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DIRECT NUMERICAL SOLUTION 01 ,' THE. TRANS0,N'IC PERTURGATION

IN'1'1'(;RAI. EQUATION FOIN l,IFTINC AND NON1.11"I'INC AIRFOILS

David Nixon

Aldo a Rusearun Cellaci

SUMAR1'

The linear transonic lie rturb.+t ion integral equation 1) rev iuus1y derived

for nonlifting airfoils is formulated for lifting case:,.	 In order to treat

:hock wave motions, a strained coordinate s y stem is used in which the L,hook

location is invariant. The .angenev boundary conuitions are either tormulated

using; the thin airfoil approximation or by using the analytic continuatt".,

concept. A direct numerical solution to this equation is derived in contrast

to the iterative Scheme initially used, and results of both 1 it t ing and

nonlifting examples indicate that the method is satisfactory.
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.	 I N 1 KODU1' I I (IN

AN II`11 1 1 1 KIANI problem 111 wrodynamictl in tilt` A Ct'lll'.Itt' 1`11 • .1{. 1 (011 01

tllt'	 1 1 It`s► sillrt'N % l it .Ill .Ifrft► II	 t11.1t	 I 	 klnk'I Ililt ill ); 11.1111M 1 11ik.111\' with

Kim lI	 .11111 ,1{111.11' 	i11	 .1	 tl.11lslt 1 11tt'	 11.`1,.	 111	 Iht1	 Ii Ill it	 01	 :t'rt 1 	I11'

kItletivy thin llrtlhlt`ill I'Vkl WOW tc1 tll. ► t t11 ;111 a1rltt1	 .11.11 11.1s umit't

gk`I It'	 .1	 i l t'1't Ill'1 1 .It i. 1 11	 t'kill.11	 I t 1	 t It o 	 111.1 gnI t lltlt`	 t 1 1	 I I	 .1!i t' i I I.It i.tlln.

'l'Iltri -4{1111 1 1.1	 s 	 , .I.l y lit , l'tul'hatit l n	 In IhervItlrr .t	 t 1 ,'.1 r;t.lrtini;

P . . 1 i11t	 10 dt . I- {\'Ill t', .1	 I1111t1atlit't11.11	 .11`1`1.'.1.'11	 1.11'	 lltllitt'.Itl\'	 t IOWN 01	 t0

1 ;.11 ss t'\l l rr irn, k'	 { S. .1r y t` Ikil i l Sly, nurict' I..11	 1 1 rk'k c +ttlt't';1 .

II1	 11.111-4.'llit' 	 I IOw>S NOW tt'	 t lit' 1't`	 In	 .1	 tli`I t't 1 11t I lilt if\	 a'll.litl

l it kill 	 k'.111 . ► role	 ill .1	 1 1 1'1 - t111 , 1 1 at it 1 11 >st l Ilit it111	 ill	 f lit'	 I oIlit l ll 11JIIIltlt'tl

1`\'	 t lit' rxt I't'nli t it`:+, of	 I ho shook 111t1 y rulcIl(	 I11,1m't't1 1'\	 t lit' lit* 1 I it  h.l-

t toll.	 POUtllncilt it`tl M i lli! tt 1 11n astsitllllt` t 11.It	 01.111r,t • w.	 ill f lit`	 1 to

\'a I . 1.11 1 1 t'n :Iri' it I	 t lit`	 I., 11110 % 1 1 kit • 1	 01	 M.I%Ill%	 t hilt'	 .1 t.	 t ht'	 tll I \' l Ily; 1 1 .'1 t lll'-

1 1 .lt 1t 1 11.	 I It t It,'	 1.`.',1. 1 11 t ral\'rrnt l kl by I ht' shock .1111 ill t; t 11.' port

ik 1 11	 tilt'	 I I ow y .1r1.11 1 1t'n %'.Ill	 1111111 1 	Ivolil .1	 1 1 11` - Nht't'k	 \'.Ilut'	 f.'	 .1	 14'nt

shock \': ► Ills`. and livilt't` .'.1111101	 ht' t't 1 11n i kit , I t`tl -411:11 1	 '11t'1't 
it 

h.lt it111s:.

/r
1

1

i

I

1 I

1y
a

\Ithtlu^;h	 Iittlt' at t out it'It 11.1!. ht't'n llaitl	 t.1	 tilt' rsIt'.I. l y	 11t`rtIlr-

bat it`it Itr t 11,1t ' lit tI11iIt' .li Ift'rt'U.t • . ; t l lnt ions aI't' .IV.1Iltlhlt' I o r tlit`

n I Ili II.1r IlaI moll it - .III\'	 .1t'.'t 1 1111losotl	 1111N(.'.1.11	 t1.IIIt . t 1 l1it'	 tt. 1 11	 li t t11`II.m.

hrt'tit'11t IV al,"I i 1 .11 1 11' tile  llo,ls 1 1 1	 W I \' 111 y; t Ilk' 11.11 - moll i t'.1 I I \ .1t't'J111l'tlslt'kl

I

prol , Ivill ilit'111do the	 , iititt' tIiI I " I 'tl.'t` t'.11.';'l.1t it'll of	 I'I w 	 t't	 al.
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moor 1—

.111+1 wvathelIli I I et al. 2 	 In these nlrtilOdS 111 accou11l is t.lkctl it 
the shoCk 1110t Lott, the shock bt- Itig assumed to remain csscnt tat Iv .1t

i t s steady m  at a Ioration. A scrtous it iwback of t hams. proccilurem

is the twetilI011kt • tit .1 8t'vt'1e IlumcricitI t list abiIIt	 111 the reli1xil-

tton procedure used to at, lve the tilt I01'enCc uttuat it ills.	 'tilts in-

stabi l itv of t ut s at u critical Mach ntlmbt,r depttildt•nt t t1 • tlut lacy bevolld

which tic method diverges. 	 A nivaiv: of Oclunttlri ► 1 1; tilt , ditticulty

is givell b y 11.11 oz ct ill.. ► howevel, till' 1'.Itc tit c. I n y elg011t'e Is rilow.

