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ABSTRACT

The spectrum of ocean dynamics lends itself to convenient subdivision into two
componenis in the context of satellife remote sensing, The firat is the quasi~
stationary constituent, while all features which vary with time during the period
of data acquisition, comprise the second, The precision achieved in each case,
must be at least +10 em through wavelengths of interest,

Data collected at the Earth's surface — gravity, sea surface heights — cannot
play a role in the determination of the global gravity field to better than £0. 3

mGal (or £1 m) unlegs assumptions are made about the glohal characteristics

of the sea surface topography (SST) — a proposition which is untenable,

Satellite~determined gravity ficlds are the only source of data on the gravity
field which is potentially uncontaminated by data referenced lo the ocean sur-

face. However, the resolution obtained is correlated with the noise level of the

tracking and through wavelengths which are a function of spacecraft height,

The major problems to be overcome at the present time are the improvement
of the precision of the GEM models to the desired levels and extending the reso-
lution of the models to shorter wavelengths of practical significance for ocean
dynamic modelling (at least 500 km). An appropriately configured GRAVSAT is
one possible means for obhtaining the necessary informatmn with wavelengths

. between 500 km and 2000 km, .

- The definition of time variations in SST is needed for the synoptic modelling of

ocean dynamics. A knowledge of the gravity field is required in this context

only for recovering the radial component of altimeter spacceraft position globally
to -at least £10 cm as the non-tidal variatior of geoid heights with time does not
exceed 5 cm, The gravity field model respirements in this case are less exact-
ing in that cons{ifuents with wavelengths shorter than those affecting radial com-~

_ponents of orb1ta1 position with magnitudes less than the desired precision, need

not be lmown, The effsct of the permanent Earth tide on determinatmns of Lhe

- quasi-stationary components of the spectrum are also examined,

*On {eave ol absence from the University of New South Wales, Sydney, Australia,
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THE EARTH'S GRAVITY FIELD AND OCEAN DYNAMICS

1, GRAVITY ANOMALIES AND THE GRAVITY FIELD

In the prediatable pursuit for intellectual elegance, physical gaodesists have
sought to lormulate solutions of the geodetic boundary velue problem in terms

of surface integrals, Practical considerations have constrained the use of such
inlegrals in numerical evaluations, Prior to 1957, it was hoped to solve these
integrals from surface gravity data (e.z., Molodenskii, et al,, 1962; Heiskanen
and Moritz 1967), No serious attempt was made to assess the level of precision
attainable even if a global coverage of data were availabla, . Except for a hand-
ful of absolute determinations, most gravity values (g) are established using
differential determinadons, The resulting surface gravity values can be com-
piled in relation to a world-wide gravity standardization network {IGSN 71i) which
was established in 1971 with an estimated precision of %0, 2 mGal (Note: 1 Gal =
lems2), as reported in (Morelli, et al,, 1971). The internal precision of
modern regional gravity networks is likely to be of equivalent magnitude (e. g. ,
Mather, et al,, 1976h}.

" The same cannot be said with confidence, of gravily anomalies, given by

24w
Mg =g -7 - —

AW
1 + I'+ m+— - 21'51112% + 0 {YZAL,}) (1)
h _

2ay

where AW is the difference in geopotential between the general point PP (ellip-
soidal coordinates ¢y, A on a reference ellipsoid with equatorial radius a and
flattening f} at the Earth's surface and the regional datum level surface and not

" the geoid. 7 in Equation (1), is normal gravity computed on the equivalent equi-
potential ellipsoid rotating with angular velocity w, using a value adopted for -
the product of the gravitational constant G and the mass of the Barth M, m being
given by _ _ ’

m = 13w?/GM, B @)

If a data bank of gravity anomalies is based on IGSN 71, the precision of the
gravity anomaly field in the context of surface integral evaluations, is influenced
primarily by the errors in AW, ostablished as a network. It has been shown
(Mather 1974, p. 102) that the quality of height anomalies {’ estimated from
gravity anomalies using relations of the form

= K f f W) e@Ag AW da, ()

I B TR TR PR KPITCILTIRE N v o

ey ] T N

e 13

T S P S ——— QPR Ly -

e e . B B P Y




where Ag ig the gravily anomaly and AW tho difference of geopotential from the
plobal datum level surface at the element of surface area do which is at a geo-
contric angular distance ¥ from the point of computation, is a function of the
wavelength of the errors in the global gravity anomaly datn set, Satisfactory re-
sulis are obtained In practice only when the errors in such a data sot decrease
rapidly as a function of wavelongth, For example, in the case of the gravity
anomaly data set for Australia - AUSGAD 76, the long wave error sources are
assessed as being the following (Mather, et al., 1976b, p. 79, ol seq.):

a, Errors with amplitude 0,15 mGal and wavelength 7000 due to residual
errorg in the adjusted Australian levellitig survey,

b, A constant error of £0, 06 mGal due fo the gravity value adopted for the
Hational Base Station at Sydney not being correct,

¢. BErrors with amplitude 0,2 mGal and wavelength of 7000 km due to resid-
ual errors in the Australian National Gravity Network,

A fourth significant source of érror when sich data banks are used in global
solutions, is the effect of the adopted datum level surface not necesgarily coin-
ciding with the geoid to better than £l m causing sysiematic effects of £0, 3 mGal
in the entire gravity anomaly data bank computed on this datum, This statement
presumes that a world-wide definition has been adopted for the geoid with a res-
olution fo at least #10em, as discussed in (Mather 1977, Sec. 1).

