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ABSTRACT

In this paper the elastostatic problem for a nonhomogene-

ous plane which consists of two sets of periodically arranged

dissimilar orthotropic strips is considered. 	 It is assumed

that the plane contains a series of collinear cracks perpendi-

cular to the interfaces and is loaded in tension; away from and

perpendicular to the cracks.	 First the problem of cracks fully

imbedded into the homogeneous strips is considered.	 Then the

singular behavior of Lhe stresses for two special crack geome-

tries is studied in some detail.	 The first is the case of a

broken laminate in which the crack tips touch the interfaces.

The second is the case of cracks crossing the interfaces. 	 An

interesting result found f ► om the analysis of the latter which

may have an important hearing on a possible del amination frac-

ture initiation at stress-free boundaries in bonded orthotropic

materials is that for certain orthotropic material combinations

the stress state at the point of intersection of a crack and an

interface mdy be hounded whereas in isotropic materials at this

point stresses are always singular.	 A number of numerical

examples are worked out in order to separate the primary mater-

ial parameters influencing the stress intensity factors and the

powers of stress singularity, and to determine the trends regard-

ing the influence of the secondary parameters.	 Finally, some

numerical results are given for the stress intensity factors in

certain basic crack geometries and for typical material combina-

tions.

This work was supported by NASA-Langley under the Grant NGR-39-
007-011 and by the National Science Foundation under the Grant
ENG77-19127.	 1
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1	 INTRODUCTION

In considering the failure of a given structural component

if thc , correspondin(I material is homoyHneous and isotropic in

its strength and thermomechanical properties, the related frac-

ture process is relatively well-understood and the techniques

dealing with such problems are ,;ufficiently well-developed.

This is particularly true in the absence of large scale plastic

deformations around the dominant flaw from which the fracture

failure would develop.	 On the other hand in composites, parti-

cularly in fiber-reinforced laminates, the situation is much

more complicated not only because of the nonhomogeneity and

anisotropy of the material which make it ver y difficult to ana-

lyze the problem, but also because of the highly nonhomogeneous

and nonisotropic distribution of the strength parameter making

the development and the application of a proper fracture cri-

terion also very difficult.	 In such materials it is quite

possible that the concept of the progressive growth of a domi-

nant crack with a well-defined leading edge is not an appro-

priate model for the characterization of gross fracture beha-

vior.	 Very often the damage zone developing around the dominant

flaw is somewhat irregular and diffused and the fracture process

is generally governed by a principle of "weakest link", the

local fracture propagation being progressive or in discrete

steps.	 Nonetheless, whatever the gross mechanism governing the

process of fracture failure in the structure, one may nearly

always assume that locally fracture initiation and propagation

will take place along the leading edges of the existing flaw.

where the conditions of the relevant fracture criterion are

satisfied. thus, in order to treat the y local fracture pheno-

menon in composite materials quantitatively, one may need the

solutian of the mechanics problem for flaws or cracks located

at or near the phase boundaries or bimaterial interfaces.

For composites which consist of bonded isotropic materials

a wide variety of crack problems have been solved in which

2
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either the asymptotic behavior of the stress state around the

ooints of g eometric singularity, or the results for a specific

rack geometry have been discussed (see, for example,	 11 and

12 1 for review and references).	 On the other hand, crack

rroblems fcr homogeneous or nonhomogeneous anisotr • opic Mat-

erials remain relatively unexplored. 	 Most of the existing

g olutrons refer to infinite planes [3-7'. 	 the crack problei,i

for an orthotropic	 trip is cons i d p red in C 8 1 and that for an

orthotrupic strip bonded to two orthotropic halt planes is dis-

cu4%vd in [91. The detaiis Of the problem for a finite crack

located in the nei g hborhood of, or intersecting, a bimaterial

inte'rIate Irr bonded andsotr'oplc materials do not seem to have

been invvsLi g ated.	 Even thou g h the problem is rather compli-

Wed mostly because of the large number of independent con-

stants entering the analysis. it may be made manageable under

certain simplifying assumptions.	 the main assumptions made in

this paper are (a) both materials are orthotropic. (h) the

nonhomogeneous mvdiam consists of two sets of periodically

arranged dissimilar strips having different thicknersses, and

(c) the crack; in the strips are collinear, perpendicular to

the interfaces, and also periodically arranged (Fixture 1).

Thus, one can take advantage of the symmetry of the medium

and formulate the problem for two bonded strips only. 	 The

correspond i ny problem for isotropic layers or strips were con-

nidered in '101 and [ 11 ;.	 In !121 the effect of the thickness

and the elastic properties of the adhesive layer on the stress

intensity factors in bonded dissimilar isotropic strips was

considered.

2.	 GLNLRAI FORMULATiON OF THE PRORLLM

Consider the plane problem for an orthotropic medium.

Rrferriny to, for example, [ 131 if a and v are the Y and y kom-

ponents of the displacement vector, the vquations of vquili-

br i "m ma y be expressed as fo I 1 ows :

k_
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a-U	 a t u	 a=^

dl ax , + 2y 2
 + ^3axay	

O	 •

32v + f a2v + K 
32u	

0 (la,h)
,x2	 23y2	 3:ix

w he re

E11
;1(1 -

v12^21^612
^2	 -	 h 1 E 22 /E ll 	 1^3 1	 +	 ^^1^ ' 2 1	 (2)

for generalized	 plane	 stress, and

a1	
=	

b l1 /G 12	
S2	

= b 22 /G 12 03	 =	 1	 + 1) 
12

(3)

for plane	 strain.	 Here, E ii ,	 v ii , and	
Gi.i,

(i,j) (1,?,3),

are the	 engineering	 elastic constants, indices (1,2,3) refer

to the	 (x,y,z)	 directions, and	 the matrix	 ( h id ) is	 g;ven by

( b id )	 -	 11	 A -1 A	 =	 ( a ij .	 (i,J)	 = (1,2,3)

a ii	 =	 1/Eii	
ai.