An altt,r11ative nit-a11s of avoiding tilt , instabilit y Is 11v itItvi t

fiolut i011 t i t tilt` flit ivi- ClIct' t'tltltltiolls.	 i.t ., Without	 i1cl.11 toll.

However, the lat t ,, c iiumber of mesh points nlakcs this IlrOct-durc not

tvasible especialty for practical turtle-dimensional I iows. 	 \ I I tit

these nlctIIOds .1Ui t sht It' k capturIur, aI got itIwis.	 Shock tit(iuj,; pio-

cedures art. given in het. 1 for thr haritkinic ducomposit ion . 	 A

ntctIwd tit tit rectIv hit egrat iity, the unstea,t y tr:ulsonit • small tlistur-

I'MI • e t,yualion Is tilt , AI ► 1 method of Nallhaus and t;t+tir+}/.lni.

An alternattvc to the finitt: illfferenev solutions for tratisonic

flow is tIle i11tt'gral cyu. ► tion nlcthod s ' li .	 l'ha basil	 IdV.111t.1	 t+t

the integral equatit'll method ill that considerably fewer points .11

retinue. for t lle tIISk . ret i;.It it /11.	 lit the present context this impl ies

that direct Inversion oI .t Iibicret.izetl citltattoIt is a Mote IeastbIt.

proposition t han for the t mite d 
I 
t termer mct hods .	 Ai!., , i tom

eviilelli'e of tilt , stead y versiull tit the integral equation 11vthod all

integral eyuatit'll solution of the per turbaII , it or unsteady p rob Icm

would. ►u computationall y fastcr than the tllrcct intt'gr.lttcn method of

he t . 4.	 Fort lit , rm.,re t he i lit egr.i l squat ion met hoti i;tvcs aut onlat it'

shock t itting.	 Hiti main difficulty of the perturbation problem is in

t ht , t reatmont of the moving, shock location.

-3-
	

J'



771
1 ..

17. 1	 1 - 1 1 1`1

A mt`.IIIti it( %IVPI*'tn11111	 111 ?1 itIfflrult y IN µlvl'It b y N.ixau t/l In

wilit'll . 1 Ht1 - .11llt'kl t ' t i t , l - tl 111 . 1tk'	 'la litVIII	 Ili	 tll'it' ,I.	 111	 tllt'llt' llvw .'kt0 1 A111.1tt'H

I lit' shock lot`at ialt rot. - imi , , list-tilt and t lit' m.l , ',lli t tid y of t Ili'

::training. which IN rt• IaIt't1 ti t tll tl >hovIN. liklvot111'llt. iii 101111,1 .13

imI , t of	 tliv ski I tit l k i ll ,	 Ill 1'c'It'1 - vilct' Il) tht , I 	 ilig lItiv.Ir lit , r-

turhat itiu vgmtt ian f or norllitt ilig t Iowa ill sit Ived tlrlinl, tht' t r.tlKallit'

lI,tt, g1, .11 otlu.lt Ian i'11 mcI ho,l wi t It ,1n It vraI No llrok't'Jurc'.	 I'hr

nl.%gil I t tilt' tit I liv ollot 'k movt 'mviii , ,Intl Mitt' t lit' .1 i '1t tit' t It'll of the

•`at'klln. 1t0 0v14tv ill. Is totill.l by vntot,'In t; lho rormI.IrIt y t'onkiltit'll

whom' tht- t Iow I1+ wilt tntttt:+ vvt'rvwI,vit , .I 1 1 . 11. 1 trom tlit- shook wavtt.

Sint, C. Iho basic o '111.1tlarl Ill 1int'at' It ovemll 111,11	 .I nl.`1k' .1tIv-t

soltit it1 11 o 	 tilt' pertllrb.lI Ik i ll oil tl.lt Ikl ll is 1 tossiitIt'. .111,1 Il	 1s tibia

AI'llroacIt t h,l l 	 1'l	 111vost I1;.1tt'kl Iit'Iv w ith t ht' I l l Ilit'i ll,l l till Ok' t IVt'

I l i' IItF, .1 tlll tit t' t'%tt`ll'iit'll l.' ...k i11 It.'iv ki iHtOUI1111101424  tIAll'-allit'

IIows	 AI".',	 lhr l't'rttrl l .%IIoit I lit ogr.1I otlllatit'll till- lilt fli t . Ilow

is dorivokt.

flit'	 111Itgt-,II	 t'kltl.11it'll	 i'a rt'killt't'kI by tlMIA1.Itllra to a Svstom oI

l tlicar .11 ";t'braik cg11.1t iol ls 01 ch i Iwo I'llo va I v tlit: ropi1.1vIty k'ontii -

t it'll at ,'l o ll! 11111o1IN t low a\t't'l`t	 :II	 tho -OlocIk.	 I'llt`nt' t`tlnat lallti .Irt'

val y -kl Iiv Gatiss1.ul t • I tminat ion,	 Sat l 'a1.1,.tar y Vvstll tl for I It t inp

.111A	 nollI i t t illy l i t , t , 	 lil'b.lt ions	 t11.11 k . a(t'	 1 11.1 1	 1it,'	 1 1 1*00t'killl't'	 .',Ill	 I't'	 . Il i1i1 it'll

With k'olllikit'nct , to tllc nllit'it lilt , ry 11111 10rtallt oNt'iIIatur y 11v INIt' Ins .

sm - 11 all .11'1 1 1 Icat Ion iS ralh'tt,'kl ill roftATf'llk't' (ti).

