General Disclaimer

One or more of the Following Statements may affect this Document

e This document has been reproduced from the best copy furnished by the
organizational source. It is being released in the interest of making available as
much information as possible.

e This document may contain data, which exceeds the sheet parameters. It was
furnished in this condition by the organizational source and is the best copy
available.

e This document may contain tone-on-tone or color graphs, charts and/or pictures,
which have been reproduced in black and white.

e This document is paginated as submitted by the original source.

e Portions of this document are not fully legible due to the historical nature of some
of the material. However, it is the best reproduction available from the original
submission.

Produced by the NASA Center for Aerospace Information (CASI)



ICASE REPORT

ELLIPTIC SYSTEMS AND NUMERICAL TRANSFORMATIONS

(MASA-THM=TART ) FILYPTTIC S5YSTEMS AND
NIMFRICAL TRENSFORMATIONS (Mississippl 9t ate

Mniva)

21 p BT AD2/MF AN Ceon 12

C. Wayne Mastin

Joe F. Thompson

Report Number 76-14
May 25, 1976

INSTITUTE FOR COMPUTER APPLICATIONS
lix SCIENCE AND ENGINEERING
Operated by the
UNIVERSITIES SPACE RESEARCH ASSOCIATION

at
NASA'S LANGLEY RESEARCH CENTER
Hampton, Yirginia

‘),! R

S ¢r

NTHR=21340

tnclas
14062

i




ELLIPTIC SYSTEMS AND

NUMERICAL TRANSFORMATIONS
C. Wayne Mastin

Institute for Computer Applications in Science and Engineering
and

Missiesippi State Univergity

AND
Joe F. Thompson

Mississippl State University

ABSTRACT

Properties of a tranaformation method which has been developed for
solving fluid dynamic problems on general two-dimensional regions are
discussed, These include the error in the construction of the trans-
formation and applications to mesh generation. An error and stability
analysis for the numerical solution of a model parabolic problem is

also presented.
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I. Introduction

In solving boundary value problems in two-dimensional regions, the
treatment of curved boundaries has hindered the implementation of finite
difference methods, Some have overcome this obstacle by using finite
element methods at the expense of greater programming complexity and
computation time, Another alternative 1s to transform the problem to
a region where finite difference methods are more suitable. The expense
of a desiragble computational region is often a more complicated equationm,
or system of equations, to be solved.

This report will examine the transformations developed by Chu {1] and
Thompson et al. [5] and [6) for solving fluid flow problems, The aim
here 18 to examine the basic transformation method and its construction
and not the application to any physical problem. 1In this way an indivi-
dual with a particular problem may be better equipped to ascertain if
this method is well suited for the solution of his problem., The sta-
bility analysis for a model parabolic problem is presented in the same

spirit,

I1. The Elliptic Systems

Many of the desirable features of these mappings over others which
can be constructed derive from the fact that the mapping is obtained
as the solution of an elliptic system of partial differential equations.
In particular, the mapping will be differentiable at interior points
of the region.

Let D be a bounded region whose boundary, denoted by BD, is the union

of a finite number of disjoint closed contours cl""’cn' Now D is of



connectivity n and a simply-connected region can be constructed from

D by removing n-~l1 curves connecting different boundary components.

These curves will be called branch cuts. On removing the branch cuts,

the resulting region can be mapped by a one-to-orme continuous function
onto the interior of a rectangle. The mapping can be extended continuous-
ly to the closure of D, D, such that the extension is one-to-one except
on the branch cuts where the mapping is two-to-ona. A typical boundary
correapondence for a multiply-connected region is given in Figure 1.

With the boundary correspondence specified, the following boundary

value problem can be stated. Determine functions £ and n which sat-

isfy the semilinear system

VE=f (£, N

2 (1)
Vn=g (€, n) on D
and the boundary conditions
£=¢ (x,5)
n=y (x,y) on aD. (2)

The functions £ and N are solutions of (1) in the following sense.
They are to be treated as branches of solutions of (1) defined on a
Riemann surface. Thus the endpoints of the brainch cuts are given by
the boundary correspondence, but the interior points of the cuts are
determined by the solution of (1). The questions of existence and

uniquenesa of solutions of (1) and (2} will not be Jdealt with here.



