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SMALL GRAINS FEATURE SELECTION

INTRODUCTION

Separation of spring wheat (SW)} from compe-
ting small grains (SG) hrs been the subject of several
studies. 1In this project we wish to approach the problem
from an emperical point of view, using nonparametric
discriminate function methods to investigate the feasi-
bility of SW/SG separation. A limited data set consis-
ting of five segments with multiple acquisitions was
used to illustrate the software and to make preliminary
conclﬁsions with respect to appropriate features. The

data sets used are given in Table 1.

Acquisition data in 1976

Segment
1 2 3 4 5 6 7
1614 130 183 201 219
1618 127 163 199 235
1624 128 l46 ' 236
i642 S 127 145 163 is2 199 236
1645 127 145 164 181 235

Table 1. Acquisitions use in experiment.



LINEAR DISCRIMINATE FUNCTIONS

Several methods including Principal Components,
Fischer's linear discriminate function, minimization of
the Perceptron criteria function, and Minimum Squared
Error (MSE) procedures were considered and testéd. The
MSE procedure using the Ho-Kashyap algorithm was chosen
as the most consistent, based on limited testing. A brief
discription of the procedure follows.

Let Xy = (Xyqr Xipr ooe 1 Xip)T

measurement vector for the ith prototype. Define

be the

( 1, Xi ) for Xi in class 1

( -1, —Xz ) for X; in class 2

The problem is to select a (p+l) vector o , such that
Y, o > 0 for al1 i =1, ... , n.

Or, failing that, minimize the number of errors. A

more tractable problem is the MSE criteria which is

defined as follows,



Let

n x (p+l)

Or, minimize }|Aa - B]] over all ¢« and B . For

each fixed B , the minimum norm solution is given by

#

where A is the pseudo-inverse of A . So the

difficulty is one of determining the appropriate B8 .
The Ho—-Kashyap algorithm solves this problem in the

following ‘way. Define the initial values of two vector

sequences o and £ by

B(O) = (1, ..., 1T

il

a(0) At g(0).



For k= 1,2,.... define

e(k) = A a(k) - (k)
") = L ek + let)] ).
and
B(k+l) = B(k) + pe (k)
a(k+l) = a(k) + pafet(x)

where p > 0. If the prototypes are separable, then

lle(x) ]| converges to 0. If not, then ||e(k)|| converges

THE EXPERIMENT

In this test we have used the Ho-Kashyap
algorithm to determine three discriminant functions for
each of five segments over various pass cémbinations.

The three discriminant functions are defined as follows.

4-CH The criginal fc;*rur channel LANDSAT measurements
are used for each acguisition.

L(B,G) The Tassel Cap coordinates B and G are
computed for each acguisition.

Q(B,3) The Tassel Cap coordinates B and G plus the
guadratic terms Bz, Gz, and BG are compqted for each
acquisition. In Tables 2-6 the error rates are given for

each of the above discriminant functions, calculated by‘

the Ho-Kashyap algoxrithm.



SEGMENT 1614

ERRORS (SW/SG)

ACQ. 4-CH L(B,G) Q(B,G)
1 1/5 1/11 /11 .

4 3/7 2/7 1/7

5 2/5 i/6 0/6

6 2/3 0/6 0/4

1,4 1/4 1/6 1/6

1,5 0/0 1/5 0/5

1,6 0/1 2/5 0/4

4,5 3/4 1/5 2/5

4,6 2/3 o 1/4 0/2

5,6 1/3 0/4 0/1

1,4,5 0/0 1/5 i/2

1,4,6 0/0 0/3 0/2

1,5,6 0/0 0/5 0/2

4,5,6 2/3 1/5 0/1

1,4,5,6 0/0 2/4 0/0

Labeled Dot Distribution: SW-31 / SG-13

Acquisition Dates: R | - 76130

4 - 76183

5 - 76201

6 - 76219

Table 2.



SEGMENT 1618

ERRORS (SW/SG)
ACQ, 4~CH L(B,G) Q(B,G)
1 0/22 0/22 2/21
3 3/21 2/21 4/14
5 3/10 3/15 3/4
7 4/9 2/13 2/13
1,3 2/20 2/20 6/13
1,5 3/10 3/15 2/3
1,7 5/9 2/12 4/11
3,5 3/10 3/15 1/4.
3,7 4/7 1/13 2/7
5,7 3/8 3/13 1/5
1,3,5 3/9 3/13 1/3
1,3,7 5/7 4/11 5/5
1,5,7 4/5 3/9 0/2
3,5,7 3/4 3/12 1/2
1,3,5,7 3/3 3/9 0/2
Labeled Dot Distribution: SW~60 / SG-22
Acquisition Dates: 1 - 76127
3 - 76163
5 - 76199
7 - 76235

Table 3.



SEGMENT 1624

ERRORS (SW/SG)
ACQ. 4-CH L(B,G) Q(B,G)
1 4/18 0/22 1/20
2 0/22 0/21 1/21
7 5/16 5/16 5/13
1,2 3/16 0/21 1/19
1,7 6/11 5/14 4/13
2,7 5/13 5/13 5/13
1,2,7 4/12 4/14 4/11

Labeled Dot Distribution:

Acquisition Dates:

Table 4.

SW~62 / 8G-22

1 - 76128
2 - 76146
7 - 76236



SEGMENT 1642

ERRORS (SW/SG)

ACQ. 4-CH L(B,G) Q(B,G)
1 0/18 0/19 0/18
2 2/14 2/18 1/13
3 3/16 2/15 3/12
4 0/19 0/19 0/16
5 0/18 0/19 3/16
7 1/19 . 1/18 0/18
1,2 3/14 1/18 1/12
1,3 2/9 2/12 4/11
1,4 1/17 0/19 0/16
1,5 3/16 2/18 4/9
1,7 1/17 1/17 1/16
2,3 3/11 3/12 1/9
2,4 3/18 2/18 2/11
2,5 2/14 2/18 5/10
2,7 4/15 1/18 1/10
3,4 3/13 3/14 3/10
3,5 5/10 3/14 4/8
3,7 4/13 A/14 2/8
4,5 2/16 0/18 2/19
4,7 1/19 1/18 0/15
5,7 0/17 0/18 3/14
1,2,3,4,5,7 7/7 4/9 0/0
Labeled Dot Distribution: 5W-58 7 5G-19
Acquisition Dates: 1 - 76127
2 - 76145
3 - 76163
4 - 76182
5 - - 76199
7 - 76236

Table 5.



SEGMENT 1645

ERRORS (SW/SG)
ACQ. 4-CH L(B,G) Q(B,G)
1 0/20 0/20 0/20
2 0/20 0/20 0/20
3 1/20 0/20 0/19
4 1/19 0/20 0/20
7 0/19 0/20 2/16
1,2 0/19 0/20 0/20
1,3 0/18 1 0/20 1/19
1,4 0/17 0/20 0/20
1,7 1/12 2/17 2/11
2,3 0/20 0/20 0/19
2,4 1/18 0/20 0/20
2,7. 0/18 0/20 3/11
3,4 4/16 2/20 1/18
3,7 2/16 1/17 3/11
4,7 3/10 3/13 3/10
1,2,3,4,7 3/10 6/11 2/6

Labeled Dot Distribution:

Acquisition Dates:

Table 6.

SW-75 / SG-20

1 -

b W

76127
76145
76164
76181
76235



10.

CONCLUSIONS

The first observation must be, that, in these
segments, the separation of SW from SG is not an easy
task. A reasonable exror rate was achieved with one
pass only in segment 1614. Reasonable two pass error
rates were achieved in segments 1614 and 1618, and to a
lesser degree in 1642. Segment 1624 had inadequate
acquisitions and segment 1645 gave poor results even
when all acquisitions were used. Segment 1645 and 1642
did not have acquisitiong in windows 5 or 6. These two
windows provided the best results in the other three
segments in single pass or two pass combinations.

The other observation is that generally the .
Q(B,GL features provided as good or better separation
as did the 4-CH features. The L(B,G). features did not
compete as well. The advantage of the Q(B,G) features
is that the two dimensional guadratic discriminant
function ‘can be plotted on a per pass basis, making the
prospect of generating graphical AT aids a possibility.

In conclusion, it appears that windows 5 and 6
play an important role in the SW/SG separation problem.
(The corresponding crop indices should be determined
for this strata.) In addition we recommend further
testing of the Q(B,G) features over a proad range of

spring wheat blind sites.
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UHLDF Program
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8600
6666

OO0

aoOoann QOO0O0

ettt ceaeceeasetenteneeareear et ettt reansaararnarans UHLDO00O
*#%kk PROGRAM UHLDF #*x* UHLDO010

UBLDO0020

THIS PROGRAM COMPUTES THE 2-CLASS NONPARAMETRIC UHLD0030
DISCRIMINATE FUNCTION. THE HO-KASHYAP ALGORITHM UHLDO040
IS IMPLIMENTED. UHLDO0S0
UHLD0060

e e e et eeearanseraneoaaessearaeaeaaeeaann eerteoeastennneae UHLDO0070
UHLDO08O

DIMENSION D(4000) ,DINV (4000) ,A (40),ICLASS (500) ,B (500) ,¥ (500) UHLDO090
DIMENSION Z(500),C(500),IQ(500),V(40),E (500) UHLDO100
DIMENSION U(40,40) ,AFLAG(40) ,ATEMP (40) ,W(2500) UHLD0110
BQUIVALENCE (U(L,1),B(1)) _,  (AFLAG(),z (1)) UHLDO0120
{ATEMP(1) ,¥(51})), (W(1),B(1)) UHLDO0130

DATA YES/'Y'/ UHLDO140
WRITE (108,6600) UHLDO150
READ (105,6666) YESS UHLDO160
FORMAT (* AGAIN?') UHLDO170
FORMAT (A1) UHLDO180
IF (YESS.NE.YES) STOP UHLD0190
UHLD0200

GET DATA ARRAY UHLDO210

D ~ NSAMP BY NV ARRAY CONTAINING PROTOTYPES AS RONS.  UHLD0220

DINV - TRANSPOSE OF THE PSEUDO-INVERSE OF D. (NSAMP BY NV)UHLD0230
UHLD0240

REWTND 1 UHLDO250
CALL GETD(DINV,NSAMP,NV, ICLASS) UHLD0260
IF (NSAMP.EQ.0) GO TO 500 UHIN0270
NSIZE=NSAMP*NV UHLD0280
OUTPUT, NSIZE UHLD0290
CALL TRANS (DINV,D,NV,NSAMP) UHLDO300
CALL MOVE (D,DINV,NSIZE) UHEDO310
UHLDO320

UHLDG330

UHLD0340

UHID0350

UHLDO360

MAXITR=100 UHLDO370
UHLD0380

COMPUTE PSEUDO-INVERSE OF D. (TRANSPOSE) UALDO390
INITIALIZE B-VECTOR UHLD0400
INITIALIZE A-VECTOR. (LINEAR DISCRIMINATE FUNCTION) UHLD0410
COMPUTE MISSCLASSIFICATIONS FOR INITIAL DF. . UHID0420
UALD0430

CALI, GINVZM (DINV,NSAMP ,NV,NSAMP,NV,KZ,U,AFLAG,ATEMP,1.E-12) UHLDO0440
CALL FILL(B,NSAMP,1.) UHLDO450
CALL TPRD (DINV,B,A,NSAMP,NV,0,0,1) UHLDO460
WRITE (108,8800) (A(J),J=1,NV) UHLD0470
CALL MPRD (D,A,Y,NSAMP,NV,0,0,1) UMLDI480
CALL MISSCL (Y ,NSAMP,MISS],MISS2,ICLASS) UHLDO490

pAGE 15
ome‘?égé QUALITY

QF P



GO0

8800

OO0 e e RSN

OO0O0O0

1

MISS=MISS1MISS2
OUTPUT MISS1,MISS2,MISS

CALL EO-KASHYAP ALGORITHM.

