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SUMMARY 

An opt imiza t ion   procedure  is developed based on the   responses   o f  a system 
to   con t inuous   gus t   i npu t s .  The procedure   uses   cont ro l  law t r a n s f e r   f u n c t i o n s  
which  have  been pa r t i a l ly   de t e rmined  by using  the  re laxed  aerodynamic  energy 
approach. The opt imiza t ion   procedure   y ie lds  a f lu t t e r   suppres s ion   sys t em which 
m i n i m i z e s   c o n t r o l   s u r f a c e   a c t i v i t y   i n  a gust  environment.  The procedure is 
a p p l i e d   t o  wing f l u t t e r   o f  a drone aircraft  to   demonstrate  a 44-percent   increase 
i n   t h e  basic wing f l u t t e r  dynamic p res su re .  It is shown tha t  a t r a i l i ng -edge  
c o n t r o l   s y s t e m   s u p p r e s s e s   t h e   f l u t t e r   i n s t a b i l i t y   o v e r  a wide range  of  subsonic 
Mach numbers  and f l i g h t   a l t i t u d e s .   R e s u l t s   o f   t h i s   s t u d y   c o n f i r m   t h e   e f f e c t i v e -  
ness   of   the   re laxed  energy  approach.  

INTRODUCTION 

F lu t t e r   suppres s ion   sys t ems  which u s e   a c t i v e   c o n t r o l s  are known t o  be sens i -  
t i v e   t o   c h a n g e s   i n   f l i g h t   c o n d i t i o n s  and veh ic l e   con f igu ra t ion .  T h i s  s e n s i t i v -  
i t y   i m p l i e s  that  a control   system  designed  for   one f l i g h t  condi t ion  may show 
cons iderable   degrada t ion  or even be uns t ab le  a t  o t h e r   f l i g h t   c o n d i t i o n s  ( r e f .  1 ) .  
The or iginal   aerodynamic  energy  concept  (ref.  2 )  was developed t o   y i e l d   a c t i v e  
control  systems  which are b o t h   e f f e c t i v e   i n   s u p p r e s s i n g   f l u t t e r   a n d   i n s e n s i t i v e  
to   changing f l i g h t  c o n d i t i o n s .   I n s e n s i t i v i t y   t o   c h a n g i n g   f l i g h t   c o n d i t i o n s  was 
ach ieved   i n   r e f e rence  2 by  imposing a s u f f i c i e n t   b u t   n o t   n e c e s s a r y   c o n d i t i o n   f o r  
s t a b i l i t y .   R e s u l t s  of t h e   o r i g i n a l   d e r i v a t i o n   e f f e c t i v e l y   r u l e d   o u t   u s e   o f  a 
s i n g l e   t r a i l i n g - e d g e   c o n t r o l   i n   f a v o r   o f  a combined  leading-edge  trailing-edge 
cont ro l   sys tem.   Appl ica t ions   o f  the  or iginal   aerodynamic  energy  concept   to  
spec i f i c   p rob lems   o f   f l u t t e r   suppres s ion  (refs.  3 t o  5 )  and   gus t   a l l ev ia t ion  
( r e f .  5) demonstrated the  e f f e c t i v e n e s s   o f  a leading-   and   t ra i l ing-edge   cont ro l  
sys t em  and   a l so   i nd ica t ed   t he   po ten t i a l   o f  a t ra i l ing-edge   cont ro l   sys tem  a lone  
t o   c o n t r o l  the a e r o e l a s t i c   r e s p o n s e .  

Recently,  a relaxed  aerodynamic  energy  concept (ref.  6 )  has  been  developed 
which  abandons  the  suff ic iency  condi t ion  of   reference 2 and   ye t   i n su res   t he  
i n s e n s i t i v i t y   o f  the con t ro l   sys t em  to   chang ing   f l i gh t   cond i t ions .  The r e s u l t s  
of   re fe rence  6 show tha t  a trailing-edge cont ro l   sys tem  a lone  may meet the  
r equ i r emen t s   o f   bo th   s t ab i l i t y   and   i n sens i t i v i ty .  

The pu rpose   o f   t h i s   pape r  is t o  describe r e s u l t s   o f   a p p l y i n g   t h e   r e l a x e d  
aerodynamic  energy  concept t o  a s p e c i f i c  example  using a t r a i l i n g - e d g e   c o n t r o l  
sys tem  for   the   suppress ion   of  symmetric f l u t t e r .   S i n c e   t h e   g e n e r a l i z e d   c o n t r o l  
laws i n   r e f e r e n c e  6 i n c l u d e  a number o f  "free parameters1'  (which  must be deter- 
mined f o r   t h e  dynamic c h a r a c t e r i s t i c s   o f   t h e   s p e c i f i c   s y s t e m   c o n s i d e r e d ) ,  a 
method is developed i n   t h e   p r e s e n t   p a p e r   f o r   d e t e r m i n i n g   t h e   v a l u e s  of t h e s e  
parameters.  T h i s  method  minimizes   control   surface  response  to   a tmospheric   tur-  
bulence by va ry ing   t he   va lues   o f   t he  free parameters.  The s e n s i t i v i t y   o f  the 
c o n t r o l   s y s t e m   t o   c h a n g e s   i n   f l i g h t   c o n d i t i o n s  is tested by introducing  changes 



i n  f l i g h t  a l t i t u d e  and Mach number. The two t r a n s f e r   f u n c t i o n s   d e v e l o p e d   i n  
r e fe rence  6 are a p p l i e d   i n  t h i s  paper t o   de t e rmine  their  r e l a t i v e   e f f e c t i v e n e s s .  

SYMBOLS 

aT,aT,i 

b 

h 

n 

a 

ar 

GT ,i 

P 

w 

c o n t r o l  law g a i n s  

semi-chord  length 

ver t ica l   d i sp lacement  a t  30 pe rcen t   o f  w ing   chord ,   pos i t i ve   i n  down 
d i r e c t i o n  

ve r t i ca l   d i sp l acemen t  a t  f u s e l a g e   r e f e r e n c e   p o i n t ,   p o s i t i v e   i n  down 
d i r e c t i o n  

reduced  frequency, wb/V 

Mach number 

number o f  degrees of  freedom  of e las t ic  system 

dynamic p r e s s u r e  

polynomial i n  s 

= i w  

f l i g h t  speed 

coord ina te   axes  

o s c i l l a t o r y   a n g l e   o f  attack of   wing,   posi t ive  nose up 

o s c i l l a t o r y   a n g l e   o f  attack a t  f u s e l a g e   r e f e r e n c e   p o i n t ,   p o s i t i v e  
nose up 

aerodynamic lag terms 

c o n t r o l   s u r f a c e   d e f l e c t i o n ,   p o s i t i v e   i n  down d i r e c t i o n  

damping c o e f f i c i e n t  

free parameter   associated wi th  damping i n   t r a n s f e r   f u n c t i o n  

f l u i d   d e n s i t y  

osc i l l a to ry   f r equency  
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Wn,T,i free parameter   associated wi th  f r equency   i n   t r ans fe r   func t ion  

