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PERTURBATIONS OF
NON-RESONANT SATELLITE

ORBITS DUE TO A ROTATING EARTH
by

Alan Mueller

1.0 INTRODUCTION

The dominant perturbations of the motion of a satellite
near the earth are due to the non-symmetrical gravitational
field and the atmospheric drag. The gravitational field may
be divided in two classes: terms independent of time (zonal
harmonics) and terms which depend explicitly on time. A com-
plete first order solutionJr for satellite motion perturbed by
the second zonal harmonic has been developed by Scheifele (ref-
erence 1), This solution has been rewritten in the non-singu-
lar PS¢ elements by Bond (reference 2). In references 3
and 4, the perturbations due to drag are developed in PS¢
elements and added to this J2 theory. In reference 5, the
long period perturbations due to the additional zonal harmon-
ics are included in the theory. The tesseral harmonics have
yet to be treated under this unified theory and are the topic

of this report.

The perturbations due to the tesseral harmonics can be
placed in four categories:
1) Short period perturbations with a magnitude of

T A first order solution here implies that the solution has

a periodic error of second order and a secular error of
third order.
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about J; .
2) Intermediate period perturbations with a magnitude
of between J, and Jg .

3) Along track secular perturbations induced by the
periodic perturbations in the mean motion.
4) Resonant perturbations.

For near earth satellites, the atmospheric drag perturba-
tion continually pulls the satellite in and out of the differ-
ent long period resonant frequencies. The result is that the
resonances never become apparent and may be neglected.

Since the J theory has been developed only to first

2
order, the second order short periol tesseral perturbations
- may be neglected. For the same rerson, the intermediate pe-
riod perturbations should be included if first order accuracy
is to be maintained. The tesseral harmonics have no true sec-
ular perturbation but the periodicities in the mean motion
induce a secular perturbation in the mean anomaly. This sec-
ular perturbation may be determined by simply using the aver-
age mean motion instead of the osculating mean motion. Graf
(reference 6) finds the average mean motion in a numerical
manner. The numerical studies in that reference verify the
assumption that use of the average mean motion does account
for the apparent secular trend in the mean anomaly. Although
the results are good, use of a numerical method would be in-
consistent with the idea of having a completely analyt:ical
theory.

To complete the solution of the motion of a near earth
satellite, the averaged mean motion and the intermediate pe-
riod perturbations need to be found in a completely analytical
manner.

Since the previous PS¢ theory has applied Von Zeipel's
solution technique, it seems natural to return to this method
for a solution of the tesseral perturbation. As in the previous
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theory, the solution will be found first in the singular DS¢
elements and then rewritten in the PS¢ elements to remove
singularities. The notation used in the development is de-

scribed in Appendix A.
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2.0 FORMULATION OF THE PROBLEM

Only the gravitational field will be considered since
its interaction with the drag effects is small. The DS¢
hamiltonian for the gravitational potential is assumed to

have the form

where

2
+ eF, + €°F, , (1)
u
- = , (two-body) (2)
v2L
Lz 1
r 3
+ FT , (Zonals and Tesserals) (4)
111
e o ,7%
— e Cn,o rn—l Pn (?) , (5)

LTy
4’? n=2 m=1

w

(S

Rn
¢ m 7
r"‘l Pn (;) Cn.m cos m(A-6) +

(6)
S o stn m(Xx-0)

n,

J. u R: . (7)



P: are the associated Legendre polynomials; Re is the mean
equatorial radius; J2 , C , S are the geopotential
n,m n,m

coefficients; A 1is the longitude of the satellite and 6 1is
the Greenwich hour angle.

The F2 hamiltonian may be divided in zonal and tesseral

harmonics. The functional dependence of Fz and FT is
F, = F,(¢.8.8) , (8)

- +
Fr FT(¢.g,h,w$2 . 8) . (9)

The canonical time element £ will always appear, in the

problem, premultiplied by the rotation rate of the earth e,
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3.0 VON ZEIPEL'S SOLUTION TECHNIQUE

