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THE BIREFRINGENT FILTER 

AND ITS APPLICATIONS IN SOLAR PHYSICS 

By 

Bernard Lyot 

SUMMARY. Observation of the corona by the light of 
its emission lines requires the use of a very luminous, highly 
monochromatic filter with a wide field. None of the instruments 
in use twenty years ago fulfilled these three conditions simul­
taneously, and this led the author to conceive and construct a 
new one, the birefringent filter. The history of this filter is 
given.
 

The Theory of the Birefringent Filter. 

A description of the principle of the instrument and its 
operation for rays normal to the entry and exit faces is presented. 
Variations of the transmitted wavelength as a function of tem­
perature and two methods for varying this wavelength are studied. 
Variations pf the transmitted wavelength as a function of the rays' 
obliquity and three methods for increa'sing the field of the instru­
ment are considered. 

First Filter. The first variable wavelength filter is 
described, together with its thick and thin crystalline plates, 
its general arrangement and its adjustment. 

Second Filter. A second filter which isolates six fixed 
radiations belonging to the chromosphere and to the corona is 
also described. Its characteristics and mounting are discussed 
as is the thermostat which adjusts the transmitted wavelengths 
and insures their constancy. First observations of the corona 
and prominences are discussed. 

Replacement of the filter's polaroids by calcite polarizers, 
the advantages of this modification and the new results obtained 
thereby are explained. Details of the corona are studied and the 
red and green coronas are compared. 

Three-Color Cine Photography. A method for separating 
four radiations transmitted by the filter and for recording three 
of them on motion picture film is described. A description is 
also given of the three-color camera for simultaneous photography 
of the corona with the red line, of prominences with the H line 
and the corona with the green line. Films obtained in thisnmanner 
are discussed. Changes in the corona and their interpretation 
through relative variations of intensity are examined. 
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Study of the Chromosphere. The addition of a plate to 
the filter to enhance its monochromatic quality is explained as 
is the addition of a compensator for varying the transmitted 
wavelengths to observe radial velocities. Observation of the 
chromosphere at the solar limb and motion pictures of the boil­
ing of the chromospheric surface are discussed. The observa­
tion of the chromosphere on the solar disk and motion pictures 
of flares are also treated. 

INTRODUCTION 

There are certain heavenly bodies whose observation
 

requires that their image be formed, 
 not by using all their light 

as is generally done, but bj using only one -of the radiations they 
emit to the exclusion of the rest of the spectrum. This is the 

case, for example, when one wishes to study the chromosphere 

against the solar disk, prominences through a clear sky or the 

corona by the light of its bright lines. 

The problem consists therefore in observing an extended 

object while allowing only a more or less narrow region of its 

spectrum containing a given radiation to be transmitted. Any 

device which solves this problem is a filter; the narrower the 

portion of the spectrum transmitted, the more monochromatic 

such a filter is. 

The transparency of such a filter varies rapidly as a func­

tion of wavelength and the curve representing its variations 

passes through a maximum for a given wavelength. 

The filter's properties may be summed up by three quan­

tities : 

1. Its maximum transparancy. 

2. The corresponding wavelength. 

3. Its equivalent width, i. e. , the width of a rectangle 

which has the same area and same height as the curve. This 

third quantity indicates to what degree the filter is monochro­

matic. It defines the purity of the transmitted light and allows 

calculation of the proportion of stray radiations that it transmits. 
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The First Monochromatic Filters. Three types of filters 

were in use about twenty years ago: 

1. Glass or gelatine filters tinted with mineral salts or
 

with organic coloring.
 

These filters, long known and convenient to use, are only 

very slightly monochromatic. Their equivalent width rarely
0

drops below 300 A for a transparency of 10%; it can be reduced 
slightly by increasing the filter thickness, but at the same time 

transparency rapidly falls below tolerable values. 

For some spectral regions, the salts of rare earths, 
mainly those of neodymium, improve these filters and reduce 

their equivalent width to about 100 A 
0 

[1]; however, such widths 

are still at least 10 times too large to allow detection of the 

chromosphere against the solar disk or to consider observation 

of the corona with the light of its bright lines. 

2. A second type of filter, more monochromatic, was 

devised by Christiansen. 

It is made of powdered glass impregnated with a much 
more dispersive liquid. For a certain wavelength, the index of 
the liquid equals that of the glass and the mixture is transparent, 

like a homogeneous body. When the wavelength varies, the two 

indices differ more and more, and the mixture diffuses the light 

at increasingly large angles. 

This very luminous filter transmits a band whose equiva­

lent width can drop to a fe& angstroms; the band can be shifted 
by temperature variation. Unfortunately, the radiations of other 

wavelengths are not absorbed, but are diffused and mask the 

image of the source as soon as the latter's apparent diameter 

ceases to be very small. This serious drawback makes the 
Christiansen filter almost useless for solar study. 

3. A third type of filter, the most monochromatic of all, 
is the spectroheliograph invented by Deslandres and by Hale in 

1905. 
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This spectroscope images the spectrum on the jaws of a 

second slit located where the radiation to be isolated is projected. 

Both the image of the sun before the first slit and the photographic 

plate behind the second are displaced simultaneously and continu­

ously by a special mechanism. Thus the instrument records pro­

gressively, line by line but without discontinuity, a monochromatic 

image of the entire sun. 

This apparatus may be considered a very monochromatic 

filter. Its equivalent width depends on the widths of the two slits 

and on the dispersion and resolving power of the spectrograph. 

The instrument in the Meudon Observatory for continuous chromo­

spheric observation has an equivalent width of about 2/10 'A in the 

violet and 4/10 A in the red, i. e.., a thousand times lower than 

that of the best colored filters. The wavelength of the spectro­

heliograph is adjustable, but its light yield is very weak because 

it photographs the sun's different linear regions successively; 

this reduces the light transmitted by the spectrograph in the rela­

tion of the width of the first slit to that of the solar image. Thus 

the light yield of the spectroheliograph falls to a few ten-thou­

sandths. 

On the chromosphere, which is very bright, this instru­

ment has long given excellent results. However, it is not suffic­

iently luminous for study of the corona, whose brightness is 

-)several hundred thousand times weaker. 

History of the Birefringent Filter. These considerations 

led me, in 1920, to search for a new type of filter which would be 

')I verified this fact in 1931 at the Pic du Midi, using a corono­
graph with 8 cm aperture followed by a spectroheliograph having 
two large 600 prisms with bases of 160 mm and wide slits igola­
ting the coronal green line in an equivalent band width of 2 A, 
The image of the sun on the plate was reduced to 16 mm to increase 
its brightness. A 90-minute exposure gave a weak image of the 
corona on whch a single coronal jet is visible; moreover, the 
diffusion caused by atmospheric dust varied during the exposure, 
and the variable illumination of the second slit gave a streaked 
plate [ 2]. 
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highly monochromatic and very luminous. After trying to utilize 

the interference given by a series of half-silvered plates and 

finding that the images obtained were not sufficiently bright, 

studied the interference produced by a series of 'crystalline 

plates in polarized light and, in 1927, established the principle 

of the filter considered in this paper.)In 1933 1 published a brief 

note [ 8] stating this principle, describing the properties of the 

composite crystalline plates and giving the data needed to calcu­

late and construct a filter which, in a very wide field, would 

isolate a spectral band, variable in wavelength, with an equiva­
0 

lent width of i A in the green. The filter's main plates, Z5 mm 

in diameter, were cut in 1933 and tested in the laboratory. The 

instrument was to contain 10 large Glazebrook-type polarizers, 

but I could not obtain the required calcite, and thus my research 

was halted temporarily. 

In 1937, having the advantage of Polaroid polarizing films 

then newly offered on the market, Ohman (who was unaware of 

,my work on this subject although, shortly afterward, he acknow­

ledged its precedence in point of time [9] ) was able to build in a 

short time a much more elementary filter based on the same 

principle [10]. His filter isolated a spectral band with an equiva­
0 

lent width of 40 A and at a fixed wavelength equal to that of 

chromospheric radiation H ; this instrument enabled its author 

to observe and photograph the brightest prominences with a sim­

ple telescope. 

In 1938, I procured sheets of sufficiently transparent 

polaroid and built a second monochromatic filter, 36 mm in 

diameter, which made temporary use of this new type of polarizer 

t )Several physicists had used the band spectra given by a single 

crystalline plate: some, like Mascart [3], Fabry and-Perot [4], 
I. W. Wood [ 5] , used them to eliminate one of the two sodium 
D-lines; others, like 0. Wiener [6], Berek-Rinne, 1. G. Priest 
[7], used them to make complementary colored filters; but they 
had not studied sets of plates and none of them had produced a 
monochromatic filter. 
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and allowed me to isolate at will 4 chromospheric and 2 coronal 

radiations. It transmits bands with a mean width of 2 0A in the
 

green and 3 1 in the red. Its transparency is 10% in the green
 

and 25% in the red. In July and August 1939 at the Pic du Midi, 

using this filter, whose wavelength is "tuned" and stabilized by 

a thermostat, I photographed the chromosphere at the solar limb 

as well as prominences against a very dark background, using 
Ha radiation, and, employing radiations 5, 303 and 6, 374 A, I 
obtained good monochromatic photographs of the corona, the 

first of their kind. Publication of these results was delayed by 

the course of events [11]. 

Since then, several physicists have constructed filters 

like that of Ohman; these are increasingly selective but do not 
achieve the selectivity of the one mentioned above; moreover, 

they all isolate only HC radiation. 

In 1939 the Zeiss Company of Jena built two filters: the 

first, 13 mm in diameter, transmits a band of 43 A
0 

mean width 
with a maximum transparency of 21% [12]; the second, 30 mm 

in diameter, transmits a band 20 A
0 

wide with a transparency of 

3 0% [12, 13]. 

In the United States, John Evans constructed a filter 

20 mm in diameter which transmits a band with a mean width 

of 5 
0
A. This instrument, equipped with a heater, was adapted 

to a refracting apparatus with an optical system like that of the 

Lyot coronograph and, since June 1940, has enabled its builder 

to photograph prominences against a dark background [14]. 

Edison Pettit then constructed a similar filter provided 

with a thermostat and has filmed prominences with it since May 

1941 [15]. 

In 1940 and 1941 1 obtained two fine samples of calcite and 

replaced the polaroids temporarily mounted in the 1938 filter by 

calcite polarizers of the proper type; this increased the instru­
ment's luminosity, doubled its selectivity in the red and reduced 
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the diffused light, and I could observe the chromosphere against 

the solar disk and see the corona simultaneously with its green 

and red radiations. Using this instrument, provided with a radia­

tion separator, I could take three motion picture films simultane­

ously: the first showing the prominences with the H line, the 

second showing the corona with the 6,374 A line and the third show­

ing the corona with the 5, 303 A line. 

In 1942, I added another :alcite plate to the filter, which 
0 

reduced the width of the transmitted bands to 1 A in the green
0 

and to 1. 5 A in the red. With this improvement I could observe 

and film, with H radiation, the movements of the chromosphere 

at the limb, the movements of the filaments on the solar disk, 

and the evolution of numerous chromospheric flares, and I could 

bring out their radial velocities with an elliptical polarization 

analyzer. 

My two filters of 1933 and 1938 were described in two very 

brief notes which seem generally to have escaped the attention of 

readers; moreover, the other publications cited present the theory 

of these filters in an incomplete or ari inaccurate manner. There­

fore, I feel it may be useful to restate in greater detail their prin­

ciple, their respective properties, construction and the main 

results which they made possible. 

A description of the various solutions tried since 1927 

may aid physicists to construct filters suitable for different pur­

poses. 

THEORY OF THE BIREFRINGENT FILTER 

The Principle. This device makes the light to be filtered 

pass successively through a series of polarizers P' P2' etc. 

(fig. 1) whose planes of polarization are parallel. A crystalline 

plate 1, Z, etc. , for example, of quartz, cut parallel to the opti­

cal axis of the crystal, is placed between each polarizer and the 

nextone. The faces of these plates are parallel to each other 



and perpendicular to the light rays; their optical axes are
 
parallel and form angles of 45 
 with the planes of polarization
 

of the polarizers. Each plate is twice 
as thick as the preced­

ing one.
 

1'iIV I' ', 

L i T n it ioii 

,I I Figure.I 

ZLMS/L/VLLMALL/S/\\di k\/X"f/f\L._ 

-. =-

Figure 1 

Diagram and principle of the
 
polarizing monochromatic filter.
 

tight Transmitted in a Normal Direction. Let us calcu­

late the light intensity transmitted by the filter as a function of 

wavelength, assuming that the incident beam is perpendicular to 

the plane of the plates and disregarding light losses. 

Let A be the amplitude of the light wave which leaves the 

first polarizer, and let X be its wavelength, n the number of 
plates, e the thickness of the thinnest plate, and the difference 

between the ordinary and extraordinary indices of the plates. 
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Wave A is broken up by the thinnest plate into two 

vibrations of amplitude A/-F, showing a phase difference of 
= Zr±e The second polarizer makes these two waves 

X ' 
parallel and reduces their amplitude to A/Z. 

We can recombine these two parallel waves at the exit 

from the second polarizer; the resulting amplitude is A cos 
AC 2cD-;or A cos -- the resulting intensity is 

Let us do the same for each plate; the intensity trans­

mitted by the filter equals the product of the intensities trans­

mitted by each plate, or: 

- o.,- -- co- Co ..... CON-
A A 

Figure 1 shows how a six-plate filter works. The fac­

tors of the product, i. e. , the transparencies of the six plates 

for the various values of K, are represented by the ordinates 

of curves 1, 2, 3, 4, 5 and 6. These curves may be likened 

to sine curves whose abscissae scale slowly expands when 

wavelength increases; each has its maxima twice as close 

together as the preceding one. 

The transparency of the filter is represented by the 

lower curve, which has, as its ordinate at each point, the 

product of the corresponding ordinates of the 6 other curves. 

It passes through some principal maxima equal to unity which 

are narrow and flanked by some weak secondary maxima 

whose intensity tends rapidly toward 0. These principal max­

ima are few in number; indeed the figure shows that the filter 

transmits one maximum of plate 6 out of 32. Only those max­

ima common to all plates are transmitted, the others being 

absorbed by one of the first five plates. 

Figure 2 (on Plate i) shows a photo taken between 

5, 770 A and 6, 680 A which gives the band spectra of six quartz 

plates whose thicknesses are proportional to successive powers 

of 2. The wavelengths increase from left to right. 

Reproduced frombest available copy. 
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- Figure 3 (on Plate I) shows the spectra of the light 

which has passed through plate 6, through plates 6 and 5, 

through plates 6, 5 and 4, etc. Each plate added to the pre­

ceding ones divides the number of bands by two. 

The light intensity transmitted by the filter can be
 

calculated numerically by using formula (1), and the calcu­

lation can be facilitated by using a second expression, which
 

can be obtained directly by combining the elementary waves
 

at the filter exit only.
 

After the first plate and the second polarizer, we 

have two parallel vibrations of amplitude A/2 with a phase 

difference 0. By the same mechanism, after the second plate 

and the third polarizer, we have four parallel waves of ampli­

tude A/4 and of phases 0, v, 2w, 3v. 

At the filter exit, we have 2 n parallel vibrations of 

n
amplitude A/2 and of phases 0, p, 2, ... (2 - )p. 

