamaged laminate. 

failure cccurs at the free edge in the 0' layer. 

in the interior o f  the 0' layer, as well as at the free and cutout 

edges of the other layers i s  shown to lead to total failure. 

It is also shown that initial 

Subsequent failure 

The material system studied is a graphite-epoxy, Thornel 300/ 

Narmco 5208, with nonlinear material behavior represented by 

Ramberg-Osqood approximations. 
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Chapter 1 

INTROOOCTION 

The expanding use o f  laminated f ibrous composlies i n  such struc- 

tures as a i r c r a f t  ai lerons and turbine blades has prompted many studies 

i n t o  impact damage. The American Society f o r  Testing and Haterials has 

held a symposium cm Foreign Object Damage (FOD) and a w e n t  survey a t  

the W / L a n g l e y  Technical L ibrary l i s t s  272 separate a r t i c l e s  on iRpact 

i n  composites. Thus, impact damage has became a major concern t o  the 

design engineer. 

The major emphasis, though, has been on f a i l u r e  mechanisms, impact 

response and residual strength. Further, most studies have been con- 

cerned with damaged composites where the damage extends through the 

t o t a l  thickness, such as holes. L i t t l e  a t tent ion has been given t o  

surface damage which "peels" o f f  only a layer o r  two o f  the l m i n a t e d  

composite. 

bution around the damaged region o r  the e f f e c t  o f  the f ree edge a t  the 

damaged region on the three-dimensional stress d is t r ibut ion.  

Further, fecr studies have been made i n t o  the stress d i s t r i -  

This study examines an idea'ized damaged region: a centered rec- 

tangular groove or cutout, extendipg one o r  two layers i n  dep: 

running the en t i re  length o f  a long t h i n  symnetric composite laminate. 

For symwtry reasons, the 

tnd 

i tout i z  on both the top and bottom surfaces 

(see f i g .  1). This ideal ized damaged region, whicb simulates severa 

layers "peeled" o f f ,  was chosen as a t ractable problem providing ins 

i n t o  the more general problem o f  the stress d i s t r i bu t i on  near an ir- 

regularly shaped damage zone. 

1 



2 

The idealized darnage zone is studied by the finite element method. 

The finite element program NONCOH, developed by Renieri and 

Herakovich 111, and Herakovich, Renieri and Brinson 121, and a modified 
version, NONCW1, developed by Humphreys and Herakovich [3], are both a 

quasi-three dimensional analysis. Hygrothermal and nonlinear capa- 

bilities are included in the programs, though this study will not 

examine hygrothermal effects. Some modifications have been made to 

)431YCoNl to improve efficiency and running time and the modified versicn 

is called NOWCo6Q. 

included and used to predict failure. 

In addition, a Tsai-Uu failure criteria has been 

Due to the increased concern over the compressive behavior o f  

laminated composites, all loadings are compressive. A number of lam- 

inates are studied, with and without cutouts, including cross-ply, 

angle-ply, and quasi-isotropic laminates. The material system examined 

is Thornel 3001~~ar;;,cc; 3208 graphite-epoxy for which a large body o f  data 

exists in the literature. 



Chapter 2 

LITEFiATURE REVIEU 

Ideal ized damage zones have a long h i s to ry  o f  investigation. 

Timoshenko and Uoinonsky-Krieger 141 developed analyt ic expressions f o r  

the stress d i s t r i b u t i o n  near a c i r c u l a r  hole i n  a uniformly loaded 

i n f i n i t e  plate. 

plates wi th  e l l i p t i c a l  holes and f i l l e t s .  Both references used a plane 

strain,  l i n e a r  elast ic,  isot rop ic  approach and neglected uZ, rYz and 

T stresses. Both presented stress concentration values f o r  the 

cases examined. 

Timoshenko and Goadier [S] extended the analysis t o  

XZ 

Roark and Young [ 6 ] ,  as well  as Peterson [7], give stress concentra- 

t i o n  factors f o r  various material d iscont inui t ies such as holes grooves 

and notches. The stress concentration factars are merely compiled i n  

references [6] and [7], having been experimentally determined by other 

authors. The data presented were for l i n e a r  elast ic,  isot rop ic  

materials only. 

configuration as the cutout examined i n  th ib  study. 

None of the discont inui t ies presented had the same 

Theoretical stress d i s t r i bu t i ons  around holes i n  anisotropic plates 

have been given by Savin [8]. 

rectangular holes are studied using a complex mapping approach. Again, 

a plane strain,  l i nea r  e las t i c  approach i s  u t i l i z e d  and aZ,  T and f X Z  
YZ 

stresses a re  neglected. 

Circular, e l l i p t i c a l  and f i l l e t e d  

Experimental studies into the stress state near cutouts i n  composite 

plates have been conducted by Rowlands, Daniel and Whiteside 193. C i r -  

3 
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cular, e l l i p t i c a l  and square cutouts i n  boron epoxy composite plates 

were investigated. Two laminate configurations and a nulnber o f  hole 

diameter-to-width ra t ios  and hole diameter-to-thickness r a t i o s  were 

studied. Another s' :dy by Ashton, Burdorf and Olson [lo] gave experi- 

mentally determined stress concentration values for cutouts i n  graphite- 

e p x y  coupons. Both o f  these studies were concerned wi th  the hole's 

e f f e c t  on the strength o f  the laminate and nei ther  investigated i n t e r -  

laminar stresses around the hoie. 

A three dimensional f i n i t e  element program developed by Barker, 

Dana and Pryor [11J was used t o  analyze cutouts i n  f i n i t e  width laminates 

subjected t o  uniform ax ia l  s t ra in .  

t ) near the cutouts were investigated and stress concentration values 

f o r  c i rcu la r ,  square and diamond-shaped holes were si; Nonlinear 

e f fects  were not considered, nor was f a i l u r e  o f  the laminate studied. 

Interlaminar stresses (uZ, lYz and 

XZ 

The ideal ized damage zone exsaiped i n  t h i s  study has apparently not 

been investigated before. A major nason f o r  t h i s  may be the lack o f  

analy t ic  tools t o  handle t h i s  problem. The develapment o f  the f i n i t e  

element program NONCOM i n  references [1,2] has provided the necessary 

analy t ica l  tools f o r  such an analysis. 



Chapter 3 

THEORETICAL B A C K G W O  

The problen under consideration i s  the stress analysis o f  a long, 

f i n i t e  width, symnetric composite laminate wi th  a centered s t r i p  removed 

along t5e en t i re  length o f  the laminate (Fig. 1). 

subjected t o  uniform thermal, moisture, and ax ia l  mechanical loading and 

a l l  stresses and s t ra ins are assumed t o  be independent o f  the ax ia l  (x) 

coordinate. The resu l t ing  d i f f e r e n t i a l  equations were presented by Hsu 

and Herakovich [12] while the theory behind the f i n i t e  element program 

m)NCW, which obtains a solut ion t o  the problem defined by those d i f f e r -  

en t i a l  equations, was presented i n  Tferences [1,2]. This report  w i l l  

present only tha main points o f  the theoret ical  development. 

The laminates may be 

3.1 Problem Formulation 

The laminate consists o f  layers o f  an orthotropic material whose 

pr inc ipa l  material a x i s  mkes an a rb i t ra ry  angle e wi th  the x axis (Fig. 

1). The const i tu t ive equation ( i n  condensed notat ion) can be wr i t ten  as 

folk = CE]k(I€*}k-Io}k*T-iS}k~) (3.1) 

c:frq?e : 

[Elk i s  the transformed 6x6 s t i f fness  matrix 

Iolk i s  a 6x1 stress vector 

{€*Ik i s  a 6x1 to ta l  s t ra in  vector 

Ialk i s  a 6x1 vector o f  thermal coef f ic ients  

5 
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Y 

Figure 1 .  Geometry of  L a m i n a d  w i  h red Damaqe one 
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k { 6 }  i s  a 6x1 vector o f  moisture coef f ic ients  

AT i s  temperature change (from stress-free temperature) 

AM i s  moisture concentration change (from 0%) 

and k refers t o  the k th layer. E x p l i c i t  expressions for these quant i t ies 

can be found i n  Appendix A. 

Noting that  strains (and stresses) are functions o f  y and z 

only, i t  can be shown that  sui table integrat ion o f  the strain-displace- 

ment E l a t i o n s  

e = v,y; E = w,z Y z El = u s x ;  

Yyz - VSZ -+ W S  - - USz + y' yxz 
- - Yxy = u + V S X  'Y 

y ie lds the fo l lowing displacement f i e l d  

u = (C1y + c*z + C3)X + u(y.2) 

v = (Cqf + c5)x - c1 ;+ V ( y , t )  
2 

2 
X w = - C ~ X Y  + CSx -C2 + W ( ~ , Z )  

(3.2) 

(3.3) 

The imposition o f  the proper symmetry conditions f o r  ax ia l  loading 

as well as the experimentally determined condit ion (Pipes and Daniels 

C W  
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(3.4b) 

results in the following displacement field: 

where C3 = uIX = $, the uniform axial strain. 

placement boundary conditions on the midplane and centerline are 

In addition, the dis- 

u¶z(Y.o) = 0 

v,z(y,o) = r) Y(0,z) = 0 (3.6) 

U(0,z) = 0 

W(Y*O) = 0 w,y(o,z) = 0 

This displacement field and the boundary conditions were first presented 

by Pipes and Pagano [14]. 

For completeness, the simplified equilibrium equations, with 

stresses independent of x and neglecting body forces, are shown below. 

In addition, the full governing differential equations for the kth 

layer, as developed in reference [12] ,  are presented below. 



9 

3.2 F in i t e  Element Formulation 

As i n  the previous section, only the main points o f  the formula- 

t i o n  w i l l  be present4 here. A complete presentation can be found i n  

references [ 1,2]. 

The f i n i t e  element solbt ion involves the scbdivision (or  discre- 

t i za t ion)  o f  the structure i n t o  a f i n i t e  number o f  elements (Fig. 2). 

For each e l t  .at, a set o f  intet.pu::tion polynom~-ls i s  chosen t o  

represent the displacement f i e l d  w i th in  that  element as functions 

o f  the element's nodal displacements. Using the strain-disp acement 

re la t ions (3.2) and the const i tu t ive re la t ionship (3.1), the stresses 

and s t ra ins i n  each element can be found as functions o f  the nodal 

displacements. Applying a var ia t ional  pr inciple,  such as minimum 

potent ia l  energy, a set  o f  equations re la t i ng  nodal displacements t o  

nodal forces can be obtained f o r  each element i n  the form 

(3.9) [K]('){u}(') = {F)  (E) 

where 

[K1(') i s  the elemental s t i f fness  matrix 

{ul(') are the elemental nodal displacements 

{Fl") are the elemental nodal forces 

These elemental relat ionships are then assembled i n t o  a global set 
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of equation< re la t i ng  a l l  nodal displacements t o  a l l  nodal forces. The 

appl icat ion o f  boundary conditions and so lut ion o f  these equations 

gives the displacements and thus the stresses and s t ra ins over the 

e n t i r e  structure. 

Constant strain, constant stress t r iangular  elements are u t i 1  i t e d  

by NONCW. The in terpolat ion polynomials have the form 

(3.10) 

u = a1 + a g  + a3z + i x  

v = a4 + a5y + a6z 

w =  a,+ a y  + a g r  8 

When substituted i n t o  the strain-displacement re la t ions (3.2), these 

in terpolat ion polynomials y i e l d  constant s t ra ins over each element. 

