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1. DEVELOPMENT OF A MATHEHATICAL MODEL FOR STEADY STATE ISOELECTRIC
' FOCUSING.

Isoelectrio focusing (IEF) is a high resolution electrophoretic

technlque Whloh is widely employed for protexn separatlons. The technique

‘ ic based upon the observatlon that proteins exhibit zero mobility at

unlque posmtmonsv(thelr 1soelectr1c points) in a pH gradient. The intro-

duction by 1KB (under the tradename Ampholine) of mixtures of syntheti-
cally random polyaminopolycarboxylic acids provided an easy means of
establishing a broad pH gradient and contributed to a large extent to

the remarkable popularity of the analytical technique. Preparative

IEF has enjoyed less popularity as a result of (a) scaling éoostraints
of the classical focusing apparatus, (b) the loss during fractionation
of the resolution achieved during focusing, and‘(c) the unavoidable
contamination by Ampholine of the fractionated proteins. We are
addressing the last of these problems and proposing the elimination of
Ampholine from the system by establishing the pH gradient with simple
ampholytes. To that end we have developed a mathematical model of
simple ampholyte TEF. A simple ampholyte in our terminology is one
whose behavior near its iscelectric point results from the influence
of only two ionizeable groups. Predictions of the model and computer
simulation of focusing experimeots are of direct importance to our

efforts to obtain Ampholine-free, stable pH gradients.

1.1l. Simple Model based on the Electromeutrality Approximation.

Our first effort to develop a model of IEF was largely

directed by Svensson's pioneering workl in the early 1960's. He
considered the focusing of a single ampholyte component, and we general-

ized the treatment to two, three and multi-component systems. This
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apﬁﬁdéch emp1§ys thé coﬁmon fdrm'qfvohm’s law to descriﬁe ﬁhe electric
field as a function of the solution conductance. Thé'modéi:conéisté
bf an.ofdinarj differential equétion'for each aﬁéhﬁlyte wﬁiéh:is

a statement of conservation of mass, and a coupling algebraic equation
which reyfesénté the eléctroneutrality appfnxiﬁation.. The model
equations_ﬁere solved using discretization techniques based on the
Ruﬁée—Kuﬁté-ﬂéfsonIinﬁegration.rulé.éqd;tﬁe sdlutibn.was implemented
on a_digital computer'using DARE P simulation softwarez. The results
of thé éolutiqn were presented as the pH, condﬁctance, and the concen-—
tration of each ampholyte as a function of distance along the column
axis. This model was userd for the computer simulations discussed

later in this report. The salient aspects of the model are described
in a paper, "Theory and Computér Simulation of Iscelectric Focusing
with Simple Ampholytes", submitted to the IXB Symposium - Electrofocus
78 and included in Appendix A, The developsmnt of the multi-component
system is included as Appenddix B.

As a result of comments f£rom Dr. Dudley Saville during a visié

to our laboratory and subsegquent commuuicationsB, we have reappraised
this model. Dr. Saville indicated that the contribution of the current
due to diffusion should be considered in calculating the effective
- electric f£ield, i.e., a more complete expression of Ohm's law must be
employed for a rigorous treatment. The effect of this correction

will of course be dependent upon the magnitude of the diffusioﬁ current.
relative to the applied current. Our preliminary calculations indicate
.that this is not large for the cases considered; however, we feel it

is necessary to specifically include the diffusion current in the

2J. J. Lucas and J. V. Wait, DARE P - A Portable CSSL-Type

Simulation Language, Simulation (1975)

3
D. A, Sawville, personal communication
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‘general form of the model and neglect its contribution only when it '
can be shown to be negligible.

1.2. Revised General Mhdel'dffstéédy State'ISOEIectric'FoéﬁSing:

The revised model describing a one~dimensional IEF system
" is based dpén the following aéSumptions:' | | o
(1) the system is at stea&y state; i.e., there is no uet.
£lux of any émpﬁolyté cﬁmﬁﬁnent;. |
(Zj'the concentrations of component subspecies are described
by equations of chemiéal equilibria, i.e. chemical reactions (pfoton
associations and dissociations) are rapid relative to transport processes;
(3) the system is isothermal and there is mo ﬁacroacopic flow.
1.2.1. General Equatioms. |
Flux (Fi) of i-th species
-F, = e wiziniV¢ + RT wg?ni (1)
w, — mobility (mzsec_lv_l)

concentration (moles/ms)

|5 =
[
|

- valence {dimensionléss)

=
i

local electric potential (V)

R - universal gas constant (8.314 joules/oK . mole)
¢ — molar charge (6.9366.104 Q)

T ~ temperature °x)

Q - Coulomb's unit change

Conservation of mass (conservation of i-th ions)

V'Fi+Ri = 0 (2)
R, - rate of production of i-th species per unit
i
volume (rate of change of charge density)é%gj;;?
m
Poisson's equation
2 N :
e V'@=-e I z.n, 3)
.4 ii
i=1
€ - dielecitric constant (5.48-10"11 %;EB

N - number of species

.
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Consexvation of charge (net production of charge is zero)

1
' Comservation of j—th ampholyte

i=j

P2 Lo - (3)
P &
le’le+1""’Rj - rate ofrproduction

2
of species.(jl,jl+l,.;..,j2) - coméonent subspecies
of j~th ampholyte

11.2.2. Model Constiuctiqu. |

The conservation of charge equation: Multiplying equation

(2) by the valence z; and adding these equations for all species gives
N N
L z,V.F,+ZI z,R. =0 ; (6)
TR R P A
i=1 i=1

Taking into account (4) the above equation bhecomes

N
Z zV.F =0 R : - D
l:
or
N
V. £ 2,F, = 0 (8)

Since valences z, are constant.
Frou here we will treat only the one dimensional case,

when the symbol V represents the derivetive, that means we substitute

_d
V - dx-
Equation (8) can be integrated once, giving
N
Z ziFi = «J
i=1 :

J - total current demsity

b




' Using (1) in the above Wefgét“' —
N . dn, .

'Ampholyté conservation: A procedﬁfé”Simiiar'td'one used

in above can be applied here. The equatlons (2) for component sub—
: spec1es of J—th ampholyta are added, whlch results in

T dx+z: R, =0 oy
1=31 1—31

- Using (5) in the above equation leads to the following relation

i=j | o .
%ﬁ T2 P, =0 ‘ (11)

The equation (10) can be integrated, which results in

=0
5 Z'Fi"= c, S an |
i=iy J ]

'j.='l,2,....,M
M - number of ampholytes
The ilux_of'any aﬁphoiyte i zero
;=0 : (13)

, - J
since we assume steady state.

This results in the following M equations

i=i, ,
bX F, =0 (14)
i=3,

Using (1) in (14) gives

i=3 ' =]

e( 2 2 .. ) 49 4+ RT I 2 w.-—~£ = 0 : (15)
. 1 iti’ dx idx |
1*31 1—31



' The-éQuation (9) andIEQEaﬁions (14) constitute a system of ML
:fequatiqns with N uuknownéf(ni,nzg...;;nﬁ). qu.maael ébmpleténeés,

some other #elatiqns are needed since N > Mh1.

" Chemical Equilibria:
We assume that the chemical equilibria are obtained rapidly with

respect.to_tréﬁs?ort proceéées, and that thé concéntratiohs of com— ;
- ponent subspecies are related by the dissociation éonstants. To

illuStféte_tﬁiélappfbach let us consider an ampholyte Aj which

dissdcié?es inte simple valence ioms i.e. A; and AE . f

We use the'foilcwing notation

- -+ - f
Species: H' OH .... A, A. A )
_ _ : J o J : §
Concentrations: nl Ty eeons nj nj +1 n.j ‘ - ;
1 -1 2 !
c |
- + -__k Cs )
A.+H ~ A : K. - = o !
2 . J J1 3 |
!
A, +H+ﬂf.' ; R, = = ‘
J e, ' 2 “1
& I
The dissociation constants are
mn,
K, _ J1 :
317 n ' |
| .+l - f
n,1.
x, _ 3 (16)
d2 n,
Jl -
Kw = nln2
It is possible to use (16) in order to express n. ELY and n, in
: LTI, =
terms of 4 and nj , thus reducing thes number of variables in the

1 .
model. We can proceed similarly in the cases of more complex ampholytes,

which dissociating lead to more then 3 component subspecies. This
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way we can express the concentrations of component subspecies of
an ampholyte in terms of the hydrogén ion concentration (nl) and
either the concentration of one chosen component subspecies or

the total ampholyte concentration (nt )
‘ ki
i=j2 _ : .
t,= X 1. (17)
j . s i .
=34

1.2.3; Isoelectric Focuwsing Model With a Single Simple Ampholyte

Example.
Notation
i: 1 2 3 4 5
Species: g OH A A* AT
Concentration: : nl 1, n3 n‘,:F n5
c
H 0~— H + OH K_=nnmn
2 ey w12
Lo
1- e cz,,
A +H - A K2 = "c—'
& 3
c.5 c
A+ H S AT K = 6
c _ Cg
n,n
K = 173
1 n,
(18)
_ M5
KZ T on
3.
Kw = nyn, ) (19)
Zl=1’ zz——-—l, 23=0, z, -1, z5=-1

For this example we have only one ampholyte (M=1) and jl-—' 3 5 3= 5.