As was stated earlier, the Von Zeipel solution method is
to'bé used to find the average mean motion and to eliminate
the periodicities due to the tesseral harmonics. The genera~
ting function 8 1is to be used for the elimination of the
short period function of ¢ and the intermediate period func-
tion of mel . The equations governing the transformation in

the DS¢ space are

asS 7 a8
a' = — ’ g = — - (10)
ag' 9Q

As in the hamiltonian, S 1is assumed to be of the form

(11)

wn
n

2
SO +/sS1 + € S2 ,

S, =8, +8 (12)

where ST is a pericdic function of ¢ and w.2 and Sl

and SZ are periodic functions of ¢ only. The development

of Sl can be found in reference 1 and therefore the discus-

sion will be restricted to the development of 82
The theory of references 1 and 2 neglected S2 to main-
tain a first order accuracy. But this assumes that 82 is

order O(1). This is true for zonal perturbations but the

tesseral perturbations result in an 82 which may become

larger than 0(1). This will be demonstrated in the following
analysis. The necessary Von Zeipel equations found from ref-

erence 1 are

0o . [ [ [ - ' [}
£° FO (¢' L") = Fo (', L") (13)
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- 9F 38,
gl : ——=-F (8',6,8) +F (8'.8) (14)
3¢ 3¢
€2:8F0882+3F0 as =-—Z lBSl
3¢' 3¢ aL' a2 38 38' aak aaj
4
aF aSl aF' asl
- —1 1, —~---r(s'¢g)- (15)
k=1 9B, 3a, k=1 da 238}

- FT(B',¢,g,h.w9£) + F;(B’.g) .

Assuming S2 has the form given by 12 |, then the expres-

sions required to find §, and ST are given by

aF . 38 1 : : 2F S. 38
0 _z_ __ °Fg 38,95, .
20" 3¢ 2 k=1 j=1 88&883 day aaj
4 oF, 38 4 oF, 38,
- E ———-———-+:E: —_— T (16)
] 1]
k=1 9B, Bak kel do, 3B,

9F, 38 aF, 3S
0o 1, "0 1, . a7
av’ 30 aL' A

If S2 is to be used in eliminating the intermediate period

terms then it is necessary to keep only those terms of order

greater than 0O(1) . If 82 is to be used in finding the
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mean energy. only those terms which are functions of t are
considered. With these qualifications a much simpler set of
equations can be used to find 82 s

S, =0 , T (18)

oaF, 238 aF,. 38
0 “Vr o "Vr :
+ = . F (B' ¢ g,h'w £ . (19)
%' 3o L' 3% T "o )

8, is set to zero because the right hand sides of equation
(18) are of order 0(1l) and are independent of & .

Thus the transformation due to the short and intermediate
terms is given by

881 GST
a' = q + € =—— + g2 — , (20)
98" a8’
asl. BST
B=B' 4+ g+ g2 — (21)
da da

where

ST > 0(1) .

The DS¢ element L is the totul energy and can be ro-
lated to the mean motion. The mean total energy L' can be
then related to the instantaneous total energy by

SST
L=L'+¢? ;—— (22)
L
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where
8, 2 0(1)
Remarks:

If the Von Zeipel's soiution method had been applied to
the classical Delaunay variables a much more complicated set
of equations would appear. The average mean motion could also
be found by difterentiating the classical determining function
S with respect to the mean anomaly. But since Sl (or Fl)

is a function of the mean anomaly, Sz could not be considered

zero since it would also be a function of the mean anomaly.
Also the expression for the mean energy wouid be more complex
and difficult to solve since terms of 0(e) would appear. All
the usual complications cf the second order theory would appear
Just to maintain a first order ac~uracy. But with the DS¢
elements the equations for finding the generating function re-
main concise and relatively easy to solve.

The mean energy is found through a determining function
which is defined by a partial differential equation with the
anomaly of the satellite ¢ and the changing hour angle
wez . This expression is very similar in form to the
part al differential equation found by Graf {refercnce 6) by
applying the '"Method of Averages"” to the KS differential
equations. Maybe it is not so peculiar that the Method of
Averages and Von Zeipel's equations result in similar formulas.

