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MATHEMATICAL AND COMPUTATIONAL STUDIES OF EQUILIBRIUM
CAFPILLARY FREE SURFACES

by Norman Albright, Nai-Fu Chen,
Paul Concus, and Robert Finn

We present here the results of our mathematical and computational
studies of equilibrium capillary free surfaces that have been carried

out over the past few years. These studies center on the equation

3 (1 3u 5 (1 3du\ _
(1 ' 3% \¥W 3% +—a§(ﬁ§-§) =ku+ 28 ,
_ , , 1/2
= [1 + (3u/3)” + (3u/3y)” ] )

which is satisfied by the single-valued height u(x,yl of a liquid-vapor
free surface in Laplace equilibrium (mechanical balance bétween
gravitational and surface forces). The‘grav;tationél forée is éséumed
to be uniform and directed vertica}lf, and in (1) 1:1'1e-qur:mtity‘lc'-= bg/c
is the capillary constant, with p the difference in densities between
the vapor and llquld phases, g the acceleration field ——‘p051t1ve,
negative, or zero —-— and © the llqu1d-vapor surface tension; 2H is a
constant, which is determined for a given problem, usually 1nd1rectly,
by constraints such as conta1£er shape, llquld volume, and contact
angle.

Our studies have pursued several directions, each of which is
discussed independently in a self—containédhﬁanner in Appendices I to V.
In Appendix I, the general question is considered of éhefﬂér a
wetting liquid always rises higher in a small capillary £ﬁbe than in

a larger one, when both are dipped vertically into an infinite

reservoir. ¥Yor this situation, the height of the free surface



satisfies (1), with H=0 when u(x,y) is measured vertically upward from

the reservoir level u=0, and the contact angle condition

(2)

= cogy

3
gl

is imposed at the tube walls, where 3u/dn is the derivative of u with
respect to the outer directed normal to the wall and y is the contact
angle (between O aﬁd m/2 for a wetting liquid).

It is generally-known that if a given circular tube To’ dipped
%nto a reservoir, is replaced by a concentric one Ti of smaller diameter,
then the liquid-vapor free surface ui(x,y) in Ti is at all points
higher than was the (original) surface uo(k,y) in Tb' We have proved
that for circular To this is still the case, no matter what the place~
ment or cross section of Ti’ provided only that it lies Interior to
the space originally occupied by To.

When the larger tube To is not circular, the situation can be very
different, In chapter I it is proved, by example, that if y+#0 there
exist configurations for which the volume (and hence the average rise
height) of liquid lifted by T0 over the cross section of Ti exceeds
that lifted by Ti. For the configurations considered in Appendix I the
cross section of the larger tube .has a corner, however the result can
be obtained even if corners are rounded so that both tubes are smooth

and convex. We are continuing to pursue this question beyond the

initial investigation reported here.



In Appendix IT is initiated an analytical investigation of the
relationship between the family of solutions of (1) corresponding to
rotationally symmetric pendent liquid drops and the singular solution,
corresponding to an infinite spike of.liquid extending downward to
infinity, whose existence we have proved previously. TFor these
surfaces, K < 0, and H=0 for u measured from the free plane reference
level, so that the rotatior{ally symmetric form of (1), suitably
normalized, is

d r du/dr _
4 = -—u .
dr

[1 + (dufd) 2]1/2

1
T

or, in parametric form,

dr _
ds ~ cos [l
du _ .
(4) 35 ~ Sin P
ay - - sin
ds r :

Here s is arc lengih, T is the distance from the agis of symmetry, and
Y is the angle made by a tangent to a vertical section with the r axis.
For the pendent~drop family of solutions, the initial conditions

are

(5) r(0) = 0, u(0)=u0<0, Py =0,



whereas for the singular solution u~ -1/r as r » 0. We prove in
‘Appendix II that for u shfficiently small in magnitude the solutions

of (4,5) can be expressed as a single-valued function u.= u(r) for all r,
i.e. no verticals can occur.

For larger values of Iubl we prove that no such global representation
is possible. (Numerical computations give u ~2.57 as the ctitical
value for which a vertical first appeats.)

For very large values of |u0| the solutions of (4,5) are shown
to have near their vertex the ggneral form of a succession of circular
arcs joined near the vertical axis by small arcs of large curvature.
However, their continuation eventually srojects simply on uw=0 and
continues in an oscillatory manner to infinity. Our analytical estimates
for large |ub| are obtained using a technique that compares the solution
surface with surfaces of constant mean curvature that are generated
by the roulades of an ellipse.

We conjecture that as Iub| -+ © the pendent-drop solutions converge,
uniformly in any |u] < & <, to the ;iggular sélution, which ha; a
simple projection on u=0. If the pendent-drop solutions are c;nsidered
from ?he point of view of the;r global embe&digg in thg,mgnifold of
a;l formal §olgtions of:the equations{ then the vertex of the drops
appear as a iransition point mar%ing a change in qualitative
appearance. It is conjectured that the only global solution of (4)

without double points, in this extended sense, is the singulax

solution.



Our study reported in Appendix II has been extended, and will appear
in its completed form as reference [18] of that chapter. These studies
of equilibrium pendent liquid drops are intended as a first step in
approaching the question of stability of such drops.

The studies in Appendiees IIT and IV are computational ones that
center on developing and comparing numerical methods for solving (1,2)
for ¥ > 0 in domains that are noncircular -- i.e., finding equilibrium
free surfaces in vertical cylinders with noncircular cross sections
for the case of downward—acting gravity. (If K < 0, existence or
uniqueness may fail.) Without a loss of generality, only wetting
liquids (0 < y < w/2) are considered. Of parti;ular interest are the
\difficulties that can arise for the case of a domain contdining corners.

The model problem considered in Appendix III is that of a cylinder
with a square cross section. Because of symmetry, only one—quarter
of the square is taken as the domain for the study, and we place on
the domain a uniform square mesh, obtaining on it a corresponding
discretization of (1,2). We investigate extensions of the block
successive overrelaxation-Newton method and of the- generalized
conjugate gradient method for obtaining the solution of the discrete
problem. Both methods are found to be satisfactory for obtaining
accurate solutions for Kk 2 0 for all cases in which the solution of
(1,2) is bounded, although, at least for the model problem, the generalized
conjugate gradient method is found to be more efficient and robust.

As we have proved earlier, if oty < 7/2, where 20. is the interior

angle at a corner of the cylinder cross—section (for the square o = m/4),



the solution is unbounded at the vertex, the asymptotic behavior near
the vertex being given by

(5) ¥(p,0) = [cosd ~ (k2- sinZ0)1/2

1/(kkp) , k = sino secy ,
where (p,B) are polar coordinates centered at the ver%ex, with €
measured from the interior angle bisector. Thus special numerical
methods are needed in this case to obtain an accurate numerical solution.

The methods we investigate in Appendix III are based on deleting a
neighborhood of the singular corner from the numerical domain and using
(5) in this neighborhood. The normal derivative of the asymptotic
solution v{p,0) provides the required boundary condition for the
numerical problem, and the resulting solution height is then matched
at the interface. In choosing the position of the interface one must
strike a balance between keeping it close enough to the vertex so
that the asymptotic representation is accurate over the deleted domain
and keeping it far enough from the vertex so that the discretization
in the numerical domain can represent the steep gradients near the
corner adequately.

In an attempt to overcome this difficulty, we investigate the
possibility of overlapping the asymptotic and numerical solutions over
part of the domain. We find that such an attempt to improve the
asymptotic solution by numericai means 1s not fruitful, in essence
because of the steep gradients of the solution.

From our experiments we conclude that the technique of deleting a

small neighborhood of the corner from the numerical domain can succeed
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in yielding a sufficiently accurate solution, particularly away from
the corner. In fact, the solution over the bulk of the interior of
the square is rather insensitive to ch;nges in the position of the
interface between the deleted and numerical domains.

For reasons given in Appendix III, we find it desirable (a) that
the interface should be chosen to be a level curve of (3) (a circular
arc intersecting the edges of the square with angle Y), (b} that it be
taken close to the singularity corner, (c¢) that a higher-order discretiza-
tion, a mesh refinement, or other numerical method be used in the
numerical domain, at least locally near the interface, to represent
the steep gradients adequately. The computer programs prepared in
connection with the study in Appendix III were written primarily for a
uniform square mesh and were not sufficiently general to permit
inclusion of the above features. These are examined to some extent
in Appendix IV.

In Appendix IV, discretizations of (1,2) are solved on irregulary
shaped domains using JASON, a gemeral-purpose program for solving
nonlinear elliptic equations on a nonuniform quadrilateral mesh.

JASON is reliable and easy to use, but is not necessarily very efficient
for obtaining capillary surfaces, as it is designed for a very general
class of problems. It did provide means, however, for calculating
capillary surfaces in more general domains than is possible with the
experimental programs of Appendix TTIT. With it, capillary surfaces

are calculated on the ellipse, on a circle with reentrant notches,

and on other domains.



For the ellipse, comparisons are made between the calculated
results and analytical estimates of the conditions for nonexistence of
solutions of (1,2) on sufficiently curved domains in zero gravity. The
calculated results are consistent with the analytical estimates, and
indicate that the estimates are reasonably sharp for this case.

For the cifcular cylinder with reentrant notches, and for a
square domain, the case for which the solution surface is unbounded
at a corner is studied by means of the technique described in
Appendix ITII. Here, it is possible to approximate more closely a level
curve of (5) for the interface between the deleted and the numerical
domains. The numerical results for these cases are depicted graphically.

In Appendix V, the analytical estimates for nonexistence of solutions
of (1,2) on the ellipse in zero gravity are evaluated. It is Ffound
that 1if the ratio of the minor to major semiaxes of an ellipse is
less than 00,6116, then a nontrivial critical contact angle exists such
that for contact angles less than this critical one there is no solution.
The critical angle estimates obtained here are the ones used in Appendix
IV for the comparisons with the values observed from solving (1,2)

numerically.
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1. In the “capillary problem” one seeks to determine a surface u(x) satisfying the
equation

. I
div Tu=xu, TquVu, W=11+|Vul*, (1)

in a domain @, and the condition
v Tu=cos?y " )
on =08 Here y is prescribed, 0=5y=m, k=L2 is the “capillarity constant”,
g

and v is the exterior directed normal on X. The symbols p, g, ¢ denote density,
gravitational acceleration and surface tension (all assumed constant). For back-
ground information see, e.g., [1,2]. In this note we assume the “contact angle”
y is constant?, and that x>0, corresponding to the familiar physical situation of
liquid rising in a vertical capillary tube of homogeneous composition.

M. Miranda has posed to us, informally, the question: let Q; < £, and letu, , ube
solutions of (1, 2) in, respectively, , and Q. Is u; >uin Q, ?

2. The question is physically suggestive, in the sense one expects the rise
height of liquid in a capillary tube of small section to exceed that in a tube of large
section.

If y=0 the question has an affirmative answer, under very general hypotheses,
both on the domains Q, 2, and on assumiption of boundary data; this follows from
the particular forms of the maximum principleé given by Gerhardt [3] and by these
authors [4].

A heuristic reasoning, using the methods of [4], will convince the reader that
the answer is again positive in the case X; and X are spheres (not necessarily

concentric).
If y=n/2 then the unique solution of (1, 2) in any @ is u(x)=0; thus an afﬁrma—
tive answer (in an extended sense) is obtained in this limiting case. O, O

3. In the present note we show that in general the answer is negative, even
convex domains with smooth boundaries.
Consider the two dimensional region @ indicated in Fig. C. In § 7 of [5] is 5},,
proved the existence of a unique solution u(x) of (1,2) in 2. We note the data y %
v as &

! Wemayassume0<y=<Zasthe complementary case reduces to this one by a formal transformation. Z %
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“FigC - Fig. F

need not be prescribed at the corner, where the boundary angle is not defined.
At all other boundary points, the data are achieved strictly and smoothly [6, 7, 8],
at least if y==0.
We choose y so that o+ 7y<Z. Introducing polar coordinates centered at V,
we set
cos ) —1/k* —sin? ¢ sin o

rir, 0)= —— , k= (3)
Kki cos ¥

There hold [4],

div To=rv+0(r’) (4)
in Q, and
v-Tov=cos 3+ 0 (%) (5)

on the two straight segments. Further, there exists a constant C such that

ju—uvj< C (6)

uniformly in a neighborhood of V.
Let €2, be as indicated in Fig. F. We note the circular arc I is a level curve for

. 1 e
t; since [Vv| > |v,J=——¢ becomes infinite as  — 0, there follows
F ;

v To],— 1 : ' (7)

as r— 0. This relation is uniform on I'.

4. We apply the divergence theorem to ¢ in @~ Q,, obtaining

|Zlcosy— [v-Tvdo=x [ vdx+0(|Z%) (8)
r Q\.Q; !
by (4, 5). No contribution appears from the singularity at V, since |Tf] <1 for any
function f.
Repeating the procedure with » replaced by u and taking the difference of the
two expressions yields

|{v:Tudo~ (v - Todo|Sx | ju—uldx+0(Z%). 9)
r r 2 ' :

~ 2
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Hence, by (6), if y=+0,
{v-Tude>|I'|cosy - (10)
? .

if I' is chosen sufficiently close to V.
5. Let u,(x) be the solution of (1, 2) in ©,. The divergence theorem now yields

r[v-Tudcr—flfl cosy=u [(u—u)dx (11)
o,

and we conclude, by (10), that there exists an open subset of Q, in which u>uy,.
This completes the proof of our assertion, for the particular domains considered.

6. An objection may possibly be raised, that the boundaries appearing in the
above construction have singular points. However, an examination of our proce-
dure, and of the method of construction of the function u(x) in [5], shows that all
corners — including the one at ¥'— can be smoothed without affecting the qualitative
result. The construction can also be effected so that Q, c=, and it can be re-
peated without essential change in any number of dimensions.

This work was supported in part by the Energy Research and Development Administration, by
the National Aeronautics and Space Administration, and by the National Science Foundation.

Note Added in Proof. From Theorem 6 of {4] and known monotonicity properties of the spherically
symmetric solution, one obtamns an affirmative answer to Miranda's question for any X, whenever
is a sphere.
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Abstract

A characterization is given for the most general form of a symmetric
pendent liquid drop, including those situations in which equilibrium may not
be stable. It is shown that for any vertex height u the vertical section
of the drop can be continued globally as an analytic curve, without limit
sets or double points. For small [u0| it is proved the section projects
simply on the axis wu=0; . for large |u0| _the section is shown to have
near the vertex the general form of a succession of circular arcs joined near
the vertical axis by small arcs of large curvature. However, the continuation
of the section eventually projects simply on u=20 and continues in an
oscillatory manner to infinity.

It is conjectured that as ]uol + o the section converges, uniformly
in any |u| <4 < , to a solution U(r) with simple projection on u=0
and an isolated singularity at xr=0. The (liquid drop) solutions are
studied from the point of view of their global embedding in the manifold of
all formal solutions of the equations. From this point of view, the vertex
of the drop appears as a transition point marking a change in qualitative
appearance. It is conjectured that the only global solution without double

points, in this extended sense, is the singular solution U(x).

tNNR

:
1!% o™

?pﬂﬁ
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The form of the outer surface of a symmetric liquid drop suspended
from a circular aperture is determined by the condition that the mean
curvature of the surface is proportional to the distance below a hori-
zontal reference plane. For points near which the surface can be des-

(1)

cribed by a function u(x) we obtain an equation

u
o *

(1) —_— : = -xut A
OX, v},+|'\7u\'a

for the height u(x) above the plane.

Here » is a physical constant, x > 0 when the 1iquid lies above the
surface, and A is a Lagrange parameter, to be determined by ihe con-

straints,

In a specific problem the determination of A may lead to technical
difficulties, Formally, however, A can be transformed out of (1) by
adding a constant to u. In the present paper we intend to characterize
all symmetric solutions for the case A=0. A solution corresponding to

given A can then be found in this family by transforming back,

We shall also introduce the (inessential and convenient) normalization

# = 1. We then obtain, in terms of polar radius r, the equation
(2) r

-for a symmetric two dimensional surface u(r).
e

Not all surfaces that appear physically have a simple projection on
a base plane, hence for a complete description the form (2) is overly
restrictive. We obtain a more suitable {parametric) form of the problem
if we introduce the arc length s glong a vertical section of the surface

interface, measured from the vertex (0, u 0). We are led to the system
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dy .
ds -1 - sin¥
da _

(3) i s.ln ¥
dr _
= cos Yy

where ¥ is the angle between a tangent to the section and the r-axis,
measured counterclockwise from the positively directed axis to the

tangent line,

From the point of view of general theory, one would expect a solution

of (3)- to be determined, at least locally, by the initial data
(1} r(0)=0; ¥(0)=0; u(0)=us;

however, the system (3) is singular at s = 0, and because of this the

second condition in (4) is superfluous (cf the discussion in [4} ).

The question of local existence has been studied by Lohnstein [5],
who established the convergence of a formal power series exi)ansion.
Alternatively, one could adapt the Picard method, as used by Johnson
and Perko [ 6] for the capillary problem, to the case studied here.
One obtains locally, by these methods, a non-parametric solution u(r)

of the equation (2), which we may write in the form
(5) | {r siny )r = .ru,
corresponding to the (cingle) initial condition

(8) u{0) =ug-

The circumstiance that only one initial datum is required yields an
imporiant simplification for the problem of characterizing all solutions.