The lack of a global coverage of surface gravity data (e.g., Rapp 1977, p. 3) and
the questionable cquality of oceanic coverage which is widely conceded as being up -
{0 an order of magnitude inferior to land based data, result in the use of combin-
ation solutions for the geoid. The input data for such solutions are the following:

a, Satellite determined harmonie coefficients Chnm of the gravity field to
soma degree n' (% 20).

b, Several regional gravity field determinalionst with representation on,
gay, a 10kam grid - freely available in Europe, North Amerira and
Australia; providing surface gravity field coverage within 20° of the
point of computation in selected parts of the regions mentioned,

The compuiation can then he carried out using the truncation function technique .
- first proposed by Molodenskii (Molodensku, et al,, 1962 p. 146) using a relahon
of the form - .

=t 4 R T Q.,(%)Agn + K ffr(w) D(Ag, AW) do, v



where Agy 18 the n-th degree harmonic in &g, ¥, is the outer radius of the cap
over which surface integration is undertaken, {; beiny the residual contribution
Mie Lo Lruncaling the outer zone effect to representation in terms of a finite set
of harmonics to degrec n', Several variants of this method are known (¢, g.,
Mather 1968; Marsh and Chang 1976).

In the past, the ultimato test of the accuracy of such solutions has heen obtained
on comparison with astro-geodetic determinations, The comparisuns should be
performed betwoon independent estimates of the height above cllipsoid. In prac-
tice, Stokesian solutions arc compared against so-called astro-geodetic geoids
which ean have distortions of up to 2m in mountainous country, The resulling
discropancies over continental extents have root mean square {(rms) values of up
to #1%m, after allowing for datum transformation (e.g., Mather 1970; Mather
1975a). Obviously, effects which are linearly variant over the region of compari-
son are not reflected in the rms residuals.

The limited precision of astro-geodetic determinations due lo the high cost of
such surveys and the local fluctuations in the grades of level surfaces, precludes
any possibility of making more exacting tests on the quality of gravimetric de-
terminations by these methods,

2. THE ROLE OF THE GRAVITY FIELD IN OCEAN SURFACE DYNAMICS

A complete treatment of this problem is given in (Mather 1978a), It can be sum-

~marized as follows: The dynamics of the surface layer of the oceans are defined

hy the differential equations

R i +o{ry}, (5)
. and _
Xp X ~-L%—£\—;%§i+r2 +o{f¥2}, . . - (6)
where [ is the Coriolis parameter, given by
f = 2w sing , . (M

p, is the atmospheric pressure, (%1, %), (% , %;) and (Fy , Fy) are components

of accelerations, velocities and frictional forces acting on the surface layer of

ORIGINAL PAGE Iy
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the oceans along the x; and x; axes orlented east and north respectively in the
Toeal horizon,

The major non-equatorial quasi-stationary currents (e.g., the Gulf Stream, the
Kuroshio) have velocities in excess of 102 em ! maintained by gradients of the
quasi-stationary dynamic sea surface topography (SST) ¢, defined as the height
of the sea surface above the geoid, In mid-latitudes, a steady state current of
1emes®! {s maintained by a quasi-stationary SST gradient of 1, 05 cm per 10% km,
the ecurront being deflected in the direotion of the SST contours, The wind ve-
locities and/or atmospheric pressurc gradients needed to maintain eurrents like
the Gulf Stream are at least an order of magnitude larger than (he strongest
moeasurad under extreme conditions at the surface of the Earth as summarized
in Figures 1 and 2,

The spectrum of SST is illustrated in Figure 3. The quasi-stationary component
in mid-latitude regions where fast flowing steady state currents occur, can be
expected to be 4-5 times larger than the time varying constituents, the overall
magnitude of {§ not exceeding x1%im,

Remote sensing techniques provide the only plausible means of synoplically mon~
itoring the dynamics of the surface layer of the vceans, An indirect method of
doing so can be developed from an analysis of infrared imagery. The primary
difficully is the interpretation of relative measurements to provide an absolute
scale. A second limitation is imposed by c¢loud cover, The greatest apparent
strongth of infrared tmagery is in tracking eddies, However, the temperature
structure within an eddy is complex and does not lend itself to straightforward
interprotation (e.g,, Cheney and Richardson 1976, p. 145), especially in shallow
seas, - '

The radar altimeter provides direct estimates of the position (and hence the
height) of the instantaneous sea surface and is unaffected by cloud cover, though
refraction corrections to the measured range may be more uncertain under such
conditions, If the measurement were reduced to a height (§') above a reference
surface and il the height of the geoid above this same surface were N, it follows
Hiat g ok GEE A _

fo=t =N | . (8)

The role of the gravity ficld in ocean dynamics modelling is somewhat different
from that in the solution of the geodetic boundary value problem, In the latter
case, the objective was the geometrical mapping of a surface al which the meas-
uremenis were made, In the ocean dynamics application, the shape of the .
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hounding surfnce 18 known, It {8 required to gecometrically map (in concopt) a
lavel surface in ocean areas undor circumstances where no moasurements have
heen directly mado in relation to it,

Consoquently, attempts to find a moeans for determining SST {rom a solution of
the houndary value problem, without making agsumptions about the nature of the
5ST, have not been suceessful {(Mather, et al., 1976a), In formulating a melhod
for determining §s from satellite altimetry, it {s no’ considered desirable io
assume characteristics for the global distribution & {5 in processing the data
prior to obtaining a solution, Consequently, the only sources of data on the
Earth's gravily field which are independent of any relationship lo the geomaetry
of the sea surface, are satellite orbital analysis and satellite-fo-satellite track-
ing (e.g., Vonbun, et al,, 1977). No reasons existi at present for assuming that
gravity field modols deduced from 2 global nelwork of tracking stations to x
parts in 108 will not achieve a resolution of x parts in 108 when transformed in-
to long-wave components of geold heights through wavelengthe which are a fune-
tion of:

e zatellite flying helght; -

o the network of higher satellites used in satellite-to-salellile tracking;
and

e the uverage distance between stations in the tracking station network,

%S can be seen f.rom a stucr of crossovers of GEOS~3 data (Mather, et al., 1978b,
Table 2).