OR reference  f requency 

Matrices : 

complex  aerodynamic  matrix 

real aerodynamic  matr ix   coeff ic ients  

real aerodynamic  matr ix   coeff ic ients  

aerodynamic  gust   force  vector 

real coef f ic ien ts   o f   equa t ions   o f   mot ion  

s t r u c t u r a l   s t i f f n e s s   m a t r i x  

genera l ized  mass mat r ix  

complex response  vectors  

t r ans fe r   func t ion   ma t r ix  

mat r ix   represent ing   f i r s t -order   equa t ions   o f   mot ion  

response  vector   of   f i rs t -order   equat ions  of   motion 

Subscr ip ts :  

f f l u t t e r  

IllaX maximum 

rms root-mean-square  value 

Dots  over  symbols  denote  derivatives wi th  r e s p e c t   t o  time. 

CONTROL  LAWS 

The c o n t r o l  laws used i n  t h i s  work were derived by using the  relaxed  energy 
method (ref.  6 ) .  The c o n t r o l  laws are of the following  general   form: 

where LT] is a t r a n s f e r   f u n c t i o n   m a t r i x   o f   s i z e  1 x 2 and where 6 ,  h ,  a, 
and b are de f ined   i n  sketch (a ) .  (Arrows  indicate   posi t ive  displacements   and 
r o t a t i o n s . )  
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Undisturbed position 

! 

c = 2b 

Sketch (a) 
4 - r. 

Sketch (a) r e p r e s e n t s  t he  c r o s s   s e c t i o n   o f  t he  c e n t e r   l i n e   o f  a streamwise s t r i p  
loca t ed   a long   t he  w i n g  defined by the  inboard  and  outboard  control   surface edges. 
The c o n t r o l   s u r f a c e  has a 20 percent  chord,   and the wing  displacement h i s  
measured a t  the 30-percent  chord  point. Two types o f   t r ans fe r   func t ion  matrices 
LT] were p r e s e n t e d   i n   r e f e r e n c e  6: ( 1 )  l o c a l i z e d  damping type   t r ans fe r   func -  
t i o n  (LDTTF), and  (2)   damping  type  t ransfer   funct ion (DTTF). A brief presenta-  
t i o n   o f  these t r a n s f e r   f u n c t i o n s  is made t o g e t h e r  with a d e s c r i p t i o n   o f  their  
characteristics. 

Localized Damping Type Transfer   Funct ion 

The form of the l o c a l i z e d  damping t y p e   t r a n s f e r   f u n c t i o n  (LDTTF) is 

LTJ = LO -1.86J + aTs2 I 4  2.8J ( 2 )  
s2 + 2 < p n , T s  + w$,T 

where aT, T T ,  and Wn T are p o s i t i v e  free parameters.  The matr ix   e lements  0, 
-1.86, 4, and 2.8 were h x e d  by the relaxed  energy method (ref.  6) f o r  a 
20-percent  chord  control  and  wing  displacement  measured a t  t h e  30-percent  chord 
p o i n t .  These elements  can be modified  to  account  for  displacement  measured 
a t  ano the r   po in t  on the wing  chord by apply ing  a s imple   t ransformat ion  matrix 
( ref .  2 ) .  

It is shown i n   r e f e r e n c e  6 t h a t  aT c o n t r o l s  t he  amount of  aerodynamic 
damping in t roduced  by t he  c o n t r o l ,  % , T  determines t h e  frequency  around which 
the  largest va lues   o f  damping are introduced,  and GT c o n t r o l s  the d i s t r i b u t i o n  
o f  damping a t  f requencies   around w = %,T.  It is f u r t h e r  shown (ref.  6) t h a t  
f o r   f r e q u e n c i e s  w < % , T  the LDTTF i n t r o d u c e s   i n t o  the aeroe las t ic   sys tem  an  
aerodynamic i n e r t i a   t y p e  term which opposes   aerodynamic  s t i f fness   and  for  
w > % , T  aerodynamic   s t i f fness  is added. The form  of the t r a n s f e r   f u n c t i o n  
g i v e n   i n   e q u a t i o n  (2) a l l o w s   c o n s i d e r a b l e   v e r s a t i l i t y  by us ing  the free param- 
eters t o   a d j u s t  t h e  c o n t r o l  law f o r  a specific a p p l i c a t i o n .  

To i n c r e a s e  the  v e r s a t i l i t y   o f  t h i s  cont ro l   concept ,  a modi f ica t ion  is 
in t roduced   in to   equat ion   (2)  which permits the damping d i s t r i b u t i o n   t o  be 
"peaked" a t  two values   of   f requency.  This  mod i f i ca t ion   enab le s  the aerodynamic 
s t i f f n e s s   t o  be c o n t r o l l e d   i n  a r eg ion   o f   f r equenc ie s  which l i e  between the two 
peaks .   In   addi t ion ,  a wider f r e q u e n c y   d i s t r i b u t i o n   o f  damping is a v a i l a b l e .  
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The r e s u l t i n g   t r a n s f e r   f u n c t i o n  is 

LTJ = LO -1 .86j + (s2 “T, Is2 
+ 2cT,1Wn,T,ls + Wg,T, l  

+ a T ,  2s2 t 4  2.81 
S2 + 2cT,2wn,T,2s + Wg,T,2 

where t h e   s u b s c r i p t s  1 and 2 refer t o   t h e   v a l u e s   o f   t h e  free parameters a t  t h e  
first and  second  peak, r e spec t ive ly .  

Damping Type Transfer   Funct ion 

The form  of  the damping type   t r ans fe r   func t ion  (DTTF) is given by 

LTJ L O  

where .aT is a s i n g l e  free parameter   which  controls   the amount of damping i n t r o -  
duced by the  c o n t r o l   s u r f a c e  and WR is a reference  f requency.  As i n   . t h e   p r e -  
ceding case, the matr ix   e lements  0 ,  -1.86, 4 ,  and 3.2 are f i x e d   f o r  a 20-percent 
chord  control  and w i n g  displacement  measured a t  the 30 percent   chord .   In   appl i -  
ca t ion  made i n  the  present  work, WR is as s igned   t he   va lue   o f  the basic wing 
( n o   c o n t r o l )   f l u t t e r   f r e q u e n c y .  ( T o   a v o i d   d i f f i c u l t i e s   i n   t h e   n u m e r i c a l   s o l u -  
t ion   o f   the   equat ions   o f   mot ion ,  t h e  second term i n   e q u a t i o n  ( 4 )  is m o d i f i e d   t o  

the  following  form - aTS ( 50000 ) L4 3.2J. The amplitude  and  phase  angle 
WR s + 50000 

changes due t o   t h e   i n t r o d u c t i o n   o f   t h i s   f i r s t - o r d e r  f i l t e r  are neg l ig ib l e   ove r  
t he   r ange   o f   f r equenc ie s   cons ide red   i n  t h i s  paper . )  The DTTF does  not  permit 
the   in t roduct ion   of   aerodynamic   s t i f fness   o ther   than   the  - 1 . 8 6 ~ ~  term and,   fur-  
thermore,  may g ive  rise t o   s t a b i l i t y  problems a t  h igh   f requencies  as ind ica t ed  
i n   r e f e r e n c e   6 .   N e v e r t h e l e s s ,   t h i s   t r a n s f e r   f u n c t i o n  is app l i ed  i n  the   p resent  
work t o  test its adequacy   fo r   p re l imina ry   des ign   s tud ie s ,  where a small number 
o f   v a r i a b l e s  are a considerable   advantage.  

