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ABSTRACT 

The basic concepts of the special and general theories of relativity 
are described. Simple examples are given to  illustrate the effect of 
relativity on measurements of time and frequency in the near-earth 
environment. 



I. Introduction 

As almost everybody knows, next Brch 14th is the 100th 
Armiversary of the birth of Albert Einstein, and so many 
celebrations and symposia are planned for 1979 that I fear 
all will become violently ill from an overdose of relativity 
well before mid year. For now, I would like to distill some 
of the salient aspects of both the special and the general 
theories of relativity and to relate them to clocks and 
frequency standards. After describing the basic concepts 
of special and general relativity, I'll discuss the size of 
the relativistic effects near the earth and the level 05 
their experimental verification to indicate how well one 
might be able to rely cn general relativity. 

11. Special Relativity 

Special relativity is partly concerned with the percep- 
tions of observers viewing rods and clocks in uniform motion 
relative to one another ( a d  not accelerating with respect 
to some "absolute" inertial frame which we won't worry about 
here). A key idea in Eins din's development of this theory 
involves the concept of simultaneity. If, as Newton assumed, 
there was a universal time coordinate that applied through- 
out all space, then there is no problem in our agreeing on 
a definition of the simultaneity of two events: We simply 
compare the readings of our "universal" clock. If the read- 
ings are the same at each event place, we agree that those 
events took place simultaneously. 

If there is a spatial coincidence between two points, 
then there's again no problem agreeing on a de _nition 
of simultaneity because the points are co-located. We can 
use the s a w  watch at the same place to see whether the 
events o;cur at the same time. That's no problem, with or 
without a universal time. 

If there were spatial separation between two events, 
and if we could communicate between those two separate spa- 
tial points with infinite speed, then again, we'd all agree 
there wmld be no problem in deciding whether or not the 
events were simultaneous. 

However, if we have spatial separation and the communi- 
cation speed is limited by the speed of light, as Einstein 
thought, then, thexe is a problem. The definition of simul- 
taneity is no longer intuitively obvious. In fact, as a 
simple, down to earth, exainple can show, even with a rea- 



sonable definition, there is not necessarily agreement on 
simultaneity among observers moving relative to one another. 

Now, let us define simultaneity for events at spatially 
separated points with communication between them possible 
via light signals. Concentrate for a moment on some given 
frame (Figure 1) . 
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We're concerned about whether or not events that occur at 
points A and B in this frame are simultaneous. We can go 
to the midpoint between these two points, a distance L from 
A and B, and we can say that when an observer at point A 
sees an event hc or she (hereafter "he" for economy) immedi- 
ately transmits a light signal toward 0 and when the obser- 
ver at pcint B sees an event he also immediately transmits 
a light signal to 0. If these two light signals arrive at 
0 simulraneously, then we say that the events A and B oc- 
curred simultaneously. That's a reasonable definition of 
simultaneity. 

Now suppose we have two frames in relative motion. 
Consider, in particular, a down to earth example: the 
ground and a train (Figure 2). 



(Any who know my f l y i n g  h a b i t s ,  know t h a t  I have a s p e c i a l  
s p o t  i n  my h e a r t  f o r  t r a i n s  even though they do tend t o  run  
a b i t  l a t e . )  Let  us s i n g l e  o u t  two p o i n t s ,  A and B,  on t h e  
ground, and set an observer halfway between. We fol low t h e  
same procedure on t h e  t r a i n  so t h a t  a t  a c e r t a i n  i n s t a n t ,  
say t , w e  have our t r a i n  p o i n t  A* coinc iden t  wi th  A,  our 
obserger O* coinc iden t  wi th  0, and B* co inc iden t  wi th  B. 
Suppose t h a t  an event  occurs a t  both A and B a t  to a s  meas- 
ured i n  t h e  "ground" frame and t h a t  l i g h t  s i g n a l s  a r e  tra1.s- 
mi t ted  from A toward 0, and from h toward 0 a t  t h a t  i n s t a n t .  
A s  t h e  l i g h t  s i g n a l s  t r a v e l ,  t h e  t r a i n  i s ,  of course ,  moving, 
say i n  t h e  d i r e c t i o n  from B t o  A. Thus, t h e  l i g h ~  s i g n a l  
from A is  going t o  a r r i v e  a t  Of while t h e  l i g h t  s i g n a l  from 
B i s  s t i l l  t r a v e l l i n g  toward O*. A l i t t l e  whi le  l a t e r ,  t h e  
two s i g n a l s  a r r i v e  a t  0,  s imul taneously ,  s o  t h e  observer a t  
0 would say events  A and B occurred simultaneously. But 
our observer a t  0* would no t  agree  because he received t h e  
s i g n a l s  from A* and B* a t  d i f f e r e n t  t imes.  So one may con- 
c lude  t h a t  i f  an event is  simultaneous a s  measured accord- 
i ng  t o  our d e f i n i t i o n  i n  one frame, t h e  event  w i l l  not  nec- 
e s s a r i l y  be simultaneous a s  measured i n  another  frame. Of 
course ,  t h e r e  i s  nothing s p e c i a l  about any one frame: t h e  
events  could as we l l  have been arranged t o  appezr simultan- 
eous t o  t h e  observer a t  0* a s  t o  t h e  observer a t  0. 

