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ABSTRACT 

A computer code is  desc r ibed  which y i e l d s  a c c u r a t e  

s o l u l i o n s  f o r  a broad range o f  laminar ,  nonsimilar  boundary l a y e r s ,  

providing t h e  i n v i s c i d  f low f i e l d  is known. The boundary l a y e r  may 

be s u b j e c t  t o  mass i n j e c t i o n  f o r  pe r fec t -gas ,  nonreact ing flows. If 

no mass i n j e c t i o n  i s  p r e s e n t ,  t h e  code can be used wi th  e i t h e r  per- 

f ec t -gas  o r  rea l -gas  thermodynamic models. So lu t ions ,  ranging from 

two-dimensional s i m i l a r i t y  s o l u t i o n s  t o  s o l u t i o n s  f o r  t h e  boundary 

l a y e r  on t h e  Space S h u t t l e  O r b i t e r  dur ing  r e e n t r y  cond i t ions ,  have 

been obta ined wi th  t h e  code. Comparisons of t h e s e  s o l u t i o n s ,  and 

o t h e r s ,  wi th  s o l u t i o n s  p resen ted  i n  t h e  l i t e r a t u r e ;  and with  

s o l u t i o n s  ob ta ined  from o t h e r  codes,  demonstrate t h e  accuracy of 

t h e  p resen t  code. 
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INTRODUCTION 

C a l c u l a t i o n  of t h e  convec t ive  h e a t - t r a n s f e r - r a t e  d i s t r i -  

bu t ion  f o r  a given c o n f i g u r a t i o n  r e q u i r e s  informat ion a b o ~ t  t h e  

c h a r a c t e r  of  t h e  v i z ~ o u s  boundary l aye r .  The p r e s e n t  work d i s c u s s e s  

a numerical  procedure which provides  s o l u t i o n s  of a  t h i n ,  laminar  

boundary i a y e r  bounded by a s p e c i f i e d  i n v i s c i d  f low f i e l d .  The 

i n v i s c i d  f low f i e l d  is  r e q u i r e d  as i n p u t  t o  t h e  p r e s e n t  code. This 

code can be used a s  a t o o l  f o r  a n a l y s i s  of d a t a  from wind t u n n e l s  and 

f o r  t h e  e x t r a p o l a t i o n  of  t h e  c o r r e l a t i o n s  t o  f l i g h t  c o n d i t i o n s .  

Furthermore, it w i l l  s e r v e  a s  an  i n s t r u c t i o n a l  a i d  f o r  courses  i n  

boundary l a y e r  t h e o r y  and convect ive  h e a t  t r a n s f e r  a t  t h e  Univers i ty  

cf Texas a t  Austin.  

For compressible f low problems, where t h e  w a l i  temperature  

is c o n s t a n t  and t h e  s t a t i c  p r e s s u r e  a t  t h e  edge of  t h e  boundary l a y e r  

is c o n s t a n t ,  t h e  convec t ive  h e a t - t r a n s f e r  r a t e  can be c a l c u l a t e d  us ing  

t h e  Ecker t  r e f e r e n c e  t empera tu r t  r e l a t i o n s  [l]. The h e a t i n g  r a t e s  

c a l c u l a t e d  us ing  t h i s  method, which does not  r e q u i r e  t h e  comp' - t e  

s o l u t i o n  o f  t h e  v i s c c  7  equation^, compare favorab ly  w i t h  exper imenta l  

measurements even f o r  f lows wi th  moderate, f avorab le  p r e s s u r e  

g r a d i e n t s  [?I .  However, t h i s  technique cannot be a p p l i e d  f o r  nu- 

merous problems of i n t e r e s t ,  e . g . ,  t h o s e  involving gas  i n j e c t i o n  a t  

t h e  s u r f a c e ,  nonuniform s u r f a c e  temperatures ,  r e a l  gas  e f f e c t s ,  e t c .  
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A more r igprous  c a l c u l a t i o n  o f  t h e  h e a t  t r a n s f e r  r a t e s  

could be obta ined from a s o l u t i o n  of t h e  v i scous  equat ions ,  a s -  

suming t h e  s i m i l a r i t y  cond i t ions  a r e  s a t i s f i e d  [ 3 1 .  A s  noted by 

Hayes and Probs te in  [4], t h e s e  cond i t ions  a r e  s a t i s f i e d  i n  t h e  

fol lowing cases :  

( a )  f o r  f low with  a uniform f r e e  s t ream ( i - e . ,  cons tan t  

p r e s s u r e  s o l u t i o n s ) ,  and a cons tan t  s u r f a c e  

temperature,  

!b) nezr  a s t a g n a t i o n  p o i n t ,  i f  t h e  f l u i d  p r o p e r t i e s  i n  

t h e  s t a g n a t i o n  reg ion  are assumed approximately 

cons tan t ,  and 

(c) f o r  t h e  l i m i t i n g  c a s e  o f  l o c a l l y  hypersonic flow, 
u 

e  
where - * 2. 

He 
For o t h e r  flow problems, approximate s o l u t i o n s  can be ob ta ined ,  i f  

t h e  flow is  assumed t o  be l o c a l l y  s i m i l a r .  S p e c i a l  c a s e s  involving 

mass i n j e c t i o n  can a l s o  be t r e a t e d  assuming s i m i l a r i t y .  One such 

example would be: 

where t h e  i n j e c t a n t  is t h e  same gas  a s  t h e  f r e e  s t ream.  

The proceduxes desc r ibed  above a r e  s t i l l  t o o  l i m i t e d  t o  be 

of use i n  analyzing h e a t  t r a n s f e r  d a t a  from many exper imental  pro- 

grams. With t h e s e  requirements  i n  mind, Ber t in  and Byrd C51 

developed a  f i n i t e  d i f f e r e n c e  scheme (NONSIMBL) t o  o b t a i n  s c l u t i o n s  

f o r  a l sminar  boundary l a y e r  f o r  a  f low which is  : 



( a  e i t h e r  compressible o r  incompressible, 

(b )  possibly subject  t o  a pressure gradient i n  the  

external  flow, 

( c ) e i t h e r  two-dimensional o r  axisymmetric , 

(d l  of a rb i t r a ry  free-stream gas, 

( e  ) possibly subjected t o  an a rb i t r a ry  in jec tant ,  

in jec t ion  r a t e ,  and in jec t ion-ra te  d i s t r ibu t ion ,  

and 

( f )  bounded by an a r b i t r a r y  wall temperature 

d is t r ibut ion .  

The o r ig ina l  code was l imited t o  a mixture of perfect-gas, nonre- 

act ing flows having a constant stagnation temperature. Their 

solut ion technique c lose ly  follows t h a t  developed by Marvin and 

Sheaffer C61. 

The NONSIMBL code was l a t e r  modified t o  handle real-gas 

flows a s  well a s  perfect-gas flows f o r  e i t h e r  variable entropy o r  

isentropic flow conditions a t  the  edge of the  boundary layer .  I t  

has been used extensively with good success but. t he  computed 

solut ions exhibited probiems i n  ce r t a in  applicat iuns,  speci f ica l ly  

accelerating flow past  a highly cooled body C73. The problems which 

occurred i n  these cases were due t o  the  r e l a t ion  used t o  evaluate the  

transformed y-coordinate, 



where q is  the  transformed y-coordinate uaing t h e  standard Lees- 

Dorodnitsyn transformation and a is a scale fact* which was 

assumed constant.  This transformation allowed numerical 

i n t e g m t i o n s  t o  be ca r r i ed  out over a f ixed  i n t e r v a l  (zero  t o  one) 

r a t h e r  than t h e  us-aal i n t e r v a l  i n  t h e  q-coordinate system (zero 

t o  i n f i n i t y ) .  Therefore, t h e  need f o r  an  i t e r a t i o n  t o  def ine  t h e  

boundary l a y e r  edge was olminated. However, t h e  coding procedure 

a l s o  eliminated the  i t e r a t i v e  procedure which x q u i r e d  t h a t  zero 

ve loc i ty  and temperature grad ien ts  e x i s t  a t  t he  edge of t h e  bound- 

a ry  layer .  Note t h a t  i f  t he  s ca l e  f a c t o r  a is assumed a 

constant  f o r  every s t a t i o n ,  a s  it was i n  153, t he re  is  a unique 

r e l a t i o n  between q and n. A s  a r e s u l t ,  qedga is forced t o  

be a constant.  However, t he  Faulkner-Skan so lu t ioa  shows t h a t ,  

fo- a boundary l a y e r  i n  t he  presence of a given pressure gradien t ,  

%dge is  not  a constant  but  depends on t h e  value of  t h e  pressure  

gradient  parameter B [a]. For small streamwise va r i a t i ons  of 

B , a coristant value of t h e  s c a l e  f a c t o r  i~ not  a bad assumption, 

but f o r  acce lera t ing  flows p a s t  highly cooled walls ,  such a s  i n  

C71, it is un rea l i s t i c .  

For flow condit ions such as those discussed i n  [?I, t h e  

so lu t ions  generated by t h e  NONSIMBL code had r e l a t i v e l y  l a rge  

ve loc i ty  and temperature grad ien ts  a t  t h e  boundary l aye r  edge due 

t o  t he  constant  a assumption. Although these  gradien ts  had only 

a small e f f e c t  on t h e  hea t  t r a n s f e r  and sk in  f r i c t i o n  (which were 

of primary importance a t  t h a t  t ime) they had a s i g n i f i c a n t  e f f e c t  
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on t h e  temperature and t h e  ve loc i ty  d i s t r i b u t i o n s .  Subsequent 

appl ica t ions  have requi red  t h a t  t h e  code be capable of providing 

accura te  ca l cu l a t i ons  of displacement and momentum th icknesses  

which a r e  very s e n s i t i v e  t o  t h e  ve loc i ty  and temperature p r o f i l e s .  

The present  code includes an i t e r a t i v e  procedure i n  which a is  

var ied s o  t h a t  t h e  ve loc i ty  grad ien t  at  t h e  edge of  t h e  boundary 

l aye r  is e s s e n t i a l l y  zero. There is  sti l l  no r e s t r i c t i o n  on t h e  

temperature grad ien t  a t  t h e  edge of  t h e  boundary layer ,  but  f o r  

most cases  computed t o  da t e  it is small .  

Another refinement added t o  t h e  code removes t h e  need t o  

input ve loc i ty  and temperatu- 4 p r o f i l e s  a t  t h e  i n i t i a l  s t a t i o n .  

The code now ca l cu l a t e s  t h e  i n i t i a l  p r o f i l e  using a Faulkner-Skan 

so lu t ion  f o r  a pe r f ec t  gas  with P r  = 0.7. The i n i t i a l  guesses 

f o r  f f f ( 0 )  and g f  (0) needed t o  ob ta in  t h e  Faulkner-Skan 

so lu t ton  are  ca lcu la ted  using a c o r r e l a t i o n  o f  t h e s e  parameters a s  

funct ions of g ( 0 )  and B. Thus, a l a r g e  range of  flow condi t ions 

can be solved with a minimum of  ex t e rna l  ca lcu la t ions .  

The modified NONSIMBL code which is c a l l e d  NSBL, i 

coded i n  FORTRAN I V  f o r  t h e  CDC 6600 a t  t h e  Universi ty  o f  Texas at 

Austin and is described here in  along with a discussion of its uscs 

and l imi t a t i ons .  