=	 -viJ/Eii =	 aji	 , OW (4)

the stress-displacement relations are

0	 =	 b	 3u	 +	 b	 ^3v
xx	 ll(1x	 123Y oYY	

_ 3u	 +
h	

b
123x	 223y

lv

oxy 
= G xy (ay + ax)(51

for plane strain, and

DU	
ox 

x 	 n^y	 3 v _ _ _'^L	 o,YY
3x	 Exx	 Exx (7 Yy	 3 y	 Eyy CT 	

+ Eyy

2y + 3x - o xy /G xy	 (6)

for generalized plane stress.

Consider- now the periodically arranged two sets of bonded

orthotropic strips shown in Figure 1. In addition to the geo-

metric symmetry indicated in the figure, it will be assumed

4
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that the medium i5 sub,jected to in- plant - Ioadinti wh1t:h

i " ^yninletric w  t 	 respec t to the x axis a 1tl is remote

front	 and perrondi cul ar to t tit , t racks

Thus. the solution of the pr • obleni may he obtained by the st.dh-

dard suporpo ,;ition technique, front the viewpoint of frdcturO the
important component heintl the lie r • turbation solution in which the

crack surface tr • actioil% are the only external loads, 	 fine play
note that because of symmetry it is sufficient to consider the

problem for one quarter of each ,tr • ip only.	 Let ( X I ,y) anti
(x 
2-Y) 

i)e the locdl axes for the sets of strips 1 and ' as
shown in Figure 1. 	 let the ditipIac Ville 11ts be expressed in terns
of the following Fourier inte(Irals:

	

t i^( x ^^.V) _	 (ofi(^><.x^) t:os y,> d,^ + 2 lo`t^( t.y)sin x i t da

v^(xi,y)_ 71 
1 u^•j(,r.xi) sin y,I d,% + 2 . ( n i (, t,y) cos x j ,t &I

0	 0

(ia.b)

	

where ,j	 l , anti ,j = 2 refe ► • to the st l • ihs 1 anti 2, rrspect i v(ly.
Siibstitutino from (7) into (1) Otte o1)t,liitti a system of erdiIlary
differential equations for the unknown function; f j ....11	 which
are coupled in pai ► • s,	 Sol vi lit] these egfiation'^ we firlti

4	 sk ,l x

	

f
i

(,r.x i ) =	 Alk(w)e j	 J,.xi)
k	 1

4	 C,	 x

k=1

4	 s.k^y /t'•5

	

y	
1

^(^. y )	 f,,ik( t)e J	 J	 11j(,x,y)

4	 s	 ,r ,y / f;
ldjk r jk( ^ )t , ik	 •j5	 (.j=1 ,2) (8)

In (R) s jk	 .(j=1,?	 1 1....4) are the roots of the fo11oltiintl

h0r41Cteristic equation

5



+ Bj4 s 2 + 02
	

= 0	 . s j3 = - s jl	 ,^4	
-sJ2

F J4 = (BJ 3-S jl A j2 -1)16 J1 	62	 = aj2 /Njl

The functions A jk and a jk	 , (j = 1,2	 , k=1,..,4) are unknown

and the constants c jk and d jk are given by

c jl = -cj3	 (1-Pjls^l)/Pj3sjl

cj2	 -c
j4 

= ( 1 - ^j ls 12);t^j3sj2

d jl = _d J3 = (sal-Pjl^^5)/Pj^silPj5

(I-d j ,, _ (s^ 2 -P j1 P 2 )/(I s j2 B j5	 (10)

The unknown functions Ajk and R ik which appear in (S) are

determined from the boundary and the continuity conditions of

the problem.	 In addition to the assumed nature of symmetry in

loading and geometry, it should be emphasized that in the per-

turbation problem under consideration the only external loads

are the local self-equilibrating crack surface tractions.

Consequently, both components of the displacement vector would

vanish for y--+w , and the x-component of the displacement, ui

(j=1,2) would be zero along the axis of symmetry x 	 = 0

(j=1,2).	 Thus, the sixteen conditions which have to be used

to determine the unknown functions A jk and 
8 j 

(j=1,2; k=1,..,4)

may be stated as follows.

u i (x j ,y)+0	 , v i (x j ,y) - 0	 , ( j = 1,2.) for y-oo	 (11)

u I (h 1 l y ) = u 2 (- h 2 0Y)	 , v l ( h 1 ,Y) - v 2 (- h „y)

0<y<.	 (12)

alxx(h1,Y) = 02xx( - h2,Y)	 , olxy(hl,Y)

	

= a2xy( -h2,y)
	

0<y<«, , 03)
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u i ( O , y ) = 0	 , 0 i xy (0, y )	 0	 , 0 < y<-	 (j=1,2	 ,	 (14)

a jxy ( x i $ n) = 0	
, IxiI <hJ 	' (,)

= 1,2)	 (15)

alyy(x1,0) - pl(xl)	 , Ixli <a 	 •

v I (x 1 ,0) = 0	 , a< I x I I <h l 	 ,	 (16a,b)

a
2yy (x 2 ,0) 

_
p 2 ( x 2 )	 , c<Ix2I <d

v ? (x 2 ,0) • U	 , 0.'Ix2I<c	 d<Ix2I<h2
	

(17a,b)

In (9) it may arbitrarily be assumed that

Re(s j1 )=-0	 , Re(s i2 )>0	 , (j=1,2)	 (18)

From (7), (8), ( 11 ) and (18) it therefore follows that

B  1 ('X) = 0	 , 8
j2

(n) = 0	 , (J = 1 ,2)	 (19)

Ten of the remaining twelve unknown functions may be eliminated

by using the homogeneous conditions (12-15) in (8), (7) and (6).

The last two unknown functions are then determined from the

mixed boundary conditions (lf>) and (17).	 The problem may be

reduced to a pair of integral equations by defining

a- 
v^(x i ,o) = m^(x^)	 o<Ix j l-h j	 ( j =1,2)	 (20)

^xi

and by replacing the conditions (16) and (17) by (20). 	 Thus

all the unknown functions Ask and 
p,jk 

may easily he expressed

in terms of the new unknown functions 
N 

and ^ 2 .	 We now observe

that part of the mixed conditions, namely (16b) and (17b) is

equivalent to

ra
1 (x 1 ) - 0	 , a <Ix I I <h 1 	 = 0	 (21)

-a	 d

I 2
(x 2 ) = 0	 , 0<Ix 2 I<c	 d< Ix2 I <h2	 f,:2(x2)dx2 = 0.(22)

C

Substituting the results obtained from (6), (7), and (8)

into the conditions (16a) and (17a) we obtain two integral

7



equations to determine ^l and 4'2.