If FT can be written in a fourier series of the form

I“'l‘ = ; ; {ij(ﬁ'.h.g) vog (Ko - ,]'mel) +

(23)
+ Skj (B'",h,g) atn (k¢ - jwel) ,

then the solution for ST in equation (19) can be easily shown



to be
Sp = ':E: :E:
k ]

- Skj cos (k¢ - jwel)} ,

C,. ain (K¢ - jJuw.f) =
k=-vj { kj ®

(24)

where v is the ratio of the frequency of the earth's rotation
to the revolution frequency of the satellite.

aF 5 u
VE W, t — = ——7, . (25)
€ L G(ZL)}Z

For near earth satellites this ratio is about one to sixteen,

1.
v — . (26)
16
i 1
Therefore when k = O and for j < 5 , the factor
k-vi
hecomes on the order of O(%) . These terms result in the

intermediate period perturbations which are the order of

2
0= .

In order to complete the solution, the tesseral hamilton-

ian FT must be expressed as a fourier series of the form

given by equation (23). As before the solution will then be

expressea in the non-singular PS¢ elements,
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4.0 EXPANSION OF THE TIME DEPENDENT GEOPOTENTIAL

The definition of FT as given by equation (6) is

) - n Z“
’ Z Z: 2y | (27)

F, = — rcv ,

T q€2 n=2 m=1] m.m
where
R"
ry = = e_p" (E) C cos m (A-8) +
n,m rn—l n r n,m

(28)
+ S n sin m (A-e)}

n,

We desire an expansion of the above expressicn in a
fourier series of the canonical DS¢ angular variables ¢,
g, h, and 2 . The expansion will, in many respects, be sim-
ilar to Kaula's expansion of the disturbing function in the
classical angular variables (reference 7). The important dif-
ference is that expansions will now be carried out in the true

anomaly instead of the mean anomaly.

As in Kaula, the potential may be expanded using the in-

clination F + to a form
nmnp

R"
= e
rﬂvn,m rn-l =0 anp { nm cos wnmp +
(29)
+ B sin wnmp } .

To maintain the notation of previous authors, this author
has decided to keep the notation p as an index in the
inclination function. For distinction, the semi-latus rec-

tum will now appear as an italic "p"




where AT O (PRI L RPN N BN :
] = (n-2p) (¢+g) + m (h-0) , (30)

nmp
C h—mb even
nm
Anm , (31)
-8 n-m odd
nm .
S n-m even
nm
B = - . (32)
nm
C n-m odd
nm

The recursive relations for the inclination function have been
derived by Giacaglia (reference 8). These relations and others
appear in Appendix B.

Another transformation is necessary to replace the powers
of r as a fourier series in ¢ :

n-1
1 cos 1 n-1 |cos (33)
. b= — E G ¥ 33
rn 1 sin nmp pn 1j=l-n j S?:n ﬂmpj ’
Vampy = (D-2P+j) ¢ + (n-2p) g + m (h-0) . (34)

Note that this is a finite expansion with an eccentricity

n~1

j is given in

function G?'l(e) .  The development of G

Appendix C.

A final transformation is required to place the disturb-
ing function in the form of equation (23). 1In the expression

of the angle ¢ , the hour angle may be written as

nmpj

6 =0 + w.t , (35)
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where 'eo is the hour angle at time t =0 . Time is now

' a dependent variable_in the DS¢ system given by

BT

t=t+—— [M (o) -9] -, (36)
(2L) ¥
where?
M(¢) = E - e gin E ., (37)

Replacing equations (35) and (36) into equation (34) one finds

= -2p+j + - + -
Yompj (n=-2p+j) ¢ + mv (¢-M) + (n-2p) g +
(38)
+m (h—m@l—eo)
Thus we define a new function N: (v,e) which gives
cos o | eos
7 = :E: N ¥ . (39)
sin nmpJ k k gin ampjk
where
wnmpjk = (n-2p+j+k) ¢ + (n-2p) g +m (h~w@2—60) . (40)

The development of NE can be found in Appendix D,

Accumulating the results we arrive at the final expres-

sion for the disturbing function FT H
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,WEZEZEKw,_m,

€9 n=2 p=] p=Q j=]l-n k=-o

where one element is given by

vnmpjk = Jnmpjk {Anm cos wnmpjk * Bnm ein wnmpjk} (42)
and
R"
- e n-1 .m
Jnmpjk - n-1 anp Gj Nk : (43)

Thus one element of the determining function ST defined by

equation (19) becomes

S = nmp ik
T3k (n-2p+j+k-vm)

