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ABSTRACT

Satellite altiinetry information from the world's major cceans has been
analyzed to arrive at a geold power spectrum. Using the equivalent of about 7
revolutions of data (mosatly {rom GEOS-3) the power spectrum of the sea aurface
generally follows the expected values from Kaula's rule applied to the geoid.

Analysis of overlapping altimetry arcs (and oceanographic data) shows that
the surface spectrum is dominated by the geoid to about 500 cycles (40 km half
wavelength) but that sea state departures are significant starting at about 250
cycles (80 km),

Eatimates of geopotential variances from a derived (smooth) geold spectrum
show significantly less power than Kaula's rule to about 60 cycles, but some=-
what more from there to about 400 cycles, At less than 40 km half wavelength,

the total pover in the marine geoid may be negligible (<20 em),
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ABSTRACT

Satellite altimetry information from the world's major oceans has been
analyzed to arrive at a geoid power spectrum, Using the equivalent of about 7
revolutions of data (mostly trom GEOS-3) the power speetrum of the sea surface
generally follows the expected values from Kaula's rule applied to the geoid.

Analysis of overlapping altimetry ares (and oceanographic data) shows that
the surface spectrum is dominated by the geoid to about 500 eyeles (40 km half
wavelength) but that sea state departures are significant starting at about 250
cycles (80 km).

Estimates of geopotential variances from a derived (smooth) geoid spectrum
show significantly less power than Kaula's rule to about 60 eveles, but some-
what more from there to about 400 eyeles, At less than 40 km half wavelength,

the tofal pover in the marine geoid may be negligible (<< 20 em),



THE GEOID SPECTRUM FROM ALTIMETRY

INTRODUCTION

The earth and ocean dynamiocs application program of the National Aero-
nautics and Space Administration has as its goal knowledge of ocean topo-
graphy at the 10 em level (with 50 km horizontal scale), With this understanding
ocean currents can be detected and calculated as departures from the mean sea
surface, The shape of this mean surface is due mainly to the Earth's gravity
field (the geoid) but includes contributions on a very large scale (> 1000 km)
from luni-solar and atmospheric tides as well as stable ocean current and wind
systems, On a smaller scale there may also be stable non gravitational surface
features which will be difficult to distinguish from the gravity field, But these
small scale features may vary in time (meander) and be detectable by repetitive
satellite altimetry, In any case the major contribution of the geoid to high fre-
quency sea surface undulations (scale <1000 kin) should be known in order to
judge the importance of small scale departures and their possibility of

measurement

With the advent of the satellite altimeter it is now possible to measure the
spectrum of the ocean's surface to very high frequency and begin to assess these
departures from the global marine geoid., Unfortunately while the spectral
analysis of the sea surface from altimetry has been relatively straightforward,

the interpretation of that spectrum ag the reflection of a marine geoid is



ambiguous because of the uncertainty about the magnitude of the sea state

(departures).

I have chosen to work out the simplest interpretation of the geoid surface
using the "exterior" spherical harmonics of the geopotential for which much

information is known,

In what follows, I assume the geoid is referred to a spherical surface with
a radius R (637140 m), Then, using the spherical approximation of Bruns'
formula (Heiskanen and Moritz, 1967, p. 85), the helght of the geoid above the
reference sphere is simply:
w
h = R Z z Py (8ing) {(‘;mmsmx + S\'-msmmh} (n
where ¢ is the latitude, \ the longitude, P (sing) [cosm)\, sin m\| are tully
normalized spherical harmonics (Heiskanen and Moritz, 1967, p. 31) and C:m.
S:m are gravity coefficients of the disturbing potential, These are the usual
(fully normalized) gravitational coefficients except for the lowest degree even
zonals which are adjusted to discount normal gravity. However, Equation (1)
is not strictly valid on the "spheroidal' surface of the ocean interior to the
bounding earth sphere. Nevertheless it appears to be a reasonable first
approximation [ Lelgemann, 1976, p. 6],
Results from satellite tracking over the past decade have confirmed earlier
gravimetric statisties that uf [bUY) 7, (u;‘, here is the variance or mean square
value of a fully normalized geopotential harmonic of degree ¢). The constants are