NOMENCLATURE 

matrices, equation 31 

'v Chapman-Rubesin factor - 
'eve 

local skin friction coefficient 

mass fraction for species i 

specific heat of species i 

specific heat. 1 CiCpi 
i 

displacement thickness including mass injection, 

equation 42 

diffusion coefficient for species i 

dimensionless streamwise component of the local 

u velocity 
e 

stream function, equation 7 

matrix, equation 35 

matrix, equation 34 

total enthalpy 

mesh point coordinate normal to the wall 

thermal conductivity 

length of the Space Shuttle Orbiter 
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Mach number 

molecular wei, ~t of species i 

mesh point coordinate in streamwise direction 

number of mesh points normal to the wall 

transformed y-coordinate, equation fl 

pressure - 
uc 

Prandtl number, -2 
k 

local convective heat-transfer rate 

universal gas constant 

distance from surface of body to axis of symmetry, 

measured normal to the axis of symmetry 

transformed x-coxdinate, equation 6 

lJ Schmidt number, - 
PD,, 

Stanton number, 

temperature 

velocity in streamwise direction 

velocity normal to the wall 

physical streamwise wetted distance from the 

stagnation point 

axial distar.ce from the nose of the Space Shuttle 

Orbiter 

physical distance normal to the wall 



scale fac tor ,  equation 11 
2s due 

presswe gradient  parameter, - - 
"e d3 

displaccwnt  thickness 

txwnsformed y-coordinate, equation 6 

t h a t  point in the  boundary layer where u = 0 . 9 9 ~ ~  

mmentum thickness, equation 48 

viscosi ty 

density 

colum aatrix representing t h e  unknawns, equation 31 

loca l  skin f r i c t i o n  

Subsmipts 

a,b,c,d,e,f mesh points,  sketch 1 

e edge value 

i species i 

inj propert ies  of the  in jec ted  species 

N evaluated a t  boundary layer  edge when used 

with matrices only 

denotes recovery temperature 

stagnation value 

wall value 



properties of stream spec ies  

evaluated a t  the wall  (which is the first node) 

when used with matrices only 

injectant species  

Superscripts 

body geometry factor, k=O, f o r  two-dimensional 

flow; and k = l  f o r  axisymmetric f l a w  
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THEORETICAL ANALYSIS 

Governing Equations 

Solut ions a r e  sought f o r  t h e  laminar boundary l aye r  f o r  an 

axisymmetric o r  a two-dimensional configuration with possible  

ab la t ion  o r  t r ansp i r a t ion  cooling. To model t h i s  flow, t h e  present 

ana lys is  is not r e s t r i c t e d  t o  t he  requirements f o r  a s imi l a r ,  

laminar boundary l aye r  with mass in jec t ion .  The in j ec t ed  gas may 

d i f f e r  from t h e  stream species  and a general  in jec t ion- ra te  d i s t r i bu -  

t i o n  may be spec i f ied .  The body may be e i t h e r  axisymnetric o r  two- 

dimensional providing t h e  r ad ius  of curvature i s  l a rge  i n  

comparison t o  t he  boundary Layer thickness ,  t.e., cen t r i fuga l  forces  

a r e  neglected. Approximate so lu t ions  f o r  a three-dimensional 

boundary layer  with small c ros s  flow can be obtained using the  

axisymmetric analog C91 i n  which an e f f e c t i v e  rad ius  of curvature is 

used t o  descr ibe the  ~ t r e a m l i n e  divergence. For flow with no mass 

in jec t ion  a t  the  wall ,  t h e  thermodynamic proper t ies  of  the  f ree-  

stream gas may be modeled with the  i d e a l  gas r e l a t i o n s  [ lo1  o r  

with r e a l  gas proper t ies  using t h e  thermodynamic subroutine, 

"MOLIER." For flows with mass in jec t ion ,  t h e  thermodynamic 

propert ies  of the  mixture of i n j e c t a n t  and stream gases a r e  ap- 

proximated with the  idea l  gas r e l a t i ons .  Chemical r eac t ions  between 



the species are not considered. The governing equations applicable 

to the flow model are as follows: 

k k a(pur + a ( m  ) = continuity: 
ax ay 

where k=l for axisymnetric flows and k=O for two-dimensional 

flow. 
aci 

species : PUT+ P V =  a ( pDi - i )  
ay ay 

x-component of momentum : 

y-component of momentum: 

which represents the standard boundary-layer asswlption regarding 

the pressure gradients normal to the wall. 

energy : 

The governing equations which describe the nonsimilar, possibly 

compressibie, flow in physical coordinates are nonlinear, partial 

differential equations. Therefore, a transformation is sought to 



simplify the solution procedures. Using the standard Lee- 

Dorodnitsyn coordinate transformation E l l ] :  

X 
2k 

p p u r  dx e e e  
0 

where the stream function is defined as: 

J, = (2s) 0.5 

one obtains the following equations: 

species : 

energy: 



where superscript  prime denotes d i f fe ren t i a t ion  with respect t o  0 

and superscript  s, with respect t o  s. Having introduced t h e  

stream function, which automatically s a t i s f i e s  the  overa l l  

continuity equation, the  new s e t  of governing equations contains 

one l e s s  dependent variable.  Except f o r  a limited number of 

in jec t  ion-rate d is t r ibut ions ,  it is  not possible t o  reduce the  

governing equations t o  a form ana log~us  f o r  s imi lar  solut ions,  a s  

discussed in  the  Introduction. An addi t ional  coordinate transforma- 

t ion  can be made, a s  suggested i n  C121 and a s  mentioned i n  the  

Introduction: 

This transformation is f o r  numerical purposes. Numerical integra- 

t ions  can now be carr ied  out Over a f ixed in te rva l  (zero t o  one) 

r a the r  than the  usual in2erval i n  the  n-coordinate system (zero t o  

in f in i ty ) .  This coordinate system eliminates the  need f o r  an 

i t e r a t i o n  t o  define the  boundary layer  edge. Note t h a t  i n  the  

present approach it is assumed t h a t  the  edge of the  viscous boundary 

layer ,  the  edge of the  thermal boundary layer ,  and the  edge of the  

species concentration layer, a l l  occur a t  the  same 0. 

Also, the  transformation a f fec t s  nodal point spacing i n  

the  physical-coordinate plane. Points which a r e  evenly spaced with 

respect t o  the  n-coordinate a r e  not evenly spaced i n  physical space. 

Spacing of the y-coordinates of the nodal locat ions var ies  with 

posi t ion,  such t h a t  Ay increases with distance from the  wall. 



T h i s  r e s u l t s  i n  more nodal points in  the  region near the  wall,  where 

gradients a r e  large,  and fewer points i n  the  region away from the  

wall, where gradients a r e  smaller. The sca le  factor  a w i l l  be 

t rea ted  as a constant f o r  any two adjacent streamwise s ta t ions .  

The resu l t an t  governing equations i n  the  transformed system with 

u f 
F = -  

u replacing f , are a s  follows. 
e 

species : 

momentum: 

fin a(1-n) t a2( l -nI2  CnFn + ca2(l-n) (1-n) Fnn - % 

Qe 

( 
+ B - -  P F' = 2s ks - s F n a(1-n)) 

energy: 



where the  subscr ip ts  n and s denote d i f f e r e n t i a t i o n  with respect  

t o  c and s , respec t ive ly .  

Boundary Conditions 

In the  previous sec t ion ,  the  governing equations were 

wr i t ten  i n  terms o f  t h r e e  dimensionless, dependent var iab les ,  F, 

C1, dnd 9. Since t h e  sur face  temperature and the  inv isc id  flow 

f i e l d  a r e  known a p r i o r i ,  values f o r  F and 0 a r e  inmediately 

determined a t  both boundaries. 

A t  t he  wall, i .e . ,  n = 0 

A t  t he  boundary l aye r  edge, i . e . , n = 1 

Also, it is poss ib le  t o  r e a d i l y  define the  spec ies  concentrat ions 

a t  n = l  

The values of t he  concentration f r ac t ions  a t  t h e  wall ,  however, 

a r e  not  e x p l i c i t l y  known. The appropriate  w a l l  boundary condition 

is obtained f r an  t h e  conservation of spec ies  equation: 
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Physically, this boundary condition specifies the balance between 

the convective flux away from the wall and the diffusive flux 

toward the surface for the free-stream species. Written for the 

n,s coordinate system in terms of nondimensional parameters, this 

boundary condition becomes 

In addition to the dependent variables C1, 8, and F, the govern- 

ing equations also contain the stream function, f. By definition: 

From the continuity equation it follows that 

In summary, the boundary conditions for C1 and f(0) at 

n = 0 are determined by substituting the specified injection-rate 

distribution into the approp~iate equations. The other boundary 

conditions are determined *om the usual physical constraints. A 

complete listing of the boundary conditions is as follows: 



A t  t h e  wall, n = 0: 

A t  t h e  boundary l a y e r  edge, n = 1: 

Formulation of  t h e  Solut ion Algorithm 

The governing p a r t i a l  d i f f e r e n t i a l  equations, and the  

appropriate  boundary condit ions have been developed. However, t o  

obtain a so lu t ion  it w i l l  be necessary t o  use the  f i n i t e  d i f fe rence  

form of t he  equations. These f i n i t e  d i f fe rence  approximations a r e  

computed using t h e  nodal scheme shown i n  Sketch 1. 



Sketch 1. - 
Nodal Pa t te rn  i 

m m + l  

The f i n i t e  d i f fe rence  approximations f o r  the  p a r t i a l  der iva t ives  

of t he  dependent var iab les  a r e  funct ions of t h e i r  values at the  

streamwise coordinate,  m + 1, where t h e  so lu t ions  are t o  be 

calculated;  and a t  t he  s t a t i o n ,  m, where the  flow f i e l d  is 

already known. 

G represents  a ? a r t i c u l a r  dependent Variable 

G = Ge 

The approximations f o r  t he  thermodynamic proper t ies  a r e  evaluated 

only i n  terms of t h e i r  values a t  streamwise coordinate,  m: 

R represents  a thermodynamic property 



Difference approximations for ~ ? t i a l  derivatives involving products 

are defined s o  that the dependent variable. a t  the m + 1 stream- 

wise coordinate appear linearly in  the resulting equation. 

Substitution of the appropriate approximations into the momentum 

equatian, using 5 = a(1-n), results  i n  the following: 



Tn the  abovc equation, fs is eva lua ted  us ing t h e  r e l a t i o n s  f o r  t h e  

themnodynamic p r o p e r t i e s .  Although t h e  d e r i v a t i v e s  of t h e  p r o p e r t i e s  

a r e  n o t  r epresen ted  i n  f i n i t e  d i f f e r e n c e  forms, it is understood 

t h a t  t h e  va lues  a r e  t o  be obta ined i n  t h i s  manner. The f i n i t e  

d i f f e r e n c e  form of  t h e  monrentum equat ion t a k e s  on t h e  form 

The q u a n t i t i e s  enclosed i n  b r a c k e t s  depend on ly  upon p r o p e r t i e s  

and dependent v a ~ i a b l e s  eva lua ted  a t  t h e  streamwise coord ina te  m, 

where t h e  s o l u t i o n  is a l r e a d y  known. The equat ion can be  r e w r i t t e n :  



Conservation of momentum: 

Conservation of energy: 

Conservation of species: 

The following matrix equation can be used to represent these three 

equations, where the A, B, and C matrix elements are 2efined in 

Appendix A. 



Replace 

Noting t b a t  d corresponds t o  i-1, e t o  i, and f t o  itl, 

the  matr2u equation can be r ewr i t t en  i n  more compact notat ion:  

The subscr ip ts  ;,rn r e f e r  t o  t he  nodal po in t  a t  which the  matrix 

is evaluated. The terms i n  t he  A, B, C and D matrices depend 

only upon quan t i t i e s  a t  s t a t i o n  m. Since these  quan t i t i e s  are 

known, t he  A, B, C and D matrices can be evaluated. A s  t h e  value 

nc i var ies  from 1 a t  the  wall  t o  N a t  the  boundary-layer edge, 

N-2 matrix equations of  t h e  form shown above are produced. The 

equation is  not va l id  a t  i=l o r  i = N  because t h e  values of t he  

elements i n  t he  A, B, C and D matrices f o r  any poin t  n,m a l s o  

depend upon properties a t  points  i+l,m and - 1 , m  A t  t he  wall  

and a t  t h e  boundary l aye r  edge, t he  boundary condifions w i l l  be used 

t o  evaluate  the  flow variables .  In general,  the  s e t  of matrix 

e ~ u a t i o n s  f o r  a l l  N points  can be represented using sti l l  another  

matrix representat ion:  



To solve t h i s  s e t  of l inear  matrix equations, the Gauss-Jordan 

method of elimination i s  used as described in  C131. Br ie f ly ,  

where 

and 

Equations (34) and (35) do not provide the values of G - 1 
and which are necessary t o  compute (dl using equatioa ( 3 3 ) .  

