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ABSTRACT
The radiative transfer equation has been solved using a modified
Schuster-Schwartzschild approximation to obtain an expression
for the solar reflectance of a snow field. The parameters in the
reflectance formula are the single scattering albedo and the fraction
of energy scattered in the backward direction. The single scattering
albedo is calculated from the crystal size using a geometrical optics
formula and the fraction of energy scattered in the backward direc-
tion is calculated from the Mie scattering theory. Numerical results
for reflectance are obtained for visible and near infrared radiation
for different snow conditions. Good agreement has been found
with the whole spectral range. The calculation also shows the

observed effect of aging on the snow reflectance.
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A

THE SOLAR REFLECTANCE OF A SNOW FIELD

INTRODUCTION

Interest in developing techniques for remote measurement of snow parameters (e.g.
temperature profile, density grain size, water equivalent and free water content), have
significantly increased in recent years. One of the more promising techniques to monitor
these parameters is that of microwave radiometry. A recent study by Chang et al., (1976)
has used a theoretical scattering model to relate the observed microwave brightness tem-
perature to the physical temperature and snow grain size for snow on glacier ice. By
utilizing this remotely determined snow grain size and density information, the solar
spectral reflectance from a snow field can be inferred. The knowledge of spectral reflec-
tance is important because it determines the amount of solar energy that will be reflected
by a snow field. The present study is an attempt to calculate the solar reflectance of a

snow cover in terms of parameters which depend upon the grain size and density.

For incident solar radiation, the energy reflected at the surface constitutes only a small
fraction (about 5 percent) of the total energy that is reflected by a snow ficld. For
visible and near infrared radiation, the scattering by individual snow crystals is such that
major portion of the radiation gets scattered in the forward direction. The small fraction
of energy that is scattered in the backward direction, however, gets enhanced considerably
by the cumulative effect of many scatterers. Thus the major portion of the incident solar

radiation which gets reflected by a snow cover is due to the volumetric effect of many

scatterers.



The appropriate equation which needs to be solved for calculating the cumulative effect
of many scatterers is the radiative transfer equation. An analytical solution of the
radiative transfer equation when the individual scatterings are in the near forward direc-
tion is rather difficult, but a solution can be obtained by numerical methods (Choudhury,
1977). In this paper we will discuss an analytical solution with modified Schuster-
Schwartzschild approximation (Sobolev, 1963; Sagan and Pollack, 1967). The expres-
sion for spectral reflectance obtained from this analytical solution of the radiative
transfer equation can be evaluated in terms of snow parameters. The theory presented
here is intended to show the influence of snow parameters on the solar reflectance of

Snow.

In the following the general expressions and equations needed to study the spectral reflec-
tance of a snow cover are given. It also includes the background information regarding

the snow parameters and the solar intensity distribution which are expected to influence

. the spectral reflectance. The analytic solution of the radiative transfer equation will be

discussed and an expression for the spectral reflectance obtained. In addition comparisons

are made for the obtained numerical results and the observations.

GENERAL FORMULATION

The solar energy incident on the snow surface can be divided into two components:
the collimated intensity, I, falling at an angle 6, with respect to the normal and the
nearly isotropic diffuse intensity 14 which arises due to the atmospheric scattering of

the radiation. The flux of the incident radiation is given by

[ ]



where u, = cos 0.

Since most of the incident radiation is contained in the collimated component, the flux

of the radiation reflected by the snow-air interface is approximately given by
Fpr=r10g) U py +1gm) (2)

where r (0 ) is the Fresnel reflectivity of the surface.

The refracted portion of the incident radiation will progress through the medium (snow)
getting weaker due to scattering and absorption. It is convenient to separate the refracted
portion of the collimated radiation into two components: the unattenuated radiation and
the radiation which arises due to scattering. This separation is done because the unatten-
uated radiation remains angularly concentrated along the direction of refraction but the
angular distribution of the scattered radiation depends upon the scattering phase function.
If multiple reflection at the boundaries of the medium is negligible then the unattenuated

intensity at depth x is given by:

Iy (1) = (1 -1(8x))n? 1o 8 (6 - 85) & (u = ) exp (- 7/k;y) (3)

where n is the index of refraction, u;, is the angle of refraction:
a2 Y%
wy=[1- 1Ko
n2