From the equation (9) we obtain

3 5 d
2 dg il
e.(;il- z; wini) T + RT i 2w, = = =J (20)

—7-
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Similarly from (15) we have

- ag- 5  doy
e(§ z-iwini)§+ RTEWiE-X— = 0

Using (18) and (19) we can write

n, =—&
2y
I o
.5 o,
I i
4 &y
From (22) we compute
dn-z _ KW‘ dnl
dx n 2 dx
1

& K & % &

1
T T s B S |
dx 2 dx dx -
. o, 1L

Using (22) and (23) in (20) we obtain after some éimple

manipulations
K n K,u do w K dn
W 3 273 1 A 2 3
Gy =g v, g8 *Ws S ) P Vs R &
n _ T n . 1 1
1 1
. K n.1 n.X
-1 _ e . 13 372, dp
SR TR Pt Yen TR, YV &

Similarly using (22) and (23) in (21) we obtainm

w n dn W K dn

4 3.y 1 & 2 3 _

(Kln3' WKy Z)dx+(w3+l<lnl+w5n)dx =
nl 1

s AR S T e

(21)

(22)

(23)

(24)



n n jal
.8 o L 3 3y 48
=~ 1 W K 52 ) &z - (25)
Equation 3 becomes -
2
g ag ‘
(-"/e) =n, -a, +my - O (26)

dx

Taking into account the value.4 of the comstant (E/e = .06 x 10"16

)
and assuming the rate of change of the electric field is much smaller
than 1015 v mfz, we replace Poisson’s equation by an algebraic one,
fepresenting the electroneutrality approximation. Using (22) we write
-n-K—J:-+-J—';nn—K(n/u)=O (27)
1 W g Kl 173 22371

1.3. Direction of Continuing Research.

We have a mathematical model of steady state IEF based
on the electroneutrality approximation which has been written in
the forms for single and multicomponent systems. We have a revised
general mathematical model of steady state IEF, which has been written’
for the single ampholyte system. We intend to solve the equations
for the single component system in both forms and compare their
solutions and results. Using fﬁé most advantageous approach, we
will then address multiple component focusing systems. No major
difficulties are forseen at the level of two and three components. At
this level we will attempt quantitative experimental verification of
the model and conduct remodeling if required. The feagibility of
achieving a solution with several ampholyte components will be evalu-

ted and implemented if considered reasonable. We intend to express the

4
5. R. Vaccaro and H. S. Green, Ionic Processes in Excitable

Cells (manuscript)




equations inm terms of the total concentration of each ampholyte.

We also intend to evaluate the feasibility_of extending the
model to consider the transient state. A transient state solution
would, in addition to enlarging the theoretical foundation of iso-
glectric foecusing, provide additional insight into the mechanics of
the approach to steady state. This may allow further exploitation of
the process as a kinetic rather than static event, and lead to increases
in time efficiency. This last factor may be quite important as the
time required for focusing the gradient can be considerable. Dr.

D. Saville will be providing us with collaborative assistance during
the coming year.

2, COMPUTER SIMULATIONS OF STEADY STATE IEF

2.1, Simulations and Their Evaluation.

Computer simulations are intended to serve three functions

in our research. First, the simulations increase our understaqding .
of the focusing process by allowing us to vary ampholyte characéeristics
or experimental conditions and observe their affect on the IEF system.
Second, the simulations proﬁide theoretical data against which the
experimental data may be compared to establish the validity of the
theoreticai model and its parameters., Third, the methcd of simulation
will hopefully be developed to the level that it may provide the
basis for designing focusing systems with specifically desired
characteristics. !

Computer simulations have been conducted with a variety of ampholyte
systems at the level of two and three components using the simple model.

The simulations are set yp by entering specific values for the applied

current, the initial (boundary) concentrations of the ampholytes, and the

~10-
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physicochemical characteristics for each ampholyte which define its elec~
trophoretic behavior, i.e., its proton dissociation constants, mobility,
and diffusion constant. In some cases these parameters have been
given values which reflect a real compound, while in other cases values
representing purely imaginary components have been used. The latter
method allowé sequential wvariation of a given paramenter (or set) to
establish what effect this variation will have on the charactarieties
of the.focusing system. The index of the library of computer simulations
we have conducted is included as Appendix C. ¥For the comparison of
related systems, the boundary concentrations of each compoment may be
established as different (to represent a limit of the column) or as
equal (to represent some intermediate position). When using equal
concentrations of both components as the boundary condition in a two
component system, the simulation may be directed toward either the
anode or the cathode. To represent a given experimental setup, the
cross—sectional area of the column and its length must be specified
to allow integration of the ampholyte comcentrations cover these dimen-
sions. The integrated values are then the total amount of ampholyte
contained within the column volume. The simuiations have routinely
been conducted using the dimensions of the ISCO Column Model 212 which
is one of the focusing apparatus routinely employed in our laboratory.
The results of a simulation using two compoments representing
glutamic acid and histidine are illustrated by the concentration
profiles (figure 1) and the conductivity and pH profiles (figure 2).

The conductivity and pH profiles are of course of primary interest im

regard to utilization of the focusing system, while the concentration

profiles are of interest in that they represent the manner in which the

~11~



CONCENTRATION CmM)

COLUMN AXIS (emd

Fig.. 1: The concentration profiles of the two-component IEF system

using glutamic acid (solid line) and histidine (broken line). The
current employed was 4 x 10-7A.
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COLUMN AXIS (em

Fig. 2: The conductivity (solid line) and pH
(broken line) profiles of the two—-component IEF
system. The conditions were identical to Fig, 1.
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. pH and conductiviﬁﬁ'aré.gétabliéhe&;oZThe'profiieé obtéiﬁéd from a
o'series of simulations may.bg replotted'togéthEr to demonstrate the
effect of parémétef vériotioﬁ;° The'ﬁﬁ.aod con&ﬁctivitj'&ata presented
in figures 3 aﬁa.44Wéfe.geoerated by sattingrthe pK's of one ampholyte
(pKila.G.aud ﬁkﬁé=.8) ﬁhi1e.§a£yiﬁgTﬁHe pK's of the other ampholyfe N
systematlcally so that the A pK i e. pKAz pK A1 is held constant
Whlle the pI of the component varies. The boundary width, B.8. -
roughly the distance between points representing 5% and 95% of one .
of.théﬁcoﬁpoﬁenﬁstmakimom.coﬁcéntfétion, reflected in these profiles
decreases at large values of pIB - pl and 1nc*eases for small values -

A
of thls-parameter. The pH data in figure 5 were generated by holding

_ a2~ Phal
of the other without changing its pI. The boundary represented by

the pK's of one ampholyte constant and varying the pK K,. value

those profiles ohgrpens at small values of pK2 - pK1 for either ampho-
lyte and oroadens for large values of this parameter. These figures
also indicate that'rather linear, shallow pH gradients may be establighed
with ampholytes having either a small A pK (good ampholytes) or a
large A pK (poor ampholytes). The pH and conductivity data of figures
6 and 7 respectively were generated varying the equal boundary con-~
caotrations of both components., In this case the parameters were
specified to represent one poor ampholyte (’A PK = 6, pIL = 5) and
one good ampholyte ( A pK = 2, pI = 7). Tt can be seen that the
higher concentrations produced more linear pH profiles over a narrow
range and higher conductivity with a concomitant reduction in boundory
sharpness.

‘It was noted that the width of the boundary between two ampholyte

-components ig inversély proportional to the amperage. The effect of

14




pl SERIES (aPK CONSTANTY, pH

= i3 . = ip} 8

~—t - 0 (u\?i
6/15 13: 43 pl=4 B/16 9: 47 pl=B eoeven-

6/16 8: 5B pl=6.5 — —=—

————— 6/15 13: 45 pl=5 B/16 9: 351 pI=3 ———

Fig. 3: The pH profiles generated using one component with
a pl of 7, while the pK's of the other component were varied

so that the pl ranged from 3 to 6.5. The current employed
- was 4 x 10-74, ' ' ' '
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- pl SERIES (ApK CONSTANTY - =
C CONBUCTIVITY

o L.Bx18

& iy} = in =
-t - 0

-t
£ 715 13: 43 pli=4 B/16 9: 47 pl=Becean..
mew—m—— 5715 13: 45 pl=5 6716 8: 58 pI=B.5 ~~—m-- —
/16 9:51 pl=3 ————

25 1

Fig. 4: The conductivity profiles generated using one component
with a pI of 7, while the pK's of the other component were varied
so that the pI ranged from 3 to 6.5.
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7.88

/\ pK SERIES (pl CONSTANT) pH

P ——
8_ gﬂ _ - .—_..--"“'-—_-—- "—-‘-.-:'.T'“--"
6.80 [ v
08 L
- ’
6. 60 /
' ’
6. 58 /’
6. 48 ;
Y
6. 38 /
Y
6. 22 /’
8. 18
5. BB — ; - :
n = 7] S - N
— - N 0
—=6/16 G8: 38 ApK=8
———— G168 108: 9B ApK=8
""" /16 S: 57 A\pK=4
—--— B/16 8: 54 ApK=2
Fig. 5: The pH profiles generated by holding the pK's of one
component constant (pK,.,=6 and pK_,=8), while the pK's of the
other component (pI=5) Were varied so that the value of PKAZ - pKAl

ranged between 2 and 8. The current employed Was_4x10“7A
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CONCENTRATION SERIES: pH

7.88 .
898 | ;
5. 82 , . , :
= n = lip] Ty}
—t =i o o

—— §/29 15: 48 cowc.=3.mx1ai§
TTTTTT 8/29 15: 46 CONC. =1. 5X18__
------ 6/29 15:38 CONC. =3. 8X10

Fig. 6: The pH profiles generated by varying the equal boundary
concentrations (molar) of both components.
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5/29 15: 48 CONC. =3. BX1d -
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Fig. 7: The conductivity profiles generated by varying the -
equal boundary concentrations (molar) of both components.
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‘:differenx‘amperages is demonstrated in figure 8, which gives the

concentration profiles of two ampholytes representing glutamic acid

. and histidine from an equal concentration position. To extend the

Eouﬁdary dVer'ZO'cm requires. a current of approximately 0.4 microamp.
With a current of one milliamp the boundary width is reduced to
approximately 0.1 mm, Thus at one milliamp the focused system is
essenﬁialiﬁ'én isoelectric zone of gluﬁamic';cid contiguous to an
isoeiecﬁric zone'ofAhistidine through a very sharp boundary expressed
aé'é QH discdﬁtinuity; The sharp separation in this system more
closely resembles an isotachophoretic separation than the type of sepa-
Jrﬁtioﬁ.éﬁmmonlf.thoﬁght:td océur in IEF. At coﬁpéfable amperage when
the intermediate component of a three-component system is present

iﬁ excess of the two end compﬁnents, an isoelectric zonme in the middle
of thé column results. This isoelectric zome is expressed as both a
bH ﬁiateau and a conductivity gap. This phenomenon is illustrated
graphicalljvin figures 9 and 10. ‘The concept of ampholyte comcentration
profiles resembling bell-shaped curvesl is clearly incorrect in this
instance., A noanaussian ampholyte concentration profile and conduc~
tivity gap have been oﬁserved experimentally in other laboratories
when modifying Ampholine gradients by amino acid additions.