Because of the large number of elastic constants and un-

known functions the process of deriving the integral equations

is rather complicated and 'e, ► gthy.	 However, the technique is

straightforward and is quite similar to that followed in f1O]

and [11].	 Therefore, the details of the derivations will not

be given in this paper.	 As in [10], it can be shown that the

integral equations are singular and may be expressed as follows:

t-x 1 + t+x l ) + k ll (x l ,ti - kll(xl^-t)]^D1(t)dt

1

+ fEk 12(xl't) - k12(xl'- 01^2(t)dt	
11 

Pl(xl)

L 

x1rL1

1 
[k21 

(x 2 .t) - k ?1 (x 2	 01] 1 (t)at + f [ Tr ( t-x2 + t+x 2)
L. 4 	 L 2

+ k22(x2,t) - k 22 (x 2 ,-t)]^ 2 (t)dt = l^-p2(x.,)
2

x 2 EL,	 (23a,b)

where L 1 and L 2 refer to the cracks on (y=0 	 , 0<x1<hl) and

(y=0	 , 0<x ? <h 2 ) in the strips 1 and 2, respectively, and

u l = 2E
IY Y Y 14^ (1-v lxy v lyx )	112 = 2E2YY Y14^^1-v2xyv2yx)

124)

In deriving the integral equations one needs to define in a

systematic fashion a large number of elastic constants and

intermediate functions. 	 Therefore, in order to conserve space

the definitions leading to the expressions of the kernels

kij,(i,j=1,2), and the constants 
Y14 

and Y14'	 and to the

relationships between the functions A jk , B jk and ¢ i will also

8



be omitted in this paper (*) .These definitions and the details

of certain derivations may be found in [14] for the group of

orthotropic materials which would give a characteristic equa-

tion having only real roots s jk ,(j n 1.2; k-1,..,4) (defined

henceforth as the orthotropic materials of type I), and in

[15] for materials which would give a characteristic equation

with only complex conjugj'--e roots (defined as the orthotropic

materials of type 11)

The kernels k ij which appear in (23) are of the following

form:
a,

k ij (xi,t) = f K ij (x i ,t, ,) da	 (i,j=1,2)	 (25)
0

Examining the behavior of K ij for a-+0 it can be shown that

c
K i j = a - + 0(1 }	 (26)

where c ij are known constants.	 Even though this may imply

divergent kernels, by writing

J
^k i j (x i ,t)^ j (t)dt = (^jdt((Kij-Ck-J-)d,ti

L j	 1L	 Jo

J r c . .
d+f yti,dt	

o
1 ^---a	 i	 I,2	 (27(,J-)	 )

11

	

L	 o
and by using single-valuedness conditions (see (21),(22))

1 1
"j ( t ) dt  = 0	 (j=1,2)	 (28)

it is s en that the singularity at x = 0 may easily be removed.

Also, by examining the behavior of the integrands K ij , (i,j=1,2)

for a-►-> it can be shown that they decay exponentially provided

the se ries of collinear cracks L i (i=1,2) are fully imbedded in

Note that the constant Y 	 is the same as the constants m
and r l4 defined in [8] (eqs. 16 and 19) and the constants 	

14

definfa in (24) correspond to 4;i/(1 +k) for the isotropic materials.

(**) In practice, since p.	 in the characteristic equation (9)
appears to be always a nJjative quantity, the third type of mater-
ial giving four pure imaginary roots is not a realistic one.

9
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the homogeneous strips (i.e., they do not touch or intersect

the bimaterial interfaces). 	 Thus, in solving the integral

equations (23). 
ki.l 

may be treated as Fredholm kernels. 	 In

this problem since the kernels of :he integral equations have

only a Cauchy type singularity, the functions 0 1 would have i

square root singularity at the end points of L 1 and the equations

may easily be solved by normalizing the intervals and by using

the technique described, for example, in [161. 	 After solving

the integral equations, the stress intensity factors may be

obtained in terms of the functions Bpi. 	 For example, let Fig-

ure 1 describe the crack geometry. i.e., let Li e (O,a), L2=

(c,d);	 then, the stress intensity factors may be defined

and obtained as follows [81:

k(a) = 1 iin vlfFt -aT 0IYY( t,0) _ -1 inn u l 3^(a- t7 S l (t)
t • a 	 t-•a

k(c)	 1im 32	 -tj `I 	
(
t.0) = 1 inr 

I`2 
2 t-c-j 4,2(t)

t-• c	 t- c

k(d)	 lint vITT —t--dT c'2YY(t.0) _ -1im u 2 3'2T__	 ¢2(t)
t-+d	 t •d

(29a-c)

3.	 CRACK TOUCHING THE INTERFACE

Two limiting cases of the problem discussed in the pre-

vious section are physically important and mathematically in-

teresting.	 These are the cases of a broken laminate corre-

spondiny to a crack touching the interface (e.g., a-h 1 , d012,

Figure 1), and a crack intersecting the interface (e.g., a=hl.

d=h 2 , 0<c<h 2 , Figure 1).	 For example, referring to Figure 1,

let a-hl and d•-h2. 	 In this case it may be shown that as rx—
and for -hl<(xl,t)<hl, c_(1x21,jtj)^_d the integrands K 12 , K21,

and K 22 in (25) decay exponentially.	 Therefore, the kernels

k 12 , k ` l, and k ?2 are bounded in their respective closed do-

mains.	 On the other hand for x l Oi l , t-h 1 the exponential

decay in K1 l (xl,t,cx) disappears, indicating that kll(xl,t)

may contain terms which become singular as xl and t approach

10



the end point hl simultaneously. These singular terms can be

separated by studying the asymptotic behavior of the integrals

given by (25) (see [16] for the technique anti [10], [141 • [17]

and [ 1,11 for the appl ica t ion) .	 To (l i ve an idea about the na-

ture of these additional singular kernels let

k ll (x l .t) " k lls (x 1 •t)	 kllf(xl.t)	 0 - (x I .t)	 h l	 .