OPTIMIZATION PROCEDURE 

Basic Concept 

I n   t h e   d e s i g n   o f  an a c t i v e   f l u t t e r   s u p p r e s s i o n   s y s t e m ,   s t a b i l i t y  is n o t  
the sole   object ive.   For   example,  a stable des ign   wh ich   r e su l t s   i n   excess ive  
c o n t r o l   s u r f a c e   a c t i v i t y  i n  a turbulent   a tmosphere may be  impractical .   There- 
f o r e ,  a more r a t iona l   app roach  is t o   d e s i g n  a sys tem  which   provides   s tab i l i ty  
with minimum c o n t r o l   s u r f a c e   a c t i v i t y   ( t h a t  is, minimum c o n t r o l   s u r f a c e  rates 
o r   d e f l e c t i o n s ) .  Minimum c o n t r o l   a c t i v i t y  is accomplished by first as s ign ing  
i n i t i a l   v a l u e s   t o  the free p a r a m e t e r s   i n   e i t h e r   t h e  LDTTF o r  DTTF t r ans fe r   func -  
t i o n s  that s t ab i l i ze  . the   sys tem  above   the   requi red   f lu t te r   ve loc i ty   margin .  ( I n  
unusual  circumstances,  the DTTF  may b e   i n c a p a b l e   o f   s t a b i l i z i n g   t h e   a e r o e l a s t i c  
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system.)  Next, the  free parameters are determined by minimizing the response 
of the c o n t r o l   s u r f a c e   t o  a gus t   i npu t .  This min imiza t ion   does   no t   r e su l t   i n  
l o s s   o f   s t a b i l i t y   s i n c e   e x p e r i e n c e  has shown that i f  the  free parameters are 
changed to   r educe  the s t a b i l i t y   o f  the sys t em  to  the p o i n t  where it is only 
marginal ly  stable, then the c o n t r o l   s u r f a c e   a c t i v i t y   i n  a gust  environment 
i n c r e a s e s .   I n  t h i s  manner,   the  gust  becomes a d r i v e r   i n   e s t a b l i s h i n g  the 
closed-loop  parameters while s y s t e m   s t a b i l i t y  is maintained. 

Target  Function 

A target func t ion  is de f ined   i n  terms of c o n t r o l   s u r f a c e   a c t i v i t y   t o   a l l o w  
opt imiza t ion   of  the free parameters. C o n t r o l   s u r f a c e   a c t i v i t y  is determined  by 
in t roducing  the c o n t r o l  law i n t o  a cont inuous   gus t   response   ana lys i s .  The 
response  of the con t ro l   su r f ace   t o   a tmosphe r i c   t u rbu lence  is ca l cu la t ed  by a 
method similar t o  that described i n   r e f e r e n c e  7. The target func t ion  is then 
defined as either the  root-mean-square (rms) c o n t r o l   d e f l e 5 t i o n   o r  t h e  rms con- 
t r o l  surface rate pe r   un i t  rms gus t   i npu t  based on a Von  Karm6n gust   spectrum. 

Optimizat ion  Steps 

The basic s t eps   r equ i r ed   fo r   op t imiza t ion  are 

(1)  Select a c o n t r o l  law type (LDTTF o r  DTTF) a n d   a s s i g n   i n i t i a l   v a l u e s   t o  
t he  free parameters t h a t  s t a b i l i z e  the ae roe la s t i c   sys t em at  the  d e s i r e d  f l i g h t  
v e l o c i t y  and Mach number. 

(2)  Calcu la te  the rms c o n t r o l   s u r f a c e   a c t i v i t y  per u n i t  rms gus t   i npu t   fo r  
t he  con t ro l  law by us ing  a cont inuous   gus t   response   ana lys i s .  

( 3 )  Determine the values   of  the f r e e  parameters which r e s u l t   i n  minimum 
c o n t r o l   a c t i v i t y .  

Se lec t ion   of  the i n i t i a l   v a l u e s   o f  the  free parameters is not  as a r b i t r a r y  as i t  
may appear .  This p o i n t  is d i scussed   i n   subsequen t   s ec t ions   dea l ing  wi th  a p p l i -  
ca t ion   o f  the opt imizat ion  procedure.  

Once t h e  type  o f   con t ro l  law is se lec ted   and  t h e  free parameters are 
a s s i g n e d   i n i t i a l   v a l u e s  which s t a b i l i z e  the system a t  a p a r t i c u l a r   f l i g h t  con- 
d i t i o n ,  t he  opt imized   cont ro l  law is determined  solely on the basis of a g u s t  
r e sponse   ana lys i s  rather t h a n . o n   f l u t t e r   c o n s i d e r a t i o n s .  The impl i ca t ions  of 
t h i s  process  are (a)  reduced  computational time, s i n c e  there is no  need t o   s o l v e  
large eigenvalue  problems  associated with t h e  f lu t te r  c a l c u l a t i o n s ;  and ( b )  sim- 
p l i c i t y ,   s i n c e  it is not   necessary   to   fo l low discrete eigenvalue  branches  asso- 
ciated wi th  each response mode. 

Optimization  Algorithm 

The algori thm  used  for   opt imizat ion is a v a r i a t i o n   o f  Stewart's adapta t ion  
of the Davidon-Fletcher-Powell method (refs. 8 and 9 ) .  The va r i a t ion   i n t roduced  
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permi ts  the values   of   the  free parameters   to   be  constrained  without   using pen- 
a l ty   func t ions   and  wi th  excel lent   convergence characteristics. Penalty  func- 
t i o n s  are avoided by restricting the  s t e p   d i r e c t i o n   i n  the independent   var iab les  
t o  be t a n g e n t   t o  a constraint   boundary when (a) t h e  boundary has been  reached - 
and (b) the uncons t r a ined   d i r ec t ion   t o  a s t e p   r e s u l t s   i n   c o n s t r a i n t   v i o l a t i o n .  