CALL HOKASH (D,DINV,A,B,Y,E,NV,NSAMP ,MAXTTR, ICLASS)
FORMAT (2X,5F10.4)

@ TO 66

END

COPY ARRAY X TNTO ARRAY Y

SUBROUTINE MOVE (X,Y,N)
DIMENSION X(1),¥(1)

o 1 1=1,N

Y (I)=X(I)

RETURN

END

INITIALIZE N LOCATIONS IN ARRAY X WITH VALUE C

SUBROUTINE FILL (X,N,C)
DIMENSION X (1)

DO 1 I=1,N

X (1)=C

RETURN

END

MOVE TRANSPOSE OF MATRIX A INTO B.

SUBROUTINE TRANS (A,B,N,M)
DIMENSION A (1,M) ,B (M,N)
Do 1 I=1,N

™ 1 J=1,M

B(J,I}=a(I,J}

RETURN

END

13.

UHLDO500
UHLDO510
UHLD0520
UHLDO5 30
UHLDO540
UHLD0O550
UHLD0560
UHLD0570
UHLDO580
UHLD0590
UHEDDG00
UHLDD610
UHLD0620
UHLDD630
UHLDO640
UBLDO650
UHLD0660
UHLDO670
UHLDO680
UHLD0690
UHLDO700
UHLDO710
UHLDO720
UHLD0730
UHLD0740
UHLD0750
UHLD0760
UBLDJ770
UHLD0780
UHLD0790
UHLDOS00
UHLD0810
UHLD0820
UHLDOB30
UHLDO840
UHLDO850
UHLD0860
UHLD0870
UHLDO880
UHLDO890
UHLD0S00
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OO0
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10

100

200

8800

1

2
3

SUBROUTINE HOKASH (D,DINV,A,B,Y,E,NV,NSAMP,MAXITR, ICLASS)
DIMENSION D(1),DINV{1},A(}),B(1),¥(}) ,.E(1) ,ICIASS (1)
ITR=0

ITR=ITR+1

CALL MPRD(D,A,Y,NsAMP,NV,0,0,1)

Cari. Msus(Y,B,E,NSamP,1,0,0)

CALY, MISSCL (Y ,NSAMP ,MISS1 ,MISS2Z, ICLASS)
IF(ITR.GP.MAXITR} GO TO 200

CALL TEST (E,NSAMP,KEY)

IF(KEY) 200,100,100

ORIGINAL PAGE IS

OnN
B MORE TIME OF PCOR QUALITY

CALL POS (E,NSAMP)

CALL MADD (B,E,B,NSAMP,1,0,0)

CAIL  TPRD (DINV,E,Y,NSAMP,NV,0,0,1)
CALL MADD (A,Y,A,NV,1,0,0)

® TO 10

TERMINATE

CONTINUE

OUTPUT, ITR,MISSL,MISS2
WRITE (108,8800) (A (J),J=1,NV)
FORMAT (2X,5F10.4)

RETURN

END

SUBROUTINE TEST(Y,N,KEY}
DIMENSION Y (N)

KEY=0

IN=0

Lp=0

CALL NORM (Y, N ,YNORM)

Do 10 1=1,N

IF (Y (I)/YNORM-1.E-50) 1,1,2
IN=1

X TO 3

p=1

IF (LN.EQ.1.AND.IP.EQ.1) RETURN

1l4.

HOKA0000

"HOKAO010

HOKRA0020
HORAQ030
HOKA0040
HOKA0050
HOKA0060
HORAGG70
HOKADQ80
HOKAQQSO
HOK20100
HORA0110
HOKA0120
HOKA(G130
HOKA(140
HOKa0150
HOX20160
HOKA0170
HOK20180
HOXA0190
HOXAO200
HOR20210
HORA0220
HOKA0230
HOKA0240
HOKA0250
HOKA0260
HOKA0270
HORA0280
HORA0290
HOKA0300
HOXa0310
HOKA0320
HORA0330
HORA0340
HORAQ0350
HOKA0360
HOKAQ37)
HORAO380
HOKAQ3%0
BOKa0400
HOKA0410
HOKa0420
HOKA0430
HOKAC440
HOKA0450
HORAQ460
HOKAD470
HOXA(0480
HOKAD490



QOO0

QOO0

ONOOnan

10

10

30

10

CONTINUE

KEY=1

IF(LP.EQ.0) KEY=-1
RETURN

END

SUBROUTINE POS (Y ,N)
DIMENSION Y (N)

DO 10 I=1,N
Y(I)=(Y(I)+ABS (¥ (I))}/2.
RETURN

END

SUBROUTINE MISSCL (Y ,NSAMP,MISS1,MISS2,ICLASS)

DIMENSICN Y (1) ,ICIASS(1)

MISS1=0 )
MIS52=0

DO 30 I=1,NSAMP

IF(Y (I).GE.0.) GO TO 30

IF (ICIASS {I).EQ.1) MISSI1=MISS1+l
IF (ICLASS (1) .EQ.2) MISS2=MISS2+l
CONTINUE

RETURN

END

SUBROUTINE NORM (Y ,N,YNORM)
DIMENSION Y (1}

YNORM=0.

DO 10 1=1,N

YNORM=YNORM+Y (I} *Y (I)
YNORM=SQORT (YNORM)

RETURN

END

15.

HOKA0500
HOKAQ510
HOKA0520
HOKAD530
HOKA0540
HOKA0550
HOKA0560
HOKAQ0570
HORAO550
HOKA0590
HOKA0600
HOKAO610
HOKAD620
HOKAQ630
HOXA0640
HOKR20650
HOKAD660
HOKA0679
HOKAQ680
HOKAQ639
HOKA07GO
HOKAQ0710
HORAQ720
HOKAD730
HOKAQ740
HOKAOG750
HORAO760
HOKAOTT0
HOKAO0760
HOKAQ720
HOKA0800
BOXA0810
HORA0829
HOKAO830
HOKAD849
HOKAQ85D
HOKAD860
HORAQS70
HOKAQBS1D
HOKR0839
HOKA0900
HOKAQD910
HORA0920
HOKA0930
HOKAD940
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2000

2500
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---------------------------------------------------------

4 CHANNEL LANDSAT  ***

THIS VERSION OF GETD USES THE 4 LANDSAT CHANNELS AS
FEATURES. (UP TO 7 PASSES)

P - THIS IS THE DATA ARRAY WHICH IS RETURNED TO THE

CALLING ROUTINE. THE DIMENSION IS NV BY NSAMP.
THE COLUMN VECTORS OF D CONSIST OF
(1. , X1, X2, ... , XN)

IF THE PROTOTYPE IS IN CLASS 1 AND THE NEGATIVE
OF THE ABOVE VECTOR IF THE PROTOTYPE IS IN

CIassS 2.

NSAMP- THE -NUMBER OF PROTOTYPES. THIS VALUE IS RETURNED TO
THE CALLING PROGRAM. )

NV - THE NUMBER OF VARIABLES PLUS ONE FOR THE

CONSTANT TERM. THIS VALUE IS RETURNED TO THE CALLING
PROGRAM.

ICLASS~ THIS IS A VECTOR, RETURNED TO THE CALLING PROGRAM WHICH

IDENTIFIES (1 OR 2) THE CLASS ASSIGNMENT OF EACH
PROTOTYPE.

-------------------- R RN RN RN EENEE R RN EEE I IR NN N

SUBROUTINE GETD (D,NSAMP,NV, ICLASS)
DIMENSION D(1),ICLASS(1),X(28),IP(7)
DATA IBIX,IO,IW/' ','0','W'/
WRITE (108 ,4000)

FORMAT (' INPUT NUMBER OF PASSES. 1-7")
READ (105, 3000,ERR=88) NPASS

QUTPUT NPASS

WRITE (108,2000)

FORMAT (' INPUT PASS ND. 1-7%)

READ (105, 3000,ERR=88) " (IP (RKK) ,KK=1,NPASS)
WRITE (108,2500) (IP (KK) ,KK=1,NPASS)
FORMAT (7X, 713)

FORMAT (711}

NSAMP=0

N1=0

N2=0

IND=0

NV={{PASS*4+1

DO 100 K=1,209

le6.

GD010000

‘GD010010

GD010020
GD010030
GD010040
GDO010050
GD010060
GDO10070
GD010080
GD010090
GD010100
Gb010110
GD010120
GD010130
GD010140
Gb010150
GD010160
GD010173
GD010180
GD0101580
GD010200
GD010210
GD010220
CGD010230
GDO10240
GD010250
GD010260
GD010270
GD010280
GDO10290
GD010300
GD010310
GD010320
GD010330
GD010340
GDO10350
GD010360
GD010370
GD010380
GD010390
GD010400
GD010410
GD016420
GD010430
GD010440
GD01G450
GD010460
GD010470
GD010480
GD010450



oo

1000

10

20
30

100
999

READ TABEIED DOTS (UNDER FORMAT 1000)

READ (1,1000,END=998) IGI,IG2,X

FORMAT (2A1,8F5.1,/,2X,8F5.1,/,2X,8F5.1,/,2¥%,4F5 1)

IF (IG1.NE.IBIK) GO TO 100

IF (IG2.EQ.IBIK.CR.IG2.EQ.TO) (0 TO 100

DO 10 KK=1,NPASS

I1={IP (KK)-1)*4+1
IF{X(11).Gr.98.5) GO TO 100
CONTINUE

NSAMP=NSAMP+1

ICTASS (NSAMP)=1

IF(IGZ2.NE.IW) TCLASS (NSAMP)=2
IND=IND+1

D (IND)=1.