The uniform normal s t ra in  i s  \ and the constants a1 through % are 

functions of the element's nodal displacements and nodal spa t ia l  

coordinates . 
Subst i tut ion o f  (3.10; i n t o  (3.2) y ie lds  the fo l lowing s t ra in-  

d i  spl acement re1 at ionshi  p 

I 

bv +dv +gv +aw +cw +ew 1 1 2 3 1 2 3  
bul +du2+gu3 

aul +tul +eul 

(3.11) 

where 

ORIGINAL PAGE IS 
OF POOP. Q U W  
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A = area of element 

u1 *u2,u3 = x-displacement at nodes 1,2,3 respectively 

v1 ,vZ,V~ = y-displacement at nodes 1,2,3 respectively 

w1 ,w2,w3 = z-displacement at nodes ?,2,3 respectively 

and a,b,c,d,e,g are known constants involving nodal spatial coordin- 

ates. 

For the case of uniform thermal load the strains are 

{ E )  {E* )  - CaIAT (3.12) 

where C E )  is the mechanical strain vector and { E * ) ,  {a) ,  and AT are as 

defined in (3.1). 

Noting equ's. (3.11), the mechanical strains can be written as 

5( - ax A I  

(av1+cv2+ev,)/A-a Y AT 
X 

E 1: yxz = j [:! :3)/A 5 
( aul +cuz+eu3)/A-a AT 

+dw2+w3 ) / A  

+dv2+gv3+aw 

+du2+gu3)/A 

(3 .13)  

The formulation for hygroscopic loading is analogous to that for 

thermal loading, except 13's replace a's and AM replaces AT. 

The principle of minimum potential energy states that the 

body is in equilibrium ! '*en the total potential energy J, is minimum 

where 

* = ue + W e '  ( 3 . 1 4 )  
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Ue = in ternal  s t r a i n  energy 

ap.i 

We = potent ia l  energy of the applied loads. 

The internal  s t r a i n  energy for an element i s  
r. 

i3.15) 

where [ c ]  i s  as defined i n  (3.1) and-(€) i s  as defined 

(3.13), depending on whether i t  i s  mechanical or t h e m  

loading, respectively. 

?.11) or 

yoscopic)  

For a u n i t  thickness element wi th  constant 

strains, Ue reduces t o  

A T  ue = { E )  [E]ic, 

and We becomes 

(3.16) 

(3.17) 

where (F)(e) and {uI(') are as defined i n  (3.9). 

Minimization o f  equ. (3.14) w i th  respect t o  no'al  displacements 

y ie lds the elemental s t i f fness matr ix plus strain,  thermal and 

hygroscopic related vectors. Exact forms f o r  ihese can be found i n  

reference [33. The f i n i t e  element meshes used f o r  t h i s  report  were 

generated by a program developed by k r g n e r ,  Davis and Herakovich 

[ l 5 ]  and can be found i n  Appendix B. 

3.3 Fai lure Analysis 

3.3.1 Tsai-Wu Fai lure Cr i ter ion 
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The three dimensional stressec from NONCCM2 provide a unique op- 

por tun i ty  t o  study a three dimensional f a i l u r e  c r i te r ion .  

[16] proposed such a c r i t e r i o r ,  postulat ing a fa i lu re  surface of the 

f om 

Tsa i  and Wu 

Fiui + F..a.o = 1 (3.78) 
1J 1 j 

where the contracted notat ion i s  used and i,j=1,2, ... 6. The strength 

tensors, Fi and F.. , are 

and Fij i s  assumed t o  be 

To determine Fi and 

of "thought" experiments 

7 5  
o f  the second and fourth rank, respectively, 

synnnet r i c . 
Fi j 
are conducted. 

i n  terms o f  uniaxial  s t rwgths ,  a series 

Assuming only a longi tud ina l  

stress on a unidirect ional  laminate, the tens i le  (X,) acd compressive 

( X c )  strengths are substi tuted i n t o  equ. (3.18), rescriting i n  thz 

fol 1 owing 

F X + il lXt 2 = 1 

F X t FliXc 2 = 1 

1 t  

1 c  

(3.191 

Solving t! two simultaneous 

F 

equations F1 and F,l are found t o  be 

- -1 - -  
F1l XtXc  

In d s imi la r  fashion, the fol lowing are foiinc! 

:: ?O) 

- -1 
F22 - 
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(3.21) 

For the shear t c :~ l r s ,  i t  i s  noted t h a t  shear strengths are inde- 

pendent o f  d i rect ion (and thus o f  sign) i n  orthotropic materials. Thus 

a l l  tenus involving shear t o  the f i r s t  power are dropped. The only 

non-zero term invo ving shear are then FM, F5-, and Fa. Wfth 

thought experiments s im i la r  t o  those used previously, the non-zem 

shear tenm are found t o  be 

1 

('23) 
F44 = 2 

1 

F55 = - 
($13' 

1 

(3.22) 

where Sij refers t o  the shear strength i n  the i-j plane. 

The only terms l e f t  t o  be determined are FI2, F13 and FZ3. Hw- 

ever, no simple uniaxial  t e s t  w i l l  determine these in teract ion terms. 

They must be experimentally found by sane bia.,ia? t e s t  o f  strength. 

Wu [I71 describes how t o  +*? in optimum ra t i os  o f  b iax ia l  stress. Pipes 

and Cole [18j found, however, t ha t  varj?cions cf 400 percent i n  the 

value of t' i n t e r a t i o n  t e  a rc. 1 , i t t l e  dif ference i n  

the - trength envelope. 

For an urtho*,ropic material, ther , the Tsai-Wu c r i t e r i o n  takes the 
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form: 

F1n, + F202 + F3u3 + Fl1c; + FZ2u2 2 

(3.23) 

+ 2F12u1u2 + 2F u o + 2F u o = 1 13 1 3 23 2 3 

Since the Tsai-Wu c r i t e r i o n  has a tensor ia l  form, i t  i s  v a l i d  i n  a l l  

coordinate systems and the transformation has a simple tensor ia l  fom. 

For a e ro ta t i on  about the 3 ( 2 )  axis, the Tsai-Wu c r i t e r i o n  takes the 

form: 

2 + F'CI + F'u + Fiuxy + FiluX Fi=x 2 y 3 z 

+ F'  + F'  (r2 + F ; ~ T ~ ~  2 + F ~ ~ T ~ ~  2 22 y 33 z 

+ F *  T2 + 2 F j 6 ~ x ~ x y  + 2F' (3 f 
66 xy 26 y xy (3.24) 

+ 2 F j 6 ~ ~ ~ ~ ~  + 2 F i 5 ~ ~ ~ ~ ~ ~  + 2Fi2uXuy 

+ 2F' n a + 2Fi3aynz = 1 13 x y 

The exact form o f  the F '  terms can be found i n  Appendix C. 

3.3.2 Fai lure Model 

Using the Tsai-Wu c r i t e r i on ,  the stresses on an element are used as 

input i n t o  equ's. (3.24). 

equal t o  one, the element has fai;ed. 

d i f f i c u l t  t o  handle i n  a f i n i t e  element solution. 

I f  the function has a value greater than or 

However, a f a i l e d  element i s  

Sandhu [19] proposed that when f a i l u r e  occurs, the moduli of the 
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material should be set t o  large negative nwbers. This essent ia l ly  

"unloads" the f a i l e d  w t e r i a l .  The major drawback wi th  t h i s  procedure 

i s  the creatfon of negative diagonals f q  the global s t i f fness  n a t r i x ,  

causing an unstable matrix. 

reduce the moduli by the percent o f  overstrain i n  the f a i l e d  direct ion, 

a complicated procedure and one tha t  s t i l l  allows a f a i l e d  element t o  

carry load. 

The method used i n  references C1-33 i s  t o  

A simpler approach, and the one adopted i n  t h i s  study, ;s t o  

reduce a l l  the moduli i n  a f a i l e d  element t o  same smal l  value. I n  

addition, the stresses m t h i s  eiement are set equal t o  zero. 

reducing the moduli and set t ing the stresses equal t o  zero, the 

fa i l ed  element carr ies no load and does not contr ibute t o  the overal l  

s t i f fness  o f  the laminate duriplg subsequent loading. However, even 

t h i s  approach can cause an unstable s t i f fness  matrix, as w i l l  be 

shown l a t e r  (see Section 5.4.2).  

By 



Chapter 4 

THE FINITE ELEMENT PROGRAM (NONCOMP) 

The program NONCW?, a modified version o f  NGNCOM, was modified 

fur ther  f o r  t h i s  study and ca l led NONCW. 

version include a more e f f i c i e n t  equation solver, a fa i l u re  c r i t e r i o n  

based on the Tsai-Wu function (Chap. 3)  and an improved handling of 

hygmthermal effects. 

Changes made f o r  t h i s  

4.1 Equation Solver 

The program NONCOM1 used an equation solver ca l led SEESOL [ Z O ] ,  

which stored the s t i f f ness  matrix i n  blocks on tape. However, 1/0 

ng 

1 arge 

s ar! 

charges on VPIbSU's IBM 370 make t h i s  an expensive method o f  soiv 

simultaneous equations. Since the VPI&SlI system has an extremely 

core and can thus store large matrices, a more economical inethod 

in-core solution. 

An equation solver, COLSOL, presented by Bathe and Wilson [Z l ] ,  i s  

an e n t i r e l y  in-core solut- im- 

metric s t i f fness matrix i s  stored, column by column, i n  a row vector, 

A. 

zero. 

o f  a column are not stored. 

storage for symretric, highly banded matrices s i m i l a r  t o  the type shown 

bel ow. 

The upper t r iangular h a l f  o f  the sym- 

For a banded matrix, terms above the 'top" of the bandwidth are 

I n  order t o  minimize storage requirements, terms above the Yop" 

Th is  i s  an extremely o f f i c i e n t  method o f  

18 
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CKI = 

A3 

A2 As 

A4 

0 0 ...... 0 

0 ...... 0 

A,2 ...... 0 
All ...... @ 

A10 ...... \. 
0 

. %  

. An-2 

An-3 

After the global st i f fness matr ix i s  stored, Cholesky decomposition 

i s  used t o  solve the equations and p r o v i c i  the nodal displacements. 

4.2 Material Considerations 

The program NONCOM1 had several res t r i c t i ons  on the temperature and 

moisture dependence o f  material properties. Only e l a s t i c  and shear 

moduli, and thermal and moisture coef f i c ien ts  were assumed temperature 

and moisture dependent; 311 other material properties were assumed con- 

stant. Also, i t  was assumed that  tens i le  and compressive moduli varied 

i n  the same manner. The modified version, NONCOM2, used i n  t h i s  study 

allows a l l  material properties t o  vary as functions o f  temperature and 

moisture. Further, tension and compression values are allowed t o  vary 

as independent functions. 



20 

Hygrothermal data i s  presently found in the literature in the form 

In the program, each of  the curves is modeled as a shown in Fig. 3. 

series of linear segmented lines. 

material property are found by linear interpolation between the end- 

points of the segments. 

The material system used in this study was T300/5208 graphite-epoxy 

Values o f  percent retention of a 

Complete mechanical and thermal data were found in a report by Hofer, 

Larsen and Humphreys [22]. Hygroscopic data for this material can be 

found in reference [ 2 2 ]  and a report by Kiebler [23], but the data are 

neither complete nor consistent. 

all mechanical only, the results were not affected by the incomplete 

Since the loadings for this study were 

hygroscopic data. 