Chi' "bast'" ':g lut tan a-1t'd in tIlk , C.1It'ulat ton g: rrtluil't'-I ,1 notm.11

k11N1'alIt I1111anti ral i t,'r 1 t'Ilt.11 tall al	 Iht' 'aha.' L. 	 111 tIli- pre.-Wilt \:,ill\,

tilt' I 1 .I' 1 t' ` 1 t' I lit toll i-. t'o1111 1 11t od J,v ,1 t:bk i ck t , ti l t ur ink; t In i t t' kt i I I t'r.'n.•t•

t'

r
1

I1

I
I
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program with a fine mesh since this is the must convenie- ► t means

available. rii, normal, discontinuous shock requirement is obtained

by suitable extrapolation of the velocities outside the shock

capture region.

2. BASIC Et1UAT I ONS

In a Cartesian coordinate system (x,x) with the origin at the

leading edge of the airfoil and the x-axis allgned with the air-

foil chord, the transonic small-disturbance equation for a free-

stream Mach number M. can be written as

Sxx + 0	 2 ox ` )x	 (1)

where, if 8 = (1 - M.2)112, y is the ratio of specific heats,

and k = k(y,FL) is a transonic similarity parameter, then m is

related to the perturbation velocity potential m by

m(x.Z) 	
62

and the coordinate system (x,z) is related to (x,a) by

x = x

(2)
z - Si	 .

In this transformed space, the perturbation velocities (u,w) in the

x- and z-directions. respectively, are related to the physical

perturbation velocities (u,w) by

k k )gu
1x

=
f;^ B` 2x

k kW
3z

w =
6 3 T3 (Z

(3)
^ i►

-5-
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'^ 	 7-1 	t

r boundar y rolld t t bills . ► rt' t hat

the i low it the airfoil surtact' is tongent tal t. , tilt,

airfolI Htlrfat'ct

tilt' velocit y is f ,,',.itv an tilt (tilt, til-ttanr y from tilt

Airfoil. and

t %.It for a r:ubsotl Ir t rail 11th, edge the Kilt t .1 t'ont11 t Ion o f

fin{tr 1+I r 4'st :%11V at	 tlit' (laIIIn^, t l ti^,r mu>:t	 lit , ':.ltIsfIed

t f t ho rtlu.l t totes of t lit , uilitrr anti 1 owor Kurt art's of t lit , .t i rf of t

are g iven by z - i tl kK) .Illtt 7 - 7 1 W. rrsit rt 't ivel\', thole tho

tane'rnt'v botilidar y volldit it'll ill tilt' t:ansformrtl roordinatt --vsI t'al

1\.z) C.tn lit , wt' ittt'n as

r	 ?

	

) ' Zux l^ 1(l + k-	 u)]	 t
L	 l . t 1

w'lxtr. l )	 Z! lx 1I1 +^k, u(x t z t j
'x

wllrrt'	 (t	 a	 I:: t lit' .I14;1 t , of	 It t .wk t hole

r'

" 0 0	 1;Ztllx) t	 .ai(x)	 ; T. tt lX^	 ^5)

Z111 (x)
	 Rzl ( x)	 '1 (x)	

P 

z l (K`

	For t h I rk :I I r t o I I :. t ill` t .ill ^,v tit, v	 lat'v i't i llti I t l oll oll tllt'

. l {rtoI I surIoct'. villlal loll ( .1). c.111 bt' rrltlat't'tl tiv .111 t'.illi\',Ilt'llt

bollild.l l'v "ollti i t ion oll tilt' a i r l o i l t 'llortl l i llo , 7. - 4 0, by lls i ng tilt`

itit'.1 t't	 ill) .111.11\t it' 	collt inuat loft	 ^T	 kit	 tlit' t'xtt`1'11.II	 1 low	 {llt,{l{t`

t ile a i 1' 1 o i I.	 I I1 i N	 (t: ob l a{ 11t't( by Ilv 111+', .t T.t\' I t i t' st'1' I t'rt t o expand

- 0-
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w(r...u )	 and w(x.z h )	 to	 the	 chord	 tine.	 Thus,	 on tieing equation	 (1).

r equation (4) gives, 	 to second order in magiitude of the thickness/

chord ratio of	 the airfoil.

2

w(x. +t)) 	 -	 -A +L
n
	kx)	 1	 + k

	
u(x.z + 	 z u(x.ztj)►► )	 ► I ( x)

x
F

a - 2 u2(x.z ►► )

(b)

2
- w(x.-0) 	-A + T. 1 	(x)	 I	 + k

	 u(x.zl	 1 . 1 1	+	 z h (x)	 ll(x.zk)
x

1i
1.

- 2 u2(x.ZL)
k

!Y

The usual	 thin airfoil boundary conditions .: ►n be recuvcred from

1 equation (6) by neglecting all	 thu second-order Corms.	 This analytic

I;

continuation devir-e is necessary if the 	 integral equation method	 (5)

is to be used in its com►nonly derived form in which the boundary condi-

tions are required on the chord lull: rather than on the airfoil surface.