X
r= S Ve (x) dx' (4)

and 7 is the optical depth
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where y,(x) is the extinction coefficient at depth x. The delta functions in (3) repre-

sent the constraint due to the collimated nature of the radiation.
The flux of the unattenuated radiation is given by
I"" (r) = (I - r(oo)) l My exp (- r/yi‘) ()

The intensity which arises due to scattering of the incident radiation is to be obtained by

solving the radiative transfer equation (Chandrasekhar, 1960):

dl, (ru)

S

Mo -l (v )

dr s
s 1
+ 5 X P (up) |s (r.u") dy'

- J-l
w

¥ o n? 15 (l -rwu)) P (M. ky)

exp (-7/my) (6)

where u is the angle of radiation, w is the single scattering albedo and p (g, @) is the

scattering phase function.

T'he boundary conditions for the radiative transfer equation are as follows:

(1) If the snow-air interface is assumed to be a geometrnically smooth surtace then

the appropriate boundary condition is
L=0w=r@l_(r=0p+ (l - r(m) n? ld (7

where 1, s the radiation going downward into the snow and 1_ is the radiation going

upward towards the atmosphere. The first term on the right hand side represents the
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intensity reflected by the snow-air interface and the second term accounts for the re-

fracted component of the diffuse intensity.
(2) The second boundary condition is associated with the snow-soil interface.

The general boundary condition will be of the form:

l- (rov “) - rl (") l+ (Too ") (8)

where r, (p) is the reflectivity of the snow-soil interface and 7o is the total optical

thickness of snow.

Once the solution of equation (6) is known subject to the above boundary conditions,

one can calculate the flux of the radiation emerging from snow as:

1 d
Fo=2x X I_(o,u) (I - r(u)) anﬁ (9)

o
The albedo of snow is to be calculated using equations (1), (2) and (9) as:
Fp +F,

A= ——=
Fi

(10)

The volumetric effect of scattering which is mainly responsible for large values of albedo
is associated with the emergent flux F, appearing in equation (10) and is defined through
the equation (9). The calculation of the emergent flux requires the solution of the

radiative transfer equation (6).

APPROXIMATE EXPRESSION FOR SNOW REFLECTANCE

To obtain a closed form analytic solution of the radiative transfer equation (6), the

following assumptions are made.



Sl e L B i L T

1. The medium (snow) is a homogeneous plane parallel layer, consisting of
statistically equal size ice spheres.

2. The Schuster-Schwartzchild or two-stream approximation for the intensity is
valid.

3. The angular asymmetry in the scattering process can be described by introduc-

ing a parameter which weights the scattered intensities.

It should be noted that with the first approximation we are neglecting the presence of
all internal inhomogenities like enlarged ice glands and ice lenses which sometimes form
during the process of metamorphism. The other two approximations are associated
directly with the method of solution. It has been shown that for a optically thick
medium, the solution of the radiative transfer equation under the above set of approxi-

mations is reasonably accurate (Sagan and Pollack 1967).

The Schuster-Schwartzschild or two-stream approximation is based upon partitioning the
scattered radiation into mean intensities along the forward and the backward hemispheres.
In single scattering, it § is the fraction of energy scattered in the hackward hemisphere
with respect to the direction of incidence, then we can replace the radiative transfer

equation (6) by the following equations:

dly
=-le w1 -1 + wpI_ +
dr

(=P 1lexp(-1 (rn



and

e Lt w-pL + wBl, +
dr

wpl' exp (-1 (1)

where

I'=[1=-r@] (I +1y

and 1. I_ are respectively the mean intensities along the forward and backward direc-
tions with respect to the direction of incident radiation, and r(o) is the Fresnel reflec-
tivity for normal incidence. It should be noted that these equations represent the

radiative transfer in a one dimensional medium (Sobolev, 1903).

The radiative transfer equation (11) and (12) contains two parameters, namely, (1) w.
the single scattering albedo and (2) 8. the fraction of energy scattered in the backward
direction. We will discuss the method of determining these parameters before solving

this radiative transfer equation.