It suffices to describe the one-parameter family determined by ug, and



20

it is this approach we adapt in the present work,

In general, the solution u(r;u,) determined in tnis way cannot be
continued indefinitely as solution of (5). We shall show however that

for any ug, the function u{r;u o) can be continued as a parametric

solution of (3) for all s , yielding a surface without limit sets or
double points. :

We shall characterize quantitatively the asymptotic form of the surface
in tne case ju 01 > 0, and we shall characterize qualitatively the global

structure of all such surfaces,

Tne global behavior changes qualitatively when |u,| increases
beyond a critical value. I |u | >>0, there is an initial range for s in
which the surface looks like a succession of spheres ceniered on tne
u-axis with radius =2/|u|. In all cases, the section can be expressed

for large s in the form u(r) and has an oscillatory behavior as r —> «,

I ug, = 0 the unique solution of (2) is given by u= 0. We assume
throughout this paper that u ;< 0; the remaining case is obtained by a

(2)

simple cnaﬁge of sign . We are interested particularly in what happens
when u o<< 0. The rt_ésulting surfaces are then physically unstable under
most condition;c; of everyday éxperience : however, the problem has an
independent mathematical interest (one specific feature of which we in-
dicute below) and probably also a physical interest for situations in wnien

gravity forces are small compared with those of surface tension.

We have proved in [7] the existence of a particular singular solution
of (2) that can be expressed in the form U{r) in 0<r<$, and such
that U{r) ~ -% as r — 0. In [8] we have presented numerical evidence
suggesting that the symmetric solutions discussed above tend uniformly
to Ufr) in any fixed region u> A> -, A particular consequence of the
analysis in the present paper will be a proof of a preliminary form of
that conjecture, namely we shall show in section VI that the solutions

converge asymptotically into a neighborhood of U(x), the size of which can

be estimated a priori and is small relative to other (local) distances.
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In section VII the structure of solutions is examined from another point of
view and some numerical results are presented, suggesting the types of possible
global behavior. These results lead in turn to another conjecture, namely that
the singular solution U(r) is the only global solution (in an extended sense)
that is free of double points.

We remark that we know of few other studies of the problem from
a general theoretical point of view (3). To our knowladge the first
attempt to characterize the shape of a liquid drop appears in Bashforth
and Adams [10] in which a numerical procedure is developed o cal-
culate the sectional form up to the first vertical point Thomson [11]
used a geometrical method and was able to obtain a figure correspon-
ding, in our notation, to u, %= -7. Computation;ﬂ studies were greatly
facilitated by development of high speed computers and related techniques,
and particular cases have now been calculated with much larger |ug |
see, e,g., Hida and Miura [12] and Concus and Finn [8] Such calcu-
lations are suggestive and instructive, but they cannot provide the
unifying insight of a general formal description. The present work is

intended as an initial step toward that objective,

In this work we study the formal solutions of the equations and ignore
the question of physical stability of the surfaces. With regard to this
related matter the reader may wish to consult recent coniributions by
Pitts [ 183, 14] and by Hida and Miura [12], wnere also further referen-

ces can be found,

The central difficulty in the general study of the solutions of (2) lies
in the failure of the maximum principle, In the particular situation
studied here, 2 residué of this principle remains, permitting us to com-
pare the solutions with those of a simpler equation. This circumstance,
in conjunction with elementary formal manipulatiozz of the equation, pro-
vides the central tool in our investigation. We proceed in a succession
of steps, most of which are elementary and immediate; when taken to-

gether, howsver, they yield the requisite characterization.

We remark that the comparison technique has proved effective also
in other (related) contexts, and has led in particular to new information

on the behavior of solutions of (2) near isolated singular points, see,
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e.g., [15].

The latter author wishes to thank J. Serrin and J. Spruck for a number

of stimulating conversations.

I The case of small [u,].

We shall prove :

Thecrem 1 : If, in the initial value problem (5, 8) there holds 4)

ugy= -2, then the solution can be continued as a (nonparametric) solution

of the equation

{(2) e = . ru

for all r» 0, I has an infinity of zeros, For any two successive extrema

r»r of u(r) there holds [u(rb)l < | u(ra)l. Asymptotically as

b
g —> 0 the first zero ro is the first zero of the Bessel function Jo(r),

r ~ 2,405,
(o]

We study first the portion of the trajectory preceding the first zero,

and we note that- (2) is equivalent to (5) on any interval on which |ur| <%0,

Ii : Let u(r) satisfy (5) in 0<r< R and {6) atrs= 0. Then (5)
sin¥(0) = 0.
Proof: Integrating (5) from e > 0 to r, we find
. r
rsin¥ - ¢ sin¥(e) = -{ pudp ,

hence, using (6),

u
I

(1)  smy = ———fe =
14+
H r

from which we conclude lim ur(r) = 0, Hence there exists
r—-0

r
[ pud
OP p

H =
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u{r) - u
ur(O) = lim e—————— = lm
r—0 r r—>0

H ]

ié'rur('r) dr =0 .

Iii t u(r) satisfy (5) in 0<r< R and (6) atr=0. If ulr)< 0

in 0<r< R, then sin¥ > 0 in this interval,

The proof is contained in (7).

It follows in particular that u(r) —> Up

<0 as r —» R, that
sin‘fR= lim sin¥(r) exists, and that

r—R
R

,l(') pulp) dp < 1.

vl Ry

0 in¥ . = -
<s1n‘:kR

‘We conclude also that if the solution curve does not cross the hyper-
bola ru =~ 1, then sin YR< 1. The following assertion covers as well

the case of solution curves crossing that hyperbola.

I1iii : Under the hypotheses of Iii, if in addition u°2 -2, then

O<sinyY=< 1 ;3.11_0< r< R.
Proof: Consider the relation

siny

(8) =, tx_ =

the left side of which splits the mean curvature of the rotation surface
defined by uf{r) into a sum of 1atitudinal {» ‘&) and meridional (xm)
sectional curvatures, We note by 1lii that u(r) is increasing in

0< r< R; thus

g

u(r)

sinv¥ _ 1 r
-2 [eulpldp>- 5=

I

(8)

in that interval. Integrating (8) with respect to u and noting that
(sin ‘P)r = -{cos ‘i’)u yields, using (9),

i,.2 2
cosYR>1- y ‘uo-uR)

which contains the assertion., We infer now from the general existence
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theorem, applied at r = R, that the solution curve either can be continued
upward until it crosses the r-axis, or else it tends asymptotically to

this axis with increasing r, We may however exclude the latter possi-
bility.

u

liv: ¥ ulr)< 0 in ags r< R<®, then R< a exp {.. _—
asm’i’a
Proof: From (5) we find r sin¥ > a sin Y, in a< r< R. By 1lii,
gin \Pa> 0. Thus,
du a sm’fa

'a; = tan¥ > sin V¥ > —

and the result follows on an integration.

We have thus established that if uoa - 2 the solution curve is in its
initial trajectory monotonically increasing and can be continued until it
crosses the r-axis at a point r = al. To study the further trajectory,
we observe that the curve can be continued at least locally across the
axis as a sclution of (5), and we compare its inclination at a given
height h with the inclination of the initial branch at an equal negative

height,

Iv : If the curve can be continued monotonically t¢ a height h above

the r-axis, then iis inclination at this height is smaller than the incli-

nation of the initial branch at the height - h, that is,

gy_] < @
drh dr

-h*

Proof: We integrate (8) with respect to u between the height -h

and h, obtaining

cGs ’i] - €05 ﬂ

h -h

fh sin ¥
-h

du > 0.
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Ivi: Under tne conditions of Iiv, the curve is sirictly convex

downward when u> 0, and urr< - u,

Proof: F;om (8),

u
r

. - r = _ N -
(siny ) = 2)3/2 u —— <-u,

+
{1 ur

From Iv and Ivi we fiﬁd

Ivii: The curve can be continued to a maximum heignt h, < |u0|

atapoint r = m, > a,, at which point sin*y(mi) = 0,

We now procead as above, comparing inclinations at corresponding
heights until the curve crosses the r-axis a second time, then com-
paring inclinations as in Iv, and so on, We obtain the gqualitative pic-
ture indicated in Theorem 1, of a curve oscillating about the r-axis
with successively decreasing extrema (see Fig 1 ). We note also the

additional information, yielded by the method:

Iviii: All inflections of the curve occur on ( monoione) curve seg-

ments approaching the r-axis, in the sense of increasing s. At any two

successive points a, B, at which |ua| = IuB}, there holds
du du
dr dr .
B

To prove the final statement of Theorem 1, we note by (7), Iii and
Iviii that | u_(r;u )| tends uniformly to zéro with u ; thus the function

_ -1 :
v(r,uo) =u_ u(r,uo) tends uniformly to Jo(r) as u — 0.

II Large | uol : initial arc

¥ u, << 0 the above reasoning on the behavior of the initial segment

fails, and so do tﬁe resulis.
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4 .
Theorem 2: _13‘.: (4) 'uos - 2,1?, there ex;.sts a value rl,beyond which

u{r)} cannot be continued as a solution of (5). As r»r siny-~1,

1,
The proof could proceed by a direct study of the equation, as in
section 1. We obtain more precise resulis and also develop techniques

that will be needed later if we proceed instead via an obvious comparison

principle,

IIi: Let v( )(r), v(z)(r) be functions defined in a< r< b and such
that (r sm’i'( )) > {r sin‘i'(z))r. Suppose sm‘f( )(a) sm‘P(z)(a).

’I‘nen sin‘i'(l)(b) = sin ’i}(z)(b), and_ equality holds if and-only if
v(l) = v(‘?‘) +const. on asrs b.

The interest in IIi lies in the fact that -::(r siny )r is exactly
twice the mean curvature of the rotation surface defined by ulr), and
this circumstance facilitates ihe choice of comparison surfaces., In the
present case we choose as initial comparison surface the sphere of
constant mean curvature -'uo/ 2, with center at the point
(r,u) = (0, u - 2/u ). Thus, if v(r} describes a vertical section of
the sphere, there nolda u{0) = v{0), u(r)< v(r) in the intervel O< r=< "5—

( see Fig 2 ). Using I ii, we find: °

II ii : The solution ufr) of (5, 8) can be continued at least until
u r

2 .

r=- 2/110, and sin¥(r}< -
We neet also:

IIiii : A solution ufr) _g_f; (5) admits no inflections in the region

ru< -1,
Proof: From (8) follows ru+ siny = 0 at any inflection.

Thus, ¥ must continue to increase until either a vertical point is
reached or the curve meets again the hyperbolda ru = - 1. Integrating

{8) with respect to u and using II ii yields
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1-cos¥> - -:;t— (uz-uou).

From this we conclude that a vertical slope appears at a value ’

10 Jo 1+ 2
(10) u < 5 1 -8/ )

which compleies the proof of Theorem 2.

We may use a similar procedure to estimate the value r.. We note

1"
that if w(r) describes a vertical section of the sphere of constant mean

curvature

1 _ Yo ) 2
(11) é-_---z-(1+11~-8/u0 )

with center at (0, u, + 8 ), then there holds u(0) = w(0), and by IIi
u’(r)> w/(¥) on any interval O0< r< R along which Bus< - 2, This
condition is however satisfied at u = 1:11 by (10), hence on the entire

arc u_<u<u We conclude u(r)> w{r) until the first vertical occurs

1.
at r=r1<B .

We note that at r =8, where w’'(r) =, the circle w{r) intersects

the hyperbola ru = - 2,

From II iii we conclude the initial solution curve is convex in the
region ru< - 1, This property holds in fact for the entire arc; on the
segment of u(r) joining the initial point to the point {rc,uc) on the
hyperbola ru = - 1 we obtain from (7, 8,1 ii}, using the comparison
circle v(r),

u u

. sin ¥ 0 o
= = - - —— - — - o ——
% (siny )r u — >-v + 7 > v(rc) 7 > 0.

The last relation holds whenever uos -"ﬁ- » Which is the condition

that v(r) and the hyperbola ru = - 1, u< 0 intersect, We conclude
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also from Iii and the relation

r
ru 1 2

12 sin¥ = -« =— + — u d

(12) 2 2r£p o P

that ru> ~ 2 on the arc considered,

It turns out the sectional curvatures x 1 and H o are both monolone

decreasing on the initial arc. We have

3 _Cl = g. ......._..._Sin? = 2 E = i Sin‘f
(13) dr *1 dr T T3 g pudu - r r("2 T
by (8,12). Also, we have from {7,8,I1ii)

d . .ismw) -.u+ Ly =iy
(14) = *m (sm’f)rr ur+ = (2 ~ +u)
r
<—ur+-(u-uo)'--?£pu dp <0

by the convexity of u.

At the initial point (O, uo) there holds Wy TRy = - u0/2 . From

(8,12, Iii) follows for r> 0 on .the initial arc

From (7, 8 we have &lso
. u
- sin ¥ )
(16) ;{,m-—-u« - “ -1+ 3 .

The inecuality (15) implies *on < - u°/2 , which is the meridional
curvature cf the comparison surface v(r)., Comparing the surface ulr)

with wv(r) at corresponding values of u =and applying II ii now yields

(1'7) u>v(-§-)=uo-?ﬁ-

(8] (o

1

(see Fig. 2) .

We summarize the above resulis:
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Theorem 3: Under the condition of Theorem 2, the initial arc of

the solution curve, from (ro, uo) to (rl,ul), is convex, with sectional

curvatures nm’ nl decreasing and satisfying nm< - u/2<n

@ 1
in ro< r< ri. There holds
u
2 o 8
-u—<r1<-—2—(1- l—u—z)
o o
(8) 2 uo 8
uo-ﬁ-o<ul<u-—-?-(l- 1-53)

For D<rs - 2/110 the arc lies below the comparison circle v(;-) and

has smaller curvature, and for u <u<u the arc lies above the

comparison circle wi{r) and has larger curvature (see Fig. 2).

Further remark : The hypothesis u < - 27y2 of Theorem 2 could

be sharpened by using the comparison surfaces v(r} and w(r) in (7)
and iterating. A direct numerical integration of (7) yields [ 16]
u ® < 2,5678 as the value for which a vertical first appears, We

find immediately :

ITiv: Let U be the largest value of u, for which a vertical point

appears. If u =ug, the vertical occurs at the second iniersection of

the solution curve with the hyperbola ru = - 1, and is an inflection

point for the solution curve ( see Fig 3 ).

If uos - 5, the upper bounds in (18) can be expressed more simply,

yielding
- 2 2
< <7 < - a 3
(19) o o o
u Z u u Z 2
o" w “®1<Y% "3 g’
o o 0

These bounds could also be improved by iteration, starting with the
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comparison surfaces v(r) and w(r). We note for reference that the
asymptotic series obtained in [16] by formal perturbation expansion

vields, for the normalization used here,

2 4 -5
173 "~ 3T O(uo )

o o
(20}

_ 2 44+ 8In2 =5
ul—uo-uo- 3u03 +O(u0 )

as uo—-——% - 3,

Il Very large ]uol

)i u s - 2yZ then u(r) cannot be continued beyond r, asa solution
of {2). The curve can, however, be continued as a solution of the para-
metric system (3) as long as r remains different from zero, We study
now the behavior of this family of solutions in terms of the parameter u,
asymptotically as u, > - ®, We base the discussion principally on
II i; to do so0, we iniroduce as comparison functiorsthe sectionsof rotation
surfaces generated by the roulades of an ellipse. The following result

is due to Delaunay [17]:

Let an ellipse of major axis 2a and distance 2c¢ between focal

points, roll rigidly on an axis without slipping. Let £ be the curve

swept out by one of the focal points. Then the surface generated by

rotating € about the axis has constant mean curvature H = (Za)-l.

We note that § is periodic with half-period r satisfying 2a<rt<rta,
and that each half-period can be represented in the interval

a-c<r< a+c by asingle valued function v(r) for which the equation
) - ) :
(21) —;(rsm‘?)r 1/a

holds, and for which siny = 1 at the two end poinis (see Fig 4).
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We proceed step by step :

The procedure of II shows that an infinite slope first appears at
(rl,ul), with bounds on (rl,ul) given by (18). The system (3} is non-
singular at (rl, ul), hence the curve can be continued beyond this point

as a solution of (3, 4). From (16) we find at (rl, ul)

u u

o o 2
- t — — —
™ "4t 3 > 54 a >0

so the curve furns back toward the u-axis, and can be described again
(locally} as a solution of (5). We compare it with a roulade vu)(r)

whose mean curvature is - -23 and for which a; + ¢, =1 {see Fig 3).
Since vr(l)(rl) = -, IIiyields u < vr(l), hence u(r)> v(l)(r) as
(1)

long as the continuation of both u and v as single valued functions

is possible,

The curve v(l)(r) can be continued toward the u-axis only until

. . _ 2 . . .
the point (al - ¢y, Uy +1'1), with a, -¢; = - u, -Ty > 0 ; at this point
the slope is again infinite. It follows there is a value Ty> - ﬁ- - Ty

1

beyond which this branch of the solution curve cannot be continued as a

single valued function.