Material property 

a user's guide for the 

be found i n  Appendix E 

values can be found in Appendix 0. 

input of hygrothermal properties into NONCCME can 

In addition, 

4.3 Nonlinear Analysis 

The finite element analysis of Chapter 3 requ r e s  linear elastic 

properties. Since cmposi tes often have nonlinear mechanical praper- 

ties, an incremental procedure is utilized to account for material 

nonlinearities within the framework of a linear elastic analysis. 

4.3.1 Incremental Procedure 

Using the incremental procedure, the mechmical properties are 

linearized for each increment and the load, either thermal, hygroscopic 

or uniform axial strain, i s  applied as a series of increments. Sum- 
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Figure 3. Typical Percent Retention Curves as a 
Functf on o f  T e m r a t u r e  and Moisture 
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mation o f  the l i nea r  solut ions o f  stresses, strains and d 5 s p : x e n 0 c t ~  

for each increment y ie lds the t o t a l  solution. 

procedure, the mechanical properties o f  each element are al tered de- 

pending on the temperature, moisture and/or s t r a i n  level .  This pro- 

cedure allows the properties o f  an element t o  vary independently of a l l  

other elements. 

A t  each step of the 

4.3.2 Determination of Tangent Modulus 

Nonlinear stress-strain curves were represented by Ramberg-Osgood 

1247 approximations o f  the form 

U "i 
E = + Kiu i = l o r 2  (4.2) 

where E i s  the e las t i c  modulus and Ki and ni are Ramberg-Osgood coef- 

f ic ients.  The procedure t o  calculate the four constants Ki and ni can 

be found i n  reference [l). The tangent modulus can be defined as 

i = l o r 2  E = - =  da E 

dE KiEn,n ni-l+, 
( 4 . 3 )  

P Noting Fig. 4 the corresponding stress, u , a t  the end o f  load increment 

P i s  

P 

j = 1  

P 
a = I: A z j E J  ( 4 . 4 )  

where A E J  i s  the increment o f  s t r a i n  and EJ the tangent modulus during 

the j t h  load increment. For the P+lth increment, the tangent modulus 

becomes 
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Using equation (4.5) and principal material strains, the tangent modulus 

for the next increment is calculated at the end of each increment. Frlm 

Fig. 4, it can be seen that c ~ - ~ ,  the strain at which the tangent 

modulus, i s  calculated, differs from the strain E actually 

applied. This difference can be made arbitrarily small by choosing a 

P 

sufficiently small increment. For the computer analysis, equations of 

the form (4.5) were used to determine the tangent moduli E,,, E,,, E,,, 

C z 3 ,  G,,, and 6,, for each finite element. 

response i s  independent o f  sign while extensional behavior can be 

It is assumed that shear 

different in tension and compression. 

4.4 General Notes 

In Appendix D, the values of the F12, G,, and F2, Tsai-Wu inter- 
2 action terms are given as -0.58xlO”O/(PSI) , a value taken from 

reference [18]. 2 Wu [17] suggests a value of 2.0x10-’o/(PSI) as more 

appropriate for graphi te-epoxy. Several computer runs showed, however, 

that the differences in the two values did not affect the overall 

trends. Since reference [17] was found after all the computer runs 

had been made the cases presented in Chapter 5 were no t  rerun with Nu’s 

value. 

The initial tangent modulus for all three versions o f  KONCOM i s  

chosen as the tensile elastic modulus where, for compressive loading, 
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compressive moduli would be more appropriate. f fwver,  this factor did 

not significantly alter the overall results or conclusions. 



Chapter 5 

RESULTS AND DISCUSSION 

The analysis presented i n  Chapters 3 and 4 was used to  study 

various laminates o f  differ i r ,g  ply orientations. 

laminates w i t h  or w i t h o u t  cutouts were analyzed. 

only a quarter of the laminate cross-section, shown i n  Fig. lb, was 

examined. 

Four and eight layer 

Because o f  symmetry 

Both linear e las t ic  and non-linear results are pr-esented. 

5.1 Averaging of Finite Element Results 

The finite element analysis of Chapter 3 i s  bssed on a displacement 

formulation w i t h  linear interpolation functions over each element. This 

lormulation results i n  stresses and strains which are constant over each 

element. 

bution of stresses which appear discmtinuous over a series of elements. 

I n  order to produce smooth distributions, stresses are averaged over 

severa 1 e 1 emen t s . 

Constant stresses for an individual element give a distri- 

Noting Fig.  5a, stresses for a through-the-thickness d i s t r i b u t i o n  

are averaged along the line A-A. The stresses presented a t  po in t  E 

correspond t o  an average o f  the stresses i n  elements 1 and 2. This 

i~rethoa of averagim was used i n  a1 1 through-thickness plots. 

For interfacial distributions, the aZ,  T~~ and tXz stresses are 

averaged along the interface between the two layers, shown as line C-C 

i n  Fig.  5b. 

acroqs the interface, the results are an averay clf elements above and 

bclow the interface. T h u s ,  for pcint H the stresses are an average of 

Since these three stress components must be continuous 

26 
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THROUGH - TdICKNESS 
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Figure 5. Averaqing o f  F i n i t e  Element Results 
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elements 14, 15, 16 and '7. 

are n q t  necessarily continuous acwss an interface, are averaged alon5 

line B-B and line D-D. A t  point F, stresses are averaged over elevents 

8 and : while a t  point G stresses are averaged over elements 10 ana 1:. 

?he stress components ux, c and T ~ ~ ,  which 
Y 

5.2 Convergence of Finite Element Results 

The 'inite element anLlysis, as Gientioned previously 

a displacement fcrmulation. Howver, the boundary cor.di t 

cutout and free edge are stress-iree boundary conditions. 

approxiaa t i on i n troduced by the d i  spl acemtn t formul a t  i on, 

i s  based on 

C ~ S  a t  the 

Due t o  the 

as k311 as 

the use of  constant s t ress ,  constant strain elemtnts, the stress-free 

boLindary conditions will not, i n  qeneral, 5e satisfied.  However, 

Herakovich !25] has shown that the free edge cunditions ,end to  be met 

as smaller and smaller elements are used near t'le free edge. 

convergence of the f in i te  element solution ai. 2 particu7ar pcint i s  a 

functior, of mesh size and displacement gradient. 

Thus, 

Satisfaction of the equilibriGm conditions for sections of the 

laminate (Fig. 6 )  i s  also a f imtion of mesh size and disploceinent 

gradients. 

equilibrium conditions for secticns will tend t o  be met as the size of 

the elements i s  reduced. Equi l ibr ium for the body as a whole, t h o u s h ,  

i s  automatically satisfied due t o  the formulation. 

Similar t o  the stress toundary conditions a t  a point, 

Thus, no f in i te  element mesh based on a displacement formula t ion  

will satisfy stress boundary conditions or equilihriurn conditions 

exactly. However, by using meshes with similar sized elements a t  cutoirt 
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and free edges (areas of high displzcement gradients) a sufCiciently 

adequate stress distribution for relative comparisons and general con- 

clusions is obtained. 

5.3 Linear Elastic Results 

This section contains linear elastic results for laminates with 

espect ratios b/H = 68.2 (four layer laminate) and b/H = 34.1 (eight 

layer laminate; (Fig. 1) and applied uniform axial strain 5 = -0.1 

percent. 

plotter. 

The curves in this section were drawn by the VPMSU CALCOMP 

5.3.1 Unidirectional Laminates 

The stress state in unidirectional laminates with all fibers 

oriented at an angle e is a uniform uniaxial stress, ox,  with or without 

a ctitout. 

other stress components are approximately zero. Thus, for unidirec- 

tional laminates, the cutout does not alter the uniform stress state and 

produces no stress concentrations. 

The value of uX is equal to the laminate value while the 

5.3.2 Four Layer Laminates 

5.3.2.1 The [O/90Js Laminate 

The u stresses for the [0/90]s laminate with one layer reroved as Y 
the idealized damage zone are shown in Fig. 7.  These stresses arz shown 

along the interface from the cutout edge (point A )  to the free edge 

(point R). 

shown by the dashed lines. 

The u stresses for the same layup with no layer remoted are 
Y 

Near the free edge, the variation of uv, as 
d 
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well as all other stress components, i s  exactly the same with or without 

a cutout. Also, because of the dimensions o f  the specimen, the 

u (and ox and T ) stresses in the interior region (away fm the 
Y XY 

edges, between the cutout and free edges) are constant and equal to the 

theoretical laminate values for i: [0/903, laminate (Table 1). 

The o2 and T stresses, along the interface, shown in Fig. 8 a d  YZ 
9, respectively must satisfy several equl ibrium conditions. T;re partial 

free-body diagram (Fig. 6) sham the 0” (c,=Oo) layer of a [0/90] 

laminate with a section removed and a cutting planz, C-C, passing 

through the interior region. 

follod;7 ‘.R true. 

In order to satisfy force equilibrium, the 

6” 02dy = 0 
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IABLE 1 

Camparison of Lamination Theory and Finite €1-t 
Results i n  Interior Reqions (y/b=0.67) for  [el/e2Is Laminate 

l a m i  nation 

Lamination 

NONCOM2 

-27790 I -1552 

-27760 1 -1551 

-3703 I -3703 

-3703 I -3703 

Q (Psi )  * 
-535 535 =I= -535 535 O I o  

-1588 I 1588 

-1588 11588 
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aL i s  the theoretical laminate value. 

the fo l lowing must also be true. 

To sa t i s f y  moment equi l ibr ium, 
Y 

For the reasons c i t ed  i n  Section 5.2 and because the stresses are not 

known a t  the exact edge, these conditions are not wel l  sat is f ied.  

However, by assuming a l i n e a r  stress d i s t r i b u t i o n  from the l a s t  point  

given by the f i n i t e  elanent method t o  the edge o f  the laminate, the 

equi l ibr ium conditions 5.1 and 5.2 can k sa t i s f i ed  w i th in  two percent. 

A larger number o f  elements a t  the edges would also tend t o  sat is fy  the 

conditions more accurately. 

Each o f  the Figs. 7, 8 and 9 show the free and cutout edge effects 

extending approximately 14 ho i n t o  the i n t e r i o r  o f  the laminate. 

free edge stresses are s l i g h t l y  larger than the stress values a t  the 

cutout edge. Thus, f o r  t h i s  laminate, the free edge i s  more c r i t i c a l  

The 

than the cutout edge. 

The value o f  the Tsai-Wu function i s  largest a t  t+e f ree edge, 

\gain showing that the free edge i s  most c r i t i c a l .  The through-the- 

thickness var ia t ion o f  the Tsai-Wu function near the free edge, Fig. 10, 

indicates that the largest value occurs near the top (z/ho= 2.0) o f  the 

laminate. 

scaled t o  be between 0 and 1.) 

function f o r  a 0” layer (Equ. 3 . 2 3 ) ,  the c r i t i c a l  term was determined t o  

(The values o f  the Tsai-Wu function i n  Fig. 10 have been 

Examining the terms o f  the Tsai-Wu 
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be F u (a =O ). 

var ia t ion o f  ir the c r i t i c a l  term w i l l  have the larqest absolute value 

near the interface. i n  the 0" layer i s  negative, F2ny i s  less 

Noting Fig. 11, which shows the through-the-thickness 
2 Y  Y 2 

Y '  
Since (r 

Y 
a t  the interface than near the top. 

near the f ree edge and near the top of the [O/9OIs laminate. 