»
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b ~10"° and ¢ ~ 2 consistent with theoretical expectations [Jeffreys, 1959;
Cholshevnikof, 19661, The satellite results are global but extend only to about
degree 20 le,g., Gaposchkin, 1974; Wagner et al,, 19771, The gravimetric
results are far from global but are sensitive to degree 180 e, g., Kaula, 1959;
Teherning and Rapp, 19741, As will be seen, the detailed high degree spectrum
of the geopotential from the limited 1° gravimetry used by Tcherning and Rapp
appears to be too powerful, The 1° gravimetric geold computed from consider-
ably more data by J, Marsh (personal communication, 1976) and the altimeter
geold considered here have significantly less high degree power, Indeed even
the limited sea surface heights alveady available from GEOS=3 (mainly) permit
a confident extension of the geopotential spectrum to at least degroe 400 (50 Kkm

half wavelength),

DATA ANALYSED

Forty=seven arcs of altimetry from Skylab and GEOS-3 have now been ex-
amined (Fig, 1 and Table 1), They are mostly more than 10 minutes (4500 km) long.
For Skylab, the s3-minute "vound=the=world'" pass of 31 January 1974 was used
[MeGoogan, Leiteo and Wells, 19751, However, since it was broken by 20 one
minute operation pauses and a long pass over the United States, only 50 minutes
of it represents actual sea-surface altimeter data, In the gaps | have interpolated
data from the Marsh gravimetric geoid as [ have also done to make continuous

data spans in gaps of GEOS=8 altimetry,



Ten arcs of GEOS-3 altimetry (Willlam Wells, private communications,
1976), as well as that for Skylab, were in the form of strip charts of sea surface
height calculated from the high speed (~10 records/sec) data (e.g., Fig. 2),
Here (as in all the arcs) the sea surface height was calculated from the orbit as
the difference of the satellite's height above the ellipsoid and the measured
altimeter height, Thus sea surface dynamics (e.g., tides and currents) as well

as possible very long wave length orbit errors remain in this '"measurement, '

At the outset, 1 did not expect ocean dynamics to distort severely the gravity
signal I sought from the altimetry, At low frequencies (<20 cycles/global rev.)
the altimeter spectrum should be dominated by the geopotential (the geoid) and
orbit errors, At intermediate frequencies (20 to 600 cycles/rev, ; 150 to 5 sec-
ond half wavelengths of altimetry record) the geoid should still dominate with an
unknown (but probably small) amount of ocean dynamics, At greater frequencies,

the noise of the instrument should begin to dominate,

Figure 2 shows a typical 10 second record of high speed (measured sea sur-
face height) data {rom GEOS-3 over the North Atlantie, This record is from the
"global'' (low intensity) mode of altimeter operation which averages the (weak)
return pulse over a '"footprint'' on the ocean of 8km ( ~1 second), It is noted
that a strong sinusoidal oscillation ( ~1m rms) of about this period indeed exists
in this data, It is probably due to the correlation of noisy return pulses over-

lapping (in successive records) from the same points on the ocean,
iy



For the data aves from "steip charts' I have (hand) drawn a smooth line
through the mean of these ""highest'' frequency osefllations, 1 have also tried
to avoid (in the "mean' line) too rapid fluctuation (™ S m) over a § second inter-
val which {s probably due to sea state effec’s on the return signal, The result
(sampled every 10 seconds for Skylab, § seconds for the '"noisfest' GEOS-3
ares and 2-1/2 seconds for the quictest) {s a smoothed sea surface height record
to the nearest 0,5 m (1 m for Skylab), The dominating nofse in the ""hand
smoothed" record {8 this strip chart reading errvor, Extensive harmonic analy -
sis (Wagner, 1977] has shown this residual evror to be actually as Jow as 0,12 m
(rms), about the same as in analvsis of major frame average (2-3 second) data
processed entirely by machine,  The majority of the ares were smoothed in this
fashion (Table 1), In addition, however, I hand-edited all ""odd' heights which

differed (high or low) from both neighbors by more than 2m,

The altimeter devived sea surface hefghts were then compared to the GEM 7
geold, romoving the effects of very low frequency orbit errors (meinly at the
same time [Wagner, 1976, p. 18], Residuals from that comparison, ‘or the
longest GEOS=3 are examined (Noveay to Equador) are shown in Figure 3,

Ocean bottom profiles (Pig, 3 correlate faivly well with these high frequency resi-
duals suggesting that simple models of the crust may explain most of these features,

[Wagner (19771 displays the residual features for 10 additional long ares,

Comparisons of this altimetry with vrecent low frequency geopotential models

are also revealing (able 1, GEM 7 [Wagner, ot al,, 19771 is a 400 coefficient




satellite model complete to (16,16) in spherical harmonies, GEM 8 (with
650 coefficients) combines the satellite data in GEM 7 with worldwide 5° x
5° surface gravimetry strongly weighted in continental areas, It is com=-
plete to (25,25), Surprisingly, the overall fit to altimetry is poorer with
GEM 8 than with GEM 7, On the other hand, when the truncation effect
(above 25th degree) is accounted for in the 5° data (downweighting the best
continental anomalies) a solution far more favorable to ocean altimetry is
achieved, This is the GEM 10 combination solution [Lerch, et al., 1977]
which is only complete to (22,22), In this model, significantly high cor-
relations among high degree coefficients are controlled by a collocation

technique,

The altimeter height residuals from GEM 7 were then subjected to an
harmonic analysis in order to estimate the high frequency global power spectrum

of the oceans and the geoid.