From the geomeirical interpretation of v, as the half-circumference

1
of an ellipse with major axis 2a, = - f?./u1 and focal length c, =1, -a,,
one finds that for large |l
. In {u,|
- 1 .18 1

Let us estimate r, from above., To do so, we compare u(r) with

a roulade Gl(r}, which is determined by the conditions

1
A -—
(23) ST



32

A
17677

>

(23)

™
T =/ "{32 - ¢ cos?® 4o
1 4}

A formal estimate shows such a roulade exists if u, < - 2 .

The conditions {23) are chosen so that the roulade can be placed
with its lower vettical point at (rl, ul), {see Fig 5), and so that in
that configuration its mean curvature will be exactly the one determined

from the right side of (5) by the upper vertical. Applying II i we obtain

u >/1\r (1)(1'), u(r)<¢r(1)(r) for all r<

. N
- - 1 for whieh u(r)< u, +1-1.

oy ~(1) A
p sinee v <y +7,
we conclude it holds on the entire interval 2

This condition clearly holds for » near r

A
1 cl< r< rl, thus

0 > vr(l)(r} >u {r) > Qr(l)(r) > -

on this interval, and hence the solution can be continued io the left of rl,

at least until the value

(24) rz<--—-——7-<- - Ty '—“52-

In |u.|
A -2 1
(25) Tl -ul * 1 lu]3
1
with
s oL 40 1
(26) o, = -3 +O(1—n-‘u—1[).
Thus
o
2 2
{27) rz<-u—1 -3 -rl
1
with

(28) 0, = 4+ Q@ mlu ).



We now broceed, essentially, as in the proof of Theorem 2. We

note

r.u
sin¥>siny 11

ra r
(1)=- -—2-":!; + 'r—1(1+

)
thus from (24-28) we find for r< Bz,

sin ¥ - 3 3 -5
- >- 559 ¢ C)(ul ]n[ull )-

We integrate (8) in u from u(Bz); using that cos ¥ < 0 until a vertical

is reached, and that
cos Y(Bz)> cos ‘i’(l)(ﬁz) = - ____!521 + O(ul"2 ]nlull )

we are led to a coniradiction unless the curve becomes vertical before
u has increased by a value -161.11_3. That is, a vertical must appear
at a value

/\ -3
(29) u,<uy +T, -.‘I.Gu‘,t

The solution curve then turns back from the axis at (rz, uz) and initiates

a further branch,
We summarize these resulis :

Theorem 4 : From (rl,ul) the solution curve -continues backwards

towards the u-axis until a second vertical is reached, at a point (rz,uz)

with

2 -
a, TS TS maw, Tt TR
(30)
v(l)(B}<u < u, +7T -16u.">.
2 2 101 1

(1) (1),

In the interval r_, < r< r, there holds ur< vr s U>v ;

2 1
there holds u = ‘1’? (1) , u< w/;r\- (1) .
e ——————————————— r T Tr

in the interval E2< r<r,

We note in particular that the horizontal distance of the second vertical
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from the axis exceeds that of the first vertical from the hyperbola

ra= -2,

1II i : There is exactly one inflection between (rl, ul) and (rz, uz).

Proof: Clearly, at least one inflection appears. Using (8), we find

. [ r 1 .
(ru+sm‘f)r-(c°s? - ;) siny <90

on the arc. Hence there is at most one inflection.

We indicate briefly one further step in the procedure. We construct
2

2

a roulade v(z)(r) passing through (rz, uz), with major axis 2a2 = -2
2

and a second roulade G(z)(r) with a property analogous to that intro-

duced for 0(1)(r) . Then there holds ?rr(z) < ur< vr(z) s Q(z) <u< v(z)

in the intervals for which the comparison makes sense, and (as before}
still another point (r3, us) is found such that sin ‘f(rs) = 1, The proce-
dure can be continued as long as the values of |u(r)| remain sufficiently

large to justify the indicated steps.
We find easily:

IiI ii : The successive horizontal distances of the vertical points,

from the axis and from the hyperbola, increase monotonically.

III iii + On each arc segment returning from the hyperbola to the

axis there is exactly one inflection., The same statement holds on the

remaining arc segments for sufficienily large |uf.

Theorem 5: In the initial region u< 0, the entire curve is bounded

(sirictly) between the u-axis and the hyperbola ru = - 2 (see Fig 6).

In this region, the curve can be represented by a single valued function

r =), with |r'(u)f <,

Proof: Since Theorem 4 and Iil i apply to any returning are, we

conclude the curve cannoti contact the u~-axis. The relation (9) shows
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the curve does not meet the hyperbola on the initial arc starting from
{0, uo) . To show this property for any forward arc, we integrate (5)

on such an arc from a vertical point (rzj, uzj), obtaining

rsu,. - ru r
. _ 23 2] 1
r sin¥ Toj 5 3 ip u’ dp
Zj
>_r2j_ru
2 2

-Foubws -
from wmcﬁru> 2 on this arc, The same inequality shows sin¥ > 0

on this arc; an analogous integration establishes the same property on

a returning arc.

v Global behavior

The discussion thus far shows that the solution curve can be continued
upward without self-intersections until it crosses the r-axis, For by I iii
an outward branch rnust either achieve a vertical or cross that axis,
and the comparison method of II yields readily that a returning branch

has the same property. There are no horizéntal points, by Theorem 5,

We show here that a refurning branch cannot cross the r-axis. Pre-
cisely :

IVi: let r= a, be the first point at which ihe solution curve meets

the r-axis. Then 0< u'(a1)<eo.

Suppose u (a )< 0, or equz.valently, cos ¥, < 0, The curve could

1
wntil
then be continued backward into the negative u-plane 484 a first vertlcal

(ra,ua) (see Fig 7), at which, by Theorem 5,

(31) ru > -2.
ca
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We integrate (8) with respect to u, from u, to 0, obtaining

o .
sin ¥ _ 1 2
é = du = cos ‘PI + = ua .

(32) 3

a

To evaluate the left side of {32) we integrate (3) in r between r

and r :
<« r 2 2
a r -r
r - rsiny = - f pudp < —-—-——--9-11
a r 2 a
2
ru
< - 3 + ra
by {(31). Thus
sing ua
(33) > -5
on the entire arc. Placing (33) into (32) yields cos ‘i’1> 0, conira-
dicting the assumption,
Now observe from (8) that at the crossing point al, the meridional

curvatire is negative; thus, if cos ¥, = 0.there would again be a back-

1

ward branch from a into the negative u-plane, and we obtain a contra-

1
diction as above.

From IVi one sees immediately that the proof of Theorem 1 applies
without change to the region r > 2,5 in the sense that the solution curve
continues from the point (31,0) as indicated in Fig. 1. We show now the

curve does not intersect the initial branch in the region u < 0.

Ivii; Let u,, ug be two successive points on the solution cur¥ve such

that r, = Tgs with an intervening vertical at (rY,uY). If Ty < Ty then

sin ‘i’B < sin ¥ if Ty > ru,,then sin ‘i‘B > sin ¥,.

Proof: Suppose rY < T, From (5) we find

T
) B

rp sin \PB’rY'-i pu dp
Y
I‘ I‘a

ra sin ‘Pa—rY = -~ i pu dp,

¥
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thus.since ra =T

B,
T
] - a — +
ra(51n ?B-51n ?a) = i p{u ~u)dp <0,
: Y

w and u’ denoting values of u on the lower and upper branches.

The case Ty > r, follows similarly.

From IV ii follows a < b in Fig. 8, and thus h; < b. But
h.'i < hl’ any j > 1, by I viii, hence hj <b,all j>1, and

thus intersections are excluded.

Combining these results with Theorems } and 5 we obtain:

Theorem 6: The solution of the parametric system (8, 4) defined by

the data u, can be continued indefinitely as a noh-se_]f—mtersectmg

curve. It has the form indicated in Figs 1,9, 10, 1i.

V Maximum diameter

We define the diameter of a (symmetric} liquid drop as the largest
-diameter of all circular sections u = uj, at which the bounding surface

is vertical.
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From Theorem 1, 5,6 we see that each drop has a well defined dia-
meter, It is less obvious that there is a universal upper bound for the

diameters of all possible drops, independent of u_.

Theorem 7 : Let &~ 2,473  be the unique positive root of the

eguation
(34) r3 - 33/ 2 r

_ 33/% o o

Then 23 exceeds the diameter of any solution of (3, 4),

We base the proof on a lemma, which alsc has an independent interest,.

Vi: Let ur) represent a solution curve passing through {a, ua)

with -1< aua< 0, and such that

(35) asiny = af2 .

Suppose u(r)«< 0 in a< r< R. Then sin¥ > 0 on this arc segment.

If the curve meets the hyperbola ru= -1 in a point (e, uc) with

4 .
a< ¢< R, then c< 31/ , and sm’i'c> 1/2,

Proof: We integrate (5) between g and r, obtaining

1, 2- 2 1 F o2
36 i - i = = - — d
(36) rsiny -asin¥ = 3 (a'u -riulr)) + 3 c/l;p u’(p)dp
from which, if o = a,
12 1,5 2
(37) rsin‘i'ré -Eru(r)+-é-fp u’(p)dp .
a

For r sufficiently near a, there holds sin¥ > 0. Thus, if siny were
to vanish at zny points interior to a< r< R, there would be a minimum

r = rY > a at which this occurs., But (37) would then imply
r

: 1 ,Y 2
0 = r siny > =/ p“u’(p)dp > O,
Y Y 2 5 pree
a contradiction. Thus, sin¥ >0 on a< r< e, and hence u’(p)>0

on this interval. Setting now r = ¢ in (37) yields
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) 1 1
(38) sm‘i’c > - 5 cu(c) ‘- 3

Finally, we note that at r = ¢ the inclination of the solution curve can-

not ¢xceed that of the hyperbola., Thus, sin ‘Pc < {T—E—:Zf , and
1l +c

c4< 3 follows from (38).

We proceed to prove Theorem 7. For any given u the maximum

width is attained at a point (r2j+1, ) with -1 2,

Uoi+1 = Tojr1Yoje1 7

Zj) there holds

either rzj =0 {if j=0), or else sin Yzj = 1, In either event, (35) ‘

holds with a2 = rzj. Also -1< rzju2j< 0, and thus the curve crosses.

j= 0 (see section III ). At the preceding point (ij’ u

the hyperbola ru = -1 at a point (c, uc), r..<cec<r

2 2§+1° Setting

a=¢ r=r. in (36) and applying V i yields, using II iij,

3 3/2

r r 3/2
2i+1 2j+1

(39) 377 < 0,

The (single) positive sclution of (34) exceeds any solution of (39).

Since j is arbitrary, we conclude 26 exceeds the diameter of any drop.

Vi Conyergence to the singular solution

The solutions discussed in this paper are apparently related to a
singular solution U(r) of (2), whose existence we have proved in [7}
The funciion U(r) is defined in a deleted neighborhood of r = 0, and there
holds asymptotically Ulr) ~ - %7 , as r —>0. We have conjectured
that in any interval 0< ax r= b<, the solutions of (3,4) admit
a single valued representation u(r;uo) and converge uniformly to U(r),

as u_ —> oo, Figures 9, 10,11 show the results of calculations supporting
the conjecture. A preliminary (weak) form of the conjecture is proved in

the complete, published version of this report [18].



40

VII ISOLATED CHARACTER OF GLOBAL SOLUTIONS

There is a strong numerical -evidence to suggest that global solutions
of (3} lying in the region between the envelope of the solutions r(u;uo)
and the u axis, and without limit sets or self-intersections, are rare
in the manifold of all solutions. We know of no such solutions, apart from

_this paper

those described in A and the singular solution U(r). In Fig. 12 are shown
samples of the result of numerical integration of (3) through the initial
point p determined by the intersection of r(u;-8) with U(r) and for

varying initial angles a, measured counterclockwise from the arc of the

curve ¥{u;-8) emanating from p in the direction of increasing u.

We note the curves r(u;uo) can apparently be extended below the
level u = ugs if the isolated (singular) point of contact with the u-axis
is admitted. The point appears to mark a transition in qualitative behavior;
above it, the curve behaves like a Delaunay arc generated by an ellipse
(section II). Below that point, the curve has the general appearance of
a Delaunay arc generated by a hyperbola, with the characteristic double
points of those arcs.

An analogous transition occurs on neighboring solutions without
occurence of singular points on the axis. In any event, if such singular
points are admitted, the corresponding (extended) curves r(u;uo) are
embedded naturally in a solution set, all of which develop double points
for sufficiently negative u, with (we conjecture) the single exception

of the solution U(r).
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Footnotes

pl For background inférmation on the derivation of (1) see,

e.g. [1,2,37."

p3 The remaining case can be realized physically, e, g., as the

lower surface of a column of water in a glass capillary tube.

p4é We call atiention however to a remarkable existence theorem

due to Wente [ 9].
p5, 9,12 This improves the result announced in [8]

p5 A stronger tesult of this type is given in [4].
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Figure 5

Comparison with roulades
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Figure 6
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Figure 7

Proof of IV i
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Figure 8. Proof of Theorem 6
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NUMERICAL SOLUTION OF THE CAPILLARY FREE
SURFACE EQUATION ON A SQUARE

Nai-Fu Chen® and Paul Concus
Lawrence Berkeley Laboratory
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November 1977

ABSTRACT

Numerical methods are discussed for solving the partial differential
equation describing the equilibrium free surface of a liquid in a vertical
cylindrical container whose cross section has corners. Both the cases for
which the free surface is bounded and for which it climbs inf%nitely high
at a corner are considered. For the model problem of a container with
square cross section comparative results of numerical experiments are
given for a nonlinear relaxation method, for a conjugate gradient method,
and forvseveral techniques for handling the corner singularity utilizing
the knowﬁ agymptotic form of the solution. Representative solution

surfaces are depicted graphically.

*Present address: ' Mathematics Department, University of Southern
California, Los Angeles, CA 90007. Q)@
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1. Introduction

In this paper, we discuss algorithms for solving numerically the
nonlinear partial differential equation describing the equilibrium
free surface of a liquid under surface and gravitational forces. We
are interested particularly in the case of a liquid partly filling a
vertical cylinder, the cross section of which has corners. We assume that
the surface height u(x,y) is a single-valued smooth function of x and vy,
that there is sufficient liquid to cover the cylinder base entirely, and
that the gravitational field is uniform and directed wvertically down-

ward. Then the function w(x,¥) satisfies

3 r1ou~y _
+§§(ﬁ-§;)—-3u+21{,

| S

9 [13u

' 9% W ox

(1
w=[1+ u/an? + (Bu/ap?]?

where B = poglc with p0 the difference in densities between the gas and
liquid phases, g the gravitational acceleration (positive when directed
downward), and 0 the gas-liquid‘interfacial surface tension. The gquantity
2H is a constant determined, in general, by the shape of the cylinder
cross section, the wolume of liquid, and the boundary condition between
the liquid surface and the cylinder walll The mean curvature of the
surface is H at points where u=0. We consider only the case B > 0. The
parameter B is the (dimensionless) Bond number, if (1) is considered to
have been ma@g nondimensional with respect to a characteristic length of
unity.

Let the prescribed angle of contact between the liquid free-surface

and the cylinder wall, measured interior to the liquid, be denoted by
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the constant 7y, This condition can be written as

R

:%% = cos ¥ at the cylinder wall, (2)

where du/dn is the derivative of u with respect to

the outward normal. We consider here only the case of wetting liquids,
Q§W<W/2. (The complementary case of non-wetting liquids can be derived
from it directly by means of a simple transformation.)

The value of the contact angle plays a crucial role in determining
the qualitative nature of the solution when the domain under investigation
contains corners. Let the interior angle of a corner be 20; it is proved
in §6,7] that the solution at the vertex of the corner is bounded if and
only if ¢ + v 2 w/2. For the case o + y < /2 —set x=sjn o sec Y and

introduce polar coordinates p, 6 with origin at the vertex and ©

measured from the interior angle bisector. Consider the function

vi{x,¥3Y) = [cos@ - (|<'2— sinze)lﬁ] / (xBp), (3

for -4 € 0 <aq, p> 0. It is shown in [5] that there exists a constant
C such that the solution u(x,y) satisfies lu(x,y) - vix,y)| < C for
sufficently small p.--Because of the differing qualitative natures of
the bounded and unbounded solutions, we treat these two cases separately.

We take the 2 x 2 square as the domain for our model problem, Because
of the symmetry, we consider only the-equivalent problem on a 1 x 1 square
with boundary conditions as shown in~Figure 1. We place a uniform square
grid of width h=1/N on the domain and discretize (1) in a manner similar
to that used in [3] for the minimal surface equation (B=H=0), which is

related to the general procedure in [11] for linear elliptic equations.



ou

.._.=o
1) on (1,0
du _ oau
“on " ¢sY Q dn =0
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u - .
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XBL771-2i93
Fig. 1

The domain 2 for the model problem.
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We write the integral form of (1), as obtained by use of Green's theorem,

over a sub-domain D of {2, which yields

}f | Hrenar - 4[ (sus2e)da, B

where n is the outward unit normal and 9D is the boundary of D.