TTlere	 is an apparcnt inconsistency	 In the use of a second order accu-

condition	 like E .	 (6) with a	 first order differential equa-rate boundary	 9

Lion,	 Eq.	 (1) .	 The	 small	 disturbance appl-oximatiou breaks down	 In	 ( lit.,

t

region of the :ending edge and leads to singular behavior.	 Generally

this singular behavior	 i,	 reI110Ved by	 including curtain	 (fairly arbitrary)

second-order terms.	 The boundary condition of Eq. 	 (6) can he regarded as

simply a more consistent way of introducing the necessary second-order terms.

the weak shock Jump relations for equation (1) are

` +

+ tan e g [s z )+ - 0

[	 ]±	 ` 0

-7-
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whl'rt'	 , tit'11.tt ^ "+ .1 itllllli a croo m +1 sivok'k wave allti	
•	

to tilt , angle tile

slit k 1113ki-h w i t h t hr	 - ax i M.	 If tilt- rlht+rk wavt • t'an ht, aswinted llorm.r. l to

tilt' t rev 11t rVilm. then

,

I'he prole Ivnl 1ltttivr tons itierat ion is the ca Ictllat still t i t thi' et Iect tit

.1 µmal I "lla 11te ill the boundary 1.01 , 11114	 w(X.x 
is 
). wix.x ) ttt viltlat ion (4)

1.

till lilt` liresstlre distribution.	 rhuR, ivt t,titlatit'll (b) l it, tortttell .111

to (X. 	 wlil\. +0) + twl(x,+Ul

(V1

w(x. -0) 	w' t^(x. -0) + twI(x. -l1)

wilt , It , 	 f	 is .1 µ11l.111 1•.11a m.'tor.

I'lle Problem is tllorettire to µdive ctltlatioll k  tillltjeit to tilt`

litnulditr y t • rntlit ittn t • titI.lt i t , 11 ( y ) .Isstiming th.lt tilt- HoIUtit 'll tit t,tit► atitin

( l ) still it`s L to t ht, boom ar y cond. t Iolls

w• lx. +U) ^ to0(X.+O)

(10)

w•(x.- U) • w )(X.-t1)

1-4 k nowrt .

It iµ µtl0w ►1 in rrtrt't-11CO (7) that it shook t:.lvos , ► rt` present ill

tho tlow tht'n a tlistortirn of tilt' ttiortlillato svµttm Is tioce sar y tit ordor

tO	 torlillllato tilt` portllrb.lt1011 probloilt.	 1 . 10 shock l.it • . ► t ion is

Illv,tri.lnt	 in titsµ ttiµtoI'tt,tl C OO I 'd 111.1 t t , ayeitrnl.	 It	 it, it bass	 rt,µtrittitill

S

^ l
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the throry that trhuck w.lvvs cannot he ganerite : • drtttrovetl tiering

t1 ►e 1 l ertltrl'.lt it'll.	 it it also assumed. for rlmlllit:it%, tImt .111 •hot,k

w kvvto . - an he %, onoidered tit , rttt.11 to the t ree at I N.m.	 lllis mv.1110 t Imt s , it Iv

tilt , nt re.untwirr t oordin. lt y 	 x need he nt r .linrtl.	 Following the l;ener.11

l ttie o  . ► t t&A of rrtrrt'1WW (1) IV  (hera he \
u
 h1tock wxvom lu the upper

1+.11f plater. . ► r► d N
I 

shock w.ivell in the lower hAf p1otte.	 It x' dunote•

tilt , Ittr.titled Streamwist- :a+urdln.lt y , than last

x - x' + tx I W) + •••	 (11)

Where. fol lowing the Suggeut len of retllrenc• O)
1

x 1 (x'	 xX x l (X 1 )	 0 < x'	 i

x l lx')	 0	 x'	 0. X'	 1

wilt , re N . - Nt1 + NI

In eyu.lt ton (1:) ta x` 	is the movement of the ith shock wa y .t .ind

tX l k"') is some sttr.ltilitlt; I liktioll.	 if the veloc it y potential	 :tx.z) in
expanded tit tilt' S .. r i Ns:

iii. z) . 1p0 (x'.t) + t.,.S11x'.z) . ...	 Il0

t Itel+ Jn s:uhvt t t lit toll tit etluat ions: 11:1 .1t1t1	 13) int	 eyuat it'll ( 1) .111d

etlu. ► t inr; "art t l: it-tit s: tit	 t . the otlu. ► t iotit; t of	 S0 •111.1 S l	 ► re 0bt. inrtl;

t I+ts^	

'l

	

vt,

X 

1
x 
1 + 

00	 0O X I 	 1 /	 ( 1 4)

ste 

w i t h t he bolttl.i.t t' y : t 1 nt1 I t I t'll

	1x'. • 0)	 ►."lX'.'l1)	 ll5)

t ntt

+  l
T::

	 ^O % f4 1
X

1/ +y .1V

X 1 X
 J
l) 1  l	X 	 XI

s

"^ 1

+	 X i

	

100	 -	
2x	

kl^)

x'	 x'

X'
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with the b.,undary Condition

Sl (x'. 6 0) - w i (x', • 0) + x I (x')w0	(x', • 0)	 .	 (17)
z	 x'

It is assumed that the Solution to the problem de'ined by equation

(l y ). equation (15) Is k1lown.

The normal Nhock jump relations for equation (lb) are

-D x 2	 -0; 1	
Ix, 0x1	

1x1	

0x1	

0X^l
x	 1

(18)

0

Fq. (16) and Eq. (18) can h,- written in integral farm using Green's

t lie orein. Th, , donutin of Green's theorem is tho entire flow field with the

exception of the slit z - +0, any shack waves in the flow, and the field

point (x,z).	 In this prceedure thu Zinc integrals around the ahirk waves

vanish because of the shock conditions. F:q. (18).	 If the guneral id-vas

of Ref. (6) are followed then Jie integral equation tot' the system defined

by equations (lb). (17). (18) is as follows.

u l (x'.Z)Li -- u0 (x',z)] - I 1 (x',z) + IS(x'..r..xy)

tiff

+r	 ^ixs i f lx',z.x s, )	 (14)
i[[.-....i 

where

u0(x',z) - 00x9 (x',z) .	 u I (x',z) - P Ix9 (x',z) ,	 (20)

,111,1 xti kicnotes the location of tho NS 1. base" shock waves. For z 0 0

1
I I - U	 1	 i	 Aul( )z

IL(x'.r.) - `tt J	 _	 2	 , g+ 2'11 ,!	 2	 2	 d&	 (,1)

0	 `( x	 4) + Z`^	 0	 [(x'	 + z

I S (x' • Z , xti) - - Zn /f W', x , (x' ..i Z , -)ul(^.-,)u^(^.,".)dJr d:,	 (22)

- I 5 (x',z,x'S)
T
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1	 1	 1	 1

I	 X00woE(E)(X' - E)
I f 	 d 

+ x i	 ( x ' I=u;,(x'.z) - 	 u0a(x'.r-)1
x	 l	 J

	

+ q, x^ lx'.F.:t.	 Iu O tE.^.1 -	 u	
J 

x i	 i . )^,1F.