This indicates fa i l u re  may begin 

5.3.2.2 The [ + 4 5 4  Laminate 

A cutout i n  the [t45Is laminate produces a number o f  important 

effects, pa r t i cu la r l y  near the cutout. 

layer  r i s i n g  t o  a value 124 percent above the stress i n  the i n t e r i o r  

region. From a value o f  zero i n  the i n te r i o r ,  the o stress (Fig. 13) 

a t ta ins a value c f  approximately -1000 ps i  near the cutout. 

l i n e  i n  Fig. 13 indicates the var ia t ion o f  u i n  the -45" layer from 

point  E point  A. The T stress (Fig. 14) i n  the 4 5 "  layer w a r  the 

Figure 12 shows ox i n  the 4 5 "  

Y 
The dashed 

Y 

XY 

value i n  the cutout r ises t o  a value 160 percent above the lamination 

i n t e r i o r .  The i n t e r i o r  region values f o r  the c x ,  e and 

which are the same as the theoret ical  lamination values, 

Table 1. Again, as i n  the [0/90], laminate, free edge d 

a l l  stresses are the ,are wi th  o r  without a cutout. 

Y 
T 

' X Y  

are 

s t r  

stresses, 

given i n  

butions f o r  

The C ,  strE;s, Fig. 15, shows an extremely important e f fect  o f  the . 
cutout. Momcmt equi l ibr ium (Equ's. 5.2) requires that  

c,ydy = 0 6 
(5.3) 
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since oL i s  zero i n  the i n t e r i o r  region. The \lZ va r ia t i on  near the 

cutout shows the correct trend. having three envelopes t o  produce a zero 

moment. The oL var ia t ion near the free eUge. however, does not show the 

correct trend due t o  a steeper displacement gradient i n  t h i s  area. 

addition, the o var ia t ion shows the e f f e c t  o f  the cutout edge extending 

twice as fd r  i n t o  the i n t e r i o r  region as the free edge effect. 

Y 

In  

2 

The T and l X 2  shear stresses. sham i n  Figs. 16 and 37. respec- 

stress 
YZ 

t i v e l v ,  also exh ib i t  the inf?uence o f  the cutout edge. 

near the cutout i s  very large i n  canparison t o  the same stress near the 

free edge while the lXz stress near the cutout i s  only s l i g h t l y  larger 

than the free edge value. 

envelopes near the cutout whereas the single envelope a t  the free edge 

i s  the d i s t r i b u t i o n  expected. Hm.l ver, force egi r i l ib r iun o f  the l e f t  

top section o f  Fig. 6 hetween cu t t i ng  planes 33 and CC requires that  

The T 
YZ 

In additfon, the y X L  d i s t r i b u t i o n  has two 

I," rxyd2 +f rxydZ +t T x2 dV = 0 (5 .4)  

Since T 

i n  the opposite direct ion.  the integral  o f  r X Z  must be negative (and 

thus. by convention. i n  the posi*_ivp d i rec t i on ) .  

33 i s  nioved closer t o  he cutout edge, I 
X Y  

of i becomes pos i t ive t o  balance the I 
XL X Y  

stress d i s t r i b u t i o n  should ex is t  near the free edge but doesn't due t o  

i s  greater along l i n e  35 than CC (Fig. 14) and by convention 
XY 

As the cu t t i nq  plane 

goes tc zerc anti the ic tegra l  

on plane CC (a s i m i l ~ r  

the 

exP 

tt le 

coarseness of the g r id ) .  

a in  the two envelopes o f  the : 
Y Z  

o stresses. 

Similar arguments can be advanced t o  

d i s t r i b u t i o n  (Fig. 16) involv 

Y 
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The fsai-Wu function along the in ter face (Fig. 18) indicates the 

largest value occurs i n  the i n t e r i o r  o f  the -45" layer  near y/b - 0.4. 

The through-the-thickness var ia t ion near t h i s  point (Fig. 19) shorss the 

largest value occurring not a t  the ?45 interface but near the midplane 

(z/ho = 0.0). The thrwgh-the-thickness var ia t ion o f  stresses indicates 

that  the O~ stress (Fig. 20) i s  the pr inc ipa l  cause o f  the lnaxinra Tsai- 

thi valile occurring a t  the midplane. The oz stress r ises t o  a mxiaua a t  

the midplane i n  order to  balance the nunient produced by the a stress 

(Fig. 21) along the plane y/b = 0.4. Thus, f a i l u re  u q y  i n i t i a t e  a t  the 

midplane and a small distance i n  fran the cutout. 

Y 

5.3.3 Eight Layer Laminates 

? a r t i a l  f ree body diagram o f  the quarter section o f  e ight  layer 

ladnates  wi th  cutouts are shown i n  Figs. 22 and 23. There are three 

interfaces, referred t o  i n  the fo l lowing manner: the upper interface 

fm point  A t o  B ,  the middle interface from point  C t o  0, and the lower 

interface from point E t o  F. Also, the i n t e r i o r  region refers  t o  the 

section away from the free and cutout edges where the l i n e  KK i s  s h m .  

I n  the i n t e r i o r  region, the laminate solut ion for a [C1/f+2/P3/f+44]s 

laminate holds. The laminate solut ion also holds n e w  the center l ine 

(y=O), but for a [ t ~ ~ / a ~ / t ~ ~ ] ~  or [ 5 3 / d 4 I s  laminate, depending on whether 

one or  two layers i s  removed. 

5.3.3.1 The [O2/+45Is Laminate 

The (T s t r e s s  d is t r ibu t ions  f o r  a 0p.e layer cutout and fo r  a two 
Y 

layer cutout are presented i n  Figs. 24 and 25 respectively. 

the value o f  o changing from the center l ine laminate value t o  the 

Each shows 

Y 
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i n t e r i o r  region laminate value. The f i n i t e  element resul ts  i n  those 

regions f o r  ax and T 

values. 

s ign i f i can t l y  increase the magnitude o f  those stress Components a t  the 

cutout edge. Further, a l l  stress components a t  the f ree edge have the 

same var ia t ion  \. th o r  w-,thout a cutout. 

as well as a are exactly equal t o  the laminate 

The presence o f  the cutout, whether one o r  two layers, does not 
XY’ Y ’  

The cutout does have an unusual e f f e c t  on the aZ d is t r ibu t ions  as 

shown i n  Fig. 26, which givpc the resu l ts  f o r  a laminate w i th  a two 

layer  cutout. Along the lower in ter face a couple i s  produced t o  balance 

the moment produced by the u stresses i n  the i n t e r i o r  region ( l i n e  

KK, Fig. 23). Though not as high as the stresses btmiuced a t  the f ree 

edge, t h i s  resul tant  u.. couple i n  the material j u s t  belcw the cutout 

edge (y/b = 0.33) could i n i t i a t e  I’ailure i f  a flaw existed i n  t h i s  

region. 

Y 

L 

Typical T and T~~ d is t r ibu t ions  are shown i n  Figs. 27 and 28, 
YZ 

respectively, f o r  a laminate w i th  G one layer  cutout. The d i s t r i bu t i on  

for  rp two layer  cutout are s imi la r  except tha t  (as  expected) tho middle 

in t?r face d i s t r i bu t i on  resembles the up?er int.;rface d is t r ibu t ion .  For 

the T 

middle and lower interfaces are necessary f o r  force equi l ibr ium (EF = 

0). 

d is t r ibu t ions  (Fig. 27) ,  the envelopes near y/b = 0.33 on the 
YZ 

Y 
f w  iXZ ( ig .  28), the double envelopes near the f ree edge on both 

the upper and middle interface are caused by a 

the f ree edge (by reasoning s i m i l a r  t o  Section 

5.3.3.2 The [t45/O2Is Laminate 

The cZ stresses, shown i n  F i g s .  29 ind 30 

s l i g h t  r i s e  in T near 

5.3.2.2). 
XY 

fo r  one and two layer  
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cutouts are the m s t  important stresses fo r  t h i s  laminate. As can be 

seen frun both figures, the tens i le  1 7 ~  stresses along the interfaces 

below the cutout are the highest tens i le  stress encountered. I n  fact, 

the tens i le  oL stress on the loner interface o f  the [?45/O2Is laminate 

with a two lqyer cutout (Fig. 30) i s  the largest tens i le  az stress 

near the cutout f o r  e i t he r  a [*45/02], o r  [0./45]s laminate wi th  o r  

without a cutout. As before, t h i s  suggests fa i l u re  may occur along t h i s  

interface, pa r t i cu la r l y  i f  i t  i s  a flawed o r  damaged region. 

L 

The t X L  stress d is t r ibu t ions  along the interfaces f o r  one and two 

layer cutouts (Figs. 31 and 32, respectiwely) have several i n tews t ing  

differences. Along the lower interface, the x X L  envelope j u s t  belaw the 

c u t m t  peaks a t  a higher value i n  the one layer  cutout than i n  the two 

layer cutout. 

upper in ter face o f  the one layer cutout i s  not present i n  the d i s t r i -  

bution elong the same interface i n  the two layer  cutout. A s i m i l a r  

pat tern occurs i n  the t 

r face where the two envelopes near one layer cutout do not occur i n  the 

two layer cutdut. 

5.3.2.2 can explains these patterns, par t i cu la r ly  since t 

o near the cutout i n  the +4S" layer r i s e  t o  values 142 percent and 275 

percent, respectively, above the i n t e r i o r  region values f o r  a laminate 

wi th a one layer cutout. 

Further, the negatiwe envelope near the cutout along the 

d i s t r i bu t i on  (Fig. 33) along the upper in te -  
YZ 

Acaain, arguments s imi la r  t o  those presented i n  Section 

and 
X Y  

Y 

The Tsai-Uu function f o r  t h i s  laminate at ta ins i t s  maximum value i n  

the zero degree layer near ylb = 0.4 for  both one and two layer cutouts 

as shown i n  Figs. 34 and 35. This point concides wi th  the point o f  
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maximum or st ress  (rigs.  30 and 31) and, when the tetms of the Tsai-Wu 

function are examined, i t  i s  found t h a t  ihe aZ  stresses are the major 

contributing factor. Thus,  fai lure may in i t i a t e  a t  an internal point 

below the cutout and away from tne free and cutout eoges. 

5.3.4 Quasi -Isotropic Laminates 

The quasi-isotropic laminates s tudied  were [0/t45/90]s, [90/-45/0]s 

and [+45/0/90]s, a1 1 eight layer laminates. 

t o  interfaces and inter ix  regions made i n  the introdactic 

5.3.3 are, of course, valid for these special cases of eight layer cutouts 

(Figs.  22 and 23) were examined for a l l  three laminates. 

The comi!;.s pertaining 

to  Section 

5.3.4.1 The [O/t45/90]s Laminate 

The ox (Fig.  36) (Fig. 37) and T (Fig. 38) s t ress  distribu- ' =Y XY 

tions for a laminate with a two layer cutout indicate that the cutout 

produces more severe stress concentrations when i t  i s  along the k45 

interface. In the +45 layer, an 

tions of 1.2 for  a x ,  1.34 for (1 
Y 

fore, the jnterior region values 

a [0/t45/90]s laminate. It shou 

near the cutout, stress concentra- 

and 1.31 for T are present. As be- 

are the lamination theory values for 

d also be noted t h a t  the t r e n d s  for  

XY 

o and T 

boundary conditions, as both stresses tend to  zero near the edcjes. 

dashed lines in the tigures indicate the differences for a one layer 

su t o u t .  

a t  the free and cutout edges are consistent w i t h  the 
Y X Y  

The 

The o Z ,  lYz and T~~ interlaminar stress distributions f o r  the two 

layer cutout are shown i n  Fiqs. 39, 40 and 41, respectively. The 

maximum positive J occurs alonq the lower interface near the free 
2 
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edw, but the value below the cutout edge i s  nearly equal t o  Phis maxi- 

nun value (Fig. 39). Equi l ib r iun  considerations can explain the double 

envelopes o f  the T 
YZ 

cutout as i n  t$e [t4cIs laminate (Section 5.3.2.2). For ow layer cutout 

gradient d is t r ibu t ions  are not present war the cutout due t o  the 

coarseness o f  the msh (see Section 5.2). 

arc the same* though, fo r  one and two layer cutouts. 

and tXz d is t r ibu t ions  (Figs. 40 and 41) mar the 

F r e e  edge stress d is t r ibu t ions  

The d is t r ibu t ions  o f  the Tsai-Wu function along the in ter face of 

a lamtnate with a two * ver cutout (Fig. 42) indicate that  failure i s  

predicted t o  occur i n  the 3" layer j u s t  above the 0/45 interface near 

the free edge. 

the dashed l ines. )  Emmination o f  the indiv idual  t e r n  o f  the Tsa i -  

MA function indicates that no one stress component i s  the c r l t i c a l  

tern. With the exception o f  ox, a l l  stresses exh ib i t  free edge values 

which contr ibute t o  the maximum Trat-bh value occurring i n  the 0" 

layer near the free edge. 