These values are obtained using the boundary conditions a t  the wall. 

Recall that ,  a t  the wall: 

and 
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Following t h e  method outlined i n  C61, one can write  

where cl( i=2) is the  value of C1 a t  t h e  112 node i n  the  

d i rec t ion  normal t o  the  surface. The value of [c1(i+1)ln can be 

determined using equation (19). The value of [ ~ ~ ( i = l ) ] ,  can be 

obtained, aftel* sane manipulation, fran t he  species equation for 

i=l. The above equation r e s u l t s  i n  the  re la t ion:  

C ( i = 2 )  
Cl( i=l)  = 1 1 + ENS 

where 

ENS = An+- - - 
k 

Using t h i s  expression f o r  the  boundary condition, the  appropriate 

values f o r  Fll and G1 are:  



0 0 

0 0 

0 - 1 
1 + ENS 

J 

F 1, 0 = Oe, and C 1 =  1 

one f inds  tha t :  

The solut ion f o r  the  w-vector at  each of the  N-stations - 
of the  boundary layer  f o r  a given streamwise coordinate, m + l  , 

begins a t  the  outer  edge of the  boundary layer. Using the  known 

boundary conditions: 

The solut ion proceeds inward, i .e. ,  toward the  wall, applying 

equation ( 3 3 )  sequential ly t o  determine t;.e veloci ty,  the  tempera- 

tu re ,  and the  species prof i les .  Having obtained numerical values 

f o r  these parameters, a convergence check is made. The convergence 

c r i t e r i a  is s a t i s f i e d  i f  consecutive solut ions of the  boundary 

l aye r  have the  slope of the  veloci ty function a t  the  wall within 
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0.05% of each other .  For reference,  t h i s  term is t i t l e d  "CONVG" 

i n  the  Fortran l i s t i n g  of t h e  program. Should t h e  convergence 

c r i t e r i a  not  be s a t i s f i e d ,  t h e  elements of t h e  A, B, C and D 

matrices a r e  reevaluated using t h e  average of t h e  newly ca lcu la ted  

value of  F ( o r  0 o r  C and its value at the  previous streamwise 
1 

s t a t i o n .  Tne i t e r a t i o n  process LI 3t inces  u n t i l  consecutive values 

of the ve loc i ty  grad ien t  agree. Once t h e  convergence c r i t e r i a  is 

s a t i s f i e d ,  t h e  y-gradient of ve loc i ty  a t  t h e  edge of t h e  boundary 

l a y e r  is checked t o  s e e  i f  it is within a spec i f ied  tolerance.  Only 

i f  t h e  value o f  t h e  edge shear ,  which is defined as 

is  g r e a t e r  than zero and l e s s  than 0.2, is t h e  so lu t ion  considered 

t o  be t h e  des i red  one. Otherwise, a is changed by 5% and a l i n e a r  

ex t rapola t ion  method is used t o  r eca l cu la t e  t he  boundary layer u n t i l  

t he  edge shear  c r i t e r i a  is met. In  addi t ion  t o  t h e  viscous p r o f i l e s ,  

numerical values a r e  obtained f o r  t h e  hea t - t ransfer  rate, t h e  skin- 

f r i c t i o n ,  t h e  displacement thickness ,  e t c .  The procedure is then  

repeated t o  obtain t h e  boundary l aye r  p r o f i l e s  a t  the  next s t r e a w i s e  

s t a t i o n ,  u n t i l  so lu t ions  a r e  obtained a t  all s t a t i o n s  f o r  which the  

inv i sc id  flow has been spec i f i ed  . 
The so lu t ion  of t h e  i n i t i a l  s t a t i o n  is obtained using a 

Faulkner-Skan formulation f o r  a compressible, laminary boundary l a y e r  

f o r  a per fec t  gas with Pr = 0.7. This i n i t i a l  p r o f i l e  is ca lcu la ted  



i n  the  NSBL code by the  subroutine e n t i t l e d  PIGYBAK. A linear 

double interpolat ion routine is wed  t o  ca lcula te  reasonable first 

guesses f o r  f W ( O  and g' ( 0 )  based on the  values of g(0) and 

8, a s  determined from the  boundary conditions. 

The numerical routine described hemin caputea t h e  

viscous-layer p ro f i l e  of t h e  velocity function F, the  temperature 

function 8, and the  stream species concenlmtion C1. Values are 

a l s o  obtained for the  following paramretern: 

CF: t h e  local skin-fr ict ion coeff ic ient  

DELST: the  displacement thickness, feet 

DSTAR: a thickness which represents the  free-stream mass 

flow entrained in t h e  boundary layer  with in jec t ion 

This equation carresponds t o  t h e  def in i t ion  of 

Hayasi C14J. 



HCOEF: the local  heat-transfer coefficient, ~ t u / f t '  sec OR 

HRATIO: the r a t i o  of the local  heat-transfer coefficient t o  

the reference heat-transfer coefficient 

h HRATIO = - 
href (44) 

QDOT: the local  convective heat-transfer ra te ,  ~ t u / f t ~  sec 

STNO: the Stanton number 

TAU: the local  skin f r ic t ion,  lbs / f t2  

THMOM: the momentum thickness, feet  

TREC: the recovery temperature, OR 

Tr = r ( T t e  - Te) + Te 
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DISCUSSION OF RESULTS 

The NSBL code has been used t o  generate  numerical solution; 

fo r  a v a r i e t y  of problems. Presented herein are t h e  so lu t ions  t o r  

some representa t ive  flows. Spec i f ica l ly ,  t h e r e  a r e  two flows where 

the  s i m i l a r i t y  condit ions a r e  s a t i s f i e d  and two flows where they are 

not .  The two flows where t h e  s i m i l a r i t y  condit ions are s a t i s f i e d  

a re :  ( 1 )  incompressible flow over a f l a t  p l a t e  ( t h e  Blasius  problem) ; 

and (2 )  supersonic flow pas t  a sharp cone. The two flows which do 

not  s a t i s f y  the  s i m i l a r i t y  condit ions a r e  r een t ry  f l i g h t  condi t ions 

of t he  Space Shu t t l e  Orbi te r  a t  ( 1 )  a r e l a t i v e l y  low Hach number 

(M = 9.49); and ( 2 )  a very high Mach number (M = 29.86). 

Incompressible, Laminar Boundary Layer 

on a F l a t  P l a t e  

A so lu t ion  of t h e  incompressibJe, laminar boundary l a y e r  

was obtained with t h e  NSBL code f o r  flow pas t  a f l a t  p l a t e  a t  zero 

angle of a t t ack .  The free-stream ve loc i ty  was 167 f t l s e c ;  t h e  stag- 

nat ion pressure was 1.0 atmosphere. Both t h e  s tagnat ion  temperature 

and t h e  wall  temperature were 540°R. The sk in - f r i c t i on  coe f f i c i en t ,  

t h e  displacement thickness ,  and t h e  momentum thickness  a s  ca lcu la ted  

using the  NSBL code a r e  compared i n  Table 1 with t h e  r e s u l t s  reported 

by Schl icht ing C153, and t h e  values ca lcu la ted  using t h e  BLAST code 

C31. The values obtained using t h e  NSBL code a r e  i n  c lo se  agreement 



with t h e  values f r o m  t h e  o the r  solut ions.  The ve loc i ty  p r o f i l e  

computed using t h e  NSBL code is presented i n  Figure 1. Included 

f o r  comparison a r e  t h e  ve loc i ty  p r o f i l e  presented i n  C153 and t h a t  

obtained using the  BLAST code. The NSBL p r o f i l e  is t h a t  ca lcu la ted  

f o r  x = 1.0 f t ,  i . ~ . ,  f o r  a d i s tance  of 1.0 ft frm the  leading 

edge. It should be noted t h a t  t h e  y-transformation used i n  C151 

d i f f e r s  by a f a c t o r  of fi from t h a t  used i n  t h e  two codes 

developed a t  t h e  University of Texas and i n  the  e a r l i e r  reference 

of  Blasius C161. However, t he  so lu t ion  given i n  C153 has been con- 

ver ted t o  t h e  present  d e f i n i t i o n  f o r  n. The ve loc i ty  p r o f i l e s  

ca lcu la ted  by t h e  t h r e e  methods a r e  i n  exce l len t  agreement. 

Laminar boundary Layer f o r  Supersonic Flow 

Past  a Sharp Cone 

The NSBL code was a l s o  used t o  obtain a so lu t ion  f o r  t h e  

laminar boundary l aye r  on a sharp cone which had a ha l f  angle of 12O. 

The cone was a t  zero  angle of a t t ack  i n  a supersonic stream. The 

free-stream Mach number was such t h a t  t h e  flow downstream of t h e  

shock w a s  supersonic and t h e  flow proper t ies  were constant  along t h e  

surface of t he  cone. A t  t h e  edge of t he  boundary l aye r  t he  s t a t i c  

pressure was 0.05 atmosphere, t h e  s t a t i c  temperature was 1000°R, 

and the  Mach number was 4.84. The wall  temperature of  t h e  cone was 

540°R. The ve loc i ty  p r o f i l e  a t  a d i s tance  o f  1.0 f t  from t h e  apex 

of t he  cone a s  ca lcu la ted  with t h e  NSBL code is compared i n  Figure 2 



with t h a t  computed using t h e  BLAST code. The temperature p r o f i l e s  

obtained from the  two codes a r e  compared i n  Figure 3. Note t h a t  t he  

maximum temperature i n  t he  boundary l aye r  is  g r e a t e r  than e i t h e r  

t h e  w a l l  temperature o r  t h e  s t a t i c  temperature a t  t h e  edge of t h e  

boundary layer .  This region of e levated temperature within the  

boundary l aye r  is due t o  t he  e f f e c t  of viscous d iss ipa t ion .  Once 

again, t h e  agreement between the  d i f f e r e n t  ca l cu la t ion  procedures 

is excel lent .  The convective hea t - t ransfer - ra te  d i s t r i b u t i o n s  a s  

ca lcu la ted  by t h e  two codes a r e  presented i n  Figure 4. Included 

f o r  comparison is the  d i s t r i b u t i o n  ca lcu la ted  using Ecker t l s  reference 

temperature technique ( a s  discussed b r i e f l y  i n  t he  Introduct ion) .  

The hea t - t ransfer  r a t e s  were nondimensio~alized with t h e  t h e m e t i c a l  

hea t - t ransfer  r a t e  t o  t h e  s tagnat ion  point  of a 1.0 f t  rad ius  sphere 

under t h e  same fiow condit ions as ca lcu la ted  using t h e  theory of 

Detra, Kemp, and Riddel l  C171. The agreement between these  th ree  

so lu t ions  is  very good. 