(30)

where klls represents the sinyular terms and k llf is bounded

in the related closed domain. Let the material be of type 1

with the real roots (see equation 9)

s 11	 1 •0	
s12 = ,.'2 -0	 s13 

2 -,.,1	 s14	 =	 - . 2	 .

( 31 )

Then the asymptotic ,analysis of (25) would give

(h1-0615
1'A'

l+h1"'1

	

klls(xl,t	 = X85
[ (1i1 - t) 1'1 5 ^.,, 1 +h 1 . 1 ] 2 •(^ ^ xl)

( 11 1 -t r'1 5/
wl+()2 1

+	 !.6 
[(h l - t	

15b,"i+h1;J2]^•('.,2xI )2

hl-t_)4^15/"2+h1 ^1

[(1i1•t) 15 ^,,. 2 +h 1 .„ 1 ]2xl)

_ ( h l - t)l' 15/ w 2+h1"'2
+	 X88 

[ ( h l _ Ord^ 15
/ o 2 +h 1 4) 2 1 2 '(

( ' 1 2 x 1 )`

	

0 < (x l ,t) ” h l	(32)

where k 85 ,...,a 88 are known constants and depend on the elas-

tic properties of the materials only [14].



•aether with 1/(t-xl), klis gives a g eneralized Cauchy

vernel.	 Substituting from (30) into (23) and adopting the

crack geometry shown in Figure 1 (with a-hl), the dominant

part of (23) may be expressed as

i	 t he	 1
n	 [ "t - xl +nklls(xl.t)1^1(t)dt - P 1 ( x l ) , - h i x l hl

"hl

n 1 d t"X2 m
2 	 )dt - P 2 ( x 2 )	 c-x2•d	 (33a,b)

C

where the bounded functions P l and P 2 contain all the non-
singular terms in (23). 	 It is clear that the solution of

(33b) is of the form

4) 2 (t) -; F2(t)[(t-c)(d-t)]-112
	

,	 c<t<d
	

( 34 )

diving the stress intensity factors as defined in (29). The

singular behavior of the solution of (33a) may be studied by

le t Ang

X00 = F l (t)/( h f-t 2 ) Y 	O Re(Y)<l	 - hl <t.:hl
	 (35)

jy using the function-theoretic method described in, for

example, [161. Thus, if we define the followin(i sectionally

holomorphic: function

qz) s n f hl3 (t) dt	 (xl = k e( z ))	 (36)
 .hl

by using (35) the asymptotic analysis of (36) gives

F l ( -hl
)einY	 1	

Fl(hl)
	 l	 '

G(Z) -̀  ----_ _-- —__	 - --
+ G

(2hl)Ysinny (z+hl)Y	 (2hl)Ysinny (z-hl)Y 	
°

( z)

Co
IG 0 (z)j<	 Y ,	 Yo<R e(Y)	 (37a,b)

Iz+h l l o
12



where C o and Yo are real constants.	 Now,	 Substituting from

(37) and (32) into (33a), we obtain the following characteris-

tic equation to determine the unknown constant r:

Y +	 ' -1-- -2Y +	
w I Y ^- +	 ^ 2—Ycosh	 a$5`{1 5

Y	 ^86
w' 1 5 Y	 ^87 ' I '1 ^1 5 r

2Y

+ x --	 0	 (38)88,t- Y
,' 15

where, a(iain the material type I is assumed. 	 It can be shown

that for all material combinations (38) may have only one roof

in the strip 0<Re(Y)<1 and this root is always real.	 It can

also be shown that as the orthotropic material constants tend

to those for a pair of isotropic materials, the root 7` obtained

from (38) approaches the root of the corresponding isotropic

characteristic equation given, for example, in [10] or [18].

For this crack geometry the "stress intensity factor" may

be defined in terms of the cleavage stress o 2yy in the neigh-

boring iidaterial which, from the fracture 	 viewpoint, is the

most important stress component.	 To calculate this we note

that (23b) gives the expression for " 2yy (x 2 10) for -h2:x2<h2,

that is in the uncracked as well as in the cracked portion

of the ,`rip.	 We also note that ;n the neighborhood of I x21=h2

the singular behavior of 0 2yy will be governed by the density

function 4, 1 and the singular part of the kernel k 21 .	 As in K11'

it may be shown that for	 t--hl, x2­ h 
21 

the exponential decay
in K 21 disappears, indicating that k 21 (x 2 ,t) inty contain terms

which become singular as x 2 and t	 go to the end point simul-

taneously .	 If we again let

k 21 (x 2 ,t)	 k21s(x2,t") + k 21f (x 2 +t)	 (39)

the singular part of the kernel may be separated and may be

expressed as

13
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(Ir 1 - t ) t+15/`''1 ► u 1 h2
irk 2ls (x2' t)	 X101 

C( III -t)t'15 /u+1 +,,Ih2] z
- ( ' r i x ; )

(h l -t )1; 15 /W 1 +n 2 h 2+ ,

	

10? 	
_._._	 _

	C(hl - t	
15/wi+a2h2]'-('Y ?x2)z 	r

(h l t )t;15/(' ► 24 ` l h2
103 C^h

I
-t)K 1 5 lit, 2+`,1h2]z-( r 1 x2)2

( h l -t )t; 1 5/W2+a2h2

	

+ AItl4 C( h 1 -t 	 15 /(0 2 +(1 2 h 2 F-((x
2

x ? )`

o	 ItI-.11 1 	. 0.1x 2 1•.11 2 	 (4O)

where , , I ,,nd "2 are the positive roots 
s21 

and s 22 of the

characteristic equation (9) expressed for the strip 2 and the

constants A are defined in [14]. 	 Thus,for the purpose of ana-

lyzing the singularity o 2yy niay be expressed as

11

02yy(x2 ' 0) _ it2I-hh` ls ( x 2 ") J l ( t ) dt ' 1 '2(1 (x 2 ) 	(41)

