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SUMMARY

An investigation of approximate theoretical techniques for predicting aerodynamic
characteristics and surface pressures for relatively slender vehicles at
moderate hypersonic speeds Was performed. Emphasis was placed on approaches
that would be responsive to preliminary configuration design level of effort.
Supersonic second order potential theory was examined in detail to meet this
objective. Shock layer integral techniques were considered as an alternative
means of predicting gross aerodynamic characteristics.

Several numerical pilot codes were developed for simple three dimensional
geometries to evaluate the capability of the approximate equations of motion
considered. Results from the second order computations indicated good agreement
with higher order solutions and experimental results for a variety of wing
like shapes and values of the hypersonic similarity parameter M§ approaching

one.
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1. INTRODUCTION

Progress over the past 20 years in hypersonic aerodynamic technology has
emphasized space re-entry vehicles. Relatively little advancement has occurred
during the same time period in similar applications to hypersonic cruise aircraft.
At lower speeds, significant gains in supersonic cruise efficiency have been
realized using linear theory optimization techniques. Similar improvements appear
feasible for slender hypersonic vehicles. Recent studies have shown that, at a
Mach number of 6.0, both passively and actively cooled airframe structures with
relatively small leading edge radius can be advantageously employed in hypersonic
aircraft optimization. To characterize the aerodynamic implications of such nose
Shapes and evaluate the consequences of proposed beneficial interference concepts
such as those involving propulsive-airframe integration, new analytical tools
are required. Although substantial capabilities exist using Euler solution in
conjunction with floating shock fitting methods, quicker response analysis tools
are required to derive and optimize base point configurations. Less exact non-
linear theoretical formulations hold the promise of meeting this objective and
providing economic design codes which are responsive to preliminary vehicle

definition efforts.



2. LIST OF SYMBOLS*

c mean aerodynamic chord
CD drag coefficient, D
qS
CL 1lift coefficient, L _
qS
Cm pitching moment coefficient, M
qS¢
Cp pressure coefficient, P-P_,
9o

D drag
L lift
M Mach number or moment
P static pressure
q dynamic pressure
S reference area
a angle of attack
8 flow deflection angle

SUBSCRIPTS
L due to lift
© free stream

*Additional specialized nomenclature is defined in the theoretical sections



3.0 METHODOLOGY

Emphasis has been placed on approximate theoretical approaches which are
capable of treating relatively general three dimensional problems but still
sufficiently simple to be responsive to vehicle preliminary design efforts.
The basic intent of the methodology is to produce future improvements in lift-
drag ratio of hypersonic cruise vehicles. As a result of the strong impact
that favorable interference has had on supersonic design and the use of such
concepts in recent advanced hypersonic aircraft studies, candidate analysis
should be general enough to systematically treat such problems. Finally,
interest in high aerodynamic efficiency usually emphasizes relatively slender
configurations at modest angle of attack; that is moderate values of the
hypersonic similarity parameter.

Potential theory was selected as a candidate methodology on the basis
of its success to markedly improve aircraft efficiency at supersonic speeds,
the ability of linear theory to predict the aerodynamic characteristics of
slender vehicles at moderate hypersonic speeds (figure 1) and its successful use
by Tsien in deriving the hypersonic similarity rule. The systematic extension
of first order theory proposed by Van Dyke (1) was specifically chosen for
further study on the basis of its ability to approximate exact two dimensional
and conical flow results. See figures 2 and 3.

Hypersonic small disturbance theory was selected as a second candidate
methodology in recognition of the progressive non-isentropic behavior of the
flow as the value of the hypersonic similarity parameter increases. Finite
difference analysis of this approximation by Gunness (2) indicated that the

solution was essentially as complex as that for the full Euler equations and
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thus would not be particularly responsive to preliminary design level of
effort. Conservation law forms of the equation of motion applied over finite
volumes will be examined as an alternative means of developing a solution.
Integral theorems for predicting the forces and moments will be derived and
evaluated for the rapid evaluation of gross aerodynamic characteristics. Simple

variations of the flow properties through the shock layer will be utilized.



4. SECOND ORDER POTENTIAL FOR ULATICN

The equations for the inviscid flow of a perfect fluid are:

continuity Vi(pk) = o
momentum ;a T(R-W’) = - % Ve » Wx(yxik)
energy CpT » T Xk = C

assume that at oe X U.E, - W3,
. Y
and since Cp = le o = ¥YRT
. T 2 ¥-i T kA PO
the energy equation becomes o = oo+ —-?_-[(u,, W)=« u.)]
if TYx® = Vs = o© since " 3-2)

the momentum equation becomes —'i-

The continuity equation can be written in the form

: 3
E
o V- + 3\7,9-01 - 0

or substituting from the momentum and energy equations

{Q.z,.'i- -X-z.—l- [_(u,::,w;)-(a DT.)]} (v-&) = ;a WX &) - =



. - : '
Since we have assumed ¢xi:o we can write {see figure 4)

£
[}
c
+
184

\A.t = 53
“.3 s Wn e é-z_
= . _ 3¢ Y] >3
w Cons vy ) g 5 ) 5:;‘_53 » T2t 3z
then —
2 ¥a
{Q-n-—{-[a(§U+§W)+ f]}(é‘“@ ~ea

= { 2 g3+ §,>§;H AURE AR IEXEAT S

Now we assume small perturbations and introduce a small parameter & , as
well as an angle of attack <€«

let
W_ = &0,
E - JuorwD o9 = Uy lexlt @
G Mo = UZe Wl s Ul (1eeiet)
then

22

{ Sirslet - —a'l M [a(ﬂ»«d,sc;)z) s <9;+4>:]}(<9,; e 9.)

{(14- P Yiraiet) [‘/""”(‘p -<€<9;)+—(4’0¢+<9)J

T 1 o 2 k3
v Pt 7{\-[ = (9,0 <89,) » 7 (% 95+ 9]

+ gt
1+t e

+(as + P \/|+-<1<’-)2_°_ [/___ (D =ed, )a- (49 9 +<p)]}
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Figure 4. Coordinate System Notation
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or

3 23 .t
/ ry M *E M - : o
l""-et{ [ I- —] CP“ * Cgll * Y‘ b= RN D) ] 4)21} ZH" ETX 4)21

(1 +acle?)

T

= M”{}% [2(t %P )+ ‘p:* q):t‘ ‘9; ][ (- ”:)c?*: Pyt 2 ]
s 2B nsdy) » 900} ] ML,
1 2 3 3
+ [‘?x%{ * ‘91_:3 * ""?asai ](d"x* W P)t 3 a—ax'(‘i”““?‘*&*)

s ST (g A5y ¢ Gk W) 1 o) }

O —l.(l)
now let 9 = €9 + '™

with the corresponding perturbation velocities

Substituting into the above equation and equating the coefficients'
of each power of ¢ we obtain the equations for the perturbation potentials.

The first order equation is:

(l-m:)cﬁm cl,m . ¢<') . o

-
x% 13 22

The second order equation is:
)

2 2
(2) £ (15} 3 oty M o) oy 2
(l-”:)¢l: * éll’ ¢32 * mn"a;{[“%”-]#: 0% ’<¢i '°Q }

For a planar problem the solution may be broken into lifting and
thickness solutions for each order. Denoting a subscript o for the
thickness and r for the lift the equations become:

first order

(D] @) [3)
(]-[-1:.) ﬁ - ¢ * ¢ = (e}
xx T Pea
: ) o\ oy
-Mo) ¢+ & + ¢ = 0
'-lx r:a ﬂ"e‘
second order
@) (2) [4)) T 3 Y-l 2 o o) @ )
Q=-m2)¢ '+ - = 2M_ =41+ Em*14 4,
- ¢P-- ¢P33 ﬁg) = ax {[ T '-] % é't * ¢.:l?“3* ¢ft(¢f‘: ‘Q
-t @) @ a) t 3 - e 0t et O P
Ct-mM) ¢°_ + ¢¢_ + ¢r = H-Q{[" Tﬂ_](ivﬁ. )+(¢‘f¢:)?[?ﬂ_+<¢bﬂ)]}
xx 33 2 x x i 2 ¢
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BOUNDARY CONDITIONS

If W is the local normal to the surface of an object placed in the flow,
then the boundary condition is:

l -l
{——,—-—-——-I*‘,“ (&:‘ac_eca) s }- /-v.\. = O
»

where & 1is the dimensionless perturbation velocity, w - (9,9, 9,)

If the surface is of the form Z = € Zx,y)

-— 2‘ * - -
then A i +[(:—‘.+:—§)]e'= -€ —g-%-c‘ -qg—ia‘;. z,
and therefore

? ! ?
€ 3 B {ﬁ - A lx m‘z“‘"’]} €55 L) Pyl zenn]

%€
= P [xy,cqx0]+ T/:T;

Now introduce the perturbation velocity expansion

)

P2 €¢” 4 e ¢™,

and expand from the Z = 0 plane i

wlx,4,e€Zx,m]

(O] )
€ Lk' [*,3,&2(!,1}] * etuz [x):)€2<‘)3)}‘ T

o) @)
€ w(x,3,0) + €"[u~ (x,aJO)OZ(x,;)% lf'u_,;,e)]* .