{ Anm sin wnmpjk

(44)
- Bnm cos wnmpjk;

The mean energy can then be found from equations (44) and (22):

L' =L+EZZZZZ AL , (45)
g n m p j k nm

pik

where Aanpjk is expressed as



Jd

AL = mw nmpik A cos
nmpik ® (n-2p+j+k-vm) nm nmpjik
(48)
* Bin sin wnmpjk} '

The elimination of the intermediate period terms may also be

found by determining the partial derivatives: of each element

ot STnmpjk in which

i b sl bt sl




5.0 EXPRESSING THE GEOPOTENTIAL IN PS¢ ELEMENTS -~

In the expansion of the geopotential the angIe wnmpjk

- becomes undefined ror small eccentricities and inclinations.
rThe fourier eypansion of equations (41), (42) and (43) should

("7 be transformed into a fourier series in the true longitude o,

and the angle w %+06_ , and polynomials of the well defined

. .,~-functions

the angle

e gin (g+h) § =8 * gin h (48)
e cos (g+h) B =8s *» cos h . :

[ S 4
]

With the definition of the true longitude o, = ¢ + g + h ,

wnmpjk becomes

Vompik Gnmpjk - (j+k)(g+h) + (m-n+2p) b , (49)

enmpjk (n-2p+j+k) 0, - m(mél+60) . (50)

Keeping the notation of Giacaglia (reference 9) we make new

definitions
gt = j +k : (51)
a=m-n + 2p , (52)
so that wnmpjk becomes
wnmpjk = Gnmpjk - q(g+h) + ah . (53)
T

To maintain the notation of previous authors, thi
s author
has decided to keep the notation of q as aa index in the

expansion. Please observe the definition of g given in
Appendix A.
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By defining

E |Q| y ) ‘ul ’
nq e 8in q (g+h) Ga =g 8in o h ,
lal = glel
Cq e coes q (g+h) Ba L cos a h .
= +
Raq tha nq&u ,
Iaq = Eqsa - nqea ,
the expressions for the functions of wnmpjk become
elqlslal cos § = R cos B +
nmpjk aq “ompik

+ I sin 6 . ,
aq nmp jk

lal _lol . _ .
e 3 sin wnmpjk Raq sin Bnmpjk +

- 8
Iaq cos amp ik

(54)

(55)

(56)

(57)

(58)

Recursive relations exist for the definitions of equa-

tion (54). They are

= +
nq nq-l cl Cq—l nl !
Cq = ;q_l Cl = nq__l nl ’

(59)

(60)

(61)

(62)
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(63)

(64)

(65)

(66)

With the expressions (57) and (58), one is now able to

write each element of the disturbing function given by equation

(42) entirely in non-singular coordinates:

vnmpjk

nmpjk

|

nmp

o
— 3

—m
Ny

0

Jnmpjk !(Anm

+ (A I +
am aq

R

B

aq

nm

B

nm

I
aq

R ) sin ©
aq

) e0os O

+
nmpjk

nmpjk; !

=n-1 om _(|il+|k|-]3"k])
Gj Nk e

(67)

(68)

(69)

(70)

(71)

The expressions of the barred values are found from the

relations of the unbarred values.

These barred expressions
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are free of singularities. The relations for anp ,

ﬁ;'l and ﬁﬁ may be found in Appendices B, C and D.

respectively.
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6.0 CONCLUSIONS

Orbit perturbations due to the time dependent harmonics
of the gravitational field of the earth have been studied for
the case of near-earth satellites. Since for these orbits, the
atmospheric drag perturbations never permits the satallite to
remain long in a resonant frequency, the resonant perturbations
have been neglected. Because the short period perturbations
due to the tesseral harmonics are of second order, these terms
have also been neglected.

The solution for the satellite motion which includes the
intermediate period perturbations of between first and second
order have been found by using the Von Zeipel solution method
with a general, recursive expansion of the geopotential in the
non-singular PS¢ elements. Also, the along track secular
perturbations induced by the periodic perturbations in the
mean motion are eliminated by the computation of the average
energy using the same theory.