The iteration between purely satellite-determined gravity field models like the
odd-numbered Goddard Earth Models - e, g., GEM 9 (Lerch, et al,, 1977) and
dynamic solutions using a more widespread network of reliable laser ranging
systems, can he expected to provide improved estimates of the low degree har-
monies Cgpm of the global gravity field through some degree n' (equivalent wave-
length of approximately 10% km) using global networks of +10cm tracking sys-
tems, The possibilily exists that the minimum wavelength resolved could be
decreased to about 500 km if data from satellite-to~satellite tracking were in-
cluded in the solution, using data coilected during a mission of the GRAVSAT
type, provided the data was of sufficient precision,

Solution techniques for the recovery of SST from radar altimetry data must re-
fleet the band limited nature of the geoid height signal from satellite datermined
gravity ficld models,

ORIGINAL PAGE 5
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‘The role of purely geodotic technjcues in remofe sensing ocenn dynamics is pri-
marily that of providing values of §; from the radar altimetry data, The signif-
jeance of this technique lies in its potential o synoplically monitor changes in
the shapo of the sea surface, The geodetic results have the potential to define

2 four dimensional frame of reference for sub-surface ocean dynamics, in
addition to providing information for modelling the dynamics of the surface
layer of the oceans, :

3. REMOTE SENSING {; FROM RADAR ALTIMETRY

As discussed by Mather, et al, (1976a), itis not possible lo use the boundary
value problem approach in determining SST (§y) from sea surface heightis ¢
above the reference figure because no data can he unambiguously ralated to the
peoid at the desired lovel of precision without making unwarmnter] asgumptions
about the magnitude and distribution of the SST,

The spectrum of ocean surface dynamics lends itself to convenient sub~division
into two components in the context of remote gensing. The first is quasgi-
stationary in time ({y,) during the period of data acquisition, The Hme varying
component §g is expected to have a mapnitude which is about one fifth that of
§so for reasons given in Figures 1 and 2. Some dominant contributions to !'50
have been recovered from GEOS~3 altimetry and have substantially the same
magnitude as obtained {rom oceanographic suryeys., The synoptic variations in
the SST ure Ilkely to have periods of greatér than 2 months through wavelengths
greater than 10 km,

Consequently, the precision required in monitoring the synoptic variations in §;
is clmost nan order of magnitude greater than that needed to establish a gross
model of quasi-staticnary 8ST. Furthermore, there is no necessity for maps
of hydrosiatically defermined quasi-stationary SST (e.g., Loevitus and Dort
1977, p. 1283) to agreec with satellite determined models fo bhetter than +20 em
as the former are, in essence, averages over long periods of time while the
latter represenis neo-synoptic monitoring of the phenomenon,

The satellite altimetry data from either of the altimeter-equipped spacecraft

GEQS-3 or SEASAT-A, due for launch in 1978, are in the form of profiles, n

the former case, the profiles seldom exceed 20 minutes in time due to the ab-

sence of on-board recording facilities, SEASAT-A will sweep out a 25° grid

‘every day {Iig. 4). No data is collected outside certain bounding parallels (65°
in the case of GEOS-3, 72° in the case of SEASAT-A), The orbital periods of

* the two satellites are different, GEOS-3 has an orbital period of 101, 79 min,

-~ which results in a daily offset of 1250 km, an n° x n® grid being zenerated every

25/n days, The SEASAT-A orbit is planned so thatl the daily offset is approxi-

mately 20km with the groundiracks repeating themselves every 4 months or so.

o o roneAL PAGE 15
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Consequently, as fllustrated in Figurc 3, SEASAT-A will provido little infmmn-
tion on synoytic variations in ocean circulation with wavelengths belween 10° km
and 2500 km and periods less than 4 months - a potential drawback when attempt-
ing to model the energy transfer between the variable wind fields and the surface
layer of the oceans, assuming the former to operate with similm aonstraints in
‘space and time, -

i
I

4, BASIC RELATIONS

The following {s summarized from (Mather1978a). It is assumed that a harmonic
represeninuon of the mravity field of adequate precision is available to some de-
gree n', It has previcusly been assumed (e. 8., Mather 1974, p. 90} that the de-
sired precision in each coefficient Cynpy, defining the gravity fleld model was about
i partin 10%, Table 1 lists the normalized coefficients {s5qm (n < 5} in the sur-
face spherical harmonic representation of the hydrostatically determined quasi-
stationary SST based on data confined to the oceans lying between the parallels
65°S and 65°N (Mather, et al,, 1978b, Sec, 7). Also listed are errors ecapm in
the coefficients Cppm of GEM 9 (Lerch, et al,, 1997, p. 52) with their linear
equivalents, A study of the signal-to-noise ratio ({senm/€canm) shows that con-
ditions arc favorable only for the recovery of the coefficients $5)11, $si20» $s130
ts140 and. possibly $si6u . Table 2 lists the root mean square error per degree in
GEM 9, which indicates that there 1s no possibility of recovering any informa~
tion on SST from present-day gravity field models with wavelengths less than

10% km. The desired precigion in the gravity flG].d model for quasi-stationary
SST determinations is therefore 0.2 parts in 107 through wavelengths greater
than 103 km, and hopefully, greater than 500 km if satellite-to-satellite tracking
methods can provide the necessary precision, :

"The desired resolution of the gravily field model for synoptiec monitoring SST
variations, is at least five times more exacting, but only through wavelengths
which cause perturbations of #1 cm in the radial component of orbital position.