Semilinear systems have been studied extensively for regions in the
plane, Since the regions of a Riemann surface that appear in this re-
port can be mapped conformally onto a region cf the plane, many of the
results on semilinear systems are still valid, It will be assumed that
oD and the functions f, g, ¢, and { possess sufficient smoothness so that
a solution of (1) and (2) exists which is differentiable at all but a
finite number of boundary points. In addition, the functions f and g
will be chosen so that the image of any (x,y) in D belongs to R . Thia
is true 1f f = g = 0 by the Maximum Principle and, in general, restric-
tions on the sign of f and g outside of R are sufficient for D

to map into R.

In order that a transformation method be applicable to the solution
of systems of partial differential equations, it is necessary that the
Jacobian of the transformation be nonzero on D. This is the case, as
will be shown next, for harmonic mappings of simply and doubly-connected
regiocns,

Let D be the simply-comnnected region bounded by the closed con-
tour €, Decompose € into four arcs K,, Kz, K3. K4 having only
endpoints in common. The ordering and orientation of the arcs is in a
counterclockwise fashion around C, Let a and b be real numbers with

a < b,

Theorem 1. If £ 18 a harmonic function on the simply-connected
region D and £ = a on Kl' E=Dbon K3» £ is increasing on K2' and £

is decreasing on Kﬁ’ then the gradient V& # 0 on D.

-



Proof: The proof is based on the Argument Principle. Suppose
VE = 0 at (xo. yb) -z in D, Since D is simply-connected, the har-
monic function £ will have a single-valued harmonic conjugate &%,

The analytic function

W(g) = § (x,y) + 1 £* (x,y)

will have H'(zo) = 0, Let
we) = w(z) - w(zo) .

The function ®w has a zero of multiplicity at least two at z = Z, By
the Argument Principle, the change in the argument of « around C

(or a curve in D arbitrarily close to C 1in case w has a zero on C)
must be at least &4n. This contradicts the boundary values of £ since

Ex,y) - E(x, yo) assumes the value zero only twice on C.

If D iz mapped to a rectangular region R by harmonic functions
£ and n with Kl’ K,, K3, K4 mapping to the edges of the rectangle
in a one~-to-one manner, then both V{ and Vn will be nonzero on D
by Theorem 1. The fact that the Jacobian is nonvanishing for simply-
connected regions was mentioned by Godunov and Prokopov [2]. The validity
of their argument requires Theorem 1 although this is not stated. There
is also the question as to whether thelr argument, which uses conformal
mappings, can be generalized to multiply-connected regions. An alternate
proof is given here which can be used for simply and doubly-connected
reglons. It 1s clear that the same reasoning can be used to prove that

transformations of many regions of higher comnectivity have nonvanishing
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Jacoblans. However, no proof has been attempted for reglons of arbi-
trary connectivity due to the numerous ways of assigning boundary

correspondences and branch cute.

Theorem 2, 1f the simply-comnected region D 1s mapped to a
rectangular region R by the harmonic functions £ and n, then the

transformation has & nonvanishing Jacobian on D,

Proof: Let z, - (xo, yo) be an arbitrary point of D. Then VE ¥ O

at z, and the curve

{0 ey = £(x, ¥,)}

determines local orthogonal coordinates (s,n) where s 18 the arc length
parameter and n 1is the normal in the direction of decreasing E. Im
terms of these local variables, the Jacobian at any point of D is

-Enns. Now En and n_ are harmonic on D and En < 0 since VE # 0.

The fupnction 1n assumes its minimum and maximum values on two arcs of

D, say K2 and K,. On K, and K

4 1

8. Therefore, except at a finite number of points, Mg > 0 on 3D which

UL is an increasirg function of

implieg Ng >0 on D, This proves that the Jacobian is positive in D,

Interchanging xz and Kﬁ would result in a negative value.

Let D be a doubly-connected region interior to the contour C1
and exterior to Cz. Let n be the harmonic function on D which
assum2s the boundary values 1 = a on 02 and n=Db0 on Cl with a < b.
Let the boundary values of £ be prescribed such that £ increases
from some value ¢ to a larger value d as C; and C, are circum-
scribed in the counterclockwise direction beginning at points zy and

z, on Cl and 02, reapectively. Let £ be harmonic except on a



branch cut from 5, to =, where there is a juup of d - ¢ in the value

of the function.