- I f x ^ •Z,x ti} + xih,Cx'} ['u0(x',Z) - ? u	 (X'.:',

`	 c:s)
Own , the operator d is defined for a futiL tirn f (E,,,) by

Af (C) - f (E,+Q) - f (F,.-U) 	 (24)

For	 x - 0. in .-quat ioll i19)

1	 ,:

1	
Awi(()	

1	 1- x' 1
/ 	

wTl	 .1(x,.+0) 
-	 (x' - E) dt.	 n ( x'	 (	 )	 dE

1	 1 - x' 11/2 1 	S)
` x /

fo

+ I ti x 	 x`,	 (.h)

t ^1-x	 ^	 ^'i	 ( FIf i^  ' , iy ,xS )	 ^	
x' ^. i

0

xi x , lx' )uo	 up x i	 ' 1	 I 
i2 

!
I

1

i^

r
a

t	 .'
f^

I	 ±

f



WI urt'

I,.(x'.x
3
') - hl 	f J	 u t 	(x',^.;^1,,,1 ► tiI lt., .1^^^(t.,r 1 .n	 r

.`i

Intl

III C fO)u()(I..4o) ,	 t, , 0

u l (	 (')it U.,-I)) ,	 r, < !t

I Y( x '.x:^ )	 W l o") t	
^n f f l '̂ ^	 !x, ^r'^^t^t')i^t111^^ '

t-1ti

v (f... l^	 i l + ^ r (x' .1.:It, r l ru in lt.. t.)

^^0 2	 l
J	 !r !.

Where

1.'.u(tV" 4-0)	 n	 (t,fltl	 (1

flit' t nt t'gra 1 over	 t H dt'1 i ned t+V

ffI: tit, tit. •:	 I till dr. tit,
S	 5I 'I	

I

 f

I&

t	 1)

OF

(.W0

,

I'

t

(: t ► )

j

K" 	 (1

''ll

,I)

I,

__	 -- — . ._
	 ^,. _ .^-, ... _.	 ^	

-••-.r— it

I
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t.:stui; r

w111'1 1 , 	 X,	 anti x	 all' 1* a- H a I I I l

	

u	 1.

IlaI1 111atlotl rrt+ltrrt IVI , Iv, anti

t, I (x' 1	 1,	 [:, I	 l x'
r

1 t	 t .ul	 1'r	 r+t 1 n	 t Ilat	 t '111,1

ttl ti
t (x l ,>G1 wlu It	 tl tl (x t ,tt)

1	 I	 i	 x	 x ll ('l.

wlu • rct	 x' - x 1) (z' )
I'

ttun i t	 l I Ilv .	 I I	 I lit.

r. 1 vt'	 t tit , 	 i'1 1 41n I 1 1•tl

^x ttl (l -	 I,N,I.

11'	 I , N,1 dollot t'1+ t Ilt •	I oval toll tit	 t I 1	 1^1 II

I ^' al'u	 N,;	 Ilut'k-i	 iu I lu • 1 Iuw,	 1llt'n -1 11 - It lull

N,.	 t"J%1A1 iont: Call . 1 ht • t:11ut • k muvt • nu • nt t:

r

I ►
1

1

I,	 NUMI Itlt'A1. SOLUTION P1411•FIlIRF

T U'	 I II . aI	 !tl t • i'	 III	 I lu • 	r;t'Inl it'll	 u'	 l ilt'	 int t• 1 •,I .11	 4 , ,ItIat Iu11	 lilt)

Ir+
	

it	 tlI!w1t • t 1 . • t'	 1111	 1111 t y.l. I I	 1'lh'	 l t't . 11I1 Itlut • tt	 11!;c l	 to J I!;t' 14t 1'r

i
tit's	 OW 1 1110d ill	 ir L 6 J	 lirlt I Iv, 111' I low I'it • l,l Is tlivitlt-I

Hitt' -it Iil'rl 1'.I1'allt • I	 tit	 1114 •	x-tixir;,	 as	 -Olown	 In 1'i t •• .	 I;	 .111,1	 Ills'

Vat'iilt it'll .'t	 tilt'	 I low % , ;Irl.IMo I t i1{ (	 t,I	 Illt •	 tills 1;l'.Ilhl t	for exc11111'lt•
(	 1

11	 (f,.	 1	 ht	 .till11-ltxim.11 t't1	 (11	 (. • t - Ilu;	 ul	 \'.1I llt • t;	 on	 t Ilt •	 till 11'	 4'11 ^; t't'

i	 I
I

flit•	 l i t t it	 1 n( t gnt I r:	 t'.n1	 1 Ilt n	 hr	 111 f t`^;t':11 t tl w ► 1 It	 1'4 1 t;l t t • t • t	 1 tt	 1

t	 F.Ivr .1	 I Ins	 till	 .11	 Ill	 'I HP! Of	 v.tlnt • !; un t11t • ttll II, t• tIga l s,	 or
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ex. I fill , Iv	 u t,Q,z1)If I (i..z1) ( I - I.N.) whore	 z 1	 de'ut+tcm, tltt . 	 Ith

s t r i p vdge and	 N Z	 h; t hr numbc`r o f s t r I lcx.	 The` rik-m It I n 1; It nt`

tntvw II iii t ht'n e'v.I 1 ►tatod by yt o adi it ► Ire tit 	 Of eliu`rII i cd

\.11nrs ul the` rc`+Inlwl .4v Variable	 x k (k - I.N x ) where	 N x	 ir; the`	
1

nunlbrl' tit	 x	 stat i,tn,t.	 Tilt , V.11110 '.4 of	 tto(xk.z.`). u l (x k .z ` ) are

flow deIttct c'd b\'	 tlo 
i

. ti, (t	 I . N) ro-we c t i vo I \ , wllt'r.'