- The geopotential W exterior to the Tarth's atmosphere can be represented in geo-
centric spherical coordinates (R, ¢, A) by the relation

R GM [~ - 4 “. n . 2 , ) . . | | )
Ve (E) Z E Canm Sgam, n# 1, (9)
m=0 o=l

n=0

" where Chypy are spherical harmonic coefficients of degree n and order m, Sypm
being surface spherical harmonic functions defined by

CSinm = Pam Ging)cosm\;  Sypm = Pum (sing) sin mA, (10)

ORIGINAL, PAGE 1h ' : 11
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Table 1
Factors Influencing Determinations of Quasi-Stationary Dynamic Sea

(§sanm)s the Noise per Coefficient (¢cqp ) for GEM 9,
and the S‘m‘al-to-NOile Rlﬁo (‘lﬂl\ m /q-'ﬁ!““ )

Surface Topography From Satellite Altimetry — The Signal
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Table 2

Degree Variances

Degree Sea Surface Topography* GEM 9 Error**
(n) (em?) (kGal em)?
1 528,.6 -
2 2170, 3 15
3 107.0 138 {
1 109.7 83
5 23,7 3
6 31.1 266
T 3.9 RGH
8 4.5 619
9 2.7 +435 ‘
10 . 0.7 1193 ‘;
11 | 0,4 2415 =
| 12 0.1 1815
13 0.1 2452 ’
14 | 0. 0(4) 2049 |
16 i 0, 0(7) 2575
16 | 0,0(1) 2248

*Based on a constrained solution to (16, 16) from 5° x 5° area means in ocean
areas only fit to data = £9cm,
**Based on comparisons with surface gravity (Lerch, et al,, 1977),
Comparisons with altimetry are a factor of two better on the average,
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The quantity a in this development, is the equatorial radius of the ellipsoid of
revolution which best fits mean sea level for the epoch of the altimetry, This is
obtained by analyzing the heights of the sea surface ¢’ in relation to an adopted
reference surface in which the ellipsoidal radius (Mather 1974, p, 91, et seq.)
is ay. The change da in a is obtained from (Appendix, Equation (A-12)) by mini-
mizing the residuals

1 2
v=¢ +adfsin?g ~da~ 9. D Seaim Sarm s (11)

m=0 a=1

df being the change‘in the flattening between the sea surface and the value of f
obtained from Cy3p. The question of permanent Earth tide effects on C)ap is
discussed in Section 10.4. The final set of terms in Equation (11) allows for the
first degree harmonic in the quasi-stationary SST.

The value of da obtained in practice (e, g., Mather, et al,, 1978b, Sec, 7) is
based on a sample which is banded in latitude due to the distribution of the al-
timetry. The resulting ellipsoid of "best fit" will not be representative of the
global oceans, This highlights the difficulty of defining the equatorial radius of
an ellipsoid which "best fits the geoid globally, ' There is no way of sampling the
geoid globally. Land areas could be introduced into the definition by using the
geopotential differences between tracking stations and the regional mean sea
level (MSL) datum, The adoption of such a procedure will no longer define an
ellipsoid which best fits the geoid in ocean regions (Mather 1977, Sec, 1).
Neither will it provide the additional coverage needed in higher latitudes in the
short term.

The approach adopted to date in analyzing GEOS-3 data (Mather, et al,, 1978a,
Sce, 6.1) for the selection of a level surface as the geoid is the following, The
oceans are treated as lying entirely within parallels 65°S and 65°N, All inland
seas like the Great Lakes and the Caspian are ignored when sampling {’ using
Equation (11), The resuiting level surface is defined in terms of the potential
W, of the geoid consistent with the value of the product of the gravitational con-
stant G and the mass of the Earth M included in the adopted gravity field model,

The geopotential W in Equation (9) cannot be downward continued through the
atmosphere using a spherical harmonic model, If the atmospheric potential V,
is defined at all points exterior to the geocentric sphere of radius R, enclosing
the Earth's atmosphere, by a relation of the form

Vs = T (E) Z: Z Vsenm Senm » (12)
0

2
n= m=0 «a=1
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it is possible to define the potentinl W, of the solid Earth and oceans but exclud-
ing the atmosphere according to the relation

. GM pa q \n n 2 .
We = "ﬁ" ( ) Z Canm Senm + Ups (13)
n={9 m=0 as]

where U, if the rotational potential and

[ i = Rﬂ "
Canm = Canm ~ | — Vsenm - | (14)

Al

W, satisfics Laplace's equation in the space exterior to the Earth's surface
(air/sea interface at sen).

IL is now possible to consider the disturbing potentinl 7" in relation to a higher
roference model whose potential U in space exterior to the Earth's surface is
given by (Mather 1974, p. 91, et seq.)

_ QM : |
Z ( ) E Z Canm Seam * Ur. (15)

ne m=0 a=1

- Note that the potential W, will giontain non-zero first degree harmonics if the
origin of coordinates (R, ¢, A) remains at the geocenter, It has been shown that
enforcing the condition

e =Cly =Cf =0 o (16)

will introduce errors less than £5em due to the non-coincidence of coordinale
origins (Anderson, et al,, 1975, p, 33). The height anomaly ¢ on this higher
reference model has a magnitude which is one order smaller than the value § in
~ relation to a rotating equipotential elhpsmdal rcference model, bemg gwen in.
ocean areas by thé relationship :

GM & /a\" & &
_§" ={ - z (R ) : Z z Coenm Senm s . (17)
_ _ el | _

RO 'Y m=
where

Canm = Canm except whena=1,m=0and n=2, 4 and 6, (18)
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n these three speciai ¢cnses,

Cao = 0, (19)

and C|4y, C,4phnve been corrected for the effect of the ellipsoidal flattening fm-=
plied in the value of Chap by the relations (Appendix, Equations (A-206))

Too = O sin' e l 4 msine | 20)
‘:0 - - - - o .
4 140 3 TN ’ {
and
o c sinbee [2 msine | .
; 1 - m— - 2
160 160 7 19 @ , (21)

the relatlonship between Cfyy, f, o and qi(e) being given in the Appendix, 7,
for all practical purposes, is normal gravily on the (mplied level ellipsoid im-
plied in ihe higher reference model. ¢' is related to the disturbing potential T"
in relation io the higher reference model by the relation (Mather 1975, p. 72);
Mather 19‘78:1, Equation (19}) s