1

where 1)	 contains all the now,inqular terms.	 Upon substitut-

ing from (35) and (40) into (41), the asymptotic analysis gives

k(h1)

2yy 2	
2Y(x

2 
+h 

2 )
y 	 o t

where o (X.) remains bounded as x 2 '-h 2 and the "stress intensity
0	 9.

factor" k(h 1 ) is found to he

14



K (11 1 )	 -	 t,A f I  , nIt 11	 .''(h1 - t)AII(t)

	

1 1 2	 I }	 e_^( '1	
)l .^
	 a	 -t(	 1	 1	 i

ed2	
1 -	 "^ •,	 1 — 	

( 4 3))

	

^ 1 03"1 Y (^,	
1	 j	 e	 ^	 ",, ^ (	 )	 ^ 	 (

1,e	
1 tl4 

4.	 CRACK CROSSING Till INTERI ACI

Consider now	 the	 rase	 of	 a	 crack	 crossino	 the	 Qlvrfare.

In thK	 problem the	 integral	 eeluat ion • . (?3)	 are	 %till valid

with the	 two enel	 points	 of	 the	 cuts	 1	 I and	 L,	 ,lnininet at	 1he

interface. l or	 example,	 t • efrrrinet	 to	 I ieturr	 1.	 le s t	 a hl	 .

d h..	 ltl el 0, c<1 1 	111	 f h 1 s	 r aSV	 at	 I h 0	 V " d	 l e o111I	 \ 1 h 1 	 oil

x I h,	 Ill four	 kor"vl%	 L il ON)	 will have	 g inoular terms.

The %inelular parts	 klls "net	 k 21	 romind from	 E11	
and h.,l	

are

separated and are	 give"	 by	 (32)	 and	 140) Quite	 similar

expre q sion q may	 ea •,ily	 Q	 obtained	 lot • L I	 and	 x. 11 11.1.1`0.

The dominant Dart	 of	 the	 syhtvm	 of	 4j " q " Jar integral equation,,

may then	 he expressed	 a,,

(I	 .^h t , x.	 I	 h ijs ( x 1 .t)^.	 ^(t),It tli(xi)

I (-h11h	 L,	 =	 (c.h 2 ) xi:1	 (i I.;'1(44)I i
where in the analw% the symmetry conch t ion of eta?(x^,)

—, 2 2 2 ) i% used.	 If WV new let

I !)



1 I (t)	 F2(t)
^ 1 (t) - (h,-t2 )R	 S2(t) - (h?

- t)i;(t - c)`^

0, Re (6 "S )<1	 (45a,h)

and deficit! the following sectionally holomorphic functions

	

1 h1Q1(t)	 _ 1 h 2 2(t)
GI W ^ n1	 t-z dt	 G2(z)nj	 t-z dl

	 (4ha,h)

- h 1	 c

he asymptotic expressions for G 1 and G2 may be obtained as [16]

i n (A
G 1 (z)	 -' - ^--	 --[ F ^ -` --h-1-, e ^	 - F ^-`- h ^ ^ 13) ] + G 10 (z)

(,. h l ) sin,rR	 { z +hl)	 (z - h l )

in^S
G,(z) - F2(c)e—	 1-	 - F2(h2)	 --

` 11 2 -sine,	 (z-cj`^	 (h2-WsinvtA (z-h2)i;

+ G 20 (z)	 -	 (47aJ))

where G jo (j	 1,2) has a behavior similar to that of G0(z)

which is given by (37b). 	 Noting that outside their respective

cuts G 1 and G2 are holomorphic, substituting from (47) into

(44), and following the procedure outlined, for example, in

[16] (see, also [14] for details) we obtain

F 2 (c)rotnd = 0	 (48)

L

	

f ij ( ►3)F j (h j ) = 0	 (i 1,2)	 (49)

where the coefficients in the functions f ib (?) depend c 	 the

elastic constants of the two strips only and are given in r14].

Since F 2 (c) and F i (h j )	 , (j=1,2) are nonzero constants, (48)
L

16
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q i ves the known resu It b _ I/? anu front (49 ) WO obta i n the

following characteristic equation to determine the power of

singularity	 :

( ) _	 f i ^^(')^	 - 0	 (i,j-1.?)	 0• Rr(,) 1	 (50)

It is also important to note that the end point values r1(hl)

and r,,(h^) are not independent and are related by

f 2( h ^) r l ( h I ) f 11 (L)/ ( I ,,	 (51)

where i; is the root of (50).	 An additional condition such as

(51) is necessary to obtain a unique solution for the system

of integral equations (23), since in this case there is only

one singl( , -va1uedness condition which has to he sit isfred by

the displacement derivatives t l and ,;,, namely

ft
	

fh'jI
)dt + 	(t)dt + f - C 2 (t)dt = 0	 (52)

c:	 - hl	 - h2

A systematic study of (50) indicates that for all material

combinations the characteristic equations may have either no

root or only a single real root in the strip	 Also,

= 0 is always a root and there are no othor roots with Re(C,1

0.	 In the fcre.goinq analysis only the possib i lity of a Dower

singularity is investigated.	 The results show that for certain

material combinations (50) indeed has r:o root in 0• Re(<<)-.1

implying that for these materials at the intersection of the

crack and the interface the stress State would ! - e bounded.