"

<) 2 ) > )
€ w ex,,0) + €f[utx,3,0)e Zex,1) 37w 3,0+

[

Q) 0
w[‘::: € ZC".:)] € w (x,3,0) + ez[w“‘(“xign)’z("x:)%w‘b’:f’)l.
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Equating powers of € we obtain the boundary conditions for the various
orders of the perturbation velocities at the Z = 0 plane,

()]
W (X,1,0)

d
EY) Z(%n) - &

) o oy > oy
w (%,3,0) Sx FAT RIS (x,8,0) + 3—320"1) Y (x,3,0)

° [4)]
- Z(x,9) >z W (X, 3,0)

From the first order equation.

w 3 w > o
32 W (x,4,0) = (l-ﬂ:)a—x-w(x,a,o)o-fzgv (%,3,0)

Then assuming an upper and lower surface

2+ o0 Z, ¢x,3)

Cex, ) + Teayn) - <, (X=%,,)

Zs* o Z(x,3)

Cex,9) - Tex,9) - %o (%-%,0)

the following equations result.

t (1) . a) -
> Lwix,g,0")y+ w (x,4,0 )]

4
;—X CU‘J‘A) = °<°-°(,.

] (43} oy - )
5 [©@x,9,07) - wW%xy,00] = e TCx,3)
{2) ' ) - o) [
—;—[w (x,3,0 yrw (X,3,0 )1 = [;;;C(ian)-aeo]%{m (x):}o'):b\‘(xa';jo')]

3 ' 4y [ -
+ eTens) gLultaey 3 win s, o))
P '
- —3'3 Cx,s) —'Z {‘/o)(x,uaa') : \/”(x,a"o')]

: ] a) . = 0 -
+ FSTC*;S) TLV (x,3,9°)+ V“O‘,':,O )]

v U-12) [Clany- <, (22, ] % —'z-«,:,..."’(x,:\.,w) 2 Wik, 0)]
2 4 0 -

« (1-n2) T tx,8) ;;—;-{b\“(i‘,:)o); bk")cx,sJo)J

+ [Cu,a)- oco(x-x“)] 535 —;j[,vmﬂ"a s0') ¢ \/‘-s(x, *5)0')}

\’U‘CX, 3,0 )_}

[}
<
~

>
U
<o

[

+1

+ Tex,w)
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’

and since the problem is planar

(£3) (3%
%[w (x,aJo')" w (*,:‘O‘)] -

(7 ) -
Tl ns,00 - W00 ]

1 (<3}
T [w¢x,4,0%)

*

[ C3Y .
2LV 29,09

Q
-.i.[ v )(X, 34 O‘)

w0 s,0%) + Wx, 0]

LLQ,(X, 4, 0’) 1

Vm(x, y,0%) ]

Y™ x,9,07) ]

w“’
n (x,:’o)

@)
b)‘_ (x, 3,03

()
W o (x,9 0)

5
w, (x,3,0)

\/(';_(x,n,o)

)
Vr' (x,34,0)

where ' and o refer to velocities due to lifting and source elements.
In this form the boundary conditions become:

(O
wr(’:3,°) =

(2}

3
—aT‘-C(*,:)) -, - <X,

2
Wy (x,3,0) = ;T(x,:\)

w;z()x,3,o) = [a—‘i- Cex,3)- o ] U (X, 0)
+ -éix-Tcx,s) wLx,3,0)

+ -;—SC (X;9) Va,(x, 3,0)

—:—iT (x,9) Vr,(x, $,0)

+ (l-n:) [C (:,3)-ol°(x-xn)] 5:7 U (x8,0)
+ UMD T (a3 3o WlX5%,0)

+ [C(x,;)-oto(bx“)}% V,(%,4,0)

+ Tix9) fn—vﬂ(x,a,o)

)
)
W (,3,0) = [ Clx,5)-, ] U (x,3,0)

o
* ET“"s) U2, 0)

- aisc (%,3) V.(x,3,0)
%T(x,_,) V.(x,,0)
+ =m0 [Cayny-ot, 5% )] % W, (x,%,0)
+ UM Téasd 22 Wi, ,0)
+ [C(x,:)-oto(x-x.)]% V.(x,3,0)
+ Tx4) %Vc,(x.‘:,o)
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The thickness distribution can be written in the following form.

Tex,a) = CCa) TCa) £(x,1)
where
X=X, ¢
T = X Xl or fraction of chord
Cly)
Cly) = local chord
TLYY = maximm value of t/c
a o——
‘a—g C(\;) = - (Tg.t.- l,r.!)
o ' 1
T s e Sle ma) g

where T is the tangent of the sweep of the local constant percent chord

line. Therefore.

>

° Tix - _ c¢ ¢

e ) = Y 1) TCR) EY] 2(3,1)

> > C'tyy Ty =139
—Tw,a) = = T==T(,3) + { EY + 23

2y ox Qly) Ty t(¥,1) Tx9)
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PRESSURE COEFFICIENT

The pressure coefficient is given by the equation

-G

P ® ' e - ] 2 e =
Y- 3 ¥Me L%

Since to second order the flow is isentropic

c YRT o+ X0} [ e w] e i)
2 Yital {Hdi

B’“ L) 1§ r'; K t
R Rt )
therefore to second order

-4

——

- 2

T -1 Tt
- - =
[—_'_1:—]-! { I._;‘_z_i.m:[-zu s e vie (w-oa;..)-o(:l}

1]

-1

- X

z Y e+
t 13 X -
A R R Y Rirrrar b

n
(1)

. 2w s GemDyute v (wean’ -« |
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These velocities must be evaluated on the surface

Ex o€ Zeua) o= Cexay = Texy) = <, (x-x,,)

) Qa

) r- b
€ w (%x,4,0) + et [ Zex,3) 3z W.(x,30) + "‘-(",1J°]

E (ALX) n, 52(":3)]

() 2 ) QY
€ W (xlﬁ)o) + € [Z(x,‘;) Sa; w (X)3)°)+LL (x‘,gJo)]

-

Therefore to second order

Cp, = -2¢ \,\m(xJ;\,Jo)

~

Q) ©) 2 . T >
- gt { 2 wWilx,a,0) + (|-m:)[u. (x,:)o)] - [V“(x‘g‘.ol+[wo (x,3,030 X1

o '
+ 2 Z,0x,3) = w )(x_'a‘o) }
on the upper and lower surfaces

M S5 W : st
€ Zed oW 30 = [Conn) et teen) 2T(‘>‘)137-[c“*53 £ Te,w]

Cp 010> = 5[ Cutxyn,0m - Cputx,n,07)]

n
o) [£) a'l >1
-2 b\n(x,a)o) + b\r (%,3,0) + T(x,s)sj' Cer,s)y + [C(x,‘a)-d.u"’")]s—x,T("J‘a)
T ) ) ) [0 o) 153}
+ Q=M ) W (5,3,00 1 (x,9,0) + V:_(x,-g_‘o) V. (%,3,03 + LJT(x)ﬁ,o_\,[wn (x,3,0)+ “m]}
[ ] -
C. t1,9)= 3 [Cplx,9,0")+ C (x50 3]

T

1

[ ) >Z by
- 2{ Wl 3,0) +U (%,3,0) + [C“")'“'“"'“)JSF Cetya) + T(x,g%—;\"u}»}
) T Gy T oy 2
- - ﬂ:)[l.\q_ (x,9,05] - [Vq_ (x,3,03] - [wq_(x,-aaoﬂ

) z try L uy 2
- U- N;)[l&r(x)‘sao‘\] - [VP (2,301 - [wr.u,uao)u(”] + a(:.

18



Three different approaches were examined for solving the supersonic
second order potential equation of motion. They were

a) Discovery of a particular integral for three
dimensional flow
b) Source volume analysis

c) Finite difference analysis

4.1. Particular Integral Existence

Second order theory expands the exact potential ¢ in terms of thickness
(§) or angle of attack «

Fooulxe s g ]

. o . . @), .
75"), satisfies the usual linearized theory, ¢ is the second order correction
and satisfies a forced equation

Dtﬁﬁm « 45:): + c}:“ - Iez¢:u: . o ﬁta Moy
2 @) a) a) 1,Q : 3 I S .
R S R M R IS ST ARL N B

An algebraic integral would have the form

@) ) ) 4 T
¢ . F(X:3,2,¢,¢i’)¢§),¢?) G‘¢a’=UF'F’ (1)

Van Dyke has found such integrals for 2-D and axisymmetry. However, a
straightforward study of conditions on F in the general case shows that
no such algebraic integral can exist. To do this consider qS ¢ given;then
for example

@)
b3 = F" * F‘P \P‘ v F"’; \klx * F‘Vn \Pﬁx * F‘l’. \F%x

Comparing like temms on the RHS and LHS of (1) gives a set of relations
with no solution F.
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4.2. Sourcegyblumé<Ana1vsis_>

Fer a thick lifting wing system, the first order
solution may be obtained using a Woodward type finite element. Using this
scheme the entire planform is divided into quadrilateral panels having two
streamwise edges and placed in the mean chord plane. Each panel has a
distribution of source and vorticity strength to account for the effects of
thickness and 1lift. The source and vorticity singularity strengths are
determined by satisfying the boundary conditions at a set of control points.
When these strengths are known the first order velocities may be computed
anywhere in the field. In particular the value of

a

plxs,2) - MZ%{(“%—'M.‘.H,“’i 30+ (<#:’+.g‘}

used in the solution of the second order velocity potential can be calculated
anywhere. This function is computed at the centroid of a set of source
volumes distributed throughout space, giving the strengths of these source
volumes.