Y _OM ™ [\ &
=W, -UuU e P T Z z Canm Sanm

m=0 @c| (22)

(“’0 - U()) + Tg" - T;-s - Vs

i

i}

where W, is the potential of the geoid which is determinable from satellite al-
timetry consistent with the higher reference model (Mather, et al,, 1973a, Sec.
6.1), U, is the potential on the surface of the equipotentinl ellipsoid implied in
the hipher reference system and V is the potential of the atmosphere, The first
expression holds in space exterior {o the Earth's surface while the second holds
at ihe surface of the Earth., Equalions are also given in (Mather 1978a} for the
gravity anomaly and solutions of the geodetic boundary value problem which take
into account the unknown quasi-stationary SST, the complete zero degree effect
and conditions of continuity of the geopotential in the space exterior to the Earth
p,wen tha existence of the atmosphere.

B, - PRACTICAL SOLUTIONS

"~ Numerical results from GEOS-3 data have been reported by Mather, et al,,
(1978h) where selected low degree harmonics of the quasi-stationary SST have
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heen estimaled (rony a global analysis of the available GEOS-3 altimeiry, The
following nssumptions are made when using Ecuation (22) in practice,

e The low degree harmonics of the gravity field are known o some degree
n" with an error less than & g (= 10"8 in the GEOS-3 study).

Thus

Conm = Canm = Canm | (23)

where Cg, and Canm are defiend in Equations (14) and (18) respectively, On
adopting surface harmonic models for {s(voeflicionts {5y, ), V (coefficients
Vaanm) and §’ (coelficlents £, ), It follows that

e - (GM Ju\e - ; :
Ssenm = Sopm - R, \R, ECamm ~Canm! * Vanm: (24) |

R, being the geocentric distance to the sea surfice,

It hag been shown (Mather, et al., 1978a, Seec. G.1) thatif’or all practical pur- .
poses, the netoffect of the terms within parentheses should be zero if the value of Cgypy,
used in forming both Gy, and Cyyyy, Were free from error. In such a case,

- _ fsc_xum = f&nm‘ . (25)

Numerical solutions are not so straightforward due to the poor signal-to-noise.
This problem is dealt with in depth in (Mather, et al,; 1978b, Sec. 7) as ara
the procedures for modelling the SST (ibid., Seec. 8)., As discussed in Section
4, it is judged that only Five coefficients can be recovered from a perfect de-
termination of {' and the GEM 9 gravily ficld model. Other coefficients can be
estimated but the level of uncertainty is much greater, being a function of

e the tlnceftaility in the value of the GEM 9 coefficient; and
e the magniiude of the coefficient {5opny, (Tables 1 and 2),
“Table 3 lists provisional estimates for the coefficients {;4p,, obtained from the
analysis of GEOS-3 altimet2r data between parallels 65°S and 65°N and the esti-

mated errors. For details. of the method of analysis, see (ibid.). These values -
are based on the following set of constants:
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Table 3

Preliminary Estimeies of the Dominant Features of Quasi-Stationary

Dynamie Sea Surface Topography from the 1977 GEOS-3 Altimeter

Data Bank and Goddard Earth Model (GEM 9)

(Tor Mothod of Selection, See Table 1)

Normalized Value (om)*
Cocfficient Oconnographic . | | Geodelic
From Steric From Altimetry
Anomalies and GEM 9
110 +3, 9 -150 & 15%*
1 - -21,8 13 & 154
'2.11 2,4 20 + 15+
120 ~46, 2 -43 & 6
180 6.7 +T 10
140 -9.5 ~-18 = 15
160 4.4 1 %15

*Based on an analysis banded between 65°S and 65°N
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- *%GEM 9 does not include a first degree harmonie, system origin being coin-
cident with geocenter. These numbers also include the displacement of the
estimated location of the geocenter in GEM 9 tracking station coordinates
from the center of the ellipsoid which best fits the sea surface, '
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¢ = 2,997924 58 x 100 ¢ms!
(26)

GM = 3,986 004 7 x 1020 cm3 572,

and the geometrical ealibration of the GEOS-3 altimeter performed by Martin
and Butler (1977), using the Equinox Data Set (Mather, et. al,, 1978b, Sec. 4),

'The geopotential of the geoid for the epoch 1976, 0 from the GEOS~3 altimetry is

|
W, = 6,263,283.8 0.4 kGal m, (27

‘The ellipsold of revolutlon which best fits the sea surface is defined hy the
paramcters

0=0,378,139.9 £ 0.4 m; I'=1/298,237 + 0,003, - {28)

the latier heing consistenit with the value of -43 em for the normalized value
of {5120, These provisional values are subject to revision with Improvements
in the orbital ephemeris of E0S~-3, The contribution of the permanent
Earth tide has been eliminated as described in Section 10,4, '

6.,  IPFUTURE TRENDS

(0) Gravity Model Improvement

Ifurther progress in determining quasi-stationary SST is dependant on the reso-
lution with which the glohal gravity field model is defined. This information
must, in the final analysis, come from orbital analysis and satellile-to-satellite
racking as envisaged in Section 2. The greatest limiting factor at the present
time [s the absence of a global network of high precision tracking systems., In
the short term, the satellite altimetry can play a role in gravify model.
improvement,

As some dominant harmonics of the quasi~stalionary SST have been evaluated,
it is possible to remove their effect from the data base of ¢’ obtained from
GEOS-3 altimetry belween 65°S and 65°N, assuming that sufficient passes of
altimetry are available to eliminate the effect of the tides, as well as mesoscale
variations in the SST on the data, The objective is the evaluation of the eoef-
ficients of a gravily field model with a resolution of 1 partin 10® (f,e., 6kGal
em) in each harmonie. - The best available model at the present Lime (GEM 9)
appears fo satisfy this precigion requirement to degree 4. Thus, helding these