I n  f a c t ,  one may conclude more gene ra l ly  t h a t  simul- 
t a n e i t y  i s  depenfient on tYemotion of t he  observer .  Ein- 
s t e i n  a l s o  thought t h a t  a l l  obsezvers moving uniFormly wi th  
r e spec t  t o  one another should be equa l ly  v a l i d  observers s o  
t h e r e  should be no p re fe r r ed  ( i n e r t i a l )  frame. Fu r the r ,  he 
f e l t  t h a t  t h e r e  should be 110 region of space-time s ing led  
o u t  a s  more important  than any o t h e r ;  he t h e r e f o r e  assumed 
t h a t  space and time were homogeneous. This assumption i m -  
p l i e s  t h a t  a l i n e a r  t ransformat ion determines t h e  r e l a t i o n  
z f  (Cartesian! space-time coord ina tes  i n  one frame with  re- 
s p e c t  t o  those  i n  another .  E ins t e in  made one move assump- 
t i on :  t h e  speed of l i g h t ,  c ,  is  cons t an t ,  such t h a t  t h e  
same va lue  would be measurea by any observer no mat te r  what. 
h i s  s t a t e  of r e l a t i v e  motion. This seemingly provocative 
assumption had, of course ,  been upheld wi th  e x q u i s i t e  ac- 
curacy i n  Michelson's 3nd Morley's 1887 experiment. 

To quan t i fy  t hese  i deas ,  E ins t e in  u t i l i z e d  a t r a n s f o r -  
mation which a c t u a l l y  had been der ived  somewhat e a r l i e r ,  a l -  
though with  a d i f f e r e n t  and i n f e r i o r  i n t e l l e c t u a l  founda- 
t i o n ,  by Lorentz - t h e  Lorentz Transformation: 



T h i s  t r a n s f o r m a t i o n  r e l a t e s  t h e  c o o r d i n a t e s  x 2nd t ,  d e f i n e d  
i n  a  f rame S ,  t o  t h e  c a r r e s p o n d i n g  ~ o o r d i n ~ ~ t e s  i n  a f rame S x ,  
where S* n a s  a  v e l o c i t y  v  w i t h  r e s p e c t  t o  S.  One can see 
t h a t  t h e s e  t r a n s f o r m a t i o n s  are l i n e a r  i n  x and - t 3113 i r  x* 
and t*. S i n c e  n e i t h e r  S n o r  S* i s  " p r e f e r r e d " ,  1 1 i ~  ; A : t - 7 ~ ; d  b e  
s b l e  t o  i n v e r t  t h e  e c p a t i o n s  and o b t a i n  t h e  sarr,e ~ ; e : , ~ . r i p t i o n ,  
and ,  i rdeed , k.  d o ,  su..=ept f o r  t h e  s i g n  i n v e r ~ i ; ; ;  t h e  
ve1oci t .y :  

Because S* has  a  v e l o c i t y  of v w i ' . ?  r e s p c t  t o  S ,  S  h a s  a 
v e l o e i t y  minus v  w i t h  : -~ ispec t - to  :3:' There  i s  notF$  lng i n  
t h e  t r a n s f o r m a t r o n  tb .a t  s i n g l e s  oct acy one f r a x e  as s p e c i a l ,  
d e s p i t e  t h e  t h e o r y ' s  b e i n g  c a l l e d  " s ~ e z i a l "  r e l a t i v i t y  ( f o r  
a d i f f e r e n t  r e a s o n ,  G l scussed  b e l o w ) .  

Le+ u s  now '-.urn t o  t h e  q u e s t i o n  of c l o c k s .  What i n  
p a r t i c u l a r ,  does  s p e c i a l  r e l a t i v i t y  s a y  abou t  c l o c k  r a t e s ?  
I f  t h e r e  is a  c l o c k  a t  rest in che f:-ame S* and R : l e  measures ,  
from frame S ,  tl-e i n t e r v a l  l ~ c t w e e n  + t . r ~ ~  "tick:.", t h e  r e s u l t  
w i l l  be  d i f f e r e r t  from t h e  c o r r z s p m d i n q  , ; , z~su remen t  nade by 
a n  o b s e r v e r  i n  f rame S*.  The n u ~ n e r i c a l  r e l a t l ~ r ,  be'iweerl 
t h e s e  meLsurements made i n  d i f f e r e n t  frames i s  jivc.n '3y 



At* 
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In other words, the observer in S thinks the interval between 
ticks is longer than does the observer in S*. The ratio of 
the two intervals is given by the Lorentz factor: 

Simiis7:ly, since these are symmetric situations, if the clock 
k*l bteh  in Sf and the observer in S* were to measure the inter- 
val between two ticks, L similar relation would be obtained: 

The point is that, with the clock in S*, one is actually com- 
paring it to a series of (identical) clocks distributed in 
S which the clock in S* passes as it moves with respect to 
S; similarly, with the clock in S: it moves with respect 
to the fixed (identical) clocks in S*. There is no paradox 
in the relationship being symmetric. One may conclude from 
this analysis that a clock always appears to run fastest in 
its own frame. When an observer is at rest with respect to 
the clock, he thinks the clock is running faster than when 
he id:uniform motion with respect to that clock. This ef- 
fect has been verified very well in the measurement of the 
lifetime of unstable elementary particles. Such particles 
in cosmic rays, and in accelerators, often move with veloci- 
ties v very close to c, and this lifetime enhancement factor 
can tEen be very large because the Lorentz factor tends to 
zero and its inverse to infinity. Studies of mu-mesons have 
verified this effect with very high accuracy. 

111. General Relativity 

The theory of relativity we just $.iscussed is special 
in the sense of being restricted. It is silent on the sub- 
ject of gravitation, it is concerned primarily with physics 
in (inertial) frames moving unifomly with respect to one 
another. Einstein felt that concern was not sufficient; he 



wanted to introduce gravitation. Einstein was unhappy with 
::awtonls theory of gravitation which had existed unchallenged 
for about two centuries. Newton's theory did, of course, 
have one small problem. There was a minute, but annoying, 
discrepancy between the observations and the theory which be- 
came noticeable in the late 1850's and was quite well estab- 
lished by the gerly 1900's. Einstein was not upset about 
Newton's theory,because of a mere disagreement with observa- 
tions; his concern was a matter of principle. 