A Source Volume

Using the influence equations for these source volumes, the
velocities induced back on the planform from the spatial source distribution
may be calculated. The source volumes have the property that:

P within volume
g ¢ = p 1is a constant

o outside volume

20



The source volumes to be considered have top and bottom faces
composed of two identical quadrilateral panels separated by a distance 4z
The panels have two streamwise edges and swept leading and trailing edges.
The corresponding corners of the panels lie along lines x-T 2 = const.
Therefore the two side faces have two streamwise edges and leading and

trailing edge sweeps of magnitude T.

The velocity potential ¢ induced by this volume is such that

v inside the volume
3
("nn) §‘l 553‘ §:i =
o outside the volume
where $ - <{>I-¢n¢¢m-¢m+<§>

The ¢; refer to the velocity potential contributions from each of the
four panels which form the top, bottom and sides of the volume, and P is
an additional term which is nonzerc only within the volume formed by
the four planes of the top, bottom and side faces.
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The ¢ for each of the four panel faces is composed of a contribution
from each corner, each corresponding to an integration limit.

ﬁ

On any given panel or face, at a corner with an edge having a sweep T and
where T is the sweep of the edge at the corresponding corner on the

adjacent panel

L}

S 2 N 1 H;<|
¢ = t [¢V+T¢l] B % -
[Th+1t+ p7] 2 MLzl
R'= s gh(ah2")
where
a¢, '3
o, . & E . ] S v ZXR
3¢ ,Qg . , Lt ® »
Yy = az' * T {[' (k-Ty)-7B 3] -(T r,e‘)(x-rn)ﬁ-<rip)zg+[§.‘?’%).rjr<}
58 X
w, =a_: : - ;{ \a{| + (X-Ta){-; + Z‘f‘s }
Vs @ %i' : - ,}%{ (2=Tf, = TR-T){, - Tzf -R }
¢ X
Wy 5t - 31?{ T2 - (hEDEE ¢ (x-Ty) }
(. Rex ‘. _ STEAT R +(Txaa) . 4 =R
Vo2 R-x [Tt T YT R Tregy) 2 x3-T(g42")

The velocity potentiais ¢ and ¢, have the property that

<'-) éi - ¢ aés - ¢
X Yo oX ) I

where ¢, and ¢s are the velocity potentials induced by panel corners on
panels having constant vorticity, and constant source strength respectively.
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The additional term ¢ is such that

outside V, P = o
inside V,
ad 1 % _
g - X _
30 - g -Q Vrad
32 T [T, Tt.pt) 2 { B3 Tds*l}

where V, is the volume determined by the planes comprising the four panels.

and s T
5, = [x—:.(xl't X, + xsﬂc‘)] -T,[y- ‘;_(5:31)] —’L‘[z-%(z,.az)J
3, = [X- S(xr%qr Xyexgd] - T, [4- T(aprap ] - Tl2-5(z,+2)]

where Ty and T, are the leading and trailing edge sweeps of panel I. Therefore
31 and ¥; are the x distance behind a point on the front and rear faces of
the source volume which has the same y and z values as the point being
influenced. For supersonic flow 31 and 3, are zero upstream of their
respective faces.
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Each corner yields a contribution to the volume influence coefficient from
each of two adjacent faces. This fact may be used to write the influence
equations for a given corner in a different form. On a panel whose normal 1s
in the z direction the influence coefficients yield.

v = F(x,3,2,T7,7)

On the adjacent face,with normal in the y direction,the corresponding influence
is

-
w = - F(x, 2,-3,7,-T)
-v

where (X,y,z,T,7) and (u,v,w) are both expressed in the coordinate system of
the face with the normal in the z direction. Therefore, the equivalent set
of influence coefficients for a corner of a given face are:

e
W= = - zef, - I (T4-4) }
vV = i’::e {— €zf ~ Tzef, + TI(TH-4,) }
X
W = Zﬁ{ - exf, + TI(TH,-4) - 2e4, }

k) 2 2z
€ = T+T+p I = X-Ty-7T2

The (x,y,z,t,T) and (u,v,w) are now =xpressed in a coordinate system whose origin
is at the corner and whose z axis is in the direction of the normal to the face.
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As € - Tz"a'—=0 the quantity ( T# - +,) will cancel with a corresponding
term on the adjacent face and the velocities become indeterminate. By expanding
about € = 0 the following form for the velocity influence coefficients results.

0-—9{ ] 1
W = 2w - 2h - ?[Tz{'z -=ZR -’I"TI‘-}
Tk . :
- Tk o
W= z*rr{ ;342 - 24 }

This form is indeterminate when T = 0 and must be rewritten in the following
form.

w o= { - =34, zf_,}
T:0 €20

w = 3:—1%—{ - zf, + — ZRE‘?}

vV o= %{-z& +Tz{-‘-#zzrz—;-}

o= L g o)
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This spatial source distribution can then be used to solve for 4>(2) .

z @ v ) @ Q@)
Q¢ = U-m08 "+ ¢“ *F,, T PusD

A solution for qS(Z)CEm be obtained by using a solution to the equation

)

ogé = o

with the boundary conditions adjusted to cancel the normal velocities induced
on the planform by the spatial source distribution, /o(x,y,z). Therefore
4>(2»‘ on the planform may be obtained by using the same Woodward panel scheme
with boundary conditions determined by the normal velocities induced by
p(x,y,z) and the second order boundary conditions.

A pilot code based on this approach was developed. Computations and
comparison with higher order solutions and experiments is presented 1in
section 6.1.
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4.3 Finite Difference Analysis

The first and second order theory equations and boundary conditions derived

in the previous sections are rewritten here for completeness with a slightly

different notation.

First Order
O¢, = ¢ + ¢ - 8% =0 (1)
1 1yy 1zz lXx
with boundary conditions on the body given by

6, (x,0,2) = g3 (x,2/b) - a ©)
y

Second Order

Doy =0y *4, - 8%, =Mia—af{(l+%i“"z°>¢i " +¢i}
X y z
with boundary conditions

aF
% (X’O’Z) = (X,Z/b) = a) d (X,O,Z)
ZY (Eili 1X

- (F(x,z/b) - ax) ¢1 (x,0,2) (4

Yy
+ b7 4y (x,0,2) 55y (%,2/0)

a/8§. For a flat

where v = §F(x,z/b) + ox defines the body geometry, and a

il
—

plate delta wing, a = -1 on the compression side, and a on the expansion
side. The angle of attack is a.

The pressure coefficient 1s computed from

™~
©
8]
]
w
~
(=3
[l
+
©-
—
+
&
Laaall ]
S——
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Finite Difference Procedure

In this section two different finite difference procedures are discussed.
In one, the velocity potential is determined from a single equation and in the
other, the velocities u = d» V=0, and w = ¢: are computed by treating a svstem
of partial differential equations for these quantities, denoted hereinafter as

the systems approach.

Scalar Approach

Equations (1) and (2) are hyperbolic in the x-direction provided
8?2 = M2 - 1 is positive. Considering a grid molecule as shown in figure 5, for
an explicit finite difference procedure the information at point (i+l,j,k) can
be computed based on past information. A simple explicit procedure for
Equations (1) and (3) are obtained by central differencing all the terms in the
equation abcut point (1,j,k). Thus, for equal mesh spacing (Ax, &y and Ac

are constants), the appropriate discretizations are:

-7
C 31,5 T %0k T %10k

_ "
C %,k T %%,k T %k

Byy (ay)*
- 7
o i)1,1,k+l “Ql,j,k ¢1,1,k-1
Iz (Az) -
3 2 =1 {1 _
[a? (¢1\ )} X [(*51 t) 1 }
i,j,k ~T1+1/2 i-1/2 1,k
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Ay

o(i,j+1,k) .

(i,J,k-]) (i+1,J,k)

(i']sj’k)

6(i)j'1sk)

Figure 5. Computational Star
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( Liaga hega ;J

The term [g%-(¢i >] is differenced similarly. All these finite differenced
“71i

k

quantities are substituted into Equations (1) and (3) and the first order

velocity potential 94 and the second order velocity potential ¢,
i+l,),k “1+l,7,k

are solved for. The boundary conditions are imposed using a boundary point

operator.