However, this analysis does not prove that in such cases there

may not be a weaker, namely a logarithmic singularity. 	 To

17



investi•iate this yuestiun in (45) we let fi = 0 and substitute

the result, into (46).	 We would then obtain the followinq

asymptoti c re I atio:is

	

F (h )	 F (-h )
G 1 ( 1 ) = ^^ 1̂ log(z - h l ) - -^ 

n
—log(z +h l ) + Gll(z)

i tr d

	

Fa(c)e	 F (h )

	

G2(z) - - sin,► d	 1	 + nz 2 -log(z-h2)
(z-c)	 (h2-c)

G 21 (z)	 (53)

where G 11 and G21 are bounded near and at the end points

z = +11	 and G 21 has a behavior similar to (37b) in the neigh-

borhood of z = c.	 Substituting now from (53) into the integral

equations (44) we obtain

	

F 2 (c)cot,rd = 0	 ,	 (54)

loy(h i -x i )jg ij F j (h j )	 Ri(xi)	 (i=1,2)	 (55)

where R I and R 2 are bounded func:tion^, and the constants qij

(i,j = 1,2) depend on the elastic constants only. 	 Equation (54)

again gives the known result d = 112. 	 For (55) to be valid

at x i = h i	, (i = 1,2.) the coefficient of singular terms must

vanish, or we must have

1
gij F j ( h

i
) = 0	 (i=1,2)	 (56)

Since F j (h j )	 (j=1,2) are nonzero constants, from (56) it

follows that

18



9i J1 = 0	 (57)

To Show (57) analytically -.eems to be imposs it) Io 	 However, a

systematic numerical analysis indicates that for the material

combinations having P= 0 as the only acceptable power singu-

larity (57) is indeed satisfied	 identically.	 Furthermore,

these Studies also show that (56) always gives

(h 1 )	 sl(h1)

,`( 
h2) _ -v2[--_h2T	 -1	 (58)

The result expressed by (58) meaniny that iii the composite

medium the derivative of the crack surface displacement is con-

tinuous at the interface is, of course, the physically expected

result.

For the pair of materials in which (50) has a root in

0<^.J , at the point (y = 0, x
1 
=h

1
 or x 2 = -h 2 ) the stress state

will be singular.	 At this point, since the important stress

components are the normal and shear stresses on the interface,

we may directly analyze the singular behavior of these stresses.

To do this one has to go back to the original formulation of the

problem and express these stresses in terms of the density

functions 
pl 

and ^ 2	Thus, after somewhat lengthy but straight-

forward analysis we find [14,15]

(h	 f	
h..(y,$),,.(s)ds 	(i=x,y)

Ulxi 	 1 ,Y) - it 1L	 i J	 J
J

l-1 = (-h 1 ,h 1 )	 , L 2 = (c,h 2 )	 (59)

19



Stu dyIny the asymptotic I,ehavior of the kern vIs h id it can be

shown that as y • 0, s-++h 1 in- h 1 <s<h l , and s-h 2 in c<s 4.h 2 simu1

taneously the kernels become unbounded.	 By expressing

h ii (.Y.$) = h ijf (Y ' s ) + hijs(Y,$)

I he singular parts h ips of these kernels can again be separated.

For Nxam41le, for 
hx1s(y,$) 

we ohtain

( h l +s )ti l / 2 	(hl-shi/2

(h 1 *s) z+ G) i y /o 15 )'	 (hI-sF4('AllY/t''15)'

(h l±S )Y 2 Y 11 /2Y 12	 + ( h l-s)Y2Y11/2y12

(h 1
+s) z +(W 2y/B 15 ) ` 	(h1- s)z +(^o2Y /t^15)z

f	
3\81+Y4a82 (hl-s)R15/(,,1

X80	 [(hl-s)^15/w1]a +y2

+ Y 83"4"84	 1_ 5)d 15 /w 2 	 (60)

X80	 [(hl-s)f'15 /'^,23 +y:

where the definition of the material constants y and X as well

as the expressions for the remaining functions h
x2s , hy1s, and

hy2s may be found in [14] and [15].

If the materials are such that the stress state at

(y = 0, x 1 =h 1 ) is singular, i.e., 0-^<1, then one can again de-

fine 4, i and G i , (i=1,2) as in (45) and (46) and obtain (47).

Now observing that outside the cuts t 1 
and L 2 , specifically

along the y-axis G 	 and G 2 are holomorphic, one can use (47)

20
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to evaluate the singular terms in (b9) ksee, for example

[16-18]).	 It can then he shown that

o lxx (h 1 ,Y)	
-	

+ o o (Y)	 (Y'0)
Y

o 1xY (h l ,Y) = k^ + t o (Y)	 Y>0	 (61d,b)

Y

where the "stress intensity factors" may be expressed in terms

of the density functions as follows:

k xx i
	 x 
	 lim (hl-t)hd1(t)

t . - h 1

kxy 
	

xy l irn ( h l - t )^^ 1 (t)
t -h1

(62a b)

The constants 
1,xx 

and 1,xy are known functions of the elastic

constants and may he found in [14] and [15].

For the material combinations in which q, l and ; 2 have

no singularity at x 	 = h 1 , x ? _ -h 2 , (i.e., if g = 0 is the

only acceptable root of (50)), since the kernels h id have

singular parts of the form (60), from (59) it is not at all

obviou,. that the stresses too would be bounded at the point

(y=0, x 1 = h 1 ).	 This question can be examined by substituting

from (45) with ^ = 0, 6 = 112 into (59) and by going through

a routine asymptotic analysis, which yield,,

Ulxx 
(ill 

' y) = Fl(h,)Oxxlog y + 0(y)

`31xy(hl , y ) = D ( y )
	

( 6 3 a , b )
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where C(y) and U(y) are bounded functions. 	 It turns out that

in all material combinations for which N n 0. the constant

Oxx is identically zero; therefore, the stresses are bounded.

Considering the fact that in isotropic material% the

stress state at the intersection of an interface and a crack

is always singular (i.e., a>O), from the viewpoint of delamina-

tion or debonding fracture the practical importance of the pos-

sibility of having bounded stresses at such locations in design-

ing with certain orthotropic materials needs no elaboration.

5.	 NUMI R i CAI SOLUTION

In this paper the numerical results are obtained for

several specific types of crack geometries.	 In the first

group of solutions it is assumed that the cracks are fully

imbedded in homogeneous strips and (see Figure 1)

a<h l , c = 0	 , d = b<h 2	(64)

The single crack, a = 0, b # 0 or a ^ 0 h = 0 is considered

as a special case.	 In this problem the integral equations (23)

are	 solved by	 using	 the Gauss-Chebyshev	 integration	 method	 [161

with	 L l	 = (-a,a) ,	 L 2 = (-h,b)	 and	 under	 the	 single-valuedness

conditions (2B). The	 stress intensity	 factors	 are	 then	 obtained

from (29a) and (29c) with d = b.