APPLICATION 

The opt imizat ion  procedure is a p p l i e d   t o  a s p e c i f i c  example to   demonst ra te  
the   p rocedure   and   to  assess the e f f e c t i v e n e s s  of t h e  two t r a n s f e r   f u n c t i o n s  
described earlier. 

System  Description 

A f l i g h t  program has been i n i t i a t e d  by the National  Aeronautics  and  Space 
Adminis t ra t ion   to   s tudy   ac t ive   cont ro l   concepts   us ing   remote ly   p i lo ted   vehic les  
equipped  with  special ly   designed research wings (ref.  IO). The opt imiza t ion  
procedure is a p p l i e d   t o   t h e  case o f  symmetrical wing f l u t t e r   f o r  t h i s  drone 
veh ic l e .  A three-view drawing o f  t h e  flight-vehicle-research-wing  combination 
is shown i n   f i g u r e  1. Guided by r e s u l t s   o b t a i n e d   d u r i n g   p r e v i o u s   a p p l i c a t i o n s  
of the aerodynamic  energy  method (ref.  51, a c o n t r o l   s u r f a c e  is placed as near 
t o  the t i p   o f  each wing as is s t r u c t u r a l l y   p o s s i b l e .  Each c o n t r o l   s u r f a c e  has 
a wid th  o f  20 percent   o f  the l o c a l  wing  chord  and a length  of   approximately 
12 percent   o f  t h e  wing  semispan. 

To a v o i d   d i f f i c u l t i e s   i n t r o d u c e d  by r ig id  body degrees  of  freedom,  an 
extended  version o f  t he  c o n t r o l  laws (ref. 5) is used i n  t he  p resen t  work. 
The extended  version is e s s e n t i a l l y  the same form as t h a t  given by equat ion  (1)  
except tha t  h/b  and a are rep laced  by ( h  - h r ) / b  and a - ar, respec- 
t i v e l y .  These terms rep resen t  the  "relat ive"   displacement   and twist of the 
wing wi th  r e s p e c t   t o  a r ig id  fuse l age .  The q u a n t i t i e s  h ,  h r ,  a, and ar 
are measured a t  the  l o c a t i o n s   i n d i c a t e d   i n   f i g u r e  2.  

Objec t ives  

The fo l lowing   ob jec t ives  were set f o r  the ac t ive   cont ro l   sys tem:  

( 1 )  The drone  should be able t o   f l y  a t  M = 0.9 wi th  a va lue  of qmax 
which is 44 percent  above the basic wing  (no c o n t r o l )   f l u t t e r  dynamic p res su re  
with minimum c o n t r o l   a c t i v i t y .  

( 2 )  The s t a b i l i t y   o f  t h e  system  must be maintained by us ing   f i xed   va lues  
f o r  the free parameters wi th  no s u b s t a n t i a l   i n c r e a s e   i n   c o n t r o l   a c t i v i t y   f o r  
va lues  of M 2 0.9 and q 2 qmx. 
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Mathematical Model 

Equations  of  motion.- The n equa t ions  

r ep resen t  the equations  of  motion. A l l  matrices i n   e q u a t i o n  (5) are o f   o rde r  
n x (n  + r) ( that  is ,  n s t r u c t u r a l  modes + r c o n t r o l s ) .  Two rigid-body 
modes and seven symmetric elastic modes are used i n  t he  p r e s e n t   a n a l y s i s .  The 
seven e las t ic  modes cover a frequency  range  of 9.9 t o  128 Hz. Modes, frequen- 
cies,  and gene ra l i zed  masses were determined  from a f in i te -e lement  NASTRAN 
model.  Unsteady  aerodynamic  forces  for the  wing ,   hor izonta l  t a i l ,  and c o n t r o l  
s u r f a c e s  were computed f o r   d i f f e r e n t   v a l u e s   o f  Mach number and  reduced  frequency 
by us ing  a doublet  la t t ice  aerodynamic  computer  program. The frequency  plane 
aerodynamics  from  doublet la t t ice  aerodynamics are then  used t o   o b t a i n   a n  s 
plane  approximation as described i n  the appendix. (See a l s o  ref. 1 1 . )  

F l u t t e r   s o l u t i o n .  - Equation (51, wi th  {FC> = 0 ,  can be reduced t o  the 
following series o f   f i r s t - o r d e r   e q u a t i o n s  (see appendix   for  de t a i l s )  

where the  mat r ix  [U] is a f u n c t i o n   o f  LTJ , M, V ,  and  dynamic p res su re  q.  
For a given Mach number, the flight v e l o c i t y  V v a r i e s  somewhat because  of the  
change  of speed o f  sound w i t h  a l t i t u d e .  As an i l l u s t r a t i o n ,  t h e  speed o f  sound 
v a r i e s  by about   7 .6   percent   in  the  a l t i tude   range   be tween 0 and  6000 m. If the  
speed  of  sound is determined  for a mid-range  point   ( for  example, 3000 m ) ,  va r i a -  
t i o n s   i n  the speed o f  sound wi th in  the 0- t o  6000-m range are wi th in  k3.8 per-  
cent .   Therefore ,  by choosing a va lue   fo r  M, the va lue   o f  V follows (when 
the speed o f  sound is cons idered   to  be f i x e d  a t  the  mid-range  value)  and a s tudy  
can be made o f  the v a r i a t i o n s   o f  the e igenvalues   o f   equa t ion   (6)  wi th  the  
dynamic p res su re  q f o r  a given Mach number and t r a n s f e r   f u n c t i o n  LTJ . The 
v a r i a t i o n   i n  q is e q u i v a l e n t   t o   c h a n g e s   i n   a l t i t u d e  wi th  Mach number cons tan t .  
Resul t s  are presented as r o o t   l o c u s   p l o t s  where q is varied  over  a wide range 
of   va lues .  

Gust solut ions.-   Equat ion (5)  allows a direct  eva lua t ion   of  the c o n t r o l  
a c t i v i t y  per u n i t   g u s t   v e l o c i t y .  The power s p e c t r a l   d e n s i t y  (PSD) va lues   o f  
c o n t r o l   a c t i v i t y   p e r   u n i t  rms g u s t   v e l o c i t y  are determined by us ing  the Von 
K&m& gust  spectrum, w i t h  a turbulence  scale o f  762 m. Values (rrns) o f  con- 
t r o l   a c t i v i t y  are evaluated  from the PSD d i s t r i b u t i o n s .  