Einstein did not accept Newton's theory because it im- 
plied action at a distance. In this theory, the force felt 
by body A due to body B depended on the location of body B 
at the very instant that body A felt the force. But if no 
signal can travel faster than the speed of light, how is 
body A to know where body B was located at that instant? 
This aspect was a severe drawback to Newton's theory in Ein- 
stein's mind and he set about the development of an alterna- 
Live. The process took about a decade. The main principle 
upon which he based this general theory of relativity is the 
so-called "principle of equivalence". 

One can state this principle in various ways. A usual 
way is to state that the effect of a gravitational field 
locally is indistinguishable from an inertial acceleration. 
The example usually given is that of an "Einstein elevator". 
Suppose a laboratory is enclosed in an opaque small elevator 
and placed in a gzavitational field, such as on the surface 
of the earth. The scientists inside feel the force of grav- 
ity but cannot unequivocally identify it as such. They may 
do any physics experiments and obtain numerical results. 
However, suppose now the laboratory were taken away from the 
earth and accelerated uniformly with a rocket. If the scien- 
tists in the laboratory were to repeat all their experiments, 
the principle of equivalence states that they will get ex- 
actly the same numerical answers, provided that the inertial 
acceleration is exactly equal to the gravitational accelera- 
tion. 

Anothcr statemer.t of the principle of equivalence can 
be given in terms of the ratio of gravitational to inertial 
inass. Gravitational mass is the mass that appears on the 
right hand side of the equation that expresses Newton's law 
of gravity: 

Gm PI 
~ = 3  ( 6 )  

r2 



where G is Newton's constant of gravitation, m is the 
(gravitational) mass of the body being acted ugon, M is the 
(gravitational) mass of the body attracting m , and 9 is the 
distance between them. The inertial mass is qhe coeFficient 
of the acceleration,a, - in Newton's law of motion: 

The ratio of these two masses, according to the principle, is 
independerk of the composition of the bodies and independent 
of the mass of the bodies. It is a universal constant. This 
princ'?le, although not so named, was also accepted by New- 
ton. In fact, he was the first to verify it quantitatively, 
achieving an accuracy of approximately 1 part in 1,000. 

What can we infer from this principle of equivalence? 
One of the things Einstein inferred was that the trajectory 
of a particle could depend only on the geometry of space and 
time. By the principle, the trajectory did not depend on the 
particle itself, on its composition, or on its mass (except 
for the "back reaction" which I ignore here). It doesn't 
matter whether we have a pea, a flashlight, or whatever; it 
will move on the same trajectory because it will be affected 
in the same way as any other mass. Thus, Einstein reasoned 
that one could talk about the trajectories being mere1 a 
prcperty of the geometry, and having nothing to do wit{ the 
particular object that was moving along the path. 

What determines the geometry? Einstein felt that the 
geometry should be determined solely by the mass, or, more 
precisely, the mass-energy, distribution in the universe. 
But isn't it contradictory to say that the path of the par- 
ticle doesn't depend on the particlz, only on the geometry, 
and that the geometry depends only on the mass distribution? 
Certainly the particle is part of the mass distribution. 
Yes, but if one ccnsiders the particle to have an infini- 
tesimally sma1.l mass, it won't affect the geometry, and to 
that extent, these statements are consistent. But this 
"closed loop" aspect is a k e y  to E i e ~ t ~ l n ' 5  t h c c r f .  

Einstein may have been guided in developing his "field 
theory" for gravitation by analogy with Newtonian physics. 
In Newtonian physics, one obtains the gravitational poten- 
tial from the mass distribution. In other words, the gravi- 
tational potential everywhere in space is determined by the 
mass distribution. In fact, the potential, @ ,  is determined 
by Poisson's Equation: 



where p is the mass density. Only the gravitational poten- 
tial appears on the left side and only the mass (density) on 
the right side. This equation is a linear, second-order, 
partial differential equation for @. Einstein in effect 
generalized this purely spatial expression, to an analogous 
space-time expression that also allcwed the geometry to be 
non-Euclidean. He used Riemannian geometry and developed 
an analogous equatior, where, on the right side, the mass den- 
sity is replaced by the energy-momentum tensor: 

As in the Newtonian case, only the right side contains the 
"mass" terms; only the left. side contzins the "geometry" 
dependence. Thz geometry here is defined in a metric space. 
The so-called "metric tensor" g in essence expresses the 
"connection" between neighborin& points in this space-time: 

The interval ds is the "distance" between two infinitesimal- 
ly separated points in the space-time. To evaluate ds2, one 
sums over all values of the two indices p and v which run 
from 1 to 4 and correspond to the three spatial and the one 
temporal dimension. In Cartesian coordinates, in Euclidean 
three-dimensional space, ds2 = dx2 + dy2 + dz2; Equation 
(10) is the generalization for a Riemannian metric space. 

Einstein made other ass-mptions, namely that this 
energy-momentum tensor is a conserved quantity in a sense 
analogous to the conservation of energy and momentum in New- 
tonian physics. Further, he limited the derivatives on the 
left side to second-order derivatives of g , in analogy to 
the second-order derivatives on the left sY8e of the Newton- 
ian equation (8). With those assumptions, one can uniquely 
determine the left side up to a term proportional to the 
metric tensor. The coefficient of this term, the so-called 
cosmological constant, Einstein first took to be zero, a 
position he deviated from later when he thought the universe 
was static; still later, he greatly regretted this temporary 
deviation. (It is now generally assumed that the cosmolo- 
gical constant is zero.) 