2.2. Direction of Continuing Research.

Obviously since these simulations were conducted using the
early model based on the electronentrality approximation, the importang
aspects'of the systems need to be reevaluated through simulations
using the revised model.

To date the simulated systems have been evaluated only qualitatively,

Ssee for example, R. K. Brown, M. L. Caspers and 5. N. Vinogradow,
Carrier Ampholyte Distributiom, in Electrofocusing and Isotachophoresis
(eds. B. J. Radola and D, Graesslin) pp. 87-96, de Gruyter (1977)
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o d A

Hosi s

CURRENT SERIES, CONCENTRATION

3.6 . —
1,'E3 R . . : ._.3 : _'::. ; : [:E3

2.8
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Fig. 8: The concentration profiles of glutamic acid (CA) and
histidine (CB)} from an equal concentration boundary position.
The current was varied from 0.4 to 3.6 microamps.
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Fig. 9: The concentration profiles of the three-component
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line), and a third component (broken line) with an intermediate
pL (pK; = 4, pK, = 6). The current employed was 1.7x10-6A.
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i.e., with regard to conductivity, the best gradients are those
exhibiting a relatively 'constant, high conductivity profile; with -
regard to pH, a linear pfofiiéVWbuld normally be preferred. it is

expected that both narrow and broad range pH gradients are of inmterest;

the narrow range (approximately one pH unit) would be preferred for

sepérationé‘within a specifie& region such as a preparative puri-
fication of a single protein; the broad range pH gradient would be
.useful aﬁalytiéélly of in preparative applications where high reso-
lution is not required.

To quantiﬁatively evaluate focusing systems, one can resort to
Rilbe's definition6 of the resolving power of the method:

[D (dEH/dx)];ﬁ .
ApI = 3 |E (-~du/dpH)

where ApI is the pH difference Eetwaen just-resolved protein zones,
D is thevdiffusion coefficient of the protein and du/dpH is the
slope of mobility vs pH at the component's isoelectric point. This
could be applied by establishing a unit or constant value for
tD/-du/de) and ecalculating maximum and mean values of ApI for
each gradient. This of course assumes that the sample ampholytes
are in low enocugh concentration that they have no influence on the

established gradient. Alternatively, one of the ampholytes of the

model may be given the characteristics of a sample ampholyte, and
its distribution in the focusing column evaluated. It would be
advantageous to incorporate this type of amalysis into the computer

Program'o

6H. Rilbe, Amn. N. Y. Acad. Sci. 209, 11-22 (1973)
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3. EXPERIMENTAI, VERIFICATION OF THE THEORETICAL MODEL

3.1. Experimental Findings.

To confirm the theoretical model, we need accurate profiles
of a system focused under several different experimental conditions.
Since pH, conductivity, and ampholyte concentration profiles all
represent different aspects oé the same information, any of these may
be utilized. The technique of analysis of course must be capable of
discrimination within a small fractiom of the length of the established

gradient. We do not currently have an experimental setup which provides

the requisite resolution, but we have made some qualitative observations.

The most obvicus testable prediction of the model is that the
boundary between glutamic acid and histidine will be very narrow when
the appiied eurrent is in the milliampere range. This was tested in
LWO ways uéing the ISCO column: 1) the column was focused containing
only the ampholytes glutamic acid (Glu, pl = 3.22) and histidine

(His, pI = 7.58), then fractionated into 0.4 ml fractions (each

representing 0.5 cm of column length) and the fractions analyzed; 2)

the coluwn was focused containing a visible marker in addition to the
carrier ampholytes and isoelectric between them.

In the former method, the fractions were analyzed as to conduc-
tivity, amino acid analysis, absorption at 212 nm (histidine absorbance
peak), and pH. The absorbance and pH profiles of the column are pre-
sented in_figures 11 and 12§ Although there is considerable loss of
resolution during the fractionation procedure, the sharply discontinuous
nature of the boundary is well-enough preserved to bé illustrated by
these data.

When hemoglobin which is isoelectric around pH 7.2 was inecluded
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Fig. 12: The pH profile of the fractions eluted from a focused columm
containing the ampholytes glutamic acid and histidine on a sorbitol
dengity gradient.
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in the column as a visible marker, it focused in a very natrow band

'(lesé than 2mm wi&e) aﬁrthe'boﬁndary bEtWéen the Glu and His zoneé.

When albumin dyed with bromophenol blue (which is iscelectric around

pH 5.4) w;_ﬁ's included, both the hemoglobin and albumin bands were
sharp_énd gontiguous. When glycyl-glycine (pI = 5.65) was included
as a third carrier ampholyte, the albumin focused between Glu ana
Gly-gly and the hemoglobin focused between Gly-gly and His in separate
ﬁér£ow.ban&s. This demonstrates the possibility of separation of
proteins by interposition or bracketing with carxriex ampholytes
analogous to ﬁobilitﬁ.bracketing of proteirs in isotachophoresis.
When methyl red (pI 3.75) was used as a marker between His and Glu,
it focused into a narrow band whose top half was red {(the aecidic
color of methyl red) and whose bottom half was yellow (the dye's
basic color). This strikingly demonstrated the very steep pH
gradient occuring within the narrow boundary. While these data

are qualitative rather than quantitative, they illustrate the
discontinuous nature of the boundary between adjacent ampholytes

in this system.

3.2. Direction of Continuing Research.

To facilitate gathering the accurate profile data required
to confirm the validity of the model, we are in the process of
designing a system which will allow analysis along the length of
a IEF column without requiring fractionation. Two types of apparatus
are being considered: 1) a scamning conductivity probe which would
move axially within the focusing column, and 2} a column capable
of being scanned along its length in a spectrophotometer. The latter

+

would utilize a swall column contained within the lumen of a temperature-
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' Jacketed quartz, floWhthrough cell (Hellma 16/~QS) We have
'conducted prelxm1nary focu51ng exPerlments in the Hellma cell
and achleved satlsfactory results.

4; IMPLEMENTATION OF SIMPLE AMPHOLYTE IEF FOR PROTEIN SEPARAIIDNS

4fl. Results to Date.
We have seen that szmple ampholytes can be focused so that

the boundarles between adjacent components are either broad, giving
a pH giadient, OY DarYow, giving‘a pH sfep. Broad boundaries are
favored by low fields, high ampholyte concentrations, high values of
pK2 —pK1 for biproﬁic ampholytes, and small differences in the iso-
electric points of neighboring ampholytes, i.e., pIB -pIA. The
converse of these conditions favors narrow boundaries.

.A pH-step system can be used to space or bracket specific
proteins; however, the resolution of this technique is dependent
upon the availability of ampholytes with closely spaced isocelectric
point since an ampholyte of intermediate pIl is required to separate
sample proteins. To display a resolving power of 0.02 pH units
would require 50 components with pI's spaced over a single pH unit.
This sort of system is perhaps already available in the form of
Ampholine, although the number of Ampholine components used and
their relative concentrations are of course not amenable to adjust-
ment. Bracketing with high resolution using a reasonable number
of components is probably more easily achievable im isotachophoresis
than in IEF, since mobility is a flexible property for weak electrolytes
and may be altered with pH, wherees isoelectric points ares essentially
inflexible. Bracketing with low rasolution could conceivably be
useful for separating a esmplex mixture into specific subgroups;

however, it does not appear that such a technique would be of general
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usage.

The use of pHrgradient systems is the alternative to using pH
steps, and we'ﬁavé.bégun-té éxpibre ﬁhis altéfﬁative'eéﬁérimentaily}
In qur_pre;iminary attempts_td focus proteins:on simple ampholyte
ﬁH gradientS'wé ﬁaﬁe pfiﬁarily ﬁse& a fﬁlyaérylaﬁide slab gel.:
system. The slab geis_are easily manipﬁlated and multipie gels can
be rﬁn Simultaneously. We hava chaosen tﬁ setup shallow, narrow-
range pH_gradienﬁs using two or three amino acids or dipeptides as
carrier aﬁpholytes. To date we have conducted experiments in only
a few systems using the following amino acids and peptides: aspartic
acid (pT = 2.77), glutamic acid (3.22), histidyl-glycine (6.81),
histidyl-histidine (7.30), glycyl-histidine (7.50), histidine (7.59),
and B-alanyl-histidine (8.17). The goal of these preliminary experi-
ments was to determine if proteins can be focused with high resclution
on a pH gradient formed from only two or three components. For sample
proteins we have used hemoglobin (Hb), catalase (Cat), or Ffractions
of dialyzed egg protein (ED). After focusing a strip of the gel is
removed and sectioned, each section is eluted and the pH of the eluate
recorded. The remainder of the gels are fixed with a Coomasie Blue
solution to allow visualization of the proteins. Protein distributions
on representative gels and their pH profiles are presented as figures
13 through 18, The pH range of the gel usually exceeds the pl range
of the ampholytes, i.e. the.focusiné column escapes ampholyte control
at fhe ends. This phenomenon apparently is caused by the presence of
buffers and salts in the system (by products of the acrylamide poly-
merization reaction), and the magnitude of the sffects is raduced

by increasing ampholyte concentrations. While these results are very
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Fig. 13: The pH profile of an aspartic acid and glutamic acid

gel with sample of egg white protein.