(The d is t r ibu t ions  for a one layer cutout are shown by 

5.3.4.2 The ;90/?45/C] laminate 

The major dif ference i n  stress d is t r ibu t ions  between t h i s  stacking 

5 

sequence and the [0/*45/90) laminate i s  shown by the d is t r ibu t ions  

(Fig. 43) for a two layer clrtout. 

along the 445  interface, shows 

the cutout. In  c o n t r i s t ,  F ig .  37 exhiblts an increase i n  the magnitude 

of 1 !n the 4s'' layer  near the cutcrut for the [0/'+45/90] laminate. 

The interlam nar shear s t ress  1 

sequence, as evidenced by a comparison o f  the middle interface s t w s s  

5 "Y 
Fig. 43, which i s  for  the cutout 

I n  the 445" ;ayer tending t o  rem near 
"Y 

s' 5 

Y.' 
is also  affected by the stacking 
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dis t r ibut ions o f  Figs. 40 and 44. 

Y 
The r~ stress d i s t r i b u t i o n  f o r  a one layer cutout (Fig. 45) also 

shows a dif ference between t h i s  stacking sequence and the pmvious 

one. As indicated i n  Fig. 45. r- i n  the top (90") layer increases 
Y 

120 percent above the i n t e r i o r  region value. This i s  i ?  contrast t o  

Fig. 37. which does not show t h i s  large increase for the [0/*45/90]s 

laminate. Hokfever, the corresponding interlaminar stress : (not 

shown) f o r  a [90/*45/0] laminate i s  not affected s ign i f i can t l y  by 

t h i s  increase. The I d i s t r i b u t i o n  f o r  the upper interface does not 
Y: 

exhib i t  d double envelope near the cutout edge. but rather a d i s t r i hu -  

t i o n  s im i la r  t o  that near the free edge. 

Y Z  

S 

Although not shuwn i n  the figures, the t stress L i s t r i bu t i ons  for 
XY 

a [90/*45/0] laminate wi th a one o r  two layer cutout follow the same 

pattern as the r' d is t r i bu t i on  shown i n  F i Q .  44. The interlaminar 

shear component I ~ :  (Fig. 4e) i s  affected i n  the same manner as was the 

I ccnnpment. Thc double envelope near the cbtout. seen i n  Fig. 41 

along the middle interface. i s  not present i n  F ia .  46. Thus, the cutout 

does not act A S  J stress conwntrat ion f o r  r 

ef fects  i.1 d i s t 1- i hut ion. 

Y 

V Z  

and produces no unusual w 
Y: 

Fig, 47 pr.cents resul ts f o r  the interlaminar noma1 stress ,-+ 

for a laniinatta w i t h  A tw:, layt-r t-utout. In contrrfst to the res.11 t s  

f o r  ,I [0,:*45/30] 

interface .irti l n r u c  for thtt [QOi.45:0]  laminnte. Also.  the .-. 
stresses near the edges are positlve f o r  the [90/?4S,'0]5 lnmindte ,ind 

neqativc f o r  thc [0,'*45/91?]i 1.minatp.  Thus. the [Q0'*45/C] laminatta 

laminatr (F ig .  3 9 ) .  the ,-- stressc5 a1on:i tht. uppet- c L 

5 

5 



79 

1600 .O 

12000 

8000 

4000 

00 

.400.0 

-800 0 

-1200.0 

1 I I I '  
2 - 10.0 

- 
- 

I - 

- 90/a INTERFACE 
I 

1 

v) 
rL 
v 

N 

bn 0 0 '  

-6OOOI  

0. - - 5 
Y 

~ 

- t45 INTERFACE i .  

Fipurr? 4 4 .  - along the Interfaces of [90/t45/0js Laminate 
1 YZ  
with Two Layer Cutout ( $=-O.lF). 

I I I 1 - 500 0 
m 

-~ -1 0 0. 
c - 4 W O  INTERFACE 

-500 0 1 1 I I 

3 0  

00 

7-30 



00 

-2 0 

I 
I 
I 
! 

I 100 

I - I --I30 

1 -26 0 

1.0 I I I 1 $ 6  0 - 
L- 

OO 

- 4 W O  INTERFACE -I 5 -  

- 4 0 .  

CI - so 
cn 
Y 
Y 

20- 
b- 

4 0  

60, 

0 0  02 0 4  06 C 8  I O  

I I 0.0 
0 - a 

-5 INTERFACE z 
v 

f 430 -- - - 
I I 1 I - 1-40 0 

Fiqure  4 5 .  cilonq the In te r faces  o f  [90/.45/0Is Laminate 
V 

w i t h  One Laver Cutout ( : x = - O . l ~ ' ) .  



81 

- 
1000.0 

- 
t45 INTERfACE 

- 
I 
I 

' 

I - 

'I 750.0 - 

500.0 - 

250 0 - 

1 L-\ 00 
n - m a -2500- 

- 1 4 

-5000 - ! bZ 

-750 0 - 
t 

b 
I I ,  I I -1000 0 

6.0 

4.0 

2.0 

0.0 ; 
CL 
2 
W 

-2.0 

-4.0 

i - 6 0  



100.0 

0.0 

f.45 INTERFACE 

I I ’  I I 

1 90145 INTERFACE 
I 
i 

- 1 2  

c\6 

0.0 

I - 
- -  I 

I 

Figure 4 7 .  , lz  a lona  the In ter faces o f  [9O/*45/OIs Laminate  

w i t h  Two Layer Cutout ( i = - O . l s n ’ ) .  



83 

i s  more susceptible t o  the delamiiratiofi mode of f a i l u r e  a t  the edges. 

The d is t r ibut ions o f  the Tsai-Wu function f o r  the [90/+45/0]s 

laminate w i th  one and two layer cutouts (Figs. 48 and 49, respectively) 

indicate that  f a i l u r e  i s  predicted tci i n i t i a t e  near the f ree edge i n  the 

0" layer. However., i t  should be noted tha t  high values o f  the Tsai-Wu 

function are also present below the cutout i n  the 0' layer of the 

laminate wi th a one layer cutout (Fig. 48) and near the cutout i n  the 

+45" layer  f o r  the two layer cutout (Fig. *Q). Thus f a i l u r e  could 

i n i t i a t e  a t  the free zdge i n  the 0" layer and, a t  a higher s t r a i n  level ,  

i n  $ i t he r  o f  the two regions near the cutout where high values o f  the 

Tsai-Wu function occur. The nonlinear resul ts  t o  be discussed i n  

Section 5.4.2 show t h i s  behavior. 

5.3.4.3 The [+45/0/90], Laminate 

The [+45/O/9OIs laminate provides l i t t l e  new insight.  Like the 

other two quasi-isotropic laminates, the u d is t r i bu t i ons  f o r  a two 

layer cutout (Fig. 50) show u approaching the zero boundary value 

rap id ly  near an sdge. Although not shown, a s im i la r  trend occurs i n  the 

T dis t r ibut ion.  Hdncver, when the bottom o f  the cutout i s  along the 

245 interface \ 

t r a t i o n  factors o f  1.27 and 1.26, respectively, near the cutout and i n  

the +4S0 layer. As before, these stresses induce a double envelope w a r  

the cutout f o r  the T 

( a i s o  not shown). 

Y 

Y 

XY 

me layer cutout) a and T~,, exh ib i t  stress concen- 
Y 

and T~~ dis t r ibut ions along the upper interface 
YZ 

5 . 4  Ine last ic  Results 

The [90/+45/0], lzminate, wi th and without cutouts, was stuaied f o r  
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i ne las t i c  behavior. 

mentally t o  fa i lure i n  increments A 

f o r  the laminate was defined as the f a i l u r e  of a l l  elements using the 

Tsai-Wu c r i t e r i o n  f o r  indiv idual  elements (Section 3.3.2). 

o f  the one layer cutout, the st i f fness matrix became unstable and the 

solut ion procedure fa i led.  

appreciably, chis was taker! as an ind icat ion o f  t o t a l  f a i l u re .  

The axial  compressive s t r a i n  was applied incre- 

= -0.05 percent strain.  Fai lure 

I n  the case 

However, since the load had already dropped 

5.4.1 Average Stress-Strain Results 

The stress-strain behavior up t o  the f i r s t  large decrease i n  stress 

i s  shown f o r  a l l  three laminate configurations i n  Fig. 51, where ax i s  

the average canpressive stress over the e n t i r e  cross-section. As Fig. 

51 indicates, the laminate modulus E,, is approximately the same f o r  the 

one layer cutout and the complete laminate, but i s  higher f o r  the two 

layer cutout. 

i n  the laminate wi th the t w o  layer cutout. 

modulus o f  each curve f a l l s  o f f  s l i gh t l y .  

i n  modulus corresponds t o  the f a i l u r e  o f  onc o r  more large elements i n  

the 0" layer i n  the i n t e r i o r  o f  the laminate away from the edges. 

This i s  due t o  the higher volume f rac t i on  o f  0" material 

Pr ior  t o  fa i lure,  the 

In  each case, t h i s  reduction 

The t o t a l  stress-strain curves are shown i n  Fig. 52. Though the 

maximum ix stress d i f f e r s  the maximum load ( i n  un i ts  of force) f o r  both 

one and two layer cutouts i s  60 percent o f  the maximum load f o r  the 

complete laminate. Also, f o r  $ between 0 and -1.4 percent, the variugs 

reductions i n  Gx correspond mainly t o  f a i l u r e  o f  elements i n  the 0" 

layer. I n  a l l  case2 the 0" layer fa i l ed  before the other layers fa i led.  

I n  the case o f  the one layer cutout, the elements wi th  nodes along 
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the centerline failed at F~ = -1.4 percent. 

are applied along the renterline and midplane, this results in an un- 

stable stiffness matrix. In the cases of the two layer cutout and the 

complete laminate, the elements with nodes along the centerline failed 

at 

remained. Thus, nr! uoztable matrix resulted. 

Since boundary conditions 

between -1.4 and -4.0 percent when only a few isolated elements 

5.4.2 Failure Progressiofi 

In all three cases, the free edge in the 0" lajer was the first 

region to fail. 

layers near the free edge failed. 

cent, several eleinents in the 0" layer near the centerline failed and, 

as the strain level was increased further, elements between the free 

edge and centerline in the 0" !dyer failed. 

failed and elements at the edges in other layers failed, the laminates 

were essentially failed. 