Because of symmetry (T = T U) , Equation (9) represents 
only 10 independent equatioHY, nog 16. These .are Einstein I s  
field equations which he used as the basis for calculations. 
In Newtonian Physics, the field equations were not enough. 
Equation ( 8 )  indicates how the gr-vitational potential can 
be determined, but it doesn't tell one how to calculate the 
paths of light rays and particles. In fact, Newton never 
said anything, as far as I know, ahout the effect of gravity 
on light rays. As for the effect of gravity on massive ob- 
jects,Newton had a separate assunption, his equally well- 
k!:own law of motion, given in Equation (7). In relativity, 
the corresponding equations are the equations for geodesics 
in four-dimensional space-time. A very intriguing aspect of 
the general relativistic formulation is that a separate as- 
sumption for the equations of motion does not seem to be 
needed; the equations of motion follow from the field equa- 
tions therselves. The basic reason that makes this result 
possible, Zhough by no means guaranteed, is that the field 
equations of general relativity are non-linear. The New- 
tonian field equation, by contrast, is linear. The terns 
hidden in G in Equation (9) are, in fact, non-linear ex- 
pressions iNvterms of the metric tensor g . 

P V  

Magnitude of Relativistic Effects 

What of the magnitude of the relativistic effects we 
might expect? We know, as Einstein also knew, that Newton- 
ian physics is a very good approximation, at least in our 
neighborhood. So the Newtonian equations must be, in some 
sense, the first approximation for the solution to the rela- 
tivistic equations. Deviations from Newtonian physics 'ap- 
pear in terms proportional to v2/c2 as we saw from the 
Lorentz Transformation; in the general theory of relativity, 
deviations appear in terms proportional to the factor, 
GM/c'~. The quantity GM/C~ has the dimensions of length and 
is often denoted by r and called the gravitational radius 
of the body. We can gvaluate r near the sun, say, to de- 
termine tkorder of magnitude o!? the relativistic effects 
there that are due to gravitation. We find that, for the 
sun, r - 1.5 km; by contrast, the radius of the sun is 
about ?00,000 km. Thus, we can expect relativistic effects 
to appear at the level of two parts per million. 

What about effects near the earth, which are of more 
direct concern for us? We find that :he gravitational radi- 
us of the earth is near half a centimeter. In other words, 
the earth would have to be compressed down to half a centi- 
meter bef~re it would turn into a black hole. The radius of 
the earth is about 6 x 10' centimeters, so relativistic 



effects near the surface of the earth could be expected to 
be on the order of eight parts per billion, not terribly 
large. 

Let us now try to describe the relativistic effects 
quantitatively. To solve the field equations to determine 
the metric tensor g , is no easy job. There are very few 
problems that have BYen formulated where g can be deter- 
mined in closed form. The most famous onevvsolved by 
Schwarzschild very shortly after Einstein published his 
theory, is for a spherically-symmetric, static mass distri- 
bution. The solution exterior to that mass can be written 
as : 

where, as stated above, ds2 is the infinitesimal space-time 
interval and where the non-vanishing components of the met- 
ric tensor are the coefficients -f dt2, dr2, etc. These 
coeffic'ents, as here, are often v.:rltten as a power series 3 in GM/c r. In general relativity, the parameters, a, B ,  and 
y, don't appear; they are identically one. The higher-order 
terms, indicated by "...", do not appear either; they are 
identically zero in general relativity. The reason for 
writing the metric in this "generalized" form is to facili- 
tate the testing of the theory. By a least-squares match 
of the predictions of the theory to the results of observa- 
tions made, say, in the solar system, one can estimate the 
values of these parameters. If the estimates turn out to 
be unity to within experimental uncertainty, we conclud'e 
that the observations are consistent with general relativity. 
If they aren't, then general relativity is in trouble. 

Given the metric tensor and the equations of motion, one 
can then calculate explicitly the paths of test particles and 
light signals. The calculations are a bit intricate; one 
cannot in general obtain "closed-form" solutions. One often 
uses a perturbation expansion in powers of r /r where the 
first approximation repxesents the ~ewtonian~solution and 
the next higher approximation, the so-called post-Newtonian 
solution. 



V. Simple Examples of Relativistic Effects on 
Freauencv and Time 

Let us, finally, turn to the predicted relativistic 
effects on the frequency of light signals andonclocks. We 
will treat first a very simple example to show how one can 
use elementary reasoning to obtain an answer, without employ- 
ing the full armamentarium of general relativity. We'll need 
only to apply the principle of equivalence. Thus,. suppose we 
have a transmitter and a receiver that are stationary but 
separated. Let the receiver, or observer, be on the surface 
of the earth; let the transmitter, at an altitude H above 
the observer, transmit a signal with frequency f (see Figure 
3 ) .  The question is, "What frequency does the Ebserver meas- 
ure?" 

An easy way to answer this question is to use the 
principle of equivalence. The system, or laboratory, we set 
up is equivalent to another where we replace gravity by an 
acceleration: We accelerate the laboratory at a value a, 
equal in magnitude to the acceleration g of the earth's- 
gravity. We keep the observer and transmitter separated by 
the same distance H. At some instant, the transmitter sends 
a signal which the observer receives a short time, At, later. 
Let the velocity of the observer, at the instant of recep- 
tion of the signal, relative to his and the transmitter's 
velocity, at the instant of transmission of the signal, be 
dv. The value of dv will be equal to the acceleration of the 
laboratory multiplied by the time interval between trans- 
mission and reception. Thus, using the principle of equiva- 
lence, 



where At is just the time taken by light to travel the dis- 
tance H (At = H/c), and where a = g. These are all approxi- 
mate relations, valid to the first order in the small quan- 
tities. The frequency shift, A f 2 fO-f, of the observed 
frequency relative to the transmitted frequency, - f, is like 
a first-order Doppler shift and is given by 

where we have substituted from Equation (12). This change 
in frequency represents, in fact, a violet shift. 