\ .
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harmonies heavily constrained, it is possible to atlempt a gravity model im-
provemont using observalion equalions of the form (Malher, ot al., 1976h, p.
42)

n . .,

GM & /7a\" & & ) _
(R ) Z Z Coanm Sapm = Vs = v, (29)
RO nel f+] mul el . _ |

on the GEOS-3 altimetry data bank, where

i n 2

byr = 8 - E Z E Esanm Sanm +[(W0-Uo)-—V] ", (30)

n=d m=0 a=1

where T ropresents the maxlmum degreo to which the cocfiloients of the SST' are
known lo 46 cm,

Further progress is possible only if it {8 assumed that the magnitude of higher
deprec coefficients of the quasi-stationary SST are significantly smaller than
the errovs in GEM 9. This refers to the set of coefficients Cyppy comprising
the current gravity field model which has to be updated and is used in defining
the higher reference model (Equation (15)). Table 2 sets out the error degrec
varianees in GEM 9 and the degree variances in the oceanographically deter-
mined SST lo degree 16, showing that considerable scope exists for refining
gravity field models from altimetry data corrected for the effect of the dominant
feafures of the SST, :

Agsuming that the altimetry data hank were of adequate precision, 1t follows that
the resulting gravity field model should also have a resolution of 1 part in 10 8

if there were no aliasing effects due to the data being restricted to ocean arecas
only (33, 902 out of 64, 800 equi-angulax 1° x 1° squares) and banded in latitude
hetween 65°S and 656°N. This aliasmg problem is discussed at length in (Mather,
‘et al., 1978h, Sec. 8). :

'he goul of complete areal representation can be improved by forming observa~

tion equations using grawty anomalies for 1and arcas in the relation (ibld. s D
42)

aM Tmog g |
RY <E> (n-l) Z Z Canm anm ~ AEC‘ =V - (81

n=2 med w=1

where the spherical harmonié series is evaluated at the surface of the Earih,
the value of observed gravity (g) is used to compute Agy, defined by
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! 2
Mgy = Og - 87 + by =z ud) - = Wy = Up)

Eon (32)

2
Z E Z Ssanm Sanm + 0 {fT"/R} ,

n=ld m=0 as|

Ag being defined by Equation (1), &y being the correction to Ag when using the
higher reforence model (Mather 1974, p. 95), &g, the correction for the almos~-
phere (Anderson, et al,, 1975, p. 25) and §§ is the deflection ol ihe vertical,

It is nssumed that the dominant harmonies of the quasi-stationary SST as do-
lermined carlier, adequately model the height of MSL at the regional levelling
datum, For some sludies of this problem, see (Mather, ot al,, 1978a, Scc. 7).

It is doubtful whether gravity field models developed in this manner, can play
any role In delermining highor degree harmonics in the global quagsi-stationary
SST for obvious reasons, IMowever, the use of such a fleld as the input model {n
the re-analysis of orbital data for a further refinement of the gravily field model
is the noxt obvious stage in the prosess of improving the gravity field to the pre-
cision of 2 parts in 107 required for ocean dynamic modelling,

(b)  Determination of Short Wave Contribulions to the Quasi-Stationary SST

Those short wave contributions are defined ns those with wavelength less than &,
where- ¢is the wavelength of the highest [ull harmonic of the gravity field which
perturhs the orbits of near Earth satellites in excess of the noise level of the
tracking, [or a discussion of this subject, see (Mather 1978a, Sec. 7)., This
discussion proposed a technique based on the solution of the inverse of the geo-
dotic boundary value problem, formulated to take into account the deparitures
of the sea surface from the geoid (considered known with wavelengths greater
than £),

The equations comprising this solution were the following,

i}wu'u )- 'YZ (n+1) Z 2 fsanm Sanm"Y Z Zj $salm Salmj] R

n=2 - m=0 awl m={ =1
(33)
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whore

hcd

My(g) = D n(n+1) Pyg (cosy) (34)

a2

¥ being the geocontrie angular distanco of the element of swface area dg from
fhe point of computation P,

! _
Ny= ¢ - (v=-6T", * {35)
- 1 2 + 5 H
Ag. = Ag - &y + §p, ~ 7 24 Ag’ (36)

5T", 5Ag" boing the changes In " (Equation (22)) and Ag" dofined by

n o2
g = Z (n-1) ( ) Z Z Conm Sanm » (87)

n=2 m=0 a=|

in Equalion (31), hetween the Earth's surface and the minimum ge_ocentric sphere
enclosing the Barth's topography (the Brillouin sphere) of radius R,

The prineipal difficulty in using this equation in practice is the requirement for
appropriate resolution in Ag (2 parts in 10?) through wavelengths of intorest, if
it is to play a role in ocean dynamic modelling, The data is required within
approximately 500 km of the point of computation, with values of ¢ required
everywhere, including land areas, IL appears optimistic to expect results from

this technique in the foreseecable future as surface gravity data of adequate pre- -

eision will not be available for the lask., Thus surface gravily informalion does
not provide a viable basis .for recovering short wave information on s,

~An nltornato means, in principle, for obtaining improved definition of the gravity

ficld through wavelengths befween 500 km and 2000 kin with a precision adequate
for ogean dynamic modelling, is by satellite~to-gsatellite tracking of a low~flying
satellite with appropriate precision from a network of gpacecraft in synnhronous
orbit, Ttusearch in this area is still at a very early stage, The desired resolu-
tion is better than 10-5 ecm 5-2 with wavelengths in the range mentioned ahove,
This 1s almost {wo orders of magnitude smaller than the resolution achieved to
date (Vonbun, et al,, 1977; Marsh, et al,, 1978). More recent analysis appears
to indicate that it is possible to recover aceelerations at the low flying satellite
altitude to #2 x10"*em 572 from ranpge-rate data with a noise level of %0,2 mms-!
(Marsh 1978), 'These results are based on minhnal guantities of data and it
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would b pessimistic to assumeoe that they cannot be improved upon substantially
by nveraging over long periods of time for the ¢ sired effeets of intermediate
wavelength,

