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INTRODUCTION

The family of beta distribution with density

o= _J\B~-1
F(x|2b,0,8)= Traised (ﬁ) ({’—_%) (ﬁ) |

with range parameters a<x<b and shape parameters o,8>0 is an extremely rich
family of distributions. It includes J shaped, U shaped and unimodel distri-

butions within finite bounds. In spite of such versatility and applications |
in physical and 1ife sciences, tables and computer programs for probabilities \
for the beta distribution are generally not available. One might suspect |
that this is because the standard beta distribution (a=0, b=1) probabilities

and fractile points can be computed from F distribution tables which are

generally available. However, this is not practical for even a moderate num-

ber of probabilities or fractile points, and is Timited to integral values

of a and B. In practice beta probabilities and fractile points are often

needed. The enclosed computer program meets this need.

The program presented here computes the probability that a beta random
variable, X with shape parameters o and B, on the range a to b will fall
within an interval (x,, x,) a<x,<x,<b. Also for any given probability p the

program will compute the fractile xp=F"(p). Additionally routines to cal-
culate the density function f(x) and the gamma function I'(x) are presented.
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SYMBOLS
Gamma Function
S bl
9
Random Variables
Real Number
Real Numbers
Distribution Function
Density Functions, or Real Numbers

Root of a Real Valued Function

Dummy Variable for Integration

Range Variables for Beta Distribution

Shape Parameters for Beta Distribution

Degrees of Freedom for F-distribution

Chi Sguared Test Value

Summation Notation

FORTRAN FUNCTIONS

BDIST
BFRAC
F
G

Beta Distribution Function
Beta Fractile
Beta Density Function

Gamma Function




PROCEDURE

The computation of probabilities and fractiles of beta distribution is
based on the following procedure. The general beta density for random var-
ijable x is given by

= F((l B) a\&=1 b- B-1 1
F(x],8)= £1537(8) (3-3) (b-;) (b_a)

The range of variable x is interval (a,b) and the shape parameters are o and
g>0. The transformation y=(x-a)/(b-a) yields standard beta density with
range (0,1) and density

f(y|a,8)= %%‘%%; . A 4 ) i

which takes different shapes (see figure 1) depending, on the values of a and
B. These include J-shaped, U-shaped and symmetric and skewed unimodel dist-
ributions.
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Figure 1. p(y) = r—}—_‘%%{%ya_l (1- y)B_l, the probability

density for various values of a and B.



The beta probabilities are found by numerically integrating the beta
density function. The technique for this is Gauss-Legendre quadrature
(Ref. 1). The integral is translated to the interval (-1,1) and the Legendre
polynomial of order 15 is used.

Having determined the integral of the beta density function, the p-th
fractile point Xp of the beta distribution is obtained by solving the inte-

gral equation
f(t)dt = p

The distribution function F(x) is always a monotone-increasing function.
As such, virtually any iterative algorithm will converge to the solution of
the equation F(x)-p=0. The technique used in the programs presented here 1is
the method of bisection (interval halving) (Ref. 2). The procedure termin-

ates at x whenever |F(xp)-p|<107°.

| The gamma function T'(x) for argument x is evaluated by using sterling's
approximation (Ref. 3)

‘ (*) r(x) = (2n/x) exp (xInx-xg(x))

i where

| g(x) = 1-1/12x> + 1/360x* - 1/1260x® + 1/1680x®
using
(%%} r(x) = TG o) x(n) = X(x+1)- -+ (x+n-1)

x(n)

n can be selected so that x+n>10 then I'(x+n) computed by the series expan-
sion, (*) and TI'(x) found by (**). From the calculation of I'(x) the beta den-
sity function is easily determined. Appendix A lists the FORTRAN routines.
QUTPUTS
The four outputs available are:

P(x,<X<x,) where X is a beta random variable

| xp=F_1 (p), where F is a distribution function of a beta random

variable
f(x|a,b,a,B), the density function of a beta random variable
r'(x), the value of the gamma function for positive argument, x.

These outputs and the parameters for each FORTRAN function are described



below.
Beta Distribution Function

The distribution function value F(x) for the beta distribution on the
range (a,b,) with shape parameters o and g is given by

BPROB(0., x, ALPHA, BETA, A, B).