-31-



GEL LENGTH, om

Wb - o ED7

l-)
$
H
4 K
N
e
oL
Sar &l
l-o'.‘:
Il- 'y
am b
R
OO
T RL]
‘e
Taavat
o
M)
LY N
- Yants
e ‘;:J
i'.::, ":|.
] ot
Tasta I
L ) F
Lt 2
L

f

s o« <« © o s
pH
PAG 8mM HIS-HIS, 8mM ALLA-HIS, 100 Veolts

' (pI=7. 3 (pl=E. 173
HEMOGLOBIN 1Bmg/ml, EGG WHITE PROTEIN #7

12/8/78

12

Fig. 1l4: The pH profile of a histidyl-histidine and alanyl-
histidine gel with samples of hemoglobin and egg white protein
fraction.

-32~



— e L R

GEL LENGTH ve pH

g Hb _ ED 7

GEL LENGTH, em

e T T St i AT 5 e e S A LR e, a1 L TR et e s R sl S ey
v 3 .

8_ . .‘L .“:.:‘:::_;*
L]
D -
=E
S
? Z=t
e 153
4 1 EE]
==
Py
1 L
—
2 Jh
r- o /
=) N ~¢ o s8] = 0N
L ] weed

PAG BmM HIS-GLY, 8mM ALA-HIS, 288 Volts
(pI=6. 81 (pI=8. 17

HEMOGLOBIN 18mg/ml, EGG WHITE PROTEIN #7
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preliminéry, the separations observed in some systems are quite good
(see hemoglobin in figures 15-17 and catalase in figure 17), and
indicate that it is possible to focus proteins on a pH gradient

- formed with omly two or three simple aﬁpholytés.

" 4,2, Direction of Coptinuing Regsearch.

For simple ampholyte IEF to befof maximum.utility in protein
separations, three types of focusing systems should be developed. In
order of developmental priority they are: first, narrow-range focusing
systems, which colleetively span the pH range from 2 to 11 and indivi-
dually cover a single pH unit utilizing a small number of simple
ampholytes; second, a broad-range focusing system, which by itself
covers the pH range from 2 to 113 third, a flexible method of designing
custom-tailored pH gradients to f£it specifie and unusual separation
problems. OQur goal is to develop all three types of systems in forms

suitable for both analytical and preparative application.
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THEORY AND COMPUTER SIMITLATION OF ISOELECTRIC FOCUSING

WITH STMPLE AMPHOLYTES
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 INTRODUCTION

In iseelectric. focusing (IEF) a stable pH gradient is created by
electrophoretic migration of carrier ampholytes to stationary positions
in the separation column. Ampholytic sample components introduced in the

systen distribute themselves on the pH gradient so that they exhibit con~

centrstion maxima'at:their'raépéctive isnelec£ric points. In regards to the

processas which determine their &istributicn on the column, the distinction
betwean ﬁarrier ampholytes and sample éﬁphblﬁtes is pﬁfélj seﬁantic. |

The existing theory of étaady—state IEF is attributable to Svensscm:L
and was developed in.cohjunctioﬁ with the iﬁtrodﬁdtion of'the.techﬁiQﬁé.
Svensson addressed the one-component system, i.e., the concegtration dis-
tribution of a pure end component; and also the.cnncentration distribution of
an ampholytic component added to a system whose pH and conductance are known
ag a function of the distance along the separation axis. Such systems were
rendered possible by Vesterberg's development of a random mixture of carrier
ampholytesz, commercially imtroduced under the tradas name of Ampholine.3
Their ready availability assured the remarkable growth of the various IEF
techniques, But also rendered unnecessary further davelopment of the theory
of steady-state IEF. There have been no significant contributions to this
theorj since Svansson.

Racent attempts to develop alternate means of forming stable natural pH
gradients 47 have been based on a purely empirical approach. We feel that
this goal would be furthered by the development.of an explicit mathematical
theory of multiple ampholyte IEF. This paper represents our approach in this
direction, and we hope that it will contributs to an understénding of the

theoretical Basis of ITEF.



MODET, FORMULATTON

'_ihe;cpﬁstructiqn of a mathematical_model_uf IEF is based upon tﬁe

folléﬁiﬁgvéﬁndééts; | -

| ~a. the gonceﬁtraticn of compenent subspecies are described by
équatioﬁs §f chemical aéuilibria, | -

: bf, in the steady state, a balance_axists bgtween the mass transports
resulting from electromigration and f£rom diffusibn,

c. the condition of electromeutrality prevails as a first approxi-
mation, and | |
d. the current density is constant throughout the separation column.
The spacificvgoal of the present theoretical treatment is to develop a mathemaw
tical description of a mﬁlticcmponent IEF system at every point along its axis,
i.e., to obtain the compénent concentrations, pH, conductance, and rslated
parameters specified in terms of the components' mobilities, diffusion coeffi-
cients, and proton dissociation constants.
The theoretical treatment presented here assumes a good measure of ideality,

specific assumptions were as follows: (1) a negligible contribution of H+
and O to the conductance within the pH range of interest, (2) only the two
apparent dissociation constants (pK's) nearest the iscelectric point (pI) of
an ampholyte exert significant influence upon its behavior in the steady state,
(3) component subspecies have only a single absolute ion mobility, and (&)
electroosmosis and radial and longitudinal temperature gradients are not

significant.

FUNDAMENTAT, RELATTONS

. The equations have been developed for both the two and three~component
systems. The thrae-componeat system is used to illustrate the fundamental

relations. The concepts and treatment are generally applicable, and generalized
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forﬁs of the T itioal equatlons are ﬂiven Below in the discussion of the.

' methgd used in solutlon of the equations in computer szmulatlon.
The concentrations of component subspecles can be expressed in terms of

'_ the total concantration C, of tha* component and the hydrogen Ion concentra- i

‘tion hi
@+ hKil + Kﬂ 190 i
¥ #l
o K:u 12%1 | | (2)
i . . - . .
(h “4 hKil + KilKiZ)_ .
o BRgqCy (3)
¢S = —5
(b + WK,y + Kil 127

where i may be a, b, or ¢ representing the three components of the system; Ci
is the concentration of cationic ampholyte; Gz, the anionic ampholyte; and
G;, the uncharged and zwitterionic ampholyte. Kil and Ki2 are the first
dissociation constants of the ampholyte when titrated from the iscelectric
state with acid and base respectively.

At any point the net mass transfer of each component rasulting from
,electromigration can be described in terms of the charged subspecies concen-
trations as

i_1I

| J'e = T;'Tc"“:‘.(c

o)) )

where I is the current (amperes); g, the cross-sectional area Cbmzlg K, the
-1 sec-l)

.

oonduotanne.{mhos om_l); and ., the component mohility Cmmz volt




" The condustance is given by o o

e T/1000 £ u (6T Oy b (Y +n (¢
® F/lqoo{ua(ca_a- € + u (o +C) +u, Ccc“’“cc)} (5)_.. :

-where F is the Faraday constant and the component subspecies concentrations are
molar.
At any point the d:ﬁffu_sio_nal mass transpert of each compoment is descriﬁ_é.d_._
ag. _
It = .p,ac.fax . - | (6)
d i1 o '

wﬁsre D 1 is the diffusion coefficient .(cmz sec_l)_ and x is the independent
variaBle répreééﬁtiﬁg the d:is_ta.nc'é.. along the colﬁmn. .Si.nce inl the steady state o
the net mass tranéport of a chemical component resulting from slectromigration i
-._must Balance the transp;:rt from diffusion, we can write

= 1 '
Je ."Id @)

and using equations (4] and (6}, this Becomes

T
D aK

. - = o -
dc, fd= u, @ - C,) &)

Taking into account equations (1) and (2) we obtain explicit form of the equations:

: 2 |
10001 %afa (B~ Ky1Kup)

1
dc_/fdx =
a D_qF 2 ¢
a @+ m{"al.i' KalKaZ) )
¢ (B? - )
10007 &% K152 1 "
dﬂh/dx = D aF 5 P (9)
b (B + By + Kpal0)
' u G (h2 -KE.K.)
~ C 10001 cc el ¢ i
d"‘c/dx = D.qF- 2 ‘ . [
c (n .+ hKcl + Kcch:Z)



where the function ¢ has the form:

b = v, Gy (" + R-‘.:-:.lKa'.Z)' . 40y " +K,Kp) + u.S, (h™ + Kcchz) (9a)

o B 7 — T o S
TR, R KK (™ BRyy + Ky Kppp) (" + By + LqKep)

_ 'The_.-el_gctzoneutrality 'coﬁdition__for ‘the three-component system may be
“gtated 4s

R
Ch+ O+

+C, Kw/h +C, + 0+ C (10)

where K is the ion product of water.