IF (TCIASS (NSAMP) JEQ.2) D(IND)=-1.
DO 30 NPP=1,NPASS

I1=(IP (NPP)—1) %441

I12=11+3

Do 20 J=11,12

IND=IND-1

D (IND}=X (J}

IF (ICLASS (NSAMP) .EQ.2) D{IND)=-D (IND)
CONTINUE

CONTINUE A
IF [ICLASS (NSAMP) JEQ. 1) N1=N1+1
IF (ICLASS (NSAMP) .EQ.2) N2=N2+1
CONTINUE

CONTINUE

CUTPUT N1,N2,NSAMP

RETURN

END

i7.

Gp10500
GDO10510
GD010520
GD016530
GD010540
GD(10550
GD(O10560
GD01057D
GDO10580
GD010590
GD010600
GDO10610
GD010620
GD010630
GD01064D
GDO10650
GD0106560
GRO10670
(3D010680
GD0106S0
GD010700
Gb016710
Gb010720
GDO10730
GD010740
GDO10750
GD010760
GDO010770
GD010780
GDU107%0
GD010800
GbC10810
GD010820
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2000

2500
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18.

---------------------------------------------------------

ki k B'G * %%

THIS VERSICN OF GETD USES THE FIRST 2 TASSEL CAP VARIABLES (B,G)
FEATURES. (UP TO 7 PASSES)

D ~- THIS IS THE DATA ARRAY WHICH I5 REZTURNED TO THE
CALLING ROUTINE. THE DIMENSIOX IS NV BY NSAMP.

THE COLUMN VECTORS OF D COWSIST OF
(1., %1, X2, ... , X)
IF TEE PROTOTYPE IS IN CLASS 1 AND TEE NEGATIVE
OF TEE AROVE VECTOR IF THE PRIOTOTYPE IS8 IN
CLASS 2.

NSAMP— THE NUMBER OF PROTOTYPES. THIS VALUE IS RETURNED TO
THE CALLING PROGRAM.

NV - THE NUMBER OF VARIABLES PLUS ONE FOR THE
CONSTANT TERY. THIS VALUE IS RETURNED TO THE CALLING
PROGRAM.

ICLASS—~ THIS IS A VECTOR, RETURNED TO THE CALLING PROGRAM WHICH
IDENTIFIES (1 OR 2) THE CLASS ASSIGWMENT OF EACH
PROTOTYPE.

----------------------------------------------------------------

SUBRCUTINE GETD (D,NSAMP NV, ICLASS)
DIMENSION D(1),ICLASS (1),X(28),IP(7)
DATA IBIX,IC,TH/' ','0%,'W'/

WRITE (108, 4000)

FORMAT (* INPUT NUMBER OF PASSES. 1-7')
READ (105,3000,ERR=88) NPASS

OUTPUT NPASS

WRITE (108,2000)

FORMAT (' INPUT PASS NO. 1-7%)

READ (105,3000,ERR=88) (IP (KK) ,KK=1,NPASS)
WRITE (108,2500) (IP (RK),KK=1,NPASS)
FORMAT (7X, 713)

FORMAT (711)

NSAMP=0

N1=0

N2=0

IND=0

NV=NPASS*2+1

DO 100 K=1,209

GD020000
GDO20010
GD020020
GD023030
GD020040
GD020050
GD020060
GD020070
GD020080
GD0200%0
GD020100
GD020110
GD020120
GD020130
GD020140
GDJ20150
GD020160
GD020170
GD020180
GD020190
GD020200
GD020210
GD020220
GD020230
GD020240
GD020250
GD020260
GD020270
GD020280
GD020230
GD020300
GDO20310
GD020320
Gn020330
GDJ20340
GD20350
Gb020360
Gb020370
GD020380
GD020380
GD520400
GD020410
GD020420
GD020430
GD020440
GD020450
GD028460
GD020470
GD020480
GD020500
GD020510



1000

10

20

30

100
999

READ ILABELED DOTS (UNDER FORMAT 1000}

READ (1,1000,END=999) IG1,IG2,X
FORMAT (221 ,8F5.1,/,2X,8F5.1,/,2%,8F5.1,/,2X,4F5.1)}
IF (IG1.NE.IBLX) GO TO 100

IF (IG2.EQ. TBIK.OR.IG2.EQ. I0) GO TO 100
DO 10 KK=1,NPASS

I1={IP (KK)~1)*4+1

IF{X (I1).Gr.98.5) GO 10 100
CONTINUE

NSAMP=NSAMP+1

ICIASS (NSAMP)=1

IF (IG2.NE.TW) ICLASS (NSAMP)=2
IND=IND+1

D{IND)=1.

IF (ICLASS (NSAMP) .EQ.2) D(IND)=-1.
DO 30 NPP=1,NPASS.

I1=(IP (NPP)-1)*4+1

CALI, KAUTH (X(11),B,G)

D (IND+1)=B

D (TND+2)=G

DO 20 J=1,2

IF (ICLASS (NSAMP) .EQ.2) D(IND+J)=-D{IND+J)
CONTINUE

IND=IND+2

CONTINUE

1F (ICLASS (NSAMP) .EQ.1) N1=N1+l

IF (ICLASS (NSAMP) LEQ.2) N2=W2+1
CONTINUE

CONTINUE

OUTPUT N1,N2,NSAMP

RETURN

END

19.

GD020520
GD020530
GD020540
GD020550
GD020560
GD020570
GD020580
GD020590
GD020600
GD020510
GD020620
GD020630
GD020640
GD020650
GD020660
GD020670
GD020680
GD020690
GD020700
GDO20710
GD020720-
GD020730
GD020740
GD020750
GD020760
GD020770
GD020780
GD020790
GD020800
GD020810
GD020820
GD020830
GD020840
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*¥**%x  B,G QUAD *kk

THIS VERSION OF GETD USES THE FIRST 2 TASSEL CAP VARIABIES PLUS
QUADRATIC TERMS AS FEATURES. (UP TO 7 PASSES)

D - THIS IS THE DATA ARRAY WHICH IS RETURNED TO THE
CALLING ROUTINE. THE DIMENSION IS NV BY NS&MP.

THE COLUMN VECTORS OF D CONSIST OF
(1. , X1, X2, ... , X)

IF THE PROTOTYPE IS IN CIASS 1 AND THE NEGATIVE
OF THE ABOVE VECTOR IF THE PROTCIYPE IS IN
CLASS 2.

N3AMP- THE NUMBER OF PROTOTYPES. THIS VALUE IS RETURNED TO
THE CALLING PROGRAM,

NV - THE NUMBER OF VARIABIES PLUS CNE FOR THE
CONSTANT TERM. THIS VALUE IS RETURNED TO THE CALLING
PROGRAM.

ICLASS— THIS IS A VECTOR, RETURWNED TO THE CALLING PROGRAM WHICE
IDENTIFIES (1 OR 2) THE CLASS ASSTGNMENT OF EACH
PROTOTYPE.

-----------------------------------------------------------------

SUBROUTINE GETD (D,NSAMP NV, ICLASS)
DIMENSION D(1),ICIASS{1),X(28),IP(7)
DATA IBIX,IO,Tw/' *,'0','w'/
88 WRITE(108,4000}

4000 FORMAT (' INPUT NUMBER OF PASSES. 1-7%)
READ (105,3000,ERR=88) NPASS
OUTPUT NPASS
WRITE (108,2000)

2000 FORMAT(' INPUT PASS NO. 1-7')
READ (105,3000,ERR=88) (IP(KK),KK=1,NPASS)
WRITE (108,2500) (IP (KK) ,KK=1,6NPaSS)

2500 FORMAT (7X,713)}

3000 FORMAT{7I1)
NSaMP=()
N1=0
N2=0
IND=0
NV=NPASS*5+1

GD030000
GDO30010
GD030020
GDO30030
GD030040
GD030050
GD030060
GDO30070
GD030080
GD0300%0
GD330100
GD030110
GD030120
GD030130
GD030140
GD030150
GD030160
GDO30170
GD030180
GD030190
Gb030200
GDO30210
GD030220
GD030230
GD030240
GD030250
GD030260
GDAJ30270
Gb030280
GbD030290
GDO30300
GD030310
GD030320
GD030330
GD030340
GD030350
GD030360
GD030370
GD030380
GD030390
GD030400
GDJ30410
GD030420
GC030430
GD030440
Gb030450
Gb030460
GD030470
Gb030480



o000

1000

10

20
25
30

100
999

DO 100 X=1,209

READ IABELED DOTS (UNDER FORMAT 1000)

READ (1,1000,END=999) IGl,IG2,X

FORMAT (2A1,8F5.1,/,2%,8F5.1,/,2X,8F5.1,/,2X,4F5.1)
IF (IGL.NE.IBIK) GO TO 100

IF (IG2.EQ. IBIK.OR.IG2.EQ. I0) GO TO 100

DO 10 KK=1,NPASS

11=(IP (RK)-1) *4+1

IF (X (I1) .GT.98.5) GO TO 100

CONT .
NSA.N{PIN%EI}EAMP+1 ORIGINAL PAGE ‘3
ICLASS (NSAMP) =1 OF POOR QUALIT
IF (IG2.NE.TW) ICLASS (NSAMP)=2

IND=TND+1

D{IND)=1.

IF (ICIASS (NSAMP) .EQ.2) D(IND)=-1.

DO 30 NPP=1,NPASS

I1=(IP (NPP)-1)*4+1

CALI, XKAUTH (X (Il1),B,G)

D (IND+1)=B

D (IND+2)=G

D(IND+3)=B*B

D (IND+4 )=G*G

D {IND+5 }=R*G .