Compressible, Laminar Boundary Layers 

f o r  Reentry Flow Conditions 

A s  was mentioned i n  t he  Introduct ion,  it was desired t o  

wr i te  a code t h a t  could accura te ly  solve f o r  t he  boundary l aye r  on 

a highly cooled wall  i n  an accelerating,high-speed flow. The 

NSBL code was used t o  solve f o r  t he  boundary l aye r  on the  Space 
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Shuttle Orbiter for two flight conditions from the reentry 

trajectory. These conditions included a relatively low Mach number 

(M = 9.49) and a very high Mach number (M = 29.86). The inviscid 

flow fields for these two flight conditions, which were provided by 

Dr. W. D. Goodrich of NASA Johnson Space Flight Center C181, are 

presented in Table 2. Additional points were added to those in 

[18] to improve the accuracy of the NSBL solution. Velocity and 

temperature profiles, displacement-thickness distributions, heat- 

transfer-rate distributions, and skin-friction coefficient distri- 

butions for these two flight cases, as calculated by the NSBL code, 

are presented in Figures 5 through 14. Also shown for comparison 

purposes are the solutions obtained using the BLIMP code C191, as 

provided by JSC . 
For the first flight condition, the free-stream Mach 

number was 9.49 and the angle of attack was 30.8 degrees. The 

conditions at the stagnation point and the streamwise distributions 

for the static pressure, the wall temperature, the entropy at the 

edge of the boundary layer, and the radius of the equivalent body 

of revolution are presented in Table 2(a). These conditions were 

used as the input boundary conditions for the NSBL code and for the 

BLIMP code. Solutions using the NSBL ccde were obtained for two 

thermodynamic flow models: (1) for air that behaves as a thermally 

perfect (p = pRT) and a calorically perfect (C = constant) gas; 
P 

and ( 2 )  for air that behaves as a real gas. For the perfect-gas 



model t h e  v i s c o s i t y  was computed using Suther land 's  equation, 

T1. 5 
10-8 lbf sec 

.- 2.270 
T + 198.6 f t 2  

Furthermore, t h e  Pracdt l  number was assumed a constant ,  Fk = 0.70. 

The thermal conductiv;ty was ca lcu la ted  using t h e  d e f i n i t i o n  of  
P c 

t h e  Prandt l  number, k = --1 For t h e  real-gas  model, thermo- P r -  
dynamic p rope r t i e s  were ca lcu la ted  using t h e  tabula ted  values of 

C201. The v i scos i t y ,  thermal conduct ivi ty ,  and Prandt l  number 

were ca lcu la ted  using linear,double-interpolation of  t h e  p rope r t i e s  

t abu la t ed  by Hansen [21]. The s p e c i f i c  hea t  was ca lcu la ted  us ing  

t h e  d e f i n i t i o n  of  t h e  Prandt l  number. In  t h e  BLIMP so lu t ions  t h e  

real-gas  model f o r  a i r  was used both f o r  t h e  thermodynamic p rope r t i e s  

and f o r  t h e  t r anspo r t  p roper t ies .  

The ve loc i ty  p r o f i l e s  a s  ca lcu la ted  by t h e  NSBL code a r e  

compared t o  t h e  BLIMP ca l cu l a t i ons  i n  Figure 5. Figure 5(a)  

p resen ts  t h e  ve loc i ty  p r o f i l e s  a t  x = 0.101, and Figure 5(b) 
a 

presents  t h e  p r o f i l e s  a t  x = 0.498L. A t  both streamwise loca- 
a 

t i o n s ,  t h e  agreement between t h e  NSBL real-gas  ca l cu l a t i ons  and t h e  

BLIMP ca l cu l a t i ons  is  very c ~ o d .  However, t h e  so lu t ions  obtained 

f o r  t he  perfect-gas  model d i f f e r  s u b s t a n t i a l l y  from those obtained 

f o r  t h e  real-gas  mode-. The temperature p r o f i l e s  a t  t he se  same two 

streamwise loca t ions  a r e  compared i n  Figure 6. Again, t h e  agreement 

between t h e  NSBL real-gas  and t h e  BLIMP ca l cu l a t i ons  is very good. 



The NSBL perfect-gas ca l cu l a t i ons  d i f f e r  s i g n i f i c a n t l y ,  e spec i a l l y  

a t  t h e  downstream loca t ion .  Note t h a t ,  a t  xa = 0.498L, T = 3.385Te 

a t  t h e  wal l  f o r  t h e  real-gas  so lu t ion ,  w h e r e ~ s  t h e  corresponding 

temperature i~ 0.685T f o r  t h e  perfect-gas so lu t ion .  Since t h e  wal l  e 

temporature is spec i f i ed  a s  1500°F f o r  both gas  models ( s ee  Table 

2a) ,  t h e  different. i n  t h e  two dimensionless values  of Tw/Te indi-  

ca t e s  a d i f fe rence  5etween t h e  values  of  Te. The same inv i sc id  flow 

f i e l d ,  a s  defined by t h e  pressure  r a t i o  (pe/pt2), t h e  l o c a l  entropy 

( s  /R), and t h e  s t reaml ine  divergence metric (RDS), was used f o r  both 
e 

gas property models. Therefore,  it is c l e a r  t h a t  t h e  thermodynamic 

model used i n  t h e  ca l cu l a t i ons  can have a s i g n i f i c a n t  e f f e c t  on 

t he  r e s u l t a n t  so lu t ions .  

The displacement-thickness d i s t r i bu t io i l s  a r e  compared i n  

Figure 7. The BLIMP and t h e  NC3L real-gas  d i s t r i b u t i o n s  a r e  i n  

good agreement. The displacement-thickness d i s t r i b u t i o n  ca lcu la ted  

using t h e  NSBL perfect-gas model conparles reasonably well with t h e  

o ther  two. 

The hea t - t ransfer - ra te  d i s t r i b u t i o n s  a r e  compared i n  

Figure 8. The l o c a l  nea t - t ransfer  r a t e s  were divided by t h e  theo- 

r e t i c a l  hea t - t ransfer  r a t e  t o  t h e  s tagna t ion  po in t  o f  a 1.0 f t  r a d i u s  

sphere a s  ca lcu la ted  using t h e  theory i n  [17]. The NSBL rea l -gas  

d i s t r i b u t i o n  compares very wel l  with t h e  BLIMP r e s u l t s .  However, 

t he  values  f o r  t h e  NSBL perfect-gas so lu t ion  a r e  s u b s t a n t i a l l y  lower 



than those! f o r  the  o the r  two models. The skin-fr:.ction-coefficient 

d i s t r i b u t i o n s  a r e  cmpared i n  Figure 9. The apeement  between t h e  

NSBL real-gas so lu t ion  and the  BLIMP sc lu t ion  is very good. Although 

t h e  values from the  NSBL perfect-gas so lu t ion  a r e  below those of t he  

o the r  two models, t h e  d i f fe rences  are not a s  g r e a t  as they a r e  f o r  

t h e  hea t - t ransfer - ra te  d i s t r i bu t ions .  In  summary, t h e  NSBL rea l -&as  

ca lcu la t ions  and the  BLIMP ca lcu la t ions  compare very favorably f o r  

t h i s  f l i g h t  case.  The NSBL. ?erfect-gas ca lcu la t ions ,  however, 

d i f f e r  s i g n i f i c a l t l y  from those of the  o ther  two models and demon- 

s t r a t e  t he  e r r o r  t h a t  could be introduced by using perfect-gas 

assumptions f o r  a real-gas s i t ua t ion .  

For the second f l i g h t  condition, t h e  free-stream Mach 

number was ?9.86 and the  angle of  a t t ack  was 41.4O. The input  

boundary condit ions f o r  t h e  NSBL code and t h e  BLIMP core are prk- 

sented i n  Table 2(b) .  The NSBL code was used t o  oa,. in . so lu t ion  

f o r  t h e  real-gas model only. The veloc i ty  p r o f i l e s  a t  x = 0.107L 
a 

and a t  xa = 0 . 4 4 4 L  a s  calculated by the  NSBL code a r e  compa~*ed t o  

t h e  BLIMP so lu t ions  i n  Figures 1Dia) and 10(b),  respec t ive ly .  The 

agreement between t h e  2 r o f i l e s  ca lcu la ted  by the  two codes IS 

exce l len t  a t  both streamwise locat ions.  The temperature p r o f i l e s  a t  

t h e  same two streamwise loca t ions  a r e  compared i n  F iguws l l ( a )  and 

l l ( b ) .  Again, t he  agreement between the  so lu t ions  pi-ovided by the 

two codes is  exce l len t .  I t  is in t e re s t ing  t o  note t h a t  both codes 

ind ica t e  an in f l ec t ion  point  i n  t h e  temperature p r o f i l e s  a t  t h e  two 



s t r e m i s e  locations.  In  both cases  t h e  physical  temperature i n  

t he  boundary l aye r  i n  t n e  region of t he  i n f l e c t i o n  poin t  was on 

t h e  order  of 4500 t o  5000OR. In t h i s  temperatwe range, t he  oxygen 

molecules begin t o  d i s soc i a t e  a t  t h e  static pressure of  t h i s  flow 

(which is approximately 0.01 atm). In  t h i s  temperature range, t h e  

thermal a n d u c t i v i t y  changes rap id ly  with temperature. Further- 

more, t he  value of t h e  thermal conduct ivi ty  a t  a s p e c i f i c  temperatme 

a l s o  depends on t h e  s t a t i c  pressure.  

The displacement-thickness, t h e  heat- t ransfer-mte (non- 

dimensionalized a s  before),  and t h e  sk in- f r ic t ion-coef f ic ien t  

d i s t r i bu t ions  as ca lcu la ted  by t h e  two codes are compared i n  

Figures 12, 13 and 14, respect ively.  Once again, t he  real-gas 

ca lcu la t ions  o f  t he  NSBL code compare very wel l  with those  of  t h e  

BLIHP code. 
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CONCLUDING RClURKS 

The agreement between the  sample calculat ions made using 

the  NSBL code and the  r e s u l t s  avai lable  in  the  l i t e r a t u r e ,  along 

with the  calculat ions of o ther  codes, demonstrates the  v a l i d i t y  of 

the  solut ion algorithm of the  NSBL code. It should be noted, 

however, t h a t  the  equations employed i n  the  code incorporate the  

assumptions typica l ly  applied t o  t h i n  boundary layers. Furthermore, 

it is assumed t h a t  t h e  viscous boundary layer ,  the  t h e m  boundary 

layer, and the  species concentration a l l  have the  same thicknes: 

Thus, because t h e  i t e r a t i v e  solu t ion  procedure requires t h a t  only the  

shear be negliglbe a t  the  edge of t h e  bound- layer ,  the  code should 

be applied with caution t o  flows where the  Prandtl number and the  

Schmidt number a r e  s ign i f i can t ly  d i f fe ren t  than unity. It should 

a l s o  ? noted t h a t  the  NSBL code is applicable only t o  laminar 

boundary layers. Therefore, c~mparisons between experimental r e s u l t s  

and the  solu'iions obtained with the  code are va l id  only when the  

physical  boundaly layer  ac tual ly  is laminar. 
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Table 1. - The laminar boundary layer  fa^ incompressible 

flaw over a f la t  plate. 

NSBL 
BLAST 

(Ref .3 )  
Schlichting 
(Ref. 15) 



Table 2.  - The input boundary conditions for  Space Shuttle Orbiter 
Fl ight  Design Trajectory. 

(a) H, = 9.49; a l t i tude  = 162,000 ft; angle of  attack = 30.03O; 

Pt2 = 215.8 lbf/ft2; Tt2 = 550E0R. 
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Table 2. - (a)  Continued. 



Table 2 .  - Continued 

(b) Hap = 29.86; a l t i t u d e  = 246,000 ft; angle o f  at tack = 41.4O; 

Pt2  = 46.26 l b f / f t 2 ;  Tt2 = 10,798OR. 



Table 2. - (b) Conclusion. 



0 NSBL 

A BLAST, Ref. 3 

0 Schlichting, Ref. 15 

5.0 

Figure 1. - Velocity profile for incompressible, laminar 
flow past a flat plate; angle of attack = O O .  



0 NSBL 

A BLAST, Ref. 3 

Figure 2 .  - Velocity profile fop supersonic, laminar flow 

past a 12O cone; M = 4.84; angle of attack = e 
oO; x = 1.0 f t .  



0 NSBL 

h BLAST, Ref. 3 

Figure 3. - Temperature p r o f i l e  for supersonic ,  laminar f low 

past  a 1 2 O  cone, Me = 4.84; angle  o f  a t tack  = 00. 
x = 1 . 0  ft.  