Their resulting amplitude is given, as in the conven­

tional case of a grating with 2 2 grooves, by the formula 

A''A' -=A-... .% 

The intensity at the filter exit equals the square of 

this amplitude, or: 

-'=A-. 1 (2) 
L
S.. si-, -

According to formulas (1) and (2), the filter trans­

mission passes through a maximum equal to unity for each 

of the values of k which make the factor -t-an integer, while 

it is canceled for the other values of k which make the factor 
zne-c-an integer. 
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For the intermediate wavelengths, the transmission 

passes through a series of secondary maxima, which amount 

to (2 n - 2) between two principal maxima, but when n is large 

(e. g. , greater than 4), their intensities tend rapidly toward 0 
whenever one moves away from a principal maximum. They 

occur 	for values of.Ee- near an integer of the numbers: 1. 5/2
 
nX


2. 5/2', etc. , for which the numerator in formula (2) is equal 

to unity. 

In the vicinity of a principal maximum, since lie/) is 

close to an integer, sin l in the denominator of formula (2) 

can be replaced by the smallest corresponding arc; thus, for 

the intensities of the successive secondary maxima, we get the 

approximate values: 

i " - I ' I I I I 
.,r . . 121... . ' . .5-,: o( 227.61 . . 2til .2.. eki.. 

With increasing distance from the principal maxima, 

the ratio 	of the arc to the sine increases and the intensities 

diminish a little less rapidly; the figures of this series must 
be multiplied by a factor which is equal to unity near the princi-­
pal maxima but which reaches the value ()or2. 

por 2.47inthe 
middle of the intervals. 

Thus, the spectrum of the light transmitted by the filter 

is composed chiefly of a small number of bright, narrow bands. 

The total width of each of these bands is twice the interval 

between two consecutive zeros, i. e. , twice the wavelength 
n evariation Ak, which increases or diminishes the quantity 

k 
by an integer. The exact calculation can be made with the aid 

of the dispersion curve of the crystal by deducing from it the 

curve which gives p./X as a function of k. 

Writing that the increase of /X is equal to -, we get: 
2 ne 

"',(3) 

Reproduced from
best available copy. 



-14-

The first factor contains thickness e of the thinnest
 

plate and the difference, }t of its principal indices. The second
 

factor takes into account the dispersion -H. In the case of ax. 
quartz it is 0. 923 for line C and 0.90 for line F. For calcite, 

it is 0.91 for line C and 0.85 for line F. 

The spacing of the principal bands is 2 nAX; it must be
 

calculated by taking the mean values of X, i, a /aX for the
 

spectral region considered. 

Formula (3) permits calculation of a filter which iso­

lates a radiation of any given wavelength k in the center of a 

band whose mean width differs little from a given value, AX. 

The smallest of the integers for which the closest bands, 2n Ak 

away, can be absorbed with ordinary colored filters will be 

chosen for n; the multiple of x nearest the value given by for­

mula (3) will be chosen for the thickness e of the thinnest plate. 

An identical result may be obtained by giving the thin­

nest plate a thickness e which is an uneven multiple of X/4x, 
but this plate, which contains an odd number of half-wave­

lengths, must be placed between crossed polarizers. The 
other plates, which contain even numbers of half-wavelengths, 

must remain between parallel polarizers. 

The equivalent width of the filter can be derived directly 

from formula (1). Let us take a band transmitted by the filter 

for whose center }Le/k equals an integer K. The interval 

between K - 1/2 and K + 1/2 corresponds to the separa-ib6'nof' . 

the two principal bands; it contains the band K and:ll the corres­
ponding secondary maxima. Moreover, this inte val contains 

a whole number of periods for each of the n factors- in cos 0 

formula (1). It can easily be shown that in this interval the 
n .mean value of the product of these n factors is 1/2 

If, therefore, the K band and its secondary maxima are 

isolated, the.equivalent width of the filter, in accordance with 

the definition given at the beginning of this paper, is equal to 
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the interval K - 1/2 K + 1/2 divided by zn or to the half-width 

AX of the isolated K band. 

If the polarizers are polaroids which do not polarize 

the light completely, they-transmit stray radiations which 

increase the filter's equivalent width. 

Influence of Temperature. Temperature changes cause 
both the thickness e and difference ± of its indices to vary for 

each plate; this modifies the resulting phase difference q0= X 
by the quantity A 0. For a temperature variation At, and assum­

ing X constant, we have: 

A9 f1in.1(l] e'\ 

-. .. .. (4 ) 

a quantity having the form A At and which is the same for all 

plates. 

This causes a shift in the spectrum of the transmitted 

bands; their wavelengths vary, causing an additional variation 
of index i so that phase difference qoremains constant. There­

fore let us write: 

A- 0 [l , 1d ', 1 i' It 

A0 " . 

whence we get:
 

(5)
 

a quantity having the form A B At. 

The first factor, A, introduces index a and its tempera­
ture coefficient as well as the coefficient of expansion of the 

crystal perpendicular to: the plane of the plates. The second 
factor, B, is the dispersion factor of formula (3); we have 

already given its value. 

The calculation made for the D line and for a 10 C rise 
-	 -4
in temperature gives 	 A__= A = -10 4 for quartz and A = -0. 62 x 10

f l for calcite. 
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Measurements made on the green line of mercury at 
0 

5,461 A with a quartz plate 60.7 mm thick, between 200 and 

71. 5 
0 

, gave for a 1
0 

temperature increase the more exact 

value:
 

---=A=--114. 10-4 ,
9 

whence one derives 

AX 
- 3 = - 1,04. 10-1. 

Measurements made with the green line of mercury on 

a calcite plate 6. 625 mm thick between 16. 8 and 46. 2 gave: 

Ax 
= A = 0,646, 10-, 

whence we derive 

AX,
 
= .'M3 0..---- 0 O-'. 

Al these values are negative, because the relative 

reduction of index ± exceeds the relative increase of thickness 

e.
 

Variable Wavelength Filter. Thus, the wavelength of 

the filter can be varied merely by changing the temperature of 

the filter. By this method one of the transmitted bands can be 

made to coincide exactly with the radiation to be isolated, but 

the filter cannot be used in a wide spectral region, e. g. , 

between 100 and 600 the bands transmitted by a quartz filter 

move only 32 JZ in the red and 22 . in the blue. 

To explore the whole spectrum, we must change the 

thicknesses of the plates; we shall see that a"slight'variation 

of thickness is enough to give this result. 

Let us take a filter, for example, of quartz, which has 

been built for a wavelength X0 and which we want to use for 

another wavelength kI. To obtain a transmission maximum of 
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wavelength X for each plate, it is sufficient to increase or 

decrease the plate thickness by an amount less than or equal 

to kX/Z thus producing a half-wave phase shift; about 40 p., 

suffice for the whole visible spectrum. 

This alteration modifies very slightly the closeness of 

the bands; in the vicinity of kl, the spectrum of the transmitted 

light is the same as if the filter had been calculated for this 

wavelength, but as one departs from Xl, the transmission max­

ima of the various plates are progressively displaced with 

respect to each other. - The spectrum changes slightly and the 

intensity of the principal maxima diminishes while new, increas­

inglyr intense secondary maxima appear. 

Thus, the filter transmits stray radiations whose mean 

intensity increases more and more rapidly as one departs from 

kI. We shall calculate the-approximate values of their intensi­

ties in a.particularly unfavorable case. 

Consider a six-plate filter whose thicknesses are exactly 

proportional to successive powers of 2; let X and X3 be the 

wavelengths of two consecutive bands transmitted by this filter. 

For these bands the thinnest plate produces phase shifts v 1i= ZrK 
and o' = Z-r(K-l), K being an integer. Let us suppose that, with­

out changing its temperature, we wish to set it for another wave­
length X2 so that X2 - XI -fX1Il). 3 - For this wavelength X., 

filter plates 1, 2, 3, 4, etc. .. , whose dispersion we assume to 

be constant in the interval considered, will produce phase shifts: 

91 - K -i 2=1. 2K. - -2K 2-.9r, '4j-7=y.,_ 2, - I 

-3 -1n-, o4. = 2r,SK -SK= 38li etc. 

We want cos 2p/2 to be unity for all plates; for this, we 

alternately reduce and increase phase shifts V'1, V2, etc., by 

27i/3 and, thus, alternately reduce and increase the thickness 

of plates 1,2, etc. by Ae 2 so that -- = ­k2
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Let k4 be the wavelength of one of the two bands close 
to k2 transmitted by the filter thus modified. This band does 
not have a transparency equal to unity; in fact, this would 

require the variation in the thickness of the plates to be ±e4' 

so that k =e4 

The phase shifts introduced by the six plates are not 

zero but
 

A3 A,,u. , 

Let us assume, for example, that K2 = 5,300 A and 
XL = 5,900 A. For quartz, we have p. 2 

= 0. 00920, 4 = 0. 00911. 

For wavelength K, the phase shifts are I x 0. 108 = 130 

The corresponding band has a transparency (cos 2 13/2) 6 

= 0. 925. The missing light must be in the secondary maxima, 
part of which lie between k2 and K4 ,
 

For any wavelength whatever, the phase shifts differ by
 

a quantity Ar from those 
one would have with a perfect filter;
 
AV is canceled out for K2 , for X4 it 
 varies almost linearly and 

°reaches a value of-13 . 

Let us consider successively plates 1, 2, 3, 4, 5 (fig. 1). 
Each of their minima must eliminate one of the sixth plate's 

maxima, which is weakened by the preceding plates and is freely 
transmitted by the following ones. This absorption is no longer 
total; in the place of a zero of wavelength %,, the plate consid- ­

ered has a transmission equal to 

~ Zn, us - A2_­
3­

a quantity of the form A2 P with A = 0. 0128. 

Thus, for plate i, there is a single secondary maximum 
located in the middle of the interval for which P _ its intensity 

in relation to that of the principal maximum K2 is I = A P= 

0. 25A = 0. 0032. 
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For plate 2 we find two maxima partially absorbed by 

plate 1, located at 1/4 and 3/4 of the interval: 

A 2 -' i -1 I/1 1 - ,oo n 1-. (.0:1: - (1,01)11 1n 
P = 3{/4 I A3-P co2 3m,'4 1L28I A2z 0,0036. 

For plate 3, there are four maxima partly absorbed by 

plates 1 and 2: 

P.= 1/8 A2-PP2 cosA -/S co.s z/4 = 0,0066 A = 0,0000S4, 
- 2P - 3/S = A 2 cos 3m/S (.o. 2 3n/4 = 0,0104 A2 = 0,000133, 

P = 5 S 1 =A 112 cos' 57/S co,-' 5-4 = 0,0286 A = 0,000366, 

P = 7/8 1 A-" cos2-7h/,s co,7-. '4 = 0,327 A2 = 0,0042. 

For plate 4, we find eight maxima partially absorbed 

by plates 1, 2 and 3, for which P = 1/16, 3/16, ... 15/16. The 

corresponding coefficients ofA 2 are: 0. 0016, 0. 0018, 0. 0071, 

0. 0008, 0. 0052, 0. 0132, 0. 0317, 0. 360. 

-
A plate of n order thus gives rise to 2n secondary 

maxima whose intensities increase, on the average, when one 

departs from wavelength X2 isolated by the filter. Only the one 

farthest removed, i. e. , that closest to X4, is intense. For 

plates 1, 2, 3, 4 and 5, the respective values of its coefficient 

are: 0. Z50, 0. 281, 0. 327, 0. 360, 0.381. 

The sum of the coefficients of A 2 for each plate is 

respectively: 0. Z5, 0.312, 0. 37Z, 0.420, 0.449; when n is 

large, it tends toward the value I/2. For all plates, this sum 

is 1. 76; its product times A gives the total light of the second­

ary maxima, or 0. 02'Z. This figure is only an order of magni­

tude; we have not taken into account the secondary effects, the 

chief of which is that the bands of the sixth plate shift in a direc­

tion opposite those of the fifth; the relative displacement is thus 

multiplied by 1. 5. Allowance can be made for this by multiply­

ing the coefficient of the fifth plate by 1. 5 
2 

, which gives the 

figure of 3% for the global intensity of the secondary maxima. 

The bands transmitted by plates 5 and 6 together undergo almost 

no displacement and there is no need to modify the coefficients 

of the other plates. 
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Therefore, if we use colored filters to eliminate the
 
two maxima located on either side of the isolated radiation X
 
as well as the radiations located beyond them, the stray light 
due to modification of the filter will not exceed 6% of that of 
the principal maximum. Actually, it is reduced much more, 
because the colored filters do not have distinct absorption 

limits; they weaken the secondary maxima farthest from %z, 
which are, at the same time, the most intense, 

Light Transmitted in an Oblique Direction. The phase 
shifts produced by the filter's crystalline plates vary whenever 
the incident light beam deviates from the normal to their faces. 
First, let us calculate these variations in the general case of a 
biaxial crystal, from which we can easily deduce the case of a 

uniaxial crystal. 

Let n'1 n2 , n3 be the smallest, intermediate and great­
est principal indices of a plate of thickness e, assumed to be 
cut perpendicularly to the principal direction for which the 
waves have index n 2 ; since n 2 represents the intermediate 
index, the faces of the plate are parallel to the crystal's opti­

cal axes. 

First case. The plane of incidence is parallel to the 
principal directions of indices nI and n2 . Let XX' and YV 
(fig. 4) be the faces of the plate; the section of the wave sur­

face in the crystal through the plane of incidence is represented 
by a circle of radiusOA3 = 1/n 3 for vibrations normal to this 
plane and by an ellipse with semi-axes OA 2 = I/n 2 and OA 1 = i/n 1 

for vibrations parallel to it, while the section of the wave sur­
face in air is a circle of radius OB = 1. 

Let OD be the normal to the plate at point 0 and i the 
angle of incidence; the Huygens construction gives the two 
rays refracted in the plate, OE 3 and OEI. Let E1H be the per­
pendicular dropped in air from the one ray's point of emergence 
to the other. The birefringence introduced by the plate is: 



p1 = optical path OE 3 + length E 3H - optical path OE TheI. 


vibrations normal to the plane of incidence are refracted along 
OE 3 with path OE 3 = n 3 e/cos r3 and sin i= n3 sin r3. 

Y I 

Figure 4 

Birefringence of a biaxial plate
 
as a function of angle of incidence.
 

The vibrations contained in the plane of incidence are 
refracted along OE 1. If the plate were isotropic with index n?, 
the vibrations would be refracted along OE 2 , with OE 2 = n 2 e/ 
cos r. and sin i = n 2 sin r 2. The ellipse is a projection of the 
circle of radius, l/n 2 expanded perpendicularly to the plane of 
the plate in the ratio n 2 /n; hence, in the real case the velocity 
component perpendicular to the plane of the plate is greater in 
the ratio n 2 /n 1 , which gives: 

optical path OE, = -e - =,
eor. n. cob I, 

We have, moreover, E 3H = E 2 E1 sin i= e(tan rI - tan r 3 ) 
sin i. A process like this gives 

tg =-- tg r., wntnce EBH = ', tg r2 --. tgr, sin i. 
Th' 0 



and the birefringence in plane 1-2 is: 

e '- 4- (-1 tg r2 -tg r. sini - 7 I 
[CoJs 73 (?.Cos r]\l 

Introduction of the relations sin i sin r 2 sin r 3 = n2 = n3 


simplifies the formula and yields:
 

= e(n3 cos r - it cos r2). (6) 

Second case. The plane of incidence is parallel to the 

principal directions of indices n 3 and n 2 . 