Theorem 3. The transformation of the doubly-connected region D

onto the rectangular region R has a nonvanishing Jacobian on D.

Proof: The function n 1s constant on Cl and 02' A simple
relation between 1} and the conformal mapping of D onto an amnular
region shows that the gradient of n 18 nonzero in D (see Ohtsuka
[3, pp. 44-47]). The rest of the proof is similar to the proof of
Theorem 2. Local coordinates (s,n) are introduced so that the Jacobian
takee the form —Esnn. Now n, <0on D and Es is a single—valued
harmonic function on D which is nonnegative on 9D. Thus Es >0

on D and —a.nn > 0.

The transformaticns of the simply and doubly-conmnected regions have
nonvanishing Jacobians which together with the prescribed boundary
correspondence guarantees that the mapping of D to R is one-to-one
and onto except on the branch cuts. A direct proof that the harmonic
mapping of the doubly-connected region is one-to-one and onto has been
given by P. D, Lax (private communication}).

The Theorems in this Section are not true for all transformations
generated by the system (1), Nevertheless, the scope of our investi-
gation will be broadened to include solutions of (1) and (2) with the
additional hypothesis tnat the Jacobian of the transformation is non-
zero on D. A fivst step in that direction 18 a remark on the effect
of the functions £ and g on the transformation. If f 18 incvreased
from 0 to a positive function, £ becomes subharmonic. 1Its values
ir D are decreased resulting in a transformation with higher resolu-

tion near those boundary components where £ assumes its maximum and a



movement of the branch cuts of £ 4in the direction of increasing &£.
If f 1is decreased from 0 to a negative function, higher resolution
occurs near boundary components where £ assumes its minimum and the
branch cuts move in the direction of decreasing £. Similar statements
hold for n and g. This concept has been refined by Thompson et al.
[6] to produce transformations with high resolution in various subsets
of the regilon.

The inverse transformation from the rectangular region R to the
region D 1s also the solution of a system of partial differential
equationgs. In fact, the system (1) is equivalent to the quasilinear

elliptic system

2

axgg-ZBxgn+Yxnn+J [£¢E,M) x€+s(€.n) xn]-')
(3)
Q¥ -~ 28y, +Yy +J2[f(5n)y + gy l=0
EE En nn ’ E ’ n
whece
2 2
o= xn + yn

Boundary conditions are obtained from (2) in the form



x = ®&(E,n)

y = ¥Y(E,n) for (x.v) on 3D.

Note that no boundary conditions are imposed on the image of the branch

cute., The values of the functions x and y are set equal on any two

subsets of 3R corresponding to the same branch cut. Th:3 there is

a Dirichlet condition on part of 9R and a periodicity condition on

the remainder.

The first application of sclutions of (3) was in the construction

of irregulac curvilinear meshes. The system (3), with f = g = O,

was solved numerically by Winslow [7] to create a mesh for finite

difference calculations. I1f a square mesh is constructed on 'E, the

image in D will be a curvilinear mesh. All boundary components

and branch cuts lie on mesh 1ines, The curves of the mesh, on which

either £ or ©n 18 constant, is said to generate a curvilinear

coordinate system for D. The following list contains various pro-

perties of the curvilinear coordinate system and indicates how they

are related to the coefficients in (3).

A.

B.

-3/2
Curvature of £ = constant: o 3 |x -

nnn = *n¥ol

Curvature of 1 = constant: Y_3/2 !xggyg - xiyEE'
Angle of intersection of £ = constant and N = constant: Arctan Q?
Metric along £ = constant: "a ldnl

Metric along n = constant: \[;- | d&|

When creating a mesh for either finite difference or finite element



calculations, the values in C, D, and E often have an effect on the

accuracy of the calculations.