0 NSBL 

A BLAST, Ref. 3 

0 Eckert 's reference temperature, Ref. 1 

Figure 4. - Heat-transfer-rate distribution for supersonic 
flow past a 12O cone, Me = 4.84; angle of 

attack = O O .  
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Figure 5 .  - Velocity distribution across a laminar boundary 

layer, Orbiter Flight Design Trajectory; M = 9.49;  

angle of attack = 30.83O. 



0 NSBL perfect gas 

0 NSBL real gas 

V BLIMP 

Figure 5 .  - Concluded. 





0 NSBL perfect gas 

0 NSBL real gas 

V BLIHF' 

Figure 6. - Concluded. 



0 NbBL perfect gas 

0 NSBL real gas 

V BLIMP 

Figure 7. - Displ:,oment-thickness distribution, Onbiter Flight 

' , . s i g n  Traject~ry; M = 9.49; angle of attack = 30.83O. 



D NSBL perfect gas 

0 NSBL real gas 

V BLIMP 
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Figure 8 .  - Heat-transfer-rate distribution, Orbiter Flight 

Design Trajectory; M = 9.Q9; angle of attack = 3C 



O NSBL perfect gas 

0 NSBL real gas 

V B L I W  

Figure 9. - Skin-friction-coefficient distribution, Orbiter 
Flight Design Trajectory; M = 9.49; angle of 

attack = 30.830. 



Figure 10. - Velocity distribution across a laminar hundary 

layer, Orbiter Flight Design Trajectory; M = 29.86; 

angle of attack = 41.4O. 
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0 NSBL 

v BLIMP 

Figure 10. - Concluded. 



Figure 11. - Temperature distribution across a laminar boundary 

layer, Orbiter Flight Design Trajectory; l4 = 29.86; 

angle of attack = 41.4O. 



0 NSBL 

V BLIMP 

Figure 11. - Concluded. 



0 NSBL 

V BLIMP 
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Figure 12. - Displacement-thickness distribution, Orbitev 
Flight Design Trajectory; M = 29.86; angle of 

attack = 41.4O. 



0 NSBL 

V BLIMP 

Figure 13. - Heat-transfer-rate distribution, Orbiter Flight 
Design Trajectory; M = 29.86; angle of attack = 

41.4O. 



0 NSBL 

V BLIMP 

Figure 14. - Skin-friction-coefficient distribution; Orbiter 
Flight Design Trajectory; M = 29.86; angle of 

attack = 41.4O. 
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APPENDIX A 

DEFINITION OF MATRIX ELEMENTS 

The i n d i v i d u a i  elements of the  coe f f i c i en t  matrices which 

appear  i n  e q u a t i o n s  ( 2 8 ) ,  (29) and ( 3 0 )  a r e  a s  follows: 







APPENDIX B 

NSRL USERS GUIDE 

Program Contents 

The NSBL code is  m d e  up o f  t h e  fol lowing blocks:  

Progxvm NSBL: c a l c u l a t e s  c o n d i t i o n s  a t  t h e  edge o f  t h e  

bow-dary l a y e r  a s  w e l l  a s  Rex. s, 8, f inj ,  A c 
w - 

Subroutine PIGYBAK: c a l l e d  by KSBL - c a l c u l a t e s  t h e  i n i t i a l  

bounda-y l a y e r  p r o f i l e  us ing  a Faulkner-Skan 

s c l u t i o n  technique.  

Subroutine MJMIN: c a l l e d  by PIGYBAK - s o l v e s  ~ d i n a r y  d i f f e r e r i t i a l  

equa t ions  us ing  a mul t i - s t ep  method wi th  a 

Runge-Kutta s t a r t e r .  

Subroutine DLRIV: c a l l e d  by NUHIN - c a l c u l a t e s  d e r i v a t i v e s  

Subroutine F'GES : c a l l e d  by PIGYEAK - c a l c u l a t e s  first guesses  f o r  

f l ' (0 )  and g ' ( ~ ) .  

Function TWOVAR: c a l l e d  by FGES and EJOYCE - does l i n e a r  double 

i n t e r p o l a t i o n .  

Subroutine EJOYCE: c a l l e d  by NSBL - c a ~ c u l a t e s  t h e  downstream 

boundary l a y e r  ? r o f i l  e s  us ing f i n i t e  

d i f f e r e n c e  methods. 
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Subrsutine XOLIER: c a l l e d  by EJOYCE - ca l cu l a t e s  thermodynamic 

p rope r t i e s  f o r  a i r  as a real gas. 

Subroutine DINT2: c j i l e d  by MOLIER - does double in te rpola t ion .  

Subroutine DINT1: c a l l e d  by DINT2 - does double i r t e rpo l a t i on .  

Description of Input 

The d e f i n i t i o n s  of t h e  input  parameters a r e  given below. 

Figure B - 1  presents  a flowchart  of  t h e  input  sequence with t h e  

formats used. 

IPERF 

NPRES 

DDSTR 

number of x-points t o  be ca lcu la ted  

number of  y-points i n  t h e  boundary l a y e r  

equals  zero f o r  two-dimensional flow; equals  one f o r  

axisymnetric flow 

equals  zero  f o r  va r i ab l e  entropy flow; equals  one f o r  

i s en r rop ic  flow 

equals  zero f o r  rea l -gas  proper t ies ;  squa ls  one f o r  

perfect-gas  p r o p r t i e s  

number of elements i n  t he  t r anspo r t  property temperature 

vec tor  

number of elements i n  t h e  t r anspo r t  property pressure 

vec tor  

displacement thickness  due t o  i n j e c t i o n  a t  t h e  first 

s t a t  ion 
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FLCW value of t h e  stream funct ion a t  t h e  wall a t  t h e  f i r s t  

s t a t  ion 

FINJ value of t h e  stream funct ion of t h e  i n j e c t a n t  spec ies  a t  

t he  f i r s t  s t a t i o n  

WI molecular weight of t he  i n j e c t a n t  spec ies  

WMS molecular weight o f  t h e  stream spec ies  

TEMP(M) Mth temperature of t h e  t r anspo r t  property temperature 

vector ,  O R  ( temperatures must be i n  increas ing  o rde r )  

PRES( M) Hth pressure of  t h e  t r anspo r t  property pressure  vec tor ,  

loglo ( l b f  / f t 2 ) ,  (p ressures  must be i n  i n c ~ e a s i n g  order )  

VISS( I, J v i scos i t y  of t h e  stream spec i e s  a t  TEMP( I) and PREs( J )  , 

l b f  s e c / f t 2  

TCS(1,J) thermal conduct ivi ty  of  t h e  stream spec ies  a t  TEXP(1) and 

?RES(J), Btu/f t  sec O R  

CPS(1,J) s p e c i f i c  hea t  of  t h e  stream spec i e s  a t  TEMP(1) and 

PRES(J),  B ~ U / S ~ U ~  OR 

VISI(1,J) v i s cos i t y  of t h e  i n j e c t a n t  spec ies  a t  TEMP(1) arid 

PRES(J), l b f  s e c / f t 2  

TCI(1, J )  thermal ccnduct i v i t y  of  t h e  i n j e c t a n t  spec ies  of TEMP( I )  

and PRES( J), Btu/f t  sec O R  

CPI(1,J) s p e c i f i c  heat of t h e  i n j e c t a n t  spec ies  a t  TEMP(1) and 

PRES(J), S tu / s lug  O R  

E convergence c r i t e r i o n  on a boundary condi t ion 

( t y p i c a l l y  0.0005) 



DELT 

EPS 

PTE( 1 )  

TTE( 1 ) 

HTREE 

RGAS 

GK 

PRATIO 

m 

ROVIN 

RDS 

X 

SEL 

SLE 

SELT 

IINIT 

ALFl 

s t e p  s i z e  i n  t h e  y -d i rec t ion  ( t y p i c a l l y  . 0 5 )  

convergence c r i t e r i o n  when a v a r i a b l e  s t e p  s i z e  is used 

t o t a l  p r e s s u r e  behind t h e  shock, l b f / f t 2  

t o t a l  temperature  behind t h e  shock, OR 

r e f e r e n c e  va lue  o f  t h e  hea t  t r a n s f e r  c o e f f i c i e n t ,  

~ t u / f t ~  s e c  O R  

gas cons tan t  of t h e  s t ream spec ies ,  ft lbf/ lbm O R  

r a t i o  of t h e  s p e c i f i c  h e a t s  o f  t h e  s t ream s p e c i e s  

r a t i o  of t h e  l o c a l  edge p ressure  t o  PTE(1) 

w a l l  temperature,  O R  

d e n s i t y  o f  t h e  i n j e c t a n t  s p e c i e s ,  s l u g / f t  

r a d i u s  of t h e  e q u i v a l e n t  body of  r e v o l u t i o n ,  f t  

s t reanwise  wet ted d i s t a n c e  f r o m  t h e  s t a g n a t i o n  p o i n t ,  f t  

l o c a l  entropy at  t h e  edge of t h e  boundary l a y e r  d iv ided  by 

t h e  stream s p e c i e s  g a s  c o n s t a n t ,  S /RGAS e 

t o t a l  en t ropy  behind t h e  shock minus t h e  l o c a l  entropy a t  

t h e  edge of t h e  boundary l a y e r ,  Btu/lbm O R  

t o t a l  en t ropy  behind t h e  shock, Btu/lbm O R  

equa l s  z e r o  i f  t h e  i n i t i a l  p r o f i l e  is t o  be  c a l c u l a t e d  

i n  t h e  code; equa l s  one i f  t h e  i n i t i a l  p r o f i l e  is t o  

bc inpu t  

i n i t i a l  value  of t h e  s c a l e  f a c t o r ,  a, a t  t h e  x- locat ion 

of t h e  input  p r o f i l e  
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REXINT(1) in tegra ted  value o f  t h e  Reynolds number a t  t h e  x-location 

of  t h e  input  p r o f i l e  

S(  1) transformed x-coordinate a t  t h e  x-location of t h e  input  

p r o f i l e  

BETA(1) pressure grad ien t  parameter a t  t h e  x-location of t h e  

input  p r o f i l e  

F(1) nondimensional ve loc i ty  (u lu  a t  t h e  Ith poin t  i n  t h e  e 

boundary .' ayer  

THETA( I ) nondimens i o n a l  temperature ( T/Tte ) a t  t h e  Ith poin t  i n  

t h e  boundary l a y e r  

CS( I) mass f r a c t i o n  of  t h e  stream spec ies  a t  t he  ith poin t  i n  

t h e  boundary l aye r  

Description of Output 

The output f o r  t h e  NSBL code includes t h e  input  phrameters, 

t h e  free-stream parameters, t h e  boundary l aye r  p r o f i l e s ,  and t h e  

boundary l aye r  parameters. The output f o r  t h e  free-stream flow 

includes : 

M s t a t i c n  number i n  t he  x-direct ion 

PE(M ) s t a t i c  pressure a t  t h e  edge of t h e  boundary l aye r ,  l b f / f t 2  

PTE(M) t o t a l  pressure a t  t he  edge c f  t h e  boundary l aye r ,  l b f / f t 2  



THETAE(M) temperature r a t i o  ( T , / T ~ ~ )  a t  t h e  edge of  t h e  boundary 

l a y e r  

TTE(M) t o t a l  temperature a t  t h e  edge of t h e  boundary layer ,  O R  

EMACH(H) Mach number a t  t h e  edge of t h e  boundary l aye r  

UE( H ve loc i ty  a t  t h e  edge of t he  boundary layer ,  f t / s e c  

URENOE(H) u n i t  Reynolds number a t  t h e  edge of t he  hundary layer, 

l / f t  

REXINT(M1 Reynolds ?umber a t  t he  edge of t he  boundary l a y e r  in te -  

grated over t he  wetted d is tance  from t h e  s tagnat ion poin t  

SEL(N) l o c a l  entropy a t  t h e  edge of t h e  boundmy l a y e r  divided 

by t h e  stream species  gas constant  

S(M) transformed x - c ~ ~ r c ~ ~ ~ a t e  

ROVIN(M) dens i ty  of  t h e  in j ec t an t  species ,  s l u g / f t  

BETA(M) pressure gradien t  parameter, 0 

FLCW(M) value of  t h e  stream funct ion a t  t he  wal l  

The output f o r  t h e  boundary l aye r  p r o f i l e s  and parameters 

f o r  M - 1  x-s tat ions includes : 