The calculation can be made above:as the result may 
be obtained directly by transposing indices 1 and 3 in the pre­
ceding formula and by changing the sign of the result, which 

gives: 
%=C(oS r: -ni Cos . 

(7) 
If the incident beam diverges only slightly from the
 

normal to the plate, the cosines can be replaced by the first
 
two terms of their series expansions and we obtain:
 

A= e[,na(i 20~(-) 1tj 

It is also possible to equate the arc with its sine and 

write i = nr, which gives uis: 

= e(ii, -n,) i 1\ 
T,~2 43 

or: 
S,= e(n3 -- -' iO fIn 1 -- .2 " 

2 ('ia - On ' (8) 

a quantity having the form 

e(n3 -O (I + Ki2). 

The first two factors represent the birefringence of 
the plate for normal incidence; the third factor gives its rela­
tive variation. Analogously we have: 

3:-e(nh - :) ( , , , 7, --.­ (9 
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a quantity with the form 

Coefficients K1 and K3 are opposite in sign, with 
K1/K 3 = -n ln The variations of the birefringence are 
maxima and have opposite directions in the-two rectan­

gular planes containing, respectively, the vibrations of 

indices nI and n 3 . Examined in the focal plane of a lens, 

the isochromatic lines of the second degree are hyperbolas 

whose asymptotes form an angle a with plane I so that 

tg2 " = KK 1 

The case of quartz. Let us say that nI = = non 2 

(ordinary index) and n 3 = n e (extraordinary index). Formu­

las (8) and (9) give us: 

KK 1 =+i/2nn and -1/Zn 2 
Io e 3o 

The birefringence diminishes in the plane containing 

the optical axis and increases in the perpendicular plane. 

For the D line, we have 

n0 =1. 54424 ne = 1.55335 

whence:
 

K 1 +0.20844 K 3 = -0.20967 

The case of calcite. For the D line, n = n = 1. 48643;
e2 

n2 = n 3 =n = 1.65837. Inthe same way we find K1 = -i/Zno = 

-0. 18180; K3 = +i/Znn e = -0. 20283. 

As in the case of quartz, the birefringence decreases 

in the plane which contains the optical axis and increases in the 

perpendicular plane. 

The relative wavelength variation corresponding to an 

angle of incidence i is obtained by multiplying the relative 
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birefringence variation by Ehe dispersion factor of formula 

(3). We get: 

AX __ 

= - "(10) 

Usable field. Let us assume, for example, that the 
maximum admissible relative wavelength variation is tI/10 000; 
we will have the inequality: 

which, for quartz, gives i < 2. - 2 .29 x 10 The field is limited 
by a nearly equilateral hyperbola in which a 2038? square can 

be inscribed. 

For calcite, we findi I < . 50 x 10 and i 3 < 2.37 x 10 
giving a field limited by a hyperbola in which a rectangle 2052! 

by 2°43' can be inscribed. 

A wider field could be obtained by choosing a biaxial 
crystal in which the quantity (nln3 . n 2 ) is as low as possible. 

Tartaric acid, for example, has indices of n1 = . 495, 
n2 = 1. 535, n 3 = 1. 604 and coefficients of K1 = +0. 055 and 
K 3 = -0. 059; the field would be limited by a hyperbola in which 
a rectangle of about 5010! x 50 could be inscribed. 

Composite plates. A very wLde field can be obtained 
by means of the following three arrangements: 

i. The first of these arrangements consists in replac­

ing one crystalline plate of thickness e by two identical plates 
of thicknesses e/2, superposed and oriented in their plane so 
that their principal directions of the same index are perpendic­
ular. In this relative position, their birefringences would be 

subtracted if no particular precaution were taken. To cause 

them to be added, a half-wave plate whose axis is at 450 to the 
principal directions of the two plates is inserted between them. 



This half-wave plate gives a 900 rotation to the planes of the 

two vibrations transmitted by the first plate; thus, each of 

them passes through the second plate with the same index as 

the first. Thus, the birefringences are added, while their 

variations, which have opposite signs, are largely compen­

sated. In the two principal planes of indices 1 and 3, the rela­

tive variation of the birefringence is the same and we have 

P= (1 + Ki ), with 

i ( - ., I, -- , (i 

and, in the case of a uniaxial crystal: 

K=4nenJ 

The isochromatic surfaces, being second-degree 

curves, are circles and these circles have much larger diam­

eters than the axes of the hyperbolas given by a simple plate 

of the same crystal. 

For quartz, for example, which has a weak birefring­

ence, K = -0. 0006; for a relative wavelength variation of 

+1/10, 000 in the center and -1/10, 000 at the edge, this would 

give a circular field 680 in diameter, if the approximations 

which we have made were still valid for angles of 34. The 

field is 26 times larger than that of a simple plate. 

For calcite, which is much more birefringent than 

quartz, K = +0. 0105; the circular field is 17 in diameter, or 

6 times larger than the field of a simple plate. 

This arrangement has the drawback of being applicable 

only in a restricted spectral region. Indeed, if the wavelength 

varies by diverging from the value for which the half-wave 

plate has been calculated, the system of circular fringes pro­

duced at infinity by the composite plate is weakened; while its 

minima cease to be zero, the intensity of its maxima decreases. 

The transmission of the filter decreases, while it passes an 



increasingly large quantity of light outside of the principal 
maxima; also, the hypeibolic. fringes given by a simple plate 
of thickness e appear at infinity. These fringes, much more 
closely packed, furrow the field and may make it hard to see 

details clearly. 

Let Tr: be the phase shift introduced by the half-wave 
plate. If the plate is placed in parallel light, the contrast of 
these fringes, in the middle of the field, is tan2(a/Z); a rela­
tive wavelength variation of 6% is therefore enough-to give
 

them a contrast of 11%.
 

If the plate is placed, not in parallel light, but suffi­

ciently close to the image 
of the object to be observed, these 
parasitic fringes are not in focus; they remain invisible and
 
a greater wavelength variation can be tolerated; on the other
 
hand, 
plate defects may interfere with visibility of details if
 

they are too near the image.
 

2. The second arrangement consists in replacing the
 
simple crystalline plate by two plates 
cut from different crys­
tals whose coefficients K have opposite signs, e.g. , a positive 
uniaxial crystal like quartz and a negative uniaxial one like 

calcite. 

These two plates are simply superposed in such a way 
that their directions corrsponding to the lowest index are par­
allel; the optical axes of quartz and calcite, for example, 

must be perpendicular. The birefringences of the two plates 
are added without the insertion of the half-wave plate. 

Let Po'be the birefringence of the first plate under nor­
mal incidence and K' and Kj its coefficients of variation: let 

13 
P"oK"and K" be the corresponding quantities of the second

0 1 3 
plate. 

The birefringence of the double plate, in the incidence 

plane of the low indices, is: 
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-- ( *" ' 1i1 -- t [ i2;-) (Ci' '- '1 ' 0 

a quantity with the f6rm 

and, in the incidence plane of the high indices: 

0 --('W ,''") 1 _*"TO 

'3'J-'0 --- L4 0 

a quantity having the form 

r: -- .)
I;' t 

For the isochromatic lines to be circular, it is neces­

sary (and sufficient) that K1 = K 3 = K (coefficient of the com­

posite plate). 

The preceding formulas give us 

o _ ,",,(13) 

and 

- (1O, I i' K.'-(i."--I'K") IC -1K'1K'I K') (K. 
- K -(ii"1 -- "K,) - - - (14) 

The thicknesses el and e" of the two component plates 

are related by the two equations (15) and (16). The first is 

obtained directly: 

~ 0" K'3 ,YO7:''-K" (15)(15)' 3 

Furthermore, let AX be the spacing desired for the 

bands of the double plate. Spacings A'X and A"X of the bands 

of the component plates are related by the expressions 

.
and A"?, = 

1 I 1
 
We have, moreover:
 

.u'
-(
whence 

1I4
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Relations (n and (16) enable u- to calculate thicknesses 
e' and e". For a double plate of calcite and quartz and for the 

D line, we find: 

0,0052 i77. U5 

The spacing of the bands of the composite plate is equal 
to that oi the bands of a quartz plate 2. 10 e' thick near 7, 000 A, 

2.14 e' thick near the D line and 2.21 e' thick near 4,000 A. 

Accepting a relative wavelength variation of ± /10, 000, 
the field is circular and has a diameter of 250; it is 9 times as 

large as that of a simple quartz plate. 

This composite plate gives a field that is nct so large
 
as that of the d-,-uble quartz plate, but it is twice thin and
as 

can be used in a very wide spectral region. 

3. A third arrangement consists in superposing platea 

cut from one crystal and two plates with crossed axes cut iron
 
another crystal whose coefficient K is opposite in sign to that 

of the first. A quartz plate and two calcite plates cut parallel 
to the optical axis might be superposed, for example; the twc 

calcite plates would be oriented so that the axis of one would 
be parallel to that of the ,-aartz and the axis of the other p:r­

penaiculaz to it. 

By varying the thicknesses of the three plates, the 
desired birefringence can be giver, to the composite plate and 
its two variation coefficients canceled out. 

Let us make the following assumptions: 

P' is the bireiringence ot the first plate under normal0 
incidence and K' a:.d K' are its -aciation coefficients;

1 3 
o K" and K" are the corres-nonding quantities of the 
on 1 3diq te hsecond Flate?; 



-29-

K' and K" are the corresponding quantities of
 

the third plate.
 

A calculation like the foregoing gives us the two varia­

tion coefficients X1 and K 3 of the composite plate:
 

K P 0 - 0v, + ? 0'K', -- -PQ< "Kk O'l" 

Qs - p . 

By canceling out the two numerators, we obtain a sys­

temn of two equations which gives us 

and ancl P"',, KK 3~""- -K, 

P K'IQ - K':". 

As before, we can calculate the thicknesses of each of 

the two plates of the second crystal in relation to that of the 
plate of the first, as well as the spacing of the spectral bands 

of a given composite plate; for the thickness of the second crys­
tall, we must take the difference of the thicknesses of the two 

plates cut from it. 

In the case of quartz and calcite, we find, for the 

birefringences of the caicite plates in relation to that of the 

quartz plate: 

-- all,= 0.514 and 0,573,
 

which enables us to calculate their thicknesses: 

0,0272, - = 0,0319. 

The spacing of the bands of the composite plate.is equal 

to that of a quartz plate 1. 089 e' thick near 7, 000 A, 1. 091 el 

thick near the D line and 1. 097 e' thick near 4, 000 A. This 
composite plate is as thick as the double quartz plate, but it 
can-be used in a much wider spectral region and it gives even 

http:plate.is
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lower birefringence variations as a function of incidence since 

such variations are reduced to fourth-order terms near the 

wavelength for which the plate is calculated. 

FIRST FILTER 

The preceding calculations were worked out and checked 

on crystalline plates between 1927 and 1933. They were pre­

sented in a sealed letter delivered to the Academy of Science on 

29 May 1933. Shortly thereafter, the principal results of those 

calculations were published in the note already cited C8]. 

Construction of a first filter based on these results was 

begun in 1933. This instrument was to have a wide field and 

was to make possible isolation of a narrow spectral band; its 

wavelength was to be adjustable from the start of the ultraviolet 

to the near infrared. In the green, near line 5, 303 A, this band 

was to have a mean width of LA and was to be located about 500 A 

from nearby bands which a colored filter would easily isolate. 

To produce this result, the filter was to comprise 10 

polarizers and 9 crystalline plates with sides 25 mm long; their 

birefringences could be varied according to the principle given 

on page 16 of this paper since the three thickest plates were to 

be formed of two different crystals. 

Thick crystalline plates. Certain crystals in combina­

tion with calcite will give a high, constant birefringence in a 

very wide field and can be very thin. Unfortunately I was unable 

to obtain sufficiently large homogeneous samples of such crystal. 

Consequently, i adopted for the three most strongly birefringent 

plates the calcite-and-ouartz combination; this is thick but can 

be made easily and is perfectly transparent in the whole spectral 

range considered. 

Three composite plates were cut in 1934; they are shown 

in figure 5. 
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Figure 5. 

The three composite plates of the first filter. 

The thickest is 	 formed of a calcite plate S, 3. 635 mm thick, 

and two slightly prismatic quartz plates QI and Q2' Together 

they form a plate with parallel faces, variable in thickness 

between 63. 46 	and 63. 76 turn. The next plate, No. 8, less 

r 	 birefringent by a factor of 2, is formed of a calcite plate 1. 818 

mm thick and a quartz plate for a total variable thickness of 

31. 66 to 31. 96 mm. Plate No. 7 likewise consists of an 0.909­

mm calcite plate and a quartz plate; this composite plate is 

variable from 15.75 to 16. 054 mm. The Q2 prisms are identi­

cal for the three plates. 

The relative orientation of the S and 0 plates requires 

exact adjustment; this can be offected easily by watching the 

appearance of the isochromatic lines at infinity given by the 

ensemble, with the green line of mercury, for example. One 

rotation of plate S around its optical axis or around an axis 

normal to the latter and parallel to its plane displaces the 

fringe system without modifying its general form and allows 

its center to be brought into the longitudinal axis of plate Q. 

One rotation of plate S around the longitudinal axis of plate Q, 

on the other hand, modifies the form of the fringe system with­

out displacing its center of symmetry. 

When the angle 	of the optical axes of the calcite and 
0 

quartz approach 90 , the fringes, which are hyperbolas at 



-3Z­

first, are enlarged and changed into a system of parallel 

straight lines, then into ellipses whose axes are parallel to 

the bisectrices of the optical axes. The eccentricity of the 

ellipses decreases, and when the optical axes are rectaigular, 

it is canceled, providing the quartz and calcite thickness ratio 

has exactly the value desired, otherwise it passes through a 

minimum and the long axis of the ellipse is then parallel to 

the optical axis of the plate that is too thick. 

Figure 6 shows a photo, reduced 2x, of the isochro­

matic lines given by the quartz of the thickest plate (63. 6 mm 

thick). They were photographed with the green line of mercury, 

X = 5,460 A, in the focal plane of a lens with a focal length of 

115 mm. The optical axis of the quartz is vertical; the lowest 

index corresponds to the horizontal direction. The lines are 

nearly equilateral hyperbolas. The degrees marked at the 

bottom permit an evaluation of the usable field, about 2. 5. 

Figure 7 shows the isochromatic lines of the corres­

ponding calcite plate, which is 3. 63 mm thick. They were 

photographed to the same scale with the green line of mercury. 

The optical axis is horizontal; as for the quartz, the lowest 

index corresponds to the horizontal vibrations. The hyperbolas 

are no longer equilateral; their asymptotes form, with this 

direction, a angles such as tan 2 a = nI/n 3 n /n 0 , whence 

a= 43o25'. Also, the differences of coefficients K and K 3 

may be seen. 

Figure 8 shows, on the same scale, the isochromatic 

lines obtained with the green line of mercury by superposing 

the quartz and calcite, oriented as in figures 6 and 7. The 

birefringence is greater than twice that of the quartz alone. 

yet the diameter of the isochromatic lines is four times as 

large. They are slightly elliptic and the long axis of the 

ellipses is parallel to the optical axis of the quartz. 