III. Nr.aerical Transformation

In the numerical construction of the transformation, the aystem (3)
is discretized and solved on a rectangular or triasngular mesh using non-
linear SOR. Assuming that one desired to solve some partial differen-
tial equation, or system of equations, on D, those equations would
also be written in terms of the variables x and y. When the equa-
ticns (1) are used in this conversion, which has been the case in
previous applications, any error in tae iumerical solution of (3)
could produce additional error in the numerical solution of the transg~
formed equations. Examples will now be presented where the errxor in the
construction of tne transformation can be analyzed.

Consider the harmouic mapping of the unit disc

2

D = {(x,y) | x2 +y“ <1}

onto the interior of the square

R={(gn | 1<g<21,1<n<21}.

In order o construct the mapping, suppose the system (3) is dis-
cretized on a square mesh of width L. The resulting difference
equations are solved at the interior mesh points of R by SOR iteration.
The mesh points or O9R were assumed to map to equally spaced points

on 9D, The generated curvilinear mesh is exhibi:ed in Figure 2.



At the mesh points of D, the ¢ act solutions of the equations in (1),
£ and n, would have Integer values 1, ..,, 21 whenever the solu-
tion of (3) is exact. For comparisor, the values of £, and hence
n by symmetry, were computed from the Polsson Integral Formula at
the interior mesh peoints obtained from the solution of the difference
equations. The values of £ beginning at the lower left point of
the mesh are given in the Table., Due to symmetry, only values in
the left half plane are listed. Note that the maximum absolute error
occurs near the boundary points where the Jacobian vanishes; that is,
the points which map to the vertices of the square. The error given
in Figure 2 is normalized by dividing 211 function values by the
width of the square to compare with the following example.

For a second example, a conformal mapping is constructed. JLet
D be the annular region

D= {Gx,y) | 1<x?+y?<e®M

A ronformal mapping of D onto

R={(E,n) J]0<E<1,0<n<1}

is given by the equatiouns

E(x,y) = -2—11, log (x2 + yz)

1
n(x,y) = 5y arctan (i) . (4)
The transformation was constructed numerically as in the previous
example resulting in the mesh of Figure 3, The coordinates of each
mesh point in D were substituted in (4) and these values were com-

pared with the coordinates of the mesh points on R. It was found

-10-



that the greateét error was in the construction of the function n
which has a jump across the branch cut. In all cases the constrgcted
values of & at the mesh points of D were accurate to five signi-
ficant digits.

It is hoped that these examples will be of some value to anyone
planning to use this transformatién method to solve a. certain problem.-
At least some estimate of the magnitude of error in the construction
of the transformation can be conjectured as well as the effect of branch

cuts and boundary points where the Jacobian vanishes.

IV. Stability and Discretization Error

The solution of a time dependent system of partial differential
equatioqs by an explicit finite différence scheme requires a sta-
bility restriction on the size of the time step. If the system of
eqﬁations is‘transfdrmed to a rectangular region, the stability analy-
sis must be carfied out on the finite difference analogs of the
transformed equations. This will be illustrated by outlining the
von Neumann stability analysis of fhe linearized vorticity trans-
porﬁ equation with the forward time - central space differencing
scheme. Except for £ﬁe transformation aspect, the following rémérks
parallel those in Roache [4, pp. 51-53]. Boundary conditions ére

neglected.

-
ot

Let ® be a function of %, y, and t which is a solution

of the partial differential equation

R : R 2 .
W, =-~uww -V my + uVuw ‘ (5)

-11-



for t >0 and (x,y) in D where u,v, and Y are constants. Under
the transformation (1), the equation (5) becomes
1

wo = 5 (U wg +V wn) + 35— (o wEE -~28 wsn + Y wnn)

for (£,n) on R where

U= - + £
u yn v xn uJ

- - +ulJd
Ve=v xE u yg ulsg

and a, B, Y, and J are as defined in (3). Suppose a first order
forward difference on a mesh of width At 1s used for the time deriva-
tive and second order central differencing on a square mesh of width

h is used for the spatial derivatives. The value of w at the

n

point {jh, kh) at time step n 1s denoted by wj Ko
]

at time step n+l would be given by the difference equation as

The vaiue

n+l n At n n n n
Oy g =W " Thy LU @y gm0y i PV @y g -y )]

At n n - n _ n n
Pz [0 g et 0o T 200 T 28 G g Y 9 e
n n n n n
T Ukl T Oyergen) FY 5 g Ty g T 20y I

The functions U, V, o, B, ¥ are evaluated at (jh, kh) with the

derivatives replaced by the appropriate difference expressions.