RESULTS AND DISCUSSION 

Resul t s   for   symmetr ic   f lu t te r  of t he  basic wing  (no c o n t r o l s )  a t  va r ious  
Mach numbers are presented first.  These r e s u l t s  form the  basis f o r   a s s e s s i n g  
improvements  introduced by t h e  ac t ive   con t ro l   sys t em.  The c losed- loop   resu l t s  
f o r  each o f  the two t r a n s f e r   f u n c t i o n s   s t u d i e d  are. presented  and  discussed 
s e p a r a t e l y .  A comparat ive  discussion  regarding the  r e s u l t s   o b t a i n e d  by both 
t r a n s f e r   f u n c t i o n s  is a l s o  made. 
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Basic Wing F l u t t e r  

Root l o c u s   p l o t s   f o r  M 0.9,  0.7, and 0.5 are g i v e n   i n   f i g u r e s  3 t o  5. 
Root l o c i   f o r  each mode are i n d i c a t e d   i n  the  f i g u r e s .  Arrows  on t h e   l o c i   i n d i -  
cate inc reas ing  dynamic p res su re .  The value  of  q a t  f l u t t e r   ( q f )  is ind ica t ed  
i n  each f i g u r e .  A classical f l u t t e r   b e h a v i o r  is apparent a t  a l l  three Mach num- 
b e r s   s i n c e  the f r equenc ie s   o f  modes 1 and 2 t e n d   t o   c o a l e s c e  wi th  inc reas ing  
dynamic p res su re  as mode 1 c r o s s e s   i n t o   t h e   u n s t a b l e   r e g i o n  a t  M = 0.9 and 0.7 
and mode 2 c r o s s e s  a t  M = 0.5. F l u t t e r  dynamic p res su res  are g i v e n   i n  table I. 

Localized Damping Type Transfer   Funct ion (LDTTF) 

I n i t - i a l i z a t i o n   o f  free parameters.-  By us ing   equat ion  (31, t h e  i n i t i a l   v a l -  
ues   of  the free pa rame te r s   i n  the  LDTTF were chosen t o   p l a c e  one  of the peaks 
introduced by the t r a n s f e r   f u n c t i o n  a t  a frequency  above the  basic wing f l u t t e r  
frequency  and the  o t h e r  a t  a frequency  below it. The f lu t t e r   f r equency  a t  
M = 0.9 is approximately 100 rad/s. The des ign   po in t   for  the opt imiza t ion  
s tudy  was selected t o  be a 4 4 - p e r c e n t   i n c r e a s e   i n   f l u t t e r  dynamic p res su re  
(qmx = 34.66 kPa) a t  M = 0.9.  The fol lowing  values  were a s s i g n e d   t o   t h e  free 
parameters   in   equa t ion   (3)  : 

w ~ , T ,  1 = 80 rad/s 

"%,T,2 = 120 rad/s 

aT ,1  = 1.0 

These i n i t i a l   v a l u e s   o f  a T  d i d  n o t   s t a b i l i z e  the system, and the  va lues   o f  
aT were i n c r e a s e d   t o  

aT ,1  = aT,2  = 2.0 

which r e s u l t e d   i n  a stable system up t o  qmx. 

Opt imiza t ion   resu l t s . -  For the first a p p l i c a t i o n   o f  the  opt imizat ion  pro-  
cedure,  the  free parameters were cons t ra ined   wi th in  the fol lowing  ranges:  
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0 6 (aT, l , aT,2)  6 5.0 

A t  an e a r l y  stage i n  the o p t i m i z a t i o n   s t u d i e s ,  it became apparent  t h a t  c o n t r o l  
s u r f a c e  rates were more cr i t ical  from the point   of   view  of   design,   and t h e  tar- 
get func t ion  was formula ted   in  terms of   minimizing  control   surface rates. The 
o p t i m i z a t i o n   p r o c e d u r e   r e s u l t e d   i n  t h e  fo l lowing   va lues   o f  t h e  c o n t r o l  law: 

6 = LO -1.86J + 3. ls2 ) I 4  2.81  (7) 
(s2 + 2(0 .78 ) (25 ) s  + (2512 

I n  the  appl ica t ion   of   equa t ion   (3) ,   on ly   one   peak  was needed t o  meet system 
requirements.  This  s i t u a t i o n  may not  be the  case i n   g e n e r a l ,  however,  and f o r  
o t h e r   a p p l i c a t i o n s  more than  one set of free parameters may be needed. By us ing  
equa t ion   (7 ) ,  the minimized  control   surface rate and the  resu l t ing   d i sp lacement  
a t  the  des ign   po in t  were 

6 = 229O/s 
m/s 

The form  of  equation (7) i n d i c a t e s  t h a t  minimum c o n t r o l  rates are obtained by 
a s i n g l e  Itpeak" ( that  is, aT,2 = 0) a t  a r e l a t i v e l y  low  frequency (w  = 25 rad/s) 
This  low f r e q u e n c y   r e s u l t s   i n   s i g n i f i c a n t   a e r o d y n a m i c   s t i f f n e s s   b e i n g  added 
around the basic wing f lu t t e r   f r equency .  

S t a b i l i t y   c a l c u l a t i o n s   u s i n g  the c o n t r o l  law def ined  by equat ion  (7) showed 
tha t  the sys tem  exhib i ted  the  required  margin  in  dynamic  pressure;   however,   once 
the  c o n t r o l   s u r f a c e   a c t i v i t y  was evaluated  over a range  of  dynamic  pressures a t  
both M = 0.9  and M = 0.7,  it was apparent  t h a t  t h e  maximum c o n t r o l   s u r f a c e  
a c t i v i t y  d i d  not   occur  a t  the  design  point  (qmax = 34.66 kPa) .  The v a r i a t i o n  
of rms c o n t r o l   s u r f a c e   a c t i v i t y  is g i v e n   i n   f i g u r e   6 .   C o n t r o l   s u r f a c e  rates 
inc rease  as both Mach number and  dynamic p res su re  are reduced. The peak  value 
o f   con t ro l   su r f ace  rate is around 37OO/s/m/s a t  M = 0.7  and q = 22.8 kPa. 
This  d e t e r i o r a t i o n  is a consequence  of   a t tempting  to  s tab i l ize  the  system wi th  
too  much r e l i a n c e  on  aerodynamia s t i f f n e s s .  When Mach number o r  f l i g h t  d e n s i t y  
p are reduced, the aerodynamic  forces which induce   aerodynamic   s t i f fness  are 
also  reduced  and t h i s  r e d u c t i o n   r e s u l t s   i n   a n   i n c r e a s e   o f   c o n t r o l   s u r f a c e  
a c t i v i t y  . 