Boundary Point Cperator

The boundary conditions can be applied in two different ways. Figure 6
shows the two arrangements. In one (refer to figure 6a), grid points are placed
right on the body and dummy points below the body are used. For this arrangement,

the term ¢yy at the body point (point 1) 1s differenced in the following wayv.
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The dummy point value % is replaced in terms of the body boundary condition
(¢y) as
0y = ¢, - Ly (¢Y)

Substituting for ¢0 we get

20, - 20, - 24v
6 I y (o) .
at 1 (ay)?

In the other arrangement (refer to figure 6b), grid points are not used on
the body. While differencing for ¢yy at the first point above the body, the

body boundary condition ¢y will come in to play.

o, = &y - (&) by
) =2 T Vo
S atl {av) =

Stability

In general, all hvperbolic explicit schemes are subjected to stability
conditions to achieve convergence. This stability condition 1s usually in
terms of the mesh spacing Ax, Ay and Az. Basically, stability is achieved 1f
the discretized domain of dependence completely includes the continuum domain
of dependence. This 1s 1llustrated in figure 7. The continuum domain of
dependence for the point P(1+1,3,k) 1is shown by the dotted line Mach cone whose
projection on the ith plane is represented by points B',C',D' and E'. To
ensure stabilitv, the grid points B(i,;,k+1), C(i,3-1,k), D(1,3,k-1) and E(1,2+1,k)

should fall outside of Mach cone projection B'C'D'E'. This means that the discretized
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P(i+1,3,k)

D(T:j’k"]) O(iaj:k)

0(1‘]:.],k) C(’l,j'},k)

Figure 7. Continuum and Discrete Cones of Dependence
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Mach rhombus BCDEBP must enclose the continuum Mach cone B'C'D'E'B'P.

This 1s
achieved 1f the following condition is met.
1 [ax? | &2
& (B 85) <1

For a special case Ay = Az, the stability condition 1s

(6)

Usually, best results are obtained when the equalitv sign in Eq. (6) 1s satisfied.

Artificial Damping

The explicit scheme that is used to solve Eq. (1) is completely neutral.

If one solves for the spectral radius of the amplification term in the frequency
domain we get

For a wave solution, we require that the spectrum be complex, which means the
quantity in the radical must always be positive.

This term 1is positive only if
2 2
S o+ vz-< 1

¥ ? y 8 Ay ? s R Az

(8
which 1s the stability requirement on Courant number.

However, the real requirement
1s that

My ol <1

9)



We can see that the restriction (8) provides us with roots which always lie
on the unit circle for all stable Courant numbers. Any discretization errors
which are introduced can never damp out. They will simply be trapped in the
mesh as the solution proceeds. Another interesting property of this scheme
1s that the usual damping terms which are appended to the right side of the
difference equation are of no value. They are either destabilizing or fail
to alter the modulus of the eigenvalues.

To damp out any errors that creep into the solution, a smoothing operator
to the final result has been introduced. Let Le be the difference operator

such that

°+1,7,k - ¢ %4,3,k
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Now let a purely dissipative operator Lp be applied to the result and let

. final
this result be Q1+l,3,k such that
final  _
O+, g,k - M %41,k 19
Then
final _ 1
%i+1,3,k - Uo Lo Py, ik 1)
For stability, we require
< 12
HLC LDH 1 (12)

or

il < 1.

Since lILgl = 1 we simply require that {Lpl S 1. Any operator wnich 1is
dissipative will not disturb the stability of the system. It 1s suggested
that the difference operator be of the form

@ - % 83) 9 (13)

1+1,3,k

where the z-direction is indicated. The symbol 5; represents a fourth order
differencing operator. A similar damping term in the y-direction 1s added
with no problems. For this type of operator, the difference equation becomes

1nal

f A
= . -3 jo , - 4o . + 60,
¢i+l,3,k °1+l,1,& 3 +1,7,k*2 1=1l,3,&+1 Ol*;,J,&
-.’o . + Ilz‘
* 1+1,3,k-1 bz*l,g,k-2 %)
Stability 1s assursd since
N4
g = 11 = 20 sin* 3 <1
1Z
1 .-
O<w<;. (13)

This form of dissipation should lesave the low fraquency zompeonents of
the solutzon ra2lativelv uvnaltared while the high frequency waves are
attenuatea. The formal accuracy 3f ta2 soluzion saould nct oce al:terad
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using this procedure. The damping really appears as a fourth-order term and
the second-order result obtained should still be intact. Solutions obtained

with and without using this damping operator are discussed in Section 6.1.

Systems Approach

Although the potential formulation is fairly straightforward to solve with
only one dependent variable, it has a few drawbacks which are described below.
To alleviate some of these deficiencies, a different approach has been studied.
Here, instead of solving the single velocity potential equation a system of

equations in u, v, and w (perturbation velocities) are treated.

Comments on Velocity Potential and Svstenis Approach’

1. The ¢ equation in a Cartesian coordinate system involves second

derivatives. This poses a problem if we have to make any coordinate

transformation because the transformed equation may get so complicated that

even a simple explicit scheme would require time and storage consuming

matrix inversion procedures just as in the case of implicit schemes.

~

To solve the problem in Cartesian coordinates requires too many
field points. This can be avoided by means of a simple coordinate

transformation (preferably body fitted system). On the other hand,

a velocity potential formulation is not very accessible to transformations

of any kind for the above reason.

The u,v,w systems approach involves only first derivatives, and can

(2}

be put in conservative form for any arbitrary general coordinate

transformation (described in the later section of this report).
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1. The existing three-dimensional Euler solvers use continuity, and the
three momentum equations in vector form along with the integrated energy
equation. The u,v,w systems approach has the strong advantage over the
velocity potential formulation in the sense it can be easily incorporated
into any one of the exaisting Euler codes. Within such a framework, the
perturbation velocity formulation is linear and simple looking compared
to Euler equations and hence can save computational time. This simplified

formulation will now be described.

First Order Equations

1 1
e - "1y “grw T 0
v -u =0 (16)
lx ly
W - =0
1x u1z

The second and third equations in (16) are the vorticity equations. Here

i

1= o, and Wy = ¢l where ¢1 1s the first order perturbation

W o=y,
17 % 1, z

velocity potentiai. Eq. (16) can be written as

V.

E, ~F +G, =0. (1"
The first order boundary condition 1s

v;(x,0,2) = F_ - % (18)

X

where v = ¢F(x,z) + ox prescribes the body shape. The angle of attack 1s

denoted by .
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Second Order Equations

YRS SUIE S =-M:°—a—- 1+ Xlae) y2 4 y2 42
2, B zy BT "2, Y X 7 e 1T 1T M

v, ) =0 > (19)
X y

w -u, =0
Zx 2z

where u, = ¢2 » Vy = ¢2 and W, = ¢2 , and ¢2 is the second order perturbation
X z
velocity potential.

Equation (19) can be rewritten in the following way:

EZ + FZ + G2 =0 (20)
X y z
where
M°2° y-1 .2\ ,2 2 2
u t gz (1“—2“M)“1+"1+”1
E2=l V2
Wz
V2 N
8% B
F2= -u2 G2= 0
0 - u,
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The second order boundary condition is

v, (x,0,2) = (F - %) u - (F - %—x) v, +w F_. (21)

X Z
v

The first order equations (17) and (18) and the second order equations (20)
{

and (21) are in Cartesian system. Any general transformation of the form

Y
[}

X

- H(X,Y,Z) (22)

=3
|

- E(X,)’,Z)

gy
1

does not change the form of these equations. After the transformation

Egs. (17) and (20) result in

El, + Fl + Gl =0 (23)
- n g
By *Fp G =0 (249)
g n g
where
N E ~ E
_ 1 _ 2
BT E=7
S T S A WL ~ _EBang v Fym, 4Gy,
1 J "2 J
G. = BT H Ey t 6 8 G. = B2t H ay * 6y 8,
1 J 2 J
and J 1s the Jacobian of the transformation given by J = nxgv - nVEY'

At this point, we note the i1dentical form of the first order Egs. (17) and
(23) and second order ecuations (20) and (24). Bv contrast, in the velccity
potential scalar formulation any transformation completely alters the Cartesian

form of the equation.
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Conical Wing-Body Problem

To study the usefulness of the systems approach, conical delta wings and
wing-body combinations with supersonic leading edges are studied first. To
take advantage of the conical nature of the flow field and to map the leading
edge planar shock into a constant coordinate surface the following conical

transformation is incorporated. Referring to the coordinate system of figure 8,

we let
L =X
n=§7—zzm > (25)
g=2 )

J x

Figure 8. Conical Wing-Body Geometry
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Corresponding to the transformation (10) we have

n = -1 - 1 n = n tan y
x @ -EZtay Ny T T - € tan x) z " Z(L - £ tan x)
-F 1
= = = = = =
5 7 1 &y 0 .= 2

and

1

J = =
(1 - ¢ tan x)

The computational domain (n,Z) is a rectangle as shown in figure Sb. Various
other transformations besides (25) are also possible. For example, 7 = X,

n = vy/x, and & = z/x is another such conical transformation.