The probability a beta random variable with parameters a,b,a, and B takes a
value between x; and x, is given by:

BPROB(x,, X,, ALPHA, BETA, A, B).

Example: The probability that a beta random variable with range (1., 3.5)
and shape parameters o=4.1 B=16.2 takes a value less than 1.75 is

BPROB(1., 1.75, 4.1, 16.2, 1., 3.5) = .864 .
Beta Distribution Fractile Points

For a given p, the 100p-th fractile point from the beta distribution
with parameters a,b,o, and B is given by:

BFRAC(P, ALPHA, BETA, A, B)

Example 1: The 75-th percentile of the beta distribution on the range 240 to
1400, with shape parameters ALPHA=14.2, BETA=34.7 is

BFRAC(.75, 14.2, 34.7, 240., 1400.)= 559.307

Example 2: Appendix B presents a FORTRAN program which uses BFRAC to gener-
ate ten equiprobability points of a beta distribution on the range (0., 1.)
with shape parameters ALPHA=4., BETA=16. Thirty beta ramdom variables from
this distribution are generated and a y?-test is performed, at the 5 per cent
level, to test the null hypothesis that these observations are, indeed, from
the standard (i.e. range(0., 1.)) beta distribution with shape parameters
ALPHA=4., BETA=16. Not surprisingly, the x?-test statistic accepts the null
hypothesis.

Beta Density Function

The probability density function f(x|a,B8,a,b) for a beta random variable
on the range (a,b) with shape parameters o and B is given by:

F(X, C, ALPHA, BETA),

where C= T'(ALPHA+BETA)/(T'(ALPHA) T(BETA)) must be passed to the function.
C may be computed using the gamma function




C= GAMMA(ALPHA+BETA)/ (GAMMA(ALPHA)*GAMMA(BETA))

Example: The beta density function on the range (.67 to 12.2) with shape
parameters ALPHA=1.2, BETA-3.5 at x=5.2 is given by:

C=GAMMA(4.7)/(GAMMA(1.2)*GAMMA(3.5)), F(5.2, C, 1.2, 3.5)= 0.1045.



APPENDIX A

This appendix presents the computer proarams used for computina the
beta-density probabilities and fractile points.



Crsxx
Cr¥xx
Ce¥xxx
Cre®x
Ce¥ex
CE**=x
Crxxx
Cr*xx¥
C¥¥xx
Crxxx
Crrx=s
Cexxx

Cxrxx

1

Cxxxx»

Lol
(4

Cr**x

Crxxx
Crxx»x
(**%%
Cx*xx
Crxxx

C¥x*%
Crexx
Cx*%x
Cr¥xx

Crx*x
Cr¥xx
Cexsx
Crxxx

Crxxx

Cr*xx
Cr¥x»
Crx®x
Cr¥xx
4
Cr¥xs
Crrxx

FUNCTICN RFRAC(X, ALFHA, BETAyA,.3)

FOUTINE TO DETERMINE FRACTILE FOINTS OF
THE SETA GISTRI3UTION, WITH FARAMETERS
ALFHA AND 3£T7A
INVERSE DISTRIBUTION VALUE FOUND EY
HALVING-THE ~INTERVAL TECHNIQUE..
RY 3ROWNLCW, SOC/ISI.
MAKE SURE PERCENTAGE POINT IS BETWEEN 0 ANC 1..
BEC X b Ll «AND, X +GEe B8Bo ) GO TO 2
PRINI 14X
FOFMAT (* X = “,311.3," FOR 3ETA OIST’N, SO FRACTILE POINT COULD N
=0T 32 FOUNL™)
IFFAS = 0.
RETURIN
KOUNT = @
FOF = de ~ L.E-8%
30T = 1,E-52
BFRAS = (TOF + BAT)/2.