HARMONIC ANALYSIS OF ALTIMETER RESIDUALS

A line was first applied to match the end points of the residuals in each arc.
(The major difficulty with "edge effects" had already been eliminated by the re-
moval of trend and offset of the original sea heights fit to the GEM 7 geoid.)
Deviations of the residuals from this end matching line produced 'periodic’

data which was Fourier analysed,
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The raw power speotrum (so determined) for the longest GEOS-3 aroe s
shown in Figure 4. [Additional individual are spectra arve found in Wagner,

19771, The power here and following is the root mean square harmonic varviation,

Also shown in Figure 4 is the expected raw power for this are due to a geo-
potential with degree variances following Kaula's rule [Kaula, 1966], This ex-
pocted power for a global are of data {s given closely by 70,8 g1 metors, where
n {8 in eyeles per revolution (Wagner, 1977, p. 26:. For the sub global arve of
1/N) revolutions 1 have estimated heve and foilowing that the power in each are
harmonice {8 VN times the equivalent global value (Wagner, 1977, p, 10), The most
interosting aspoct of this arve spectrum (s its close adherence (on average) to Kaula's
rule, Also, the power at low frequencies (n < 100 eyveles per rov,) tends to be less
than the rule, Power above about 100 cyveles tends to be greater than the rule,
However somoe of this increased power {8 due to the influence of noise above about

300 eveles, This same behavior {8 ovident for all the iadividual aves,

Figure b shows the disorete spectra tor the 47 ares of data together. Again
there {8 a clear tendoney for sea surface power to cross Kaula's rule from low
to high frequancies, When the aggrogate spoctrum s averagoed (rms) in groups
of 10, 40 and 80 oyeles (flor n > 400 eyeles ‘rev)), this trend ts dramatically con
flrmed (Fig. 6). A high {requency "white' notse tail in these group averaged
statistios is clearly seen in this data at aboat 0.7 cm global frequency. This
corresponds to an average total noise contont o1 about 14 meter in each are,

Actually a second "tail” of about 0.9 om Trequency exists at around 600 eyeles,
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due to the 11 hand smoothed ares which were sampled every § seconds. All the
power averages, P, are assumed to be made up of signal P, , and "white" noise
Py equal to these tail values, such that: Pf - p. P,’.,,. The original and re-

duced (of "white" noise) averages are both shown in Figure 6.

The ocean power statistios (reduced of noise) seem remarkably stable and

compatible with a simple 2 or § parameter log-log law:
p“ = Anttologn, )
A least squares fit of Fquation (2) to the ocean power data (20 < n < 1000 ¢y rev,)
vields:
A=206em, B = <0, 155, C = <0,199, B
A simpler, but less satisfactory fit gives
A=21.5lm, B=-1, 320,

As further evidence of the stability (or global nature) of this solution, Figure
7 shows the same group statistios for 32 short arces (en average) and 27 relatively
long arves, chosen arbitrarilyv, Most of the group statistics overlap within 20 even

to the highest froquencies. However, there does seem to be a svstematico ferend

towanrds somewhat lower power (n ™ 20V in the Indian Ocean,

The spectrum of the geoid can now be found if the sea state departures (and

their spectrum) can be estimated.



THE SPECTRUM OF GEOID DEPARTURES AND THE GEOID

The horizontal spectrum of all the departures from the geold has never been

studied in detail, but much is known about the individual components [0, g, , happ,
1975, and Apel, 19761, For example, Hendershott (1972) has given a simplified