IF (ICLASS (NSAMP) .EQ.1) GO TO 25

DO 20 J=IND+l, IND+5

D (J)=~D{(J)

IND=IND+5

CONTINUE

TF (ICLASS (NSAMP) .EQ.1) NI=N1+l

TF (ICLASS (NSAMP) .EQ.2) N2=N2+1

CONTINUE

CONTINUE

OUTPUT N1,N2,NSAMP

RETURN

END
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GD035000
GD030510
GD030520
GD030530
GDO30540
GDO30550
GD030560
GDO30570
GD030580
GD030590
GDG30600
GD030610
GD030620
GD030630
GDh030640
GD030650
CGDO30660
GD030670
GD030680
GD0306390
GDJ30700
GDO30710
GD030720
GD030730
GDJ30740
GDO30750
GD030760
GDO30770
GD030780
Gb030790
GD030800
GD030810
GD0320820
GD030830
GD030340
GD030850
GD030860
GD030870
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THIS ROUTINE COMPUTES THE TASSEL CAP COCRDIMATES
3 AND G FROM THE FOUR LANDSAT CHANNELS IN THE VECTOR X.

SUBROUTINE KAUTH (X,B,G)

DIMENSION X(1),FB(4),FG(4)

DATA FB,FG/.33231,.60316, .67581, .26278,

Z.28317,-.66006,.57735, . 38833/

3=0.

G=0.

DO 1 1=1,4

B=B+X (I} *FB(I)

1 G=GHX (X}*FG(I)

RETURN
END

22,

KAUTO0000
KAUTO0010
KAUT0020
KAUT0030
EAUT0040
EAUTO0050
KaUT0060
KAUT0070
KAUT0080
KAUT00390
KaUT0100
KAUT0110
KauT0120
KaUT0130
XAUT0140
RAUT0150
KAUT0160
KAUT0170



SUBROUTINE GINV2M(A,MR,MC,NR,NC,KZ,U,AFLAG,ATEMP ,TOK)

23.

GINV0000

aaaOaOOaaoQaaaaaan

THIS ROUTINE COMPUTES THE TRANSPOSE OF THE GENERALIZED INVERSE
OF A AND STORES IT IN A
MR IS THE MAXIMUM ROW DIMENSION OF A
MC IS THE MAXIMUM COLUMN DIMENSION OF A
NR IS THE NUMBER OF ROWS IN A
NC IS THE NUMBER OF COLDMS IN A
KZ OUTPUT, KZz= 0 IMPLIES THAT A IS SINGULAR
= 1 IMPLIES THAT A IS NOWSINGULAR
U TEMPORARY WORKING STORAGE, DIMENSIONED MC BY MC
AFLAG  TEMPORARY WORKING STORAGE, DIMENSIONED MC
ATEMP  TEMPORARY WORKING STORAGE, DIMENSIONED MC
TOK  TOLERANCE FOR INNER PRODUCT ZERO
TOL  TOLREANCE FOR THE RATIO OF TWO INNER PRODUCTS

-GINV3010
GINV0020
GINVOO30
GINV0040
GINVO050
GINVO060
GINV0070
GINV0080
GINVO090
GINVO100
GINV0110
GINV0120
GINVO130
GINV0140
GINVO150
GINV0160

aOoa

DOUBLE PRECISICHW SUM , FAC
DIMENSION A (MR,MC) ,U(MC,MC) AFLAG (MC) ,ATEMP (MC)
KZ = 1

FaC = DOI‘{MR NR,A,L,L)
K=,
IF (FAC.GT.TOK) GO T0 11
DO 13 J=1,NR

13 A(J,L)=0.0
KZ=0

12 AFLAG(L)=0.0
@ TO0 1000

11 FAC= 1.0/SQRT (FAC)
=K
AFLAG(L}=1.0
Do 15 I=1,MR

15 a(z,L) = A(I,L)*FAC
DO 20 I=1,NC

20 U(1I,L) = U(I,L)*FAC

DEPENDENT COL TOLERANCE FOR N BIT FLOATING POINT FRACTION

N=27
TOL=(10,%0,5%*N) **2
Ll=L+1
IF(L1.LE.XC) GO TO 21
DO 22 I=1,NMR

22 A{I,L) = A(I,L)*FAC

~GINV0170
GINV0180
GINVO190
GINVO200
GINV0210
GINV(0220
GINV0230
GINV0240
GINV0250
GINVI260
GINV0270
GINV0280
GINV0290
GINV0300
GINV0310
GINV0320
GINV(0330
GINV0340
GINVO350
GINV0360
GINVO370
GINV0380
GINV03%0
GINVD400
"GINV0410
GINV0420
GINVD430
GINV0440
GINV0450
GINVO460
GINVO470
GINVD480
GINV0490


http:IF(Ll.LE.NC

21

30

35
40

45
30

35

50
61

65
63

87
56
70

72
71

75
80

85
100

G0 T 1000

DO 109 J=2,NC

DOT1 = DOT (MR,NR,A,J,J)
JMl = J-1

DO 50 k=1,2

DO 30 K=1,JM1

ATEMP (K) = DOT (MR,NR,A,J,K)

DO 45 K=1,JM1
DO 35 I=1,NR

ORIGINAL PAGE IS
OF POOR QUALITY

A(I,J) = A(I,J)-ATEMP (K)*A(I,K) *AFIAG (K)

DO 40 I=1,NC

u({r,Jy = U(I,J)*ATEMP(K)fU(I,K)

CONTINUE
CONTINUE .
DOT2 = DCT (MR,NR,A,J,J)

If ((DOT2/D0T1})~TOL) 55,55,70

DO 61 I=1,JM1

SUM=0.0

DO 60 K=1,1I

SM = SUM + U (K,I)*U(K,J)
ATEMP (I) = SUM

DO 62 I=1,FR

SUM = 0.0

DO 65 K=1,MM1

StM = SU¥ - A(I,K) *ATEMP (K)*AFLAG(XK)

A(I,J) = sSun

AFIAG(J) = 0.0

KZ =0

FAC = DOT (%C,NC,U,J,J)
IF (FAC.GT.TOK) GO TO 66
DO 67 I=1,NC

u(I,J) = 0.0

@ T0 100

FAC = 1.0/SQRT (FAC)

® 10 75

IF (DOT2.GT.TOK) GO0 TO 71
KZ = 0
AFIAG(T) = 0.
Do 72 I=1,MR
A(I,J) = 0.0
@ TO 100
AFLAG(J) = 1.0

FAC = 1.0/SORT (DOT2)
PO 80 I=1,MR
A(I,J)=A(I,J)*FAC
DO 85 I=1,iC

U(I,J) = U(I,J)*FAC
CONTINUE

DO 130 J=1,MC

PO 130 I=1,MR

0

24.

GINVO500
GINVD510
GINV0520
GINV0530
GINV0540
GINVO550
GINV0560
GINVO570
GINV0580
GINV0590
GINV0600
GINV0610
GINV0620
GINV0630
GINV0640
GINV0650
GINV0660
GINVO67D
GINV0680
GINV0690
GINVOT00
GINVOT10
GINV0720
GINVO730
GINVD740
GINVOT50
GINVDT60
GINVOT70
GINV0780
GINV0790
GINV03800
GINV0810
GINV0820
GINVO830
GINV0840
GINV0350
GINV3860
GINV3870
GINV0880
GINV0890D
GINV0O900
GINV0910
GINV0920
GINV0930
GINV(0940
GINV0950
GINV0260
GINV0970
GINV0980
GINV0990



NSNS

120
130
1000

FAC = 0.0

DO 120 R=J,NC
FAC = FACHA(I,K)*U({J,K)
A(I,J) = FAC

RETURN
END

FUNCTION DOT (MR,NR,A,JC,XC)

COMPUTES THE INNER PRODUCT OF COLIMNS JC AND KC
OF MATRIX A
DIMENSION A (MR,1)

£OT = 0.0

DO 5 I=1,MR
5 DOT = DOT+ A({I,JC)*A(I,KC)

RETURN
END

25.

GINV1O0O
GINVIO10
GINV1020
GINV1030
GINVi040
GINV1050
GINV1060
GINV1070
GINV1080
GINV1090
GINV1100
GINV1110
GINV1120
GTNV1130
GINV1140
GINV1150
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26.

SUBROUTINE MADD

PURPOSE

ADD TWC MATRICES ELEMENT BY ELEMENT TO FORM RESULTANT
MATRIX )

USAGE
CALL MADD(A,B,R,N,M,MSA,MSB)

DESCRIPTION OF PARAMETERS

A - NAME OF INPUT MATRIX

B - NAME CF INPUT MATRIX

R ~ NAME OF CUTPUT MATRIX

N —- NUMBER OF ROWS IN A,B,R

M - NUMBER OF COLUMNS IN A,B,R

MSA - ONE DIGIT NUMBER FCR STORXGE MODE OF MATRIX A
0 — GENERAL
1 - SYMMETRIC
2 — DIAGONAL

MSB - SAME AS MSA EXCEPT FOR MATRIX B

REMARKS
NONE

SUBROUTINES AND FUNCTION SUBPROGRAIS REQUIRED
LoC

METHOD
STORAGE MODE OF OUTPUT MATRIX IS FIRST DETERMINED. ADDITICN
OF CORRESPONDING ELEMENTS IS THEN PERFORMED.
THE FOLLOWING TABLE SHOWS THE STORAGE MODE COF THE OUTPUT

MATRIX FOR ALL COMBINATIONS OF INPUT MATRICES
¥.\ 3 R
GENERAL GENERAL GENERAL
GENERAL SYMHETRIC GENERAL
GENERAL DIAGOHAL GENERAL
SYMMETRIC GENERAL GENERAL
SYMMETRIC SYMMETRIC SYMMETRIC
SYMMETRIC PIAGORAL SYMMETRIC
DIAGOHAL GENERAL GENERAL,
DIAGONAL SYMMETRIC SYMMETRIC
DTAGONAL DIAGONAL DIAGINAL

--------------

............