If the vavelength is changed, the ellipticity varies 

because the dispersion of the calcite is greater than that of 
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the quartz. When the wavelength diminishes, the ellipses are 

shortened along the axis of the quartz, as shown in figure 9, 

which was taken under the same conditions with the blue line of 
mercury, X = 4,358 A. 

,,l ,' '<' - " iv- '\\\\\\-- . 

. °_ -

Figures 6 and 7. 

Isochrornatic lines of the quartz plate 
and the calcite plate (thicknesses 65. 8 
and 3. 63 mmr; mrnecury line 5,460). 

Figures 8 and 9 

Isochrornatic lines of the 2 plates 
superposed (mercury lines 5, 460 and 
4,358). 

Thin crystalline plates. To give a very wide field, the 
next plate (No. 6) should consist of a 0. 455-mm calcite and a 
quartz of 7. 80Z to 8. 102 rm. The cutting of very thin calcite 
plates presents difficulties which complicate the! production of 
plate No. 6 and those that follow. These plates -can be made 

only of two slightly prismatic quartz elements. 

The total thickness of plate No. 6 can be calculated by 
replacing the 0. 455-mm calcite by the quar'tz thickness which 
gives a band spectrum with the same spacing. This thickness 
is greater in a ratio which varies with the -spectral region 
considered; this ratio equals 18. 9 in the infrared from 14, 000 
to 10, 000 A, 19 to 19. 5 in the red, 19. 8 in the green and 20 to 
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20.9 in the ultraviolet. By adopting the extreme figures 18.9 

and 20. 9, we find minimum and maximum thicknesses of 16. 402 

and 17. 611 mm for plate No. 6; the thicknesses of plates 5, 4, 

etc... can easily be derived from these thicknesses. 

The field of the filter is limited chiefly by plate 6. 

For 5, 303 A, this plate contains 296 wavelengths; a relative 

birefringence variation of 1/2, 960 causes the transmission of 

this plate to pass from unity to cos 2r/10, or 90. 5%. Similarly, 
2

plate 5 transmits cos w/Z0, or 97. 5%, etc. It finally passes 
87%.-

This weakening corresponds to an angle of incidence i 

so that i3i = 1/2,960, whence i = 0. 04 radian, or a field with 

a diameter of 4036!. Plates 9, 8 and 7 together would give a 

larger field in the relation 43717 = 2. 2, or 100 of diameter. 

In order to have the maximum field, I studied another 

solution for plates 6, 5, and 4, viz. , to take a calcite thick 

enough so that it could be cut easily and to combine it with 
two quartz plates, one of which has its axis parallel to that of 

the calcite and the other with its axis perpendicular to it. The 
thicknesses of the two quartz elements were figured in such a 

way that the fringes would be circular and that these plates 

together would give a band spectrum whose maxima would have 

the desired spacing. The sum of their thicknesses would have 

to be almost the same as if they had parallel axes; the dimen­

sions of the isochromatic lines would remain the same, and 

only the birefringence would decrease. 

Unfortunately, the dispersion of such a combination 

differs greatly from that of double quartz-and-calcite plates. 

This increases the stray light as soon as one departs from the 

wavelength for which the filter is set. To use this arrangement 

in widely different spectral regions, the thickness of one of the 

quartz plates would have to be made variable by as much as 

twice the thickness of the calcite, depending on the spectral 

region used. 
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General arrangement of the instrument. The filter was 
to comprise 10 Glazebrook-type polarizers, measuring 20 mm 
to a side and 40 mm thick, 3 calcite-and-quartz plates with 
total thicknesses of 67. 3, 33. 2 and 16. 9 mm, variable by -0o. 15 
mm, and 6 quartz plates 17, 8. 5, 4. 25, 2. 125, 1. 062 and 0. 531 

mm thick and variable by 13% ±_120 j. (the thickness which corres­
ponds to a half-wave for the Zjj radiation), or 10. 63 mm for the 

thickest and ±0. 15 mm for the thinnest plate. 

The total length of the polarizers was therefore to be 
400 mm; that of the'plates about 153 nim; consequently, the 

total thickness of all the optical components was to be about 

553 mm. 

The following arrangement was adopted to keep this 
great thickness from reducing the field of the Instrument: 

The optical components are divided into 3 groups (fig. 10). 

{', l,,
-, , 
 - - ,,
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L - I 

LI I . LI,..... 

Figure 10
 

Diagram of the first filter.
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The first group includes 4 polarizers Pl' P, P3' P4
 
and plates 9, 2, and I; its overall length is 235 mm;
 

The second group includes 2 polarizers P5' P6 and 

plates 6, 5, and 4; total length: llmm; 

The third group includes 4 polarizers F7' P8' P 9 , P1 0
 

and plates 8, 7, and 3; its overall length: 217 mm.
 

Each of these groups is contained in a glass tube closed 
by two end glasses L1 and L and filled with a liquid whose index 

is close to 1. 5. This liquid almost entirely eliminates light 
losses by reflection; moreover, it improves the images by 

nullifying the wave surface alterations produced by surface 
defects of the optical components. If a liquid such as carbon 

tetrachloride, which has no absorption band in the near infrared, 

is chosen, the filter can be used to 2 microns. 

An even number of polarizers is used in each group; 

they are crossed two by two to avoid the astigmatism which 

they would otherwise introduce on non-parallel light beams. 

The three tubes are placed end to end behind a tele­

scope. The first tube's entry face, located behind focal plane 

F 1 of the telescope, is a plano-convex lens L 1 with a focal 
length of about 220 mrn in air which images the telescope lens 

in plane M, near the middle of the second tube. 

Between the first and second tube is a lens 0 1 with a 
focal length of about 180 mm in air which forms, at infinity, 

an image of focal plane F 1 of the telescope. Between tubes 2 
and 3 is an identical lens 02 which forms, outside the instru­
ment in F 2 , 17 mm from the exit face, a second image of the 

telescope's focal plane; this is the final monochromatic image. 

The lenses can be worked out so that they correct the 

curvature of the field introduced by piano-convex lens L I . 
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The beam opening is limited by the polarizers, whereas 

the field is limited chiefly by the birefringence variations of 

the thickest quartz plates (nos. 6, 5, and 4) as a function of 

the inclination of the rays. 

The rays which are parallel to the filter's axis and 

which pass through the edges of the polarizers of the first tube 

are generatrices of a cylinder with a square base, 20 mm x 

20 mm. Lens 01 changes this cylinder into a cone whose ver­

tex is 265 mm from this lens. The section of this cone through 

plane M, located in the middle of the second tube, 73 mm from 

01, is a square 14. 5 mm x 14.5 mm. If we circumscribe this 

section by a diaphragm with 14. 5 mrnm sides, the field of full 

light covers the whole entry face of the first polarizer. If we 

increase this diaphragm up to 20 mm, the field of full light 

decreases and is finally reduced to the central point. 

As we saw on page 34, the angular field of plates 6, 5, 

and 4 together is a square with sides of 0. 08 radian in air, or 

0. 053 radian in liquid. On the entry face of the first polarizer, 

it corresponds to a square of 0. 053 x 265 = 14 mm per side; 

hence this face does not limit the field. The same argument 

is applicable to the exit face of the last polarizer. 

. Under these conditions, it is advantageous to increase 

the focal lengths of lenses 0 and 02 by a few centimeters. 

Then the spots can be avoided which would be produced by 

defects of the optical components located near the entry and 

exit focal planes; at the same time, the useful aperture of the 

instrument is increased slightly. 

Observed from the entry face of the first polarizer, the 

14. 5 mrndiaphragm which would be placed in the center of the 

filter would subtend an angle of 14. 5/265 = 0. 055 radian. In 

air, this angle becomes 0. 055 x 1.5, or 0. 082 radian. 

The filter, placed behind a telescope with a 12-cm aper­

ture and a i. 50-m focal length, would give a field of 0. 0097 
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radian, or 331 and would permit observation of the whole 

sun. 

Adjustments. In order to isolate a radiation of any
 

given wavelength Ko, it is necessary to:
 

1. Give each filter plate a thickness for which one of
 

its transmission maxima has X0 as its wavelength;
 

2. Choose for each of the plates 8, 7, etc. , of decreas­

ing thickness, that value for which, near k, the quotient of the 

spacing of its maxima divided by the spacing of the maxima of
 

plate 9 (the thickest) is closest to 2, 2 2, 2 3, etc.
 

This result could be obtained by trial-and-error, but it 

is much better to prepare a table which gives, for a given tem­

perature and for each wavelength, the thickness which must be 

given to each o'f the 9 plates. This thickness is shown by a 

scale marked on the edge of plate Qz; it can be varied by slid­

ing this plate in its plane with the aid of a ratchet. The ratchets 

can be actuated from outside by metal rods which traverse the 

end faces through ground joints. 

The three tubes are enclosed in a thermostat which 

keeps temperature constant to within one-tenth of a degree. 

SECOND FILTER 

Construction of the first filter was interrupted in 1934 

because of lack of the calcite needed for cutting the polarizers. 

Some years later, polaroid sheets appeared and quickly became 

a commercial product. 

With this new, very thin type of polarizer I could reduce 

the filter length considerably and thus simplify its optical sys­

tem while preserving an adequate, although weaker, field. 

Furthermore, to study the sun, I did not have to isolate 

every wavelength (as could be done with the first filter), but 
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only the principal radiations of the chromosphere and corona; 

however, in certain cases it was useful to isolate them simul­

taneously. 

These conditions induced me to apply the same principle 

to a second, simplified filter; its characteristics are as follows: 

Characteristics of the second filter. The principal part 
of this instrument, shown in fig. 1, consists of six quartz plates 

1, 2, 3, 4, 5, and 6, each with parallel faces 36 mm square. 
The optical axes of these plates are parallel to the entry and 
exit faces and to one of their sides. They are superposed, as 

their optical axes are parallel; each of them is twice as thick 
as the preceding one. Polaroid sheets PI, P., etc.... are 
placed between these plates, before the first one and after the 

last one; their planes of polarization are parallel to each other 

and are oriented at 45 to the optical axes of the quartz. 

As we have seen, the spectrum of the light transmitted 

by this ensemble consists of a small number of narrow, regu­

larly distributed bands, whose positions and spacing are deter­
mined by the thickness of the thinnest plate; the thickness of 

all the other plates may be derived from this one by doubling. 

I tried to give this thinnest plate a thickness such that 
few radiations would be transmitted, and that six of them 

should have wavelengths as close as possible to those of the 

four main chromospheric, and two main coronal, radiations of 
the visible spectrum, viz.: for hydrogen: H and HP; for 
helium: D3 ; for magnesium: b, and for the corona: the green 

and red lines 5,302. 8 and 6, 374. 5 A. 

Fortunately, the distribution of these six radiations and 
the dispersion law of quartz agree so well that these six condi­

tions are fulfilled satisfactorily for a thickness of Z. ZZ mm. 
With this thickness as a design constant, and knowing that wave­

lengths decrease by 1. 04 x 10- 4 per degree of temperature 
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increase, the temperature of the filter need be iaried only 

slightly to make one of its transmitted radiations coincide 

exactly with the radiation to be isolated. 

The first column of Table I shows the six radiations 

chosen. Column 2 gives their wavelengths X. The third col­

umn gives the retardation 6/%introduced by the thinnest plate 

at a temperature of 30 for each of the six radiations. This 

retardation, expressed in wavelengths, is almost equal to an 

integer plus 1/2; perfect-equality occurs at a temperature T 
odifferent from 30 , as given in the fourth colunrn. At this 

temperature the filter isolates exactly the corresponding radi­

ation, if care is taken to place the thinnest plate (with an uneven 

number of,half-wavelengths) between crossed polarizers. The 

other plates, double, quadruple, etc. the thickness of the 

thinnest plate, contain whole numbers of waves and must stay 

between parallel polarizers. 

It can be seen from the Table that the coronal red and 

green lines 6,374. 5 and 5,302.8 A are isolated at very similar 

temperatures: 38. 60 and 40.20; indeed,, the retardations they 

experience in quartz at 300 are in a ratio almost equal to 38.5/ 

31. 5, or 11/9. 1 measured this ratio; it varies very slightly 

with temperature: 11/9 + 2/10, 000 at 490 11/9 + 1/10, 000 at 00. 

TABLE I 

.on -	 k,:;7 T 
A 

........... C).(i .o,537 	 4 ­l) 01;2.S 47.5­
1' corona ...... .37.. :i, , 3S.&' 3n,4" 
) . . . . .... 5, 1 34,441 14,00 14.!" 

* 	 corona ...... )2..344 40.2" 39,4o 
......... ...... 5 3!9.52 : .to 315 10 

:I. ... ......... 4 S61 .3 42.457 21.1 ) 10.60
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This peculiar property of quartz enabled me to isolate 

simultaneously the two principal coronal radiations by slightly 

modifying the thickness of the two thickest plates of the filter. 

I reduced the sixth plate, 71.144, mm thick, by a thickness 

corresponding to a yellow wavelength, or 64 t; the fifth plate, 

35. 572 mm, by a thickness corresponding to a yellow half-wave, 

or 32 ± and placed it between crossed polarizers. This slight 

modification did not cause any appreciable change of the filter's 

properties in the visible spectrum. 

The last column of the Table gives the T' temperature 

at which the filter, thus modified; functions. T is equal to T 

in the yellow, is a little higher in the red, a little lower in the 

blue, so that the two coronal lines are isolated at exactly the 

same temperature 39. 4 ° . In addition, chromospheric D3 and 

H radiations are isolated a:; closer temperatures than before: 

14.9 and 19.60. 

Figure ii (Plate 1) shows five spectra of the light trans­

mitted by the filter at the different T' given in Table I, in the 

in the green and blue at the bottom.red and yellow at the top, 

Gmparison solar spectra taken with the same slit are inserted 

between these spectra. On them we recognize the principal 

solar lines: at the top from right to left, H and the two D lines 

of sodium; at the bottom from right to left, the triplet of mag­

nesium and the H line. 

Between 6,600 and 4,800 A, the filter transmits 13
 

narrow bands; the sixth principal radiation from the right is
 

not visible on the figure.
 

At 150, the 5th band, of 34. 5 order, coincides exactly
 

with the D 3 line of helium (invisible in the solar spectrum).
 

At 19. 60, the 13th band, of 42. 5 order, falls exactly on 

HP 
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At 35. 10, the 10th band, of 39. 5 order, coincides with
 

one of the lines of magnesium, b1 .
 

At 39.40, it can be seen that the 2nd and 9th bands, of 

31. 5 and 38. 5 orders, coincide simultaneously with the red and
 

green lines of the corona (invisible in the solar spectrum).
 

Lastly, at 47.50, the first band, of 30. 5 order, coincides 

with the H line. 
a 

One of the radiations transmitted by the filter can be 

separated at will by adding, after the filter, a group of three 

thin quartz plates, whose retardations for the D 3 line are: 17, 

8. 5 and 4. 5 waves. The first plate must be placed between 

parallel polarizers, the second between crossed polarizers. 

If the third is between crossed polarizers, the ensemble trans­

mits only bands D 3 and H ; if it is between parallel polarizers, 

the ensemble transmits bands H and 5, 302. 8 A of the corona. 

Gelatine or colored filters can be used to separate the remain­

ing radiations, if desired. 

Another group of three plates, producing retardations 

of 18, 9 and 4. 5 waves for line 6, 374 A, transmit the two cor­

onal lines simultaneously, excluding the other radiations. 