Thus, the transmitter, at altitude H, sends a signal 
at frequency f and the observer receives a signal with a fre- 
quency, greater by Af. We note that the change in gravita- 
tional potential between transmitter and receiver is just 
the change in-GMe/Re, the gravitational potential for-the 
earth: 

where M and R are the mass and rai'ius, respectively, of tB the earfh; and ARe is equal to H. The fractional change, 
Af/f, in frequency and the accumulated difference, AT, in 
apparent clock readings after elapsed time T are given by: 

In other words, if the observer had a clock identical in con- 
struction to that governing the transmitter, avd if the ob- 
server knew the value of the transr'tted frequency, as de- 
termined at the transmitter, by the clock there, the obser- 
ver would infer that his clocli was losing time relative to 
the clczk in the lower gravitational potential of the trans- 
mitter. Of course, this "relativistic" loss can easily be 
taken into account in any comparison. 

Let us consider another example. Suppose a frequency 
standard were in a circular orbit about the earth, and sup- 



pose, i n c o r r e c t l y ,  t h a t  t h e  f i r s t - o r d e r  Doppler s h i f t  and 
t h e  e a r t h ' s  r o t a t i o n  were neg l ig ib l e .  Suppose, f u r t h e r ,  
t h a t  a  s i g n a l  of frequency, f  , i s  t ransmi t ted  by t h e  s a t e l -  
l i t e  and received on e a r t h ,  aad t h a t  t h e  frequency of t h a t  
s i g n a l  is  measured on e a r t h ,  wi th  equipment governed by a 
c l ~ c k  i d e n t i c a l  i n  cons t ruc t ion  t o  t h e  c lock i n  o r b i t  t h a t  
governed the  t ransmiss ion of t h e  s igna l .  Under our assump- 
t i o n s ,  t h e  frequency, 'el measured on e a r t h  w i l l  be r e l a t e d  
.yo f hy: 

?S 

v37r.re t h e  s u b s c r i p t s  s and e  r e f e r  t o  condi t ions  a t  t he  s a t -  
c l l i t r  and on t h e  earzh,  r e spec t ive ly .  Thus, t h e  d i f f e r ence ,  
f - is, i n  frequency i s  determined by t h e  motions of t h e  
&dies  and by t h e i r  g r a v i t a t i o n a l  p o t e n t i a l s .  Recal l  from 
Equation (2) t h a t  f o r  t h e  motion i t s e l f ,  w e  have t h e  f a c t o r  
(1 - v ~ / c ~ ) + ' / ~ ;  b u t  here ,  where w e  a r e  consider ing frequen- 
cy r a t h e r  than time, t h i s  f a c t o r  e n t e r s  wi th  t h e  p lus  ha l f  
power r a t h e r  than with  t h e  minus ha l f  power. As we saw i n  
t h e  f i r s t  example, al though not  i n  t h i s  more exac t  form, t h e  
g r a v i t a t i o n a l  p o t e n t i a l  a l s o  a f f e c t s  t h e  frequency; t h e  e f -  
f e c t  was l i n e a r  i n  ( @  / c 2 )  with a  c o e f f i c i e n t  of un i ty .  This 
r e s u l t  can be recovergd here ,  f o r  ( @  / c 2 )  <<I, by ex ansion 
of (1 + 2Qs)  . Since (GJ / c 2 ) ,  (ae$c2) ,  and (vl /c  9 ) are a l l  
small near t he  e a r t h ,  w e  egpand t h e  r i g h t  s i d e  OF Equation 
(16) , rearrange,  and obtain(u;th t h e  aid a f  ca~.n)c(im 4 en erg/): 

where H i s  t h e  a l t i t u d e  of t he  s a t e l l i t e .  The r a t i o  
b f / f ,  t he  apparent  f r a c t i o n a l  change i n  frequency measured 
by the  observer on t h e  s u r f a c e  of  t h e  e a r t h  i s  thus  of t h e  
order  of a  few p a r t s  i n  1010 ,  where f o r  H less than ha l f  
t h e  r ad ius  of t h e  e a r t h  we observe a  v i o l e t  s h i f t ,  and f o r  
H g r e a t e r  than ha l f  t h e  r ad ius  of t h e  e a r t h  w e  observe a  
red s h i f t .  Above ha l f  an e a r t h  r ad ius ,  t h e  e f f e c t  of t h e  
motion dominates over t h e  e f f e c t  of t h e  g r a v i t a t i o n a l  poten- 
t i a l ,  and v i c e  ve r sa ,  below ha l f  an e a r t h  r ad ius .  With t h e  
combination of t h e  motion and g r a v i t a t i o n a l  p o t e n t i a l  



effects, we would measure either a violet shift or a red 
shift, depending simply on the altitude of the satellite. 
Were we to observe from a lower potential, that is, from a 
position higher above the earth than the satellite, we would 
measure a red  shift. Remember, however, that this entire 
development rust really be modified for the observer's motion 
and for the first-order Doppler shift, both of which were 
ignored in this example. 