SUBRQUTINE MADD (A,B,R,N,M,MSA,MSB)
DIMENSION A(1),B(1) ,R(1)

---------------------------------------

MADD
MADD
MADD
MADD
MADD
MADD
MADD

MADD
MADD

MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD
MaDD

10

20

30

40

50

60

70

80

S0
100
110
120
130
140
150
160
178G
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
480
490
500



O0On

OaOon

s NQNp

10
20
30

35

40

50
60

70
80
80

100
110

ORIGINAL PAGE IS
OF POCR QUALITY

DETERMINE STORAGE MODE OF OUTFUT MATRIX

Ir(MSa-msB) 7,5,7
CALL L1OC (N,M,NM,N,M,MSA)
GO TO 100

MTEST=MSA*MSB
MSR=0
IF (MPEST) 20,20,10
MSR=1
TF (MTEST-2) 35,35,30
MSR=2
LOCATE ELEMENTS AND PERFORM ADDITION
DO 90 J=1,M
DO 90 I=1,N

CALL IOC(X,J,1JR,N,M,MSR)
IF(IJR) 40,90,40

CaLll. IOC(I,J,1J4,N,M,MSA)
AEL=0.0

IF (IJa) 50,60,50

AEL=A (IJA)

CALL I0OC(I,J,1J8,N,M,MSB)
BEL=0.0

IF (IJB) 70,80,70

BEL=B (IJB)
R(IJR)=AEL+BEL

CONTINUE

RETURN

ADD MATRICES FOR OTHER CASES

DO 110 I=1,NM
R(I}=A(I)+B(I)
RETURN

END

27.

MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD

MADD

MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD
MADD

MADD
MADD
MADD
MADD

MADD
MADD
MADD

510
520
530
540
550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740
750
760
770
780
730
g8od
810
320
830
840
850
860
870
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SUBROUTINE MPRD

PURPOSE

MULTIPLY TWO MATRICES TO FORM A RESULTANT MATRIX

USAGE

CALL MPRD(A,B,R,N,M,MSA,MSB,L)

DESCRIPTION OF PARAMETERS

A -~ NAME OF FIRST INPUT MATRIX

NAME OF SECOND INPUT MATRIX

— NAME OF OUTPUT MATRIX

NUMBER OF RCWS IN A AND R

— NUMBER OF COLUMNS IN A AND ROMS IN B

~ ONE DIGIT NUMBER FOR STORAGE HODE OF MATRIX A
0 — GENERAL
1 - SYMMETRIC
2 - DIAGDNAL

I ZzFDw
| [

ot

S

M5B

~ SAME AS MSA EXCEPT FOR MATRIX 2

L — NUMBER OF COLUMNS IN B 2ND R

REMARKS

28.

-----

MATRIX R CANNOT BE IN THE SAME LOCATION AS MATRICES A OR B
NUMBER OF COLUMNS OF MATRIX A MUST BE EQUAL TO NUMEBER OF ROWMPRD
OF MATRIX B

SUBROCUTINES AND FUNCTION SUBPROGRAMS RECUIRED

oc

METHOD

THE M BY L MATRIX B IS PREMULTIPLIED BY THE N BY M MATRIX A
AND THE RESULT IS STORED IN THE N BY L MATRIX R, THIS IS A

ROW INTO COLUMN PRODUCT.

THE FOLLOWING TABLE SHOWS THE STCORAGE MCDE OF THE OUTPUT
MATRIX FCR ALL COMBINATIONS OF INPUT MATRICES

----------------------------

A
GENERAL
GENERAL
GENERAL
SYMMETRIC
SYMMETRIC
SYMMETRIC
DIAQGONAL
DIAGONAL
DIAGONAL

Y

B
GENERAL
SYMMETRIC
DIAGONAL
GENERAL
SYMMETRIC
DIAGONAL
GENERAL
SYMMETRIC
DIAGONAL

R
GENERAL
GENERAL
GENERAL
GENERAL
CENERAL

(GENERAL

GENERAL
CENERAL
DIAGONAL

MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD

MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MERD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD

10

20

30

40

50

60

70

80

80
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
480
450
500
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10
20

30

40

50
60

70 R

80
S0

SUBRROUTINE MPRD (A,B,R,N,M,MSA,MSB L)

DIMENSION A (1) ,B(1),R(1)

ORIGINAL
oF POOR

SPECIAL CASE FOR DIAGONAL BY DIAGINAL

MS=MSA*10+MSB

IF (Ms-22) 30,10,30
Do 20 I=1,N
R(I)=a(I}*B{I)
RETURN

ALl, OTHER CASES

DO 80 I=1,M

IF(MS) 40,60,40

CALL LCC(J,I,1IA,N,M,MSA)
CALL IOC(I,K,IB ,M,L,MSB)
IF({IA) 50,80,50

IF (IR} 70,80,70
TA=N*(I-1)+J

IB=M* (K-1}+1

(IR)=R (IR)+A (IA) *B(IB)
CONTINUE

IR=IR+1

RETURN

END

PAGE 1S

QUALITY,

29,

MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD

MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD
MPRD

510
520
530
540
550
560
570
580
590
600
610
620
63¢
640
650
660
670
680
699
700
710
720
730
740
750
760
770
780
780
800
810
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------------------------------------------------------------------

SUBROUTINE TPRD

PURPOSE

TRANSPOSE A MATRIX AND POSTMULTIPLY BY ANOTHER TO FORM

A RESULTANT MATRIX

USAGE

CALL. TPRD(A,B,R,N,M,MSA,MSB,L)

DESCRIPTION OF PARAMETERS

A — NAME OF FIRST INFUT MATRIX
B -~ NAME OF SECOND INPUT MATRIX

R
N
M
MS

- NAME OF OUTPUT MATRIX

- NUMBER OF ROWS IN A AND B
— NUYBER OF COLUMNS IN A AND ROWS IN R

A - ONE DIGIT NUMBER FOR STORAGE MODE OF MATRIX A

0 - GENERAL
1 - SYMMETRIC
2 - DIAQONAL

MSB - SAME AS MSA EXCEFT FOR MATRIX B
L - NUMBER OF COLUMNS IN B AND R

REMARKS

30.

MATRIX R CANNCT BE IN THE SAME LOCATION AS MATRICES 3 OR B

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED

38,0

METHOD

MATRIX TRANSPOSE OF A 1S NOT ACTUALLY CALCULATED. INSTEAD,
ELEMENTS IN MATRIX A ARE TAKEN COLUMNWISE RATHER THAN

ROWWISE FCR MULTIPLICATION BY MATRIX B.
THE FOLLOWING TABLE SHOWS THE STORAGE MODE OF THE OUTPUT

MATRIX FOR ALL COMBINATIONS OF TNPUT MATRICES

------------------------------------------------------------------

A
GENERAL
GENERAL
GENERAL
SYMMETRIC
SYMMETRIC
SYMMETRIC
DIAGONAL
DIACONAL
DIAGONAL

B
GENERAL
SYMMETRIC
DIAGONAL
GENERAL
SYMMETRIC
DIAGONAL
GENERAL
SYYMETRIC
DIAZONAL

R
GENERAL
GENERAL
GENERAL
GENERAL
GENERAL
GENERAL
GENERAL
GENERAL
DIAGONAL

TPRD
TPRD
TPRD
TPRD
TPRD

TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TFRD

TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD
TPRD

10

20

30

40

50

60

70

80

90
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
260
370
388
390
400
410
420
430
440
450
460
470
480
490
500



O0a

sRoNe;

31.

SUBROUTINE TPRD (A,B,R,N,M, ;
DIMENSION A(1),B(L) R (L) M5 HEB L) oD 220
TPRD 520
SPECIAL CASE o 210
SE FOR DIAGONAL BY DIAGDNAL TPRD 540
MS=MSA*10+MSB ToRD 260
TF (MS-22) 30,10,30 ToRD 270
10 DO 20 I=1,N TonD 280
20 R(I)=A(I)*B(I) o0 290
R(1)=2 TPRD 590
TERD 600
MULTIPLY TRAN 2%
SPOSE OF A BY B TERD 620
30 TR=1 T S
DO 90 K=1,L TERD 650
DO 90 J=1,M e
R(IR)=0.0 TorD €70
DO 80 I=1,N oy 080
IF (MS) 40,6040 ToRD 09
40 CALL LOC(T,J,TIA,N,M,MSA) o 500
CALL LOC(I,K,IB,N,L,MSB) Ton 710
IF (TA) 50,8050 _— 250
50 IF(IB) 70,80,70 oD 730
50 TA=N* (J-1)+T o 710
IB=N* (K-1) +I TonD 50
70 R (IR)=R (IR)+A (IA) *B (IB) oD 720
80 CONTINUE P
90 TR=TR+1 g
IR=IR+ TPRD 780
RET TPRD 790
TPRD 800

ORIGINAL PAGE. 15
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0

------------

32.

SUBROUTINE LOC

PURPOSE

COHMPUTE A VECTOR SUBSCRIPT FOR AN ELEMENT IN A MATRIX OF
SPECIFIED STORAGE MODE

USAGE

CALL LCC (I,J,IR,N,M,MS)

DESCRIFTION OF PARAMETERS

I
J
IR
N
M
M3

REMARKS
NONE

~ ROW NUMBER OF ELEMENT

- COLUMN NUMBER OF ELEMENT

- RESULTANT VECTOR SUBSCRIPT

- NUMBER OF ROWS IN MATRIX

- NUMBER OF COLUMNS IN MATRIX

- ONE DIGIT NUMBER FOR STORAGE MODE OF MATRIX

J - GENERAL
1 - SYMMETRIC
2 - DIAGONAL

SUBROUTINES AND FUSCTION SUBPROGRAMS REQUIRED

NONE

METHOD
13=0

MS=1

MS=2

------------

SUBSCRIPT IS COMPUTED FOR A MATRIX WITH N*M ELEMENTS
IN STORAGE (GENERAL MATRIX) ’
SUBSCRIPT IS COMPUTED FOR 2 MATRIX WITH N*(N+1)/2 IN
BTORACE (UPPER TRIANGLE OF SYMMETRIC MATRIX), IF
ELEMENT IS IN LOWER TRIANGULAR PORTICN, SUBSCRIPT IS
CORRESPOWDING ELEMENT TN UPPER TRIANGLE.

SUBSCRIPT IS COMPUTED FOR A MATRIX WITH N ELEMENTS
IN STORAGE (DIAGONAL ELEMENTS OF DIAGONAL MATRIX).
IF ELEMENT IS NOT ON DIAGDWAL (AND THEREFORE NOT IN
STORAGE) , IR IS SET TO ZERO.

SUBROUTINE LOC(I,J,IR,W,M,MS)

IX=1
JX=J

IF(¥4s-1) 10,20,30
10 IRX=N*{JX-1)+IX

G0 TO 36

20 IF (IX-JX) 22,24,24
22 IRX=IX+ (JX*TX-JX) /2

@ TO 36

24 IRX=JX+{IX*IX~1X)/2

. B3 T0 36
30 TRX=D

IF (I1X-JX) 36,32,30

32 IRX=IX

36 IR=IRX
RETURN
END

e

140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
366
370
380
390
400
410
420
430
440
450
460
470
480
490
500
510
520
530
540
550
560
570
580
590
600
610
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33.