It is surprising to see the same instrument satisfy 

such a large number of independent conditions. indeed, the 

probability that it would be possible to isolate six radiations 

in this way in the interval of 150 to 480 without having the total 

number of bands transmitted between 6, 600 and 4, 800 A exceed 

13, was about 1/400, and the probability that the temperatures 

relative to the two coronal lines would not differ by more than 

2 was about 1/4, 000. If one takes into account the filter's 

other properties, such as the small temperature deviation 

between D3 and H and the regular distribution of'the Ha, D3, 

5, 303 corona and H bands which makes it possible to separate 

them at will with a single group of three plates, the probabilities 
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are'of the order of 1/100, 000. The simultaneous realization of 
such a large number of conditions is therefore partly the result 

of chance. 

The filter also has' other properties for which it had not 
been calculated: e. g. , with it one can make the bands of 35. 5 
and 36. 5 orders coincide with coronal line 5, 694 and line 5, 577 
of the night sky and polar aurora. 

Construction of the filter. The six plates were cut from 
the most homogeneous parts of some fine quartz samples. The 
sixth and fifth, 71. 080 and 35. 540 mm thick, were formed by 

two plates superposed of half-thickness; hence, if necessary, 
their field could be increased by inserting a half-wave plate as 

explained on pages 24-25. 

The birefringence of the plates was then compared
 
directly two by two by an interference method by which the
 
difference in index between the 
samples and between parts of
 
the same sample could be corrected by retouching the faces
 
of the plates. 
 This brought their thicknesses to the desired 
values at all points with a tolerance of better than one micron 
and, thus, the phase shifts introduced by the various plates 
were accurate to a value of less than 2/100 of a wavelength. 

The six quartz plates and the seven polarofds were
 
stacked and cemented with Canada 
balsam between two end 
glasses to avoid light losses by reflection and to improve the 

images. 

The ensemble formed a square-based parallelepiped, 
150 mm long and 36 mm per side. This parallelepiped was 
placed in a tube of thick aluminum whose cylindrical outer sur­
face was 64 mm in diameter; its conical inner surface measured 

48 rmm and 52 mrnm at the ends. 

The space between this tube wall and the optical compo­
nents was filled completely by four aluminum blocks having one 



plane side, facing the optical components, and one conical side, 

facing the tube's inner surface. By pushing slightly on these 

blocks, one could reduce the play as desired and insure a good 

thermal contact between the quartz elements and their mounting. 

An even layer of silk-insulated copper wire, bakelite­

bonded and covered with an insulating sheath of wool 2 mm thick, 

was wound around the entire cylindrical outer surface of the tube. 

This winding, shown schematically as A in fig. 12, had a 

resistance of 60 ohms and constituted one of the arms of Wheat­

stone bridge ABCD. The comparison resistance, B, also 60 

ohms, made of manganin, was entirely independent of the teM­

perature. Arms C and D, also of 60 ohms, were identical and 

were made of constantan. 

4---4"'m'
 

N,-

II-,
A " 

40-

Figure 12 

Diagram of Wheatstone bridge and thermostat. 
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A potentiometer E of 5 ohms and 800 turns of manganin 

was used to balance the bridge. When this balance was achieved, 

microammeter F with'a range of ±100 sa, connected diagonally, 

acted as a null detector. A temperature variation of a few hun­

dredths of a degree produced an observable deflection. 

The position of the sliding contact which produced the 

balance depended solely on the resistance of the winding of the 

filter, hence on its temperature. This sliding contact had a 

needle which moved over a scale giving the filter temperature 

to a tenth of a degree, between 00 and 550 

The mounting had a longitudinal hole in which a ther­

mometer could be placed to calibrate the bridge; it followed 

the temperature variations of the winding very rapidly. The 

balancing of the quartz elements, which was checked optically, 

took longer; for example, if the temperature of the winding 

were adjusted to 47.50 with the bridge, prominences would 

appear in 1 minute and shine with full brightness in 3 minutes. 

The instrument was provided with a very simple tem­

perature regulator, consisting of three cascade relays. The 

first relay G had a rotating loop connected to the two terminals 

of microarnmeter F located in the diagonal of the bridge; a 

current of 1 1ia sufficed to operate it because it cut off a current 

of 100 pLa only. The current was sent in turn into the rotating 

loop of a second-similar relay H, which sent a current of 0.1 a 

into the electro-magret of a third vane-type relay I. The latter 

short-circuited an adjustable resistor J, cut in on the current 

feeding the bridge; this current was taken off from a 110-volt 

d-c line through a resistor K. The auxiliary current of the 

relays was provided by a battery. 

If the temperature was higher than that indicated by the 

potentiometer needle, the first relay shifted in such a way that 

contacts were not made; the power current was too weak and 

temperature decreased. As soon as the latter fell below the 



figure shown by the needle, the first relay reversed, all contacts 

were established and resistor J was short-circuited; this 

increased the current and raised the temperature. 

Thus, the temperature of the winding oscillated from one 

side to the other of the value indicated by potentiometer E with a 

period of the order of one second and an amplitude less than one­

tenth of a degree. The temperature of the mounting and the 

quartz elements did not experience these oscillations, but 

remained remarkably constant during a whole day. 

The power consumption of the bridge was always less 

than 1. 5 a. 

Figure 13 (Plate II) shows the Wheatstone bridge built in 

the form of a panel 50 cm square and 16 cm thick. At the bottom 

is the annular coil of the potentiometer, surrounded by its scale; 

to the right and left of the needle's axis are the two arms of the 

bridge; at the top, arranged horizontally the balance resistor 

and the two-contact power resistor. To the right is the zero 

microammeter; to the left, an ammeter which shows power con­

sumption. At the bottom, to the left, the lead-in of the 110-volt 

supply; at the right, the leads to the filter. Behind the panel are 

the three relays of the thermostat as well as a fourth relay 

designed to shunt both the microamrnmeter and the first relay to 

protect them from surges that might break a conductor in the 

filter circuit; the rotating loop of this relay is connected to the 

microammeter terminals. 

This thermostatic system is very convenient; the filter, 

which is not very bulky, can easily be placed behind a corono­

graph or telescope; a flexwire, 1. Z mm, links it with the Wheat­

stone bridge; the latter is more bulky but can be placed on the 

ground or on the observation ladder. 

First observations. The filter, completed in June 1939, 

was adjusted the following month at the Pic du Midi and installed 

on the coronograph eyepiece tube behind the instrument's lens. 
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It was preceded by-a divergent lens which returned, at infinity, 

the image of the coronograph's occulting disk and was followed 

by a lens which formed, in an eyepiece or on a photographic 

plate, the monochromatic image of this disk surrounded by the 

corona and the prominences. 

The filter was placed in parallel light and each point of 

the final image was formed by a beam of parallel rays through 

the filter. Under these conditions, the transmitted wavelengths 

were the same for all the rays of a beam;, on the other hand, 

the wavelengths varied according to the angle these rays made 

with that normal to the filter plates, hence from one point of 

the field to another. 

As we have seen, an inclination of 1019! produced, in 

the most unfavorable directions, a relative wavelength varia­

tion of 1/10, 000, which is admissible; therefore, a field of 

2038! could be used. The free aperture of the coronograph was 

usually 120 mm; the corresponding diameter of the beam through 

the filter was Z0 mm; consequently one could observe, without 

troublesome change of wavelength, a field of 20 38' x 20/120 = 25', 

or 5/6 of the solar diameter. 

Observation through the eyepiece disclosed the following 

phenomena: When all the bands transm-nitted by the filter were 

allowed to pass, the sky around the sun showed a dark brown 

tint, which was due to the polaroids. By increasing the tempera­

ture progressively, at 15 the prominences were seen to appear 

brightly against a dark background in yellow with the helium D 3 

radiation; then, at 19. 60, they were illuminated in blue with 

hydrogen HP; near 170 they showed an intermediate coloration, 

greenish in cast which turned to blue or yellow on the points 

which move with positive or negative radial velocities. Near 

210 they disappeared. 

At 35 the most intense prominences again appeared, in 

green, with magnesium 5,183 A. 
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At 39.40 the corona appeared again, simultaneously 

with its radiations 6, 734 and 5,303 A; the latter was dominant 

and gave the corona a vivid green color; numerous details 

were visible. Simultaneously, the prominences were already 

showing in dark red through the polaroids because of the great 

intensity of H a ­

° At 47. 5 , finally, the prominences shone bright red 

with H 

When the band corresponding to H was isolated, the 

solar limb could be allowed to exceed the coronograph occulting 

disk without dazzling the observer; the chromosphere appeared, 

adding to this edge a multitude of little jets. 

The prominences could be photographed even under poor 

atmospheric conditions, e.g. , through cirrus; two good films 

were obtained thus, on ii August 1939 from 0836 to 1803 and on 

12 August 1939 from 0737 to 1205. Figure 14 (Plate I) shows a 

picture from the second film: the sun's rim slightly exceeds 

that of the coronograph's black disk and is fringed by the chromo­

sphere. The watch dial photographed at the left of the film frame 

gives the time of the view, 1126. 

On the other hand, by isolating the bands corresponding 

to the green or red line, we could photograph the corona with 

its monochromatic radiations. Figure 15 (Plate L) shows the 

first monochromatic photograph of the corona thus obtained with 

the green line on 10 August 1939 at 0920 on the west solar limb. 

The sun measures 60 mm in diameter on the negative; exposure 

time was 10 minutes. This image is very different from an 

ordinary photograph taken in total light; the jets have much 

greater contrast and appear against a dark background; they 

show more numerous details, and one of them may be followed 

up to a height of 8', more than half of the solar radius. The 

same image, taken shortly after with the red line, shows very 

different details. 
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New calcite polarizers. Despite these highly encouraging 

results, the filter had several drawbacks, attributable to the 

polaroids. 

1. In the green, the polaroids strongly absorbed the 

light and reduced the filter transparency to 13%; in the blue, they 

absorbed even more. 

2. In the red they were less absorbent and the filter 

transmitted 21%, but they did not polarize the light completely, 

and the non-polarized radiations, of various wavelengths, had 

a-higher total intensity than that of the transmitted bands. 

Therefore, the equivalent width of the filter, which should have 

been appreciably equal to the half-width of one of these bands, 

i.e. , 3 A, reached 7 A for H . The chromosphere was visiblea 

on the disk, but could be seen only with difficulty; only the most 

intense filaments could be observed. 

3. Furthermore, the polaroids diffused the light strongly; 

they did so to such a degree that in order to see the prominences 

,or the chromosphere at the limb well, almost the whole solar 

disk had to be masked. 

4. The thickness of the polaroid sheets was irregular, 

which usually produced streaks. These defects were lessened 

considerably by immersing the sheets in Canada balsam of 

similar index, but they did not disappear entirely and interfered 

somewhat with the sharpness of the pictures. 

In view of all these drawbacks, I decided to return partly 

to the original project and to replace the polaroids with calcite 
polarizers as soon as I could obtain the necessary material from 

which to cut them. Fortunately, in the fall of 1939 the Societe 

l'Optique Scientifique processed a fine rhombohedron of Iceland 

spar and production of the polarizers was begun at once. 

In order to reduce both their thickness and the amount of 

material needed, these polarizers were composed of birefringent 
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prisms, one of calcite and one of glass, of the same angle; 

these were joined by one face with their bases opposed so that 

their edges and exterior faces were parallel. 

The angle of the prisms was 16 401 and their exterior 

faces were 36 mm square. Thus the combination formed a 

parallelepiped 14 mm thick. The optical axis of the calcite 

was parallel to the exterior faces of the polarizer and to one 

of their diagonals. The glass prism was cut from crown fluor 

whose index for the D line, 1.4895, was chosen as close as 

possible to the extraordinary index of calcite, 1. 4864. 

We caused a ray of natural light to fall on the polarizer 

approximately normal to its faces; at the exit we obtained an 

extraordinary ray which passed through the ensemble almost 

without deviation, and an ordinary ray, for which the calcite 

has an index of 1.6583, which was deflected 307! toward the 

base of the calcite prism. 

This arrangement offers two advantages: it is suffi­

cient to substitute the birefringent prism for one of the polar­

oids of the filter; the undeflected ray vibrates at 450 from the 

sides of the quartz plates, hence along one of the bisectrices 
can be rotated 900

of their optical axes. Also, this plane 

without changing the direction in which the ordinary ray is 

deflected, simply by turning the polarizer around an axis 

perpendicular to its edges, thus reversing its faces. 

Figure 16 shows the assembly diagram of the filter 

with the birefringent polarizers: the sign + indicates on which 

side the optical axis of each of them is ahead of the image 

plane. The seventh polarizer, placed outside the mounting, 

is not shown. The filter is operated in the same manner as with 

the polaroids, except that a diaphragm whose image at infinity 

circumscribes the field is added in the focal plane of the lens 

which precedes the filter. Several images of this diaphragm 

can, in fact, be observed in the focal plane of the lens which 

follows the filter: 
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1. A direct, undeflected image, A, which is the one 

that will be used; 

2. Below, in B, 7 superposed images, formed by the 

rays deflected once by each of the 7 prisms; 

3. Below, in C, Z1 superposed images, deflected twice 

by each of the double combinations of the 7 prisms; 

4. Also below, in D, 35 superposed images deflected 

three times by each triple combination of the 7 prisms; 

5. In E, 35 superposed images, deflected four times; 

6. 21 superposed images, deflected five times; 

7. 7 superposed images, deflected 6 times; 

8. 1 image, deflected 7 times. 

The last images cannot be detected under normal condi­

tions, for their rays do not leave the filter. 

The diaphragm which limits the field is given a height 

which leaves the first image completely separated from the 

others. This height, which must not exceed 3071, is more than 

sufficient to allow the use of all the field in which the wavelength 

is practically constant. In the eyepiece one observes only the 

direct image A; contrary to what one might expect, the 127 

unused images do not represent any loss of light; as a matter-of 

fact, the wavelengths are not the same as that qf the radiation 

isolated in the direct image; none of them contains this radiation. 

The transparency of the filter is no longer limited except 

by the need for polarizing the light; it is much greater than with 

the polaroids, reaching 40% in the entire visible spectrum. 

Polarization is complete for all radiations. There is no 

longer any stray radiation, and the equivalent width of the filter 

becomes equal to that of a band, i.e. , 3 A in the red. 

I 
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One would expect the 127 unused images to produce a 

strong diffused light, but this is not the case; the diffused 

light is nuch lower than with the polaroids. 

• -- ::... .... .. .. . .. **.-.I,­

--.. -'-.-,. . . ...... . ... .. " ... . . ...--..... 

'I . , . .. .. 

* I 

I o ---. t 

Figure 16 

Diagram of the second filter with 
birefringent polarizers and arrange­
ment of the images given by this instru­
ment. 

Lastly, the faces of the calcite prisms are much more 

regular than those of the polaroids and, cemented with Canada 

balsam, they make it possible to obtain perfect images, pro­

vided the beams passing through them are sufficiently parallel, 

i. e. , that they do not converge at less than 3 meters distance. 