PI. Validity of the General Theory of Relativity 

Now let us address briefly the question of whether or 
not general relativity is a valid theory. It is clear in 
principle that at some level general relativity must "break ._ down", because it is incompatible with quantum mechanics. 
No one has yet been able to formulate a satisfactory quantum 
theory of gravity, although there are some good ideas cur- 
rently being explored. As one makes observations on a more 
microscopic scale, quantum mechanics plays an increasingly 
important role. At what length scale will quantum gravity 
actually be important? One answer is based on the evalua- 
tion of the "fundamental1' length that can be formed from 
the gravitational constant, the speed of light, and Planck's 
constant, - h, which is a measure of the importance of quantum 
phenomena. This length is called the Pla~~ck length and is 
given by: 

where,in accordance with convention, the "slash" on h de- 
notes division by 2n. It is clear for present PTTI purposes 
that one nee2 not worry about such length scales. It will 
be a long time before anyone will conceive of practical ex- 
perimental proc.=dures that will expose what happens at these 
length scales. Quantum theories of gravity currently under 
study center on so-called "super gravity", which tries to 
unite general relativity and quantum mechanics in a "higher 
level" theory for which general relativity will be the ap- 
propriate macroscopic limit. Testing the validity of these 
ideas is hopelessly beyond present experimental capabilities. 

In the macroscopic world of the solar system, relativ- 
istic effects are very small. In addition, they have been 
verified by measurements to one percent or better. The rela- 
tivistic effects of motion and gravity on clock rates, in 
particular, have been verified to approximately one hun- 
dredth of one percent already. A relativistic effect on 
trajectories, the prediciton of a non-Newtonian advance of 



t h e  p e r i h e l i o n  p o s i t i o n  of Mercury's o r b i t ,  h a s  been v e r i f i e d  
t o  about  h a l f  a  p e r c e n t ,  The p r e d i c t e d  d e f l e c t i o n  o f  l i g h t  
r a y s ,  and t h e  p r e d i c t e d  i n c r e a s e  i n  echo d e l a y s ,  have been 
v e r i f i e d  t o  t h e  o r d e r  of one p e r c e n t ,  and a  few t e n t h s  of one 
p e r c e n t ,  r e s ~ e c t i v e l y .  

There i s  no problem, i n  p r i n c i p l e , i n a p p l y i n g  t h e  gen- 
e r a l  theory  of r e l a t i v i t y  t o  t h e  s o l a r  system, and,  i n  par-  
t i c u l a r ,  t o  t h e  e a r t h  environment a t  a u s e f u l  l e v e l  of accur-  
acy. The s i t u a t i o n  i s  a l l  v e r y  we.11 d e f i n e d  by t h e  p r i n -  
c i p l e s  of t h e  theory .  Unfor tuna te ly ,  how t o  apply  t h e s e  
p r i n c j p l e s  is  n o t  always s o  c l e a r  t o  t h o s e  who t r y .  A s  one 
consequence, a p p a r e n t  paradoxes have apy9ared i n  t h e  l i t e r -  
a t u r e ,  a s  w e l l  a s  many o t h e r  e r r o r s .  Bu,, a t  t h e  l e v e l  of 
accuracy o f  i n t e r e s t  t o  PTTI ,  t h e s e  are t h e  problems of 
those  doing t h e  c a l c u l a t i o n s ,  and n o t  t h e  problems of t h e  
theory .  The theory  i s  q u i t e  r e l i a b l e  and o f t e n  u s e f u l  a t  
t h i s  l e v e l  o f  accuracy.  



OUESTIONS AND ANSWERS 

DR. CARROLL ALLEY, U n i v e r s i t y  o f  Maryland: 

I t h i n k  i t  i s  appropr ia te  f o r  th is  -audience t o  r e a l i z e  t h a t  t h e  
f i r s t  p r a c t i c a l  app l i ca t i ons  o f  E i n s t e i n ' s  ideas i n  ac tua l  engineer-  
i n g  s i t u a t i o n s  are w i t h  us i n  t h e  f a c t  t h a t  c iocks  are now so s tab le  
t h a t  one must take  these small e f f e c t s  i n t o  accGunt i n  a  v a r i e t y  of 
systems t h a t  a re  now undergoing development o r  a re  a c t u a l l y  i n  use 
i n  comparing t ime  worldwide. 

It i s  no lonqer  a  mat te r  o f  s c i e n t i f i c  i n t e r e s t  and s c i e n t i f i c  
app l i ca t i on ,  bu t  i t  has moved i n t o  t h e  realm of e n ~ i n e e r i n g  necessi-  
t y .  So t a l k s  l i k e  t h i s  a re  very important t o  t r y  t o  acquaint  the  
community w i t h  these fundamental p r i n c i p l e s ,  because t h e  uncer ta in -  
t i e s  have, indeed, a r i sen  i n  l ack  o f  understanding o f  what i s  going 
on, r a t h e r  than i n  t h e  bas ic  ideas*  

DR. SHAPIRO: 

Yes, i n  f a c t  I l e f t  out  one s l i d e  where I meant t o  show what t he  ac- 
cumulated e f f e c t ,  say, i n  a  day would be i f  you took two i d e n t i c a l  
c locks,  put  one on t h e  ground and one i n  t h e  spacecraf t  i n  o r b i t  
around t h e  eat-th a t  some nominal a l t i t u d e .  

Of course, we can cancel i t  out as we saw, but  what would be 
t he  order  o f  magnitude of t h e  accumulated d i f f e r e n c e  i n  t h e  readings 
o f  t he  two c locks per day? And i t  i s  about 20 microseconds. So i t 
can be q u i t e  subs tan t ia l .  

Of course, t h a t  i s  a  l i t t l e  b i t  of a spoof s ince we don ' t  y e t  
have such extremely s t ab le  absolu te  standards, so i f  you pu t  a  c lock  
i n  o r b i t  and j u s t  measure i t s  r a t e  i n  o r b i t ,  then you wid, i n  ef-  
fec t ,  au toma t i ca l l y  c o r r e c t  f o r  these r e l a t i v i s t i c  effec i s ,  prov ided 
i t  was a  c i r c u l a r  o r b i t  and provided c e r t a i n  o ther  t h i ngs  were t rue .  

