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THE INFLUENCE OF TORTUOSITY ON THE SPECTRUM OF
RADIATION FROM LIGHTNING RETURN STROKES

David M. Le Vine

ABSTRACT
An investigation has been made of the influence of tortuosity on the
spectrum of radiation from lightning return strokes. The shape of the
spectrum obtained by including effects of tortuousity is in keeping
with data: The spectrum has a peak in the correct frequency regime
followed by an initial decrease as the inverse of frequency. This
spectrum is in betier agreement with data than the spectrum predicted
by the same model without tortuousity (i.e. the long straight channel),

which decays at a rate proportional to 12

These conclusions were derived from a piecewise-linear “transmission
line” model for the channel using in one case simplifying assumptions
to arrive at closed form expressions for the spectrum and also from
numerical calculations on simulated channels. The analysis indicates
an eventual transition to 1/»? decrease even for the tortuous channel,
which suggests a means for testing the model and gaining insight into

return stroke current and channel parameters.



THE INFLUENCE OF TORTUOSITY ON THE SPECTRUM OF
RF RADIATION FROM LIGHTNING

INTRODUCTION

Knowledge of the spectrum of radiation from lightning is important both for under-

standing the dynamics of the lightning flash as well as for assessing the RF interference

UG, T R

environment during thunderstorms. Spectral measurements have been reported from fre-
quencies of a few kilohertz (Horner, 1961 ; Taylor, 1963; Watt and Maxwell, 1957) to

frequencies near a GHz (Kosarev, et al,, 1970; Hewitt, 1957) and several composite spec-
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tra have been deduced from these data by reducing the independent measurements to

common units of distance and bandwidth (Horner and Bradley, 1964, Kimpara, 1965; Oh,

£

1969; Cianos, Oetzel and Pierce, 1972; Oetzel and Pierce, 1969). These composite spectra
have several features in common: It is generally agreed that the spectrum peaks near 10
kHz and then decreases roughly inversely with frequency (i.e. as 1/¥) upto several hundred
MHz. At higher frequencies the data is more scattered: Kimpara (Kimpara, 1965) extripolates
the 1/v dependence to higher frequencies whereas Oh (Oh, 1969) infers from the data a

change from | /v to a decrease as approximately 1/¥? in the decade between 100 MHz

HEE R R PR A By 2t 2,

and 1 GHz. Representative data are shown in Figure 1.
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Theory to rationalize these observations with contemporary best information on

¢
¢

lightning parameters have been less widely reported; and in fact, the measurements pose
some problems for the modeller. For example, using as a return stroke model a long straight
channel (current filament) driven by a current pulse whose shape is consistent with measure-
ments, such as the paired exponentials of the Bruce-Golde form or as modified to include

continuing current (Bruce-Golde, 1941 ; Uman, 1969; Price and Pierce, 1974), and assuming




that the current pulse propagates along the channel with velocity, v (i.e. I(zt) = l{t=z/v)),
one has the “transmission line™ model presently in use (Dennis and Pierce, 1964; Uman
and McLain, 1969), It is not particularly difficult with this model to calculate the electric
field radiated to a distant observer, employing for example the Fraunhoffer approximation
(e.g. Le Vine and Meneghini, 1976). Assuming typical channel lengths and velocities of
propagation, this calculation yields a spectrum whose peak is in the correct frequency
range (tens of kilohertz); however, the high frequency asvmptote decays as 1/¥2, not in-
versely with the first power of frequency as the data suggests,

It is the purpose of this paper to show that by introducing tortuovsity into the channel
model — that is, using the transmission line model but allowing the channel to be irregular
rather than straight — one obtains a spectral decay proportional to 1/pv. The spectrum
obtained with tortuousity included also peaks near 10 kHz, and then decreases roughly as
1/v until, at an upper frequency determined by the scale of tortuousity, it begins to de-
crease as 1/v2, The shape is similar to that reported by Oh (Oh, 1969),