-12-



Applying the standard von Neumann Fourier analysis to the above

difference equstion, necessary stability criterla are

J h
be s T+ 19| °
and
2
pe < =3 2
- 2 u G+Y) M

Note that unlike the usual stability criteria in Roache (4], the value
of ¥ in (5S) appears in both stability conditions since it appears
in the expressions for U and V. Also, the quantities on the
right of the inequalities depend on the point (jh, kh) and the in-
equalities should be savisfied at each mesh point if the same size
time step is used throughout R. In the case D = R and the trans-
formation is the fdentity mapping, the inequalities reduce to the
usual conditions for stability of the forward time =~ central space
difference method of solving (5).

A few straightforward observations will now be made concerning
the formal discretization error in solving (5). In the expressions

for the axrivatives
w, == (y, w = yp @)
x J n g E™n
wu_—!‘—(xw_x w) s
y J £ n &

the difference approximation is of order hz if there are positive

constants K, M, and N such that

~13-



{3 > x
o <.m2

Y < NJ2 (6)

for all h > 0, Since B2 < aY, the inequalities (6) also imply that

the difference approximation for

- 1 -
Vzw ;5-(a mEE 2 Bwan + Ywnn) + wa +g wn

is of order hz. Therefore, the above method for solving the linearized

vorticity transport equation (5) is first order in time and second order

in gpace whenever (6) holds.

—14~
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Table.

2 3 4

Fxact values of £

for computed difference values of (£,n).

10 11

[T1.92_

295
3.97
he38

294 2.9%
.3035 ‘3935
4497 4096

| '5.99 5,98 5,97 _
| 699 6,99 6.98
8.00 7.99 T.99 7,98 7.98

1.95 1.97

1.98 1.99
2.97 2.98
3.9¢ 3.97

49T  4.97

5.97 5.97

_ 698 _6.98

9]
10
11
12 |
13
[ 14
15 )
16

18
19

!

13.00 13,01 13,01

17| 17.02 17403 17.04

| 20

[ 1905 19.06 19,05
20,08 20,05 28.03

1,99

c.98

3.98.
.98

1.99
2.99
3.98
& 98

.90 _5.98

.90 6,98

1.99
2e 939
3« 9%
5498

1,99 1.99
2.99 2.99
~3.908_ 3,99
498 4,93
5.98 5.98

£+98 6.99. 6.939

7099 _7.99 7,99 7.99 1.99

900 8,99 8.99 8,99 48,99 8,99 8,93 8.99 8.99 68,59

10,00 10,00 10,00

11000 11.00 11.00

12,00 12,00 42,00
16470 15,01 14,01
15.01 15.01 15.02
16004 16402 16,03

18,03 15,05 18,05

10,00 9.99
11.00 11.00
12,00 12.01
13.01 13,01

14,02 16,02,

15.02 15.02
16.03 16.03
17.03 17.03
18.04 18.03

19.03 19,02

20,92 20,01

10.00 14,00
11.00_11.00
12,00 12.900
13,01 13.01

16,01 14.01

15.02 15.02
16,02 16.02
i7.02 17.02
18,02 18.02
19,02 19.01
20.01 20.01

14,01 14.01

10,00 19,00 10,00

11«00 11,00 11.00
$2.00 12,00 82,00

13.08
L4+01
15.01
16«02

13.01 13.01

15,02 15.0L.
16.02 16.02
17,02 17.02 $7.02
18.02 18,01 18,01
19.04 19,01 19.01.

20003 29,81 20,01 |
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Figure 1. Transformation of a multiply-connected region onto a rectangular
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Error

0.004

Mesh size
21 x 21

L

' D
S
1

i

L
R I

Lo

Curvilinear mesh on a disc and maximum absolute error in

Figure 2,

mapping to a square of unit width.
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Mesh size FError

21 x 21 0.01252
42 x 42 0.00290
84 x 84 0.00067

Figure 3. Curvilinear mesh on an arnular region and maximum absolute

error in mapping to a square of unit width.
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