This  adve r se   con t ro l   ac t iv i ty   can  be i n t e r p r e t e d   i n  terms o f  the re laxed  
energy  approach. It is shown i n   r e f e r e n c e  6 t h a t  w i t h   r e s p e c t   t o   f l u t t e r  sta- 
b i l i t y ,  the  ac t ive   con t ro l   sys t em is i n s e n s i t i v e   t o   c h a n g i n g  f l i g h t  cond i t ions  
i f ,  over a range of reduced  frequency k ,  the fo l lowing   cond i t ions  are 
maintained: 
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li&n I = N e a r  maximum value \ I 
where Xmin and x,, are the  smallest and the largest aerodynamic  eigen- 
va lues ,   r e spec t ive ly ,   de r ived  from the two-dimensional model adopted i n  refer- 
ence  6.  Figure 7 shows a typical v a r i a t i o n   o f  Xmin and imx as a func- 
t i o n   o f  l / k  and  var ious  values   of  TT (from ref. 6 )   f o r  M = 0.9 with 
kn,T = 0.2 (where k n , ~  = %,Tb/V).  

The r e l axed   ene rgy   cond i t ions   fo r   i n sens i t i v i ty   ( eq .  (8)) are satisfied 
around the  region of the  X,, peak which occurs a t  l / k  = l /kn,T = 5. 
An inspec t ion   of   equa t ion  (7) shows that when the optimized  value  of Wn,T 
(1 /kn , T  = 35) is much smaller than the basic w i n g  f l u t t e r   f r e q u e n c y  ( 1 /kf X l o ) ,  
the relaxed  energy  requirements  (eq.  (8)) are not satisfied i n  the c r i t i c a l   f l u t -  
ter region  of  the basic w i n g .  Th i s  s i t u a t i o n  may r e s u l t   i n  a decrease i n  sta- 
b i l i t y  a t  of f -des ign   po in ts  which leads t o   i n c r e a s e d   c o n t r o l   s u r f a c e   a c t i v i t y .  
To avoid t h i s  s i t u a t i o n ,   W n , ~ , i   s h o u l d  be cons t ra ined   to  be nearer  the  basic 
w i n g  f l u t t e r   f r e q u e n c y .  It 1s s e e n   i n   f i g u r e  7 that  the range  of   f requencies  
over which equat ion (8) is satisfied is dependent on the  value  of ST. If CT 
is cons t r a ined   t o  be 20.5 and i f  x,, is not  permitted  below h a l f  its peak 
va lue ,   fo r  a given C T ,  the fol lowing new approximate  constraints  on On,T can 
be  obtained : 

where mf is the b a s i c  wing f lu t te r   f requency .   Obvious ly ,  there is some arbi- 
trariness i n   s e t t i n g  up these c o n s t r a i n t s  and they may be var ied  i f  necessary.  
However, they do i n d i c a t e  tha t  %,T i must be constrained i f  it is desired t o  
r educe   s ens i t i v i ty   t o   chang ing  f l i gh6  condi t ions .  

I n   l i e u   o f  the somewhat a r b i t r a r y   n a t u r e  of the  c o n s t r a i n t  on Wn T i t h e  
system was reoptimized a t  the design  point  (M 0.9 ; qmax = 34.66 kPaj  t o r  t h e  
following  ranges: 

O f aT,i  -2 5.0 

The r e s u l t s   o f  these ca l cu la t ions   a long  wi th  t he  range  25 f m n , ~ , i  5 200 
are g i v e n   i n  table I i n  terms of c losed - loop   f l u t t e r  dynamic p res su res  and max- 
imum c o n t r o l   s u r f a c e  rates and  displacements .   (Control   surface rates and d i s -  
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placements   g iven   in  table I are maximum va lues  at a g iven  Mach number and may 
not   occur  a t  the same dynamic p res su re  as the des ign   po in t . )  As i n d i c a t e d   i n  
table I,  the maximum c o n t r o l   a c t i v i t y  (which occurs  a t  M = 0.7 for %,T = 25) 
is subs t an t i a l ly   r educed  by roughly  the same amount f o r  each of the reoptimized 
r e s u l t s .  For i l l u s t r a t i v e   p u r p o s e s ,  the r e s u l t s   f o r  60 <=Wn,T, i  <= 150 are 
d iscussed .  

When the  system was reoptimized a t  the des ign   po in t  M 0.9 and 
qmax = 34.66 kPa, the f o l l o w i n g   r e s u l t s  were obtained:  

Control  surface rates and  displacements a t  the des ign   po in t  were 

6 = 253.2O/s 
m/s 

The PSD o f   con t ro l   su r f ace  rates and  displacements are g i v e n   i n   f i g u r e  8. 
The c o n t r o l  law defined by equat ion (10) was in t roduced   i n to  the  f l u t t e r   c a l c u -  
l a t i o n s  and checked a t  Mach numbers of  0.9, 0.7, and 0.5. Closed-loop  root 
l o c u s   p l o t s  are g i v e n   i n   f i g u r e s  9 to  11. A t  M = 0.9, the closed-loop  value 
of  qf is 42.49 kPa. The va lue   o f  qf i n c r e a s e s  as the  Mach number is 
reduced; qf = 50.03 kPa a t  M = 0.7 ,  and qf = 58.41 kPa a t  M 0.5. A t  
a l l  three Mach numbers, the q u a n t i t y  qf is well above the des ign   po in t  
dynamic  pressure  of 34.66 kPa. 

The v a r i a t i o n   o f  rms c o n t r o l   a c t i v i t y  w i t h  dynamic p res su re  q ( f o r  
q c = qmx) a t  M = 0.9, 0.7, and 0.5 is g i v e n   i n   f i g u r e  12. Control   surface 
rates and d e f l e c t i o n s  are maximum at  the design  point  and decrease w i t h  q a t  
a l l  Mach numbers. A comparison  of these r e s u l t s  with f i g u r e  6 and table  I 
i n d i c a t e s  tha t  even  though the  c l o s e d - l o o p   f l u t t e r  dynamic p r e s s u r e   f o r  
%,T = 25 r p s  is greater than t h a t  f o r  u n , ~  = 60 r p s ,  the  maximum c o n t r o l  
su r f ace  rates and displacements   have  been  s lgnif icant ly   reduced.  

Damping Type Transfer   Funct ion (DTTF) 

The DTTF conta ins   on ly  one free parameter aT which c o n t r o l s  the amount  of 
damping introduced by the  control   system. Th i s  free parameter does  not  al low 
damping f o r c e s   t o  be placed wi th in  a spec i f ied   range   of   f requencies  or the  addi-  
t i on   o f   ae rodynamic   s t i f fnes s  terms. Applicat ion is made t o  test  t h e  adequacy 
o f  t h i s  t r a n s f e r   f u n c t i o n   f o r   p r e l i m i n a r y  type i n v e s t i g a t i o n s ,  where a small 
number o f   v a r i a b l e s  are of   considerable   advantage.  