As the strain level was increased, elements in the 145" 

At the strain level 5( = -0.4 per- 

Finally, with the 0" layer 

In the region near the cJtout there was a significant difference in 

the order in which elements failed, depending on whether the cutoilt was 

one or two layers. For the two layer cutout, elements failed along the 

cutout edge ir? the +45" layer and then the 90" layer. The pattern was 

similar for the one layer. cutout but progressive failure also occurred 

in the +45" layer around the cutout. 

fai'iea and then, as the strain level increased, more and more elements 

around the cutout failed. 

First, elements near the cutout 

5.4.3 Failure Prediction 
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The first  failure of the laminate w i t h  a two layer cutout occurred 

The distributions of the Tsai-Wu function for 5( a t  5( = -0.4 percent. 

= -0.35 percent for both one and two layer cutouts are shown in Figs. 53 

and 54. 

sented in Figs .  48 and 49, :vhere = -0.1 percent. T h u s ,  the e last ic  

results for a single increment give excellent predictions of where 

failure vi11 occur. Both Figs. 53 and 54 indicate fialure will i n i t i a t e  

i n  the 0" layer near the free edge for a l l  three laminate configura- 

tions. 

the same w i t h  or w i t h o u t  cutouts. 

this region on the next increment ( 5 = -0.4 percent). 

These distributions are similar to the elast ic  results p r e -  

This is as  expected since the free edge stress distributions are 

I n i t i a l  failure actually occurred i n  

Results for a one layer cutout (Fig.  53) show high values of the 

Tsai-Wu function below the cutout i n  the O", +45" and -45" layers while 

the results for the two layer cutout (Fig.  54) show h i g h  Tsai-Wu values 

near the cutout i n  the +45 layer only. 

failure occurs i n  these regions a t  higher strain levels. 

In both cases, subsequent 
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Chapter 6 

CgNC LU S I ONS 

This study was concerned wi th  l i nea r  and nonlinear s t r e s s  and 

f a i l u r e  analysis of an idealized damage zone i n  a laminated composite 

under compressive loading. 

resul ts  o f  the analysis. 

The following conclusions can be made from 

1.  A boundary layer exists around the damage zone; i t  i s  

s im i la r  t o  the boundary layer along the free edges. 

2. Interlaminar stresses i n  the boundary layer around the 

6anaqe zone are s i r i l a r  t o  those produced a t  the f ree 

edge. 

The interlaminar stresses around the damage zone may be 

as large a r  larger than those a t  the f ree edge depecding 

upon the f iber  orientat ions a 1 stacking sequence. 

4. The boundary layer  associated wi th  the damage zone extends 

6s f a r  or  far ther  i n to  the i r i te l - ior  o f  the laminate as does 

the free edge ef fect ,  depending on f i b e r  or ientat ion 

and stacking sequence. 

Only laminated materials wi th more than one f i b e r  

or ientat ion are affected by the damage zone. 

Lamination theory i s  va l i d  i n  i n t e r i o r  regioqs away 

from frr? edges and the damage zone. 

3 .  

5 .  

6. 

7. The presence of a damaqed zone induces interlaminar 

stresses i n  an i n t e r i o r  region away from free edges and 

the damage zone. 

94 
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8. Due to interlaminar stresses produced in an interior 

region, failure, defined by a Tsai-Wu failure criter,,.~, 

may initiate in the interior away from fres edges and 

the damage zone. 

The cutout extend ng down to a ?45 interface may pro- 

duce large stress concentrations near the edge o f  the 

damage zone, depending upon the fiber orientations 

and stacking sequence. 

Elastic results adequately predict where failure 

initiates for the laminate considered. 

A damaged [99/,45/0]s laminate fails at approximately 

60 percent o f  the load carried by an undamaged laminate. 

For a [90/545/0Is laminate, initial failure occurs at 

the free edge in the 0" layer. Subsequent failure in 

the interior o f  the 0" layer as well as at the free 

and cutout edges of the other layers leads to total 

failure. 

9.  

10. 

11. 

12. 

This investigation indicates that future areas of study should 

include: 

1. Linear and nonlinear analysis of hygrothermal effects 

in laminates with idealized damage zones. 

A three layer damage zone (cutout) in an eight layer 

1 aminate. 

The effects o f  vijrying geometric parameters such as 

cutout wic 'I and layer thickness. 

2. 

3 .  
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4. More detailed nonlinear analyyis. 

5. An improved method for modeling failure and iinloading 

of an element. 

Experimental study o f  specimens with ide;,? ':ed d w a g e  

zones to compare with theoretical analysis. 

Analysis capability for bending o f  wtsymme?ric lam-Inates- 

6 .  

7. 



BIBLIOGRAPHY 

1. Ren ie r i ,  G. D., Herakovich, C.  T., "Nonl inear Analys is  o f  Laninated 
Fihrous Composites ,'I VPI&SU Report VPI-E-76-10, June, 1976. 

2. Herakovich, C.  T., > n i e r i ,  G. D., Brinson, H. F., " F i n i t e  Element 
Analys is  o f  Mechanical and Thermal Edge E f f e c t s  i n  Composite 
Laminates," Composite Ma te r ia l s :  The In f luer lce of Aechanics o f  
F a i l u r e  on Design, Army Symposium on S o l i d  Mechanics, Cape Cod, 
MA., Sept. 1975. 

3. tiirmphreys, E. A., Herakovich, C.  T., "Nonl inear Analys is  o f  
6onded J o i n t s  w i t h  Thernal EFfects," VPI&SU Report VPI-E-77-13, 
June, 1977. 

4. Timoshenko, S. P., Woinowsky-Krieger, S . ,  Theory o f  P la tes  and 
Shel ls ,  McGraw-Hill Book Co., Inc. ,  New York, N.Y., 19q9. 

5 .  Timoshenko, S. P . ,  Goodier, J. N . ,  Theory of E l a s t i c i t i ,  McGraw- 
H i l l ,  Inc.,  New York, N.Y., 1970. 

6. Roark, R. J . ,  Young, W .  C., Fitrmlrlas f o r  Stress and S t r a i n ,  McGraw- 
h i l l ,  Inc., Ncw York, N.Y., 1975. 

-7 
I .  Perexon,  R. E . ,  ~- Stress Concentrat ion -- Factors,  John Wiley and 

SOT~~-., New York, N.Y., 1974. 

8. Sa:ln, G. N., Stress Concentrat ions avsund Holes, NASA Report 
~ ~ ~ - 6 0 7 ,  1970. 

9. Rowlands, R.  E., Daniel ,  I .  M., Whiteside, < .  B., "Geometric 
and Loading E f f e c t s  on Strength o f  Composite Plates w i t h  Cutouts," 
Composite Pr t e r i a l s :  Test ing and Design 
STP 546, American Society  f o r  Test ing and 
361 -375. 

10. Ashton, J .  E . ,  Burdor f ,  1.1. L., Clson, F . ,  "Design, Analys is  and 
Test ing o f  an Advanced Composite F-111 Fuseliigs," Composite 
M z t e r i a l s :  
American Society  f o r  Test ing and MateTials,  1972, pi, .  3-27. 

Testing and Design (Second C o n f e r e r d ,  ASTM STP 497, 

11. Barkzr,  R .  M., Edna, J .  R . ,  rr;Lv,  C.  L i s ,  "5t ress Cuncentrat ions 
near doles i n  Laminates," Pre5ented .1t the Novemkr 13-14, 1972 
A X E  Spec ia l t y  Conference cn Composite M a t e r i a l s  a t  P i t t sbu rgh ,  
Pa. 

97 



98 

12. Hsu, P. W . ,  Herakovich, C. T., "Interlaminar Stresses i n  Composite 
Laminates -- A Perturbation Analysis," VFI-E-76-1, January, 1976. 

13. Pipes, R. B., Daniel, I .  M . ,  "Mire Analysis o f  the Interlaminar 
Shear Edge Effect i n  Laminated Composites," J. Camp. Hat.. - Vol. 5, 
:971, pp. 225-259. 

14. Pipes, R. B . ,  Pa:at; 1 ,  Y .  J., "Interlaminar Stresses i r !  Composite 
Laminates under Unifolr h i a l  Extension," J. Comp. Hat., Vol. 4, 
1970, ?p. 538-548. 

15. Bergner, H. W . ,  Davis, J .  G., Herakovich, C. T., "Analysis o f  
Shear Test Flethod f o r  Composite Laminates," VPI-E-77-14, Apri-,  
1977. 

'16. Tsai, S. W . ,  WU, E. H., "A Cieneral Theory o f  Strength f o r  Aniso- 
t rop ic  Materials," 3.  Comp. Mat., Vc?. 5, 1971, pp. 58-80. 

17. Uu, E. H., "Optimal Experimental Measurements of Anisotropic 

18. 

Fai lure Tensors," 3 .  Comp. Mat., Vol- 6, 1972, pp. 472-489. 

Pipes,  R. B., Cole, 6.  W., "On the Off-Axis Strength Test for Ani- 
sotropic Materials," J. Comp. Mat., V n l .  7, 1973, pp. 246. 

19. Sandhu, R. S., "Nonlinear Behavior o f  Unidirectional and Angle-ply 
Laminates," J. Ai rc ra f t ,  Vol. 13, No. 2, 1936. 

20. Wilson, E. L., Bathe, K . ,  Doherty, W. P. . "Direct Solution o f  
Large Systems o f  Linear Equations ,I' - Computers and Structures, 
Vel . 4, 1974, pp. 363-372. 

21. Bdthe, K., Wilson, E. L., -- Numerical Methods i n  F i n i t e  Element 
Analysis, Prentice-Hall , Inc., Englewood C l i f f s ,  N.J., 1976. 

22. Hofer, K. E., iarsen, D., Humphreys, V. E., "Developmen: ?f 
Engineering Data on the Mechanical and Physical Properties o f  
Advanced Composite Materials ,'I AFML-TR-74-266, I I T  Research 
Inst;tute, Chicago, Ill., 1975. 

23. Kibler,  K.  G., "rcceedings o f  "The Effects of Relative Humidity ' .id 
Elevated Temperature on Composite Structures, ' pp. 190-21 1 , Center 
fo r  Composite Materials, Univ. o f  Del., Fca.ch 30-31, 1976. 

24. Rarnberg, W., Osgood, W. B., "Description o f  Stress-Strain Curves 
by TClree ?arme:ers," NASA TN 402, 1943. 

25. herakovich, C. T., "r)n Thermal Edqe Effects i n  Composite Laminates," 
I n t .  J .  Mech. S c i . .  Yol. 18, pp. 129-134, 1976. --- 



APPEHOIX A 

99 



100 

APPENDIX A 

CON ST I TUTI VE RE LA TI ONS 

The constitutive relationship for an orthotropic material in the 

principal material directions i s  

fa l1 = [ C] ( f E l1 -(a 1 AT- 6 l1 AH) 

where 

CCl = 

c1 2 

c22 

Syrrmetric :I L 

‘1 2 

{dl = 

‘1 3 

‘23 

c33 

0 

0 

0 

c44 

1 IC), = 

- 
0 0 

0 0 

0 0 

0 0 

c55 0 

‘66 - 

’23 _:i ‘1 ’1 2 3 



=\ 

=2 

a3 
0 

0 

0 

{all = 

101 

fB)1 = 
0 

0 

0 :j 
For a e r o t a t i o n  about tne 3 (2)  ax is  (Fig. l ) ,  the const i tut ive  

re la t ionship  becomes 

where 

? 
‘22 “23 

0 
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and the various matrix and vector terms as functions o f  the principal 

material properties are given below (wcose, n=sine). 

tl l  = m 4 C11+2m 2 2  n (C12+2C66)+n 4 C22 

C,, = m 2 2  n (Cll+C22-4Cs6)+(m 4 4  +n ICl2 

C,, = m 2 C13+n 2 C2, 

C16 = -m[m 2 Cll-n 2 cz2-(m 2 2  -n )(c12+2c66)] 

n 4 C11+2m 2 2  n (C12+2C66)m 4 CZ2 

C,, = n 2 C +m 2 C2, 
E22 = 

c33 = c33 

c44 = C44+" c55 

13 

C36 = mn(C23-C13) 

2 2 

C,, = rn 2 2  n ( C1 ,+C22-2C12)+(m 2 -n 2 2  ) c66 
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2 2  a = m al+" a2 
X 
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APPENDIX 8 

FINITE ELEMENT MESHES 

The following are the various iinite element meshes used in this 

study. Each models the quarter plane o f  symnetry (Fig.  lb). Thus, a 

two layer mesh moaels a four layer symmetric laminate and a four layer 

mesh models an eight layer symnetric laminate. 

cutout means one layer removed on both top and bottom o f  the laminate (2 

layers total removed?. 