‘Then we place on & an aﬁxiliary mesh (the dotted lines bisecting
the original mesh lines in Fig. 2). We denote an h x h square bounded
by the origipal grid 1iﬁes as a cell, and we denote a rectangle bounded
by auxiliary grid lines, a:nd possibly 9}, as an auxiliary cellt. By

imposing (4) on each of the auxi;l;iai'y ¢ells and using the midpoint rule

1 1
i

for integration, we obtain'a set of (nonlinear} algebraic equations. The
4

equation corresponding to a typical interioxr. point u(x,y)=u(ih, jh)=Ui j
, ! ; { ) 4

is given by i

£ . wt (2w -u, ).-u |
i,j = 1’5 S 1—123 i,j-1

wvt o, L U
it1,3 S e Rty

-1 i ;
+ 20, .U, UL ’
E,E"I'l i,] 1 1,3 l:J+l)

+ W 2u, . -U U, .
.- i, i4+1,5 Vi, i+
:_L‘H.aj'}'l( ij iti,j 1,3 l)

+2h2(BU. .+2H)= o, (3)
1,]
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The domain with the original grid and the auxiliary grid.
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4 1/2
where W _= [l+% (63 + 63 + ni - + ni_l -)] s
1,3 ii i1 7 ’
with Si j = (Ui,j_Ui—l,j)/h and ni,a; =(Ui,j_Ui,j—l_)/h'
3

Notice that the integration of (4) is performed ove:g each auxilisry
cell, and we use the approximation '/]]; (Bu+2H)dAé(BUi,j+2H) ‘(area of D).
Note also that in the discrete equations we take W to be comstant over
each cell =6J_7 - for the cell centered at (i-1/2, j—l/% . For a

5]

boundary segment BSZS of 92 we have

f Vu'n a8 =g ¢osY *+ {(length of B.QS), if W_lBU/3n=cosY
S W '

I the following sections, we shall discuss and compare different
methods for solving the discrete equations, for the bounded and unbounded

cases.

2. The Bounded Case

In this section, we investigate two methods for obtaining the
solution of the discrete form of (1), (2) for the bounded-case

(@ +v = 1/2), which for the square (o = W/4) is the case Y = w/f4.
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2.1. Block SOR-Newton

Here, we use the nonlinear block successive ovérrelaxation method
investigated in [4] for solving the minimal surface equation and
described in [10] as, the one-step block succesqive overrelaxation—
Newton (BSOR-Newton) meth;d. A block SOR iteratiord, corresponding to
a row of mesh points, is performed using a single Newton iteration to
solve approximately the reéplting gsystem of nonlinear equations. We
thus "solve'" for one row of mesh points (see figure 2) at a time by
considering the function values in that row Ui 5 0 1< N, to be

2

the only unknovms and using thg latest values for all other U, ..
)

£ d b t = e .
If we denote by U_, fJ the vec ?rs UJ (Uﬁ,j,Ui,j, ) UN,J)’
fJ = (fo,j,fi,j)"" fN,j)’ and by JJJ the matrix |
JJJ =(3fi,j/8Uk,jj,i,k=0,1,...,N evaluated at the current wvalue of Ui,j,

we have the iteration

TegX = £

(QAL)==_ __(R)
U = Uy -

J wX

where w is the relaxation parameter-. JJJ is symmetric; positive-definite,

and- tridiagomal, thus the solution of JJJX = fJ can be cobtained efficiently

using Gauss elimination without pivoting, or Cholesky decomposition.
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By differentiating (5), we obtain explicit expressions for the

partial derivatives at a general interior point:

0%, =2 Wl + Wl Wi owwl | 4m?
U, i i3 1+1,] i3+ i+l,3+1
2>
2 2
swt s +n J+wt (-5, +n _)
i,] 1,j 1.3 1+, 3 itl,] 1,]
\e 2
+wt s -a _ I 3 +n
i34\ I,j 4,541 T+,34\ T+1,5 1,34
¥ >
i vl oyl
Wi,y 1,7 L

'—1 9
T T4 & -n _ -§_ -n _
I 75 Y L VAN % S S5 L

= s
and, by symmetry, afi,j/aui-l*l,j 3fi+1,j/BUi,j. ere

Wt =[d (W_ll /d|VU|ﬂ = - l‘- [1+U2+U2)'_3/2 evaluated for cell 1,3
1.3 i3 20 =7

(see [3][41).
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After each iteration we adjust the value of H, using (4) integrated
‘over £. The left hand side yields 2 cosy and the right hand side, after
discretization, BT + 2H, where U is the area-weighted average of Ui 5

The adjustment of H, which enhances the rate of convergence. corresponds
to an adjustment of tge volume of liquid. A final adjustment can be
made, if desired, after the solution has been obtained, by moving the
solution vertically to correspond to a particular liquid volume.

The convergence rate of the BSOR-Newton method depends critically
on the choice of the relaxation parameéer w. Table 1 compares the
number of iterations required to decrease the residual IIf "2 from its
initial value of approximately 0.5 to QIO_G,-With Zero initial approxima-
tion, Yy = m/3, B=100, and h=1/40.

As obtained from our experiments, the estimated asymptotically
optimal value.of w for the above case is 1.58. 1In general, it may be
necessary to use a value of w smaller than the optimal one to ensure
convergence for a given initial approximation (see Tables 1 and 2). The
number of iterations required for convergence can be reduced in these
cases by adjusting w towards the asymptotically optimal value as the
iteration proceeds, once the approximation to U becomes sufficiently
good to permit doing so. Each complete SOR sweep (for the 41 x 41 grid)
takes approximately 0.055 sec. on the CDC 7600 computer (using a FORTRAN

program with the FTN4 compiler, OPT = 2).
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Table 1. Number of iterations required fo; convergence for
¥ = w/3, B=100, U(D)EO and h=1/40.

W 1.2 1.3 1.4 1.5 1.6 1.7 1.8

number of
iterations >100 90 72 56 44  divergence divergence
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We have tried an initial appreoximation of zero for this problem,
and the one of U eqﬁnl to the portion of éhe Ibygr hé;isgﬁeée satiéfying
(1) and (2) for B =0 and Y = T/4. For these two initial approximations,
the number of iterations required for convergence was essentially the
same, when convergence-occurred; Qhanging the contact angle did not

affect the .convergence rate :substantially either, except that convergence

was more rapid when Y was close to T/2.

Table 2. Number of iteratioms ﬁpr convergence for B=100, h=1/40, and

9 =4
Y N Lted 1.5 S
/4 72 56 ‘divergence
/3 72 56 4t

The size of B substantially affects the number of iterations required
for convergence. The smaller B is, the larger the number of itgrations
required to réduce the relative error below the desired tolerance, and
the stronger the dependence on w. Table 3 compares behavior f;r a few
values of w for the problem Yy = w/4, B=1 with zero initial approximation,

and 11£56 <1078,



73

Table 3. Nimber of iterations for convergence for B=1, Yy = /4, h=1/40,

vz 0.
w | 1.5  1.8%  1.84%
nuwher >200 191 123
of
iterations

* w was set equal to 1.5 initially to prevent divergence and was

later increased progressively to the indicated value.

The slower convergence for smaller B should be expected, since for the
boundary conditions (2), or those in Fig. 1, the problem becomes
singular when B=0.

Judging from the experimental results, if either we have a priori
knowledge of an optimal wvalue for w or if a scheme for improving w is
incorporated into the program, this overrelaxation method is quite
efficient for larger values of B. We should add here that this
method works also for the case B=0, for which a closed-form solution is
known. We discuss further experimental results for the behavior of
the BSOR-Newton method in Sec. 2.3, where a comparison is made with

results for the method discussed in the following section.

2.2, Hybrid conjugate gradient method
In this section, the conjugate gradient method is combined with

a fast Helmholtz solver to obtain iteratively the solution to the discrete
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form of (1) and (2). This method proceeds as follows (see|83):
(0)(U(0)

(i) Given an initial approximation U

(-1)

is a vector of length

(N+1)2). Arbitrarily define p . Fork=20,1, 2, ...

(ii) Compute

(k)_ (k)
£ = fij(U )

@ o _

and solve Mz

(iii) Compute the search direction

W _ 00, g k1)

P + ka

(£, GeHD))

here Bk k# 0, m, 2m, 3m,...
where PR = (@ L0 )

4

Bo=8m=52m='-'=0-

(iv) Compute the new approximation

U(H}L S JPN )

x> e

(&)- (k'))
where oy =- t @ jp(k)_j

and J ig the Jacobian matrix [Bfi jIBUt S) evaluated at U(k). In our
L] bl .

experiments we choose the restart parameter to be m = 9, as in [8], and we
continue the iteration until uf(k)ﬂié EPS, where EPS is the desired
tolerance.

We choose the matrix M in step (ii) to be one that approximates J in
some sense and for which a fast-direct method can be used to solve

4, _p @)

Mz . Dur choice is the discrete Helmholtz operator scaled by a
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diagonal matrix (see [8]). Specifically, M = Dllz(—ZAh+KI)D172, where D

is a diagonal matrix whose entries are (Bfi j/E)Ui j—Zth)/[Z diag (~Ah)],
> >

and 2Ah is twice the discrete five—point Laplace operator on a mesh

of width h, obtained by setting W=1lin the discrete form of (1), (2). We

2
make the choice K = 2Bh™, so that M is identical to the discrete form of

(1), (2) when W= 1.
To solve Mz(k) = -f(kl we follow steps a to c below:
{a) Compute -D_llzf(k).

(b) Use a fast solver to find X, where

(-mh + 2Bh2)x = p /2, ().

(k) _ o1/

{c) Compute =z X

(k)

The multiplication of Jp in the calculation of ak in step (div) of
the algorithm is carried out utilizing fully the sparsity of J. Since
J is block tridiagonal and each block is itself tridiagonal the
multiplication takes less than 9(N+1)2 operations.

In the table below, we list the number of iterations to obtain

“f(k)"z < EPS for different y and B with h = 1/40, EPS = 107°, and H = 1.

Table 4. Number of iterations required for convergence for h = 1/40

and U(O)E 0.
B
k 100 1 0.1 0.01
w/, 13 22 28 40
w/
3 8 10 10 10
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Each iteration takes approximately .139 sac.,, which includes .073 sec,

for the fast solver, except for the first iteration, which requires 0.183
sec. including preprocessing. The program GMA (with parameter K=2) [2] was
used to obtain the fast sclution of Helwholtz's equation in our experiments.
Notice that the degendenge on the wvalue of Y in Table 4 is mueh stronger
than it is for the BSOR-Newton method. Thé smaller the angle, the more
nonlinear the problem, and the more iterations required because M is less
good an approximation to J and hence to £. Here, the value of B also
influenceg the number of iterations required for convergence, more so in
the case Y = W/4, for which W becomes very large near the cormer (0,0).

The singular case B=0 can also be handled hy this method when used with

an appropriate fast solver,
2.3. Comparisons

We summarize the data from some of our experiments in the following
tables. In all cases the initial approximation U(o) Z 0 is ysed and the
number of iterations given are those required to abtain a residual
[:®1, < gps.

It appears, from the data in Tables 5 and 6, that the hybrid conjugate
gradient method performs consistently better in terms of computer time
for the model problem than does the block overrelaxation-Newton method.

The conjugate gradient method has the further advantage of not requiring
the estimation of an acceleration parameter such as @ (the dependance on

the value of the regtart parameter m is not as significant}, and it is



Table 5. Number of iterations (CPU seconds) for the BSOR-Newton iteration
Esﬁimated w n EPS=
best for first ffter 20 -3 -4 -5 -6

h B ¥ w 20 iterations iterations 10 10 16 = .10

100 w/3 1,58 1.6 1.6 21(1.13) 29(1.56) 37(1.99) 44(2,36)

100 w/4 1.59 1.5 1.55 25(1.34) 34(1.83) 43(2.31) 51(2.74)
1 1 @w/3 1.84 1.5 1.84 79(4.24) 98(5.26) 116(6.22) >120(6.44)
40

1 #w/4  1.84 1.5 1.84 77(4.13) 90(4.83) 107(5.74) >120(6.44)

01 w/3  1.85 1.5 1.8 116(6.22) >120(6.44)

.01 w/4 1,85 1.5 1.8 118{(6.33) >120(6.44)

100 w/3  1.52 1.2 1.5 15(.21) 20(.28) 24(.2%) 27(.38)

100 w/4  1.52 1.2 1.5 15¢.21) 22(.31) 24(.34) 27(.38)
1 i w#/3 1.71 1.5 1.7 46(.64) 56(.78) 66(.92) 76(1.06)
20 '

i w/x 1.71 1.5 i.7 |46(.64) 55(.77) 65(.91) 75(1.05)

.01 m/3 1.81 1.5 1.8 {148(.67) 58(.81) 66(.92) - 79(.11)

01 wmfé 1.82 1.5 1.8 ‘49(.69) 58(.81) 67(.94) 79(1.11)

LL



TABLE 6.

Number of iterations (CPU seconds) for the conjugate gradient iteration

EPS=

h B Y 1073 1074 107> 10“6
1.00 /3 4(.60) 5(.74) 6(.88) 8(1.16)
100 /4 6(.79) 8(L.16) 10(1.44) 13(1.90)
1 /3 5(.74) 7(1.02) 8(1.16) 10(1.44)

1

40 | 1 /4 13(1.90) 15(2.18) 18(2.59) 22(3.19)
.01 m/3 5(.74) 6(.88) 8(1.16) 10(1.44)
.01 /4 15(2.18) 29(4.16) 34(4.91) 40(5.74)
100 /3 4(.14) 5(.17) 6(.21) 7(.24)
100 /4 5(.17) 6(.21) 7(.24) 9(.30)
1 /3 5(.17) 7(.24) 8(.27) 9(.30)

1 .

20 | 1 /4 10(.34) 14(.48) 16(.54) 19(.64)
.01 w/3 5(.17) 6(.21) 8(.27) 9(.30)
.01 /4 13(. 44) 22(.74) 25(.84) 35(1.18)

8L
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less sensitive to the initial approximation, although it does require more
computer storage thgn is required for the BSOR-Newton method [8]. For
nonrectangular domains the conjugate gradient method would lose some of
its competitive advantage of speed since more computer time is required

by fast~direct methods in- this case for the solution of the Helmholﬁz
equation., See [8] for other possible choices for M and for comparisons

of the conjugate gradient method with the BSOR-Newton method for -the

case B = H = 0 with boundary conditions for which the problem is not
singular,

In order to estimate the discretization error, the numerical solution
for B=0, v = 7/4, h = 1/20 was compared with the known closed-fo;m
solution. We found the relative error of the computed solution in the
infinity norm to be less than about 1/27% everywhere beyond 3 grid
points from the corner, 18% right at the corner, and 1 to 4% in between.
The relative difference between the computed solutions on the grids for

h =1/40 and h = 1/20 was about 2% in the infinity norm for this case.

3. The unbounded case

As pointed out in Sec. 1, there is a critical contact angle Yo’.
which is m/4 for our model problem, such that the solution is unbounded
at the cornmer of the cylinder cross section for all ¥y < Yot The
asymptotic form of the sclution in a neighborhood of the corner is given
by (3). If vy E Y,» We use this asymptotic solution in conjunction with

discrete methods away from the corner to solve our problem.
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We investigate two methods that use different discretization proce-
dures over the portion of the domain away from the corner. In the first
method, a neighborhood of the corner is deleted entirely from the domain
to be discretized: 1In the second, the asymptotic solution is extended
into part of this domain. We consider, as in the previous section, oﬁly
the model problem of a square on which has been placed a uniform square

mesh,

3.1, Method A

Here we assume that the asymptotic behavior (3) holds from the
vertex of the corner with the singularity up to one or several grid
points away. We term this portion of the domain the asymptotic domain
and the remaining portion the numerical domain (see figure 3).

A natural way to obtain the numerical domain is to cut along a
level curve of the asymptotic solution. The analytical solution in this
domain then can provide an uﬁper boﬁnd on the solution u of (1},(2) [9].
Although thé level curves of the agymptotic solution are circular ares,
the limitations of our experimental computer program require us to
approximate such an arc by a straight line passing through mesh points
and making an angle of 45° with the edges of the square. Thus, we solve
equations (1) and (2) mmerically in the domain shown in figure 4.

The boundary conditions of the previous section apply at all bound—
ary points, except those on ', where we use a normal-derivative matching
condition obtained by differentiating (3). After.solving the resulting

problem in the numerical domain, we can obtain a value for v - u in the
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* Division of the domain for Method A.
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Asymptotic
domain

Fig. &
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asymptotic domain by matching at one (or more) points of I'. In this
way, we obtain an approximation to the solution over the entire domain
Q.

We use the same discrete equation(5) at a general interior point
of the numerical domain as in Sec. 2.1. On T, the discrete equation

at a general point is (see figure 3)

£, L=W_ (ZU -U -U ])-w:l_ U ~U
»d T+L,3+1\ 4,3 iH,5 4,541 ILFH\ 4,5+ 4,5

-W:l _ (v -U
I+1,3 \ 34,3 4,]

- i-aﬂcm-khz(mj. .+2H)= 0,
T W on i,
i
where

LA -0 2/h2
i+ i, j+l  Ti-1l, jH1

/2
2 2
+(Ui,:'wrl ‘Ui,j) / B ]]

1/2

2, ‘ 2
W_ _=[1+(U ~U / »" +lU ~U /h]
i+l,i- itl,i  i,] itl,j  itl,ji-
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and j %f%g' d% is evaluated by Simpson's rule using the directional
I,

1

derivative from (3) for the values of W-la\)/ on,

-ai(x+y) + a, (y-%)

13w = » (6)
= 1/2

LT [2 [x2+y2] (1+a 12+322)]

1= (pos 9 —[kz - sin2 9}1/2)/ (K B 92)
(sin 8 cos & [Kz— s:i.n2 e ]—llz-sin 9)/ (K B pz)

{6, x, B, p as defined in (3)).

where a

2y

The discrete equation for points one mesh interval away from T
in the interior of the numerical domain is the same as (5), except

that for (4, j) onI, W__dis given by W_ _ =
i, i,]

. 1/2
2,.2 2,2
(1 (U5 7y, 0) /T Oy g By g e )

We consider only the BSOR-Newton method for solving the discretized
equations in the numerical domain. General purpose programs for solving
the discrete Helmholtz equation are being developed and were not
available for use with the conjugate gradient method during our study.
These programs require, in general, more computer time than ones for a
rectangularidomain.