M s t a t i o n  number i n  t he  x-direct ion 

X(M) physical ~ z t t e d  d is tance  from t h e  s tagnat ion poin t ,  ft 

I s t a t i o n  number i n  the  y-direct ion 

YN( I )  transformed 0-coordinate, n, a t  t he  poiilt i n  t he  

boundary l aye r  



Y( I )  p h y s i c a l  y-coordinate  a t  t h e  p o i n t  i n  t h e  boundary 

l a y e r ,  f t  

ETA(1) txunsformed y-coordinate ,  n, a t  t h e  r th  p o i n t  i n  t h e  

boundary l a y e r  

F (1)  nondimensional v e l o - i t y  a t  t h e  p o i n t  i n  r h e  boundary 

l a y e r ,  u( I)/ue(M) 

THETA(1) ncnl imensional  temperaturs  a t  t h e  Ith p o i n i  i n  t h e  

boundary l a y e r ,  T( I )/Tt,(K) 

CS(1) mass f r a c t i o n  o f  t h e  s t ream s p e c i e s  a t  t h e  lth p o i n t  i n  

t h e  boundary l a y e r  

'I AU l o c a l  s k i n  f r i c t i o n ,  l b f / f t 2  

CF l o c a l  s k i n - f r i c t i o n  c o e f f i c i e n t  

HCOEF l o c a l  h e a t - t r a n s f e r  c o e f f i c i e n t  

TREC recovery temperature ,  OR 

QDoT l o c a l  convect ive  h e a t - t r a n s f e r  r a t e ,  ~ t u / f t ~  s e c  

STNO l o c a l  Stanton number 

HRATIO HCOEF/HTREF 

DELST l o c a l  displacement t h i c k n e s s ,  f t  

THMOM l o c a l  momentum t h i c k n e s s ,  f t  

DSTAR l o c d l  displacement t h i c k n e s s  wi th  mass i n j e c t i o n ,  f t  



S t a r t  a 
Format (7110) 

MM,N,KK,ISEN,IPERF,NTEMP,NPRES 

I Format (6E12.5) 
(TEMP(M),M=l,NTEMP) I 

I Format (4E12.5) 
((cPs(I,J),J=~,NPREs),I=~,NTLMP) I 

Figure B-1. - Flowchart of t he  input sequence and 

FORMATS fo r  t he  NSBL code. 



Format (6E12.5) 
(TEMP(M) ,M=~,NTENP) r I 
-- 

F m n a t  ( 6E12.5 ) 
(PRES(M),M=~,NPRES) 

1 
Format ( 4E12.5 

( (vISI(I,J) ,J=l,NPRES) ,I=l,NTEMP) - 
I 

Format (4E12.5 ) 

Format ( YE12.5 
I ((CPI(I,J),J=~,NPRES),I=~,NTEMP) I 

Format ( 3E12.5 
E,DELT,EPS 

Figure  B-1. - Continued 



Format ( 2E12.5 ) 

Format ( 5E12.5 ) 
(PRATIO(M) ,TW(M),ROVIN(M) ,RDS(M) ,x(M) ,M=~,MM) 

Format (E12.5) '4 
Format ( 6E12.5 ) 
( S E L ( Y )  ,M=~,MM) 

Figure B-1. - Continued 
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Format ( 110,4E12.5 ) 
IINIT,ALF~,REXINT(~),S(~),BETA(~) 

A 

Format ( 3F10.0 ) 
(F(I),THETA(I),CS(I),I=~,N) - 

End of t he  i n p u t  sequence 

Figure B-1. - Conclvsion. 



APPENDIX C 

THERMODYNAMIC AND TRANSPORT PROPERTIES 

C a l c u l a t i o n  Procedures f o r  a P e r f e c t  Gas 

Before one can so lve  equa t ions  (121, (131, and (14)  f o r  

t h e  independent v a r i a b l e s  F, 8, and C1, it is necessary  t o  

e v a l u a t e  t h e  thermodynamic p r o p e r t i e s  which appear  i n  t h e  c o e f f i -  

c i e n r s .  The thermo4ynamic p r o p e r t i e s  o f  t h e  i n d i v i d u a l  s p e c i e s  a r e  

r e a d i l y  computed as a f u n c t i o n  o f  p r e s s u r e  and temperature.  For 

c a s e s  o f  mass i n j e c t i o n  o r  when t h e  fr%e stream is assumed t o  be a 

p e r f e c t  gas ,  t h e  p r o p e r t i e s  of t h e  mixture a r e  approximated with 

t h e  i d e a l  g a s  r e l a t i o n s  [ l o ]  once t h e  r e l a t i v e  concen t ra t ions  of t h e  

s t ream s p e c i e s  and of t h e  i n j e c t a n t  s p e c i e s  a r e  known. 

DENSITY: The d e n s i t y  o f  t h e  mixture is c a l c u l a t e d  us ing  t h e  

re l t t  ion 

which can be w r i t t e n  f o r  a mixture o f  two gases  a s :  

where, t o  have c o n s i s t e n t  x n i t s ,  t h e  value  of t h e  u n i v e r s a l  gas  

cons tan t ,  R, is 

ft  l b f  
1545 l b  mole OK . 



The transport properties (specific heat ,  viscosity, and 

thermal conductivity) for a given component are computed by linearly 

iater2olating the input tables as a function of temperature (the 

transport properties are independent of pressure for a perfect gas). 

SPECIFIC HEAT: The specific heat of the mixture is computed usirlg 

VISCOSIq.Y: The viscosity of the mixture is computed using the 

where 

and 



THERMAL CONDUCTIVIT': The thermal  c o n d u c t i v i t y  o f  t h e  mixture  is  

computed us ing:  

~i . lcre G . - ,  G21, X1, and Xg have been de f ined  above. 

DIFFUSION COEFFICIENT: The b i n a r y  d i f f u s i o n  coef  f i c  i --?t is com- 

puted us ing t h e  procedure o u t l i n e d  i n  1221 f o r  d i f f u s i o n  i n  a 

multicomponent mixture:  

Where 5 is a  r e f e r e n c e  c o e t L A c i e n t  which can be aprroximated by: 

Fur the r ,  

and 

The cons ran t  o f  equa t ion  (C-5b) was eva lua ted  by f i t t i n g  

t h e  equa t ion  t o  t h e  t a b u l a t s a  va lues  f o r  b i n a r y  d i f f u s i o n  c o e f f i c i e n t s .  

S p e c i f i c a l l y ,  t h e  d i f f u s i o n  c o e f f i c i e n t s  f o r  mix tu res  of  N2: CL,, . 



H :C02, N :H A i r : C O  N :N f o r  t e n p e r a t u r e s  f r o m  S20°R t o  
2 2 2' 2' 2 2' 

12,000°R, as t a ~ u i a t e d  i n  [22]. Using a v a l c e  of c = 2 .64  x lo- ' ,  

t h e  c a l c u l a t e d  va lues  were w i t h i n  23% o f  t h e  t a b u l a t e d  v a l u e s  over  

t ? e  e n t i r e  range of  p r e s s n r e  and t e n p e r a t u r t  considered.  Thus, t h e  

equat ion used i n  :he :,urnerical co5e is: 

DIMENSIONLESS PAP,9METCRS : 77ct-l t h e  i i n e n s i o n a l  thermodynamics of 

t h e  mixture -lave been c -ed, it is a s imple  m a t t e r  t o  compute 
5 

t h e  C5apman-Pubesin f a c ~ s r ,  - " , t h a  R a n d t l  n u d e r ,  
'eve 

k ' 

' 5 2  
and t h e  Schmiiir ?umber, - . u 

Ca lcu la t ion  Procedures f o r  a Real Gas 

For c a s e s  where t h e r e  is no mass i n j e c t i o n ,  t h e  f r e e -  

stream s p e c i e s  nay, a t  t h e  a s e r ' s  op t ion ,  b e  assumed t o  behave a s  

a r e a l  gas. When t h i s  is t h e  case ,  t h e  d e n s i t y  of the g a s  is  

c a l c t q l a t e d  by t h e  subrou t ine  HOLY-R. The t r a n s p o r t  p r o p e r t i e s  a r e  

compute5 by l i n e a r l y  i n t e r p o l a t i n g  t h e  i n p u t  t a b l e s  as a func t ion  

o f  temperature  and p r e s s u r e .  
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22@ CONTINUE 
C 
c ECALIIALTI~N r l r  FLC A T  TME WALL 
C 

DO 2 3 d  M82,MM 
F I N J ( ~ ~ ~ F ~ N J ~ M - ~ ~ + ~ Q O V I N ( ~ - ~ ~ * ( ~ D S ~ ~ ~ ~ ~ * * U ~ ~ + ~ ~ V I N ~ ~ ~ * ~ U ~ S ~ M ) * *  

1 K R I l * D € L X ( * 1 / Z . *  
F L C # ( ~ ) ~ ~ F I N J ( M ) / ( S U P T ( ? ~ ~ ~ * S ~ ~ O ) )  

23 4 CON1 I N U E  
C 

V R I h T  Z8P 
s S P ~ c E 8 ( h Z m w ~ ) / b  
I F  (NSPACE.LT,dl NSPACE8@ 
0 0  2Ud 1.lrkSPACE 

PVI l rT  29H 
ZY* CONTIWUE 

P f I s T  51fl 
P k I N l  521A, ( ~ , ~ ( * ) ~ S ( M I , Y I I V ~ N ( * ~ , ~ E T A ( * ) , F L C ~ ( M ~ ~ * ~ I , * M A X ~  

c 
c C ~ L C L I L A T ~ N G  T MF FLO* PAM4*E TFNS AT THE I b I 1  I A L  S l A l l f l N  
C 

I F  (LIuIT.EU.4)  GO T ~ I  25d 
ALFSALFI  

C 
wtAD 5 U d r  (F(11rT~ElA(l)rCS(I)o181rN) 

c 
CU 71) 2h.i 

25.4 4.1 
I,€ l.'JE ( 1 l 
H T k l = H r E ( I )  
T*l. l*( t 1 
T T I = T l E ( l )  
CALL I J I G V ~ A U  r r r F I )  

Laby CALL  EJLIVCE 
c 

27.4 F i r R * A l  ( r l l r )  
2 n d  C O R * r l  ( l n l )  
?Q* FUQMAT (.'I 
3Y@ FUUMAT lUE12.51 
3 l H  FOW*bf (3E12.5)  
3 2 e  FURMAT ( 5 6 x , 2 U ( l H * ) , / r 5 b X * ? U H *  T * t  l ~ P u l  PAwAMFTfUS * . / 0 5 b X ~ Z U ( l n *  

1 ) , / / 1  
3 3 M  FUQMAT (UOXrQhTWEI4E A U t , l 5 , 2 8 ~ 1  S l ~ l l l ~ N S  I N  THE X I ) lWICTION, / ,OAX~Q 

I N T H k r t  A#F,f3,ZW* S l b T I U N S  1'4 fMC V O l k € C T l O N , / )  
3 4 @  FuUMAT ( 5 X r  l d f  l t + * 1  r 1 1  bnVfjtj MAUk INPUT A h  tY@lIYEUIIS I(*, I(* HUST €OU 

i A L  r! F l l U  A T ~ a - u l M f h t s l n r t r L  CUNFI~~U~ATIUN,  O H  I rnn A ~ O L ) V  OF -ntvo 
Z L U T I n N - 1  