Similarily, a one layer 
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APPENDIX C 

TSAI-UU FAILURE CRITERIA 

The Tsai-Hu f a i l u r e  c r i t e r i a  has the tensor ia l  f o m  ( f o r  an 

orthotropic material i? the pr inc ipa l  material d i rect ions)  of 

2 2 Fl o +F2q2+F2~3+Fl n 

+F 03+F T' +F T' +F 2 
33 3 44 23 55 13 56'12 

+2F12~1u2+2i u a +2FZ3a2u3 = 1 ?3  1 3 

where the Fi and Fij terms are as previously defined i n  Chapter 3. 

For a e transformation about t2e z (3) axis (Fig. l ) ,  the Tsai-Wu 

c r i t e r i a  takes the form 

2 
F 1 x  2 y  5 2  6 x y  1 1 x  'u +Flu +Flu +Flu +F' CY 

2 2 2 2 +F' u +F' a +F' T +F' T 

+Fk6 xy 16 x xy 26 y'xy 

22 y 33 z 44 yz 55  xz 

2 
T +2F' a T +2F' o - 

+?FI (r T +2F' T T +2Fi2uxuy 

+2F' u (r +ZF' n u 1 1 3 x y  2 3 y z  

36 z xy 45 yz xz 

wrtc:e the F '  terms, as fLlistions cf the unprimed F 's  and e, are as 

follows (-. = COSP, n = sir;) 

F i  = m 2 -  F1+n- 
L. 

2 2  F; = n F1+m F2 
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F j  = F3 

Fi, = - 2 ~ (  F, -F2) 

4 2 2  4 
= rn F l lm n (F +2F )+n FZ2 Fi 1 66 12 

F i2  = n 4 Film 2 2  n ( F 6 6 + 2 F 1 2 ) ~  4 FZ2 

F i3  = F33 

F i 4  
= m 2 F44+n 2 FS5 

F i s  = n 2 F44+m 2 FS5 

F i 6  = 4m 2 2  n (F +F -2F12)+(m 2 -n 2 2  ) Fs6 
11 22 

2 2 2  Fi 6 = m [ Z m  (F,,-F22)-(m -n )(2F,.&)1 

2 2 2  F i 6  = -m[Zn (Fll-FZ2)+(m -n )(2F12-F66)] 

3 9 

F i 3  = m'F,3+n'f23 

3 F &  = n 2 F,3+m'F23 
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T h i  PP dix  cont 

APPENDIX D 

HATERIAL PROPERTIES 

ins a l l  the material valu f o r  Thorn 1 3% 

Graphite/Nannco 5208 used i n  t h i s  study. A l l  data were presented i n  

reference C223 except for the a values i n  Table 0.2, which came from 

reference [23]. 

T300/5208. 

strength parameters used while Table 0.2 contains the thermal/ 

mo i s t u  re properties o f  T300/5208. 

Fig. 0.1 represents the stress-strain response for 

Table D.1 contains the Raroberg-Osgood coef f ic ients  and 

I n  Table D.l, U* coriesponds t o  the stress a t  which the fbberg- 

Osgood coef f ic ients  n2 and k2 becosre applicable. 

Tsai-Mu in teract ion terms, FI2, F 

- 0 . 5 8 ~ 1 0 - ~ ~ / ( P S I ) ~ .  the value given i n  reference [18]. 

found showing the hygrothermal var ia t iov o f  the in teract ion terms. 

The values o f  the 

and F23, are a l l  q u a l  t o  13 
No data was 
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APPENDIX E 

INPUT :IODIFICATIONS FCA NONCOM2 

The modifications t o  NONCOM1 reqyire two changes to the users 

guide given i n  reference [3]. One is the i n p u t  o f  the Tsai-Wu inter- 

action terms FZ3, F13 and flZ along w i t h  the uniaxial strengths. The 

other change i s  the simultaneous i n p u t  o f  the thermal and hygroscopic 

properties rather t h a n  separately as before. 

E . l  The following replaces card 27 o f  reference [3]. 

Card 27 (6E12.6j 

Co 1 umn Con tents 

1-12 SL23 ( K) = Ultimate stress for '23 - ~ 2 3  

13-24 SLl?(K) = Ultimate stress for 713 - ~ 1 3  

25-36 SL12 ( K) = Ultimate s t ress  f o r  T~~ - y12 

interaction term 

interaction term 

interact i on term 

XF23 ( K) = F23 

49-60 XF13(K) = F13 

37 -48 

61 -72 X F l Z ( K )  = F12 

E.2 The following cards replace cards 29 to 50 of reference [3] and,  

when hygrothermal analysis is required, are inserted between cards 

28 and 51 as  given i n  reference [3]. 

The following chrds are repeated NDIFM time {for each different 

materia: ). 

K=l, NDIFM 
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Card 29 (1615) 

Col umn Con tents 

= Number o f  linear segmented tcvperature 

points for E,1 tensile modulus , mcent 

6-10 N M E ~  1 ; K , I , ? ) 

retention curve 

= Xumber o f  1 inear segmnted moisture 

points for rl,  tensile nodulus percent 

retention curve a t  I th  temperature 

etc. I=l.NTEll(K,l) 

The following two cards are repzated t E l l ( K , l )  time ( I = l ,  

NTEll(k,l)). 

Card 39 (1E10.3) 

Col umn 

1-10 

C?t1 tcnts - --- 
T M P E ~  1 (K ,  I , I  = Temperatwe ai; !ti; temperature 

Car? 31 (8E10.3) 

Col umn Content 5 

1-10 PMEl1( K ,  I ,  J ,1) = Moistur-e content a t  I t h  temperature 

2 Percent retention o f  E l l  tensile 11-20 PRDEl1 ( K ,  I ,J,1) 

twdulus a t  I t h  temperature and Jth 

moisture content 

e x .  repeated J=l  ,NMElI(K,I,l) 



Card 32 (1615) 

Col unn 

1-5 NTE11 (K.2) 

6-10 M4E11 (KJ ,2) 

Card 33 (1E10.3) 

COlIRm 

1 -IO ~ P E I  1 ( K , I  ,2) 

Card 34 (8E10.3) 

Column 
P 

-1-10 PNEl1 iK,l, J ,2) 

11 -20 P R O ~  1 ( K, I ,  J ,2) 

Card 35 (1615) 

Col Umr, 

1-5 

6-10 

-- 

NTE22 ( fi, 1 ) 

NME22( K ,  1 ,l ) 

Card 36 (lEiO.?) 

Column 

1-10 TF4PE22 (K. I ,1)  

Card 37 

Co 1 umn 

1-10 PME22( K,I ,J , I )  

11 -20 PRDE22( K, I ,  J ,1) 

Contents 

= I  
= I  

Same as cards 29 t o  31 but f o r  

compressive modulus 

= I  
= I  

Con tents 

Same as cards 29 to 31 but for  E22 

tensile moaulus 

- 1  
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Card 38 (1615) 

Col lmm 

1-5 NTE22 ( K ,2) 

6-10 NWE22(K,IB2) 

Card 39 (lE10.3) 

column 

1-10 mPEZf(~,1,2) 

Card 40 (8E10.3) 

Col uIR\ 

1-10 PnE22 ( K, I, L7 ,2) 

11-20 PROE22( K, I J.2) 

Card 41 (1615) 

Col UAlll 

1-5 NTE33( K , 1 ) 

6- 10 WE33 ( K , I , 1 ) 

Card 42 (1E10.3) 

Column 

1-10 TnPE33( K, 1.1 ) 

Card 43 (8E10.3) 

Colum 

1-10 PMC33 (K .  I, J ,l ) 

11 -20 PRDE33( K ,  1 ,J ,1) 

Con tents 

= I  

= \  Sane as cards 29 to  31 but for 
1 
' caaQressive modulus 

= I  
= I  

Contents 

= \  

= I  Same as cards 29 to 31 but for E33 

tensile modulus 
I 



1 :s 

1-5 NTf 33( k.2) 

card 46 (SFlU.3) 

co 1 uln!l 

- -. - -- 

_- 
1-10 fWE33(h;.I.JV?) 

1 1 - 20 FRDF33(K,I .3.2) 

Card ,_ 43 . (9E10.3) 

4 

- I  

1- Sam as cards 29 t o  31 but for G,, 
L3 5 

I 

shear modulus 



Card 50 (1615) 

Colun 
I-- 

1-5 NTGl3( K) 

6-10 Nk;l2( K. 1) 

Card 51 (\E\O.3) 

Clp_l-E? 

-.----- 

1-10 TwFG13 ( K . 1 ) 

C.! -. . 3E10.3) 

Co 1 urd 

1 -1c 

11-20 

-- 
PMGl3( K, I ,J)  

FROG1 3( Us I .3) 

Card 53 (1615) 

Colum --- 
_-- - 

1-5 NTGI:(K) 

6-10 NfUil?(K,I)  

Card -I.-- !i4 (1E10.3) 

c&?-!!!!! 
1-10 TNPGl:( K,  I )  

Card 55 -- (8E10.3) 

co 1 urn - - --. 
1-10 mlZ(K.1.J~ 

1 1  -20 PRDGl2 { li , I ,  3 1 

- I  

- \  

- \  

Contents 

SMc as cards 29 to 31 but for G 1 3  

s h e a  m&* 2s 

Contents 

Sam as cards 29 to  31 but for  G12 

shear modulus 



Con tents 
-. ---- 

1-5 N T U ? ~ ( ~ . \ )  

6-10 nru23( K. I .1) 

Card 57 (1E10.3) 

COlUnn 

1-10 

-c 

_- - 

Card 523 (8E10.3) 

Col URIIl 

__I_- 

I_- 

1-10 MU23(K,1.3.1) 

1 1  -20 PRDU23( K, I .J . I )  

6-10 MC3( K. I .2) 

Card 60 (lE10.3) 

co 1 urn 

1-10 

__ - -. - - 

- - _ _  -- 

TMPU?~ ( K. 1 ,?) 