For ice particles in the millimeter range and the radiation in the visible or near infrared
region, the size of the particle is significantly larger than the wavelength. Under this
condition, Mie scattering theory shows the extinction cross-section undergoes resonance
oscillations for small changes in the wavelength and size of particle. This resonance
effect, however, can be blurred by assuming that there is a statistical variation in the
particle size about its mean radius. With this mean size value, one can use the geomet-
rical optics approximation to calculate the single scattering albedo using the equation

(Irvine and Pollack, 1968, Sagan and Pollack, 1967).
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w=1/2+1/2 - exp(-2ky 1) (13

where r is the radius of the particle and Ky the absorption per vait length of ice at
wavelength, A, In cur calculation, we have used Ky values tabulated by Irvine and

Pollack (1968). Follo'ving above discussion, instead of using equation (13), it should
be noted that one can also use Mie scattering theory to calculate the single scattering

albedo.

Consistent with equation (13) the extinction coefficient required in the calculation of

¢ tical depth (equation 4) is given by

3 p\
Yo = ( ) (14

P g p‘
where o and p; are respectively the density of snow and the density of ice.

The fraction of energy scatiered in the backward direction, §, in a single scattering has
been studied B many inve .4 (e.g. Bartky, 1968, Sagan and Pollack, 1967). This

parameter can be related to the scattening phase function p (cos) as:

dQ

B=1- jp(cost?) - cost e (1%

where 0 is the scaitering angle and  d§2 s an element of solid angle in the co-ordinate
system where 0 s the pola. angle. The normalization condition for the phase function

1S

o 12
Ip(uh( A = .



When the phase function is expanded in terms of Legendre polynomials, the parameter
B can then be expressed in terms of the coefficient of the first order Legendre poly-

nomial.

For a given particle size one can use Mie scattering theory to calculate the phase func-
tion and then use (15) to calculate the value of B. Calculations performed by Irvine
and Pollack (1968) show that when the size of the particle is significantly larger than
the wavelength of the radiation, the value of g is about 0.075, i.e., in single scattering
only 7 percent of the incident energy is scattered in the backward direction. In our
calculation, we have used this value of g (0.075) because for visible and near infrared

radiations, the scattering by individual ice crystals is indeed in the near-forward direction.

For a thick snow layer. the general solution of equations (11) and (12) can be obtained

by standard methods (see Sobolev, 1963 pp. 33) as

-w
k

1
L (M)=1/2(1+ ) Cek? -1'e” (16)
and
] -
Lm=1/2(- "Iﬁi)Ce*' (17)

where C is the constant of integration and

K=(l-w (1-w(-2p)

To determine the constant of integration we now impose the boundary condition (7) to

obtain

37
e ® l-w ) (Ao

((t+ SH-r@ -5
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With the knowledge of complete solution, the reflectance for a one-dimensional system

can be calculated as:

A=r)+I_(r=0) (I -r(o)) (ic}l‘ld) (19
The explicit expression for reflectance is:
A= i + '_'r‘(:'))‘); 2 (20)
where
_k=ltw
K+l -w

(Note that for @ =1 one findsa = 1)

I'he Fresnel reflectivity for normal incidence, r(0). can be calculated from the reflective

index ofice, n, using the formula:

n-1|° .
= 21
r(o) e (

Since the spectral dependence of non the visible and the near infrared region is extremely
weak (Irvine and Pollack. 1968), we have used a constant 1.30 for n in calculating the

o).

I'he expression for reflectance is in close resemblance with that caleulated by Dunkle and
bevans (1956) without explicitly making reference to one-dimensional system. The defini-
tion of the parameters appearing in equation (20) are, however, quite different. We thus

note that although there is a formal resemblance between the expression for reflectance

10



obtained in this paper and that obtained by Dunkle and Bevans (1956), the method of
obtaining this expression and the method of calculating the parameters of this expression

are quite different in two cases.

The expression for reflectance obtained in this paper is based upon simplifying approxi-
mations. We have discussed these approximations and attempted to provide their justifi-
cation. The ultimate justification of the model is to be found by comparing with the
experimental observations. In the next section, we will provide the numerical results

and compare them with the observations.

RESULTS AND DISCUSSIONS

By examining equation 20, the single scattering albedo w is the only varying parameter
in calculating the snow reflectance for a given wavelength. Since w is directly related
to the snow crystal radius. it is possible to characterize the snow condition by specifying

the radius of the ice crystals.