\ global solution for the principal lunar tide with maximum amplitudes of 1 meter

requiring surface harmonics only up to (12,12), Higher surface harmonics for
the full tidal function seem to have significantly smaller amplitndes e, 8., Musen

and Estes, personal communication, 19771, Significant geoild departures with

short wavelengths (n ™ 20 cveles rev,) may be associated with near-coast tides,
atmospheric pressure (the "inverted barometer”) and certainly with ocean cur- |

rent systems,

I have caleulated the departure spectrum along the tracks of GFOS-3 revs,

1

'z
o

T

38, 259 and 260 for the average sea surface topography (due to currents)

in the North Atlantic, This surface has beon estimated {rom density measure=

ments by Defant [1961; shown in Apel, 19761, The group averaged high fre-
quency spectrum for these tracks (after subtracting an end-matching trend) is
shown in Figure 8, The estimated effects arve a full order of magnitude below

the power from Raula's rule for the geoid, However these departures ave long
term averages and may underestimate the profile at the time of the altimeter
pass, To find these, the time varving effects, | have analvsed the height differ-
onces (n 9 overlapping pairs of GEFOS-8 altimeter ares, Each arc of the overlap-

pair {8 separated from its twin by multiples of 837 davs (526 orbits), Two of

R




these pairs contain an arc that passes close to the "eve” of a North Atlantic
hurricane ["Gladvs"; 2 Oct,, 19756]; four pairs have close-to-shore segments,
The group average results are also shown in Figure 8, reduced of (estimated)

nofse and scaled down (by y D) to estimate the departure effect on each arc of an

overlappiug pair,

There does seem to be considerably more pewer in the "active” departures
(n > 20) than iv the averaged ocean topography, In fact the decline of departure
power appears to be very slow (40 < n < 600) compared to the total sea surface

spectrum,  Finally in Figure 9 1 have estimated the global geoid power as:
n, | < B (sea surface heights) >« B (departures)| H

Bevond 600 oveles no data is given because of the large uncertainty in the effects
of departures, A fit of the 3 parameter power law (3) to this geoid data is quite

satisfactory vielding:

A=«9%oem,, B = =028, C=-0,168 R

GEOPOTENTIAL VARIANCES

Using the vesults of Wagner [i977, Equation (11)] individual geopotential
variances v: can be found from the "one dimensional” geoid power spectrum
providing global ares of data have been taken, In the absence of such data (as

here), probeoly only trends or group averaged variances can be so determined,

These trends for the high degree variances implied by the smooth restdual geoid



power law (5) are shown in Figure 10, [ have also compared these variances
to group averages derived from Tcherning and Rapp's (1974) 1" covariance
function of gravimetry. As igure 10 shows, the detailed gravimetric vari-
ances (26 < ¢ < 140) appear too high compared to those derived here from
altimetry and from a global set of 5° mean gravity anomalios (Rapp, 1977).
The altimetric results seem to be natural extensions of recent geopotential

doterminations from satellite and surface data,

SUMMARY AND CONCLUSIONS

Proeliminary estimates of the global spectrum of the sea-surface and geoid
have been made using altimeter data from the GEOS-3 and Skylab spacecraft, In
all, the equivalent of about 7 revolutions of data has served for the "global" esti-
mates, The total power in the sea surface topography at and above 20 cyecles/
revolution (=2 1000 km half wavelength) is 2, 18 m (rms),  The power above 220
eyveles (<91 km half wavelength) s 0,33 m (rms),  The soa surface power departs
noticeably above the best estimate of the geotd power at all frequencies higher
than 400 cveles, The "departure” spectrum itsell is relatively constant between
40 and 600 cyveles,  Above H00 cyeles (< 40 km halt wavelength) the geold power

may be negligible,

The geoid power above 20 cycles from Kaula's rule is 2,838 m (rms),  Thus
the altimeter restduals overall, are compatible with geopotential variances
somewhat less than 10 V7 0 Thes o variances appear to be less than Kaula's

rle for ¢4 60 and possibly for all degrees greater than about 500,

11



The geopotential interpretation of the "measured" marine geold power spee-
trum here assumes the geotd undulations are (essentfally) the game as potential
variations on the bounding earth sphere, No adequate alternative representation
is avatlable for the conventional exterior potential (in spherieal harmonies) on

the interior geold surface,
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Table 1
Statistics of Altimeter Data and Ares Used

Ar¢

(GEOS-3 Rev.) (Min.)

rms Sea Surface
Length  Height Residual (m) Using: G = Global Mode Data; | = Intensive Mode Data

GEM 7 GEM 8 GEM 10

Comment

W2 = Wallops 2 Second Averaged Data
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GEM 7: GEOS-3, Rev. 197*
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SEA SURFACE HEIGHT POWEF (RMS): CENTIMETERS
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Figure 5, Sea Surface Height Power Spectrum from Altimetry*
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SEA SUAFACE HEIGHT POWER (RMS). CENTIMETERS
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GEOID POWER (RMS): CENTIMETERS
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