The index and especially the dispersion of the crown 

fluor are not at all the same as those of the calcite for the extra­

ordinary ray; this gives rise to a slight deflection of the direct 

beam and a dispersion which is troublesome when observations 

with several radiations are made simultaneously. This disper­

sion is compensated, for the green and the red, by adding a 

small-angle direct-vision prism to the left end of the filter. 
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New coronal observations. The monochromatic filter 

with its calcite polarizers, mounted behind the coronograph 

of the Pic du Midi, gave brighter and sharper images in 1941 

than in 1939, when it had polaroids. 

When H was isolated, the chromosphere appeared at 

the solar limb without any need to mask the rest of the disk; 

filaments and some flares in sunspot groups were seen simul­

taneously. 

When the red and green coronal radiations were allowed 

to pass at the same time, the corona appeared with a vivid green 
hue because the eye is more sensitive to this color, but certain 

parts were seen to be strongly shaded with red; some of the jets 
which do not emit green radiation were even distinctly red. In 

the-red, the instrument gave more sharply contrasted photo­

graphs than in 1939; exposure times were shorter, especially in 

the green. 

Figure 17 (Plate III) shows the green corona of 3 Septem­

ber 1941 at 0805, recorded at the west limb, with a 6-minute 

exposure. On the negative the solar image measures 70 mm 
in diameter; the corona has a very complex structure, seem­
ingly formed of entangled arches, fine jets and small bright 

clouds. 

Below, we see the red corona photographed at the same 

place 15 minutes later, with a 7-minute exposure. Its structure 

is much simpler and the arches stand out better. The large jet 

of the red image, to the left at the boitom, is weak and short on 
the green image; farther to the left, a parallel jet, more intense 

in the green, is invisible in the red. The most intense jet of the 

green image, in the upper right, is very weak on the red image, 

where only its outline is seen. In the center, the same arches 

appear on both images, in the green with a knotty structure, 

and sharp and regular in the red. 



-54-

Generally speaking, the green and red coronas differ 

from each other as much as the chromosphere photographed 

with hydrogen and calcium; these two kinds of images also 

differ greatly from that obtained without a filter with the con­

tinuous spectrum. 

of 15 Sep-Figure 18 (Plate III) shows the green corona 

tember at 1125, on the east limb. The jets, generally double, 

seem to fold back toward the interior of the luminous mass, 

like the petals of a rose. 

Figure 19 (Plate III) represents the green corona of 

14 September at 0900, to the west. The concentration of light 

very dark intervalat the equator is much less marked and a 

may even be seen in the center. These is no arch but only 

incurred jets. 

THREE-COLOR CINE PHOTOGRAPHY 

Radiation separator. During 1940 and 1941 1 studied 

and adapted for use with the monochromatic filter a radiation 

hree differentseparator and a cine camera which allowed 

radiations to be filmed simultaneously: green coronal line 

5,302. 8 A, red coronal line 6, 374.5 A and the H line of 

The first two radiations were iso­prominences 6, 56Z. 8 A. 
° 


lated at 39.4, but the third was isolated at 47.5 whereas at
 
of the filter,
39.40 it was strongly absorbed by the fifth plate 

36 mm thick, the wavelength of the nearest filter band being
 

employed the following method to
6, 562. 8 5. 6 = 6, 568. 4. t 


avoid this:
 

Since the plates of the filter can be placed in any order, 

figure Z0) last. I replaced theI placed the 36 mm plate (A in 


exit polarizer by a double-image calcite-and-glass prism B,
 

which separated the rays in a plane perpendicular to that of
 

the other polarizers; the sign - indicates on what side the
 

optical axds of the calcite is ahead of the image plane;
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PLATE Ut 

Figure 17. 	 Green corona and red corona at the west limb, 
3 September 1941, 0810. 

at the east limb, 15 SeptemberFigure 18. 	 Green corona 
1941, 1125. 

at the west 	limb, 14 SeptemberFigure 19. 	 Green corona 
1941, 0900. 



-56-

PLATE IV 

Figure Z3. 	 Portion of 3 simultaneous films o1 ii August 
1941 (08ZZ and 0824) red line, H line, green

aline. 

Figure 24. 	 Portion of 2 simultaneous films of I September 
1941 (1225 and 1226), red line and H line. 

ORIGInyAL PAGE IS 
9F POOR QUALrry 
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Figure 20 

Diagram of the radiation separator 
placed after the filter. Arrangement 
of the images. 

I obtained two series of pictures, F and G, in this way. 

Series F was produced by the extraordinary ray of prism B; 

the upper picture contained the normal radiations of the filter, 

each consisting, as shown by the carve beneath it, of a princi­

pal maximum and weak secondary maxma. At:39. 40 one of 

the transmitted radiations coincided with the green coronal 

line; another coincided with the red line. 

Picture serfis G was produced by the ordinary ray of 

prism B; the upper picture of this series contained double 
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radiations; in fact, for this ray, the 36-mm plate absorbed the
 
center of the radiation transmitted by the rest of the filter; it
 
passed, on each side, 
 two bands with an intensity of 0. 44. The
 
band of wavelength 6, 568.4 A was 
split into two components 
11.6 A apart,the weaker of which, wavelength component 6, 562. 6 
A, practically coincided with H .
 

In the next position I added a quartz plate E, 1. 0966 mm
 
thick, and a Wollaston-type birefringent prism CD whose split­
ting effect was 
twice that of the preceding one. This combination 
separated the whole bands from the split bands and finally obtained 
the following result: 

There were 4 series of pictures, H, 1, 1, K; only the first 
picture of each series was of interest. 

Image H, which was formed by an extraordinary ray in 
prism B and an ordinary ray in prism C and will be termed "odd," 
contains the whole bands, one of which coincides with the red
 

coronal line.
 

Image I, which was formed by an ordinary ray in prisms B 
and C and will be termed "even, " contains the split bands, one of 
which, of wavelengths 6, 562.6 and 6, 574. 2 has itsA, short wave­

length component on H a . 

Image J, which was formed by an extraordinary ray in 
prisms B and C and will also be called "even, " contains the whole 
bands, one of which coincides With the green coronal line. 

The fourth image, K, which was formed by an ordinary 
ray in prism B and by an extraordinary ray in prism C, contains 
no interesting radiation. 

The first image passed through a suitable red filter to a 
panchromatic film which recorded only the corona with its red 

radiation 6, 374. 5 A. 
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The second image passed through a darker red filter to 

a second panchromatic film which recorded only the prominences 

with the red H radiation. 
a 

The third image passed through a suitable green filter to 
an orthochromatic film which recorded only the corona with its 

green radiation 5,302.8 A. 

The fourth image was seen in an eyepiece and was used to 
keep the disk of the coronograph centered on the sun throughout 

the whole time of filming. 

Thus, the principal radiations were separated almost 

without loss of light. 

Camera. Like the mounting for the monochromatic filter, 

the three-color movie camera was built entirely by A. Martin, 

who was then the machinist at the Meudon Observatory. 

Figure 21 shows a view of the camera attached by clamp 

A to the end of tube B. 

Figure 21 
The three-color c.imera attached 
to the corono raph. 
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This tube, carried by the coronograph, contains the mono­

chromatic filter, the radiation separator and a lens with an 

800-mm focal length which forms the monochromatic images 

on the three films and in the eyepiece. In order to install the 

complete unit in the dome of the Pic du Midi Observatory, we 

had to bend the light beams back,reflecting them from a mirror 

at the bottom of the apparatus. The mirror is supported by 

three set screws, C, D, E, which regulate its orientation. 

Each of the four reflected light beams goes through an 

appropriate filter set in plane AF and reaches the movie films 

contained in box G, at the top. Eyepiece H permits observation 
of the fourth image in a fixed mirror and, if need be. the other 

three in a movable mirror attached to the shutter and operated 

by a lever; for this purpose it is provided with a slide 1. A 

box containing a watch may be attached to the end of tube F. 

The watch is then photographed automatically on each frame of 

one of the films. 

Figure 22 shows the inside of the film box: to the left 
are the three feeder spools, to the right the three take-up 

spools, and in the middle, the three film channels. Slightly to 

the right we see the three sprockets which move the film. They 

are operated by a lever, at the top, by which they can be made 

to rotate exactly one-half turn, thanks to a ratchet wheel. A 

chain, located at the bottom, transmits the movement to the 

take-up reels. At the bottom right, attached to its lens (which 

has a focal length of 80 cm), is the radiation separator. 

Motion picture films. Figure 23 (Plate IV) shows, by 

way of example, a portion of three simultaneous films taken at 
the west limb on 0 August 1941; at the top are two successive 

pictures of the red corona on which the watch dial indicates the 

hours (08ZZ at the right and 0824 at the left); in the middle are 
the corresponding pictures of the prominences with Ha; and at 

the bottom, those of the green corona. 



Figuart, 22 

Three-color can,,ra and radiation separator. 

These films were tdkcn at the rate of I picture every 

two minutes with an exposure of about I minute 50 seconds. 

With this exposure time. the r-d corona is overexposed about 
3 times: the green corona. on the, contrary. is slightly under­

exposed because of the lower sens-ttvity of the best emulsions 

in this region. The, prominencos of nori-al intensity are a 

hundred times ove rexposed %%h, n r,',-rded v ith the same emul­

sion as the red corona. but the H fIh ! August was taken 

with an emulsion ten times fastt:r, -: r, xposurt destroys 

the relief but shows very weak prIminiwues which would other­

wise remain invisible. 

These simultaneous pictures confirm the dissimilarity 

of the green and red coronas and tluv sho that the corona and 

the prominences are almost completely independent. 
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In the film of 10 August, for example, the arched 

prominence located at the left does not correspond to any 

coronal detail; it appears lightly on the picture of the red 
corona, but only because of its very great brightness. The 
hook-shaped prominence located more to the right also does 

not correspond to any definite coronal detail. In contrast 
with this, the most intense coronal jets coincide only with 

the smallest and weakest prominences. 

On the three-color films, the black disk which masks 
the sun appears edged with a double fringe, because the main 

lens of the coronograph is not achromatic; the image of the 

sun was not in focus on the disk for all radiations at one time; 
this focusing, carried out in the yellow, was mediocre in the 

green and red. 

To avoid this, in certain cases I neglected the green 
corona and took only the red corona and the prominences, 

which allowed me to place the disk at the focal point, reduce 

the exposure time to 50 seconds, and take one shot per minute. 

Figure 24 (Plate IV) shows Z successive pictures from 
a film obtained under these conditions at the west limb on 
1 September 1941 at the hours indicated by the watch: 1225 at 

the right and 1226 at the left; at the top is the red corona, and 
at the bottom, the prominences with H . These pictures still 
show the complete lack of similarity between the prominences 

and the corona. 

On all films, each picture of the red corona is accom­

panied by a picture of the watch dial. Some of them, like this 
one, ran for 12 consecutive hours without interruption, thanks 
to the marvelous atmospheric conditions so frequently to be 

found at the Pic du Midi. 

All pictures, of Leica format 24 x 37 mm, were later 

reproduced on a positive with a printer which reduced them and 
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corrected for opacity differences due to the variations of 

atmospheric diffusion, according to the readings of a galva­

nometer connected to a photoelectric cell. 

Movements of the corona. These cine films allow 

solution of an important problem: Are there movements in 

the corona? 

Observers of eclipses had tried to show movements 

in the corona; unfortunately, total solar eclipses are short; 

they never last more than seven minutes and the coronal 

details, which do not have definite outlines and which are often 

projected in front of each other, do not lend themselves to 

settings exact enough so that their displacements can be recog­

nized with certainty in such short intervals of time. 

Indeed, Perrine, comparing photographs of the 1901 

eclipse and Hansky, studying those of the 1905 eclipse, found 

that the speeds of the movements should not exceed about 25 

km/sec [16]. 

Other observers have compared photographs taken at 

different stations which were crossed successively by the lunar 

shadow cone.
 

The photographs of the Lick Observatory, for example, 

taken during the 1905 eclipse.in Spain and in Egypt at an inter­

val of 70 minutes, show well-defined condensations in which 

structural details seemed to change but with speeds of less 

than 1. 6 km/sec [17]. 

On the other hand, the photographs of the Lick and 

Sproul Observatories, taken during the 1918 eclipse in the 

United States in Washington and Kansas, showed coronal arches 

which surrounded prominences and which seemed to have moved 

in Z6 minutes with speeds 6 t,"about 16 km/sec [18]. 

http:eclipse.in
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Furthermiore, n IQ . Horn d'Arturo compared the 

photographs of the Italian expedition in East Africa with those 

of Sumatra and found movements of coronal domes which con­

firmed the preceding results L.19]. 

Lastly, during the eclipse of 19 June 1936, which 
crossed all of Siberia. photographs were taken at six stations 
with standard instruments at times spaced out over an interval 

of 2 hours 13 minutes. Four stations had fine weather; the 
photos show very small displacements of jets, while small 

coronal clouds reportedly moved more rapidly, at about 4 or 

5 km/sec [20]. 

Apart fron eclipses, Waldmeier [21]. during the morn­
ing of 16 February 1939, with the coronograph of the Arosa 

Observatory equipped wLth a wide-slit spectroscope isolating 

the green line, saw two coronal arches which rose with mean 
speeds of 7. 25 and UI. 6 km/sec. This observation would seem 

to prove the existence of quite rapid movements in the corona. 

However. in 1936 19 7. and 1938. years of great solar
 

activity, in my coronal observations I frequently applied the
 

wide-slit method with the Pic du Midi coronograph, which is
 

more powerful than that of Arosa and which has a 
more disper­

sive spectroscope [22]. ;ithout obtaining satisfactory results. 
The images lacked sharpness because of the great width of the 

green line. With a fine slit, the forms could not be seen well 
because the field was too limited; with a wider slit, the continu­

ous spectrum weakened the contrasts and caused the faint details 

.to disappear. Consequently. the method would not seem to give 

sufficiently clear results to allow definite conclusions about the 

movements of the corona. 

Several hundred photographs of the coronal spectrum 

were taken at the Pic du Midi. In these photos, the lines of the 
prominences do show cons:derable movements at certain points, 

due to high radial. veloc:ties. but the lines of the corona show 



only very slight dissynmrntries and only very rarely experience 

observable deviations. Hence it seems improbable that these 

are rapid movements in the corona. To settle this question, 

one must obtain numerous good coronal images, spread, as far 

as possible, over a whole day. 

In 1938 1 took a series of direct photographs of the corona 

in total light [23]; they depicted very substantial changes in the 

space of a few hours, but were too widely-spaced in time to show 

the evolution ofta particular detail and to indicate whether the 

changes observed were really due to movements. 

The photographs of the green line and the red line taken 

in 1941 with the polarizing filter in monochromatic light show 

clearer details and more evident changes. Among the most 

interesting series, we see (fig. 25, Plate V) 8 photos of the 

green corona, at the east limb, taken on 30 July 1941. 

Between 0750 and 0905 a small cloud was illuminated in 

the main group, to the right; at 1216 it reached maximum bright­

ness, and at 1230 disappeared completely. The arches surround­

ing this cloud also underwent considerable brightness variations; 

at 1555 the right side of two of them became bright. At 0905, 

slightly more to the right, a new arch appeared; at 1116 it was 

no longer visible, but at 1330 a larger arch, concave toward the 

left, rose from the same place, by 1555 it had developed in length 

and at 1720 it surrounded the group of preceding arches. 