I n i t i a l i z a t i o n   o f  free parameters.-  A t  M = 0.9 and qmax = 34.66 kPa, 
the  value  of  a T  was set e q u a l   t o  2 and the  va lue   o f  OR was set t o  100, which 
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is the  approximate basic wing f lu t t e r   f r equency .   Fo r   t he   op t imiza t ion ,   t he   ga in  
aT was cons t ra ined   wi th in   the   fo l lowing   range:  

@t imiza t ion   resu l t s . -  The r e s u l t s   o b t a i n e d   f o r  the  cont ro l   sys tem a t  
M 0.9  and qmax = 34.66  kPa are 

,j = 241.I0/s 
m / s  

The c o n t r o l  law is 

The power s p e c t r a l   d e n s i t i e s   o f   b o t h   c o n t r o l   s u r f a c e  rates and  displacements are 
g i v e n   i n   f i g u r e  13. These d i s t r i b u t i o n s  are similar to   those   ob ta ined  by us ing  
t h e  LDTTF . 

The c o n t r o l  law def ined  by equation ( 1  1 ) was in t roduced   in to  the  f l u t t e r  
calculat ions  and  checked a t  Mach numbers of  0.9,   0.7,   and  0.5.   Closed-loop 
r o o t   l o c u s   p l o t s  are g i v e n   i n   f i g u r e s  14 t o  16. A t  M = 0.9,   the  closed-loop 
value  of   qf  = 43.67 kPa. The va lue  of q f   i nc reases  as t h e  Mach number is 
reduced  and  yields  qf = 51.23 kPa a t  M = 0.7  and no f l u t t e r  a t  M = 0.5 up 
t o  q 59.85 kPa. A t  a l l  Mach numbers,  qf is well above  the  design  point  
dynamic p r e s s u r e   o f  34.66  kPa. 

The v a r i a t i o n   o f  rms c o n t r o l   a c t i v i t y  wi th  dynamic p res su re  q ( f o r  
q 2 qmX) a t  M = 0.9,   0.7,   and  0.5 is g iven   in   f igure   17 .   Cont ro l   sur face  
rates and d isp lacements  decrease with q a t  a l l  Mach numbers i n  much t h e  same 
manner as the  LDTTF case. 

Comparison o f   R e s u l t s  

The opt imiza t ion   procedure   opera ted   in  a s a t i s f a c t o r y  manner f o r  a l l  c o n t r o l  
s y s t e m s   c o n s i d e r e d   i n   t h i s  work.  For a l l  control   systems,   the  value  of   dynamic 
p res su re  a t  f l u t t e r   ( q f )  was much larger than  the  design  value  qmax.  Further- 
more,  no f l u t t e r   i n s t a b i l i t i e s   d e v e l o p e d   w i t h   e i t h e r   c h a n g e s   i n  Mach number o r  
dynamic pressure  and no s i g n s   o f   i n s t a b i l i t y  were observed i n   t h e   h i g h e r  modes. 
To provide a comparat ive  assessment   of   the   var ious  control   systems,   the  numeri-  
cal r e s u l t s  are l isted i n  table I. Since  a l l  cont ro l   sys tems  provided   the  
r e q u i r e d   i n c r e a s e   i n   f l u t t e r  dynamic p r e s s u r e ,   t h e   e f f e c t i v e n e s s   o f   e a c h   c o n t r o l  
system is judged on t h e  basis o f  minimum c o n t r o l   s u r f a c e   a c t i v i t y   o v e r  a wide 
range  of  dynamic  pressure  and Mach number. It can be  seen  from table I t h a t   f o r  
those  systems  which  use  the LDTTF, t h e  most e f f e c t i v e  are t h o s e   t h a t   c o n s t r a i n  
Wn,T wi th in   t he  limits expressed by equat ion  ( 9 ) .  Even though a l l  t h r e e   o f  
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these systems are s a t i s f a c t o r y ,  it appears that  the  system which c o n s t r a i n s  
%,T t o  60 2 ( L ~ , T  2 150 is s l i g h t l y  better over  t h e  dynamic p res su re  
and Mach number range s t u d i e d .  The cont ro l   sys tem which used the  DTTF is shown 
t o  be the most e f f e c t i v e   f o r  t h i s  a p p l i c a t i o n .  (The DTTF may,  however,  present 
some s t a b i l i t y  problems  for   o ther   appl ica t ions  at very high f requencies  as 
described i n  ref. 6.) 

The r e s u l t s   p r e s e n t e d   i n  table I show t h a t  the LDTTF wi th  Wn,T = 25 
r e s u l t e d   i n  the largest c losed - loop   f l u t t e r  dynamic p res su res .  However, s i n c e  
the des ign   ob jec t ive  is t o   f l y   t o  qmX wi th  minimum c o n t r o l   a c t i v i t y ,  the 
value  of  qf has no v a l u e   i n   i t s e l f  as a measure  of  overall  system  performance. 
From the  s tandpoin t   o f  maximum c o n t r o l   a c t i v i t y ,  the  LDTTF y i t h  Wn T 25 is 
t h e  least acceptab le  system (at M = 0.7, 6 = 4.46O/m/s, 6 = 372.6O/s/m/s). 
These r e s u l t s   i n d i c a t e  that  min imiz ing   con t ro l   ac t iv i ty   i n   l i eu   o f   max imiz ing  
qf is a ra t iona l   approach   to   cont ro l   sys tem  des ign .  

F i n a l l y ,  the  complete   opt imizat ion  process   for  the  LDTTF wi th  s i x  free 
parameters used  about the same amount  of  computer time as a f l u t t e r   c a l c u l a t i o n  
a t  a single Mach number s i n c e  it is not   necessary  to   solve  large  e igenvalue  prob-  
lems. This  fact leads t o  a subs t an t i a l   r educ t ion   i n   computa t ion  time f o r  the 
con t ro l   syn thes i s   s ince   t he re  is no need t o   d e t e r m i n e   t h e   f l u t t e r  speed as a 
funct ion  of   feedback  control  law. 

SUGGESTED DESIGN PROCEDURE 

The following  design  procedure is sugges ted   for   de te rmining  t h e  free param- 
eters a s soc ia t ed  with the  LDTTF and DTTF. 

( 1 )  Once t h e  i n i t i a l   v a l u e s   o f   t h e  free parameters are determined,  minimize 
the  c o n t r o l   a c t i v i t y  by opt imizing the  free parmeters   to  the  highest   value  of  
q and the highest   subsonic  Mach number. 

( 3 )  Determine the  c o n t r o l   s u r f a c e   a c t i v i t y   o v e r  a range   of   f l igh t   condi -  
t i o n s .  If c o n s i d e r a b l e   i n c r e a s e   i n   c o n t r o l   a c t i v i t y  is observed ,   repea t   s tep  (1 )  
with a narrowed  range  for % , ~ , i .  If no inc rease  is observed, a widening  of 
t he  wn,T,i  range may be attempted. 

( 4 )  Check sys tem  s tab i l i ty .   over  a range of f l i g h t  condi t ions .  

The design  procedure  using the DTTF cons i s t s   o f   s t eps  (1 )  and (4) only.  