Computational Boundaries

M=1, L=1, Lmax is the plane of symmetry of the delta wing.
Mszax’ L=1, Lmax is the right boundary of the computational dcmain.
Physically, points on this boundary lie in the region where the solution is
two dimensional.

L=1, M=1, B%mx is the body boundary or it 1s the boundary to which the
boundary conditions are transferred and where the boundary conditions are
applied.

L=Lmax’ M=1, Mmax is the top boundary lying in the physical region

undisturbed by the presence of the wing (zone of silence).
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MacCormack's Difference Scheme

Applied to equation of the form

E_ +F +G,. =0
3

z "
s+l _Zn Az (fn _f )\ _ Az (fn _ fn )
EMTELM  m (FL+1,M FL,M) ¥ (GL MO M-l

anel _ 1 |an L oRFT Az (oneD | anel | | Ag (AT *FI)
E 2 [EL,M *EvT® (FL,M FL—l,M) = (GL,.\I+1 S }

Zn+l .
Once EL,M i

+1 . .

s computed (u,v,w)? % is known. For a conical problem as n gets
9s’

large, the solution approaches a radially asymptotic value. The marching step

size Az is chosen to satisfv the stability conditions.

Boundary Differencing of Boundarv Conditions

At the top boundary the values of u,v,w are kept fixed at zero (undisturbed
flow region).

At the symmetry boundary the equations are integrated using a forward
predictor and corrector for the differencing along varying M index and the
boundary condition w=0 1s applied.

At the body boundary the equations are integrated using a forward predictor
and corrector for the differencing along varying L index and the boundarv
condition v=prescribed is applied.

At the right boundary which is in the region of two dimensional solution,

1t 1s assumed that
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Computationally this is implemented by setting

(ul, Vl’ wl’ uz’ VZ’ ‘fz) = (ul’ Vl’ wl’ uz’ VZ’ wz)

Mpax Mpax~1

Symmetric Subsonic Leading Edge

In general, if the leading edge is subsonic, then the bottam and the top
surface commmicate which means the computational domain must include both the
top and bottom right hand side quarter plane. The special case of zero angle
of attack symmetric wedge delta wing case shown in figure 10a can be handled by
considering only the right hand side upper quarter plane as shown in figure 10b.
The boundary condition on the wing is just v=1 and off the wing v=0. Calculations
for such a case using a transformation ¢ = x, n = y/X, and £ = z/x are shown in

Section 6.1.
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Figure 10. Completed
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5. INTEGRAL FORMULATIONS

In addition to the previous approach, conservation law forms of the equation
of motion applied over finite volumes also appear promising for rapid turnaround
aerodynamic analysis and design methods. Referring to figure 11, a control volume
denoted as ABCD in the plan view will be considered. Without loss of generality,
we will illustrate the method to be studied within the framework of
hypersonic small disturbance theory (HSDT). Generalization of these
developments to the Euler equations 1s straightforward. The HSDT model should
be adequate to describe flows for freestream Mach numbers, M_ greater than 5
and characteristic flow deflections, A, generated by incidence angles «, and
thickness or fineness ratios & of the order of 0.2 radian, or more generally,
flows with the hypersonic similarity parameter 1/M2A? of order unity. For
higher values of H, or lower incidence combinations, a different type of integral
method based on Prandtl Glauert and second order theory will be formulated and

evaluated herein.

5.1 Hypersonic Small Disturbance Theorv

The HSDT problem 1s obtained bv substituting into the exact equations
asymptotic expansions which are approximate representations of the velocitv q,
pressure P, and density o in a limit involving a characteristic flow deflection
parameter §, and M _. In this limit, strained coordinates are required as in
boundarv laver theory to keep the flow field between the shock and bodv 1in view.

The asymptotic expansions are

—

8 =1 (1 + 8%ulx,y,z,H) +...) + &v(x,v,2)3 - 3wk~ .. (la)
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g = 8P (1b)
P
> g+ ... (1c)

for H=1/M%8%, x =X,y =Yy/8, z 2 z/8§, B=b/§, A= a/§ fixed as § - 0 where

b is the maximum lateral dimension of the configuration, § is the fineness

ratio, U, 1s the freestream velocity, = subscripts refer to freestream conditions,
;, ;, and i are unit vectors in the X, y, and z directions, respectively.

In what follows, attachment of the shock only at the nose will be assumed for
convenience. Generalization of the analysis to more complicated situations

will be considered in the future.

Substituting Egs. (1) into the exact equations of motion and retaining

like order terms gives the HSDT equations

->
O *Vp - Vp =0 (2a)
DVT + p = 0 (ZH)
D& =0 (2c)

where

[es]
1]
@
~
Q
”
+
<<+
—3
]
—

_ 3 = 3 7
VT-§J+§EI<
> - -
VT = vy *+ wk (Zd)

#= (o~ H/v) /o

v = specific heat ratio .
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On substitution of (1) into the shock conditions, the following approximate

relations are cbtained on the shock S(x,y,z) = 0
-3
VT x VS =20 (3a)

IV

_ 2
rl = < IT - W) (3b)

where

T =8 /|| (3c)

P = Plgg = Y—fl- (T? - H] (3d)
R ik S
g Y1 + T . (3e)

The body boundary conditions are obtained in a similar manner for flow tangency

on the body B(x,y,z) = 0, giving
-5
B +Vp - VB=0. (4)

Note that if S is known, (3a) and (3b) uniquely determine GT/S.

One approach which has been considered utilizes conservation theorems and the
HSDT formulation embodied in Eqs. (1)-(4). This method is the full nonlinear
analogue of the integral theorems and area rules developed by Rockwell for
hypersonic lifting wing body combinations in Refs. 3-5. There, a linear
perturbation problem was obtained for configurations with ''very supersonic''
leading edges. Applying these theorems to the previously indicated control

volume, we obtain

As = _4}& odA , continuity {5a)
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c = ZL = - -
CL = 507 J[ ovdydz , Y momentum (5b)
B ] ] -
CZ = @7‘5‘ = f O'Wd}’d_. , = momentum (JC)
X = 2D - + H/ + 9 (2 2 . N

CD EQTQ? j; ( T I > (v* + w?)] dydz + HAB/{ , X momentum  {5d)

where AA = AS - AB’ L, Z, D, are, respectively, the lift, side force, and drag
and EL’ EZ’ and ED are their normalized counterparts, and the area integrals
are taken over the projection of the shock layer in the section A-A. Analogous
expressions for the moments will be obtained using the moment of momentum
theorem.

To evaluate the integrals in Egs. (5) various methods have been considered.
Cne approach that could lead to a fairly rapid procedure is to make an "'averaging"
hypothesis that neglects variations in the flow quantities along lines such as
OP in the cross flow plane in figure 11. Thus, the values of the integrands in
(5) are taken along the shock. For example, if a polar coordinate system is

used with the lines OP assumed as & = const., as shown in figure 11, then

as. (5) simplify to

~ T
c, = - fo Kogvede (62)
~ PAi
c, = - j;) Ko igds (6b)

T + > + T de (6¢)

[@N]
)
"
)
T

27 [ps + H/y GS(Vé + wé) HAg
N
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where K = G*(x,8) - F?(x,8) with the explicit representation of the shock and

body taken respectively as

wn
1]
|

[}

T - G(6,x) = , shock (7a)

B=r - F(6,x)

it
o

»  body (7b)

where r2 = y* + z2 and 6 = tan"! y/z.

The integrands in (6) can be calculated from the shock relations (3)
providing the shock shape S is known. In line with the previous assumption, S
can be determined by equating the value of the transverse velocity on the body
to its corresponding shock value and using the shock relation (3b) to obtain

the following nonlinear first order partial differential equation for G:
T - H/T = 1’2’—1 FF/VE? + E} (8a)
where
|x7T|S = FE/VE + B} (8b)
T = WT]S = 66/ VG + G} (8c)
and
| ~vB=0 (8d)

has been assumed.
Equation (8) can be solved as an initial value problem using the characteristic
construction described in Ref. 6, or other numerical methods. This procedure

should be fast since there are only two independent variables involved. In
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particular, Eq. (8) simplifies to an ordinary differential equation for axial
symmetric or conical bodies such as delta wing.

Note however, that Eqs. (8) and (3d) uniquely determine Py without the
need to solve (8) as a differential equation for the shock shape G. If the

additional approximation over and above those used is made that

P = Py (9)

(consistent with thin shock layers at high Mach numbers), then a surface
pressure integration rather than the momentum theorems of Egqs. (6) can be used
to determine the inviscid overall forces and moments. In analogy to Egs. (5),

these are given by

L > >
= = 7 .
CL " TS ffs pg 77 dS (10a)
7
- > >
G = s = ? ffs pg -k ds (10b)
7
_ D _ > =
CD—B;O—UT—S'— 2[/-5 ps n.ix ds (lOC)

where S refers to the surface area of the configuration.