Figure 26 (Plate V) shows 5 photos of the red corona of 

2 September 1941, at the west limb. These images show, to the 

left of center, a large bright jet which remained practically 

constant; by the end of the day, its upper half had weakened. To 

its right is a group of arches, of which the two main ones, ellip­

tical in form, have their long axis vertical and are almost con­

centric. The outer arch reached a maximum brightness and 

sharpness at 1150; the inner arch was very distinct at 1050 and at 

1150; then its right side disappeared and its broadened left side 
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coincided with the left side of a larger, paler arch which 

remained visible all day. To the right of the group of arches 

is a small cloud which was quite bright at 0915, weakened at 

1050 and disappeared at 1150. 

These photos show considerable variations of bright­

ness, but they do not show any movement, properly so-called; 

certain parts grow bright and others dim by turns without one's 

being able to follow the movement of a given object. 

When these views are compared in a stereoscope, 

photographs taken at intervals up to 4 hours can be examined 

simultaneously without the difference in appearance of the 

corona as seen by each eye being too disturbing. The arches 

show only slight effects of relief, which correspond to relative 

movements of less than 1 km/sec; these slow movements do 

not necessarily originate in the corona; the combined effect of 

perspective and solar rotation are enough to explain them. 

Despite these negative results, more complex move­

ments might exist in the corona, e.g. , vortices, which would 

be hard to detect in isolated photographs; only time-lapse 

photographs would verify them. 

In 1939 and 1941, 1 obtained 8 series of pictures of the 

corona taken in total light at the rate of I picture per minute; 

coverseach series contains, on the average, 500 pictures and 

a period of 8 to 13 hours. Two of these series have been repro­

duced on film; when they are projected at the normal rate, i.e. 

accelerated 1200 times, they disclose no movement but only 

relative variations of intensity. 

A greater number of films was taken in 1941 with the 

monochromatic filter. They cover a total observation time of 

92 hours. Those of 10 and 17 August and 1 September, for exam­

ple, each last 12 consecutive hours. They show sharper, better 

contrasted and more abundant details of the corona than those 

taken in total light; they are also much less affected by variations 
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of atmospheric diffusion. When they are projected at normal 

con­speed, i. e. , accelerated IZO0 and 2400 times, they fully 

firm the preceding conclusions. 

While the prominences appear to be animated by very 

rapid movements, the corona in monochromatic light (either 

of the-green line or of the red line) remains entirely immobile. 

Arches, jets or clouds brighten by turns like the rays of a polar 

aurora, but no displacement can be seen. 

These series of photos and films have not yet been 

the cursory examination givenstudied thoroughly; however, 


them by no means confirms the rapid movements reported by
 

some observers. Obviously, these series of pictures do not
 

cannot exist, but they do cover a
 prove that such movements 

period of 23 hours for the photographs and 92 hours for the 

moving picture films, which is more than 10 times the total 

length of eclipse observations; moreover, they show sharper, 

corona. If movements of 
more contrasted details in the inner 


10 km/sec were as frequent as the observations previously
 

cited would lead us to suppose, the monochromatic images
 

should have-revealed them several times. 

On the other hand, the films show that the relative varia­

tions of intensity of details which partially coincide, the succes­

and arches, for example, at differentsive appearance of clouds 

distances from the sun frequently give rise to the semblance of 

could attribute to phenomenamovements. It would seem that one 


of this kind the movements which have been reported.
 

At the present, the following conclusions may be drawn 

from the evidence provided by the birefringent filter. 

form and aspect, notIn general, the corona changes 	in 

by relative movements of
like most of the prominences (that is, 


but by the appearance and disappearance
their various parts), 


and relative intensity variation of the elements which compose it.
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The coronal arches and coronal clouds, which often form 

complex ensembles, are born in one place along invisible 

trajectories which existed beforehand and whose origin and 

mode of formation we cannot explain. 

This very curious phenomenon seems quite general
 

and theories concerning the corona must take it into consid­

eration.
 

STUDY OF THE CHROMOSPHERE 

As we have seen previously, with H radiation the filter 
a
 

showed the chromosphere at the solar limb, but on the solar
 

disk itself the contrasts were insufficient; only the most intense 

filaments appeared. The chromospheric structure was difficult 

to discern; hence the filter had to be made more monochromatic. 

Arrangement. In August 1932, at the Pic du Midi, I 

added a plate to the filter; this reduced the equivalent width of 
the transmitted band on H from 3 A to 1. 5 A. To keep the 

instrument within the requisite length, I had to use a calcite 

plate; it was 3. 3 mm thick and was equivalent to a 150 mm 

quartz plate. I placed it after the filter, in the same mounting 

as the quartz elements, thus keeping its temperature at a con­

stant value of 47.5. 

This plate had not been cut for the filter: at 47. 50 none 

of its bands coincided exactly with H . In order to shift its 

bands at will in the spectra, I placed an elliptical polarization 

compensator after it. 

I cemented a quarter-wave mica plate for the red between 

the calcite plate and the end glass, and oriented its axes at 450 

to those of the calcite plate. It transformed the elliptical vibra­

tion produced by the crystal for a given wavelength into a recti­

linear vibration whose plane turned when this wavelength was 
varied. The interval between the two bands corresponded to a 

rotation of 1800. 
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I followed the quarter-wave plate with a final polarizer, 

a polaroid plate which was placed outside the filter near the 

eyepiece and which could be turned in its plane. When this was 
suitably orientated, a bright band could be brought on H ; the
 

a
 
sun then had a minimum glare. Starting from this position, the 

transmission maximum of the filter could be shifted slightly 

toward the red or toward the violet; radial velocities could thus 

be detected without varying the temperature. 

About the middle of August 1942, the filter thus modified 

was installed at the eyepiece end of the Pic du Midi telescope, 

temporarily equipped with an excellent lens -having a 38 cm aper­

ture and a focal length of 6 m, loaned by the Toulouse Observatory. 

As the unit was too long, the beam had to be bent back. 

At the telescope's focal point, a silvered copper plate A 

(fig. 27), on which the solar image formed, deflected the greater 

part of the solar rays. An aperture B, 8 mm x 12 mm, circum­

scribed the field. The rays of this portion of the sun fell on the 

total-reflection prism C, then on lens D, with a 300-mm focal 

length, which made them appreciably parallel. The rays passed 

through the monochromatic filter F, then through lens G (focal 
length: 300 mm), followed by a divergent lens H. This ensemble 

constituted a Galilean telescope which formed an enlarged image 

of the sun with an equivalent focal length variable from 15 to 25 m, 
depending on the divergent lens used; this image could be focused 

by displacing lens H with button 1. 

Next came polaroid J, cemented between two glasses, 

which could be turned in its plane with knob K to vary the wave­

length. Lastly came filter L, which selected the H band, and 

tube M at the end of which an eyepiece or a cine camera was 

placed. 

Observations. During the last part of August and the 

beginning of September 1942, chiefly in the morning, the solar 

images were often perfect. The filter didnot change appreciably 
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the optical qualities of the 38 mm telescope, which could be 

used at full aperture, thus permitting observation of the chro­

mosphere under excellent conditions with magnifications as 

high as 500 x; very fine details were visible, and the promi­

nences showed, in particular, a remarkable fibrous structure. 

In the cine camera the image of the sun on the film 

measured 15 to 20 cm in diameter. However, the great bright­

ness of the chromosphere permitted the use of high-contrast 

emulsions and reduction of exposure time to 1/40 sec in order 

to obtain sharper images.
 

'1-M
 

---------- -..
..
 

Figure 27 

Arrangement of the filter behind the 
telescope. 

Under these conditions, 130 mn of film were shot at the 

rate of 2 pictures per minute; a watch dial photogaraphed on 

each frame indicates the corresponding time. 

Plate . (figs. 28 through 37) shows portions of some 

of these" pictures, enlarged 3.f8 times; on this scale, the diam­

eter of the whole sun would be 57 centimeters. 
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PLATE V
 

Figure 25. 

Figure Z6. 

Variations of the corona 

30 July 1941, the green line, east solar limb. 

2 September 1941, the red line, west solar limb. 

YAi s 
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PLATE Vj 

Pictures of the chromosphere in 1942. 
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Figures 34 through 37 show the solar limb. The latter 

is double; it includes a very clear, perfectly circular line, the 

edge of the photosphere, which appeared thanks to the light 

transmitted by the filter on each side of the H tine and a less 

bright fringe whose outer edge is irregular; this fringe is 

merely the chromosphere seen edgewise with the H a radiation. 

Thus, the chromosphere does not appear as a homo­

geneous atmosphere, but as a multitude of luminous jets or 

sheets like small prominences which spurt from the photosphere, 

sometimes vertically, sometimes in oblique directions. They 

are projected in front of each other, giving the impression of a 

continuous fluid, but if the wavelength of the band transmitted 

by the filter is decreased slightly by turning the last polarizer, 

the jets which approach the observer appear to be more intense 

than the others; the chromosphere becomes more transparent 

and appears striated. 

On these photographs. the chromospheric fringe seems 

to be composed of three parts: 

1. A dense layer whose outer edge is quite well-defined; 

its height, variable from one place to another, is most often 

from 5" to 7", or a little more than half the total height generally 

admitted for the chromosphere; it drops at some points as low 

as 3" (fig. 36); 

2. A very faintly luminous layer, visible only in places, 

in front of prominences whose light it appears to absorb to a 

height of I to 2" (figs. 35 and 36); 

3. A series of weak jets, whose height it is hard to state 

since the highest of them may be considered very small promi­

nences.
 

When projected at normal speed, the films accelerate the 

movements from 400 to 600 times; they show that these chromo­

spheric jets are short lived, of the, order of a few minutes; they 



-74­

are extinguished while others spurt out in turn and the dense 

layer of the chromosphere seems animated by a continuous 

boiling. 

Certain prominences, generally very small. may be 
brighter than the chromosphere; when they are located behind 

the solar limb, the chromosphere, which is completely opaque 
for the radiations which they emit, is projected as a shadow 

before them (fig. 37). 

Over the whole solar disk, the chromosphere appears 
with a characteristic structure similar to that which one observes 

in the spectroheliograph with a wide slit; it is covered by small 
dark plages, variable in size and intensity. Around sunspot 

groups, these plages stretch out in radiating directions, form­
ing figures reminiscent of magnetic spectra (fig. 31). 

The spots are sometimes accompanied by bright, exten­

sive chromospheric flares, emitting a radiation with very short 
wavelength which profoundly modifies radiowave propagation. 

The observations made in 1942 with the polarizing filter show 
that besides these relatively rare and beautiful phenomena, a 

very great number of flares, whose brightness generally 

exceeds that of the continuous spectrum outside of H but whose 

diameter often measures less than I second of arc, occur around 

the spots.
 

In a small group of sunspots which formed at the central 

meridian on 22 August, as many as 17 flares appeared i e
 

hour; they lasted from 5 to 15 minutes. sometimesJonger; often 
several flares occurred successively in the ,sarnel ace. On 

Z5 August, for example, at 0655 (fig. 28) at th6"edge of the prin­

cipal spot, below and to the right, we see a sniall prominence 

projected in fron' of the sun in the form of a dark filament. 

About 0700 (fig. 29), the filament became very dark, while its 

left end was illuminated. At 0717 (fig. 30), the latter shone with 
a bright flash and extended by irradiation. At 0755 (fig.'S), it 

was completely extinguished. 
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Beginning at 0700, at the right edge of the penumbra 

of the main spot, a small point was lighted up for 10 minutes 

(fig. 29). 

At 0710, a small bright line appeared above the third 

spot from the left (fig. 30); 20 minutes later, it broadened 

and weakened to form a light plage (fig. 31). 

At 0720 two small points formed on the upper edge of 

the umbra of the spot to the right of the principal one. By 

0755 (fig. 31), they had disappeared, but a very small, very 

bright point can be seen a little higher up: two other points 

appeared under the second and fourth spots from the left. 

At 08Z8 (fig. 32), the first point was still distinct; 

the second was diffuse, and a third appeared to the right and 

a little below the second spot. 

These flares were animated at their beginning by strong 

radial velocities. If the wavelength of the filter was decreased 

by about I A, it passed chiefly the light of the continuous spec­

trum outside of H ; the sun became brighter, the chromospheric 

structure weakened considerably and one could see the much 

more compact network of the photospheric granulation. Certain 

flares were disappearing, but others were becoming brighter. 

The picture in fig. 29 and especially in fig. 33 were obtained 

under these conditions; a flare measuring I". 5 in diameter can 

be seen between the second and third spots from the right in 

fig. 33; it far exceeds the brightness of the continuous spectrum 

of the photosphere.
 

The monochromatic filter also showed the filaments. 

When these dark streamers, formed by the prominences, are 

projected in front of the brighter background of the chromosphere, 

generally they show rapid movements on the films; they spurt 

out at a given point and plunge into the regions near the sunspots. 
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Only very small filaments appeared during the observations, 

the most evident ended at the spot to the right of the main spot; 

it was intense at 0655 (fig. 28) and later weakened. 

CONCLUSION 

The birefringent monochromatic filter should have a 

wide variety of applications thanks to its high light yield and to 

the breadth of field which can be observed with it. The results 

just presented show that it constitutes a new means of investi­

gation by which we may acquire more complete data on the 

constitution of the sun. 

Manuscript received 5 June 1944 



-77-

LITERATURE CITED 

1. 	 Lyot, Bernard. "Un filtre vert, monochromatique" (A 

monochromatic green filter), Acaddmie des Sciences, 
Paris, Comptes Rendus, 200 (9): 738-739, 1935. 

(a) Lyot, Bernard. "L'observation directe des protuberances 
a Meudon" (Direct observation of protuberances at Meudon), 

Acad5mie des Sciences, Paris, Comptes Rendus, 195 (21): 
943-945, 1932. 

2. 	 Lyot, Bernard. "Resultats obtenus avec le coronograph 

de M. B. Lyot A l'observatoire du Pic du Midi" (Results 

obtained with B. Lyot's coronograph at the Pic du Midi 

Observatory), L'Astronomie, 46: 284, 1932. 

2(a) 	Lyot, Bernard. "Etude de la couronne solaire en dehors
 

des eclipses" (Study of the solar corona without eclipses),
 

Zeitschrift ffir Astrophysik, 5 (2): 73-95, 1932. N. B. p. 91. 

3. 	 Mascart, Annales Scientifiques de l'Ecole Normale
 

Superieure, 3: 395, 1874.
 

4. 	 Fabry, Ch. and A. Perot. "Sur la constitution des raies 

jaundes du sodium" (Structure of the yellow lines of sodium), 

Acaddmie des Sciences, Paris, Comptes Rendus, 130 (10): 

653-655, 1900. 

5. 	 Wood, R. W. "Trennung. eng beobachbarer Spektrallinien
 

tuun Zwecke monochromatischer Beleuchtung" (Separation
 

of close spectral lines for monochromatic illumination),
 

Physikalische Zeitschrift, 15 (7): 313-317, 1914.
 

6. 	 Wiener, 0. Zeitschrift frlr Wissenschaftliche Photographie, 

11: 	 13, 1912. 

7. 	 Priest, Irwin G. "The colorimetry and photometry of day­

light and-incandescent illuminants by the method of rotatory 

dispersion, " Optical Society of America, Journal, 7 (12): 

1175-1219, 1923. 

8. 	 Lyot, Bernard. "Un monochromateur i. grand champ
 

utilisant les interferences en lumiere polaire" (A wide­

field birefringent filter), Acaddmie des Sciences, Paris,
 

Comptes Rendus, 197 (25): 1593-1595, 1933. 