3 5 4  FlInMAT ( S a x , u ~ ~ T ~ t  k r l o v  I S  A I * I~-DI*F,NSIONAL CONF ~ G u Y A T I I ) ~ )  
l b a  FDWMAT ( ~ ~ ? ~ , J , ? M T M E  Bl)l)V I S  A WOOV 0) Nt  VOLIITIUY) 
3 7 ~  F o n n r T  ( / ,37 l ,  U~IHT-t WLFCIILAU IE I~~MT OF THE I ~ J E C T A ~ T  IS,F~.Z, 13w 

1 L H ~ / L H * - M ~ L C ,  /,3Rrr Jrt'TwC MOLFCIILAY IE I b H T  (IF THE SPEC I f  S 1SpFe.Z 
Z e l 3 b  LHM/Lh"-*nLEr 1 )  

380 F u a M ~ t  ( ~ ~ X , Z I W T W E  G A S  IS r M E A L  LAS,/) 
300  F ~ ~ M A T  (~IX~ZUHTHE & A S  1s A P L ~ F C C T  GAS,/)  
U ~ d  F O a w r l  (~2r,Qwo@STh(118,C1?,5~lrr~, F L C * ( l ) 8 , k 1 2 , 5 , l 4 n r  F I ~ J ( 1 ) ~ o C l  

l d , S r / I  
U l @  FnRPAT t U 3 X , Z ~ F 8 ~ E l 2 , 5 ~ 7 ~ ,  OF.LT*,EIZ,Srbn, EPS.rElZ,S,/) 
UZb3 FOwrAT (hF 12,51 
USd FnuMrT ( l x r 1 3 0 ( l r * ) )  
Y Y ~  FuvMAT r ~ n o , i ~ a , ~ ~ ~ ~ ~ t * ~ , i ~ x , ~ n ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ i i x ~ ~ n ~ n ~ ~ ~ , ~ u x ~ ~ ~ ~ ~ s ~ ~ ~ ,  

l I ~ I , O W X ( * ) , l S X ~ 8 ~ ~ ( ~ V I h I M ~ ~  
uSH CUnHAT (lua,ti~,5,5~3r,tn~,31,~12~5)1 
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uhlr ;uunrr ( S O B ,  I I H ~ ~ I T P ~ I T  n ~ r r , t / / )  A 314 
U T ~ I  F U Q M ~ ~  ( ~ ( X , ~ ~ H , R ~ , I M ~ ~ I I ~ , S ~ P ~ ( ~ ) , B I , ~ ~ P T F ( ~ ) , ~ I , H H E ~ A ~ , ~ I ~  A J I I  

i w l ~ ~ ( n ) , ~ u , e k k r ~ c ,  :' 1 1  b 3 1 8  
u8@ FDamAl (17x,1S,aflu,S) A 3 1 5  
~ q r )  FoUnrl  ( ~ ~ ~ , ~ H ~ , ~ I ~ ~ ~ ~ ( M ) ~ ~ ~ ~ , ~ ~ I ~ E ~ ~ ) ~ ~ X ~ Q ~ U * ~ ~ O ~ ( ~ I , ~ X ~ ~ M Y ~ X I N T ( ~  A 3 1 4  

1 ) , 8 x ~ e n S E ~ f ~ ) )  A 315 
'5Md FUQnAl (ZbX,IS,bEI'J,S) A 3 1 6  
51fl FUUM&T ( , ~ 9 ~ , ~ ~ ~ , b k , ~ n x ( ~ ) , 1 y l ~ , ~ n ~ ~ 1 * ) , 9 # ~ ~ ~ ~ ~ ~ 1 , b , 7 1 ~ ( , 7  b 5I7 

~ x ,  ~ M F L C * ( M ) , / ~  d i n  
5 2 ~  F I W ~ A T  ( zb r ,  f5 ,b t  14.5) A 31'4 
5x6  F ~ ~ M A T  ( I I ~ ~ , u E ~ z , s )  A J L ~  
5Ud FUunbf [ 5 F l V , H )  A 32j 

c r JZL 
C I b 523 



SUBUUUTINE PIGVBAM (HTEI) u I 
C  H 2 
c SUHUOUTXNE P X G V ~ J A R  C A L C U L A T ~ S  THE I N ~ T I A L  PWOFILE n 3 
C u 8 l h G  TnC HLAST PuuCEDllRE . A Y  
c n 5 

nIMEN81Ov F ( S B ) ,  Gf5k'), FN(SH),  GN15k')o Vh(5m)r  ETAO(SP) r  t T A ( S d ) ,  8 D 
1 l H l T A ( 5 H )  B 7  

Oi '4€NSION V ( 5 1 r  C P A ( J ) ,  G A f J )  R O 
D I M E N ~ ~ O N  DV(51, P f S ) ,  I L ( 5 ) r  VPr(5,*), DEP(5i  n 9 
DIMLN~ION EU(S), D P S A V E ~ ~ ) ,  F P U ~ Z J O )  P L U  
ENTEUVAL UERIV 11 
CUMPUN /NEW/  F,T~ETAf5~)rALF,hV,II,M~,CSf5R),k(bH),IPEHFeNlE~Pl P 12 
CO.(MOY /CONST,' A l e  AZ~A~,AU,EILPS,OELT~ - 'c  ' R 13 
COMMON / M A I N /  T N I O U E ~ , ~ ~ ~  4 1 4  

C - 15 
C  CAIJTIUU .PQ.IA,~. 1 v I l l ~ L  V W ~ I L E  USES ~ r * t i C f  GAS WELATIOIlS H l h  
C H 1 7  

I ~ R M ~ H  8 1 8  
n €  vmuc b 1 9  
A ~ * U E I ~ U ~ ~ / ( Z . H I M T E I * ~ ~ .  1 7 u t 7 7 8 . )  n a d  
42.1 * d - A l  P 2 1  
P R 8 d w 7  fl Li? 
A3.1wr)/PW n 2 3  
A U = U E I ~ U E ~ + ~ P ~ - ~ , P ) / ( M ~ E I * P H * ~ Z , ~ ~  .) ZJ 
P W I ~ T  Zd@, A ~ , A Z , A J , A U  B 25 
AA.d,U H Zn 
t ~ = ~ t . w  r 2 7  
D D a T a I / T T 1  P 24 
CALL FGES ~ D U , C C , E €  ) h Z 9  
(;c: I n  21; H 3 d  

I d  CC.,P99*CC 31 
I! C w 8 b l  I4 32 

28 P w ~ H T  214,  r r , ~ a ~ C C , I ) ~ ) . t k  r 5 3  
k c o u r  tad  P JU 
Ik.NV-1 h 35 
v ( l ) = r r  B j b  
V(21.84 * I 7  
V f  3).CC M 38 
v  (U)SOI) n ~o 
V(5)SEE 4  kM 

3d G P S A V ~ . V ( S )  u l  
FPPSAVSV(3) A a 2  
F P P W ~ = V (  3 )  b us 
GPal.V(5) H u u  
FPPOSSV(3) W Ub 
6POS.V ( 5 )  B Y O  

1 1 ~ 1  a u t  
N.5 R Y O  

4H CALL N U H I k  ( ~ , D E L ~ ~ ~ ~ ~ V , P , ~ E , E ~ ~ V P R , V ~ E P S , P P S A V C ~ K E V ~ ~ E R ~ W ~ ~ )  0 YO 
T ~ Y ) ,  e SM 
-5 A 51  
1.1 0 52 
CALL YUHIN ( ~ , D E L I , T , D V , P , T E , E R , V P R , V , ~ P S , O P S A V C , K E V , O € R I V , ~ )  b 53  

5 d  C A L L  NUMIN f N I ~ ~ ~ l , T r D ~ , P , T F , E ~ , V P R , V , L P 6 , O P S ~ V C v K F V r D E R I V , 3 )  R 5 4  
I F  (1LRr.EQ.l) GO 111 Ik' R 55 
I F  ( A H S ( v ( 5 )  1.~1.E) (;O Trl ad R 5b 
I.l+l R 5 7  
GO f O  5IA (r 58 

b d  I F  ( A d S ( l , H O R O ~ V ( Z ) ) , t l , t )  GO T O  7kl H 5 9  
IF (AHS(!,~P~~~*V(~)).LI.~~ GU 10 l d d  M bM 

7P FPA( I I ) .V(2 )  b b l  
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CA(I I ) .V(U) 
11.11+1 
IF (II.EU,Z) GO ru  e p  
I F  (111YE,3) GO 10 YM 
V(l).AA 
V(Z).W 
V(3).FPPSAV 
V(U).DO 
i ( 5 ) 8 1 0 d H S * G F S A V E  
FPPB3#V(J)  
GPd3.V (51 
F P P O S a Y O )  
GPOS.Y(S) 
GO T f l  UU 

a@ V(1184A 
v(L) .d l  
V(S I= I ,~~~~FPPSAV 
V(U)sOD 
V(5)SGPSAVE 
FPPMZ*V(J)  
GPflZSV(5) 
F P P U S S l ( 3 )  
GP0S.V ( 5 )  
c;n T O  r a  

9 u  DFPASFPA(1) -FPA(ZI  
O G ~ . t i l ( l ) - t ~ ( E l  
o F ~ r l 8 F r r ( l ) - F ~ r t 3 )  
UGAl .GA( l ) -GAO)  
OFPP@.FPPCl rFPPHZ 
DGPOSSPU)~ -l;PA3 
Ab=DFPA/DFYPH 
~ 1 8 D F P A l / n G P d  
C1810~k3Mk3-FPA(1) 
O ~ ~ I J G A / O ~ P P Y .  
E I Z D G A I  /DCPbl 
F l . l ,dddd-GA(1) 
O C F P P = ( C l r t l - F 1 * 4 1 ) / (  Ah*t 1 - D l W  ) 
I ) E G P S ( A ~ * F ~ - D I * C I ~ / ( A O * E  ~ - ~ ) i * n i  
FPP=CPPII+DECPP 
G P S E P ~ I  + O E W  
Y ( l ) S A A  
~ r z ~ ~ 8 ~  
V t 3 ) a F P P  
v ( u ) a m  
V(S).GP 
GO 1U 514 

l @ d  L J N T I H U L  
Y(1)aAA 
V t Z 1 8 d A  
VO).FPPflS 
V ( U l X D 0  
V(5).6PUS 
CALL NUWIN ( N ~ D F L T , T r ~ V , P , T E , t ~ , ~ P ~ ~ V , E P S , D p 9 A V t ~ N C V ~ O ~ U ~ V ~ l 1  
l ~ d ,  
N.5 
uLSfl8(Vtu)-riz~V(2)..2,)/AZ-~~Zl 
f H T A l s ( V ( 2 1 ) * ( l , d - V ( 2 ) )  
T~lEI.(V~2))*(l,M-(v~Z~**Z): 
1 1  1.1 
F P Q ( I l l ) 8 V ( Z I  
G ( l L l ) . v ( U )  
t fAD(A! l ) .T 

R bZ 
n b3 
R b4 
tl b5 
6 bb 
U  07 
R b8 
H 6 0  
B 7U 
I) 71 
R 7d  
u 7 3  
P 74 
6 75 
H 70 
n 77 
H 78 
6 79  
A 88  
H 8 1  
B 82 
fi 8 5  
R A4 
P d5 
R ae 
M 87  
6 18 
n 0 9  
W OH 
t) 9 1  

9 OL 
n 05 
h QQ 
9 95 
H Qb 
4  9 7  
n 9 8  
8 VY 
n l b b i  
rc 1 4 1  
4 l*l 
H l u l 5  
B i r u  
4 1*5 
L I H b  
A  I H T  
4 la 
R 1mo 
0 l l l d  
H 1 1 1  
H 112 
R 113 
M 1 l U  
R 11s 
L I l b  
B 1 1 7  
M l l c ,  
R i 1 0  
a 1 Z d  
R 1 2 1  
t. 122 
r, 1 2 3  