Card . -. __ - 61 . . (8E111.3) 
co 1 u r n  

1-10 

. -  _ -  _ -  

PNR23( K ,  I .3 a ? )  

11 -20 PRDU23 ( K I .J ,2 ) 

= i  as c a d s  3 

tensile Poisr-n' 
\ 

-1 
= I  

Contents 

to 31 but for \'23 

Ratio 

= I  
= I  

= 1 Same as cards 29 t o  31 but for \ tZ3 

I 
cmpressive Poisson's Ratio 
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Card 62 (161s) 

Contents -- Colum -- 
1-5 N W  3(K,11 = I  

-I 6-10 NW13(K,1,1) 

Card 63 (1ElO-31 

COlUnn 
c-- 

= 1 Same as cards 29 to 31 but for  \sI3 

tensile Poisson's Ratio 
1 

1-10 W'U13(K,l,I) 

Card 64 (8E10.3) 

COlUmn 

1-10 P#Ul3(K.I.J.l) = I  
= I  11-20 PRWl3( K. I .3.1) 

-- Card 65 (1615) 

Column Con tents 
cI_- 

1-5 NTUl3( K.2) 

= \  
6-10 WL'I 3 (K, I .2 1 

Card --- 66 (lE10.3) 

Column - _- 
= 1 Same as cards 29 to 31 but for 113 
I 

1-10 lMPU13(K.I ,2) 

Card . --_ 67 (8E10.3) compressive Poisson's Ratio 

Column 
. --- 

1-10 PEIll13(K,I.J.2) = I  
11 -20 PRDUl3 ( K , I ,J ,2) 



Card 68 (1615) 

Coluam 

1-5 NTUl2( K, 1 ) 

6-10 WU12 ( K. I ,l ) 

Card 69 (iE10.3) 

COlUnn 

1-10 TMPUl2 ( K . I , 1 ) 

Card 70 (8E10.3) 

co 1 urn 

1-10 

1 1-20 

Card 71 (1615) 

Col unn 

W l 2 (  K. I ,J , 1 ) 

PRWJl2 (K, I ,J .l) 

1-5 NTUl2( K.2) 

6-10 NNUlZ(K.1,Z)  

Card 72 (1E10.3) 

co 1 umn 

1-10 TMPUl2( K,  I ,2) 

Card -- 73 (8E10.3) 

co 1 urn 

1-10 

-- 
PMUl2( K, I ,  J ,2) 

11 -20 PRMIlZ(K,I -3 .2 )  

Con tents - 

= I  
= \  

= Same as cards 29 t o  31 but f o r  v12 

tensile Poisson's Rat io  
I 

= \  

Con tents 

-1 

= Same as cards 29 t o  31 but f o r  yl2 

I 
comp~ess i ve Poi sson ' s Rat i o  
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Card 74 (1615) 

Col urn 

1-5 NTSJI(K,I) 

6-10 IWSl 1 ( K , I , 1 ) 

Card 75 (1E10.3) 

COlUnm 

1-10 m ~ s i  1 ( K , 1 .1 )  

Card 76 (8E10.3) 

Col urn 

1-10 PNSll ( K ,  1.J-1) 

11 -20 

-- Card 77 (1615) 

Col u r n  

PRDSl 1 (K,  I .J ,1 ) 

1-5 NTSll (K.2) 

6-10 NMS11 ( K ,  I .2) 

___- Card 78 ilE10.3) 

Column -- 
1-10 TMPSll(K,1,2) 

Card 79 (8E10.3) 

-- Col urn 

1-10 PMSl 1 ( K , I , J , 2 

11 -20 PRDSl1 ( K , I  -5-2) 

Con tents 

= I  
= I  

= Same as cards 29 t o  31 but for X t  

tensile strength 
1 

= I  
= I  

Con tents 

= I  
= !  

= Same as cards 29 t o  31 but f o r  kc 

compressive strength 
1 

= I  
= I  
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Card 80 (1615) 

6-10 NHS22(K91,1) 

Card 81 (1E10.3) 

Col m 

1-10 TMPS22( K, 1-1 ) 

Card 82 (8E10.3) 

Col m 

1-10 PMS22 ( K , I , J , 1 ) 

1 1  -20 PRDS22 (K, I ,J ,1) 

Card 83 (1615) 

Col urn 

1-5 NTS22 (K.2) 

6-10 WS22(K91,2) 

Card 84 (1E10.3) 

Col m 

1-10 TMPS22 ( K , I -2 )  

Card 85 (8E10.3) 

column 

1-10 PMSZZ(K,I,J,2) 

1 1  -20 PRDS22( K,I ,J , 2 )  

Con tents  

= I  

= Same as cards 29 to 31 but for Yt  

tensile strength 
I 

= I  
= \  

Contents 

= I  
= \  

- Same as cards 29 t o  31 but for Yc 

compressive strength 
- 1  

= I  
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Card 86 (1615) 

Col urn 

1-5 NTS33( K,  1 ) 

6-10 hKS33(K,1,1) 

Card 87 (1E10.3) 

Column 

1-10 TMPS33 ( K, I .1) 

Card 88 (8E10.3) 

1-19 

1 1  -20 

Card 83 ( le i s )  

Co 1 umn 

1-5 

6-10 NHS33(K,I 2) 

WS33 ( K , I ,3 ,l ) 

PR[1S33( K, 1, J , I  ) 

-- 

NTS33 ( K ,2 ) 

Card 90 (1E10.3) 

Col urn -- 
1-10 TMPS3;,(K,1,2) 

Card 91 (8E13.3) 

1-10 PMS33( K,  I ,3,2) 

1 1  -20 PROS33( K ,  1 ,J ,2) 

Contents 

= I  
= \  

= Same a s  cards 29 to 31 but f o r  Z t  

t e n s i l e  strength 
! 

= I  

Con t ent s  

= !  

= Same a s  cards 29 to 31 but f o r  Zc 

compressive strength 
I 

= I  
= \  
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Card 92 (1615) 

co I urn 

1-5 NTS23 ( K) 

6-10 MS23( K, I )  

Card 93 (1E10.3) 

COI uM\ 

1-10 THPS23( K, I )  

Card 94 (8E10.3) 

C O l ~  

1-10 PMS23 ( K, I, 3) 

11 -20 PRDS23(K,I,J) 

Card 95 (1615) 

Column 

1-5 NTS13( K) 

6-10 NMSl3 ( K , I ) 

Card 96 1E10.3) 

Col U r n  

t 

-- 
1-10 TMPSl3( K. I )  

Card 97 (8E10.3) 

Col urn 

1-10 PMSl3( K, 1 ,J) 

11 -20 PRDS13(K,I,J) 

Contents 

= I  
=I  

- 1 Same as cards 29 t o  31 but for SZ3 

shear strength 
- I  

- - 1  

Contents 

= 1 Sam as cards 29 t o  31 but for Si3 I 
shear strength 

= I  
= \  
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Card 98 (1615) 

C n l  umn 

1-5 N T S ~  2 ( K) 

6-10 NMSl2( K, I) 

Card 99 ('IE10.3) 

Co 1 umn 

-- 

1-10 TMPS~ 2 ( K , I 

Card 100 (8E10.3) 

Col uinn 

1-10 PMSIZ(K,I ,J) 

11-20 PRDSl2 ( K , I ,3) 

- Card 101 (1615) 

Col umn 

1-5 NTF23( K) 

6-10 NMF23( K, I) 

Card 102 (1E10.3) 

Col umn 

1-10 T M P F Z ~  ( K, I) 

Card 103 (8E10.3) 

Column 

1-10 PMF23( K, I ,J) 

11-20 PRDF23(K,I,J) 

Coiltents 

Same as cards 29 t o  31 but f o r  S12 

shear strength 

I 
= I  
.. - 

Con tents 

= I  
= \  

- Same as cards 29 t o  31 but f o r  F23 

in teract ion term 
- 1  

= I  
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Card 104 (1515) 

Go1 urn 

1-5 NTFl3 ( K) 

6-10 N M F ~  3 ( K, I 

Card 105 (1E10.3) 

Col umn 

1-10 TMPE13( K, 1) 

Card 106 (8E10.3) 

Col u r n  

1-10 PMFl3(K,I,J) 

11-2G PRDFl3( K, I ,  3) 

Card 107 (1615) 

Column 

1-5 NTFlZ(K) 

6-10 N M F ~  2 ( K, I 

Card 108 (lE10.3) 

Co 1 umn 

1-10 TMPF 1 2 ( K , I ) 

Card 109 (8E10.3) 

Column 

1-10 PMFIZ(K, I  ,J)  

11 -20 PRDF12( K,  I , J )  

ConteFts- 

= I  
= \  

Same as c a d s  29 t o  31 b u t  for F13 

interaction term 

Contents 

= I  
= I  

Same as cards 29 t o  31 b u t  f o r  F,2 

interaction terms 
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Card 110 (1615) 

Co 1 umn 

1-5 NTALl (K) = I  
= I  6-10 NMALI ( K, I ) 

Card 111 (1E10.3) 

Co i umn 

f 
1-10 TMPAL~ (K,I) 

C w ?  112 (8E10.3) 
-. - 
Co 1 umn 

- 1-1s PMAL-; ( I C ,  I , J )  - 

etc.  repeated J=l , NMALl (K,T) 

Card 113 (1615) 

Column 

1-5 NTAL2 ( K) = I  
= I  6-10 NMAL2(K,I) 

Card 114 (1E10.3) 

Contents 

Same as cards 29 and 30 but  for 3, 

temperature coe f f i c i en t 

Contents 

Moisture content a t  I t h  ternpeartiire 

- temperature coefficient 3 t  I t h  
-' 1 

tmperature aRd Jth moisture content 

Con tents 

Column -- 
= Same us cards '10 t o  112 b u t  f o r  .i2 

I 
1-10 TMPALZ ( K, I )  

Card 115 (8E10.3) 

= I  1-10 PMAL: ( K , I , J )  

11 -20 PRDALZ(K,I , J )  

temperature coef f i c .. en t 
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Card 116 (1615) 

co 1 urn 

1-5 N T k 3  ; .,) 
6-10 W L 3  (K , I )  

Card 117 (1E10.3) 

eo? unn 

1-10 THPAL3 ( K, I )  

Card 118 (8E10.3) 

1-10 PMAL3(K,I,J) 

11-20 

Card 119 (1615) 

Col m 

PROAL3 ( K, I ,  J ) 

i -5 NTETI ( K )  

6-10 NMBTl(K,I) 

Card 120 (1E10.3) 

column 

1-10 ~ P B T ~  i i c , ~ )  

Card 121 (8E10.3) --- 
1-10 NBT! ( K, I ,J) 

11-23 PROBTl ( K , I , J )  

Con tents 

- 1  
= \  

Same as cards 110 to 112 but f o r  a3 = I  
temperature coef f ic ient  

Con t e n t s  

Same as cards 110 to 112 but  f o r  

B~ moisture c o 2 f f i c i e n t  
=i 



Card I.'? ( I b I S )  

co 1 urn 

1-5 

6-18 NYRT,?( h.1) 

-- - 

- .  

NT 1; T i '  ( K ' 

Card . _ _  .- ;23 . (1E10.3) 

ctr 1 \ I r m  . . - -  

1-11) THPRT?( h , l  I 

Card ~- - . . 1 3  - -- (Nl1.1.3) 

Co 1 umr _- - -.. 

1-10  PPlf,T2( h ,  1 ,,l) 

11 -20 PRDBT.?(h,I ..I) 

Card ~ . .  125 (1615) 

Col lunn -- 

1-5 N T f i T 3 (  K )  

6-10 NHBT 3 ( h , I ) 

Car-\I . . 126 . .  ( I t  1 0 . 3 1  

c 0 1 URV I 

1-10 IHPPT3(h. 1 )  

carti 1;'7 ( S t  1 0 . 3 1  . .  

C o  1 umn 
. -  

1 -10  l 'MHIZ(A.1 , , I )  

11 -20  PROR 1 3 i h , I  , ,1 I 

- 1  

= I  
= I  

= I  
-- I 

- 1  