For lower hypersonic Mach numbers of the order of 4 to 6, the assumption (9)
is questionable, and the formulae (10) must be modified bv replacing p; by pp,
the true surface pressure. The relative accuracies associated with application
of {3) as contrasted with (10) when certain simplifving assumptions are made

concerning the structure of the shock laver or disturbance field are under
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examination. If the conservation laws associated with (5) are to be used, then
the factor K in the integrands must be determined and the differential equation (8)
for the shock shape must be solved.

Assumptions (8) and (9) appear to be reasonable approximations at high
supe}sonic Mach numbers as shown in figure 12 taken from Ref. 7. Calculations
for M_ = = are indicated for a right circular cone at zero incidence where for
lower Mach numbers these assumptions correspond to the wedge curve in the figure.
A partial evaluation of the method was presented in Ref. 8 for axisymmetric
cones at incidence and zero angle of attack. In that assessment, the ambient
pressure was neglected compared to the static pressure on the shock layer. This
provided agreement of the order 16-20% with the numerical solution of the Euler
equations from Babenko et al. given in Réf. 9. A somewhat more consistent
procedure which has been recently investigated and accounts for the ambient
pressure increases the discrepancies to approximately 36% as indicated in
Section 6.2. Similar inaccuracies will be discussed there in comnection with
studies on elliptic cones performed in this aspect of the contract. To reduce
these errors, additional effort is proposed to construct some sort of nonlinear
feedback model involving the equations of motion. This concept will be discussed

again in Section 6.2.

5.2 Prandtl Glauert and Second Order Theory — Transverse Integral Method

To simplify the calculation of overall loads and moments and bypass some of
the difficulties associated with pressure calculations according to second order
theory, an integral method has been developed. Although similar in the objective of
reducing the dimensionality of the problem, the thrust of this technique differs

from that embodied in the integral methods described in Section 5.1. Rather
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than dealing with volume fluxes of conserved quantities such as mass, momentum,

and energy as Eqs. (5), we consider integrals of the pressure that specialize

to loading along strips on the body approximately normal to the freestream
direction. This "transverse integral" technique, originally developed by Lagerstrom
and Miles, has been used by Malmuth in Refs. 3-5 to estimate L/D performance of
conical wing-bodies at hypersonic speeds. In this section, we formulate similar
rules for Prandtl Glauert theory and outline the procedure to be further developed
to treat the second order linear problem.

With the notation associated with the winglike ogive shown in figure 13, we
consider initially the transverse integral technique appropriate to Prandtl
Glauert theory. Denoting u as the perturbation velocity in the freestream
direction the appropriate equation of motion for the perturbation velocity
potential ¢ and boundary conditions when differentiated with respect to x the

streamwise coordinates are
Ou =0 (11a)

f
xx

uy(x,O,z)

where O = 3%2/3y? + 32/32% - 8% 3%/8x?, g% = M2 - 1, and the body is given by

the equation B = y - 8§f(x,z) = 0, with § a characteristic flow deflection angle
on thickness. Assuming for initial simplicity that the ogive has supersonic
leading edges here and in what follows, a characteristic surface emanates from
the leading edges. This surface is shown schematically in phantom 1in figure 13.
We remark here that if the edges are subsonic, certain additional relations over

those to be discussed must be introduced to treat the initially unknown velccitv

components off the wing.
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Figure 15.

SPANWISE LOAD STRIP

BODY
B=v - 8f(x,2) =0

X

CHARACTERISTIC ENVELOPE
(SUPERSONIC LEADING EDGES)

Notation for Transverse Integral Methoed in
Prandtl Glauert and Second Order Van Dyke
Theories
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Returning to the supersonic leading edge case, we define a spanwise
""pressure' integral of the form

z.(x,y)
Qx,y) = fo u(x,y,z) dz (12)

where z = z C(:c,y) is the equation of the characteristic envelope. On integration
of Egs. (11) with respect to z and introduction of symmetry for convenience for

which u_(x,y,0) = 0, we obtain a two-dimensional "'reduced" version of (11), i.e.,

- g2 =
Qy - 8% Qg = S(x,Y) (13a)
where '
9z 9z [ 3z 3z
=9 Sy 4 52,3 _C) 44 ¢
S5(x,y) = ay (uc ay) ¥ y c Yy B [ax (uc ax) * 3ax c ax] (150)

and the subscript c denotes conditions on the characteristic envelope. Turning

to the appropriate boundary conditions for (13), we use (11b) and (12) to obtain

9z
Qy(x,O) = F(x) +u, -3-5 = -8G' (X) (14a)
Y ly=0
where
ZLE )
Fix) = /(; fxx(x,:) dz (14b)

with subscript LE denoting the leading edge value.
To complete the formulation of an initial boundary value problem for Q in

the x,yv plane, we introduce the condition

QLx,3) = 0 (14c)
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which 1s appropriate 1f the parabolic Mach cone intersects the plane of symmetry
such as for a supersonic leading edge delta wing. Equation (11c) 1s derived on
the basis that the cone carries zero lateral load.

Heuristically, we assert that S=0 in (13b). It is anticipated that a
rigorous justification of this assertion can be made using the characteristic
compatibility relations and the fact that the characteristic surface 1s an
equipotential. A similar argument was used to derive the hypersonic integral
theorems presented in Ref. 5.

The solution of the initial boundary value problem embodied in (13) and

(14) is the "simple wave'
Q=G-8 (15)
where G is obtained from (14).

SPECIALIZATION TO DELTA WING

Referring to figure 14, (15) will be specialized to treat the case 1in which

f < = 0 in (14b) to illustrate the concepts. Thus,

X
3:C
Q=¥ 3 om¥Y=0 (0
and hence
Q = aly - x/8)

where a 1s to be determined by (16).

In particular,

Qx,0) = - ax/3 .
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Hence,

1
-4 ag,
C = Q(x,0) dx = =———+
L Sw/z jg B cot A

where CL is the 1ift coefficient representing an integral of loads along strips
such as AA' in figure 13, SW,/2 is the half planform area and A is the sweepback
angle. Now from figure 14, the Mach wave plane is given by

z. =X cot A - y cot A

and,

azc/ay = - cot A

where A is the ray angle to the point of tangency of the wave to the Mach
circle. Since u. is the two-dimensional value of the 'pressure' obtained from

sweepback theory, evaluation of (16) gives

% =sec AcotA=cscA=2ctnA
so that we obtain finally from (17) that
CL = 4a/8 . (18)

This result checks the appropriate value obtained from the full three-dimensional
theory. This example illustrates the relative ease that this procedure can be
applied to obtain an overall force coefficient which avoids entirely function
theory methods or surface singularity procedures. Extensions to curved leading

edges and more general geometries appear feasible.
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SECOND ORDER TRANSVERSE INTEGRAL METHOD

In this section, we outline the extension of the procedure to treat the

second order theory problem, which can be written in abbreviated form as
Duz = g(X,}’,Z)

u, (x,0,2) = h(x,z)
Yy
where g and h are functions of the first order Prandtl Glauert soldtion.

Denoting second order quantities corresponding to those previously introduced by

a subscript 2, and using procedures applied in the previous section, we obtain

zC
0'Q, = [ gdz+S,(x,) (19a)
=] O [
Q (x,0) = - 865(x) (19b)
Y
Q,(x,x/8) =0 (19¢c)

where Gé is a known function, and

D'=az_8232
e Xt

Introducing the characteristic coordinates

£ =X - By

X+ 8y,

3
1]

Eq. (19a) can be written as
3%Q

2 _
se3= = HEn) 20
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and can be solved with simple quadratures using the boundary conditions (19b)
and (19c). Thus, the complete second order problem for the normal force has
been reduced to a problem similar to that for the first quantities embodied in
(13) and (14), with a slight complication involving inhomogeneities in the strip
loading equation. In future work, it is intended to solve (19) for a delta
wing and compare the results for the lift and other forces obtained in this
fashion with those obtained using the source volume and finite difference
analyses described previously in Section 4. The obvious advantage of this
method is that it reduces the three dimensional problem to one in two dimensions
and has the potential of being generalized to more complicated geometries. On
the other hand, it has the disadvantage of yielding-only gross loadings and

not detailed pressures.
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6. RESULTS

6.1 Second Order Theory

The initial test cases for the source volume—: formulation of second order potential
theory were selected to verify the correctness of the theoretical development and
coding. Available analytic and higher order two dimensional results were used for
this purpose. Comparisons were subsequently made with measurements for delta wings
covering the range of leading edge sweep from 50 to 70 degrees, Mach numbers of 2.3 to
6.0, and a range of angle of attack such that Mo -+ 1.

Comparisons for a NACA 0012 airfoil at zero angle of attack are presented on
figures 15 and 16 . The incompressible result of figure 15 established the
correctness of the second order boundary condition by comparison to the conformal
mapping solution of Theodorsen. The well known inadequacy of the first order chord
plane boundary condition transfer in the leading edge region is clearly illustrated.
The second order result essentially eliminates this deficiency. The compressible
subcritical comparison of figure 16 was used to establish the correctness of the
spatial source volume terms by comparison to the higher order Euler equation solution
of Sells. The results indicate that the source contribution generally improves the
comparison although the boundary condition correction is the more dominant of the
two at thj:s Mach number. Higher order contributions are apparently required to
entirely resolve the leading edge region.