Fl = RFROB(L ¢ ¢s8B8FRACsALFHAGR-TAyCoevle) - X

IF THE INTEGRAL OF THE BETA FUNCTION FROM ZERO TO

BFFAC OCIFFERS FROM X 3Y LESS THAN 1.E-9
WE HAVE THE FRACTILE POINTes
IF(A3SUFL) «LEs 1:E=-9) GO TO 4
CTHIRWISE RESET THE UPPER OR LOWER INTERVAL
VALUE ANC REFZAT THE PROCEDURE..
IRl =10 «Gle illst) TFOF = BERAG
TRC S0 ST Fe) N 301I=l SERAC

IN ANY CASE NEVER DO MORE THAN 20 ITERATICNS
TO FINU A VALUE ON (Dey1e) TO WITHIN 2%¥(-19),

KOUNT = KOUNT + {1
IF (KOUMT «GTs 20) GO TO &

GO T) 3
REDEFINE FRACTILE FOINT FCR DISTRIBUTION ON THE
KANGE A TO Bee

BFFAC = A + 3FRAC*(B=A)

RETURN

END

o



Crxxx
Cr¥*%
C****
Cxx¥x
Crexx
Ceexx
Cr¥¥»

Cr*xx
Cr¥xx
Cr¥¥x
c‘l"
Cexx¥
Cxxxx
Cr*xx
Cr**x
Cr**x
Crxxx
Cr¥»x

1

Cex*x
2

3

C¥*xx

4

5

Cxxx*x

6

7

CrYes

8

Cresx
Cr**%»
Cr**s»
Cr*xx»

Cx*s>»

FUNCTION EFROB(X14X2s ALPHA43ETA,A,3)

FOUTINE TGO INTEGRATE 3ETA DENSITY FUNCTION
UDZFINED ON (Ay3) WITH PARAMETERS ALFHA, AND
EETAs LIMITS OF INTEGRATION: X1 TO X2

8Y 3ROWNLCW, SDC/ISI, 1/79
EXTEINAL F

F IS THE BETA OENSITY FUNCTION,
F(XyCyALFHEA43ETA) = C*( ((X=A)/(B=A))** (ALPHA-1,)*
((B=X)/(B=-A)** (BETA=1.))/ (B=A)

C = GAMMA(ALFHA+BETA) /( GAMMA (ALPHA) *GAMMA (BETA))

UNUER THE TRANSFORMATION Y = (X=A)/(B=A),
Y HAS STANDARD DENSITY,
ECY) = CF (L CY R AL EHA=T o) %G1 = Y) ¥ ¥ (BETA=171)

RECA ol T's B) GEN T0 e

FRINT 1,A,8B

FORMAT (* IN ESTIMATING 3ETA FX03A3ILITY, THE LOWER 30UNDy*4E12.4,
=/%* IS NO1T GRFATER THAN THE UPPER 30UND,*,E12.4)

8FR0OB = ‘i,

RETURN

LECXL sl Te X2) 68 10 &

PRINT Z4X1,4X2

FORMAT (* IN ¢t STIMATING 3ETA FRC3ASILITY, THE LOWER LIMIT ¥y212ek%,
-/*% TS NOT GREATER THAN THE UFPER LIMIT,*4E12.4)

3FF03 = ).

RETURN

BRI X1 «Gts A) GO TC 6

PRINT £ 4X2,A

FORMAT (* IN ESTIMATING THE BETA FROBABILITY, THE LOWER LIMIT,*,
-E1Celbe/+* IS LESS THAN THE LOWER 30UND OF THE DISTRIBUTTION,*
=E12.6+% THE LOWecKk BOUND WILL 3E USED¥)

X4 = A

LE (X2 GiEe 3) GO TG 8

PRINT 7,X2,48

FOFMAT (¥ IN ESTIMATING THE 3FTA PROBABILITY, THE UPPER LIMIT,*
-E12.447/+*% IS5 GREATER THAN THE UPPER BOUND OF THE DISTRIBUTION®
~Elceles* THE UFPER BSOUNC WILL BE USED.*)

X28= 3

Yi
Y2

(X1=£)/7(B=R)
(¥2=-A)/(B=A)

GAUSSLQ DCES GAUSSIAN-LEGENDRE QUAORITURE TO
ESTIMATE THE INTEGRAL OF THE BETA OENSITY FUNCTION.