MSUB
.................................................................. MSUB
MSUB

SUBROUTINE MSUB MSUB
MSUB

PURPOSE : MSUB
SUBTRACT TWO MATRICES ELEMENT BY ELEMENT TO FORM RESULTANT MSUB

. MATRIX MSUB
MSUB

USAGE MSUB
CALL MSUB (A,B,R,I,4,MSA,MSB) MSUB
MSUB

DESCRIPTION OF PARAMETERS MSUB
A - NAME OF INPUT MATRIX MSUB

B - NAME OF INPUT MATRIX MSUB

R - NAME OF OUTPUT MATRIX MSUB

N - NUMBER OF ROSS IN A,B,R MSUSB

M - NUMBER OF COLUMNS IN 3,B,R MSUB
MSA - ONE DIGIT NUMBER FOR STORAGE MODE OF MATRIX A MSUB

0 - GENERAL MSUB

1 - SYMMETRIC MSUB

2 - DIAGOWAL MSUB

MSB - SAME AS MSA EXCEPT FOR MATRIX B MSUB
MSUB

REMARKS MSUB
NONE MSUB
MSUB

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED MSUB
LoC MSUB
MSUB

METHOD MSUB
STRUCTURE OF OUTPUT MATRIX IS FIRST DETERMINED., SUBTRACTION MSUB
OF MATRIX B ELEMENTS FROM CORRSSPONDING MATRIX A ELEMENTS MSU3

IS THEN PERFORMED. MSUB
THE FOLLOWING TABLE SHOWS THE STORAGE MODE OF THE OUTPUT  MSUB
MATRIX FOR ALL COMBINATIONS OF INPUT MATRICES MSUB

A B R MSUB

GENERAL GENERAL GENERAL MSUS

GENERAL SYMMETRIC GENERAL MSUS

GENERAL DIAGONAL GENERAL MSUB

SYMMETRIC GENERAL GENERAL MSUSB

SYMHETRIC SYMMETRIC SYMMETRIC MSUB

SYMMETRIC DIAGDNAL SYMMETRIC MSUB

DIAGONAL GENERAL GENERAL HMSUB

DIAGONAL SYYMETRIC SYMMETRIC MSUB

DIAGONAL DIAGONAL DIAGONAL MSUB

_ MSUS

................................... P 110 =
MSUB

SUBROUTINE MSUB (3,B,R,N M MSA,MSB) MSUR

10

20

30

40

30

60

70

80

30
100
110
120
130
140
150
160
170
180
180
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
330
430
410
420
430
440
450
450
470
480
490
500
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340
DIMENSION A(1),B(1) ,R({1) MSUB 510
MSUB 520
DETERMINE STORAGE MODE OF OUTPUT MATRIX MSUB 530
’ MSUB 540
IF (MSA-MSB) 7,5,7 MSUB 550
5 CALL LOC(N,M,NM,N,M,MS3) MSUB 560
@ TO 100 MSUB 570
7 MTEST=MSA*MSB MSUB 580
MSR=0 MSUB 590
IF (MTEST) 20,20,10 MSUB 600
10 MSR=1 MSUB 610
20 IF{MTEST-2) 35,35,30 MsSUB 620
30 MSR=2 MSUB 630
MSUR 640
LOCATE ELEMENTS AND PERFORM SURTRACTION MSUB 650
MSUB 660
35 PO 90 J=1,M MSUB 670
Do 90 I1=1,N MSUR 680
CALYL 10C(T,J,IJR,N,M,MSR) MSUB 690
IF(IJR) 40,90,40 MSUB 700
40 CALL 10C(I,J,IJa,N,M,MSA) MSUB 710
AFL=0.0 MSUB 720
IF(1Ja) %0,60,50 MSUB 730
50 AEL=A(IJA) MSUB 740
60 CALL LOC(I,J,IJB,N,M,MS8) MSUB 750
BEL=0.0 MSUB 760
IF (IJR)} 70,80,70 MSUB 770
70 BEL=B(IJB} MSUB 780
80 R({IJR}=AEL~-BEL MSUB 790
90 CONTINUE MSUB 800
RETURN MSUB 810
MSUB 820
SUBTRACT MATRICES FOR OTHER CASES MSUB 830
MSU3 840
100 DO 110 I=1,MM MSUB 650
110 R(I}=A{I)-B(I) MSUR 860
RETURN MSUR 870

END MSU3 880



EXPERIMENTAL DESIGN FOR QPTIMAL PASS SELECTIONS

The objective of this task is to develop and demonstrate feature
selection programs for the purpose of selecting a priori statistically
optimum subsets of LANDSAT acquisitions for apalysis to separate wheat
from nonwheat when given an adequate sample of labelled wheat and nonwheat
LACIE seqment pixel data. Throughout the remainder of this report we will
identify a LANDSAT acquisition, not by its Julian date, but by a suitable
(e.q. Robinson) wheat growth stage index. Denote the distinct values of

this index corresponding to growth stages, by

IW—{ t}’ L] . . ‘tk } IS= {UI, - . - ,Ux ‘}
for winter wheat and spring wheat respectively. The problem is as follows.
Select the subsets of size 1, 2, 3 and 4 of_]:“‘and :[S which maximize the
separations of spectral measurement of wheat and nonwheat. In the spring

wheat areas we wish to separate small grains from other crops.

The Data_Set

The data setKw11] consist of a nﬁmber of blind sites, preferably
from more than one groﬁing season. Multiple acquisitions will be required,
however, we will not require every possible acquisition from every segment,’
Each acquisition will be assigned the appropriate wheat growth stage index.

If a segment has multiple acquisitions with the same index, only one (selected

at random} will be retained.
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The data can now be arranged as follows:

Growth Stage Indices

t t t t N t
1 2 3 4 n
S-! X X X . x
4
9w 5y X X X . X
£ T
zﬂJ 3 X )(— ‘. X
. E 3
a o
P @
= v
=
5 X X X X v e
Growth Stage Indices
U] U2 U3 Uq . s UE
SI X X X
- S, X X X X X
1w
v wn
= P
=5
o 2 Sq X X X
= O
-
L. wn
c- L]
[ ¥a]
5h X X . X

The "x"'s denote an acquisition. A "blank" will denote no acquisition
available. . The data will consist of labelled data as statistical signa-
tures for wheat/nonwheat categories. We recommend that the "Dots" be-*
used in order to avoid dependence on signatures génerated from clustering’

in CAMS. Furthermore, we know that all signatures will not be available

for all acquisitions.
or a cquisitions ORIGINAL PAGE 1S
OF POOR QUALITY



Measure of Separation and Procedure

The criteria (figure of merit) used will depend on they type of data
available. The two cases are:
1) Dots: Set %1(3) =-{w1, cees W Ops ey °b§ be the set of
labelled dots for segment}[.at crop stage tj. Let Qﬂ(j) be a

discriminant rule based on the prototypes if(tj)' The functional

form of qﬂ(j) will be fixed over all sggﬁents z and crop stages E&"
however, the coefficients are estimated for each segment and crop
stage separately.

Let Cl(j) be the proportion of prototypes misclassified by Dg(j).

1f ni(j) is the number of prototypes of Sf(j)’ then the figure of

merit for crop stage tj is defined to be:

n,(3) C,(3)
ﬁ(j)=£ A7 K

Leacyy M)

where A(3) is the index set of all segments having acquisitions

for crop stage tj, and N{(j) =§£:Pﬂ,(j)' That is to say, #(j) is

Le Aty
the misclassification rate over all sequments for stage tj. We

define the best crop stage for discriminating between wheat and
nonwheat (small grains and pther in spring wheat areas) to be that
crop stage tj for which ﬁ(j) is a minimum. In order to choose the
best_pair of crop stages, define ﬁi(ti’ tj) to be the set of two pass
prototypes {8 X 1 vectors) and Qz(i,j) the chosen discriminant rules.
Now A(1,J) is the index set of segments having acquisition at crop

stages ti; and t; (note that A(f,) A(i). Now

| N, (1,5) Cal1,5)
(1,5) =
fling Z N3

LeRt)
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where the definitions of ni(i,j), Ci(i,j), and N{i,j) are extended in the
obvigus way. The best pair of crop stages is determined by the maximum
value of ﬁ. In general, we minimize

i, o dy) N, e 1) Culiga oy 1))

1% TSI N(Tys -eend))

to choose the best k crop stages. We are obviously constrained by the

availability of a sufficient number of segments with acquisition at crop

stages t.q, ..., tig for all such subsets of size k of I, or I, The

size of A(i], R 1k) must be greater than two for all i1, veen ik'

(Interesting values of k are 1, 2, 3, 4.) This constraint will most likely

require use of all blind sites in the study.

k
We propose two such rules. Since we have only dots, a.nonparametric discrimi-

The next issue is the definition of the discriminant rules q((11. eeay 1

nant rule is recommended (although statistical attributes of the categories

or subcategories might be constructed).

Rule 1. For each segwent find the hyperplane (which may or
may not separate the two categories of prototypes) determined by
some non-parametric Tinear discriminate function (LDF) technique.

Rule 2. Use the same LDF algorithm to determine a quadratic
discriminant function. Specifically, transform each acquisition to

TACAP brightness (b) - greenness (&) space, By » 6, " aB .6

Construct dummy variables B% s G? . Biﬁi for each acquisition so

K*

that (together with B. and G, ) five variables are defined per
acqusition for application of the LDF procedure. This will yield

a quadratic discriminant function based on the B-G coordinate system.
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DATA REQUIREMENTS FOR LIMITED TEST OF EXPERIMENTAL

DESIGN FOR QPTIMAL PASS SELECTION.

The University of Houston will perform a
limited test of the optimal pass selection experimental
design, described earlier in this report, in 1979

with the following data regquirements.

At least 10 blind sites in winter wheat
strata, which have 4 - 7 acguisitions, will
be designated. Labeled dots along with
NASA specified crop indices for each segment
and acguisition will be supplied to UH in

9 track 800 BPI EDCDIC tapes.

We will perform the limited test and document test

‘procedures within the scope of the 1979 contract.



Feature Selection for Best HMean Square

Approximation of Class Densities

1. Intraoducticn

The purpose of this note is to describe a general mean square approach
to linear feature selection which connects certain generalized Fisher criteria
ig discriminant analysis with a measure of pattern class separation intro-
duced by Devijver(B) . The former are typical of those criteria which
utilize only low order information about the pattern class distributions,
while the latter requires that the class distributions be known, or at
least accurately estimated.