In the second group of solutions it is assumed that a - hl

and 0_b<h 2
1
	 In this case the Gauss-Jacobi integration method

is used to solve the integral equations.	 The details of the

22



numerical method may be found in [16.14 or 18].	 After obtain-

ing the density functions the stress intensity factors are

calculated from (29c) (with d a b) and (43).

In the third group of solutions it is assumed that the

crack crosses the interface. that is. a = h l . d = h 2 , o-c<h2

(Figure 1).	 In this case for 6>O. the integral equations (23)

are solved by substituting from (45) and by using the GdUSS-

Jacohi integration method. 	 Here the additional conditions are

(51) and (52).	 After obtaining ;, l and 
;2 

the stress intensity

factors are determined from (29b) and (62) (see again '16],

[14] or [18] for numerical procedure).



ftt SUI. IS

the elasti c propertieS of the materials used in the nu-

merical examples are shown in Table I. 	 Materials 3. 4, and 6

are basicalIY isotropic and the remaining materials are ortho-

trupic.,	 for the: materials I through N the roots of the chArac-

terist.ic equation ( 9 ) are real. meaninq that they are of type

1.	 Materials 9 and 10 dre of type 11 for which (9) has complex

conjugate roots,	 The numerical results given in this paper are

al I t'or the ease of I)ldne stress.	 table Z shows the material

combinations used in the numerical analysis. 	 The table also

shows the powers of singularity r and 	 at the point of inter-

,ection of the crack and the interface corresponding to a crack

terminating at the interface (a = h l , d•h 2 ), and that crossing the

intf,rfa^e (a=hl. (I-112, c-0), respectively (hiiture 1).	 Unlike

the isotropic. materials, the characteristic equations (38) rind

(bo) giving , and 6 in bonded orthotropic materials are quite

comp Iicated	 They contain six independent mdteridl pd ►•ameter•s

and hence do not lend themselves to o relatively sit,iple syste-

matic parametric study.	 However, once the material combination

i, specitied ;'and 1, can be determined quite accurately.

Evan thOu(Ih it is very difficult to separate the material

I)drameters which influence most of the values of v and ► , and

the stress intensity factors for the imbedded cracks, the cal-

c.ulations show that in this respect perhaps the most important

,ingle material parameter is the longitudinal stiffness ratio

1. lyy /E Zyy .	 In ordo r to assess the effect of the remaining ma-

terial constants a rather large number of calculations were

clone by fixing E lyy and E2yy, by systematically var • yinol one at

a time the remaining six constants, and by calculating y, fz,

and the stress intensity factor k(a), the latter for imbedded

cracks in material 1 only.	 The general trend is as follows:

As E lxx , Glxy• and ,'ixy (of the medium 1 containing the crack)

are increased,	 anti k(a) increase, and as E 2xx • G 2xy , v2xy

?4



T. ► hIe 1	 Elastic constants of the matrrial%
used in numerical calculations"

xx/
No. 10'rl / ►►► z

(10 1, psi)

1	 ( ^l) 55.16
(8.0)

134.452(0)
(19.5)

3(1) 154.77
(22.447)

4(11 I	 167.55
(24.3)

5(0) 10.07
(1.46)

6( 1 ) 30. 34
(4.4)

7(0) 44.82
(6.5)

8(0) 34.48
(5.0)

9(0) 21.37
(3.1)

10(0) 17.24

I	 Gxy/
1 J VM2

(10 6 psi)

4.83
i	 (0.7)

24.13
(3.5)

59.68
(8.655

62.40
(9.05)

	

0.883	
I 0.036

(0.128)

10.83	 0.400

	

(1.57)	

t

	

4.83 _	 I

	

(0.7)	 0.020.
I

3.45
0.350

(0.5)

(2.6
17.93

0,200
)

6.895 0.760
_	 (1.0)

-

EYY/
1 c^"N/m'

(10^,psi)

170.65
(24.75)

31.03
(4.5)

155.83
(22.6)

170.55
(24.75)

31.03
(4.5)

31.03
(4.5)

155.14
(22.5)

6.89E
(1.0)

66.88
(9.1)

17.24
(2.5)

VXY

0.036

0.650

0.300

0.300

(*) The materials are boron-epoxy mid graphite - epoxy
with various ply orientations.
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Table 2 The power of stress singularity y for a
crack in medium 1 terminating at the in-
terface and ; for a crack crossinn the
interface.	 The properties of materials
used in various combinatiuns are given
in Table 1

Comb.
Materials Power of Sing. Elyy

--
E2yy

Ul xy
-

G2xyMed.] Med.2 y

1 2 0.55048 0 5.50I 0.20

II 3 2 0.65699 0.04248 5.02 2.48

111 4 2 1	 0.66549 0.04887 5.50 2.58

IV 4 6 0.68914 0.14547 5.50 5.75

V 4 5 0.80352 0.05354 5.50 x	70.3

V1 7 3 0.74523 0.05197+ 22.5 1.40

VII 2 1 0.42258 0 1	 0.182 1 5.00

VIII 2 3 0.36911 0.04248 0.199 1 0.403

IX 9 10 0.61554 0.08520 3.88 2.6

X 10 9 10.43410 0.08520 0.268 0.384
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are increased, y and k(a) decrease.	 Among these variables

the most significant factor influencing y and k(a) appears

to he the ratio of shear moduli 
Glxy/G2xy'	

This may partly

to observed also from Table 2 and Figure 2.	 The figure

shows the stress intensity factor k(a) for imbedded cracks

in material 1 is a function of the width ratio h 2 /h 1 for

a fixed relative crack length a/h 1 = 0.8 and for material

combinations 1, III, IV, and V given in Table 2. 	 For these

material pairs the stiffness ratio E1yy/E2yy is constant

whereas 
Glxy/G2xy 

is 0.2, 2.58, 5.75 and 70.8, respectively.