CALL G/USSLO(F4ALPHABETAsY14Y24ANS )

BPRO3 = ANS

RETURN
END



SURRJUTINE GAUSSLO(FyALPHA+3ETA4X14X2yANS)

Cee¥¥

Ceee s ROUTINE TC DO GAUSSIAN-LEGENDRE QNUADRITURE

T g TO INTEGRATE BSETA DENSITY FUNCTIOMN FROM X1
e TO~ X2

Crevx

Cr¥»x F IS THE STANOARD BETA DENSITY FUNCTIONee e
Cevxs F(XsCyALFHA ,8ETA) WHERE C IS NORMALIZATION
Cerern CONSTANT, C= GAMMA(ALPHA®+RETA)/ (GAMMA(ALPHA)
Cr*es % ¥*GAMMA(BETA))

Cr¥xx

crvss EY 3ROWNLGCW, SOC/ISI, 3779

Crr*x

DIMENSION FOOTS(3) 4W(8)

DOU3LE PRECISION ROOTS,W,ANSHER

C = GAMMA(ALPHA + 3ETA)/ (GAMMA (ALFHA)*GAMMA (SETA))
Cr*xx

DATA RCOTE/

= S Se it s 0420119 43939 974350C,« 33415 13470 7756300,
= (57097 21726 uU85390Nuye72441 77313 60170004, 84820 65834 1042700,

- 1493727 33324 Ji.7u0DiLs.98799 2548) 2048501/

Crxxx
DATA W/
- Ga202c57 32419 255€1004.198L3 14953 2711100,.18616 10001 1556204,
=- 5446826 G2.if 9% 16994DUe«132957 L6773 2€15407 4010715 922u4 6717200+
= {«d7035 69474 831¢8D054403075 32419 96€1170C/
Crxxx
Crxxx
Gy TRANSLATE THE INTERVAL (X14X2) TO (-1,1)
Cerwx
ANSWER = W(1)* F( (X1#X2)/2¢9yCoALPHAL,3ETA)
Cr¥x>»
Cre*x
g0 1 E=2,8
Ce*xx

ANSWIR=ANSWE® + W(I)* F(((X2=X1)*ROOTS(I) + (X1¢X2))/2«4C,
- ALFHA +3ETAR)
Crxxx
ANSWZR=ANSWER + W(I)* F (((X2=X1)*(=1,)*ROOCTS(I) ¢ (X1+X2))/24+C»
- ALFHA48ETA)
Cr*x*
1 COANTINUE
Crxxx
Crwxx»
ANS=ANSWER* (Xg=X1) /2.
C¥xxx
RETURN
ENC
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Crevx
Cesex
Cewxx
Ceexx
Ceews
Crers
crexs
Crvxx
Coxxx

Coreexn

FUNCTIGON F(XsC,ALPHA,BETA)
F IS THE BETA DENSITY FUNCTIONe.ee.

C PASSED IN MUST HAVE THE VALUE
C = GAMMA(ALPHA+3ETA)/ (GAMMA (ALPHA) *GAMMA (BETA))

BY BROWNLCW, SDC/ISI, 1/18/79

F = DY SCALE HA=1 o) ¥4~ X)X (BETA=1 4} )

RETURN
ENO

1




crrss»
crevy
creex
cerv¥
Crevs
Cersx
crevs
Crew®
Crex¥
Creax
Crery
c." ¥
crexw
Crexs
Crrex
Crexs
CErx¥
Cresx

crexs®
cl‘.'

C*yey

Crrwx
Cesy¥
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FUNCTION GAMMA (X)
WRITTEN B8Y SROWNLOW,SDC/ISI, JUNE 173

GAMMA FUNCTION, REAL ARGUMENT MUST 3E
GREATER THAN ZERO.

G(X)= INTEGRAL (EXP(-=T)*T**(X-1) DT
EVALUATED BY EXPANSION OFf STIRLING'S
FCRMULA

GAMMA(X) = GAMMA(X#N) Z/(X* (X+1)*eae®* (X¥N))
WHERE X+N IS CHOSEN TO GET MAXIMUM

ACCURACY FROM THE ALGORITHM. SEE
HENRICI, *“COMPUTATIONAL ANALYSIS
WITH THE HP-25 FOCKET CALCULATOR"

A =X

P = 1.

IFC A +GTe 10, ) GO TO 2

P = pP*A

& = At ds

GO TO 1

CONTINUE

E= 1=(1./7(12.%A%A))+1./7( 360, *A*A*A*A) - 1./(12€E0.*
o A®ARAFANARA)  + 1,./7(1680.¥A*AXAYA¥ATARA*Y)

DATA PI/3.141592¢€538/

GAMMA = ( SQRT (2.¥FI/A) * EXP( A*(ALOG(A)=E) ) )/P
RE TURN

END




APPENDIX B
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14

This appendix presents the FORTRAN program which generates the ten equi-
probability points of the standard beta distribution with shape parameters
a=4, B=16. Additionally thirty random variables from this distribution are
generated and a y2 goodness-of-fit test is performed.