NUMERTICAL $OLUTION AND COMPUTER IMPLEMENTATION
We present briefly the discretization procedurs of the model equationms,
the numerical integration technique, and the computer implementation of the‘ model.
Tt is convenient to write the differential equations for C,» Cb and Cc

concentrations in the form:

1000L
dCa/ dx DaqF.' fa(Cav, Cb’ Cc, h)
1000T
a0, /dx D qF £5(Ca» Cpo Coo B (11

10001
dcc/dx D-ch fccca’ cb’ Cc’ B)
whers fa.’ f‘b’ fc are the functions specified in relation (9}, The functioms
fa’ fT:’ fc satisfy the Lipschitz conditiom with respect to all arguments.
Using equations(l) and (2) we can write equation (10) in the form of a

polynomial:

8
T B, B =0 (12)
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‘The coeffiﬁiéuté'bj df Ehé'po1yndmial are linear functions of Cys Cb; Gy
of the form |

"f?jr??ij +.bja Ca *+ bjb Gb.+ bjc Ce o e _ .(13)

37 Pia’ bjb’

ak’ Kbk’ K_ k (k=l 2), and the don praduct af water K . These coefficients

and the parameters b b. dePend on the dissociatian constants

are nresentad explicitly in the Appendlx. The solution of system (11)(12),
which cousists cf differential and algebralc equationss; is in ‘geperal |
not unlque. The uniqueness is auaranteed by pickiug one specific root of
the polynomial. This has to be based on physieal consmderatious.

The differential equations (11) were discretized using.the Runge-Xutta-

Marson schemeg, whidh can be described azs follows:

Ax v, (C ,h sAx )

an? bn cn

sC sk shx ) (14)

= C
en’ n’n

+ Ax mb (c

bn an’ bn

¢ =C n.+ Axn lpc. (Can’cbn’ccu’hn’ﬁxn)

where
. Axn "
The functions wa’ wﬁ’ wc specified by the chosen discretization are computed

x, is the integration stepsize.

using the right sides of equations (ll) The subscript 1 added to the
variaﬁles in the above equation indicates the discrate values corresponding

to the value of the independent variable x
: n=-1
T =x + I Ax ' , (15)
2 e 1=y _i

whera X, ig the imnitial wvalue,




‘The coefficieﬁﬁs bj of ‘the polynomial (12) are computed for each step x
basad u?dg:thg.valueslcgng Cbn and Ccn.l Then the roots are extracted using
‘the Newton?Raﬁhsﬁn ite:éﬁivé ﬁechnidﬁé. .Héﬁiﬁg computed the roots we seleet
: thg_real positive :qp;(s), Whén there is more then ﬁné positive real root,
.tﬁeircotrcloéasﬁ to fﬁé former valﬁé ﬁf'hnrllis substituted for hﬁ. When
.tﬁgre’ig nq rea1vpositive~root‘the fo:m;r valug of hhrl is retained. This

 procedure can be described as follows:

hn'= :iE {rk; Re(rk)'> 6 A Im(rk) = 0} (1.6)
"% M-l |
whefé-Re(ﬁk) is the real part of the root rﬁ, and-Im(rkg ig the imaginary
_ pa:ﬁ of the Toot rk(k;l,z,,..,sg; hn = hnrl if the above set is empty.
The program fur'nnmérical integration of system (11)(12) was prepared

using FORTRAN based simulation software DAREP O

available at the University
of Arizoma. The prpgramvwas implemented on the CYBER 175 digital computer.
The polynomial (12) is solved by. the subroutine called at each integration
step. The subroutine sxtracts the rToots, teéts them and substitutes appro-
prizte value for hn following the formula (16). When there are multiple
real positive roots or thers is none, an appropriate message is printed out.
The integration 1s performed from the initial value = until an end value
LI The step size Axn is automatically controlled by the Runge-Xutta-
Merson integrationm subroutine to maintain local truncation errors within
agsigned bounds. We assumed relative errors of 10-3 - 10_5. In the cases
studied the polynomial displayed only one positive real reot which was
therefore the only root realistically acceptable. The selection of this

root of the polynomial at each integration step guarantees the unigquenees

of the solution.




RESULTS

The model was exercmsed at the level of the twn—cnmponent system by

ﬁSing values for mobilities, diffusmon caefficients and dlssoclation constants'

| ;gpre;en:;tive of_glutamic acid and histidine. Thg constants assumed in the
cﬁlculatidns ére reportéd in-Tﬁbla I. Thé senarétion column was assumed fo
. be 25 em in length and of 0 79 cmg crnss—secticnal area. The anode was
pos*tioned at the top of the column =nd the cathcde at the bcttom.} The pfe—
dictions of the model for thg two-component system are illustrate& in
.Figures 1, 2, and 3.

~ The model was also exercised at the level of the three-component system
by again using glutamic acid and histidine, and introducing a third component
with an intermediate isocelectric point. The predictions of the model for

the three-component system are illustrated in Figures 4, 5, and 6.

DISCUSSION

This work represents preliminary steps in the development of mathematical
model for IEF. The results presented indicate that the method of solution
chosen is capzble of being used successfully. We are in the process of experi-
mentally verifying the model's predictions; and intend to perform parameter
identification and remodeling as required. Although we do not believe the
assumptions presently employed are unreasomable for preliminary theoretical
consi@e;ation of the system, a md:e concrete position may not be assumed prior
to experimental evaluation. | |

The model iz being gemeralized to consider an indefinite number of
components. At the level of the n~component system, it will provide a basic

tool for t¢he design and optimization of natural isocelectric focusing gradient

systems.




Recentlyv a greét deal of interest has focused upon thel modification

Of 'pH gradie.ntsv established by commercially available carrier ampholytesl*’s'
and  the uemeration of natural pH gradients by use of simple mixtures of
buffer56’7. It is genéi;ally appreciated that the quantities of individual
" ampholytes ut:f.li ed and theix specn.fic characteristics must un:r.quely determine
the shape of the pH gradient estahlished, the sample capacity, and the
'resolution of separation. Tt should also be appreciated that the anpirz.cal
approaches presently employed suffar from the absence of a mature theory
of IEF. Significant progress cannot be rzasonably expected without the
develcpment_of a_valid theory to accompany t:he.‘ empirical thrust.

| .’I.’he. computer simulation presentéd abofe has shown that the characteristics
- of gz:a&ients formed using a limited number of well-defined ampholytes will
be far more dependent on ‘their concentratioﬁs and the fileld apylied than

is the case when Ampholine dg used. The reduction to practice of such novel

buffer systems will be facilitated by the development of the automated data
14

collection apparatus described in another paper in this Volume

This research was supported in part by NASA grant NSG-7333.
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APPENDIX =~ |

The c‘oéf:'ficients of the p‘c‘;lym.".:ﬁlia.i;s aﬁe as follows: ﬁ
.blé - KalKa2Kbl_Kb2Kcch2Kw ' : i
P27 7 KarRao¥uifpo¥erKeg (GoF Gt Co) | j
| T RKegKKoRey + KKK K Koy + KXo Ffeifeny & ;
T:3 = A KalKa.zl_tble?.Kcchz t
= BarRao®piFeaker * KarFar¥piKerfes) Ca

- RarRadKFeaRer + KarKeiFpaKeiKe) Cp

= RarprFpo¥erfer T KarFagKiKeiKes) Ce

7 RarFaf e T Rarfarfenfa * RarKerForer * FarKarKerKes
T RiKeiRer®er ¥ FuifeoRerked) &y
By RarRaofii%eofer * KarRaoFurFerFer ¥ KarReiKooKerFes |
* Ry KR K, - Ry 1RasKe1s = FarFagKiKop - Xa1%aoKp1%er? Ca
T KarRaoRer®es = KarRagRuiFe = KprfpaRaKes = KarFpiFoo%ep) G
+ (KalKaZKbleZ - KalKaZKcchZ = KpiKpoRerRez - Rai¥p1Kei¥en) €. :
- (RarRagyp + KgRpnKep + KypRuoog + KKKy + KKK
* Kachchz + KbchchZ) Kw |
s * KarRaofmifer ¥ KarFagpiFer * Rar¥ifpoRer * KarFasKerFes
T KrRRerRes * KprFpoRerFer
TSGR t RpiRerFer - KarFaoKer - KaiFaoFp) C
TR RaRr T FarRerXes - Fer¥poRer = Kar¥piFun) G
FOEa R RarFFee m BarReifer = KypForXen) Co
to®arRay t KRt KRy FOBgRe fORyRy + Kaiken) K

=11




. :

6

+ KgKeo + KR = Fei¥p) G

.(Kthﬁz *oKpiKg P KR - R.iKe2) G

(KEI+ Kﬁl + Kcl) Kw

{KﬁlKEZ

. ) . ' +
KaRaz * KarfFpr + Kprfpe + RadFa + %pifa

®yy * Kgde, + &y + K)c + Ky + K)C

Kal+Kbl+Kcl+Ca+C+C

-12-

Kar%aofer T %arferfpe + Farfaofar T FarFerFer * Rprfpofa
ot KrRerfer * Fprferer -

PRy T KK F KKy - ByKopd €

Ka1¥e2

c




Tableziz Assumed Constants®

Component PEy PRy u(lOS)cmzv-lsecml D(lOS}cmzsec_l
4 - Glutamic acid S 2,19 4.25 31.7 0.80
B - Histidine 6.00 9.17 32.4 0.73
¢ - ﬁnspecified component | 4,00 6.00 30.0 ' 0.80

% pR Values were taken from reference 1l; diffusion coefficient for histidine
from reference 12; diffusion coefficient for glutamiec acid was calculated
f;cm the values of the equivalent conductancels; mobilities ware taken as

an éverage of the values for the anionic and cationic species.
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APPENDIX B

MATHEMATTCAL MODEL OF STEADY-STATE ISOELECTRIC FOCUSING

SYSTEM .OF N-COMPOWENTS .