C A L L  N u n l h  f U r O E L T r T ~ D U ~ P , T E ~ E U ~ ~ P Y ~ V ~ t ' P 8 ~ f 8 P S A V E ~ ~ E V ~ U E U I V r 2 )  I3 1 2 4  
DLSIZ*(V(u)-bl*(V(Zl**Z))/bZ-V(z) I 1 2 5  
T M I A ~ B ~ V ( ~ ) ) ~ ~ ~ ~ ~ = V ( ~ ) ?  P 1 2 6  
1UTCZa;  : ( 2 ) ) * ( l , d - ( V ( Z ) * * d ) )  (1 127 
A U E L S T ~ : ~ , ~ ~ ~ L S ~ ~ + O L S T Z ~ ~ O E L ~  d 1 2 s  
A ~ U F T A ~ ( ~ , ~ ~ T M T A ~ + ~ M ~ A Z ) * D E L T  S 1 2 0  
r l w E T E m ( b . S r l r l k 1 + T ~ f E Z ) * U E L T  r )  l 5 @  

l i d  C A L L  hU; 1N ( N z D ~ ~ l , T r D ~ r P r T F r E U r ~ P Y r V * E P S r ~ P S ~ ~ k r ~ E V ~ d E ~ I ~ r 3 )  H 1 5 1  
U D E L S T . ( ( V ( U ) - A ~ ~ ~ V ( ~ ) * * Z ~ ) / ~ ~ - V ( ~ ) ) ~ D C L T  H 1 3 2  
DlHETA8(:~(2))*(l~drr(i))~*DtLl H 1 5 5  
l ) T M E t E . ( l v ( ~ ) ) r ( l  . d - ( v ( Z ) * * Z )  ) ) * D E L  1 n 13u 
A I ~ E L S ~ = A D ~ L S ~ + D ~ ) E L S T  H 1 5 5  
A ~ M ~ T A ~ A T ~ E T A + D T w C  I A  i4 1 3 b  
ATnk TE.4 i t ~ E l E + t l T n E T k  L 1 3 7  
Ill=Ill+l h 1 3 6  
E ~ A D I I I ~ ) . ~  158 
F P Q ( I l l ) = V ( ? )  P 1Uf l  
G ( I I ~ ) S V ( U )  n l u i  
i P  :SCOuSl,*t,m) GO Tu 13kI P IYL 
I f  ( F P b : I l l  ) r H , Q 0 )  l ) @ r l 2 d r l ? f i  t' i 0 3  

c H ( Y Y  
C  CALCLILATI.I% 11f A L F  d I 4 5  
c 4 I ' t t  

I / H  A L F ~ - A L ~ ~ G ( ~ , / ~ L ~ A T ~ I N ~ ~ ~ ~ * ~ ~ ~ I ~ ~ ~ )  r 1 4 7  
. ~ C O U N T S I  : r  1 U a  

1 3 a  CUNT INIJC a 1 '49 
I F  (A r lS (Y( .3 l ) , LT ,E)  (-0 10 1 U d  h 1 5 4  
l r l l  T O  i i n  r 1 1 1  

IUA C I I ~ T I ~ ~ U E  1 5 2  
L H 1 5 )  
t CIJQ,S STW;LM S T A T ~ I ~ " ~  T * r r c S F i l V ~  M I T ~  -IN- yn, UF SIA:IUNS b l 5 Q  
C  n 1 5 5  

3U 1 5 ~  1 . 1 r h l  # l b b  
v k f l ) = ~ ~ o ~ T f I - l  j / F L i l ~ ' ( r ~ )  A I S ?  

IS:' ( I I V ~ I Y I I E  P 1 5 0  
J S ~  n 1 5 9  
~ ~ A ( J ~ = A L I I & ( ~ , I A / ( ~ . ~ - v ~ ( J ) ~ ) / A L F  n l b v  
1)U l o f l  I = l r l l l  r 161 

I h d  LF  ( € l r f J ) - € l ~ D ( I )  1 i T ~ r  l V @ ,  1 0 4  H 192 
i t l n  IIZI-i a i b 3  

A F s ( t T A ( J 1 - F T A D ( I I ~ ) / ( E T A O ( I ) m E T A D f I 1 ) )  d 1 4 4  
F(J)=FPU(l,)t(FPW(I)-bPU(IIl)*AF n 1 6 5  
C~(J)SG(II)+(6(1)-G('I))+rF H ~ b h  
C S ( J l r l , V  M 1 6 1  
T W ~ ~ A ~ ( J ~ = G N ( J ) ~ A ~ + F (  I ) * F ( J j  r :+c 
J+Jt 1  H l e 0  
If c ~ ~ b r . 1 ~ ~  CU 1~ 18fl  I* 1 7 f l  
~ T A ~ J ) ~ A L ~ ~ ( ~ , ~ / ( ~ . ~ - Y N ( J ) ) ) / ~ L F  6 1 7 1  
bn r I i b : ~  H 1 7 2  

l k d  k T A ( J ) ~ l . ~ E l ~  H 1 7 3  
1 0 0   COY^ 1  NIJE H I  ? U  

F ( I ~ + l l * l m d  3 1 7 5  
I "N( IN+I I .CI I !~)  e 1 7 4  
T U E T A . l h + l ) 8 I , H - A 1  H 1 7 7  
c S ( l N + l ) = l , ~  k 1 7 P  
w E  TUuh  P 1 7 9  

C P 18d  
2@@ FUNMA1 i ~ N ~ : i A l * ~ C ~ , 5 ~ Z X r ~ ~ A 2 ~ ~ F ~ , S ~ Z k ~ 5 ~ A ' S t ~ 0 , ~ r ~ U , ~ ~ ' A U 8 r F ~ , 5 )  H 1 8 1  
2 1 H  FORMAT (ZKr3Mra. ,EI?.S*Znt f *M.  ~ ~ t 1 2 . ~ ~ ~ ~ r i * ~ ~ ~ . E ~ Z . ~ ~ 2 x ~ S ~ ~ O D ~ r k 1 2 ,  I 8 2  

l ~ , Z x r J ~ E E = r C I Z . 5 )  h l b 5  
C F I A U  

EN:) H 1 8 5  





SULIWt)tITIbE ~IJMIN ~ r r e D ~ L T ~ l , ~ V ~ P ~ l E ~ L Q ~ V P W ~ O ~ ~ ~ E P 6 ~ O P S A V L ~ ~ E V ~ O L ~ I V  0 1 
1 r I N D X 1  0 2 
COMNON /CONST/ A l e ~ Z e A ~ r A U e E , E P r l € W  0 5 

0 4 
------GE%tQrL hUMEkICAL INTEGAATIDN W I T H  SINGLE-STEP EaOOu ANALVS1 0 5 

0 0 
o l n ~ h s ~ o r  real, ~ ( 5 ) ~  O v t w l ,  P f h ) ,  IE(N)~ E Y ( L )  7 
0 I ~ t ~ s I o r  VPP(N,U), v E P ( h I l  I ) P S A V ~ ( N )  0 a 

0 0 ....-.. 0 1rr -..--- 0 1 1  
fl 12 

t X T ~ @ N A L  O E M I  v  D 13 
0 t u  

---------or 0171 0 I S  
0 l a  

GO 1 0  ( 1 4 ~ 2 ~ ~ 5 ~ ) .  1hl1l D 1 7  
i d  Slr=Za,@ 0 1 8  

LEUllSJ,C tJ 1 9  
A ( l  ).~'J,bl/S11 0 Zlr 
A ( z ) s ~ ~ . A ~ s I ~  n 21 
~ ( j ) r - S e . r / s r x  I' 22 
A!u)sSS,H/SIX U 23 
M ( l ) = l . * j S I x  O 2'4 
n ( 2 ) * - 5 . ~ / s r k  11 c s  
*(  5)= l ' J .4 /S I&  D 20 
d(Y)t-&(l) n 21 
QAI IU=~Q.@/Z~~.U '  I' acr 
S1Xrh.h' 0 $0 
Tb0.2.8 0 3b' 
r l x r  U 31 
* L = l  0 SL 
* 312 I) 53 
*or3  D 3 V  

UtTUQN D 35 
1) 38 . .  SCT LIP For )  IkTLGSATII ) . -  0  $1 .---.-.. t r r r w ~   SET o JU 
n 5~ 

2 d  ASSIGN s* rn 1 0 ~ 5  D ur? 
K0P.d 0 U l  
RUUNTSJ 0 a2 
n E ~ B r b a 0 E ~ T / s I r  n Q J  
O E ~ ~ J V ~ = U ~ L T / T ~ @  D UY 
Ol: 31 J s l  ,N 0 u 5  

u o S A U k ( J 1 = i ) E ~ f J )  b ua 
D v ( J l r n E F ( J )  n 4 1  

3d COhTXYlJE D Ub 
CALL  OEUIV tr,cv,o,b,s) u Y Q  

I F  (tERU.EU.1) UETIJQ~ 0 5H 
0 0  u d  J 8 l e u  D 5 1  

V P ~ ( J , * l l = P ( J )  D  5 #  
~ n ( J ) . r € u o  F 53 

ucr C o h l I u u E  D 50 
H E T U ~ N  o 5s 

b 56 
-------0 E Y T P V - ~ U I N T  6r1u ONE ~UII@€~I~CAL I ~ T E G R A T  ION STEP 0 57 

0 58 
5* v.7 0 59 

T*v+D€LT 0 br) 
60Psr. .1P+ ( O h l  



L 
bd VU8V+DELI IZ  

00 7H J81,N 
D U ( J ) ~ D E P ( J ) + V P Y ( J ~ * I ) * I ) E L ~ V ~  

7IE C U ~ T I Y U C  
CALL D E R I v  ( V V ~ O U ~ P ~ ~ ~ N )  
I F  ttEaw.Eu. 1 )  uEvurk 
00 Or' J * l r r  

Dv(J)aD€PtJ)+P(J)* t lELWV8 
nH CONTIN'IE 

CALL ~ E U I V  ( V V e P ~ r T € r U e k l  
I F  ( I E a U . ~ J .  1 )  U k  TOU% 
DIJ Qd J 8 1 r h  

DV(J )aDEP(J ) *TE(J ) * I lELT  
T E ( J ) a Z , H * t t f  ( J )+P(J ) )  

QH Cu~t! r rUE 
CALL UEdIV fT,OC*PoSrN) 
I r  (IEWU.EJ.I)  u ~ t , ~ w r u  
01) I d d  J a l r N  

3 E ~ ( J ) 8 n ~ ~ ( J ) + n t L ~ V b * ( P ( J ) ~ ( J ~ l ) I  
OU(J).DEP(J) 

1.uc CIIIUT INUE 
CALL W U I v  (T, l -d,Pr5,h1 
I f  ( IEQU.EL.1) U€TJRh 
00 l l d  I ~ 1 , k  

V ~ u ( . I * * t l ) X P ( J )  
11 0 CIJY 1 I r U E  

*Ol lNTt* l )c l~T+t  
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P I Z U  

r 12s 
n 1 2 0  
[ '  1 ? 7  
I\ t ~ n  
r. ito 
I) 13t', 
'1 I l l  
r. 13.' 
1: 1 3 3  
1 '  1 5 ' 4  

,. f 55 
' )  1 5 6  
1' 1 4 1  
" 1 st. 

r 1 tu 
t '  1 rr 9 

I '  1 8 4 1  
11 l " 8  
t l k 3  
I .  1r.A 

* L ,  

I I ' d -  

) 1 . J l  
" 1 . r r  

I 104 

' 15. 
I '  l L I  
' 13,' 
I 159 
, 1 5 4  
' 1 2 1  

' 1-h 
: ] - 1  

I - *  
1 C u  
* C . '  

l r i  
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