I - k + ( J - 1)SI X and N - NxNZ

I t :; i ng t h i •; slot .It it'll t hc . i nt ogra 1 ctiu.i t I tm W))	 u1 be' writ t on

11H

N	 N

utJ (l — uo 1 ) -	 LT .1 +	 ^! 
u l i n 11 +	 -	 11 1 1 Ito	 i 

+ E Ax`e cl if
<I . )q

(32)

Who r e

► t	 - I 1 lxk.z^.x^)

	

t l.^	 tl

N^

► I ,r ^ I +	 - ^ n l ,11

	

1	 .I	 I =i	 I	 1

Thc' ill, ItriVOS	 t i, .	 14 	 rv.11u.1tt'tl	 usin 1 ;	 the`	 idt'.t:	 and

t of 1 ut nt t'	 I not t iMIS	 ^; i VVII	 i n	 her ^, [ 6 J and	 the	 dx^ i (i	 ^	 l . Ns)

11 .	t; I vrn	 Un	 eat • h	 :; l r i l'	 t'tl1;c`	 b y	 t'clu.1 t	 1	 ,It	 l	 t I 1.	 I t	 a	 sul erst'r i Itt

lk)	 dollot t',	 va l lies	 on	 I ht`	 kt It	 t r i It	 rdge	 t ht'n	 t rom	 t`cluat i till	 l 1 1. i

l	
11)

\:!lt`re'	 1	
(k)	

1	 (k)	
;li'e'	 111,	 vaItlt`..;	 tcl	 I	 1	 +I	

l	
^.	 t't'r;hc'rt	 t vc'I\.	 at	 t he'

l t ttl	 ^:c t nit' no	 till	 tht	 I	 t1 , 'tr'	 t	 1'	 1'1	 i	 (klti It nl.ltl x	 1-	 is thr
tip

I
1



..aMsA 1 o-M i

va 1 t•. of	 l t	 at	 t Itt • 	I + t h	 r► + , n I: 1 I I t,	 . , n	 t ht , 	1. t h	 l ► 	 i,^	 +I^;: . ► n.I

t,1 W
-,	 I

i s 	 flit-	 t ►► v.•rse.
11	 I	 I+ JIJ

1ll•rit	 ttkit	 I. • 1 ► 	 of	 vipl.lt	 I.+ Il 	 ( 111	 flit .•	 4'+Itl.tt	 1+ +it

N N ,►^

+	 u	 + ,ik' ^1 tll.l

1

N''N

F	 u ti t)	 t •
^

I ^ k ^
I

l
t	 `kl

t i	1.1 1 fill' fN) ,'
f - l +I	 t

N

I tLIkk1J

-1 t`kl

l (34)
I • ,,

y-1

allt,rr +^^ ^	 t^ik ) 	art,	 vnlura	 at ttit , 	lit It	 t•+uni: llnr	 .+n	 lit , l.tIt

:t r l;rn.•t .l 1 I v	 t ho .4t . 	 \ . .I I tics aro	 f+•tunl	 IIV Jilt t, ► 1'0 I.l t	 It•n

from flit , 	!.tan+lard	 valut , r:	 .r 11 ,	 t;iI.

Vilti.ItIkill	 lk	 ..ln	 Ur	 writ tt,n fn	 tl ► t-	 rlImpIt, If

AjIul l	
-	 It (35)

whort,

\	 1^1	 1	 l>`^

	

A l;	 CI - u0I l.,^ - u ) ,t{1	
^It II`^	 It+1^+{l,\ 

N

X11'	 q.1

N

r (kl1 -t 	^k ► 1

	

ti,	 -	 1 11
.)	tt+l, I f t^,I	 ^ll.•,•^J.

	

U	 1
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( 18)

► ^ T 	 JT '
lT i is

d ij	 is tilt , Kronecker delta. and

u l = 1	 i	 Nx

li t s 0	 i	 Nx

Note	 that	 the	 m.ltrix Ali	 is r:ingtilar if	 the	 x i	 coincide

With	 a	 sonic	 point.	 Hence	 tilt- distribution of	 the computational

mosh	 sholl I d be such	 t hat t he	 run is Po i lit~ on each	 st r Il l	 edli;e	 do

not	 1 i e	 oil	 a	 mc,-;h	 po illt . A f	 ►	 t-,	 it large dense mat rix	 and	 ill	 the

present	 scheme	 the set of equations (35)	 Is solved by Gaussian

elimination.

l

1	 ILlviul; uhtaimd	 the
uti	

the total velocity 11.1•(xi.zk)