7, SYNOPTIC MODELLING

Synoptic modelling of the circulation patterns of the surface layer of the global
oceans on a daily basis with wavelengths greater than 2600km is a very real
possibility with the Taunch of SEASAT-A, The compufer requirements are well
within the capability of the Goddard network. The principal limitation at the
present time is the preeision of radial orbital determination using the present
tracking nehwork as well as the weakness of current gravity field models through
harmonics olher than low degree zonals, It is not heyond the realm of possibility
that the altimetry data available from the GEOS-3 mission, appropriately cor-
rected for the dominant features of the cuasi-stationary SST as determined in
Seetion 5, can bo combined with current models and tracking data to produce a
gravity field with a resolution of 1 part in 108, : :

The principal difficulty 18 the aliasing effect produced by the altimetry data being
confined to the region between parallels 65°S and 65°N and the lack of data of
ecuivalent precision on Tand. Another factor which will help resolve this problem
‘ig the inerease in the densily of tracking stations in the high precision global
lracking notwork with the passage of time.

The altimetry data can also be used with local high precision tracking data to
study regional eirculation patterns with periods greater than 1 month, Studizs

of eddies and other features with vertical magnitude in excess of 20 em have heen
reporied from GEGS-3 allimetry (Mather and Coleman 1977; Leitao, et al,, 1977;

- WMather, et al,, 1978¢). All these studies were done without benefil of precise
orbit determination and lose some part of the spectrum of the SST in space and
time as a consequence., These evaluations are hased on determinations of changes
8%, in the ST between epochs (7 = t) and (r = t +.dt), using relat.lons of the

form

Bty = Ft+dn) - (D), (8
where ¢’ is established direetly from the altimetry and the oxbits together with
the enforcement of crossover constraints to eliminate any unmodelled force
fu,ld errors in the orblt mtegrauon.

It can be stated with coni;‘idence that the use of geodetic techniques on radar al- |

timeler data is likely to produce information which will make possible the syn-
~optic monitoring of the dynamies of the surface layer of the oceans.
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10, . APPENDIX

10.1 Relutions Between Geodetic and Geocentric Parameters to 1 Partin 10'0

See Figure A-1, The gcocentlic latitude, ¢ the g‘eodetlc latitute ¢, , the geo— ‘
centric distance R to the ellipsoid and the radius.of curvature ¥ in the prime-
ver tncal, given by :

v.=af(l - c?sin?gg )% | | (A-1)
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Figure A-1. The Meridian Ellipse

where the meridian ellipse is defined by the equatorial radius a and cccentricity
¢, by the relations

Rsing = vsing, - ve?sing, = v(1 = )?sing, , (A-2)
g B B

and

Rcos¢ = veosgy , (A-3)

the flattening f being related to e by the relation

e? = 26(1-1/2). (A-4)
Thus
tang = (1-10)? tan ¢, . (A-5)
27 ORIGINAL PAGE 15
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8p= ¢, - ¢ =0}, (A=G)
it Jollows that
§¢)3 t - t i .
tan 8¢ = 8¢ + o {( d’)}: ande - N9 (A-7)
3 1 - tangg tan ¢ |

On Ubillg Equation (A-5) in Lquatmn (A-'?) and expansion using the binomial
theorem, it follows that -

86 = Tsin 261 + 1(3/2~2sin? ¢] + o {I} . (A=)

On using Taylor's theorem, the following results are obtained:
singg = (1+47+ 10@2)sin2¢ - 40(1 + 13/20)sin ¢ + 162sind ¢ + o {r3} , (a-9).

- and

sindpy = (1 +80sin¢ - 8Fsind¢ + o {2} . (A-10)

The geoceniric distance to a point on the ellipsoid at latitude ¢y 1is obtained by
using Equations (A-1) and {(A-4) in the combination of Bquatmns (A-2) and (A-B)
Lo ohmmato d, when mfuupulahon usmrr the binonnal theorem giy es

5
R l:l -1 - — f + 2f°)31112¢g
o | . (A-11)
[-".’. 4 13 g 4.. 2 L
_ --:2- (5-170sin Py - —-2— f3sin® gy +__o {F} s

'wlnch is the expl ession Ior Rin geodeuc coorclinates

The exmesswn in "‘ecentrio coordmates is obtained by substltu mng Bquahons

. (A-9) and (A 10) in (A-ll), when the relahon
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R =g [1 -f (1 +§- [ 2r2) sin ¢
N (A-=12)

3 4' ' 4 5 TN fq)
+?l'~’- (l -i--;- {‘) sin c,b--?:-i sin¢ + o {l

1s obtained,

10.2 The Spherical Harmonic Representation of the Exlerior Potentlal Due to a
Rotating Equipotentdal Ellipsoid to Order £+ .

If & wore the parameter defined by

cosa = | = (A-13)

and

sinee = ¢ = (27 - 12)%, | (A-14)

cmd if the equatorial radius a ancl polar radius b of the equipotential ellipsoid
were defined by _

1= Gcosec g b = ccotay, (A-15)

whexe ai, ‘i the value of @ on the equipotential ellipsoid, the exterior potential
of the rotating equipotential ellipsoid at the general point (&, u) is given by
{(e.g., Mather 1971, p. 83)

GM a2 w?