1

The determination of how far into the domain I' should be placed

for optimal accuracy poses an essential difficulty for the method: If
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T is too far into the domain, the boundary condition obtained from the
asymptotic repreéentation on I' will be inaccurate; if T is too close to
the corner, the discretization in the numerical domain near I may not be
able to represent well the stéepness of the solution. Considering these
twe alternatives, it appears that it is better to put I' close to the
corner, because one can, in principle, always refine the mesh locally

or use higher-order or other methods to handle the steepness of the
solution, while errors committed by pushing T too far into the domain
cannot be compensated for easily.

In our numerical experiments, we choose T to be sufficiently
close to the corner so that at p, the midpoint of T, Wﬁlav/an >
0.999 = cos-12.5°. We solve the resulting problem on the numerical-
domain with a mesh size h of 1/40 and 1/80, to give an indication of the
discretization e£ror for the particular choice of I'. We also solve
problems éor nearby choices of T to determine the sensitivity to the
positioning of T.

Of course, the matching conditions (6) on I may not be accurate.
Although the difference between u and the asymptotic solutiog v is
bounded by a constant as the corner is approached, the difference between
their derivatives may be large. If T is chosen to be an actual level
curve of V, close enough to the vertex so that |[Vw| is large and
eravlan is essentially 1 there, then |Vi] would also be large and

choosing W’lau/Bn to be essentially 1 along I' should then be sufficiently
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accurate to be in keeping with the discretization errors in the interior.
However, along the straight-line approximation to the level curve required
by our test program, W’lBU/Bn can vary appreciably, and attempting to
match to W’lahlan as in (6) might lead to errors. Our goal is to

obtain from our experimental program not necessarily solutions of the
highest accuracy but rather an indication of the feasibility of ocur use
of the asymptotic solution (3) near the corner singularity in conjunction
with a discrete method else&here.

We give here a summary of some of the typical behavior found in
our numerical experiments.

For the case Yy =0° , B =1, and ' at the position where
W_lav/8n|6é0.999 (i.e., T is on the 17th grid point of the first row in an
81 x 81 mesh, or the 9th grid point of the first row in a 41 X 41 mesh),
moving I' one grid point in the 81 X 81 mesh produces less than .1%
relative difference in the solution in the interior 90% of the domain,
between .1% and 1% relative difference in a band closer to I' covering
about 7% of the domain, and between 17 and 3.5% for the points in the
immediate neighborhood of I'. The relative difference is correspondingly
about twice as much in the 41 X 41 case when T' is moved by one mesh
point. The relativé difference in the solution resulting from refining
the mesh from 1/40 to 1/80, keeping I' fixed, is less than 0.2% over the
interior 507 of the domain, between 0.2% and 1% over 30% of the domain,
between 1% and 5% over 10% of the domain, and between 5% and 15% on the

points in the immediate neighborhood of T.
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For v = 30°, B = 1, and Wﬂlav/8n|Pé0.999, the relative differences
are about one-fourth of those of the above experiments for v = 0°.
Less sensitivity is to be expected because the solution surface is
generally not as steep in this case. For similar reasons, the case for
Y =0° B =10, W_la\)/Bn[PéO.QQQ, has about only half of the relative
differences found for the case Y = 0°, B = 1.

If we choose I so that Wylavlanlpé0.999i then the relative differences
from refining the mésh were found to be two to three times as large as
they were for placing I' at a position for which w;lav/anlpeo.999v

Based on the above information, we choose I so that Wt

B\)/Bn|P='=0.999
for most of our experiments.

For the.case of Y = 0°, B = 1, the solution height in the numerical
domain was found to be Ujpé1.46 for the 81 X 81 grid. We compare
solution heights obtained from placing I' on the 9th grid point on the
first row (in thdis case, erav/anlpé0.9999)aud placing I’ on the 17th grid
point on the first row (in this case, W—lavlanJPéO.QQQ) on a 81 % 81
grid. Although rather large relative differences exist for points close
to I', we observe that over 75% of the domain less than a 1% change occurs.
This indicates that the solution over a large portion of the domain is
rather insensitive to where T is placed. As mentioned previously,
over the same large portion, refining the mesh from 1/40 to 1/80 also

produces only minor changes. Thus, for that portion of the domain,

a medium size mesh (say, h = 1/40) seems sufficient to produce acceptably
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accurate results. We observe also that for fixed T the numerical solution
appears to be converging as h tends to zero through the different mesh
sizes.

For the unbounded case, the convergence of the BSOR-Newton method
is even more sensitive to changes of ®w than for the bounded case,
especially for vy = O°i For U(o) = 0, one must begin the iteration with
®w close to 1 to prevent divergence, and then quickly (within 20 iteratioms,
say) increase w toward the estimated optimal value in order to obtain
an acceptably rapid convergence rate. Overestimating w essentially
always leads to divérgence. For vy = 0°, the observed optimal values
of ®w found experimentally are listed in Table 7.

[+]

Table 7. Observed optimal w for v = 0°.

- B
h 1 10 ; 100
1/20 1.70 1.61 1.33
1/40 1.84 1.78 1.50
1/80 1.92 1.88 not
available

The optimal values of w for Yy = 30° are about the same as for vy = 0°.

One can see from Table 7 that both the grid size and value of B
influence the value of the optimal w.
Table 8 summarizes our experimental results for a range of values

of v, B, and h. The number of iterations



TABLE 8. Number of iterations (CPU seconds) for method A

& © © DEL =

" Initial after opt -3 _4 _5 -6
Y| B| h |T approx. starting 20steps | (estimated) 10 10 10 10
o 1 -2—10— 4 S 1.5 1.69 1.70 31(.46) 42(.63) 51(.76) 61(.91)
0] 1 4% 8 s 1.79 1.84 1.84 37(2.04) 56(3.08) 71¢3.91) 85(4.68)
0|1 8'16 16 s 1.79 1.84™% 1.92 70¢16.1) |112(25.76) | 170(39.10)
0110 %} 1\ 0 1.5 1.59 1.61 24(.35) 33(.49) 41(.61) 48(.72)
0 |10 Zl-d- i3 0 1.55 1.75 1.78 46(2.53) 64(3.53) 81(4.46) 97(5.34)
0 110 g:%* 4 0 1.55 1..79‘H- 1.89 90(20.70) | 141(32.43) {178(40.94)
IT6- 1 21—0 3 S 1.5 1.69 1.71 24(.36) 38(.57) 48(.71) 59(.88)
IT6- 4 z%b‘ 6 S 1.79 1.84 1.84 26(1.43) 50(2.73) 68(3.74) 84(4.62)
% 10 ;‘—0 1 0 1.5 1.59 1.61 25(.37) 34(.51) 42(.63) 50(.75)
Tho | 511 0 1.55 | 1.75 1.78 48(2.64) |66(3.64) | 84(4.63)  |102(5.62)
*The number of grid intervals from the corner at which I' meets an edge of Q.
%
*w = 1.9 after 100 iterations.
TO -~ identically zero; S-portion of a sphere (i.e. exact solution for B=0, y=m/4).

T,

1.87 after 100 iteratdions.

68
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given in Table 8 are those required for ”U(k)—U(knl)"z/ ”U*(k.)“2 < DEL.
A major difficulty for this method is the representation of the
steep gradients of the solution in the numerical domain near I'. In
the next section, we investigate the possibility of handling this
difficulty by overlapping a portion of the numerical‘with the

asymptotic domain.

3.2. Method B

Here we dinvestigate the possibility of improving the previous.
method by overlapping the asymptotic and numerical solutions over part
of the domain. We divide the entire domain into the three regions
shown in Figure 6. Region I is a small portion of the domain near the
corner in which we assume that the asymptotic behavior (3) holds.
Region III, including boundary 2 in Figure 6, is the purely numerical
domain, in which we assume that the sclution u is mot too steep and can
be computed accurately with the discretization used previously. The
region between is Region II, where we couple the asymptotic and numerical
golutions under the assumption that u and v differ there by a lower-
order quantity that is not steep and thus can be computed more accurately
with a discretization than can either u or v. The staircase-shaped
domain boundaries are used rather than the 45° lines of Method A-to
approximate level curves because the limitations of our study permitted
us to use only those boundaries that were simplest to include in the
computer program.

Let u be the solution to (1) and (2), then in Region I and II we
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writeu = V + €, where v is given by the asymptotic expression (3) and

|e] is bounded by a constant. Over Region II, we consider e(x,y) =

u(x,y)~ v(x,y) and we derive discrete equations for €(x,y) involving

the known quantity v, keeping only the first-order terms in €/V and in

the derivatives of € divided by those of v. Over Region I, we take

€ =g, as in Method A, where €, and its derivatives are negligible

compared with Vv and its derivatives.

In Region II, the left hand side of (4) becomes

(v + €) )
f L dg
[1 + v+ sx]2 + (vy+ ey]z]l/z

oD

(v + s)n “V, &, —vysy

|20 0y
2 21/2 . 2 2
[1+vx+vy] (1+vx+vy)

3D

When we perform the integration along a direction parallel to y-axis,

then the normal direction in (7) is parallel to the x-axis, and the

right-hand side of (7) becomes (see figure 7)

c

h1+\Jx + v

c y

4+ higher order terms.

c

X\)Y

2
] \Jx al +f€x 1-1-\)y ds _j;yv
2 21 1/2 2 213/2 i
[1+vx +\)Y ]

2 273/2
1+\)x +\)Y]

dr

(7a)
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If the normal direction n is parallel to the y-axis, as along C’, then

the right-hand side of (6) becomes

R

4%

[ f o

l+\) +\> l+\) +\)

(7b)
+ higher order terms.

To form discrete equatiomns for si 32 we evaluate (7a) along C, for
3

example, by using Simpson's rule with the five indicated node points for
computing the three integrals involving v, with €y replaced by

€ j)/h and ey replaced by (€, . . ~ €, ., + ¢ ¥/2h

i,j-1 i3 i+1,54+1 +l,3
}/2h

(€341,5 ~
for the upper half of C and by (Ei,j - ei,j-l + Ei+1,j - Ei+1,j~1
for the lower half of C. If we then ignore terms that contain powers
greater than one of €/v and of the ratio of their derivatives, we obtain
a system of linear equations for E.,.. The associated matrix is symmetric
and banded.
3.2.1. The iteration

In solving the discrete equations in Region II, the boundary
condition on boundary 1 is obtained from the directional derivative of the
asymptotic formula (3), and the boundary condition at each iteration for
boundary 2 is obtained by keeping the value of u fixed at its Region

IIT value. We use the IMSL subroutine LEQT1B, designed to solve banded

systems, to obtain the solution. Note that for the different boundary
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conditions on boundary 2 arising from each iteration, only the right
hand side of the system to be solved in Region II needs to be changed.
Therefore, it is necessary to perform the associated triangular
decomposition only for the first iteration.

The method of solution for Region III is the BSOR-Newton method
of the previous sections. The boundary‘éondition én boundary 2 is that
of keeping the value of U(i.e. €) fixed at its value obtained previously
in Région ITI. Afterwards, we adjust the value of H in the same way as
before, using the boundary of ﬁegion IIT as the contour for (3).

Each iteration thus consists of solving for £ in Region II
followed by solving for ¥ in Region IIT and then adjusting H.

3.2.2. ExPerimentai Results

We have experimented with this method for vy = 0°, B=1 and B = 10
on a 41 X 41 grid. We took boundary 1 to intersect the edge of the
square one grid point from the corner, and boundary 2 to intersect the
edge at the 10th grid point for B = 1 and the 4th grid point for B = 10.
We found the solutions generally insensitive to these boundaries being
moved by one or two mesh intervals. The time required for convergence
wag about three times greater than for Method A.

Of importance is the observation, that in our experiﬁents the
value of IVE] obtained was not necessarily small compared with that of
[va. In fact, |Ve| was almost half of |[Vv| for most points in_Region
II, including the points close to the vertex. Thus the assumption, on

which the numerical scheme in Region II is based, that IVEI / IVV] is

small does mot hold eyen though |e| / |v| #+ 0 as the vertex is approached.
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3.3. Conclusion

Since the results from Method B indicate that the assumption on
which it is based does not generally hold, we conclude that Method B is
not a suitable technique for improving Method A for this problem. The
experimental results for Methed A for the 21 % 21, 41 X 41, 81 X 81 grids,
for a fixed position of I' indicate convergence of the numerical solution
as h(the mesh size) + 0. In addition, the values of U on the bulk of
the domain change very little as the mesh is refined, indicating that
reasonable accuracy can be obtained away from the corner. even for the
coarser grids.

From the experimental data, it appears that taking I' to be the
line on which the value of v_/W at the midpoint is about 0.999 is
reasonably satisfactory. Moving I' one or two mesh intervals produces
less than 0.57% relative difference in the numerical solution over 90%

of the grid points. As for the points close to I', one should considexr

using a finer mesh or higher-order discretization than in the rest of
the domain and taking I' to be a level curve of the asymptotic solution
with an dirregular mesh nearby. .These matters are considered further
in a related study [1].

In Figures 9 to 18, we present graphical computer output depicting

perspective views with contours for some of the numerical solutions
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that were obtained with the methods of Section 2 for the bounded case
and with Method A for the unbounded case. The perspective views
displayed are those indicated in figure 8. The height contours are
drawn at intervals of 0.1, measured‘from the center (i,l) where the
height is taken to be zero, ' ‘

Solution surfaces for B=l are depicted in figure 9 fqr v=60°
(a bounded case) and in figures 10 to 13 for v=30° and y=0° (unbounded
cases). Those for B=10 are depicted in figure 14 for y=60° and

figures 15 to 18 for y=30° and y=0°. All perspective views are at

an inclination angle of 20° and a viewpoint distance of 100 units.
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viewing direction (a)

(1,1)
symmetry
boundaries
ﬂ‘k: 0 —
on
(0,0j . viewing direction (b)
Figure 8

Test problem domain showing perspective
viewing directions.
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Figure 9

Perspective view for B = lofrom
direction (a), y = 60".
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Figure 10. Perspective view for B = 1 from direction (a), vy = 30°.
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Figure 11. Perspective view for B = 1 from direction (b), y = 30°

[
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Fig. 12

Perspective view for B = 1 from direction (a), 7y =0°.
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Fig., 13

=]

Persgpective view for B = 1 from direction (b), y = 0°.
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Figure 14

Perspective view for B = lg from
direction (a), vy = 60 .
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Figure 15

Perspective view for B = 10 from
direction (a), v = 20°,
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0.3

Fig, 16

Perspective view for B =10 from direction (b), vy = 30°.
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Fig. 17

Perspective view for B = 10 from direction (3),Y ™ 0°.
H
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0.30

Figure 18

Perspective view for B = 10 from
direction (b), ¥ = 0°
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ABSTRACT

Tn this report we explore the nature of capillary surfaces on
several noncircularly symmetric domains and investigate the suitability
of the computer program JASON for calculating these surfaces. We investi-
gate how the accuracy of the computed solution depends on various parameters.
We calculate capillary surfaces for elliptical cross sectioms. We .describe
a procedure for calculating surfaces on eross sections with corners for
values of the contact angle less than the critical value. We use this
method to calculate surfaces on a square cross section and on a circular

cross section with a reentrant notch.
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1. INTRODUCTION

In this .report we explore, the nature of capillary surfaces on various
noncircularly symmetry domains and investigate the suitability of the
computer program JASON for calculating these surfaces.

In the next section we define the capillary surface problem for
liquids with contact angle Y between 0° and 90°. The surface satisfies
a pair of equations, Eqs. (1) and (2). In the following section we point
cut some elementary properties of these equations. Next we state some
theorems first proved in Ref. I for the nonexistence of solutions to
Eqs. (1) and (2) in a zero gravitational field. If the curvature of the
perimeter of the domain is sufficiently large at a point, then there exists
a critical contact angle such that Egqs. (1) and (2) have no solution for

for a sharp corner and a lower

Y < Vepie® We give the value of Yorit

bound on Ycrit for a rounded corner. We then describe the nature of
the solutions in a nonzero gravitational field.

Next we describe JASON, a general purpose computer program that
solves second-order elliptic partial differential equations in two dimensions
on a nonunifeorm quadirilateral mesh by a finite element method. JASON is
reliable and easy to use, but it is not necessarily the mqst efficient
progranm for tﬁis problem, since it 1s designed for a very general class
of problems.

We consider the system of discrete equations corresponding to Egs.
(1) and (2} for a particular mesh. We study how the number of iterations
and computer time required to solve the discrete equations depend on the

mesh spacing for uniform meshes. HNext we explore how the accuracy of the

computed selution varies over the cross section with the mesh spacing
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and with the contdct angle, on a square cross section for the case of
zero gravity. A closed-form solution to Eqs. (1) and (2) is known for
this case.