Riven by
I•

Nti

u^.(x i .z k )	 -	 u ll (xi,r. k )	 1	 - f 6x y (x;)^x ► , +	 f u l (xi,z ); 1	 (3t)1
i	 x'p- I

where 

Ns

x i = x i 
+ e	 ,Sxtil,xp(xi)	 (40)

p= 1

and x,4	is found from equation (33).
p

It c-m be tieen from egvm ion (39) th,lt the total ' "11t ribllt it'll

of the perturbation variable:, Is

N
ti

cu l (x^,z^l = fit l (xi,z k ^	 ^^t^xp^^W	 u tt (xi,z k )	 (411

p=1

d	 I

1

-1 (,-



Fit  t f	 i	 i	 c	 ^ ^ ► 	 ^	 r	 i	 ' ^ r 1^^ ^ "r'"^ '.^ ,

In the preceding sect ion the ter.na u 1 and dxx	 ire solved
P

sell, t.Itely and it is possible that	 v- l l ( x l . z k ) is small, %dwreas

its components ru I (x I .7 k ) and

N

xs x l, I (xis it0(xi^7.k)
p 

I 	 ^

may he relatively large. This situati.nt can lead to large errors

III ru l ( x i . •r k ) even though the relative errors in it s component

parts art , small. Consetluently, it has been found In some cast's

that an alternative fornutlation in which u l (xi.r. k ) rather than

il l (xi^z k ) is the dependent variable Is more accurate•. 	 'thus

equation (32) is replaced by

	

x	 N	 Ns

u l	 l	 up	 - I I.
	

+11 a l	 +	 iii u0 tt	 +	 Sx	 I
i	 f	 T	 1	 i	 i t .f	 sly f p.1

(4")

ahere
NN

N

If	 1f +	 u0	 l	 z,a I (x' )	 4.) u'	 x,	 (x')	 (:	 tlti i `	 l^ n	 II'.f	 I'	 f i^	 x . l	 x .
l = 1 t=1

Ap.irt	 from the	 del init ioll	 of I f t 11 muuertcaI	 troatntetu	 is

Identical	 to the previous: scheme. having found	 u l	 the total
t

velocit y	is given by

u. l.(x l .7 k )	 U O (xi,7 k ) + it l (xi.zk )	 (44)

anal	 :; I	 is g i von by eyu.tt ion (40) .

-17-
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4. RESULTS

Two examples of perturbation flows calculated by the present

method are show► i in I-Ags. 2 and 3. The input for these examples,

the base solution, is calculated by shock-capturing finite differ-

ence method using the transonic small disturbance equation, with a

fine computational grid being used. The necessary normal shock

solution is then estimated by the use of a suitable extrapolation.

In both examples the transonic parameter k isgiven by

k - (Y + 1)Mm2 .

For a single shock w=ive in each half plane the straining function

z 
(x , )	 x1(1 - xt)

l	 Xv (1 - KS)

is used.

The boundary conditions used in the first example are th..

usual thin airfoil boundary conditions. in the second example, two

methods of eliminating the leading edge singularity are used;

namely, the use of the analytic continuation boundary conditions

of equation (6) and the use of the well known Riegels factor. Tn

the latter, all the terms in eyuotion (26) and equation (27)

involving the factor 1(1 - x)/X1 1/2 are divided by

I + 6^ [7Lxo(x') - z Lx, (x' ] .

which removes the x-1/2 singularity for round-nosed airfoils.

In Fig. 2 the perturbed r low around a 10% biconvex airfoil at

zero angle of attack for two different free-stre.im Mach numbers is

r	 ^	 ;f

t

i

i

,I
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• .Ilt tw• I1.	 the I1.INe macl1 tltlnth .er is 0.80S .111-1 tit the Itue h o '11t oolltirtlt d—

t t--llit t h i ll .1 i c l t t t l ht t lllltl.l l y 1'--1 1 -1 I t I.-W. 	 ,11 t• Ilse' .	 P t gill 4- ?1 'II .111-1 'It

!:how the prellwtire 411tttr IImt : ttn f or k, • 11.Sls	 itIld M. - ( I . N: N.

11-ttl teit i y t 1 IV.	 Al tit- ;i llt twn :11'1' the ro pmIt:t t11 it beet ealt-tllat tt111tc.

I 1	 .':111 lit' :-cell ( 11.11	 1 tit- 1 1 1 4 1 81 1 11(	 Il1t't hod givt`N j;t t t t t) .Ig reemt'llt	 IOr

t lit , I.-t:t • 1 Mnt'll tltin111 e1	 11-11	 t lint	 ( hei r it+ i t t ttlret' .1j,l eenl4 l nt At	 I he

higher Mach nunlhttt'.	 I'll 19 itI11i1'elt: th-V f!• At t t flttiletl tit tIW I tnr:lr

I -.It 11 1 11 I l l'ttietltt	 10.10.11llt, tit eyti.lt ittn	 (1111 heIlIg lit , 10111 , oI	 n x•.111.1

.11-ploNtilu t ion.

	

In Pig.	 I t ht • t low at-etintl (its , tiltltel t1ticl:It•e tit II NACA haA(lllh

Itrtttll	 It	 M , ,	 - 0.8s . .	 at two .litlelv ilt anglt'.. tit :ItlatA 1!. .Ih-twtt.

flit . halve I low I:: n.tn) itt Ilig.	 In Pig.	 1.1 the Ilt'esstire tilt:-t lout toll

.it	 1/ .i ° .Ingte tit .itt.lil. 1!: ittnlpare-1 to the II-stlltti of a direct

I (ltItI* - 1 lt t rcent • e ..I I. II..II Ittn.	 It	 ..In 1 1 4	 !:ern 111.11	 the ".I11.IIvt ti

-'alit illtlat h i ll " rents l t - I g ( y t- .1 Itt ' t t 4 1 1' AgII'e1114 . 11t w i ( It the tl i ret ' 1	 1':11

.'111.1( It i ll I' or the I 1 restltlre (11.111 the "htegi . I:: I at' (0r 1, 1.11.'111.11 1olt.

However, the l:het • 1. 1-11':1( loll 1 1 reJ(itet( by the "RII , F,el:1 t'.1ctttr" methtt.t

is	 111 het lei	 .1gl ee111t'I1(	 111.111 tilt' " ,11.11 V  Ii 1 • - t llt Itl lttlt It t il " Ille( hod .