But when one gets down t o  t h e  tens o f  nanoseconds l e v e l ,  and 
one wor r ies  about eccen t r i c  o r b i t s  and var ious o ther  t h i ng? ,  then i t  
i s  t r u e  t h a t  these e f f e c t s ,  smal l as they  are, a re  no t  n e g l i g i b l e  
compared t o  t he  accurdcy t h a t  you can achieve w i t h  c locks.  

The f i r s t  r e a l l y  p r a c t i c a l  a p p l i c a t i o n  t h a t  I know o f  t h a t  
people are worr ied about i s  i n  t he  GPS system, where t he  e f f e c t s  are 
o f  t h e  order  o f  tens o f  nanoseconds f o r  some o f  t h e  app l i ca t ions .  

DR. ALLEY: 

For t he  GPS, a l b e i t  a  12 hour o r b i t ,  i t  i s  38 microseconds per day. 

DR. SHAPIRO: 

That i s  t rue.  But I say t h a t  yo6 can get r i d  o f  t h a t  very e a s i l y  by 
t h e  r e a e f i n i t i o n  of rate.  



DR. ALLEY: 

Yes. 

DR. SHAPIRO: 

But you s t i l l  have t o  worry even i n  comparisons w i t h i n  a  day o f  t he  
order  o f  tens o f  nanoseconds. 

DR. ALLEY: 

If I may be permi t ted one more comnent: I n  t h e  s1,:'rner of ' 7 7  KC 
a c t u a l l y  c a r r i e d  ou t  t h e  E i n s t e i n  fa1  1  ing-e leva to r  experiments us ing  
t he  ea r th  f a l l i n g  towards the  sun. We t ranspor ted  c locks essen- 
t i a l l y  from t h e  f l o o r  t o  t h e  c e i l i n g  by c a r r y i n g  them from t h e  nor-  
t he rn  hemisphere t o  t h e  southern hemisphere q t  t he  t ime  o f  t h e  sum- 
mer s o l s t i c e ,  when t h e  a x i s  i s  t i l t e d  towa: t h e  sun. We v e r i f i e d  
f o r  c lock  ra tes  t h a t  the  p o t e n t i a l  of the  sun does not e f f e c t  t he  
c lock ra tes  between f l o o r  and c e i l i n g  i n  t h e  f r e e l y - f a l l  i n g  e l eva to r  
earth. Thank you. 

DR. SHAPIRO: 

There are many experiments, as I a l l uded  to ,  t h a t  v e r i f i e d  var ious 
aspects o f  general r e l a t i v i t y .  I f e l t  I cou ldn ' t  do j u s t i c e  t o  a l l  
of them, and therefore I d i d  j u s t  i c e  t o  none o f  them. 

DR. CHARLES MARTIN, Defense Mapping Agency: 

I would l i k e  t o  make one coninent here because I t h i n k  i t ' s  q u i t e  
impor tant  i n  terms o f  our p o t e n t i a l  u t i l i z a t i o n  o f  t h o  g loba l  pos i -  
t i o n i n g  system. I don ' t  t h i n k  t h e r e  i s  any quest ion about t he  
microsecond e r r o r s  if you do not take  them i n t o  account. 

Eut I t h i n k  i t  i s  c e r t a i n l y  mportant t h a t  we a l l  r e a l i z e  t h a t  
t h e  c a p a b i l i t y ,  t h e  theory,  i s  ~ d e q u a t e  t o  t ake  i n t o  account r e l a -  
t i v i  t y  e r r o r s  t o  t he  l e v e l  of, say, 20 o r  30 nanoseconds. 

DR. SHAPIRO: 

No. To much b z t t e r  than tha t .  Ply main message was t h e  theary  makes 
very s p e c i f i c  p red i c t i ons  and they  have been v e r i f i e d  t o  a  small 
f r a c t i o n  of one percent as fa r  as c locks are concerned. 

So, sin,, iy on t h e  experimental v e r i f i c a t i o n  l e v e l ,  you can be- 
l i e v e  them t o  t he  sub-nanosecond l eve l .  But as f a r  as t he  theory i s  
concerned, t h e r e  i s  no good reason t 9  be l i eve  i t  breaks down t h e r e  
j u s t  because you haven' t  t es ted  below there. There 5s no t h e o r e t i -  
c z l  reason t h a t  i t  should break down j u s t  below. And i t  d o ~ s  make 
very s p e c i f i c  pred ic t ions.  The problems ar i se ,  as ! said,  when 
people don ' t  f u l l y  understand t h e  theory  when they t r y  t o  use i t  i n  
t h e i r  ca lcu la t ions .  

MR. ALLAN, Nat ional  Bureau o f  Standards: 

r again t h i n k  f o r  t h i s  audience, along t he  l i n e s  Professor  A l l e y  
mentioned, t h a t  f o r  the GPS user i n  t h e  fu tu re ,  because the  e a r t h  i s  



spinning, these e f fec ts  become very s i g n i f i c a n t  . I f  you synchronize 
two clocks on the  surface o f  the  ear th  v i a  por tab le  c lock and v i a  
s a t e l l i t e  (by GPS), and ignore tha t  the  ear th i s  spinning, assuming 
t h e  E ins te in  synchronization technique, you can make e r ro rs  o f  the  
order o f  hundreds of nanoseconds. 50 one has t o  be carefu l .  

DR. SHAPIRO: 

That i s  r i gh t .  One has t o  be careful .  But I am saying thd t  the  
theory i s  very clear.  I could work out any example, i nc lud ing  the  
spinning earth, s'ncl udi ng f l y i n g  clocks westward agai nst the d i  - 
rec t i on  o f  ear th (as was dcne already) and eastward w i t h  t h e  d i rec -  
t i on .  And there are di f ferences there, because you are adding t o  3 r  
subtract ing from the  ve loc i t y  o f  r o t a t i o n  of the  earth. A l l  o f  
these th ings have been worr ied about and have been calculated and 
there i s  no problem, as long as you r e a l l y  understand the  theory 
tha t  you are applying. 