Let X denote a random vector in real n-space R" which arises from one

of m pattern classes Hi’ cee Hm having known prior probabilitles
m

Oy e s Oy vhere o, >0 and I a, = 1. Let Fj(x) denote the jEE-class
- i=1 m
conditional distribution function of X and let F(x) = I oy F, (x) denote

i=1
the mixture distribution. For a given measureable transformation T:R" +'Rk

let Gj(y, T) and G(y, T) denote, respectively, the jﬁh class conditional
distribution and mixture distribution of the random variable Y = TX. We
let fj(x) (resp. gj(y, T) ) denote the class conditicnal densities of X

(resp. Y) with respect to their corresponding mixture distributions; i.e.,

dF | 4G (., T)
fj = ﬁ-ldF and gj(., T) = —Lde(., )

We will restrict our attention to the set of linear transformations T of

rank k, and assume that each pattern class Hi has a mean ui and positive de~-
m
finite covariance matrix Qi. Let p =L aiui and let

i=1



n T
= ¥ - -
Sg L o, (uy wy -
i=1
m
Sw ='Z ai Qi
i=1
and . 8§ = SW + SB

denote the between class scatter matrix, the average within class scatter
matrix, and the total scatter matrix reséectively.

A number of interesting feature selection criteria can be formulated
using only the.parameters My U Qi,
by Kittler and Young (8), Foley and Sammon(é), Fukanaga and Koontz(s}

5, SW’ SB; e.g., the criteria proposed

and the discrete analogue of the modified Karhunen-Loeve expansion of Chien
and Fu(lz. The modified K-L expansion minimizes an entropy function, and
also best represents the pattern vector X in an overall least squares
sense; however, its value for discrimination has been questioned by several

authors (see Kittler(7)). Fukanaga(s) considers several criteria of the

generalized Fisher type, including
T =1 T
Jk(T)'_ tr’(T SWT) (T SBT).

Thus, according to this criterion, the best k x n matrix T of rank k is one
which maximizes Jk(T)' The solution is any T which 1s row equivalent to &

k x n matrix whose rows are linearly independent principal eigenvectors

(i.e., corresponding to the largest eigenvalues) of S;l SB' We also consider

a modification



1

~ Tarn=1,.T
3, (@ = tx (TST)7(T 5,T)

which admits the same maximizing T.

The Bayesian distance corresponding to the pattern classes Hl’ cess Hm
>

3)

as defined by Devijver“ 7, is

m

_ 2 Y2
Bn = ‘Z oy E [fi(X) ]
=1
m
=3 ol £ arm.
1=1 R",
Its transformed value is
T 2
B (T) = L af fk g, (v, " dG(y, T).
i=1 R

Devijver proves a number of interesting inequalities relating Bn to the
Bayes probability of misclassification, the Bhattacharrya coefficient, and
other measures of class separation. In addition, hé notes that Cover and

(2) .

Hart have shown that 1-B is the asymptotic error rate of the nearest
11

nelghbor classifier,

2. Mean Sgquare Optimality of Bayesian Distance

For a given k x n matrix T of rank k, let LZ(T) dencte the set of all

measureable functions ¥ : Rk -+ Rl

such that ka cp(y)2 dG(y, T) < ® and let
CT be a given closed linear subspace of L2(T)' Qur general approach to

linear feature selection is to choose that T, if possible, which minimizes

wy”



R(D = £ 8 min [ D9 (TO - £,6)1 dF),
i=1 (Piéc,l, R +

I I

where the Bi are positive weights. That is, we attempt to find a T which
produces a set of approximations‘?i(Tx) to the class densities fi(x) which

15 best in an overall mean square sense. Given such approximations we may
classify observations of X according to the pseudo-Bayes rule: decide that
¥ is from class Hi if ai‘Pi(Tx) > ajcpj(TX) for each j # i. Since we are
interested in classification accuracy, it seems appropriate to choose weights
Bi which reflect the relative importance of the classes in the mixture
distribution; e.g., Bi = ai for all i or Bi = a2 for all 1. For the

i

2 . _
and CT = LZ(T).

remainder of this section we choose Bi = ai

Proposition 1: For B, = ai, i=1, ..., mand C; = LZ(T) for each T,

R(T} = Bn - Bk(T)'

—-—

Proof: Observe that g, (y, T) ¢ L,(T), since it is bounded by @ l. Moreover,
= i 2 i

for each e Lz(T),

IR“ o(Tx) g, (Tx, T) - £,()] dF(x)

it

fRn ®(Tx) g, (Tx, T) dF(x) - IR“ P(Tx) dF, (%)

W

IRk ®(y) 8, (y, T) dG(y, T) - ka 9(y) d 6, (y, T

= 0,

4



Therefore,

min [ [T - £,691° dF(x)
YL, (T) R

2
= I'Rn tgi(Tx: T) - fi(x)} dF(x)

n g; (v, T)2 dc(y, T).

[ £?are - f
Rr 1 R

The assertion of the proposition follows on multiplying by ui and summing
over i.

We may summarize by saying that if there exists a k x n matrix T0 of
rank k which maximizes Bk(T), then the functions gl(TOx, TO), vees gm(TOX’ TO)
constitute the best mean square approximation to the class densities
fl(x), cery fm(xq attainable through a linear compression of the data into
k dimeﬁsions. Since Bk(QT) = Bk(T) for each nonsingular k x k matrix Q and

each k x n matrix T of rank k, BR(T) has a maximum 1f and only 1f it has a

maximum on the compact set {T | TT® = I,

Xk}‘ In partiFular, if Bk(T) is

continuous, it has =z maximum.

3. Best Linear Approximation of Class Densities

T
In this section we let CT be the set of functions P(y) = w + by, where

w is a real pumber and b ¢ Rk. For simplicity, we use the notation

e+l k+1

p(y) = aTv(y), where a = (%) € R and v(y) = (%D c R ~. For given T,

Yy
a, = () minlmizes
i bi
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T if vamviT
R

~2a" |
R

war:a)

¢ : TWTT /

[ Lalv(mo - £,607% aF o)

dF(x) la

n v(Tx) dFi(x) + f n

- 2¢1 | ui THa

] 1,08 are

if and only if

<1|uTTT\

TH i TUTT)

R

-6

where W = E [XXT] = s+ Wl Solving this system gives

=1 - uTTT(TSTT)'l

and

T(L!:.L - Y}

= (st ™ TQU - W

The corresponding squared error of approximation is

-1~ Q- wT ol ersrTy~t T(H,

2
-0 + IR? fi(x)

fi(x)z aF (x)
R

dF(x).



Therefore, the criterion to be minimized is

m
R(T) = - B, (ui- u)T 'i'T(TS'.E.‘T)—l T, - W)
i=1 " L

+ terms independent of T.

That is, we want to maximize

R(T) = trace (TSTT)'l TSBTT,

vwhere

§ =

T
B B.(ui - u)(ui -u).

1

g

i=1

The solutiom 18 T = QTO, where TO is a k * n matrix whose rows are linearly
’ independeﬁt principal eigenvalues of, S-lsB and Q is an arbitrary nonsingu-
lar k x k matrix. In particular, for Bi = o, we obtain the same solution

i
given by Fukanaga's criterion,
¥y &

T.-1 T
trace (TSWT ) (TSBT ).

4. Concluding Remarks

An equivalent set of criteria for feature selection are expressions

such as

m
R =L Bi min [ (9T - a fi(x)flz dF (x)
i=]1 @eCT R



v

in which the posterior probabilities aifi(x) of the classes are approximated.
I1f each Ei is chosen to be 1  R(T) 1is the same as R(T) with Bi = aiz.
This, together with Propesition 1 and the relationship between Bayesian
distance and the probability of error, seems to indicate that the choice

Bi = diz is a good one.

In some cases it may be numerically feasible to use Bk(T) as a feature
selection criterion when assumptions about the parametric form of the class
distributions are made. For example, 1if each class distribution Fi is
multivariate normal, then Bk(T) reduces to an expression which is continu-
ously differentiable in T and which, moreover, can be approximated by
sample averages over an unlabeled sample from the mixture distribution.

Thus descent algorithms might be successfully employe-d in maximizing Bk(T)'

Finally, we remark that there is no reason in principle why Bk(T)

cannot be regarded as a criterion for nomlinear feature extraction, Indeed,

Proposition 1 remains true when T is any wmeasureable transformation from

R® onto RF.
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A CONVERGENCE CRITERION ¢%
FOR CPTIMAL LINEAR COMBINATION
PROCEDURES

I. Introduction

In =11 thet follyws U will denote the set of nim unitary netrices.
e will“enuip‘&éwith the Suclidern towolo -y ~adé recall that €is n
comnoet scet. The sulsetdH ol i&consirtinﬁ >f those 7mntrices of tie
form I = I-2xx® with Ixl=1, x€’" (the Iarenrlder tronsforaatione)
is a compact subset of U .

If 'V:W->Rouls(xl1) ir eonttinuous we will define quk L3 bkkU)
tndé exanine, for ccrt;in ﬁerucnccu {UA}.T: in U, tare convermence
of the senuences VKU )} - to Wlﬁ“. Heruences o) this azture hnve
been constructed =nd ctudicd by Decell rna Suiley[l1], Decell and
Harinifs], Decell ~ni ~r~yekar in econvection with naimizing certnin
cless sencrability functions in gattern clessificniion wroblems.
Throu-hout this n rerd, U na ¥ will ve os dercribed nbove,

Definition 1. ¥ 11 ve o 1lead-slo)ed rovided U€ U nncllifeyy,

iaply shere exists some H (denendent v U) sueh that Y(U)<¥(mu)s oy
pefinition 2, A se~uence {Ui}£:1't1QL.ill v2 c¢~1led Y -conver~ent

o0 g ;
provided IV(Ui)}': eomver-oo

Definition 3. A zeruece rU “ in U4 ve en 1led a ¥Y-"lousehalder
t i=1

senuence rovided Heédf and i a intescer imnly
(1) Yy €Y, ,q)
(2) ¥Y(auy) £ V(U ,q) . pAGE 18
i i °§¥§SEE.QUAL“”

I7. Convergence

* » i i ,
Projosition 1. H@ach Y-hurcholder ce-uence {Uiji=1 is f -converaent
and 1}w¥(Ui) = ¥(u) = 1. Y.o?(u ) Tor 5o e HeUrhich in the 1init of
& subse-uence of {

}1"1‘
Proof: Let {U }‘f}be " W-H)usc&older ce~uenee, Sinee, hy defini-
N . . ) —_— i
tion, {W(U ) 1 1 i & onTtone inere-aiy cerueice bounded by ‘rnqv
4 ?b-n-
it :must convérge to l.w.b. ¥(U;). Bince Ui eosrnct, soae subse-

ruence lU Z:fi st conver-e to U €U, “'nrerver, the continuity 6f
Y insures th- t 11q9(U = Y (U), tant is, 19KU }B =, ig a coaver-
\.

gent subseaquence of TV(Ul)l_ amd tie coaver-ence of the letter



Ny

ivsures the conel usinn 2f the nrovogition, This comnletes the
proof.,

“ + 11 - 3 3 !
Provposition 2. BZach Y -llouseholder senuchece 1 -conversges to LVH.{
if and only Y’ ir mﬂ -sloved.

|.s.