I'he llrt+hnh 1 r t rasoll I:1 t teat ill t he red•. {till 1,( the llhet-I. 1110h It'll t 11e

"htt-r q- I c t.1t • tt i t" , 111etlltyl gl y etl C . - -.1-lit 1.111v the Name linear thin

.1{I . I oII I 1 t 1 11idary wild t I % % it!& .IN tt t r tlif- %IIret • t - -.I I' . it I .It {t i lt. Whereas

t lit'	 .111:1Ivt {.'	 .'0111 11111.1( It i ll	 I t t t lllltl:tt'v	 t't t lltlll I t t illl	 :It t'	 liollI illt'.11	 I I

. ill .t ill-- hr !;ren t It ' ll	 111 he( It t-\.Inll t l ell t 114 1 1'e I s .1 till:ice{taniy

hot keen t he itres t'nt restil t ! mitt t he tl iret't t e::ul t s e::Itet • 1.11 1 v 111
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the leading- edge region. Thi s is probably due to the d if ferent

methods{ of treat ing the leading-edge region In the present method

(analytic continuation or kit-gels factor) and in the direct solu-

tion (thin airfoil boundary , , ,,editions with mesh ndlustment).

Similarly, the results of the higher angle of attack, a s 1/2

shown in Fig. ih, are not in HuCh good agreement as regards shock

location. Again, thin: is attributed to the Iineari zatlon process

being no longer a valid approximation.

Generally therefore, the present method will adequately com-

pute the perturbation flow for hoth lifting and nonlifting cases.

For lifting flow; some disagreement with direct results may be

expected because of differences in the treatment of the boundary

conditi ,n~. Also it would appear that for shock movements of more

than 5%-6% of chord the linearization of the equations Is no longer

a valid approximation.

5. CONCLUSIONS

A direct numerical technique has been devised for the solution

of perturbations of discontinuous transonic flows for both lifting

and nonlifting configurations. Results of two examples indicate

that the method is satisfactory provided the perturbations are

small. The main purpose of the present paper is to test the

numerical approach for future use in unsteady transonic flow

problems.

-20-

-	 -- --

s



Reference.

R. M., Albano, E. J., and Fa

Transonic Flows About Oscillat ing; A

AFFD1.-TR-75-10, 1972.

Weatht-rtitll, W. 11.. Ehlers, F. E., and Srh.ttit i.tn, .l. H.. "Computat ton

of the Transonic Perturbation Flow Fields Around Two and Thrve

Dimensional 08Cill.tt ing; Wings," NASA CR 2599, 1975.

3. Hafez, M. M., Rizk, M. H., and Murman. E. M., "Numerical Solution

of the Unsteady 'Transonic Small Disturbance Equation:;." A(,ARI)

Spec i.tlist's Meeting; on Unsteadv Airloads in Separated and Unsteady

Flow, Lisbon, 1977.

4. Bal Hums, W. F. and Goor .iian, P. M., "Implieit Finite Difference

Computations of Unsteady Transonic Flow About Airfoils Including the

Treatment of Irregular Shock Wave Motions," AIAA Paper No. 77-205,

1977.

5. Nixon, D., "Calculation of Transonic Flows Using an Extended Integral

Equations Method," AIAA J 15, 3, 1977.

6. Nixon, D.. "Calculation of Transonic Flow Using Integral Equation

Methods," Ph.D. Thesis, University of London, 1976.

7. Nixon, D., "Perturbation of a Discontinuous 'Transonic Flow," AIAA J 10,

1, 1978.

.h

8. Nixon, 1)., "Calculation of Unsteady Transonic Flow using: the Integral

Equation Method, AIAA Paper 78-13. 1978.

9. Nixon, D., "An Alternative Treatment of the Boundary Condt ions for thr

Flow Over Thick Wings," Aeron. Quart. 28, Part 2, 1977.

21

f



a
.I

:l

-z-L	 ZNZ

0

— Zi

Figure 1.- Arrangertsent of ,.trips.

I
22

	

l
I

Ir	 ^N
o



a

r^

I

.x
1

-N

11

. J 	 t	 r

or

1	 I

II

r,

.5r
L1	 DIM CI t'r111'ULAIIUN--- PI 141t1146AIION 1 kit 014V

—{}- HASt SOLU11t1N

_	 l

M, OMttl

1e1

-.1

01

,t

1

1 ► x

M , o 8111
Ih,

1'resstire distribitt toil arokiml it 111;, hi:omN-rx ,litt-oti;
1 1 .184, SOIIlt ton

23

I`



O 1/4'

(a)

c	 :IN

V.

x

T , !
41

01

a	 ^

2

-.B

-.4

C p 2

0

•

DIRECT CAI CUl AT ION
PERTUIMATION THEORY
(ANALYTIC CON] INUATION ►

^— PERTURBATION THEORY
(RIEGELS I ACTOR)
BASE SOLO 1 ION

6

	

2 1	 1	 __`Y -	 1,

	

0	 .5	 T	 X

u 1/2°

M

Figure 3.- Pressure distril,tition around a NACA 644000 airloi].
at Mw - 0.854; base solution a o U°.

24

1


	GeneralDisclaimer.pdf
	0001A02.pdf
	0001A03.pdf
	0001A04.pdf
	0001A05.pdf
	0001A06.pdf
	0001A07.pdf
	0001A08.pdf
	0001A09.pdf
	0001A10.pdf
	0001A11.pdf
	0001A12.pdf
	0001A13.pdf
	0001A14.pdf
	0001B01.pdf
	0001B02.pdf
	0001B03.pdf
	0001B04.pdf
	0001B05.pdf
	0001B06.pdf
	0001B07.pdf
	0001B08.pdf
	0001B09.pdf
	0001B10.pdf
	0001B11.pdf
	0001B12.pdf
	0001B13.pdf