AL St R SR e DL




0. A, PALUSINSKI

Title
Mathematical Model of a Steady-State Isoelectric Focusing

System of N-Components

: Absfraéﬁ

‘The gaper‘ﬁresents basgic equatioﬁs'expressing the
concenfrationé of.cationic and anionic ampholytes in terms of
hydrggen_ion concentration, corresponding dissociation con-
stants andlémpholyte cdnéentrationé. -Balance.between electro-
miqration and diffusion movement determines the set of
differential equations. Solution of these equationé givés'the
aﬁpholyte coucentration as function of distance x, along the
column axis. The differential equations are coupled by thé
polynomial of order 2N+2, which results from the electro-
neutrality equation. The coefficienﬁs of the polynomial are
complicated functiong of dissociation constants and ampholtye
concentrations. The recurrence formula for these coefficients

is derived in the first part of the paper.
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-Introdudtion ;

In an'earlier pépérik_ ).a mathématicai“mOdei was
presented-forza three—compgnent_isoelectric_focusingvsystém,
The model provided the méans of domputing émpholytes' con~
- céntrations, the pH, and the conductance at every point along
ﬁhé‘column_axis.in»tetms of the compbnentsf mobilities,
diffusion coefficients, and proton~dis$ociatioh constants.

The model consists of an ordinary differential equation for
each component and a single algebraic coupling equation. The
differential equations express the steady-state balance that
:eéists between the mass transports resulting from diffusion
and electromigration. The algebraic polynomial is a statement
of the condition of.electrOneutality. The equations of the
two and three component models were derived directly from the
fundamental relations. In order to.conveniently implement the
model with higher multiple component systems, the model
equations have been generalized and an algorithm has been
developed to generate the differential equations and coupling

polynomial for an N component system.
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Ci+ ~ the concentration of cationic ampholyte (ith comp.)

Cig - 'thé”danénﬁration'of aﬁiohic'(unitS'

h - hydrogen ion concentration (units)

.Kil'Klz - £hé firsttdiSSOCiation conStaﬁtS'df‘the‘amphothé o
B (titrated from isoel. Stéte'Wiﬁh acid and base

ﬁespectivelY). |

u, - component_mcbility

q - cross—sedﬁionﬁi areé

D, - diﬁfusidn coefficient

KW - ion product of water

-B3.
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1. BASIC EQUATIONS

. n? e .
T
o o SR G
i - .2 ‘ .
S B R Ry h RypRin
o i=1, 2,...,N
CONDUCTANCE ) |
- N
rF X o+ -
K= ——W 7 . u; (C."+ ¢C.)
1000 ;24 i 1 i
ETLECTROMIGRATION
i _
T + -
DIFFUSION
i dCi
74 ==D; Fx
i i
BALANCE (Te = ~Jd )
ac. |
i _ I . + -
dx D,gk u, (Cy Ci )
ELECTRONEUTRALITY
N N -
h+ 5 C =K/h+ I C,

i=1

(1

(2)

(3]

(4)

(5)



L DR . 2
' 2. DIFFERENTIAL EQUATIONS -
@), @ @)
N h® + K. K
F - i1
K= we T 1., C. . (6)
1000 .2 % 3 %y NS
_ i=1 7 ‘h +'hKil * KKy,
(1), (2) + (4)
dey oL ‘n? - K, K, ‘
i_ I T M1tiz ,
dx T D.gE Y 2 » s (7
i h™ + hKil + KilKiZ
(6) + (7)
ac 1000 u he - X,.X
i i i1tz L g (8)
dx FD, g 2 Q i
: i .h + hKil + KilKiZ' _
¥  h? o+ K, 1K,
Q= % 5 . 'L".i Cl : : (9)
=1 h" + hK;q + K;qKyp
3. POLYNOMIAL
(L), (2) = (5)
N  mn®c, o N K, Ky, Cy
h+ 3 — L =K /h+ I — (10)
i=l h® + hK.; + K, K, i=1 h* + hK,; + K, K.,
L e = K,/m (0% + bRy, + Ky Kyo) (11)
i=1 h™ + hKil + KilKiZ 7 j=1

~B5—




N ' N ' N
2
h'rr(h+hK +KK)+ Z(hChKKC)Tr(h+hK+KK)
5=1 j2t T 11742 =1 jiiriz
J'rl
¥
= KW jz (h™ + thl + Klejz) (12)
Notation:
By =Ryq
o (13)
B, = Kjq1Ko
o N N N
hTr(h+hA+B)+ E(hC-hBC)'rr(h +hA +B}=
=i 73 i=1 j=1
| j¥i
N
= KW_ T (h + hAj + B ) {14)

j=1



PN = ]El(h +hAj+B ) = (h +hA )(h +hA2+Bz)(h +hA3+B ) S
' 2 .
oo.-(h + hAn+ Bn)
= T {(h” <+ hA. + B.
N, 1 j=2‘ 5 + By
N
P = % (h° + ha. + B
Ne2 oy 5 )
32
’ (15}
I
A | &1
N2
PN,N-I = wl(h + hA + B )
JTN“l
N-1 9
P = w7 (h” + ha, + B.
N, N 3=1 J j)
Using the notation (15) we can write (14) in the form
h29+§(h3c—hsc39 =K P (16)

N- component.
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4. THE RECURRENCE RELATIONS FCHR THE POLYNOMIAL COEFFICIENTS

4.1 TFundamental relation

The polynomial (16) cin be written in the form

N
2 3 B
h PN + .E (h Ci hBici) PN,i Kw PN = 0 (17)
i=1
We shall use the notation
o (h) = n2p, + : (nc. - nB,C.) P, . - K_ P (18)
N N 1=1 i i~i N,1i Ww N
Expressing PN and PN . explicitly in (18), performing
1 -

suitable operation .and grouping the terms with respect to the

powers of h we obtain

2N+2 . N
gy = = h™ %4 (19)
1i=0

N

where . #1 - coefficient of the polynomial in case of N-components.

The polynomial for the case of N+l components has the form

N+1

hZPN-x—l * izl(h3ci T BB Ci) Py, T Ry Pl 5O (20)
derived directly from (17).
The formula (20) can be written in the form
B2+ 1 (ndc.-nB C,)P... .-K P +(h3C. . -hB__C__ ) P =0
N+l 51 i L°7N+1l,i "W N+l N+1 N+1"N+1 N+1,N+1
(21)
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- From (15) we obtain

Py = Py (h * hAN+l B!

Pﬁflri = (h + hA w1 T N+l) ) . | (?2)
': i=l’2’...'N
Farr,n+r ~ Py
Using (22) in (21) we obtain
B2+ 3 (b c,-hB,C,)B . - K b % ema . + B )+
N je=1 ;i "W N TN+L N+1
+# (n’c_ . -h B C__)=0 o (23)
N+1 N+1 “N+1° - '
Taking into account notation (23) we obtain the polynomial
for N+l components expressed in terms of polynomial for N
components
2 -
by (1) (B thagg F Byt * (h Cyt+z ™ hBN+lCN+l) PN-‘_O (24)
The above polynomial for N+l components can be divided into
two parts
- (2 -
[ = P (W) (% + b AL . + Bo..) _ . (25)
@=(?c__ -nB_ . C_)P | - (26)

N+1 N+L TN+l N

1



.

”Substitﬁtihg'(lg)_td (25) we obtaiﬁiaftef some-manipulatibnS""

ONH4 . . ‘ | | |

= BB Cay ot Ay g By TAg By) o (27)
CZawez T
- a .=-O

-k T Fan+2+k
In order to determine the coeﬁficients of @ we have to find
the expressioﬁ for P

N°

4.2 Pinding the recurrance relations for Py

We shall use the notation

2 L
P_= % bl Yo, : (28)
N - J . N e 1
J=° ;o Cay T
From (22) we have
e =3 (h2'+'5" 4+ B ) . (29)
w+1 = Py Al T B

Substituting (2f. to (29) we obtain aftéf some manipulations

R j-i'o BT Cag 5 * oy By T Yy By - (30
where - R _
N I
% T Yonrk = 0



The formuia'(30} permitsndoﬁpﬁting the coefficients of PN%i

.based_on the.coefficiéhts of P

N
N+l
S N N - N » (3
SOy T Gy T ols g By T 0 By (31)
this way we can sucdéssivelchomputengi'Pg; ceepoete.
Substituting (28) to (26) yields after some manipulations
2N+4 '
- i1, N  _N :
R O T T N T R S (32)
i=o _
N _ N - =
N =
Gox = 1

4.3 Recurrence notation for the polynomial coefficients.

The polynomial for N+l components given by formula (24)

can be written in the form

b (B = [+ @ (33)

where_r-and 2 are specified by (25),(26) or (27),(32).

Substituting (27) and (32) to (33) yields

e [ - AR |
_ i|'n N N N N
e () = Z BT a5 p e A T 2B % ui—-lBN-%-l)cN-]J

(34)

- =Bll~



9
From (34) we obtain the recﬁrﬁence formﬁla for the

coefficients of the polynomial in the form

N+1 N N N

81 5 8. F A7 By a Bty ¥ .00 a7 0y 1 Brr1) Cyn

(35)
i=0,1,2,..., 2N+4

-Bl2-




APPENDIX C

INDEX OF LIBRARY OF COMPUTER SIMULATIONS



LT

Identification Dissociation Constémts Concentrationa Hobilities : Diffusicn Constanti

Ho. Date Time AL A-2 -1 B2 01 C-2 Cct, A I d A B c a 1 c

1. /7 14:37  2.19 $.25 6.0  8.17 -5  3.4x-3° 3.ux-3 30.0%-5 30;0x-5 0.98-5  0,9%-5

2, #/7 108 2,19 4,25 6,0  9.17 1x-5  2.78-5  2,78x-5 30.0x-5 30.0x-5 0.9%-5  0.9%-5

3. 4/12° 9:39 2,19 4,25 6.0  9.17 1x-6  7.2x~3 - 8.1x-5 31.7x-5 32.hx-5 0.8x-5.  0.73%-5

N, 0/12 wig 2,19 4,25 6.0 9.17 ix-7  7.2x-3  8,1x-5 31.7%-5 32.Mx-5 0.8x~5  0.73x-5

5. 4712 10:10 2,19 4.25 6.0  9.17 4x-7  7.2%-3  B.1x-5 BL.7x-5 32,4n-5 0.0%-5  0.73x-5