Relatively little attention has been devoted to the effects of tortuousity on the fields
radiated from lightning recurn strokes, Hill (Hill, 1969) has treated the subject using a
scalar analysis based on the moment approximation and the Bruce=Golde form for motion
along the channel. This restricts the analysis to VLF (for which it was intended). On
the other hand, at frequencies of 10 MHz or so, the free space wavelength of the radiated
fields is comparable to the typical step size (the channel is formed in discrete pieces dur-
ing the stepped leader processes: Uman, 1969) and the individual elements of which the
channel is formed may become effective radiators. In this paper, the effects of tortuousity

are analyzed by adopting a piecewise linear model for the channel and assuming that the
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current pulse propagates along the channel with constant velocity on each segment:
Tirt) = € f(1=€ - 1/v). This is the “transmission line” model applied on a piecewise basis
to the channel. Both an analytical model for the spectrum, based on simplifying assump-
tions, and numerical results will be presented. The numerical results are obtained by
having a computer produce charnel reaiizations in accordance with pre-assigned statiz'ics
for mean length and orientation of individual elements. Then the spectrum is computed
for each realization using formulas for the radiation from each individual element keeping
track of the phase as the current pulse propagates up the channel (Le Vine and Meneghini,
1978b). The analytical ;esults are obtained by simplifying the expressions for radiation
from each element sufticiently that sums and averages can be perfornncq explicitly, The

results agree,



MODEL

Consider a filament L units long in the ﬁdlrcction driven by the traveling current
wiave:
T = €= r/v)
where v is the velocity of propagation along the channel, and assume that the filament is
arbitrarily oriented above a conducting plane at z = 0,
One can obtain a solution for the fields produced by such a current filament by
transforming to the frequency domain and solving in terms of potentials. Dcing so, one

obtains the following form for the magnetic vector potential:

- W kR kR
A(r‘u' v) = u r(y" f t\lk'li"f. z a :-_- + Q‘ f_‘ df,‘ (I )
filament 47R 4R

where the superscript tilda (~) denotes a Fourier vransform (for example, (v) is the
Fourier *ransform of (1)) and where R = |[F,=Tg| is the distance from the source point Ty
1o the observer T, and R' = [F,='| is the distance from the image source point Ty’ =

.4 4 0 0 1 Q » :
T, = 22(F, + ?) to the observer, and € = =22V+2) and n = ¢/v. The electromagnetic

fields are obtained from Fquation | by means of the formulas:
x : > I >
E(F,, ) = jke [A(fo. v) + {';‘ v(¥T- A)] (2a)

HTy, 1) =— T * A (2b)

|
m
In general, the integral in Equation | can not be evaluated and approximations 1aust be
made. The Fraunhoffer approximation (i.e. far field approximation) will be employed

here. {In the special case v = ¢ the integral can be evaluated exactly in closed form (Le

Vine and Meneghini, 1978a; Schelkunoff, 1952): although for real lightning, v < ¢, and
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generally v is not even constant along the channel,) To obtain the Fraunhoffer approxi-
mation, Equation | is substituted into Eo: tion 2 and it is assumed that the filament length,
L, is smaller than the distance, R, from filament to observer, Then a Taylor series expan-
sion is made of R about the filament center at ¥, Letting p. = [Fy~F.| and assuming that
Lipe <1, kLzlpc << 2w, kp >> i and keeping only lowest order terms in kp,, one ob-

tains the following form for the radiated fields:

EGy.v) = Vil () {ﬁ-(ﬁ'wc)vocl m—‘- Iw) -
(4
i elkpe’ ) (3a)
IQ'-(Q' Vo', ;'_-Pr' | (l')}
~ efkp ko’
A, » = 1) (v x O =— 10 -(vp, x¥) =— 1 (3b)
dmp, dnp,

where

) = dkndT) [,j%kL(n-‘Q-vp‘)-c-jukL(n-?-vpc)]
- ¢

n-% vn
(4a)
= jkL oikn®T) ginc l%ku’?"e'\'«'ﬂc)l
' UkL(n-R" 0o.") - e-i%kL(nR"0p.
') = L‘jk"&'rc.) [ej (n VP;) e{ (n Vpc)]
n- "9 P
(4b)

= jkL okn@T) sinc (1akL(n-R' - ve)

An interesting interpretation of Equations 3 and 4 is obtained by noting that the
phase terms (the arguments of the exponentials) can be written in the form j2mvr where
T =(p/c - e-'fclu) + Y(L/v~L/c (8 VPc). The first term in parenthesis is just the time
required for a signal to propagate from the filament center to the observer plus an arbi-

trary constant {Q * ¥z/v) which is necessary if several elements are to be compared. The
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remaining parenthesis is the binomial correction of this time corresponding to propagation
from the upper and lower ends of the filament (£ 2—: 9'\79.;) plus the time required for
the pulse to propagate from one end of the filament to the other (L/v). That is, within
the limitations of the Fraunhoffer approximation the radiation may be regarded as consis-
ting of two pulses which emanate from the ends of the filament but with a relative delay
equal to the time required for the pulse to propagate the length of the tilament, Interes-
tingly, this is exactly what one finds to be true for the exact solution when v = ¢ (Le Vine
and Meneghini, 1978a),