This theory has been implemented in an operational com-
puter program ASOP (reference 12) and numerical experiements
verify the expected accuracy.
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APPENDIX A
NOTATION

The definitions of the DS¢ elements are as follows:

The angular variables

o) = ¢ true anomaly
a, = g argument of pericenter
(A1)
g = h ascending node
a, = L time element
The action variables
B‘ = ¢ related to two-body energy
By, = G angular momentum magnitude
(A2)
B3 = H Z component of angular momentum
B, = L the total energy

These may be transformed to the canonical PS¢ elements:

o, = ¢ + g+ h py = ¢
0, = - V2(9-G) sin (g+h) p, = V2(6-G) cos (g+h)
- (A3)
03 = - V2(G=-H) s8in h DB = Vv2(G-H) s h
o, = 2 P, = L

Abbreviations used in the text are

1 Wy
p=—[G-¢ + —= (semi-latus rectum)

B v 2L



-3
(eccentricity)

(I is the inclination)'
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APPENDIX B
INCLINATION FUNCTION

Recursive relations for the Inclination Function anp

have been derived by Giacaglia (reference 8). The first re-
currence relation given in that reference is simple and valid
for‘allr n ;, m , p except when n =m :

F = (_1)“'”*1 igg:ili F -F _
nmp 2(n-m) n-l,m,p n-1,m,p-1

n-1+m
- F
n-m n-2,m,p

The other relations derived in that reference were not

(B1)

suitable because they had singularities for zero inclinations.

A new recurrence relation derived through induction by this

author completes the definition of the inclination function:

2n-1 \ -1
anp = ; s (1l+c) Fn—l,n-l,p-l +
(B2)
+ (1+c) Fn-l,n-l,p}
In all the recurrence relations
anp =0 for p < 0 and p > n
(B3)

m«< 0 m>n




faation function is

F = om - co - + X
Fomp a srogy v S Mm@+ 2p . (B4)
s
From equation (B1) one finds the relation for ‘ﬁnmp' is g
© o 2n-1 g
1 1
anp (-1) 2(n-m) n-1l,m,p n-1,m,p~1
(B5)
(n-1+m)
( n-m) n-2,m,p-1
The values of a and b are found from the conditions f
n >m+2p ’ n<m+2p l n=m+2p f
a = 1 s? s ? {
b = s? 1 s ?
From equation (B2) the definition of —F—nnp becomes
_ 2n-1 1§
nnp o, (1+e) Fo-l,n-1,p-1 *
2 (B6)
+ (1+4c) Fn__l,“_l'p }
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" As before the following applies

_ Fﬁmp = 0 _ for p<Q and p > n (B7)"

m>0 and m>n .,

~ The starting value of the recurrence relation is

=1 . (B8)
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APPENDIX C
ECCENTRICITY FUNCTION

The eccentricity function G" is defined by the

]
relation
n
p " Yain n sin
- i¢ = 2: Gj (i + 3)¢ (C1)
T c08 co8
J=-n
p
where — =1+ e cos ¢
r

The binomial expansion of ( ) becomes

[ EOH B

Using equation (C2) and the definition of equation (C1)

the expression for G? becomes

Bl

s=|j|
(C3)
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Recurrence felafidhé éxist for the binomial coefficient

n n! n-1\ " /n-1
S cmee———— T + ] R
k (n-k)!k! ( k ) (k-l

n

The expression for Gj becomes
n n k
- S B\ .y ¥ 1
i T3l ~ e k-3 ;
e k=|j] \K 2

(C4)

(C5)
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APPENDIX D
THE TIME EXPANSION

It is desired to make the following expansion

co8 m co8
mv (9-M) = Z N Ko : (D1)
ain k ain

To develop this expansion, a complex notation is adopted
which has the same meaning

exp [tmv (6-M)] =; NI exp (ike)  (D2)

where Nr is defined by

™
N = — exp [imv (4-M) - ik¢] do . (D3)

As in the development of Hansen coefficients (reference 10)

some abbreviations are useful

1+e 148
J1+e e (D4)

= or B = ———— :

l-e 1-8 1+ y1-e?