U= o+ 0, (@) Py (sinu) + U, - (A-16
e " 3ay(ety) .2( 20 (sin i ¥ ( )

M being the mass oi‘ the ellipsmcl u the reduced latitude (I‘lgule A-l), U tlm _
10!.'11,10)1.11 potcntml and ¢, (&) is defined by (ibid., pp. 78-9}

!
@) =< a-(3c_ot_2_a-_+ I)-SCotrx]

) 3 4 :
e a3 ¢ = —— tanS e -— 9 S
tand o =7 t‘m o + 7‘gl_tan"u o1l tdll ot :{ (A-17)

2n ' g
- -3 : tap2nu+!
n;( D Gt D e
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Due to rotational symmetry, the potentiol in spherical harmonics due to this samo
rotational cquipotentinl ellipsoid is also given by

GM oo a 2n ,
U= _[{- [I + Zt ("E) ]’2310 (Slll¢) CQHOJ + Ur-' (A—lS)
n=

lixpressions (A-16) and (A-18) are identical, The coefficients Capo can be eval-
uiifed by comparing the two expressions at the pole of the rotating cquipotemial
ellipsoid when - -

R=1b u=g¢=90° (A-19)

and all zonal harmonies take the value 1. In such a circumstance,

_ c ¢
tang = —= — A-20
from Equaifon (15). From Equation (2),
a2w? = GMm/a,- (A-21)
Turther
trln- 11 o
o= tan- (tana) tana + Z (=N —e—, _ (A-22)

fi= 1 ')n'i‘ }

‘Using Equutions. (A=17), (A~21) and (A-22) in Equation (A-186), simplification
after re»-arr'mgement of terms, g‘ives

GM tdn~"a msine  2n | 3 "
U =--l-;- 1 +Z (-1 I = n ]’20(5in u) [+ Ur.(A-ZS) s

= 2n+1 3q, (q_e) 2n +

Ecjuating' coefficients of the same degree in R after imposing the conditions at
(A-19) und (A-20) on Equations (A-18) and (A-23) gives S

: o oetn msin. . 2n | ]
Capoa = (-1) — | - P (A~24)
‘ _ n+ | 3q,(a) 2n+3 o
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where Lhe subscript o has beon suppressed in the value of o which refers to the
cquipotential ellipsoid, As Equation (A-15) defines

== sina (A~25)
it follows that
(-1Msin?ta | msing 2n
Cop = ——— |1 - - (A-26)
2n + 1 3q,(2) 2n + 3 '

10,3 The Flattening £ and Cyy

The flattening { is obiained from the second degroe zonal harmenie in the spher-
icol harmonic series by the relations

o sinfee | 2m éina | | s
= . - . -27
M3 s, | (A-27)
or ' ' |
2msind o v | '
f=1- |1 -]———= 30y -  (A-28)
15q,(0) :

where g, (@) is defined by Equation (A-~17). This obvious: - has lo be solved by
iteration wiith the procedure rather unstable uniess sufficient significant digits
are carried in computations,

In most computations, a trial value (Cpq() is available for C,q, corresponding to
a value f; for {,. A solution procedure is required for computing df from dCyo,
given by ' : ' ' :
dCap = Cyp - Copt» o (A-29)
using an expression for df evaluated in terms of a rapidly convergent series.

The use of Equation (A-17) enables the complex {erm in Equation (A-28) fo be
written as.

Imsinda 6 1 | '
m———— = oSl [1 + = tana + — tanfo+ o {.174}:l . (A-30)
15, (@) 7 49 ' -
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Changes de in o are produced from changes dC,, in C,p according to

. . 6 1
dee I:’.!-.smcw cose + 3 m ¢cosla sina (l + -;]- tan2e + E tante |

2 (A-31)
- T"sina:l + 3dCyy = 0

which is obtnined by differentiating Equation (A-27) after re-ar rangement of
terms. Then, as

df = sin do (4-32)

. _ _
df = -3 dCzu/[2 case +3m {cosza (l +-;]- t'mzoc+4—19 tan“oa) :}] , (A-33)

and

{=f + df. (A-34)

10.4 The Effect of the Permanent Earth Tide on Ocean Dynamic Modelling

The coefficients of satellite determined gravily field models Cjjpreferred to in
Section 4 are computed after modelling the effect of the Farth tide. The latter
hus a permanent constituent which causes the second degree zonal harmonic of
the true gravify field which influences the quasi-stationary component of ocean
civeulation to be different from Cap. 7his problem is discussed in (Mather
1978b). The incorrect pre-processing of the altimeter data for the effect of the
- Barth tide can cause errors of 13 percent in the value of §;;2¢ as determined
from Lquatmn (24,.

The magmmde of the error dg'bl 29 is descrlbed by the equatlon

' ) 2 3 /M. -
d{s120 =“"-i M{Z(“&> (—l)(l + kg ~ hy) Pyylsin g } ~ (A-35)
V5 LT \Ri/AM =

where (R), R,) are the distances between the cenire of mass of the Barth and
those of the sun and moon (masses M,, My; declinations 8;, 8, ), ky, h, being
the second degree Love numbers, M { } referring to the mean value over the
period of altimeter data acquisition,
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This coxrection is only necessary when sen surface hoights from satellite altim-
otry have not been corracted dynamically for the effcet of the Earth tide, The
dynamie corrcction allows for the change in the instantaneous LEarth space po-
sition of the geold, defined as the level surface (W = Wy ) due to the influence of
the Lexth Ude. It is cssentinl that tho correotion made by dynamic rathey than
geomeirie {i,c., based only on the Love number hy ) when using altimetry data
in ocean dynamic modelling,

This will ensuro that the satellite altdmetry data will bo reforred to the ingtan-
tancous datum lovel suvface rather than some ariificinl statie geold and therchy
ensure that the aliasing effcct of the parmanent tide is -.atislactorily removed in
determinatlons of SST. The yalue obtained for df. ,  is +6.1 cm,
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