MR. THOMAS MCCASKILL, Naval Research Laboratory : 

We have a t a l k  t h i s  afternoon i n  which we w i l l  present some resu l t s  
w i t h  t h e  NTS s a t e l l i t e s .  I n  view o f  t he  high amount g f  i r t e r e s t  
t h a t  has been shown on the r e l a t i v i s t i c  e f fec ts ,  we w i l i  b r i n g  a 
cc~uple o f  s l ides  tha t  Mr. Buisson presented l a s t  year, which show 
the di f ference i n  frequency between a cesium clock measured on the 
ground and a cesium clock t h a t  was placed i n  o r b i t ,  which v e r i f i e d  
the f i r s t  order r e l a t i v i s t i c  e f fec t .  

DR. ALFRED KAHAN, Rome A i r  Development Center: 

I n  your opinion, then, i s  there any experiment t h a t  s t i l l  needs t o  
be done t o  f u r t h e r  prove the  general theory o f  r e l a t i v i t y  w i t h  
s a t e l l i t e s ,  f l y i n q  clocks? O r  i s  the theory so good t h a t  we have 
confirmed t o  the  one-percent o r  half-percent l e v e l  t h a t  we don' t  
need any more experiments? 

DR. SHAPIRO: 

I am a f i r m  bel iever  t ha t  physics i s  an experimental science and 
when one has the  opportunity t o  t e s t  t o  a h igher  l e v e l  o f  accllracy 
one should, provided i t  doesn't cost a major f r a c t i o n  o f  the gross 
nat i ondl product. 

And one has t o ,  draw some reasonable pos i t i on  there between do- 
able but hugely expensive and do-able but  not. such a great gain. I 
bel ieve i n  experiments if you can make an order o f  magnitude gain i n  
the experimental l i m i t :  It i s  wor,th a reasonable amount o f  money. 

If you are going t o  make a ten percent gain, I personal ly 
wouldn't bother doing the experiment. There are some e f fec ts  of 
general r e l a t i v i t y  t ha t  haven't been observed a t  a l l  a t  any l eve i  
t ha t  are important. 

For example: The dragging of i n e r t i a l  frames due t o  the 
spinning of the massive body were pred ic t ions  worked out from 



general r e l a t i v i t y  as long ago as 1918. They have never been ve r i  - 
f i e d  because the  e f f e c t s  are very small. 

There are several possible ways of ge t t i ng  an experimental 
handle on t h i s  w i t h  ear th  experiments, i nclud'ng f l y i n g  spinning 
gyroscopes and so for th,  but they are technical  l y  very d i f f i c u l t  and 
very expensive t o  perform, and i t  i s  not c iea r  y e t  t ha t  we are 
r e a l l y  ready t o  do that.  

DR. ALLEY: 

I would l i k e  t o  adopt a s l i g h t l y  d i f fe ren t  stance. The confusion i n  
the understanding of the  fundamental p1.i nc ip les i s widespread even 
among author i t ies .  

I mean, there are recent ly  published papers i n  the l i t e r a t u r e  
making pred ic t ions  coming from people who should know bet ter .  Tor 
example, on t h i s  f a l l i n g  ear th  experiment 1 mentioned, one of the 
leading theo r i s t s  i n  Europe i n  general r e l a t i v i t y  published i n  Phy- 
s i cs  Le t te rs  the  f l a t  statement t ha t  clocks would run a t  d i f f e r e n t  - 
rates-~or th  Pole and South Pole a t  the t i ~ e  of t he  sols t ices.  

This i s  f l a t  wrong, which he now admits. But there i s  a t r e -  
mendous amount of i n t u i t i o n  t h a t  i s  lack ing  i n  understanding general 
r e l a t i v i t y ,  which we have i n  e l e c t r i c i t y  and magnetism. And I would 
submit t ha t  t he  performance o f  clock experiments tha t  we are now 
dble t o  do w i l l  con t r ibu te  vas t ly  t o  developing t h i s  k ind  o f  i n t u i -  
t ion .  

I n  a ce r ta in  sense the clocks i n  g rav i t a t i ona l  f i e l d s  are 
analogous t o  magnetic f i l i n g s  i n  magnetic f i e l ds .  And i t  i s  q u i t e  
impcrtant t o  do these experiments when one i s  able t o  do then. 

DR. SHAPIRO: 

I don't  l i k e  t o  disagree w i th  my colleague, but I f i n d  t h a t  I must 
disagree s t rong ly  w i t h  what Professor A l ley  j u s t  said. I f i n d  t h a t  
no amount o f  experiment can r e a l l y  take oeople away from wrong no- 
t ions. For example, t he  t w i n  paradax has created fanat ics i n  great 
numbers and no amount o f  experiments que l ls  t ha t  a t  a l l .  

As f a r  as theo re t i ca l  phys ic is ts  l i k e  the one t o  whom Professor 
A l l ey  alluded, and whom he d i d n ' t  mention and whom I won't menticr,, 
he was per fec t ly  we1 1 convinced t h a t  he had made an e r r o r  simply on 
a theore t ica l  basis. It d i d n ' t  take an experiment t o  convince him 
t h a t  he made an error ,  

It was per fec t ly  c lea r  t ha t  he j u s t  d i d n ' t  apply proper ly  the 
r e l a t i v i s t i c  p r inc ip les .  Many people, i f  they are reasonable, can 
be convinced by the theore t ica l  argqnents, and having exposed t h e i r  
wrong step, they admit it. 

The non-fanatics w i l l  be convinced by the theory, and the 
fanat ics  won't be convinced by anything. 