Numerical second order calculations at M = 4 were performed for a swept taper
ratio one lifting wing with a 10% circular arc sectinn (figure 17 ). The results for
an essentially two dimensional region of the flow were compared with Busemann's or

Van Dyke's analytic second order expression for yawed wings.
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2 (F+1) ML Cos® ~ 4 Mi-1-Tau's]
alxX) + = 0% = s o(au)

2 Cos™O [m;— 1 -Tnnzelz

CP = ——:_‘_—._———-._!_
-/Mh-l-'l"n.os

The only difference between the analytic and numerical result is in the second
order net pressure and is due to the chordwise variation of camber induced by the
source volumes. The camber is measured at the control point, which is at 0.95 chord
of each vortex panel, while the ACp is assumed to occur at the centroid. For a
supersonic two-dimensional region the net pressure depends only on the local angle
of attack.

The chordwise variation of the three terms which contribute to the second
order ACp are shown in figure 17c. The magnitude of the three terms is different
depending upon whether the free stream is placed at angle of attack or the planform
is place at angle of attack. For either choice in the essentially two dimensional
region, the exact second order results and the program results reduce to the same
value. Both show there is no change in lift due to thickness which is in agreement
with analytic results for an uncambered two dimensional section which begins
and ends with zero thickness.

Numerical second order calculations for a clipped fifty-five degree leading
edge sweep delta wing with a 4% circular arc airfoil at M = 2.3 to 4.6 are compared to

wind tunnel measurements on figures 18 through 20. Predictions of 1lift surve slope by
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the first and second order analysis are essentially the same, and both are in
satisfactory agreement (figure 18) with experiment. The prediction for aerodynamic
center exhibits a marked improvement for the second order result and is in good
agreement with test results. A comparison between prediction and measurement as

a function of angle of attack is presented on figure 19 at a M = 4.6. Figure 20
presents representative chordwise pressure distribution comparisons. The

general expression for the upper and lower surface pressures, as predicted by
second order theory, for a planar wing with zero camber is of the form:

C, = h%)+h€f+q«+auﬁa+gxz

w

+ G ) :
G @) @) - ox - o) + o

where a1, by, a2, by, and ¢, depend on planform geometry and thickness distribution.
The chordwise pressure distributions from the wind tunnel data where curve fit by an

equation of the form

2 3
+ {-'OL + -f-tot + {30(

c, = £

o

The data used for the curve fit was limited to *11° to avoid problems assoicated with
flow separation. Since there was data available at more than twice as many angles

of attack as there were unknown coefficients, the curve fit was performed in a

least square sense. This helped to eliminate the scatter in the wind tunnel data.

The f, term represents the Cp due to thickness while the f; term represents the second
order contribution to Cp due to 1lift. The f] term can be used to represent the ACp

while the f3 term was found to be negligible.

67



Calculated second order results for the compression side of a 50 degree swept
delta wing at a Mach number of 4 and an angle of attack of 5 degrees are compared
to the higher order method of lines.on figure 21A. Good agreement is indicated and
a substantial improvement over first order analysis realized.

Finally, second order results for the compression side of a 70 degree swept
delta wing at a Mach number of 6 and an angle of attack of 8 degrees are compared to
measurements on figure 21B. The agreement is satisfactory and again provides a
substantial improvement over first order predictions. The non-smoothness of the
second order predictions is attributed to the coarseness of the source volume density

which for the case under consideration is 10 chordwise by 8 spanwise by 8 vertical.
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a) Planform and Paneling

Figure 17. Second Order Results for a Swept
Untapered Wing at M, = 4.0
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Finite Difference Second Order Theory - Velocity Potential Scalar Approach

Calculations were performed for flat delta wings at M = Y2 and sweep angle
¥ = arctan (0.7071) with and without fourth-order damping. The results for the
first order equation are shown in figure 22. Even when points are placed at the
leading edge, some oscillations are seen inside the Mach cone when no damping
is used. The addition of damping seems to remove these high frequency oscillations
as shown in figure 22. Considerable improvements were also noticed when damping
terms are added for cases with points not on the leading edge of the delta wing.
Second-order calculations were also performed for flat plate delta wing
geometry with grid points on the leading.edge: Twe typical results are shown

in figures 23 and 24. Considerable improvements over the linear theory
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are obtained when the second-order theory is used. In figure 23, the
linear and the second-order theory results for M_ = 3, X = 45° are compared
with Fowell's (Ref. 10) exact solution. At 4° angle of attack, the two-
dimensional region computed by the second-order theory compares well with
the exact solution with some deviation inside the Mach cone. In figure 24,
the exact solution using method of lines (Ref. 11) is shown for comparison
with the second-order results. For a preliminary design code concept,

the improvements obtained with the second-order theory over the first-order
-solution is very encouraging at this point.

One other check was performed to validate the results obtained from the
computer using second-order calculatioms. The pressure coefficient for

a flow turning angle of AS and Mach number M is given by Busemann theory
(two-dimensional unswept value)

P = Py
N — 2 3 cue (26)
Cp I ” "cl A8 + CL(AG) % c3 (A8)° +
ZYpoo -}

where A8 1is positive when counterclockwise. The upper and lower signs
rafer respectively to left-running and right-running Mach waves, and the
coefficients are as follows:

¢, =2/V¥ -1

C, = [0 - 2)* + y11/202 - 1)?

2

. = M [~[+1 (‘42 S+ 7y - 2~(2>
2 Yo T 4
3 o - p7/2Le v 26r+L)

de

- Gy + 28y) + 1142 - 8y - 3] L3086 - /32
24 ((+1) ol -1 2

It w1ll be noted that the first term of Egq. (26) represents the linearized
solution, and the first two terms the second-order solution.

Equation (26) does not have the sweep effects taken into account. 3y
replacing M_ by M_ cos X and 48 by arctan (tan A8/cos {) and compensating
for pressure coefficient ncrmalization with raspect to the freestream
reduced by a cos ¥ factor, we get the sweep effects. Tor ¥ = 4,

A8 = 5°, and ¥ = 50° the first two terms in Eq. (26) (after mzking the

2 1 - : . £ = =33851
sweepback corrections) yield a value of (Cp)second order, 2-D 0.05733851.

For the sams case, the finite differenced second-order calculations give

(CP)second order,2-D = 0.0573339.
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Figure 25 shows a typical wing-body arrangement. Here, a right circular
cone whose axis is rotated with respect to the wing to avoid a 90° intersection
at wing-body junction, is placed on top of the delta wing. Figure 26 shows
another arrangement of wing-body combination with a cosine body with no slope
discontinuities at the wing-body junction. Calculations performed on these
wing-body combinations using the velocity potential approach in Cartesian system
are shown in figures 27 and 28 in terms of constant Cp contour lines, For the
cone body, the delta wing was at zero degree angle of attack. Thus, in figure 27,
the Cp in the 2-D region on the wing is zero. For wing-body arrangements once
the grid points were placed along the leading edge the wing-body junction may
or may not have points lying on it. In the Cartesian velocity potential
formulation if the grid points were not-aligned along the -leading édge and
wing-body junction the solution tends to be very oscillatory. The spikes that
are seen in figures 27 and 28 originate at points neighboring the wing-body
junction and propagate inwards along Mach lines. As expected the cosine body

produces oscillations of smaller magnitude because of a smooth wing-body junction.

Finite Difference Second Order Theory — Systems Approach

Several conical delta wings and wing-body combination cases were run using
the first and second order system of equations approach. Most of the cases
used a typical n,& grid of (11 x 18) and required approximately 400 iterations
to converge. All the cases were run on the Berkeley CDC 7600 machine.® A
typical first and second order calculation using the systems approach required

10 seconds CPU time.

*This procedure although not strictly speaking necessary was chosen to reduce
costs during the contractual effort.
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Figure 27.
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Figure 29 shows the first order solution and -the improvementg made using
the second order solution for a delta wing case of M_ = 4, x = 50° and angle
of attack = 5°. The system of equation approach yields a much smoother solution
than the velocity potential formulation, especially for the second order
calculation. Better flow field resolution in the case of the system of equation
approach could be due to the conical transformation.

Figure 30 shows another case of a delta wing for M_ = 6, x = 70°, o = 8°.
The first and second order soiutions are compared with the Gentry/Woodward solution
presented in Ref. 12, experimental data, apng the more exact method of lines calculation.
The second order finite difference solution and the Gentry/Woodward solution
compare reasonably. It is very clear from this plot that a significant improvement.
in the results can be achieved using-secor®d order approach. -However some
disagreement with experiments still remain due to the inadequacy of the linear
and Gentry theories in predicting the nonlinear shift in conical sonic line
location.