6. #/12 12:21 2.19 4,25 6.0  9.17 2x-7 7.2z-3 B,1x-5 31.7x-5 32.4%-5 D.8x-5  0.8%-5

7. /12 2:53 2,19 4.25 6,0 9,17 5x-7  7.2M%-3 B.1x-§ 31.7x-5 32.4x-5 0.8x-5  0,73x-5

8, /12 12:33 2,19 4.25 6,10  9.17 ax-7  5.46x-3. 1.23%-3 31.7%-5 32.1%-5 0.8x-5  0.73x=5

9, 4/12 12:39 2,19  #,25 5,0  9.17 5x-7  7.69%-8 7.27x-3 3L.7%-5 32,4x-5 0.0%-5  0.73x-5

10. 4712 12:43 2,18 4.25 6.0  9.17 ix-7  7.24x-3 B.1x-5 31.7%-5 32.4x-5 0.8x-5  0.73z-5

1. #/12 12:26 2,18 0,25 6.0  9.17 -7 7.20%-3 8.1x-5 31.7%-5 32.tx-5 0.8%-5  0,74x-5

12, 4724 212238 2,19 4,25 6.0 - 9.17 ix-7  7.242-3 8.1x-5 31.72-5 32.Nx-5 0.82-5  0.73x-5
13, -1/20 16:48 2,19 1,25 6.0 9.17 W=7 7.2ux-3  B8.1x-5 31.7x-5 32.4%-5 0.8x=5- 0:73x-%

14, 5/2 16:16 0.19 6.25 4.,11,17 ux-7  7.2x-3 B.lx-5 31.7%-5 32.0x-5 0.0%-5  0.73x~5

15. 5/2 17:00 0.19 6.25 4,0 - 1i:l7 ug-7  7.20x-3 - 8,1x-5 31.7%-5 32.4%-5 0.0%=6  0.73x-5

16. /29 21106 2.18 .25 6.0 917 4.0 6.0  4x-6 7.2x-3 B.1x-5 6.0x-4 3L.7x-5 32.4x-5 30.0x-5 0.8x-5 0.73x-5 0.0x-5
17. 0430 12:16 2,19 4,25 6,0  9.17 4.0 6.0 x-6 7.24%-3 - 8,1x-5 B.0x-3 31.7x-5 32.4x~§ 30.0x-5 0.0x-5  0,73x-5 0.8x-5
18. 4/30 12:18  2.19  %.25 6.0 9.7 4.0 6.0  tx-6 7.2ux~3 B, 1x-5 6.0x~# 3L.7x~3 32.1x-5 30.0x-5 0.8x-5 0.73x-5 0.82-5
13. 1/30 12:37 2,19 .25 6.0 9.17 4.0 6.0  Mx~7 7.2x-3 8.1x-5 6.0x-# 31.7x~5 32.4x-5 30.0x-5 0.8x-5 0.73x-5 0.82-5
20. 5/2 16:M8 2.19  4.25 6.0  9.17 4.0 6,0  6x-7 7.2x-3 8.1x~5 6.0%x-4  31,7x-5 32.Ux~5 30.0x-5 0.8x-5 0.73x-5 0.8a-5-
21. 5/2 16:55 2.19 .25 6.0  9.17 4.0 6.0  5x-7 7.2x-3 ‘B.1x=5 G.0x-§ 31.7%-6 32.0x-5 30.0%x-5 0.Bx~5 0.73x-5 0.8%-5

O
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Identification Dissociation Constants Concentrations Diffusion Constant -
No. Date Time Al A-2 B-1  B-2 -1  ¢-2  Crt. A B A B A B ¢
1. Bf15 13:22 2.0 .0 6.0 8.0 Hx-7 7.24x-3 B.1x~5 30.0x=-8 30.0x-5 0.8x-5 0.0%=5 .
2, 6/15 13:23 2.0 4.0 6.0 8.0 x-7  7.24%-3 B.1x-3 30.02-5 30.0%-5 0.8%-5  0.82-5
3. 6/15 13:20. 2.0 0 5,0 9,0 Hx=7  7.2u%-3 B,1lx-5 30,0x-5 30.0x-5 0.Bx~5 - 0.Bx-B
‘u, 6/15 13:28 2.0 h.0 5.0 9.0 -7  T.2u%-3 B.1x-5 30.0%-5 30,0%-5 U.bx~5 . 0.0x-5
5, /15 13:u2 1.0 5.0 6.0 4.0 -7 7.20x-3 B.lx-5 an.ox-5 30,0x-5 ﬂ':.ﬂx-—ﬁ C0.8x-5
6. 6718 13:32 2.0 4.0 4.0 10.0 hx-7 - 7.20%-3 B.1n-5 30,0x-5 30.0%-5 0. 4x-5 0.0x-5
7. 6715 13:13 3.0 5.0 - B.0 8.0 x-7 7.26x%-3 B.1x~56 30._0}:-5 30.0x-5 !):.Bx-ﬁ 0.82=%
8. G715 13:u5 h.0 6.0 6.0 8.0 hx-7 7.20%-3 B.lx-5 30.0x~-5 30.0r-5 0.82-5 [H > 2
9, 6/16 9:47 5.6 7.0 6.0 8.0 k-7 7.2Mx-3 B.1lx-5 30.0%-5 20,055 0.8x-5 | 0.8:-5
10. G/1G 9:50 5.5 7.5 - 6,0 8.0 -7 7.24x2-3 B.1r-5 30,0z-5 . 30.08-5 0.82-5 n.gx-5"
11, 6/16 9:5% 2.0 H.0 6.0 8.0 -7 7.945%-3  B8.12-5 30.0x-5 30.02-5 G.Br-5 noBx-5
12, 6716 9:59 l.0 9.0 6.0 8.0 hx-7 - 3.0%-3 3.02-3 30.0x-5 3(].03.-5 0.82-% 0.8:-5
13. 6716 10:00. 2,0 8.0 6.0 8.0 ix-7 3.01-3. 3.0x-3 30,f%-5 30.0x=5 0.82-5 n.Be-5
1, 6/18 9:57° 3.0 T.n 6.0 8.0 -7 3.0x-3 3.0x-3 30.0x-5 30.0x-3 0.Bu-0 . D.Rx-5
15, 6/16 :B:S'I n,0 6.0 6.0 8.0 x-7 - 3.0:{-—1:) 3.0%-3 30.0x-5 30.0x-5 0:8:&-5 - 0.8x-5
16, 6/16 9:53 2.0 .0 6.0 8.0 hg-7 3.0%-3 3.0x-3 30,.01-5 30.0x-5 0.0x-5 0, 0x-5
17. 6/30 B:49 5.5 7.5 6.0 8.0 24-6 3.0n~3 3.0x=3 30.0x-5 30.0%-§ 0.8x-5 0,8z-5"
18. B/30 8:tn . 1.0 9,0 6.0 8.0 -6 L.5x~2  1.5%-2 30,0%-5 30,08-5 0.8%x-5  0,82-5
19. 6/29 16:55 5.0 7.0 6.0 8.0 -6  3.0x-3 3.0x-3 30,0%-5 30.0:;«5 0.8x~% 0,8x-5
20. 6730 B:52 5.5 7.5 6.0 8.0 -5  3.0%-3  3.0x-3 30.0x-5 30.0x-5 0.8%x-5 0.0x~5
21. 6/29 15:43 1.0 9.0 6.0 8.0 hx-6  3.0%¢-3  3.02-3 30.0x~5 30.0%-5 0.8x-5 0.8x-5
22. 6/30 B:28 1.0 9.0 6.0 a,0 ix-6  3.0n-2 3.0x-2 30.0x-5 30,0x-5 0.8x~-5 0.8x-5
23. 6/29 16:53 5.0 1.0 6.0 8,0 2x-6  5.0x-3 3.02-3 30.08-5  30.0x-5 0.8%-5  0.8x-5

- 2M, 6/30 B:22 1.0 9.0 6.0 8.0 z-6  3.0x-2 3,0x-2 30.0x-5 30.0x-5 0.8%x-5 D.Bz~b

25. 620 17:06 1.0 9.0 6.0 8.0 -7 3.0x-3  3.0%-3 30.0x-5 30.0%-5 0.8x-5  0.8x-5

ALITYND ¥00d 40
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Identification Dissociation Comstants Concentrations Mohilities : “‘Piffusion Constant

No. bate Time Al  A-2 Bl B2 -1 02 Cret. A . B ¢ A B e a B e

26, §/29 17:04 2.0 6.0 6.0  B.0 ux-7 3.0x-3  3.0x-3 : 30,0%-5 30.0%-5.  0.Bx~5  0.0%-5

27. 6/29 16:58 5.5 7.5 6.0  B.0 4x-6  3.0x-3  3.0x-3 30.0%-5 30,0%-5. 0.8x-5  0.Bx-5

28, 6/29 17:02 5.5 7.5 5.0  B.0 2-6  3.0%-3  3.0x-3  30.0x-5 30.0%-5 0.8x-5 0,85

29, 6/30 8:47 5.0 7.0 6,0 8.0 2%-6  3.0x-3 3,0x-3 30.0%~5 30.0%-5 - © 0.8%-5  0.8x-5

30. 6730 B:45 5.0 7.0 6.0 8.0 ‘ . ha-6  3.0x-3  3,0x-3 ' 30.0x-5 30.0x-5 0.8%-5  0.8z-5

31. 6/29 16:50 1.0 9.0 6.0 8.0 -6  3.0x-2  8.0x-2 30.0x~5 30.0%-5' 0.8%-5  0.Bx-5

32. 6/28 16:48 1.0 9.0 6.0 8.0 Bx-B  L1.5x-2  1.5%-2 30.0%-5 30.0x-5 0.02-5  0.8x-5