CONCLUSIONS 

An opt imizat ion  procedure has been  developed which uses   con t ro l   su r f ace  
response   to  a con t inuous   gus t   i n  t h e  syn thes i s   o f   con t ro l  laws f o r   a c t i v e   f l u t -  
ter suppression.  The procedure  has  been  applied t o  the case   o f  symmetric wing 

14 



f l u t t e r   o f  a drone aircraft. Some important   conclusions of t h i s  s tudy are as 
fol lows : 

1.  The minimiza t ion   of   cont ro l   sur face   response   to   cont inuous   gus t   inputs  
as a d r i v e r   i n   c o n t r o l  law s y n t h e s i s  is found t o  be e f f e c t i v e .  

2. A design  procedure has been  formulated which permits c o n t r o l   s u r f a c e  
a c t i v i t y  t o  be minimized  over a wide range of f l i g h t   c o n d i t i o n s .  

3.  The a p p l i c a t i o n   t o   s y m m e t r i c   f l u t t e r   o f  a drone aircraft y i e l d s   c o n t r o l  
laws that s u p p r e s s   f l u t t e r   o v e r  a wide   r ange   o f   a l t i t ude  and Mach number by 
using a trailing-edge c o n t r o l .  - 

4. The r e s u l t s   c o n f i r m  the e f f e c t i v e n e s s  of the relaxed  aerodynamic  energy 
method. 

Langley  Research  Center 
National  Aeronautics  and Space Administration 
Hampton , VA 23665 
January  5 ,  1978 
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APPENDIX 

FORMULATION  OF EQUATIONS OF MOTION FOR  FLUTTER ANALYSIS 

WITH ACTIVE CONTROLS 

Let t h e  n equa t ions  

([M]s2 + 1 pV2[A] + rK]){{) = 0 ( A 1  
2 

represent   the   equat ions   o f   mot ion   of  n s t r u c t u r a l  modes wi th  r a c t i v a t e d  
c o n t r o l s  where [MI r e p r e s e n t s  the  mass ma t r ix ;  [A], t h e  complex  aerodynamic 
inatr ix;  [K], t h e   s t i f f n e s s   m a t r i x ;  P ,  the d e n s i t y   o f  the  su r round ing   f l u id ;  
V ,  the  v e l o c i t y   o f   t h e   f l u i d ;  and {i}, t he   r e sponse   vec to r .  A l l  t h e  matrices 
in   equa t ion   (A l )  are of size n X (n + r> t h a t  is, n s t r u c t u r a l  modes + r 
a c t i v e   c o n t r o l s .  The response  vector  fi> can be e x p r e s s e d   i n  terms o f  n 
s t r u c t u r a l   r e s p o n s e s  and r c o n t r o l  de e c t i o n s  , that  is ,  

Equation ( A l )  can   therefore  be w r i t t e n  as 

where s u b s c r i p t  s denotes a s t r u c t u r a l   q u a n t i t y  and c ,  a c o n t r o l   q u a n t i t y .  
Assume now a c o n t r o l  law of   the   form 

where [T] is a r x n ma t r ix   r ep resen t ing  t h e  t r a n s f e r   f u n c t i o n s   o f  the con- 
t r o l  law. Subs t i t u t ion   o f   equa t ion  ( A 4 )  i n t o   e q u a t i o n  (A3) y i e l d s  

Typica l ly ,  the  elements   of  the aerodynamic matrices As and A, are a v a i l a b l e  
as funct ions  of   the   reduced  f requency k and the  Mach number M whereas t h e  
t r ans fe r   func t ion   ma t r ix  is a func t ion   of  s ,  no rma l ly   expres sed   i n  terms of 
r a t iona l   po lynomia l s   i n  s. Let the  mat r ix  ET] be expressed by 

where Q(s) is a scalar polynomial   represent ing t h e  common denominator  of all 
t h e  T i j  terms and where [TN] is a mat r ix   involv ing  the resu l t ing   numera tors  
(as a func t ion   of  SI. 
16 



APPENDIX 

The v a r i a t i o n  wi th  s of the aerodynamic  matrix [As A,] can be 
approximated by the fo l lowing   representa t ion :  

where a l l  the m a t r i x   c o e f f i c i e n t s  and the y -  values  are cons tan ts .   (See  
r e f .  1 1 .1   Subs t i tu t ion   o f   equa t ions  (A61 and (A71 i n t o   e q u a t i o n  (A5)  and  multi- 
p l i c a t i o n   o f  the  r e s u l t i n g   e q u a t i o n  by Q ( s )  y i e l d s  a matrix  polynomial  expres- 
t i o n  wi th  s of  form 

([Fo] + [ F i l s  + [F21]s2 + . . . + [Fm]sm){q} = 0 (A81 

where t h e  mat r ix   coef f ic ien ts   [F- ]  are func t ions   o f  M, V,  and  dynamic pres- 
sure  q.   Equation (A8) can be reduced   to  the fol lowing  canonical   form  for   e igen-  
va lue   so lu t ion  

"{X} = Cul{x} ( A 9 1  

where [U] is o f   s i z e  ( m  x n)  x ( m  x n>  def ined by 

L 

and {X} is given by 

S 

SO 

0 . . .  0 

CII . . .  0 

0 . . .  CI1 0 

(A101 
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TABLE I.- SUMMARY OF NUMERICAL RESULTS 

I LDTTF 
I I I 1 I I I 

number wing 
aT,1 = 5.0; aT,2 = 0 aT = 5 aT,1 3.1; aT,2 = 0 aT 1 = j.63; ay,2 = 0 aT,1. = 5.0; aT,2 = 0 

y ~ , ~ , ~  = 70; < ~ , 1  = 0.92 %,",I 25; <T,1 0.78 %,+,I 50; C T , ~  = 0.75 q.,,~,1 = 60; C T , ~  0.95 

Flutter q,  kPa 

0.9 

>59.85 >59.85 59.13 58.41 57.93 29.69 .5 

51.23 53.87 51.23 50.03 49-32 27.77  .7 

43.67  45.49 43.33  42.49  41.66 24.07 

Maximum brms; deg/s/m/s 

0.9 261.7 253.2 245.0 255.5 

183.4 "-" 201.4 200.1 187.6 *.5 

239.1 372.6 266.3  250.6 253.9 .7 

241.1 

kximum 6,ms; deg/m/s 

0.9 

1.87 "" 2.03 1.97 1.84 .5 

3.12  4.46 3.21 3.15 3.05 .7 

3.80 4.66 3.77 3.80 3.74 

*q limited up to sea-level values (17.69  kPa) . 
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Figure 1.-  Three-view  drawing of drone  research  vehicle.  All l i n e a r  
dimensions  are i n  meters. 
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Figure 2.-  Geometrical  description of act ive  control   system. 
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