Next we calculate capillary surfaces on elliptical cross sections.
We investigate how the helght at wvarious points on the cross sectiﬁn
depends on the contact angle and the ratio of the major and minor axes.

Numerical estimates of Ycr'

;¢ are obtained and compared with the lower

bounds mathematically derived from a theorem given in Ref. 1.
We describe a procedure for caleculating capillary surfaces on cross

sections with sharp corners for values of Yy less than Y We use

crit’
this method to calculate surfaces on a square cross section and on a
circular cross section with a reentrant notch. Finally, we discuss how

the height of the surface at wvarious points on these cross sections

depends on the contact angle.

2, DEFINITION OF THE PROBLEM
We consider the equilibrium free surface of a liquid partly filling
a vertical cylinder for the case in which the surface height u(x,y) is a
single-valued smooth function of x and y and in which there is sufficient
liquid to cover the base of the cylinder entirely. The gravitational
field is taken to be positive when directed vertically downward. The
height then satisfies the equation
V'(%}Vu) = Ku + 2H
‘ (1)
o= 1+ Ivulz)!ﬁ )
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where V is the two-dimensional operator (8/8x, 9/9y), k = pg/o 1is
the capillary constant, p is the difference in densities ‘between the
liquid and gas phases, g 1s the acceleration due to gravity, and 0 is
the gas-liquid surface tension. The constant 2H 1s determined by the
cross-sectional shape of the cylinder, the volume of the liquid, and the
boundary condition satisfied by the‘freg‘surface of the liquid at the
cylinder wall.

The boundary conditions for a free surxface that makes a contact

angle v with the c¢ylinder wall is

—% g—g = cos Y at the wall , {2)
where Ju/dn denotes the derivative of u with respect to the outward
directed normal at the wall. Only the case of wetting liquids, 0° <y < 90°

will be considered here. (The nonwetting case can be obtained from it

directly by means of a simple transformation.)

3. ELEMENTARY PROPERTIES

The quantity V- (W_l\?u) in Eq. (1) is twice the mean curvature of the
surface z = u(x,y). Thus in"a zero-:-gravity figld {(k=0) the free
surface has constant mean curvature. ‘

If one integrates Eq. (L) over the cross section of the cylinder, and

uses Eq. (2), one obtains
- KAu + 2HA = L cos Yy , (3)

where u = A_lj"u dx dy is the average height of- the free surface, and
Q
A and L are the area and perimeter, respectively, of the cross section .
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For the cagse K#0, if u(x,y) is a solutiom of Egs. (1) and (2)
for one value of H, then wu(x,y) plus a constant is a solution for
_any other value of H. The solution is unique for a particular value of
H if kK2 0. The value of H dis related to the reference level from
which the height of the capillary surface is measured. It is sometimes
convenient to measure the height of the surface from the level of an
infinite reservoir into which the cylinder, without bottom, is dipped.
On the surface of the reservoir, infinitely far from the cylinder,
t=0, Vu=0, and therefore H=0. The average height ﬁo to which the
capillary surface inside the cylinder rises above the reservoir is then
obtained from Eq. (3).

1_10 = (L cos yv)/kA .

For the case K=0, one canpot arbitrarily cheose H. It is

determined by Eq. (3).
2H = (L cos Y)/A . (3)

For k=0, the solution of Eqs. (1) and (2) dis det;ermined only up to an
additive constant. A convenient way to choose this constant is to take
u=0 at the lowest point of the capillary surface. For uniformity all
the numerical results presented in t‘his report will use this choice for
u=0, both for the case k=0 and for ¥ # 0. This will enable us to

compare directly calculations for different values of K.
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4. NONEXISTENCE OF SOLUTIONS FOR THE CASE K = 0
For each cylinder, there may exist a critical contact angle such

that Egqs. (1) and (2) have no solution for 0 <7y <y Several

erit’
important theorems have been formulated in Refs. 1,4 that relate Ycrit
to the shape of the cross section of the cylinder. We give below forms

of them relevant to our problem.

Theorem 1. Let the cross-section boundary have a corner with an
interior angle 20. Then a solution of Egs. (1) and (2) can exist in

the neighborhood of that corner only if
Y= 90° - a
and no solution exists if

y<90° -a .

Example: o = 45° for a square cross section; thus the ecritical
i = °. i i v < .
contact angle is Ycrit 45 There is no seolution for 0 <y Ycrit
A similar result holds for a regiom on a curved boundary onm which the

curvature is large relative to a value determined by the entire cross

section.

Theorem 2. Suppose there is a point p on the boundary at which the
curvature is greater than L/A; then there exists a critical contact
angle such that there is no solution of Egs. (1) and (2) in a neighborhood

3 <
of p for 0s¥< Yorit®
Fxample:. Let the cross section be an ellipse. The curvature of an.

ellipse is greatest at the point where the semimajor axis cuts the boundary.

The curvature at this point exceeds L/A when the ratio b of semiminor
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and semimajor axes is less than 0.6116. According to Theorem 2, there
exists a critical contact angle for an ellipse with b < 0.6116 [2].

A third theorem gives a lower bound for Ycrit' Consider the cross
section of a cylinder shown in Fig. 1. Let A be the area of the entire
cross section, and I be its perimeter. Let the cross section be cut by

a curve T, which intersects the perimeter at points and Pye The

Py
curve I divides the area of the cross section into two parts, A% and
A~A%  and divides the perimeter into two parts, L¥*¥ and L-L*.

Let |I'| denote the length of the curve T from p, to p,. Then
! 1 2

the following theorem holds [1].

Theorem 3. Let V be the function

v - _Irla

- (4)
|L*A — AAL|

then

cos . <
. Ycr:Lt = Vo :

where Vo is the minimum of V with respect to all possible curves I.

This minimization can be done in two steps. First, find the I' that
minimizes V for a fixed pair of intersection points, Py and Pos
then vary Py and Py-

For any Py and Pys the T that minimizes V is an arc of a circle
with radius

A
R = - 7% ) (3) -
LVP(Pl:PZ)

where Vp(pl,pz) is the minimum of V £for fixed P, and P, [2].

solution of Egqs. (4) and (5) gives Vp(pl,pz). Finally, ninimization of

VP(pl,pz) with respect to Py and p, s&ives VO.
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Example: The lower bounds for Ycri for ellipses with ratio

t

of semiminor and semimajor axes are:

b ‘Bound
0.20 35.12°
0.25 26.95°
0.33 16.88°
0.40 10.32°
0.50 3.71°
0.60 0.12°

b

Numerical solution of Eqs. (1) and (2) indicates that these bounds are

close t A
1 ° YCl‘lt

5. BEHAVIOR OF SOLUTIONS FOR THE CASE K # 0

For the case Kk # 0, Egs. (1) and (2) have a solution for each Y.

However, the behavior of the solution is different for v < Ycrit

YZY £3].

crit

and

Theorem 4. Let the cross—section boundary have a corner with an

interior angle 20. Let p and © ©be polar cocordinates centered at

the corner with © measured from the bisector of the corner angle.

q = cos — cos Y
= ) = LS ¥ ,
i ¢os .
sin O Ycrlt

where Y = 90° -, as in the case K=0. If Y= Yorie? then

crit

is bounded in the neighborhood of the corner.

If 0sy<y then wu(p,B8) is asymptotic to

crit?

Let

u(p,e)
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w(0,8) ~ u (0,8) + [q cos 6 - (1 - q’sin%0) 7] /xp ©.

as p-+0, where u is 0(l). Inside the cylinder u grows like 1/p
as the corner is approached.

The solution in a cylinder with a curved boundary is bounded for
all vy. However, this bound depends inversely on the radius of the

corner [4].

»

Theorem 5. Let C be the maximum curvature of the cross-section

boundary, and let r = 1/C. Then in a neighborhood of the corner

2
u(x,y} < r + = - (7

6. JASON
The computer program JASON solves the nonlinear elliptic partial

differential equation in two independent vatriables [5]:
Ve (cVp) = ap+ b (8)

with boundary condition:

cVoen = fo+g - 9

where a = a(x,y), b = b(x,y), ¢ = c(x,y,|V¢|2), £ =£(s), g-=gls),
and s ‘is the arc length along the boundary. It uses a bilinear finite
element method on a nonuniform quadrilateral mesh. The resulting algebraic
system of equations is solved by the one~step blgck successive over-
relaxation-Newton method (BSOR-Newton).

The domain of a problem suitable for JASON can be composed of one or

more distinct subregions separated by common boundaries. Each subregion
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can have different functions a, b, and ¢. If the values of a, b,

and c¢ for a particular subregion are constant, they can be specified

on a data card; if they are functions of x, y, or |V¢|2, JFASON must

be supplied with a subroutine to calculate them. One can suppress solution
of Eq. (8) in a particular subregion by specifying c¢=0 din that subregion.

JASON contains a mesh generator that produces a smooth mesh by
"equipotential zoning." Input to the mesh generator consists of the set
of boundary points of each subregion. Each point is specified by four
numbers: the x and y coordinates of the point, and the (integer) L
and M values of mesh line coordinates through the point. One need not
specify every boundary point. JASON will compute by linear interpolation
the boundary points that have been skipped, if they lie on the same mesh
line.

Dirichlet boundary conditions can be imposed at any point in the
mesh. Neumann boundary conditions are restricted to the boundary of the
entire domain of the problem and the boundaries between subregions with
c=0 and those with c#0.

Before using JASON, one should make a rough sketch of the desired
mesh, to guide the choice of the boundary points. These define a polygon
whose boundary approximates that of the original domain. For the case
¥=0, one must calculate the perimeter and area of this polygen, in
order to calculate H.

The input to JASON is a series of data cards. The first card
specifies the procedures to be performed: generate a mesh, plot the

{
mesh, solve Eq. (8) for ¢, calculate V¢, and plot ¢. The second

card is the title for printed and plotted output. The third card gives
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the size of the mesh for the entire domain, IMAX and MMAX. The mesh
coordinates take the values 1 < L < IMAX and 1 =< M < MMAX.

The next input is a set of cards for each subregion. The first
card of each set lists the values of a, b, and ¢ for a subregion, or
provides parameters for a_subroutine that calculates 4, b, and c.

The remaining cards of the set give the boundary points of that subregion.

The next cards contain the values of L, M, £, and g at
enough points to specify the boundary conditions. If f and g are
constant along a boundary, one needs to give only L, M, £, and g at
the first boundary point and L and M at the subsequent corners of
that boundary.

The next card allows one to choose the iteration control parameters
of the scolution subroutines. The remaining cards specify the domains
for which the values of ¢ or V¢ are to be printéd or the domain in

which ¢ 1is to be plotted.

7. SQUARE CROSS SECTION WITH K=0 AND vy= Ycrit
The convergence properties of JASON were studied by calculating the
capillary surfaces for k=0 in a cylinder with a square cross section.
The exact solution is known for 45° <<y < 90° and is a portion of a
lower hemisphere. The square had an edge of length 2 and was centered
at the origin. It was the domain -1 <x <1 and -1 <y < 1. Figure 2
shows the height of the capillary surface along. the edge of the square
x=1 for contact angles 7Y=45°, 50°, 55°, and 60°. V¥or Y=Ycrit=45°,
the slope is infinite at the corner x=1 and y=1, although the rise

height is finite.
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The same data are graphed in a different way in Fig. 3. This figure
shows how the height at several fixed points on the edge of the square
varies with the contact angle Y. For +v=90° the surface is flat.
Figure 3 shows that the height in the corner increases rapidly as ¥

nears Ycr' The height at other points on the edge varies much less

i’
rapidily with Y.

The coordinate axes x=0 and y=0 are lines of reflection
symmetry, so the solution in ome quadrant repeats in the other three
quadrants. The solution was calculated in the first quadrant, 0 <x <1
and 0 <y <71. The boundary conditions are: A*Vu = 0 on the lines
y=0 and x=0, and (ﬁ'?u)/W= cosy on the lines x=1 and y=1.
Here n denotes the outward directed unit normal for each edge.

Capillary surfaces were calculated on uniform meshes ‘with mesh
spacing h = 0.2, 0.1, and 0.05. Surfaces were calculated for comntact
angle <y = 45°, 50°, 55°, and 60° for each mesh spacing.

Surfaces were also calculated using two nonuniform meshes, which
were successive refinements of the uniform mesh with h=0.05. The
refinements were made near the cormer of the square. The f£first mesh
(NUL) had h=0.05 for 0<x<0.8 or 0<y<0.8 and h=0.025
for 0.8 <x<1.0 or 0.8<y < 1.0. The second mesh (NU2) was a
refinement of NUL which had h=0.0125 for 0.9 <x< 1.0 or
0.9 <y < 1.0.

We now consider the number of relaxation cycles required to solve
the system of discrete equations for a particular mesh. In subsequent

paragraphs we will discuss how the solution of the discrete equations

approaches the solution of Eqs. (1) and (2) as the mesh is refined.
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The number of cycles required to solve the system of discrete
equations depends on the mesh spacing. This was studied by calculating
the surfaceg for yY=50° on a sequence of uniform meshes. Each mesh
had n equally spaced horizontal mesh lines and n vertical mesh lines.
The meshes were 6X6, 11x11, 16x16, and 21x21. JASON solves the
discrete equations by the one-step  block successive over-relaxation-
Newton method, BSOR-Newton [6].

These resuits are compared with those of another program, which
solves the discrete equations by a dynamic alternating direction implicit
method, DADI [7]. Both computations were performed on a CDC 7600. The
number of cycles and CPU-seconds required are ;hown in Table 1.

TABLE 1. Comparison of BSOR-Newton with DADI

on a square domain with n vertical and
n  horizontal mesh lines.

Final
Method R/L n=6 =n=11 n=16 n=21
BSOR-Newton  1x10 °|Cycles used:™ 22 36 63 84
BSOR-Newton 1x107®|CPU-sec used: -0.615 3.660 13.152  30.018
DADT 1x1072 [gycles used: 12 16 18 2
DADI 1x1078 [cPU-sec used: 0.023 0.088  0.204  0.465

The DADI method 1s approximately 18 times faster per cycle than JASON.
However, JASON is a generalwpurpose program that solves the discrete
equations on a nonuniform quadrilateral mesh, and would be expected to
be slower than the DADI program, which was written specifically for a
uniform rectangular mesh for this problem. JASON is reliable and easy

to use, but is not necessarily efficient for this problem.
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The number of cycles required for JASON to solwve the discrete
equations depends on the criterion for terminating the iteration and
the procedure followed in optimizing the relaxation parameter -w. The
termination eriterion used here is that R/L < l><10_6h R is the
square root of the sum of t-he squares of the residual at each point.

L is the square root of the sum of the squares at u at each point.

The initial value of @ dis 1.5. This was used until R/L was less
than 1X10—2, then w was adjusted upward toward the estimated
asymptotically optimal value, half the estimated increment every five
SOR iteratioms,

The number of cycles required depends on these iterations parameters.
However, Table 1 gives a rough measure of the amount of computing necessary
to solve the discrete equations, and how this depends on the mesh spacing.

The number of cycles required to solve the discrete equations depends
only weakly on the contact angle Y. This can be seen by comparing the
values of R/L for different Y after the same number of relaxation
cycles. On a 21x21 uniform mesh, 80 cycles reduced R/L to 2.9X10_6
for y=45" and 2.1><l0'_6 for Y=60°.‘ On an 11x11 wuniform mesh,

6

30 cycles reduced R/L to 15.0%X10°0 for v=45° and 8.7%10°° for

Y=60°. This weak dependence on Y is shown in more detail in Table 2.

Table 2. R/L % 107® after = cycles for various ¥.

Mesh Cycles Y =45° v =50° ¥ =55° Y= 60°

11x11 30 15.0 12.5 10.3 8.7

21x21 ° 80 2.9 2.6 2.3 2.1
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Table 3 shows an experimental study of the convergence of the solution
of the discrete equations toward the known solution of Egs. (1) and (2)
as the mesh spacing decreases. The tabulated quantity &u is the differ-
ence between the known solution and the solution computed with a particular
mesh. It is tabulated as a function of contact angle vy, mesh spacing h,
and position y along the edge of the square. The point y=1 dis the
corner, and vy =0 is the midpoint of the full square.

Table 3 shows that for fixed values of 'y and h, &u is larger
for y near the corner. It fu:i:‘theJ: shows that for fixed values of ¥y
and h, ¢&u dis larger for vy mnear 45°.

In the remaining paragraphs, we shall discuss how J&u changes with
h for fixed values of vy and y. We consider first the uniform meshes.
Table 3 shows that for 0 <y < 0.9, ©&u decreased by 1/4 when h was
decreased by 1/2. That is, &u is proportional to h2 for these
values of y on uniform meshes. However, d&u decreased less rapidly
than h2 at the corner y=1. Convergence is poorer at the corner
probably because the‘ slope is very large there.

We consider next the nonuniform meshes. The mesh NUL has h=0.05
for 0<y<0.8 and h=0.025 for 0.8 =y < 1.0. We shall compare
the du on NUl with that on the uniform mesh with h=0.05. For both
the 45° and 50° cases, &u decreased for 0.9 <y < 1.0, &u was about
the same for y=0.85, &u increased for y=0.8, and &u was about
the same for 0 <y < 0.6. That is, d&u decreased in the upper half of
the refined region, increased at the boundary of the refined and un.refined
regions, and was about the same in the interior of the unrefined region.