33. 6/1F 10:18 1.0 9.6 6.0 8.0 Hx-7  9.0x-3  3.0z-3 30.0%-5 30.0%-5 0.8x-5  0.0x~5

au. 6/28 15:41 1.0 9.0 6.0 6.0 2%-6  3.0%-3  3.0:-3 . 30.0%-5 30.0%-5 0.Bx~5  0.8x-5

35, 6/29 15:48 2.0 8.0 6.0 8.0 k=6 3.0x-2  3.0%-2 30,0%-5 30.0z-5 0.82-5  0.8x-5

36. 6/29 15:4%6 2.0 8.0 6.0 8.0 Hx=6 1.5%-2  1.5x-2 30.0x-5 30.0%-5 0.8%-5 0.8x-5

37. 6/29 15:38 2.0 8.0 6.0 8.0 hx-6  3.0x-3  3.0x~3 30.0x-5 30.0x-5 0.Bx=5 . 0.8x-5

38, 6/29 15:35 2.0 8.0 6.0 8.0 2%-6  3.0x-3  3.0x-3 30.0x~5 30.0%~5 0.8%-5  0.8x-5

39. 7/11 10:57 5.0 7.0 3.0 11.0 7.0 9.0  1x-6 3.0#=3 9.0x-3 3.0x-3 31,72-5 32,4%~5 30.0x-5 0.Bz-5 0.73x-& 0.8xz-5
no. 7/11 11:06 5.0 7.0 3.0 11.0 7.0 9.0  2x-7 3.0x-3 9.0%-3 3.0x-3 31.7x-5 32.4¢-5 30.0%-5 0.6x-5 0.73x-5 0.Bx-5
4l. 7/11 10:54 5.0 7.0 3,0 11,0 7.0 9.0  1x-6 3.0%-3 65.0%-3 3.0x-3 31,7x-5 32.4x-5 30.0x-5 0.Bx-5 0.73x-5 0,Bx-5
n2. 9711 11:07 5.0 7.0 3.0 110 7.0 9.0 247 3.0x-3 6.08-3 3.0x-3 3L.7x-5 32.1x-5 30.0x-5 0.Bx-5 0.73x-5 0.Bx-5'
4a. 7/11 10:40 5.0 7.0 £.0 0.0 7.0 9.0  1x-6 3.0x-3 12,0x-3 3.0x-3 31.7x-5 32,4x-5 30,0%-5 0.0x-5 0,735 n.ax—ifs ‘f"‘
we. 7/11 10:42 5.0 7.0 6.0 8.0 7.0 9.0  1x-6 3.0x-3 9,0%¢-3 3.0x-3 31.7%x-5 32.4x-5 30.0z-5 0.8x-5 0,734-5 0.Bx-5 |
W5, 7/1110:31 5.0 7.0 6.0 8.0 7.0 9.0 Ix~6 3.0%-3 6.0x-3 3.0x-3 3L.7x-5 32.Ux-5 30.0x-5 0.8x-5  0.73x-5 0.8z {
56, 7/11 9:27 2,0 6.0 3,0 9.0 - ix-5  6.0%-3  6.0%-3 30.0x-5 30,05 0.82-5  0,Bx-5 L
W7, 7/11 9:25 2.0 8.0 3.0 9.0 -6  6,0%~3  6,0x-3 30,0x-5 30.0%-5 _ 0.8x-5  0.0x-5
ng. /11 9:47 2.0 8.0 .0 10.0 k-5  6.0x-3  5.0%-3 30,0%-5 30.0x-5 0.Bx-5  0.0%-5 "
no, 7/11 2.0 B.0 %0 10.0 h%-6  6.0x-3  6.0x-3 30.0x-5 30.0%-5 © 0.8x-5  0.82-5

50. 7/1.1_. 9:13 2.0 8.0 h.0 10.¢ V -6 6.0%~-3 6.0x-3 30.0x~5 30.0x-3 ' 0.8x-5 0.B8x-5
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ldentification Dissociation Constants Concentrations Mobilities biffusion Constant

No. Date Time Al  4-2  B-1 B-2 €1 €2 Crt, A B c A B c » B c

51, 7/11 10:05 2.0 6.0 4,0 10.0 Ix-6  6.0x-3 G.0x~3 30.0x-5 30,0x-5 ﬂ.ﬂx-S 0.8x-5

§2. 7/11 10:20 2,0 8.0 4.0  10.0 Ux~7 6.0x-3 6.0x-3 30.0x~5 30.0x-8 0.8x-5 0.8x~5 .

53, 7/11 9:05 L.0 3.0 2.0 It,0 4x-7  3.0%x-3 3.0x-3 30.0x2-5 30.0xz-5 0.8x-5 0.85-5

B, 7/11 9:03 5,0 7.0 6.0 8.0 Hx=7 3.0%-3 . 3.0x-3 30.0%-5 30.0x-5 0.8x-5 ﬂ.ﬂ:{-s

55, 7/12 i5:4) 5,0 7.0 6.0 8.0 7.0 9.0 1x~6 2,0%-5 3.04-3 2.0x-6 30.0x-5 30.0x-5 30.0%-5 0.8x-5 0.8x-5 0.8x-5 .
66, 7/12 15:16 5.0 7.0 G.4 6.6 6.0 8.0 hn-7 3.0x-3 " §.0x-3 3.0%-3 30,0x-5 30.0x-5 30.0x-5 O0.8x-5 0.8x-5 0,.82-5
57. 7/13 11:43 5.0 7.0 6.0 8.0 7.0 9.0 1x~6 3.0x~3 2.0x-7 4,0x~18 30,0x-5 30.0%-5 J0.0x-5 0.8x-5 0.8x-5 0.8x¢~5
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Identification Dissocdiation Constants Concentrations Mobilities . piffusion Constant

Ho. Date.Time AL A-2 B-1 B-2 C-1 Cc-2 Cet. A B c A D c A B c

1. 8/2 2i:h0 2.19 4.25 4.0 6.0 6.0 9,37 fx-7 8.0x-3 B.0x-5 1.0x-18 31.7x-5 30.0x-5 32.4x-5 0Q.Bx~5 0.8x-5 0.73x-3
2, 8/3 21:29  2.19  n.25 4,0 6.0 6.0 9,17 2x-6 8.0x¢-3 1.0%-4 1.0x-14 31.7«-% 30.0x-5 32.4x-5 0.B8x-5 0.8x-5 0.73x-4
3. B/% 11:55 4.0 6.0 6.0 8.0 8.0 10.0  2.2x-6 8,0%-3  1.0x-Y4 1.0%-26 31.7x-5 30.0x-5 32.ux-5 0.8x-5 0.8x-5 0,73x-5
4, B/3 9:07 2.19 .25 5.0 6.0 6.0 9,17 Ix-B 8.0x-3 B.0x-5 1.0x~11 31.7x~-5 30.0x-5 32.40x-5 0.8x-5 0,.Bx-5 0.73x-5
5. Ho Date 2.19 4,25 .o 6.0 6.0 9.17 1x-6 B.0x-3 l.x-~4 1.0x-11 31.7=-5 30.0x-5 32.4%-5 0.8x-5 0,.8x-5 0.73x-5
B. B/ 9:24 2.19 H.25 4.0 6.0 6.0 8.17 28-6 8.0¢-3 1,0x-4 1,0x-18 31.7x-5 30.0x-5 32.ux-5 0.8x-5 0.8x-5 0.72%-5
7. Bfu 2:30 2.19 4,25 4.0 6.0 6.0 9.17 23-6 8.,0x-3  1.0x-h 1.0%~-26 31.7x¢-5 30.0x-5 32.4x-5 0.8x-5 0.6u=5 4, 73z=5
4. 8fy 9:h3 2.19 H,25 4.0 6.0 6.0 9.17 1.6x-6 8.0x-3 1.0%-8" 1.0%-26 31.7%-5 730.0x-5 32.4%-5 0.82-5 0,8x-5 0,73z-b
9, 8/4 10:31 2,19 .25 4.0 6.0 6.0 9.17 L. 7x-6 B.0x-3 1,080 1.0%-26 31,7x-5 30.0x-5 32.4%-5 0.8x-5 0,Bx-6 0,73%-5%
10, 8/4 10:h0 2.0 .0 4.0 6.0 6.0 3.0 1.7%~06 8.0x-3  1.0z-% 1.0x-26 31,7z-5 30.0x-5 32.4x-5 O0.6x-5 D.Bx-ﬁ_ 0.73x-5
11. 8/% 11:06 2.0 4.0 .0 6.0 6.0 8.0 1.7%~6 8.0x-3 1.0x-4 1.0%-20 30.0x-5 20,0x-5 30.0x-5 0282-5 .8x-5 0,8%-5
12. 8/% 13:20 n,o 6.0 6.0 8.0 8.0 10,0 1.7x~-6 8,0x-3 L.0x~4 1.0x-26 31.7x~-5 30.0x-5 32.”3-5 0.8x-5 0.64-5 0.73x-5
13. B8/ 1l1:34 .0 6.0 6.0 8.0 8.0 10.0 1,9x~6 8.0x-3  1.0x-H 1.0x-26 31.7x-5% 3J30,0x~5 32.Up-5 0.8x~5 0.82-5 0.73x-5
M. 8f0 11:40 H.0 6.0 6.0 B.0 8.0 10.0 1.,92-6 8,0x~3 1.0x~U4 1.02-26 31.7x-5 30.0x-5 32, 4x-5 0.8x-5 0.8x-5 0,73x-5
15. 8/4 11:h56 4.0 6.0 6.0 8.0 8.¢ 10,0 2,5%-6 B.0x-3 1,0%-4 1.0x-26 31.7x-5 30.0x-5 32,4x-5 0.0x-5 - 0.8x-% 0.73x~5

-
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