Associating the radiation with the end points of the filament permits a simple interpre-
tation of effects of tortuosity. When tne current pulse begins to propagate up the filament, a
pulse of radiation (having the shape of the current pulse) is radiated from the bottom of the
filament, and nothing more happens until the current pulse reaches the top of the filament;
then an identical pulse, but of opposite sign, is emitted and the total radiation is now the
sum of these two terms (Uman, McLain & Krider, 1975; Le Vine & Mencghini, 1978a). If
one now joins several segments together to form a long channel, then the radiation is asso-
ciated with the junction points (top of one filament and bottom of the adjoining filament),
and the composite channel radiates from its “kinks'". The tortuous channel is one with
maity Kinks, and therefore has many sources of radiation.  As a result there is the potential
for more structure (i.e. variability) in the signal radiated from the tortuous channel than
from the long straight channel which radiates only fror .s two ends. Consequently, one
would expect that the spectrum of the tortuous che nel will have its high frequency power
increased in comparison with the equivalent straight channel, a conclusion which is sup-

ported by the analysis and examples to be presented below.
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Within the limitations inherent in the Fraunhoffer approximation, either the “Kink™
pictiie or the more conventional interpretation which associates radiations with the fila-
ment center, yield equivalent results. Which picture one adopts aepends on which of the
two forms is adopted for I(») in Equation 4. For purposes of the analysis to follow, radi-
ation will be associated with the filament center; however, in the computer simulation it

was more convenient to separate the two ¢xponentials in the sinc(x) function,



ANALYSIS

~ Mathematically the radiation seen by an observer appears to be a sequence of pulses
emitted from each element with a temporal history dependent on the manner in which
the pulse propagates up the channel and on the nature (length and erientation) of the
individual elements of which the channel is comprised. Associating these pulses with the
filament center, the electric field emitted from the n-th element as seen by an observer

(for simplicity) on the surface is obtained from Fquation 3:

Ly (Ta) > -—"""" £(0) iy sin (VeknLy ) R0 (5)

where

AN E ?

n
Pen
l 5
- !"cﬂ + ";1 “ilg.y * l-sl! (ob)

where Ly, is the length of the n-th element and in order to simplity the algebra, it has
been assumed that @n *Vhe, << n. The total field, E(Tw), seen by the observer is the sum

over all n of the F (Tw), and the spectrum of this radiation is defined to be:

-~ s
S A J<EEE >

where the rointed brackets < > denote a statistical average. Using Equation §, one ¢btains

the following form for the spectrum:
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2 - - =
E(Tw) E*Tw) = [— I (v n] %. ap sin (Viknly JeK€Tn ) « } gy SIN(AknLy, de IR Tm
n m

(7)
Ve

It‘(v)l] Z.: B 4y Sin (4knLy) sin (ViknLy, )o*€ 7 =7m |

allm
In order to perform the requircd averages assume that: 1) The a,, L, and 7, are independ-
ent random variables; 2) The phase ke(r, =1y, ) is uniformly distributed over 2n; and 3)
Pen = P where g. is a constant, so that the a, may be assumed to be identically distrib-
uted. Then, the ¢lagonal terms in the sum are dominant (e.g. Kodis, 1966) and one

obtains:

-~ ~ -~ 2
<ErH)E*TY> = [ . :ni‘ If(v)l] N<ag 2> <sin2(ViknlLy, )> (8)

where N is the number of elements in the channel. In order to perform the average over
the element lengths, Ly, it will be assumed that the Ly, are exponentially distributed with
mean L,. Based on chservations of stepped leaders one would expect L, to be on the
order of several 1U's of meters (Uman, 1969; Schonland, 1956); however, little information
exists concerning the actual statistics of the L. Fortunately, the limiting behavior of the
average at high and low frequencies, which is the important factor for the discussion to
follow, is independent of the choice of the distribution (Appendix A) and so the conclu-
sions may be representative even if the assumed distribution is not. Also, the numerical
results to be presented later support the conclusions reached here, but do not assume expo-

nentially distributed L,,. Performing the average over the L, in equation 8, one obtains:

3 (knlg)?
20 = Q9
<sin<(Y2knlL,)> Ya T +( (9)



Employing this result in Equation 8, one obtains the following form for the spectrum of

radiation from the tortuous channel:

(knlg»? |% ~
o) = 8| —=20k 17 Fonl (10)

I +(knlg)*
where

Vile

["aN<a, 2> %
moe

So =

Notice that at high frequencies (knlg>>1), S(r) is proportional to IT'(MI and that at
-

low frequencies (knLg<<<1). Sw») is proporiional to pif (). That is, in t*¢ high frequency
limit, the spectrum of radiated electric field is proportional to the spectrum of the current
pulse, whereas in the low frequency limit it is proportional to the spectrum of the current
pulse multiphed by frequency. The definition of low frequency must be treated carefully
here because for low enough frequency the assumptions inherent in the Fraunhoffer ap-
proximation fail and the analysis is not correct, More precisely, the low frequency behay-
ior of S(r) is to be regarded as the shape of the specirum in an intermediate frequency
range between (roughly) knlg = 1 and the low frequency bound on the Fraunhoffer ap-
proximation, roughly at kp. = 1. In this intermediate range S(v) is proportional to vIFI )|
~ad at high frequencies S(») is proportional to ITW)I.

To appreciate the significance of these two regions, and to compare with data, the
form of the current pulse is required. A pulse shape representative of currents measured

in lightning return strokes is:

) = 1y [e @ = e™Ft] 41y [ - o781 (1)

10
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where for typical first return strokesa = 2 x 104, = 8 x 105, 5 = 103 and § = 2 x 104,
and 1y = 30 kA and Iy = 2.5 KA. The shape of this current pulse is shown at the top ia
Figure 2 (and its spectrum -l‘f'(v)I is plotted at the bottom). The first two exponentials in

this expression represent the main current pulse in a form proposed by Bruce and Golde

— il

(1941) with parameters suggested by Dennis and Pierce (1964), The third term, Iy exp(=yt),

represents intermediate current (Uman, 1969); and the remaining exponential, Iy exp(- :1),
has been added to achieve continuity at t = 0 and doesn't, otherwise, significantly alter

the current pulse, Details of the propagation of current during return strokes are still at

issue (e, Price and Pierce, 1977). However, the preceding waveform reasonably represents

a composite of reported current measurements (Uman, 1969, Dennis and Pierce, 1964).

The Fourier transform of the pulse given in Equation 11 is:

~ | f-a 1 5 -7
f(w) = . g |
Qo L4 S (I 4yi=] g [1vige] [+ 3=

(12)

I;U'll is plotted in Figure 2 (bottom) for the parameters listed above. Notice in particular,
that in the limit of large frequency (v >> §/2n), the function Irtvll decreases as 1/v2, and
that IF(P)I 1s constant in the low ‘requency limit,

Now substituting Fquation 12 for IF(v)I into Equation 10, one can examine the high
and “low™ frequency behavior of the spectrum, Since the spectrum S() of the radiated
ticlds is proportional to I?(u)l in the high frequency linit, S(#) decreases as | W at high
enough frequencies independent of tortuousity, However, at intermediate frequencies
large enough that » > /27 but small enough knlg < 1 — the spectrum S(») is propor-
tional to v!f(u)l and therefore decreases only as /v, This slower rate of decrease at inter-

mediate frequencies is @ direct consequence of tortuousity. In contrast, the spectrum of a
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single straight channel (no tortuousity) does not exhibit an intermediate region with /v
decrease but rather reaches a peak and then rolls off as ﬁ:(v)l which is to say as 1/»? (Le
Vine and Meneghini, 1976), Existence of the intermediate region for the tortuous channel
is consistent with available information on lightning i *turn strokes. For example, letting
Lo = 30 meters, which is typical of the length of steps during the stepped leader (Uman,
1969), and letting n = 3 which is reasonable for return stroke velocities (Uman, 1969),
one obtains knlg = 1 at v = ().S. MHz but with g = R x 105. I?(v)l has already begun to
Jecrease as 1/p2 at these frequencies.