N
"

exp iE . (D5)
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The relation between the true and eccentric anomaly

tan - ¢ = tan. B . (D6)

2 Jl-e 2

can be written in another form by equations (D4) and D5)
as

z-B

— - (- &) (1-s)7! . (D7)

Similarly the relation between mean and eccentric
anomalies

M=E-e gin E (D8)
may be written as
exp iM = 2z + exp [g- (z - %)] . (D9)

By differcntiating equation (D7), the expression for d¢
becomes

(1-82%)
(1-82)"! 27! (1- &)~}

d¢ = >

- dz . (D10)
1
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Thus the integrand in equation (D3) becomes

1-g2 S 8- (k+l-mv) _,
exp i [(mv-k)(b-mvu} » e (fl-BZ)k'“ l(1--—) z" 17k,

i 4

(D11)

Tne powers of (1-8z) and 1-% can be expanded with

small parameter B

= (l_az)k-mv-l

f -~
8
dar
—85 = _g(1-82)%"™V7? (kemy-1)
daz
a’f k-mv-3
£ = (-g)2(1-Bz) " (k-mv-1)(k+mv-2) (D12)
dz?
d®r s-1
S e ety T VD T Tk (myei+n))
dzS3 i=0

dsf (2=0) ) s-1
—_— = ()" I [k-(mv+j+1)]

j=0

dz




By Taylor's expansion.. .

i — d° a°1(z=0) 1
f =1 4+ - —
sel dz® sl
or
m N
£, 32 a g® 2° (D13)
=0
where
(-n° =
a =1 a = —— a4 [k-(mv+,j+1)]
(4] 8
s!
j=0
or
(k-—mv—s)
a = - a
8 s s-1
Similarly
= (k+1-mv) 1
f = (1-Bw) where w = -
t
4
df
—t = g(1-8w) " (K-™V*2) (ki mu+1)
dw
d’f, - (k-mv+3)
= B2(1-8w) (k-mv+1) (k-mv+2) (D14)




dtf _ t~1
f‘- Bt(l—Bw)-(k-mv+l+‘) i (k-mv+1+J)
dw - 3=0
b (w=0) -1
___L_?__— = gt JT (k-mv+rs+y) .
aw 3=0
Therefore:
£, ,Z bts‘w‘ or z btefz"‘ (D15)
t=0 t=0
where
1 t-~1
b =1 b = — (k-mv+1+j)
o t 120
or

With equations (D13) and (D15) the integral becomes

1 n
N = — exp i [(mv-k) o -va] dé

(D16)

1 mve 1
+t -1-(k-
@ D Dttt L ity __.()

2 zZ

s=0 t=0 ani
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But the Bessel function is defined as

1 o 1\1
J ((l) - — fz-l-n expl| - (Z- -z-) dz
n 271 2

so that the final form becomes

o Y s+t
k\k = (1-8 )ZZ asst Jk_8+t(mve)

s=0 t=0
where
(k-mv-s)
a =1 a = - a
s} s s s-1
(k-mv+t)
by =1 b, = R — b

’ (D17)
’ (D18)
(D19)
(D20)

The barred function N can be found from its definition

k
and equation (D18)

Nm
e
k - Tk]

(D21)

If one notes the definition of 8 in equation (D4) ,

one finds

N = (l-Bz)ii asbt ezd(mv)|k—s+t|3 (mve) (D22)
k e t.o( 1+',’f:e'7‘)8+t k-s+t¢




The value of
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is determined by the following conditions

k 20 K <0

k-s+t 2 0

O = t + k (D23)

k-s+t < O

Note that o

The function

as

En(a)

It can be found

can

never be negative.

Jn(a) is defined from the Bessel function

with starting values

n+1

J (a)
= 4 (D24)
n
al l
from following recursive relation
- A _ 2 ~ .
2n Jn a Jn+1 (D25)
2 (n+1)!
(D26)
2
o
n —
_ 1 1 A
2 n! (n+1)
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The expressions tor Nz were determined in another

manner by

pressions

Bond (reference 11) up to order e’ . These ex-
are given here in the barred form.

1 - (m\)e)2

9 3 1
-mv }l-mve — + — my

8 2

mv |1 + mve (-— - — mv
8 2

mv / 3
—4{ — + nv (D27)
2 \ 4

mv /3
- —{ - - mv
2 \4

-mv /1 3 1 )
= — <— + —mv + — (mv) )

2 3 4 3

mv /1 3 1 )
= ——-<—-- —mv + — (mv)

2 \3 4 3