Figure 31 shows a typical wing-body calculation for M_ = 6, x = 70°, and

¢ = 8°. A conical cosine body having the:following shape (see figure 26)

X (L+cosmg) +ax 0<E<E

&b

\<
0

ax €b<5<526

is used, where &, is the location of body-wing intersection and Eze is the
leading edge position. The pressure of the body does not change the two-
dimensional results as long as the body 1s contained within the Mach cone. The

boundary condition for the body is also applied at y=0, just like for the wing.
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Comparing figures 30 and 31, it can be seen that the influence of the body
completely changes the second order solution in the three dimensional region.
Instead of a sonic line in the case of delta wing a compression wave (can be
a shock also) is formed terminating the two dimensional region. The flow then
undergoes a gradual compression thereby peaking the Cp value. The peak in Cp
occurs around the intersection of the wing-cosine body. On the body the flow
(cross flow) undergoes a rapid expansion and the CD value falls down to the
centerline value.

Figure 32 shows the results for symmetric subsonic leading edge delta
wing cases. For the linearized equations there is a square root singularity at
the subsonic leading edge causing Cp_to.goutowinfinity. The numerical procedure
cannot handle this singular behavior properly and hence forms spikes in the
solution near the subsonic leading edge. Results are shown for M_ = vZ,
semi wedge angle of 3° and for leading edge sweep angles 69° 56' and 51° 21'.
The first and second order results are also compared with analytical results

from Ref. 13. The discrepancy between the analytical results and the numerical

results require further investigation.

96



L6

¢ ~n___ SUBSONIC LEADING EDGE DELTA WING CASES, MACH NO. = 1.414
0.20F o 20 DEG., 4 MIN., FIRST ORDER 7
016 + 20 DEG., 4 MIN., SECOND ORDER
« 38 DEG., 39 MIN.. FIRST ORDER
0.16F x 38 DEG., 39 MIN.., SECOND ORDER 4
—_— SLCOND ORDLR ) J
0. 14k Lighthill /
~ e FIRST ORDIR Ref. 12 |
C
£ 0.12F / .
0.10f 74 .
08[- = .
} -
Lo6F L’ -
q ?
.041—_—_/// 1
.02F .
0.00 2 1 4 1 1 L 3 A Y |
o.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1. 1.1 1.2
BETA 27X

i
N

Figure 32. Symmetric Subsonic Leading ldge Delta Wing, M



6.2 Results — Evaluations of Hyversonic Small Disturbance Theory Model

In this section, we apply the formulation devised in Section 5.1 to treat
flows over elliptic cones at incidence. This study is intended to 1lluminate
accuracy questions in regard to the initial concept and indicate directions
of refinement prior to application to more general configurations.

Referring to figure 33, we consider the elliptic cone in the hypersonic
stream at freestream Mach number M_ and incidence o. In Eq. (7b) in Sectionm 5.1,
by use of a body axis to wind axis transformation, we find that for the shape

in figure 33, the body B and shock S have the special representations

(1a)

o
un

T - xf(8)

(]
o

(1b)

n
"
[}

o

T - xg(8)

where T = T/8, y =y/§ =rsin9, z=7Z/§ =T cos 8, t?2 = y* + z2, and

6 = tan™! y/z. For an elliptical cross section of eccentricity ¢ and major

axis vertex angle §, we have, with A = o/§
R R o e (22)
- € \/sinzlgz+eei ggszogz-eA sin 8 | H(a2) as A ~ 0
£1(8) = - (£ cos 8) mpiik =€) SIn 8 *+ A (2b)

sin¢ 9 + ¢2 cos¢ 9 + A sin 8

The pressures on the shock are given by Eq. (3d) where the right hand side is
calculated using Egqs. (2). Defining this right hand side as a quantity S(&),

we obtain in the notation of Egs. (7) and solving (8)
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2
g, (l%’ls)+ﬁ. (4)

For this conical shape, the nonlinear first order partial differential
equation in two space variables x and 6 becomes the following ordinary differential

equation for the reduced shock shape g:

g'(®) =g V(g/T(6))? - 1. (5)

Note that Egs. (3)-(5) apply to an arbitrary cross section conical body. If
a surface integration is used to determine the lift coefficient, then the

appropriate expression for a conical body.is

™
Zz .
> f{f sin 9 - £' cos 8]
C=§C n-j ds = C_ (s ds . 6)
L s Pg ! m PB ) VE2 + f12 (
-7

In figure 34, results using the present hypersonic small disturbance '‘wedge'
model are compared to other theories for the o=0 right circular cone (e=0) case.
In contrast to the M_ = = results previously presented in figure 12, the discrepancies
increase from 20% at H=0 corresponding to the strong shock M_ = = case to about
49% at H = B§ = 1 for y=1.4. The discrepancies could be reduced by emploving a
lower value of y associated with a thin shock layer approximation or the previously
used somewhat inconsistent approximation employed in Ref. 8 of negligible freestream
pressure compared to static pressure on the body. Further evaluation of this
case indicates that the present theory makes too gross an approximation of the
wave angle T by assuming that the magnitude of transverse component of velocity

{ﬁ}l = ]a - Uzl is conserved across the shock layer. For a wedge in which the
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flow behind the shock is constant state this assertion is obvious. Accordingly,
it would be expected that for relatively planar winglike bodies with supersonic
leading edges this approximation may not produce the serious errors associated
with the cone. For the latter, however, important flow relief effects occur due
to the high three dimensionality. Also implicit in the comparison of figure 34
is the assumption that shock and body pressures are the same. This assertion is
apparently not as serious as that concerning the wave angle, T. The error in
the latter is only 20% but its appearance as a square aggravates the prediction
sensitivity.

Prior to discussing directions for refinement, we turn now to the case
a, € #0, i.e., an elliptic cone at incidence. With the notation given in
figure 33, pressures were calculated with-our model for an € = 1/2 cone tested
by Chapkis at M_ = 5.8 and reported in Ref. 14. Results for the pressures on
the most lee (8 = 7/2) and windward rays (6 = - m/2) are shown in figure 35
for various angles of attack a. For the windward side in which the thin
constant property shock conditions are most closely met, the agreement is
reasonable. Degradations occur on the lee side associated with thickening
of the layer and resulting nonuniformities in the region. In figure 36, the
experimental meridional variation of pressures is compared for the same cone
at o = 0 and 2° with the predictions from our model. Serious discrepancies
occur near the major axis. Newtonian flow results for a = 0 are also shown
and also indicate serious discrepancies, but near the minor axis. The appropriate

Newtonian expression for zero incidence is

C vB-1|2 ;
3§§ = = ¢? [sin? 8 + € cos? 6}/{(sin® § + €% cos? 8]

+ (1 - &%) sin? cos? 8! . N
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For the prediction of CL by a surface pressure integration, one might
expect a beneficial error reduction due to the tilting of the pressure vector in
the region where it contributes the least to the lift and the error is the
greatest. Unfortunately, for an ellipse, this tilting is also localized to the
major axis and no substantial accuracy improvement occurs, as shown in the
meridional loading curve of figure 37. Using Eq. (6), we obtain a Cp of 0.05056
in contrast to a value of 0.0278 using Chapkis' measured pressures.

As indicated previously, a crucial feature of the model is 1ts capability
to accurately predict the shock wave shape. In the foregoing phase involving
the determination of CL’ the application of (Sb) in Section 5.1 to the
determination of CL was considered on the grounds that compensating errors
could be involved in the evaluation of the ov product and the estimation of AA.
The determination of AA involves the solution of (5) for g. Cauchy-Euler
marching was attempted, but it became evident that the singular behavior near
8 = - g-will have to be better understood before this scheme is successful.

More accurate prediction of the shock shape for this and generalized
geometries will require suitable refinements in the model in which presumably,
more localized integral forms of the equations than (5) in Section 5.1 are
used. The existing model utilizes onlv the surface boundary conditions but
does not incerporate the diéferentlal equations, particularlv that of continuity
This aspect 1s particularly important in distinguishing the highly three-
dimensional conical flow considered previously within the framework in the

quasi-two-dimensional assumption of V.| IVT In future studies, finite

vTI = l .
l IS |B
volume procedures 1nvolving these conservation laws will be more fully developed.
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7. CONCLUSIONS

Based on the theoretical development and comparison with higher order

results/experimental measurements, the following findings and conclusions are

made.

~
.

w

I

Second order potential theory provides a systematic means of

extending linear theory to values of the similarity parameter

M§ of order one.

Improved prediction of supersonic/hypersonic aerodynamic characteristic
and surface pressures for simple three dimensional shapes has been
demonstrated for numerical second order analysis.

Additional effort 1is required to.extend the non-linear potential analysis
to more general wing-body arrangements and refine the treatment of
subsonic edges.

Exploratory effort utilizing hypersonic small disturbance theory
integral techniques indicates that the approach requires additional
development prior to obtaining a rapid gross aerodynamic prediction
method.

The systems approach has a strong potential for any future code
development to handle general three dimensional configurations in much

the same manner as existing Euler codes but with sufficient computer time

and cost savings to permit use as a preliminary design tool.
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