This section has demonstrated how randomness of the channel can introduce energy
at intermediate frequencies and thereby slow the rate of decrease of the spectrum. Ex-
amples and a comparison with experiment will be presented in the tollowing section where

it will be shown that this effect is consistent with data,
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EXAMPLES

In this section the effects of tortuousity will be illustrated with spectra calculated fron,
simulated lightning channels. A simulation for the purpose of studying the effects of tortu
ousity has been developed by this author and a colleague (R. Meneghini) using a piecewise lin-
car model for the channel and employing Equations 3 und 4 for the fields radiated from each
clement (Le Vine and Meneghini, 1978b). In this simulation the channel is generated by plac-
ing end-to-end linear segments chosen by the machine in accordance with assigned statistics.
I'he procedure is suggestive of real cloud-to-ground lightning in which the channel is formed
in a series of discrete steps called the stepped leader. In fact, the simulation has been written
so that radiation from the stepped leader may also be studied. In most of the work done
to date, the channel elements were chosen by assuming that the change in the (cartesian)
coordimates required to advance from one end point to the next of a given element were
normally distributed. Typically, the x- and y-coordinates were identically distributed with
zero nean and the z-coordinate had non-zero mean and a standard deviation on the order
of 20 meters, Obviously, one can control the general direction of the channel through
choice of the mean value of the coordinate change, and can control the variations about
this direction by means of the assigned standard deviations,  Typical element lengths in
the channels used here were 40 meters, but have ranged from about 30 meters to 300
meters. Figure 3 shows a channel generated by the computer, in this case without branches.
(The simulation is three dimensional so the projection of the channel on orthogonal
planes is shown.) Once the channel has been generated, the computer caleulates both the

temporal listory of the electromagnetic fields produced by a current pulse propagating

13



along this channel and also the manitude of the Fourier transform (spectrum) of the radi-
ated wavetorm, This is done using the solutions given in Fquations 3 and 4 and their time
domain equivalent, and employing an assigned current wavetorm such as given in Fquation
11, The major computational provlem is keeping track of the proper phase of the current
in cach of the many elements which may be radiating at a given instant, (See Le Vine
and Meneghini, 1978b tor examples and a comparison in the time domain ol simulated
wavelorms with data,)

The influence of tortuousity on the spectrum ol the ragiated fields is illustrated in
Figure 4, For comparison sake, the envelope of the spectrum, S(p), is plotted tor both a
long straight channel (no tortuousity) and an equivalent tortuous channel, The current
waveform given in Fquation 11 was used with a velocity of propagation of v = ¢/2 in both
cases.  The tortuous channel used in this caleulation is shown in Figure 3, and was gene-
rated from segments whose mean length was about 40 meters with variance of each carte-
stan coordinate of about 20 meters, In this example, the observer 1s S0 km away and is
located on the conducting surface, The length of the vertical channel (about 5 km) was
chosen so that its spectral peak was nearly identical with that of the tortuous channel,
This was done to facilitate comparison of shapes of the two spectra, [See Le Vine and
Meneghini (1976) for a discription of the effects of ether parameters such as channel
length and orientation, and velocity of propagation on the spectrum of the straight channel. ]

Both spectra shown in Figure 4 peak near 10 kKHz, but the spectrum associated with
the straight channel falls off at high frequencies as '/p2 whereas the spectrum associated
with the tortuous channel decreases more slowly, first roughly as 1/p, and then near about
3 MHz begins to decrease as /2, The high frequency asymptote in both cases is deter-

mined by the current wavetorm (as discussed above) and therefore should be /e however,

14
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the variability introduced by tortuousity introduces additional energy at intermediate fre-
quencies slowing the rate of decrease of the spectrum in this frequency regime, These
spectra have the shape deduced from the analysis of the preceding section,

The spectrum associated with the tortuous channel is consistent with measured spec-
tra, This is illustrated in Figure § where representative data (Kimpara, 1965) have been
plotted with the calculated spectra shown in Figure 4, (The data points were obtained
from Figure 1 of Kimpara, 1965, and normalized to unit bandwidth and an observer 50
km from the channel.) As can be seen the spectrum associated with the tortuous channel
(solid line) has a shape consistent with the data < intermediate frequencies; in contrast,
the spectrum of the equivalent straight channel falls off too rapidly to agree well with
the data. Eventually, at a frequency determined by the mean lengih of the clements
in the channel, the spectrum computed from the tortuous channel also begins to decrease
as 1/v2. The transition from 1/v to 1/p? decay is not inconsistent with data at high fre-
quencies (e.g. Pierce, 1977) and in fact Oh (Oh, 1969) interprets the data to have such
a transition, although in the vicinity of 100 MHz. If confirmed by measurements, such
a transition would have important implications.  First, establishing the frequency
regime in which the transition occurs would provide a measure of the scale of chan-
nel tortuousity (i.e. the mean element length) and by inference of the step length in
the stepped leader, Secondly, establishing the rate of decrease of the spectrum at frequen-
cies beyond the transition would yield insight into the shape of the current pulse because
in this regime the spectrum is dominated by the pulse shape. Certainly, if a transition to
1/v2 were to be found in the data, it would support the transmission line model and the cur-