The mesh NU2 ‘has h=0.0125 for 0.9 <y < 1.0 and has h the



TABLE 3. 8ux10° for x=1.0 and 0 <y < 1.0.

h y=1.0 0.95 0.9 0.85 0.8 0.6 0.4 0.2 0.0
Y = 45°
0.2 34166 2051 487 198 108 84
0.1 26689 2114 473 102 46 26 20
0.05 20944 2239 515 161 77 25 12 7
NU1l 16761 8§32 220 172 140 33 11 6
NU2 13478 434 291 217 194 29 6 3
Yy = 50°
0.2 4186 831 295 143 86 70
0.1 1804 503 209 73 35 21 17
0.05 701 " 258 125 75 51 1% 3
NUL 304 117 81 71 64 20 5
¥ = 55°
0.2 1468 391 173 94 60 50
0.1 529 188 101 44 23 14 12
0.05 176 78 48 33 26 11 6 4 3
vy = 60°
0.2 605 192 97 57 39 33
0.1 199 82 50 25 14 10 8
0.05 62 31 21 1e 13 6 4 3

0ET
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same as NUL for other values of y. We shall compare the O8u on NU2
with that on NU1, It decreased for 0.95 <y < 1.0, increased for

0.8 <y =< 0.9, and was about the same for 0 <y < 0.6. That is, &u
decreased in the upper half of the refined region, increased in the region

of intermediate mesh spacing, and was about the same in the region with

h=0.05.

8.  ELLIPTICAL CROSS SECTION

Capillary surfaces were calculated for cylinders of elliptical cross
section with semimajor axis a=1.0 and semiminor axes b=0.60, 0.33,
and 0.20. The cases b=0.60 and 0.33 were calculated for k=0.
The case b=0.20 was calculated for both k=0 and kK=1. Closed form
solutions are not known for the ellipse as t;1ey are for the square for
k=0. ‘

Figure 4 shows how a quadrilateral mesh was f£it to 1/4 of an ellipse.
The 1/4 ellipse was made into a four "sided" figure by choosing a point
on the curved edge and using it as a fourth cormer. A mesh was fit to
this by taking one pair of opposite sides to be mesh line-s with constant
mesh ecoordinate L, and the other pair to be mesh lines with constant
coordinate M.

Figures 5 and 6 show the 11X6 meshes generated for the cases
b = 0.33 and 0.20. Figure 7 shows the 21X11 mesh generated for b=0.20.
Figure 8 shows the level curves of the capillary surface for the case
b=0.33 and y=460°.

According to Theorem 2 there will be a critical contact angle if
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the curvature at any point on the ellipse exceeds the ratio of its
perimeter to its area. This occurs if b/a < 0.6116. Theorem 3 gives
a lower bound for tHe critical angle. These are shown in Table 4. For

the case k=0, capillary surfaces exist for Y Z v but not for

crit?
Y < Ycrit' For x# 0, capillary surfaces exist and are bounded for Yy < Ycrit’
but the bound is inversely related to both Kk and the maximum radius of
curvature of the ellipse, as in Eq. (7).

Theorems 2 and 3 restrict the existence of capillary surfaces for
a cross section With a smoothly curved boundary. However, the actual
cross section that is used is not an ellipse, but a polygonal approximation
to an ellipse. Because of this, Theorem 1 gives an additional existence
criterion, which depends on the interior angles at the polygon's corners.

By Theorem 1 the critical angle is ¥y = 90° -, where 20 is the

crit

smallest interior angle. The Yorit from Theorem 1 are shown in Table 4.
Theorems 1, 2, and 3 1limit the édxistence of solutions of the differ-

ential Eqs. (1) and (2). However, the discrete system of egquations

approximating (1) and (2) can have a solution even when Eqs. (1) and (2)

"do not. This is worth remembering because the 116 meshes used to
explore the ellipse ‘problem are rather coarse, espeeially for the largest
ellipse, b=0.60. Thus the local truncation error, which is of the
order of the mesh spacing squared, is not véry small.

The computing times used to calculate the various capillary surfaces
are shown in Table 5. For the K=0 cases, the smallest time was for

the largest contact angle. For example, for the b=0.60 case, with the
11x6 mesh, 1.13 CPU seconds were used to calculate the surface for vy=40°,

and 1.57 CPU seconds were used for <y=0°. However, for the k=1 case,

the smallest time was for the smallest 7Yy. Note that it took approximately
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TABLE 4. Yorit from Theorems 1 and 2 for various

meshes and values of b.

Ycrit EEE—
b Mesh Theorem 3 Theorem 1
0.60 11%x6 > 0.12° 8.79°
0.60 21x11 = 0.12° 4.55°
0.33 11x6 >16.88° 15.71°
0.20 11x6 =>35.12° 24.89°
0.20 21 %11 =35.12° 13.43°

TABLE 5. CPU-sec used for wvarious meshes and
values of b.

b K Mesh CPU - sec
0.60 0 11x6 1.13 - 1.57
0.60 0 21x 11 19,23 ~ 19.39
0.33 0 11x6 3.66 - 6.24
0.20 o 11x 6 6.20 - 11.60
0.20 0 25|.><11 44,70 - 71.57
0.20 1 11x6 7.71 - 9.38
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the same time to compute surfaces for the ellipserwith its drregular
mesh as for the rectangle with its regular mesh. The rectangle with 64
mesh points took 1.22 CPU seconds. The ellipse with the 11X6 mesh
took 1.13-1.57 CPU seconds for the b=0.60 case, The b=0.33 and 0.20
cases took more time, but these surfaces had steep gradients.

The computing time depends on the iteration control parameters.
Because the 11X6 mesh is rather coarse, R/L < II..03<10_4 was used in
most calculations for the criterion for terminating the iteration. TFor

the 21x11 mesh a stronger criterion was used, R/L < l.0><10—5. The

default value that JASON assumes is 1.0><10_6.

Three iteration parameters can be chosen to attempt the minimization
of ghe computing time. They are: the initial value of ®, the value of
R/L at which one begins to adjust ® towards its estimated optimal
value, and the fraction of the distance moved toward this wvalue. The
default values of these parameters are 1.5, 1.0><10—3,- and 0.06.
However, it was found that for most of the capillary surface calculations,
JASON can solve the discrete .system of equations if the values 1.5,
1.0><10"2, and 0.60 are used. Computing time is less with these values
because fewer steps are used before changing w and optimizatioﬁ is
pursued more vigorously.

JASON prints the values of R/L and other quantities at every tenth
iteration. If the solution‘attempt fails, one can examine this sequence
of values and decide how to change the iteration control parameters. If
R/L. increases during the cycles when the initial ® d4is being used, then

the initial ® should be reduced, say to 1.2. If R/L decreases while

the initial w® 1is being used, but increases after optimization begins,


http:1.13-1.57
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the fraction for the w optimizer should be reduced. If this does not
succeed, it may be necessary to reduce the wvalue of R/L at which
optimization begins.

Figure 9 shows the height of the capillary surfaces at the point A
where the semimajor axis intersects the cylinder wall. Figure 10 shows
the height at the point B where the semiminor axis intersects the
eylinder wall. The height is taken to be zero at the center of the
elliptical cross sectiom. Figures 9 and 10 show u(A) and u(B) as
a function‘of’the contact angle Y for the four cases: b=0.20, 0.33
and 0.60 each with k=0, and b=0.20 with Kk=1. Figure 9 shows that
for fixed vy, u(A) is larger for smaller values of the semiminor axis b,
while Fig. 10 shows that for fixed <Y, u(B) is larger for larger values
of b.

We shall discuss first the case b=0.20 with K=0. In this case
the effect of the curvature of the actual ellipse near its major axis can
be distinguished from the effect of.the corner at peint A of the polygonal
approximation to the eillipse. The corner by itself would cause a Yorie
of 24.89° for the 11x6 mesh and one of 13.43° for the 21x11 mesh.
However, the ellipse's curvature overwhelms this effect and causes a
Yerit = 35.12°, Figure 9 shows that u(A) becomes large with increasing
rapidity as <y approaches 35°. Furthermore, when the mesh is refined
from 1ix6 to 21x11; the value of u(a) at 35° increases by 12%, while
that at 40° increases by less than 1%. This must be the effect of the
ellipse's curvature, since the effect of the approximating polygon's corner
is reduced for the refined mesh. This indicates that the ¥y due to

crit

the ellipse's curvature is near 35°, and that the lower bound given by
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Theorem 3 is indeed close to Ycrit'
Congider next the case b=0.20 with K=1. The capillary surface
for a smooth ellipse is bounded at A because it has finite curvature.
However, u(A) should become infinite for <Y less than the Ycrit of
the approximating polygon's corner. Figure 9 shows that u(a) £for the
11x6 mesh becomes larger as Y approaches 25°, as is expected. Although
the values of u(A) are quite different for the cases K=0 and K=1,
the values of u(B) are almost the same. At 35° they differ by only 0.3%.
For the case b=0.33 with K=0, the effects of the ellipse's
curvature and the approximating polygon's corner cannot be distinguished

for the 11X6 mesh. The first predicts a Yorit > 16.88° and the second

¥ = 15.71°, Figure 9 shows that u(A) and |du(A)/dy| become

crit
large as vy approaches 15°, which is consistent with these predictions.

due to the ellipse's curvature cannot be

It aiso shows that the Yorite

much larger than 16.88°. This illustrates that the lower bound given by
Theorem 3 is again close to Yorit:
Finally, for the case b=0.60 with k=0, the coarseness of the
mesh caused the solution of the discrete system of equations to differ
somewhat from those for the cases b=0.20 and 0.33. The sharp corner
should give a vy .  of 8.79° for the 11x6 mesh and 4.55° for the 21x11

mesh. The lower bound on Yeri due to the ellipse's curvature is 0.12°.

t
However, Fig. 9 shows that although u(A) increases as < approaches 0°,
Idu(A)/dy| decreases., When the mesh was refined from 11x6 to 2ix11,
u(d) dincreased by 9%, 7%, 4%, and 2%, at vy=0°, 5%, 10°, and 15°,
respectively. The relatively larger increase for 0° and 5° than for 15°

shows the effects of the cormer, but net as dramatically as for the b=0.20

case. The coarseness of the mesh is shown by the change in u(B) when the
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mesh was refined. It changed by 6%, 5%, 4%, and 3%, at y=0°, 5°, 10°,
and 15°, respectively. In contrast, for the case b=0.20 with k=0,

u(B) changed by only 0.6% when the mesh was refined.

9. CATLCULATING CAPILLARY SURFACES ON CROSS SECTIONS WITH CORNERS

A cylinder whose cross section has a corner, as in ¥Fig. 11A, will
have a critical contact angle. If the interior angle at the corner is 2a,
then Ycrit = 90° ~g. There are no solutions to Egs. (1) and (2) foxr k=0

and Y < ¥ Solutions exist for K#0 and Yy <Y

erit® erit? but the height
goes to infinity at the cormer. It would be difficult to compute such a
surface numerically over the entire cross section. Instead, the cross
section is divided into two regions, as with curve AA' of Fig. 11A.
One is a small regiom Qc that includes the corner; the other §
is the remainder of the cross section. The asymptotic form of the surface
near the corner region is known. The surface on the remainder Qr can be
calculated numerically, with the boundary comndition that it match the
asymptotic solution along the curve AA'.

The boundary data are the values of the function (ﬁ-Vu)/W at each

2)1/2, and 1 is the

point on the boundary. W dis the function (14—|Vu|
cutward directed normal at the boundary. (D-Vu)/W is cos Y at the
cylindef wall. It is zerc on boundaries that are lines of reflection
symmetry. It is matched with that of the asymptotic solution along the

boundary curve AA'.

The surface in a neighborhood of the cormer has the asymptotic form [3]

u(p,8) ~ uo(p,8)+V(p,6) . €10)
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where u, is a function of O0O(l) and

v(p,0) = %p [q cos v - (1 - qzsin2 8)1/2] . (11

The quantities p and § are polar coordinates of a point on the cross
section; p 1is the radial distance from the cormner, and € dis the angle
measured from the bisector of the corner angle. These are shown in Fig.

1i8. The quantity q 1is

CoSs COS

q = = (12}
. s8in O cos Ycrit

For p << 1, we have ug << v.
The boundary condition function (n-Vu)/W can be broken into Ewo

factors, a magnitude and the inner product of two unit vectors.

neVu _ IVuI H'Vu
W W [Va|

(13)

We do not know the order of Vuo, but we know that |Vvl is 0(1/p%),

so that in general |Vu] alsc must be at least 0(l/p2). Consequently,

val 1
2]Vu|
(14)
= 1-00p"%

Thus if the curve AA' is sufficiently near the corner, then [VuI/W
is approximately 1.

We next consider the factor (ﬁ-Vu)/IVuI. The quantity Vu/]Vu| is
a unit vector normal to a level curve of u. If we choose the curve AA'
to be this level curve, then 1 = Vu/|Vu]|, and so (ﬁ-Vu)/|Vu| will be 1.
The level curve of u is not known, but for small p we have u, << v,

so a level curve of u is approximately a level curve of v. We shall
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choose the curve AA' to be a level curve of v3 thus the factor
(ﬁ'Vu)/quI will be approximately 1.

The level curves of v are a family of cireles, which depend on the
contact angle Y. The radius of a circle is 1/kv, and its center lies
on the bisector of the corner at a distance gq/Kv from the corner. The
circle intersects the cross section of the cylinder wall at an angle ¥,
as’'shown in Fig. 11C.

Let u denote the solution of Egs. (1) and (2) on the entire cross
section with (n*Vu)/W = cos y at the cylinder wall. Let u_ denote
the solution of (1) and (2) on Rr with (H'Vu)/W = gps Y at the cylinder
wall and with (ﬁ-Vu)/W =1 on the curve AA'. Tt is shown in Ref. 8

that u is an upper bound to u at each point in Rr.

10. SQUARE CROSS SECTION WITH k=1

The ca%illary surface over a square cross section was calculated for
v=30° and k=1 by deleting the corner as described in the previous
section. The value of Yerit for a square is 45°. The calculation was
performed on 1/4 of a 2x2 square. The 9x9 mesh that was used is shown
in Fig. 12. The boundary condition function (n+Vu)/W dis 0 along the
reflection symmetry boundary BOB'. It is cos 30° along the edges BA
and B'A', and is approximately 1 on the curve AA' that divides the
corner from the remainder of the cross section. Curve AA' is composed
of eight straight line segments, which approximate a level curve of v
for y=30°.

The heights of the capillary surface along the edge AB and along
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the diagonal CO are shown in Fig. 13. The height is taken to be zero
at the center of the square, 0. The height is approximately 1..80 on the
boundary curve AA' and is almost constant along the curve. It differs
by only 0.0062 between the endpoint A and the midpoint ¢ of the curve.
The point B 1is the midpoint of the edge of the full square. The
height of the capillary surface u{B) is shown in Fig. 14 for k=1 and
¥ =30°, 45°, 50°, 55°, and 60°. The four surfaces with Y = Ycrit were
calculated on 2 6%X6 mesh with uniform spacing. In the case K=0,
discussed previously, it was found that this mesh gives an accurate value
for u(B), although the height at the corner is inaccurate for Y= 45°.
It is interesting to note that wu(B) changes almost uniformly over the
range 30° <y < 90°. It does not change rapidly near Y=45° or in the
range 30° < vy < 45°. Although the fluid is drawn up to an infinite

height in the corner, our caleulation indicates that this does not affect

dramatically the height at the midpoint.

11. CIRCULAR CROSS SECTION WITH A REENTRANT NOTCH

Capillary surfaces were calculated for a circular cross section with
four rectangular reentrant notches as shown in Fig. 15A. The_calculation
was performed on 1/8 of the cross section, which is shown in Fig. 15B.
The circle has radius 1. The notch extends inward to a depth 0.2 on the
axis and has half-width 0.2, The corner, point G of Fig. 15B, corresponds
toa Y, .. of 50.77°.

A series of exploratory calculations were made with 9x8 meshes

for k=1.0 and vy=0°, 15°, 30°, 45°, and 60°. Figures 16 and 17 show

the 9x8 meshes used for Y=60° and Y=0°. The case ¥=1.0 and 7Y=0°
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was calculated also with the 13X12 mesh shown in Fig. 18. The cases
'With Y < Ycrit were calculated by deleting the corner as described
previously.

The asymptotic solution of Eqs. (1) and (2) is not known for a corner
which consists of a straight iine intersecting a circular arc, as in Fig.
15C. However, the arc GHE differs only slightly from its chord GJE.
The asymptotic solution for the corner which has 'CGJE for its cylinder
wall is the function v(p,8) defined previously. For our calculations,
the dividing curve CDE was chosen to be a level curve of this w(p,0).

Figures 19 and 20 show level curves of the numerical scolutiomns for
the 60° and 0° cases. In the 60° case, the fluid slopes gently up toward
the cylinder wall and the corner G. In the 0° case, the fluid is drawn
strongly up into cormer G.