The ice crystals of fresh fallen snow usually are of complex form and contain sharp
corners.  The shape of these crystals changes with time depending upon the vapor con-
tent and the prevalent temperature. The process of equi-temperature metamorphism
leads to the production of fairly uniform and well rounded grains. At the initial stage
of this metamorphism the mean radius of the ice crystals is about 0.2 mm. The radius
then continues to increase as the process of metamorphism advances. At a fairly ad-
vanced stage of this metamorphism, the radius increases to about 1.0 mm. The effect

of other metamorphism such as the temperature-gradient metamorphism or the

11



melt-freeze metamorphism, is generally to produce non-spherical and non-uniform ice
crystals also the crystals are larger than equistemperature metamorphism. Thus, although
it 18 not unique, one should be able to use the radius of ice crystal to characterize the

stage of metamorphism.

Figure | illustrates the changes in the calculated snow retlectance due to the difference
in the crystal radius. The chosen radius are the typical snow crystal sizes for different
stages of the equi-temperature metamorphism. The overall shape of the curve does not
seem to depend upon the radius of the ice crystals but the relative magnitudes of various
parts of the curve vary with the radias. The spectral reflectance in the red and near-

infrared regions shows maximum sensitivity to the crystal sizes.

Al

In Figure ) we show the calculated snow reflectance compared with the experimental
values for a nearly fresh snow (O'Brien and Munis, 1975), The results of the calculation
are i good agreement with the observations.  All prominent spectral structures appearing
in the observation are well duplicated in the calculations.  The quantitative agreement is
also good but should be treated with caution because the experimental results are selative
to a standard (white Barium Sulfate) reflector. 1t is however reassuring that the radius

values used in the caleulation are in the range expected for a fresh fallen snow.

In Figure 3 we compare the calzulated and the observed reflectance of a naturally aged
two days old snow (O'Brien and Munmis, 1975). There s a good qualitative agreement
between them. The radius for the snow erystals which give agreement with the observa-

tion are larger than those for the tresh fallen snow (Figure 2). The natural aging process



of snow, during the observations, was such that the ambient air temperature was hover-
ing above and below freezing point. It is unlikely that the snow was undergoing the
equi-temperature metamorphism. As a result, the ice crystals were probably non-uniform
within snow. Furthermore, if the effect of the solar irradiance is interpreted as simply
to advance the process of metamorphism of the snow layer in contact with the air,

then the radius of the ice crystals in the top layer will be larger than those deep within.
Since the absorption coefficient of ice increases with the wavelength, the effective thick-
ness of the snow layer that contributes to the reflectance decreases with the wavelength.
Therefore, the reflectance for longer wavelengths should have more influences from the
top layer of snow and the reflectance for shorter wavelengths should correspond more to
the deeper snow layer. This is a probable cause for the reflectance of the smaller crystals
giving better agreement at shorter wavelengths while the reflectance of the larger crystals

giving better agreement at longer wavelengths.

Based on calculated results, two potential applications in remote snow reflectance
monitoring are possible: (1) the use of multispectral bands to infer the radiation heat
flux over a snow covered area; and (2) the use of visible and near-infrared channels to

detect melting snow.

The large contrast in snow and soil reflectance makes it possible to monitor quantitatively
the amount of solar radiation absorbed by the earth’s surface. The degree of heat insula-
tion by snow cover depends on the snow reflectance which is shown to be directly related

to the snow crystal size in this paper. Therefore a spaceborne multispectral scanning

13



instrument can provide a method to monitor the heat flux over a snow cover area

under the National weather and climate program,

The second potential application, that of detecting melting snow, is based on the calcula-
tion that the snow reflectance decreases rapidly with the increase in snow crystal size.
The existence of melt water on the snow surface will tend to increase the crystal size,
also in the near infrared region the absorption per unit length of water is higher than
that of ice. As a result, the reflectance of melting snow is expected to be lower than

the dry snow in the near infrared region.

Ihe theory presented here, does show the qualitative and quantitative features of the
observed reflectance. However the one dimensional approach can not distinguish the
effects of the direct and the diffuse solar radiations. A more complexed analysis is

needed to assess the effect of directional irradiation.

14
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Illustrations of the Effect of Different Snow Crystals on Snow Reflectance.
Comparison of Calculated and Observed Reflectance of a Nearly Fresh Snow.

Comparison of Calculated and Observed Reflectance of a Naturally Aged Snow.
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