rent waveform in most common use (Equation 10).

15
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The general shape of the spectrum obtained by including effects of tortuousity is in
keeping with data: It predicts a peak in the correct frequency regime followed by a de-
crease as the inverse of frequency, which persists to a frequency dependent on the length
of the elements in the channel, This spectrum is in better agreement with data than the
spectrum predicted by the same model without tortuousity (e, the long straight channel),
which decays at a rate proportional to 1/p2,

These conclusions were derived from a piccewise=linear “transmission line™ model for
the channel both using simplifying assumptions to arrive at closed form expressions for
the spectrum and from numerical calculations on simulated channels, The analysis suggests
an eventual transition to 1/p2 decrease even for the tortuous channel, which suggests a
potential means for testing the model and gaining insight into return stroke current and

channel parameters,

16
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AGURE ©

Figure 1. Summary of spectral measurements from lightning, These data have beca nor-
malized to a distance of SO km and unit bandwidth, The spectrum is proportional to
(requency ! in the frequency range from a few 10 of kilohertz to about 100

megahertz,

Figure 2, The current pulse used in the calculations and its spectrum (e, magnitude of
its Fourier transform),  The current pulse is representative of current in first return
strokes, In this example, a = 28 = 4 x 10% see=! 8= 8 x 105 sec! [y = 107 sec!

and lg = 30 KA and 1} = 2.5 kA,
Figure 3, Example of a tortuous channel produced by the computer simulation,

Figure 4, The spectrum caleulated from a straight channel (about § km long) and a tor-
tuous chanr ¢ (the one shown in Figure 3), Only the envelopes of the calculated
spectra are plotted, The current pulse shown in Figure 2 was employed assuming a

velogity of propagation equal to ¢/2, The observer is S0 km from the channel,

Figure 5. The caleulated spectra (from Figure 4) with representative data points super-
imposed.  The data were taken from Kimpara (Kimpara, 1965) normalized to 50 km

and umt bandwidth,
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APPENDIX A

In this appendix the average <sin? (ax)> will be performed in the limit of large and
small a0, 1t will be shown that the limits are independent of the probability density func-

tion, P(x), for a large class of P(x).
A. The large o limit:
<sin2(ax)> = {. P(x)sin2 (ax)d x

which is absolutely convergent because ‘c.IP(x)ldx = 1. Now letting sin?(ax) = YA(1 -

cos2ax), one obtains:
<ginZ(ax)> = Y= bf P(x) cos(2ax)dx

But the integral on the right is zero in the limit & = eo for piecewise continuous P(x) (c.g.

see the Riemann=Lesbeque theorem, or Churchill, 1969),

B. The small a limit:

From the theory for power series one can write:
4
sin2(y) = y2 +(1 =2 cossz\)-);—

where the last term on the right is the remainder after 4 terms of the MacLaurin series for

sinz(y) and ; is some particular y chosen to make both sides equal (e.g. Kaplan, 1952).

With this result one obtains:



i At 1 o e e

4
<sin2(ax)> = al [le'(x)dx + ot [(I-Zcoszﬁ)%-ﬂx)dx
= al<x?> + —;— ad(1-2c0s2y) <x4>

Now noting that II-.'!cosz?l < I, and assuming that the second and fourth moments of x

exist, one has for sufficiently small o
T |
sindfax) = al<xi>

Summarizing, <sin2(ax)> approaches ': for very large « and is proportional to a? for
sulficientiy small &, A specific example has been calculaced in the text employing expo-

nentially distributed x with mean Ly for which one obtains

Qaly)?
<sin@x)> = 4 -—~~-~-l-9—-—2
“ 1 +Q2aly)

This is clearly equal to 1/2 for very large @ and proporticnal to o’ for small a.
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