Figure 21 shows the variation of the height of the capillary surface
with the contact angle <Y, at various points on the cross section. The
height is taken to be zero at the center of the circle, point 0. The
13%x12 and 9%X8 meshes give somewhat different values for the surface
height far Y=0°. The heights at points A, B, and F differ by the
fractions 0,05/0.76, 0.02/1.52, and 0.07/1.42. The meshes do not
give high accuracy because only a few points are used to approximate the
corner region, where the gradient is steep. However, these calculations
show the general nature of the solution. Greater accuracy can be obtained
by refining the mesh and moving the level curve CDE mnearer the corner G.

Figure 22 shows the height of the surface for 7Y=60° as a function
of the arc length along the cylinder wall ABCGEF. It shows also the

heights of the surfaces for 7Y=0° and 30° along the wall from point A


http:0.07/1.42
http:0.02/1.52
http:0.05/0.76
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to C and from E to F. The apparent discontinuity in the slope of the
Y=0° surface at point B results not from an actual discontinuity,
but because the cylinder wall changes direction by 90° at B. The
slopes on one side and the other of the point B in Fig. 22 refer to
two different directions. For the 60° case, the fluid rises only slightly
from 0.305 at F to 0.506 at corner G. In the 0° and 30° cases, it rises
steeply ags G 1s approached.

CDE is a level curve of v. It is a circular arc that intersects the
cylinder wall at an angle <Y. The curve CDE was approximated by 4 straight
line segments of the 9%x8 mesh and by 8 segments of the 13%X12 mesh.

Table 6 shows the calculated height along these level curves.

TABLE 6. Calculated height along CDE.

Y Mesh u(C) u{D) u(E)

g° 13x12 8.24 9.83 8.25

15° 9x 8 5.36 5.76 5.16
30° %8 2.59 2.65 2.48

45° 9x8 0.930 0.933 0.913

The height is-quite level along CDE for the 45° case. However,
it increases by 16%Z at the middle of the curve for the 0° case. For this
case, the lavel curve of u is less bowed toward the corner than the
level curve of v. The level curves of u asymptotically approach
circular arcs as their distance to the corner approaches zero, because
uO/v approaches 0. However, the point € 1s not very close to the corner.
It is almost halfway from the corner G to point B. If a finer mesh is
used, CDE _can be chosen nearer the corner, where the level curve of v

more closely approximates that ¢f u.
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Fig. 1. Cross section of a cylinder. (XBL 775-947)
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Fig. 2. Hedght u of the capillary surface as a function of the
distance y along the edge x=1.0 for k=0 and ¥y =45°,
50°, 55°, and 60°. (XBL 776-1116)
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Fig. 3. Height u of the capillary surface as a function of the contact
angle 7y on the edge x=1.0 for ¥=0 and y=0.0, 0.6, 0.8,
and 1.0, (XBL 775-954)
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Fig. 4. One-fourth ellipse with a=1.0 and b=0.6 showing values of
(x,y) at the corners and values of L or M on.the edges.
(XBI. 775-948)
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Ellipse Minor axis =0Q.33 Mesh plot
F
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Y
0
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Fig. 5. 11x6 mesh for a 1/4 ellipse with a=1.0 and b=0.33. (XBL 776-1217)
Ellipse Minor axis = 0.20 Mesh plot
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X
Fig. 6.

116 mesh for a 1/4 ellipse with a=1.0 and b=0.20. (XBL 776-1219)

Ellipse Minor axis= 0.20 Mesh plot
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Fig. 7.

21%11 mesh for a 1/4 ellipse with a=1.0 and b=0.20.(XBL 776-1218)
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Ellipse minor axis = 0.33
Equipotential plot K-0 7=60°
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Fig. 8. Level curves of the capillary surface for y=60, a=1.0,
and b= 0.33. (XBL. 776-1126)
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Fig. 9. Height u of the capillary surface at the point A as a
function of the contact angle 7y for K=0 and b=10.60, 0.33,
and 0.20 and for k=1 and b=0.20. (XBL 775-953)
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14
Fig. 10. Height u of the capillary surface at the point B as a

function of the contact angle Y for k=0 and b=0.60,
0.33, and 0.20 and for K=1 and b=0.20. (XBL 776-1118)
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(b)

{c)

Fig. 11. Cross section of a cylinder and details. (XBL 775-950)
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Fig. 12. 9%9 mesh for a 1/4 square with the corner deleted.

(XBL 776~1220)
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Fig. 13. Height u of the capillary surface along the edge and the
diagonal, respectively, as a function of the distance p from
the corner, (XBL 776-1120)
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Fig. l4. Height u of the capillary surface at the midpoint B of

the edge of the full square as a function of contact angle v.
(XBL 776-1115)
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(c) —>-% y— 0,0009
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. 15. Cross section of a cylinder with a reentrant notch, and details.

(XBL 775-951)
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i1/8 Circle with notch
Mesh plot Y =60°
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Fig. 16. 9%8 mesh for a cylinder with a reentrant notch for y=60°.
(XBL 776-1123)

I/8 circle with notch
Meslh plot 7’[=O°
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Fig. 17. 9x8 mesh for a cylinder with a reentrant notch for y=0°.
(XBL 776-1122)
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178 Circle with notch

Mesh plot Y =0°
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Fig. 18. 13x12 mesh for a cylinder with a reentrant notch for y=0°.
(XBL 776-1125)
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Fig. 19. Level curves of the capillary surface for y=60°.
(XBL 776-112%)
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i/8 Circle with notch
Equipotential plot K=10 7Y=0°
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Fig. 20. Level curves of the capillary surface for Y=0°.
(XBL 776-1121)
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5ol lines = 9X 8 mesh
0O = 13X|2mesh
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Fig. 21. Height u of the capilliary surface at points A, B, E, and
F as a function of contact angle 7. (XBL. 775-952)
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Length along cylinder wall

Fig. 22. Hedight v of the capillary surface as a function of arc
length along the cylinder wall for y=10°, 30°, and 60°.
(XBL 776-1119)
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ABSTRACT

In this report we show there will exist a critical contact angle
for an elliptical cross section if the'ratio b/a of the minor and
major semiaxes is less than 0.6116. (There is no sclution of the
capillary surface Egs. (1) and (2) for contact angles less than the
critical angle.) We also calculate a lower bound on Ycr’ for various

it

values of bfa. These bounds appear to be close to the values of Ycrit

found by numerical solution of Egs. (1) and (2).
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1. DEFINITION OF THE PROBLEM

We consider the equilibrium free surface of a liquid partly filling
a vertical cylinder for the case in which the surface height u(xz,y) is
a single~valued smooth function of x and y, and in which there is
sufficient liquid to cover the base of the cylinder entirely. The
gravitational field is taken to be positive when directed vertically

downward. The height then satisfies the equation

v -(%;- Yu) = ku + 2H (1)

W= (l+ |Vu|2)l/2,

where V is the two-dimensional operator (3/3x, 8/3y), Kk = pg/0 is the
capillary constant, p is the difference in densities between the
liquid and gas phases, g 1is the acceleration due to gravity, and ©
is the gas~liquid surface tension. The constant 2H 1is determined by
the cross—-sectional shape of the eylinder, the volume of liquid, and the
boundary condition satisfied by the free surface of the liquid at the
cﬁlinder wall.

The boundary condition for a free surfacg that makes a contact angle
Y with the cylinder wall is

19

T —B—E = ecos Y at the wall, (2)
where du/dn denotes the derivative of u with respect to the outward
directed normal at the wall. Only the case of wetting liquids
0% < v < 90°, will be considered here. (The nonwetting case can be

obtained from it directly by means of a simple transformation.)
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2. CRITERION FOR THE EXISTENCE OF A CRITICAL CONTACT ANGLE FOR
ELLIPTICAL CROSS SECTIONS

Let A denote the area and L the perimeter of the cross section
of a cylinder. The follow%ng theorem holds [1,2Z].

Theorem. Suppose there is a point p on the boundary at which the
curvature is greater than L/A; then there existg a critical contact
angle such that there is no solution of Eqs. (l)_gnd (2) in a neighbox-
hood of p for 0 =<y < Yeorit®
We shall apply this theorem to an elliptical cross section. For

this application we must calculate the area and perimeter of an ellipse

and the curvature at any point on it. The area of an ellipse is
A = Tab (3)

where a and b are the semimajor and semiminor axes.

The ellipse is described by the equation

y(x) =b (1 - X2/52)1/2 . (4)
The perimeter of the ellipse is
a .
L=4 f [1+ @nAY? ax
o
R T R N P Wl v
=4 J 2, 2.1/2 dx
o (1 -x"/a")
Let x/a = sin 8, and
m = 1 - bz/a2 . (5)

Then

L = 4ak(m) s (6)
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where

m/2 2 1
E(m) = f (L - m sin” 8)* 48 {(7)

(o]
is the complete elliptic dntegral of the second kind. Values of L/A
for a =1 and various values of b are given in Table I to the

indicated number ‘of decimal places.

Table I. Values of IL/A for a = 1 and various values of b.

b m L/A
0.2 0.96 ’ 6.688
0.25 0.9375 5.461
0.33 0.8911 4.290
0.4 0.84 - 3.663
0.5 0.75 3.084
0.6 0.64 2,708

These will be used in a later section of this report.

Next we shall calculate the curvature. The differential of are
length is

ds = [1 + "2 2 ax

N ~ - . . .
The unit vector € tangent to the curve y(x) in two dimensions

is

+>
Il

(dx/ds, dy/ds)

~-1/2

I

1+ oI Ay . (8)
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The curvature G and the unit vector i normal to the curve y(x)

are defined by

Ch = dt/ds
de/ds = [1 + (y,)2]~1/2 dt/dx . )
=y L+ 9472 (D .
Therefore
fe=sen 7' L+ DY (5 o)
and ¢ =y 1+ HA1¥? (11)

Note -that C also can be written
d 2.1/2
C=|d—x{y'[1+(y')1/}l. (12)

Let vy(x)} be an ellipse. Then

v' -'—bzx/azy

LI ]

—b4/az'y3

¥
Thus
¢ = a454/(aéy2 + b4x2)3/2
The curvature is maximum at the point x = a, vy = 0 where the major

axis intersects the ellipse. Thus

— 2 '
Cmax = a/b” . (13)

According to the theorem, there will exist a critical contact angle for

ellipses with Cmax greater than L/A, that is, for

bfa < w/4E(m) . (14)
This inequality can be solved numerically. The result is that a

critical angle will exist for ellipses with b/a < 0.6116.
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3. A LOWER BOUND ON v, ..

Consider the cross section of the cylinder shown in Fig. 1. Let
A be the area of the entire cross section and T be its perimeter.
The cross section is cut by a curve I, which intersects the perimeter
at points Py and Pys and whose length we also denote by T. Let
A* denote the part of the domain cut off by T and denote also the
area of this part. Let L% denote the part of the perimeter cut off by
I' and denote alsc the length of this part.

If a solution to Egs. (1) and (2) exists for k = 0 and contact
angle 7Y, then integration of Eq. (1) over A%* gives

fveg wa = [ & wada
A%

2mA*
P "

L% cos v + J (5 Vu)eh 4L .
.t ¥

Now |fi*Vu| < |Vu] < W; therefore

TS f G VR ST,
T

Thus if a solution exists for comntact angle 7Y, _then for any

curve T
- < 2HA* - L*¥ cos YST . {15)
This can be written
% - *
ZHAL* ' < cos y < Z_Héfg_f. . (16)

Integration of Eq. (1) over the entire cross section gives

2HA =L ¢cos Y .
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Eliminating H from Eq. (15) gives
-I' - (L* - A*L/A) cos ¥y < T .
For 0= vy=<90° and L* - A*L/A nonzero, this can be written

cosy € V , (17)
where

r
[L¥ - A®L/A| (18)

v

Equations (16) and (17) are Lemma 6 and Coroilary 3.2 of Ref. 2 for the
special case of a two-dimensional domain.
Equation (17) holds for each contact angle for which a sclution to

Egs. (1) and (2) exists. In pérticular it holds for Yeri Let Vb

£

be the minimum of V with respect to all possible curves [. V_ is

o
an upper bound for cos Yerit®
<
cos ¥ . S Vo . (19)
This gives a lower bound on Yerie®

4. MINIMIZATION OF V FOR FIXED 1 AND Py

The minimization of V can be done in two steps. First, find T
that minimizes V for a fixed pair of intersection points Py and Dys
then vary p, and p,. It can be shown that the minimizing I is the
arc of a cirele [2].

Let R be the radius of the circular arc [', and let O be the
center of the circle as shown in Fig. 2. Let 2y be the length of the
chord from Py to Py Let A be the area of the region bounded by

this chord and by T'. Let 28 be the angle p, O p,. Then the follow-
1 2 .

ing relations hold.
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arcsin (y/R) (20)

8 =
I = 2R (21)
A = R0 - yR cos (22)

Let us hold P, and P, fixed and vary R. Then y is fixed, but 6,

I, and A, vary. Also 8A* = - §A, because A¥ + A, s fixed.
Varying R in Egs. (20)-(22) and eliminating &6 gives
6T = 2(8 - tan 8) &R
S§A* = -2R(® - tan 8) &R
thus
8A* = -R 8T . (23)
Let (L% - A%L/A) be positive; then
(L* — A%L/A)Y 8V = &P + (VL/A) 8A* . (24)

Let Vb be the minimum value of V for fixed points Py and Pys
and let Rp be the minimizing radius. Setting 6V =0 din Eq. (24) and
using Eq. (23) gives

.RP = A/(va) . (25)

5. MINIMIZATION OF V WITH Py AND P,

Next, let us hold R fixed and vary P1 and Py« Let ¢l denote
the acute angle of intersection of T with the cross section at Py»

and let ¢2 denote the corresponding angle at Py Let 6L*1 be the

variation in L* at Pys and 6L2* be the variation at p,-. Then

ST

1

cos ¢l 8L_%* + cos ¢2 BLZ* (26)

1

CA®

(T/2) sin by SL* + (F/2) sin ¢, SL,* . 27
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Let (L* — A*L/A) be positive; then
(L* - A®L/A) 8V = &I + (VL/A) 8A% ~ V SL* (28)
Setting 8V =0 in Eq. (28) and using Eqs. (26) and (27) gives two

equations for the coefficients of the independent variatioms SLl*

and 6L2*.

It
<

cos ¢1 + U sin ¢1 (29

cos ¢2 +Using, = V , (30)

where
U= VLT/2A

For a given value of V, L, I, and A, Eq. (29) has the solutions
sin ¢l = {U % [U2 + (1 + Uz)(l - vz) ]1/2}/(1 + Uz) .

For V<1, Egq. (29) has one positive solution for sin ¢1. For
V > 1, it has two positive solutioms; however, V > 1 gives no useful

bound on coés Yc so we shall ignore this case. Thus if V has a

rit’
relative minimum that is less than one, then ¢1 will equal ¢2 for
the minimizing T.
Consider a cross section that is symmetric about somé straight
line, as is the ellipse of Fig. 3 about the x axis. Let the curve
T have intersection points Py and p, on opposite sides of that line.

If V has a relative minimum that is less than one, then the minimizing

Py and P, will be symmetric about that line.
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6. LOWER BOUND ON Ycrit FOR ELLIPTICAL CROSS SECTIONS

We apply the preceding results to the elliptical cross sectien
shown in Fig. 3. The ellipse is

2)1/2

y(x) = b - x2/a i (31)

Let 12 be the point [Xl, y(xl)]; it is sufficient to take P, to be

(z,, - y(xl)]. Let A2 be the area A_ + A*; then

1

a

A2 = 2";: v{x) dx (32)
1

A% = A.2 ~ Al (33)
a 2.1/2

L = 2 f 1+ )71 dx . (34)
Xl -

Equations (18), (20)-(22), (25), and (31)-(34) can be solved for Vp

for each value of Xy - By calceulating Vp for a sequence of values of

X, We find the minimum value Vo.

The circular arc T' must lie inside the ellipse. 'This is assured

if R 1is greater than R,» Ry 1is the length of the lime 0, p; that

is perpendicular to the ellipse at p, as shown in Fig. 3.

Ri = Iyl + b4xi/a4 (35)
R = max (R, R) - (36)

The preceding equations give the following results for the lower

bound on Yerit for a =1 and various values of b.
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b lower bound
0.20 35.12°
0.25 . 26.95°
0.33 16.88°
0.40 16.32°
.50 3.71°
0.60 0.12°

These bounds appear to be close to the values of Ycr found by

it
numerical solution of Egs. (1) and (2) [3]. The lower bound as a

function of b is shown in Fig. 4.

ACKNOWLEDGMENTS
T wish to thank Paul Concus for initiating my interest in
this problem. This work was supported in part by the National Aeronautics

and Space Administration and by the Energy Research and Development

Administration.



172

REFERENCES

1. P. Concus, "Some recent advances in the theory of capillary surfaces™,

Lawrence Berkeley Laboratory Report LBL-2605 (1974).

2. P. Concus and R. Finn, "On capillary free surfaces in the absence of

gravity", Acta Math. 132, 177 (1974).

3. W. Albright, "Numerical computation of capillary surfaces on
irregularly shaped domains by a finite element method",

Lawrence Berkeley Laboratory Report LBL-6136 (1977).



173

Fig. 1. Cross section of a cylinder. (XBL 776-949)

Fig. 2. Cross section of a cylinder with variables defined. (XBL 776-949)

>y

Fig. 3 Cross section of an ellipse. (XBL 776-949)
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