It is seen that k(a) is consistently higher in material

pairs having the greater 
Glxy/G2xy 

ratio.	 Figure 2 also

shows that for h 2 -0, as expected, in all material combina-

tions k(a) approaches the periodic collinear crack solution

in an infinite plane which is the same for all homogeneous

orthotropic as well as isotropic materials.

A close examination of the results giving ;, y. and k(a)

indicates that generally one could accomplish a certain re-

laxation in the stress singularity at the point of inter-

section of a crack and an interface in composites by intro-

ducing orthotropic materials.	 This may be seen, for example,

by comparing the K values for various material combinations

given in Table 2.	 In fact fc: certain orthotropic Material

combinations it is even possible to have 6=0, i.e., no

singularity, whereas in isotropic materials 0<[i--1, i.e., the

stress state is always singular.	 The value of 6 has, of course,

an important bearing on the initiation of a possible delamination

fracture from the stress-free boundaries in bonded materials.

Even though the result regarding the possibility of P = 0 may

appear to be sotaewhat paradoxial, considering the fact that

in two isotropic wedges forming a half plane G is dependent

on the wedge angles as well as the material constants and may

be zero for certain ranges of wedge angles, it should not be

completer unexpected.	 The possibility of reduction or com-

plete elimination of singularity power t by varying the

27



secondary material constants seems to introduce an added

flexibility in designing against the edge delanrination in

bonded materials.

In solving the integral equations it is assumed that the

composite medium is under a state of generalized plane stress

and is subjected to external loads away from and perpendicular

to the cracks.	 Thus the crack surface tractions in the per-

turbation problem considered in this paper are constant and are

at the following ratio:

p l ( x )	 -PI	
E1

p2(xT	 p2-	

z 

E2yy	 (6J,

The stress intensity factors obtained for the imbedded cracks

located in the first or second set of strips are given in Fig-

ures 3-7. Comparison of the results given in Figures 3 and 4

shows that for the same longitudinal stiffness ratio Elyy/E2yv

and the same material 2, k(a) calculated for an isotropic me-

dium 1 is consistently greater than that calculated for an ortho-

tropic material 1.	 This means that by introducinq material

orthotropy it is possible to obtain certain relaxation in the

stress intensity factor.	 However, as seen from Figure 2, due

to the effect of th y. secondary material parameters the opposite

is also possible.	 In Figure 2 note that the combination IV

refers to an isotropic-isotropic material pair - wherc.::; III

and V are isotropic-orthotropic pairs !living stress intensity

factors which are respectively lower and higher than that of

IV.	 Corresponding results for the stress intensity factor k(b)

for cracks imbedded in the second medium are given in Fi(lures

6 and 7.	 Materials in Figures 5 and 7 are of the type II and

those in figures 2, 3, 4 and 6 are of type 1. It should be ob-

served that as the thickness of the untracked strips go to zero,

the stress intensity factor in the cracked strips approach that

of the periodic crack problem in the infinite homogeneous (iso-

tropic or orthotropic) medium.
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I igure 8 shows a sample resul t for a compo', i tr mediuin in

which both sets of strips contain cracks. Additional results

for two as well as one set of cracks may be found in [141 and

[15J.

The stress intensity factors for the case of a broken

laminate (i.e.. for a-h 1 and c = d, or a-0 and	 h2, c = 0) are

(liven in Fi(lures 9-1'.	 Figures 9 and 10 show the results for

material combinations I and 11 where all materials are of type

I and Fi(aures 11 and 12 give an example for the material com-

bination IX whore both materials are of type 1i. 	 The figures

show that ill 	 cases as the width of the uncracked strip

(i.e., the net ligament between the cracks) goes to zero, as

expected, the stresti intensity factors become unb<k ► nded.	 In

those problems the stress intensity factor is defined b y (42)

and is calculated from (43).

The results for a crack crossing the interface are given

in Figures 13-19. 1n these problems the stress intensity fac-

tor at the crack tip k(c) = k b is defined by and calculated from

(29b). For those material combinations in which 12,>O the stress

intensity factors at .`ie point of intersection of the crack and

the interface kxx and kxy are defined by (61) and are calculated

from (62). For the material combinations I1, IX and i used in

these examples, Ta Ill e 2 shows that power of stress tiingularity

y for a crack in material 1 touching the interface is greater

than 1/2.	 Therefore, as the crack length 2w approaches 2hl or

as c•h2, the stress intensity factor kb at the crack t.ip calcu -

lated oil 	 basis of 112 power becomes unbounded. 	 Also, as the

length of the net ligament 2c goes to zero k  again becomes un -

boiinded.	 These features of the solution may b  observed from

Figures 13, 16, and 19 giving the crack tip stress intensity

factor ,rs a function c/h 2 .	 Figures 13 and 16 show k b for ma-

terial combinations II and 1X in which 	 -0.	 Figure 19 Gives

an example for the case in which R = O.	 it may be noted that

qualitatively the results for the two cases are quite similar.

29
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The stress intensity factors kx x and k x y for material

combinations II and IX are given in Figures 14, 15, 17, and

1£3.	 Note that in the 1 iniiting case of c-h2, that is for the

case of the crack touching the interface, the power of the

stress singularity at the interface would be y which is al-

ways greater than t, 	Therefore, as expected and as seen from

the fiqures, for c ,, h2 the stress intensity factors calculated

on the basis of sin q ularity power r, become unbounded.	 In

these problems for the type of loading under consideration

the normal component k xx of the stress intensity factor seems

to be negative.	 Since there is no crack surf - ace interference,

physically this means that normal stress along the interface

near the crack surface is compressive, there is no inconsis-

ten Cy. arid the si fig ul.rr • ity should be interpreted in the same

way as in punch problems.
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	Figure 6	 Stress intensit y factor kb = k(b) for cracks imbedded

in strip 2 (a = 0, c = 0, d = b-.h2) formaterial combin-
ation I

37



k h
/P2 VrE

2.0

1.81

1.6

1.4

1.2

1.0

0.75L
0
	

1	 2 h l /h2	3
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of strips contain cracks. 	 Material combination I,
width ratio hl/h2=4
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