Proof: Supnose eacn ¥ —ouseholder se~uence ¥ ~coverTes 4o "f"_,,_,x.
. fp . e
If ‘tjls not o -cloned the o hore is so e UeUfor which. V(U)’-(r’ ax
. . - - o0 . -
and Y(au) ¢ V(U) for ewch T ind/. The se~uence [Ui{i-—-l with U3=U

Tfor each i is cle riv » ¥ —zzattseholger se~uevuce Tar vhich

13:;-mV(Ui)' < 'me:, a embriiicti 071,

7 oD
&

. a P ; -
If [f) 1s Jf-—s.lo;mu gl :Ui_\ $=1 i o Li’-IIou::eholuer se~uence the=,

accorrding to Projsocitisn 1, there ig soue U ¢ Uond some subse~uence

7 o0 . ) . . . . -
{Ulj} 3_21 for vthioh l%nlqj([ji) = V({l) oA U = 1:5,'."1Ulj. Jowr 1f V(U)Avma:r
nere exists ¥ ind cueh tact Y(U) < Y(au) €Y. Since both¥ and

'?‘Iﬁx
the napning - HU nre cmtinuous it follows tr;h.t V(U) = li:nV(Ui)
‘ i
< ll/(TiU') = lim'f’(I'.‘Ui ) & F.i:xV(Ui +l) = Y(U)., e lotter inequolity
J J J J
is abhsurd and hewnecc 1i V(U ) = Vl.,.,. This commletes the »nroof,
i ce

The next prososicina coheds some lisht on the nature of the

convergence of V—'Iour-c;nldcr ce~uences for. a‘f—-s‘loped[l" This re-~

sult is of marticuvl-r imjortonce in applying nlgoritihas bzsed upon
construection of ‘f}-—-m"f_cholder se~rucnces such 2s thoce described

inf1],[61zna [7],

Prosesition 3. IT \U } 5 7 ic o W—_-Iiousch')lder senuence and Vis
#-sloped then e::'zct“' ane of the followinzy hold:

(1) {V(Ui)}i:l' ir stricitly -onotonie (217 converszent to me);
(2) Tor co.ae intr~er k, l.u.b. Y 5h) £ V(Ulc) (in which case
(V(Uk) i t‘j"u’.:‘:)

Proof: e vAll Fire:t oo that the hywotheses and ~(1) imply (2).



=1

If {V(U )} 1=1 is not gtrictly monouan%p taen tncre 1is some integer -

k for which 'f’(HUk) < V(U el = V(Ul,) fer g c‘; . in# and hence

1. l‘lf'b. V(HUk) V(U, iTow if V(Ul,) <, %@‘S trxc—m :E’or sone B inff
V(Uk) & V(HUu) < V_ql Phis, of nourﬁe, gowtraglctg

The hypothesis and ~(2) imnly, for eﬁch ;n¢e§er &, that there exist:

an 1 in M for vhich Y(u,) < Y(xu, ) q&a,ﬂfor t11s o, that

o) < Yoy < ¥(,,p). me convonnchge, o“f«{‘ﬁU )} 2L to

2 nsen 7P sit Y T
Vmax is o conse uence 7 Prosyosition

E: IS
OR!GlNAL PAG
GF POOR QUALITY
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IIY.Aonlicstion

de will Tirst »rove $.;0 nronositions before doring the

annlication,

. 1 - . . . . .
Pronosition 4., Let T:Rl--:>ﬁ"l he 'a linezsr trasformntion. Then
there exists on orthonorandl hasis {vl,...,vﬂ} »f R™ satisfying

<T(vi)’T(vj)> = { vhanever 1€icj€n,

Proof: For veR™ define £(v) =_"T(V)”2. Since f is continuous
there exists v* with fv =1 tmd £(v) = f(v*) vheneverlvi=l, For

v in R® the nartinl of £ in the direction v nt v* is 2(T(v‘),T(v)>.
If (v,v'} =0 and (T(v'),T(v)) # 0 then #.,L.0.G, <T(v‘),T(v)) 20
from which we ¢cn decdriee thot there exists a,b with 27 4p7=1 and
for which HT(av+bv‘)”j Y "T(v')”g. T™is wonld coatradict the choice
of v* gnd it follovec thrt <T(v),T(v‘)> = N wvhenever (v,v'>=0.

Since the collection fv‘]l of 2ll vectors v for which {(v,v¥% =0 is
an n-1 dimensionnal subswni.ce of RT then by =n inductive ar-ument we
can assume the exirtenice of -1 orthonormnl bosis {VI”'°’vm~1}°f
[v‘TLsatisfying <T(vi),T(v.)> =0 vhenever 1<£i<jsn-1, 3y letting
v_=v® then {vl,...,vn} ir ¢ e desirved srthonara»l basis of R.

n
This completes the nroof,

Cod

D .-411 be denoted

1 1
by'ggg. Let T:3*->23" be o linenr transforaation,  For K injgﬁ

The collection of k-cCivension~l szubs)rxcec of 1

1 "
define W&(K) = ;éj"‘l'(vi)“L where {vl;...,vy} ie an orthonormal
bosis for K. 1=1 VT ie well défined since i

! M : 7 '
9&(K)= ;gitrace{(fvi)(Tvi)l} = Eiitrvce{(Tvi)(viTT)}

1 ' ic X
i ™ i ‘ )
= ;gitracegTTT)(vivi)} = trnce{(TTT)(EEivivi)}an& aince géivivg

renrercnsg the ?rojectiag PK'af " onto K. PFor K injgg let X4
ettote the orthorson~l conilement of X in R, Jde will say that
K ir 1 - .r.t. 2 if {9(x),2(y)) =) vhencver x €K =nd y €Ki If
fo(o)lt = Bl vmencver x €%, yeKE Ixl=lyl =1 then ve will say thes
¥ig 82 wor.t. T,
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Pronosition 5. --Let P:=>2T be o line~r tr-asforiation nnd let

i) I’ Kq 18 CL ¢ 0 warat, @ then VT(K)éﬁ%(KO) for all K.
R 1.
ii) If 4%(K0) < WE(K) Tow noze I 1“23; then there exigts H
in 4 Tor v irch H@(KO) < H%(H(KO)).

Proof: For any K,KO L jﬂ

normal basig {"-‘1, cevgiy b0

here exigts by Pronogition 4 an ortho-
X Lor vivieh <P1r (v ) Py (‘ )> =0
vhenever 1€i4j€k., #.L.0.0. we oty nspuie thnt Pk (v ) =0 for
1€i€p ahd Py (wj }=9 Lor »+l€j<k.
0 .
PK (wi)

Tet v.= o For 1%i%4, {vl,...,vn} ie i orthonormnl systen

I
A

in I which ertends o ~n orithonorncl bosis dve,...,v.t OF K.,
o 10 AL

I".‘I r-j l'\.

>

e}

. . . 2
For 1£i%p there exisic renl nunbers 2,4, bi sotiolyine ".ii*bi-‘:l ard

L : ,

& or vy in of nora for vhich w,=a +o.vi. Suppose now
a vect V:l K3 1 howy=e, vy bll DpoOs
.
[

hrv KO 1 Cl ond C? v.T.%. PT. Thaen

I 2= 22hnv 12+ w2 b (e 24 20, (2(v,) , 3 (v1)
iP5 i i

= e la (vl 02n (v 0?2 < a?ﬂm(é.)ﬂ2+ w2l %= fztepll?

for 14ifp, mnd ”T(w.)” | #(v, M7 for p+i€ife, Tt £2llows from

this thot WT(K) £ \}’m IC Tar 'mv K 3.71)5 wholever 1( is Cl and C2

w.r.t. T. )
Suppose nov thet QL(x ) < @’(K) “Then for sode index i we

must have "T(wi)ub o vl)". Select ¥ in M satisfying H(vy)=wy

and ! (v )‘va vhenever 1£j€k and j#i. Such ~n II oust exist since

{vig s v ) 2 vhenever JHi. {Vyye.eaVy q9V50Vy 411++-1V1.} is an ortho-

“Or“ 1 systen sponming 1(I) nd cince "T( s = vy M then
Yo (X)) WT(H(KO)). fhic canpletcs the proof

For » finite Iriily 50 'wmltivori-~ie aor 17l densities ench of
whor.o covariconce ootrix ic the ideatiey sotrix, letd {vl,...,vm} be
the collegtion of pnirrise differences of erm vectors for distinet
woire, Tor oa un rosk o oamatrix 0 et V(B) be tihe 3-induced inter-
clnoe divergencel1] ., ien
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Y(B) = [éltrace {[BBT]'lB(vaivg)BT} ] -~ mk.

It can be shown that there exists 2 unitary matrix U in ufor
which Y(B) = W [f[kl 2]U) where [IklZ] is the lom matrix whose

10 row equals e'iﬁ For that U we can gietemine that

‘{’(B) = ’Z"PR(U(V ))ﬂ where Py is the projection of &? onto the

spah of the vectors {e ,...,ek} Let ‘Vbe the mxn matrix whose

ith row is VT for 14i%m. Since

”Pk(U(Vi))"2= (UT(ell),vi)E‘);---+<UT(ek),vi)2 then

¥(B) = gHV(U‘T(ei))HQ. If we let K, be the span of {el,..._,ek}

then "V(B) = VY(UT(KOJ). There fore naxiniging interclase diver-
gence in this casé can be done by moximising the function

U »VV(U(Kb)) on ?}" Prowosition 5 implies that this function
is H-sloped.
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