Crexx
Cx*xx
Cex¥x
Cx*xx
Cr*xx
Crx*x
Cre*x
Cr*¥x
Cr¥xx
Crrx¥
Cr¥xw
Crxrx

Cr*x*x
Cxxx=x
Crxxx
Cresr
Cr¥xx
C¥*ax

FROGRAM MAIN(CUTPUT)

DO 2 I=1,9

FOUTINE TC FIND CROIMATE VALUES
CF THE 3ETA OISTRIRUTION WHICH
CIVIDE THE (w9 1s) INTERVAL
INTO TEN SURINTERVALS OF FNQULAL
FRO3ABILITY..

T4 CISTRIBUTION WITH ALFHA = 4,
cPAN= 46

BY 3ROWNLCW, SOC/ISI.

X = FLOATCI ) /1.
PRINT 14 BFRAC (X940 916e900e9le)
FORMAT (* *F1i0.5)

CONTINUE

0O & I=1,3C

AND NOW GENEFRAT: 36 SAAFLES

FROM A STANDARD 25FA JISTRIZUTIOGN
WITH FARANTERS ALFPHA = 6.,

AND BETA = 16.

FRINT 24 PETAGZN(44164lesis)
FORMAT (* ¥F5.3)

CONTINUE
END



FUNCTICN BETAGEN(IALFHA,IBFTA,A+3)

- Cr*xx
Cy2x FUNCTION TO GENCRATE A FANCCM
CETEN VARAIBLE FROM A B~TA

» grrvs DISTRIBUTION CN THL KANGH
ey (Ay 8) WITH SHAPEf FASXAMFTLRS
Gt TALPHAy AND IQETA.
C¥¥l¥
Crex METHOD IS FROM HASTINGS AND
Crees FENEOEKy “STATISTICAL DEST=
gyyes KIBUTIONS®y FAGE 72,

r Crexx
G1 0.

00 1 I=1,IALFHA

G1 = G1 - ALOG{( RANF(U) )
i CONTINUE
Cr*xx
G2 = (.
D0: 2 T=d I8t A
G2 = B = ALOGU RANFLLY) )
2 CONT INUE
s i
BETAGEN = A + (GL/(G1 + G2))*(3=3)
Crexx
CREEX¥ NOTE THAT G1 AN2 Gz ARZ 4 IN
CEEE FACTe GAMMA FANDOM VL/IARLES,
| Crrxx
| <C TURN
ENC

The equiprobability points for this distribution which partition the range
¥ (0,1) into ten intervals are: .09514, .12334, .14652, .16817, .18989,
212977523907, .27131; 31895, 1.00000.

The thirty beta random variables generated are: .096, .238, .147, .230,

sl 36, SSCNZ, 078, .338, .153, 206, 107, 300 L3505 J16F, 1925 170
w2a9, S, ~. 056, 257, .201, .137, .235, .181,..339, .1586, 122, .235, .13%.
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Given the equi-probability points and the random sample found by using
the computer programs given in this paper, the null hypothesis that the dis-
tribution from which these random variables are drawn is beta on (0,1) with
shape parameters a=4, B=16. may be tested. Specifically,

Class Observed Freq. Expected

.00000-0.09514
.09514-0.12334
.12334-0.14652
.14652-0.16817
.16817-0.18989
.18989-0.21297
.21297-0.23907
.23907-0.27131
.27131-0.31859
.31859-1.00000

= W e Jf e i o R v (i e o (o B
PO —~O0wWwMNoITEMNN
WWWWWwWwwwww

Each interval has equal probability (in this case 0.10) so with a random sam-
ple of size thirty we expect three observations in each interval.

The test statistic is given by

10
2 ' 2
where 01 is the observed number of occurances in the ith cell; Ei the expect-
ed number.

hence x2== (124124124224 --412)

w|— w|—

(31)=10.333

and X2'05(9)=16.919

thus we accept HO: the distribution from which the sample was drawn is
B (4.16)
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