9. 	 Obman, Yngve. "A new monochromator, " Nature, 141
 

(3563): 291, 1938.
 

10. 	 Ohman, Yngve. "A new monochromator, " Nature, 141 

(3560): 157-158, 1938. 



-78­

*A)hn'an, Yngve. Popular Astronomisk Tidskrift, No. 1,
 
1, No. 2, p. 27, 1938.
 

3-.it, Bernard. "Un fi1tre monochromatique sp~cialement 
apt4 aux recherches sur le Solei1" (A monochromatic 

,..ter especially adapted for solar studies), Academie des 
iciences, Paris, Comptes Rendus, Z12 (24): 1013-1017, 1941. 

, iedentopf, H. and J. Wempe. Astronomisehe Nachrichten. 
270 (6): 273, 1940. 

, .	 Haase, M. "Interferenzlichtfilter' (Interference light filter), 
Kristall-Laboratorium der Zeiss-Werke, Jena, Mitteilungen, 
[ Reports of the Crystal Laboratory of the Zeiss plant in Jena]. 
No date. 

Evans, J. Astronomical Society of the Pacific. Publications, 
52 (309): 305, 1940. 

A' 	 Pettit, E. Astronomical Society of the Pacific, Publications, 
53 (313): 171, 1941. 

16, 	 Perrine, C. D. University of California Publications. 
Astronomy. Lick Observatory Bulletin. 1: 151, 1902. 

16(a) 	 Hansky, Pulkovo Observatory, Mitteilungen, 2 (19): 
107, 1907. 

17. 	 Campbell, W. W. and C. D. Perrine. University of 
California Publications. -Astronomy. Lick Observatory 
Bulletin, 4: 121, 1907. 

18. 	 Miller, John A. "On changes in the corona of June 8, 1918, 
Astronomical Society of the Pacific, Publications, 32 (188): 
207-214, 1920. 

19. 	 Horn d'Arturo, G. "Ecclise solare totale del 14 gennaio 
1926 osservata della Missione astronomica italiana nell' 
Oltregiuba" (The total solar eclipse of 14 January 1926 
observed by the Italian Astronomical Mission to Oltre 
Giuba), Societa Astxonomica Italiana, Memorie, Nuova 
Serie, 3: 484-491, 1926. 

20. 	 Vsessviatsky, Bugoslavskaya, and Deutsch. "Total 
eclipse of June 19, 1936," Academy of Sciences of the 
USSR, Report of Soviet expeditions, 7 February 1939. 

21. 	 Waldmeier, M. "Variationen der Koronaform" (Varia­
tions of the shape of the corona), Zeitschrift Astro­zTr 

ohysik, 20 (3): 195-213, 1940. N. B. p, 410. 

ORIGINAL PAGE IS-
OF POOR QUALITY 



-79­

22. 	 Lyot, Bernard. "Quelques observations de la couronne, 
solaire et des protub4rarices en 1935" (Some observations 
of the solar corona and protuberances in 1935), L'Astronomie, 
51: 203, 1937. 

23. 	 Lyot, Bernard. "A study of the solar corona and prominences 
without eclipses, Royal Astronomical Society, London, Monthly 
Notices, 99 (8): 580-594, 1939. N. B. p. 586. 



JOURNAL OF TIE OPTICAL SOCIETY OF AIERICA VOLUME 39. NUMBER 3 MIARCH. 1949 

The Birefringent Filter 

JoN W. EvANs 
Harvard Observatory, Harvard Universily, Cambridge, M[assachusetts 

(Received November 19, 1948) 

Optical birefringent filters, which depend for their action on the interference of polarized light, can
be designed to transmit very sharp bands (down to a fraction of an angstrom in width). The ele­mentary theory necessary for their design is given.

Three forms of wide field filters designed by Lyot are described in detail. A more recently developed
split element, wide field filter requires only half as many polarizers as the earlier types, which max
be an advantage for some applications.

Various methods of adjusting the transmission bands of a birefringent filter, including the use ofelements of variable thickness, and phase shifters are discussed. For most purposes the electro-optical
phase shifters are probably the most promising. For special purposes, such as spectrophotometry,
phase shifters composed of rotating fractional wave plates may be more advantageous. Two suchphase shifters and their application in simple and split element filters are described.A few crystalline materials which have been used or might be used to advantage in birefringent
filters are mentioned. 

Finally, the possibility of using polarizing interferometers in combination with birefringent elementsfor filters with ektremely sharp transmission bands (in the range of hundredths or thousandths of 
an angstrom) is very briefly discussed. 

L INTRODUCTION 
D URING the past few years the 'birefringent 

filter has proved an effective tool in astro-
-nomical research. Its utility, however, is not con-

fined to astronomy and the purpose of the present 
paper is partly to bring it to the attention of 
investigators in other fields, 

Briefly, the birefringent filter serves the purpose
of a monochromator over an extended field. It can 
be designed to transmit a wave-length band of any 
desired width (down to a fraction of an angstrom)
centered at any selected wave-length. It is used 
very much like an ordinary glass or gelatin filter in 
either a collimated or a converging beam of light, 
but with some limitation in field size or focal ratio, 
according to the type of construction, material, 
and band width. 

The invention of the birefringent filter is one of 
the many important contributions of the French 
astronomer, Bernard Lyot,' to instrumental as-
tronomy. He first published the basic principles of 
its oper'ation in 1933. Ohman2 independently in-
vented the filter and in 1938 constructed the first 
One to be used for solar observations, with a 

.transmission band about 4 0-angstroms wide cen-
tered on the Ia line. XVith it he succeeded in seeing 
and photographing the brighter prominences, al-
though it was evident that a much sharper band 
Would be necessary for the best results. 

In a later paper Lyot3 has given a very complete 
on of the history, theory, and construction 

ei 'nt filters. For the benefit of readers to 
-. 
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whom his papers are not readily available, the pres­
ent paper reviews enough of the elementary theory 
to suffice for the design of filters of any feasible char­
acteristics. The remainder of the paper is a discussion 
of newer developments which serve to simplify the 
construction of the filters and extend their field of 
usefulness.
 

IL THE SIMPLE BIREFRINGENT FILTER 
Several forms of the birefringent filter are 

possible, differing ,inwidth of field and complexity
of construction. They all depend, however, theon 
interference of polarized light transmitted' through
layers of birefringent crystal in the direction perpen­
dicular to the plane of the optic axes if the crystal 
is' biaxial, or any direction perpendicular to the 
optic axis if the crystal is uniaxial. 

Since we can regard the uniaxial crystal as a 
degenerate biaxial crystal, most of the following 
discussions will consider only the biaxial Letcase. 
e and w be the extraordinary and ordinary indices 
of refraction of any uniaxial crystal, and a, fl, -y be 
the smallest, intermediate, and greatest principal
indices of refraction of a biaxial crystal,respectively. 
Any expression for a biaxial crystal is valid for a 
uniaxial crystal if one of the following substitutions 
is made: 

a= ,, , and y=e if E-W>O, 
or
 

a6, j =oi, and ,, if E-<O. 
Unless otherwise specified, the mutually perpen­

dicular directions of vibration of light for which the 
refractive indices are a, 0, and -y will be referred 

to as the a-axis, a-axis, and y-axis. These arc, of 
course, the principal axes of the index ellipsoid. 
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FIG.1. Birefringent filter of three elements. 

is defined by
The quantity isyb, 
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The term "retardation" will be used to indicate a 
path difference in terms of wave-lengths, 

For brevity, the direction of vibration of light 
transmitted by a polarizer (prism or film) will be 
referred to as the axis of the polarizer, 

Consider a block of some birefringent crystal, 
bI in Fig. 1, cut with its surfaces normal to its 
fl-axis. Let light plane polarized at an angle of 
450 to the a-axis enter the crystal along the P-axis. 
In the crystal the light divides into two components 
polarized with vibrations parallel to the a- and 
y-axes, traveling with different velocities, c/a and 
c/v. On emerging from the crystal, the two compo-
nents have therefore a relative retardation of n,, 

given by: 

n = (di/X)IL, (11.1) 

where d is the thickness of the crystal in the fi­
direction, and Xis the wave-length of the light. 

If now the light traverses a-polarizer, p, (which 
may be either a Nicol or similar prism, or a film 
polarizer), with its axis parallel to the vibration 

plane of the entering light, the two components 
interfere. The transmission, i-, of the b, P, combi­
nation is: 

rl=cos,rni. (11.2)-

If white light traverses the combination, the 
spectrum of the emergent light consists of regularly 
spaced alternate bright and dark bands at wave­

lengths where n, is alternately integral and half­

integral. The transmission as a function of wave-
length is represented by curve a, Fig. 2. 

The wave-length interval between successive 
bright bands is inversely proportional to the thick-
ness of the crystal. To obtain an approximation of 

EVANS 

interval, set An = I in the equation 

X-nX/= .ax (11.3) 

We now add a second crystal, b2, and a polarizer pt 

oriented parallel to b,and pi. If d2 =2d, the trans­
mission of the 12, P2 cominu ation, represented by 
curve b, Fig. 2, is: 

=cosrna = costr 2ni. (11.4) 

The transmission of the whole assembly, b1 , pi, b., 
p2, shown in curve c, Fig. 2,is therefore: 

, = cossrnj cosI-r2 n1. (11.5) 

A third crystal element, b3, with d3= 2d2 , followed 

by the polarizer, p3, has individual transmission 

shown in curve d. The transmission of the assembly, 
to p3, is then represented by curve e, Fig. 2. 
It is evident that further crystal elements and 

polarizers can be added. The result is the basic 
type of birefringent filter, which will be termed the 
simple filter. It is comprised of a series of units, 
each consisting of a plane-parallel birefringent 
element (b-element) followed by a polarizer. -All 
b-elements have surfaces normal to their 13-axes 
and are mounted with their a-axes parallel. All 
polarizers have their axes parallel to the vibration 
plane of the entering polarized light at 450 to the 
a-axes. The thickness of the rth b-element is such 
that 

n,=2i"'n,. (11.6) 

The spectrum of light transmitted by the filter 
consists of a series of widely spaced narrow band. 
Their separation is equal to the separation of the 
transmission maxima of the thinnest element alone. 

-

b 

T 

d 

e
 

A 
Fjc. 2. Transmission curves for elements of Fig. 1. (a) ,:P.: 

(b) b~p; (c)bjpjb~p:; (d)bap,; (e) bplb.pjbsp3. 
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while their effective width is the bali-width of the 
maxima of the thickest element alone. For polarized 
entering light, the transmission of a filter of I 
5-eletnents (neglecting absorption in the material 
of the filter) is: 

2r=osrncosr2 n . -cosr2t1-n. (11.7) 

The quantity n must, of course, be an integer at 
the wave-length of the desired transmission band. 
Its magnitude should be small enough to separate
the adjacent bands sufficiently to permit the isola- a 
tion of the selected band by means of ordinary 
filters. 

It can readily be shown that the total transmis­
-sion of flux in an equal energy spectrum is 2 . 

Rtgardless of the width and separation of the 
bands, the total residual flux transmitted between 
successive principal maxima in a filter with 1>3 is 7 -, 
a substantially constant fraction (about 0.11) of 
the flux transmitted in a single band. 

The filter at the Climax, Colorado station of the 
High Altitude Observatory of Harvard University 
and the University of Colorado has been in sais-­
factory operation in the observation of solar promi­
nences since early 1943. It is a simple filter of six 
quartz elements with n1=23, n,=736, d,=1.677 Plate 1. Photographs of prominences at the limb of the 
mm, and d,=53.658 mm and has a transmission sun taken through the birefringent filter of the High Altitude
band of effective width 4.1 angstroms centered on Observatory in the light of the Ha-line of hydrogen.
the loa line of hydrogen (X6563) at an operating 
temperature of 35.5 0 C. Its purpose is to eliminate altered. The effect is simply to alter the value of 
the overpowering scattered light (continuous spec- nj in Eq. (11.7). 
trum) near the limb of the sun while still trans- Lyo& has calculated the off-axis effect for light
mitting the Ha-emission from the prominences, incident in the two principal planes normal to the 
which are otherwise completely invisible. The a- and 7-axes in a biaxial crystal cut with its 
success of the filter can be judged from the photo- surfaces normal to the #l-axis- Although the equa­
graphs in Plate I. ions are not exact, since terms of the fourth and 

In practice, a filter should either be cemented or higher degrees in i (the angle of incidence) are 
Immersed in oil to avoid multiple reflections. Initial neglected, the approximation is excellent for the 
polarization is usually obtained by a polarizer moderate angles of incidence encountered in the 
mounted in front of the first b-element with its axis use of filters. 
Parallel to the axes of the other polarizers. Lyot's equations can be very simply generalized

In any birefringent crystal, both the geometrical to give the off axis effects for light incident in any
dimensions and A are functions of temperature. plane normal to the surface of the crystal (and
The result is a small shift in the wave-lengths of parallel, therefore, to the f-axis). Figure 3 repre­
the transmission maxima when the temperature sents a block of biaxial crystal with its a-, 0-, and
changes. In quartz, for instance, AX/AT= -0.66 yt-axes in the directions indicated. Let polarized
angstrom per degree centigrade in the red. Hence light with vibrations in a plane at 450 to the a-axis 
the temperature of the filter must be controlled enter the crystal in the direction (w, 8). Here V is 
With sufficient accuracy to keep the maximum the angle of incidence, and a is the azimuth of the 
excursions of wave-length within tolerable limits, incident plane measured from the a-axis. The lightA total range of two-tenths of the effective band emerges from the crystal in the direction (,p, ) in 
width is Small enough for most purposes. two polarized components with vibrations veryclosely parallel to the a- and y-axes. They have aUTI. OFF-AXIS EFFECTS IN SIMPLE FILTERS relative retardation, n, which is to be determined 

It is evident that when light traverses a simple as a function of p, 0, and no, where no is the retarda­
filter at an angle to the instrumental axis, the light tion for light entering the crystal from the direction 
Path through the birefringent material and the p=0.
 
Velocity difference of the fast and slow waves are A consideration of the isochromnatic surfaces of
 

53
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FiG. 3. Off-axis ray in the crystal coordinate system. 

biaxial crystals4 leads to the conclusion that the 
equations of the curves of constant retardation, n 
(written in terms of p and 8), represent hyperbolas 
if terms in the fourth and higher powers of v are 
neglected. Their transverse axes are along the 
a-axis for n/no 1 and along the y-axis for n/n 0 1 
for crystals in which acy-6i21. The asymptotes 
are the lines 

tanla 

Lyot's equations give the squares of the semi-
transverse axes, which are: 

- n v 
'= _ in the plane 0 =0,

(no k 

In l a 
I- in the plane B= r/2, 

where! 
k= (111.3) 

2(--a)#" 

We have, therefore, sufficient information to deter-
mine both sets of hyperbolas, which can be repre-
sented by a single equation 

ino sorigin 
n=no[l+'k(c s 2 s--)]. (II.4) 

The exact expression for n in uniaxial crystals is 
readily derived by a straightforward application of 
Huygens' principle and analytic geometry. Con-
sider a plane-parallel uniaxial crystal in a rectan-
gular x, y, z coordinate system with the origin in the 

with its surfacesfirst surface. Let it be oriented 
normal to the z axis. Let the x axis be parallel to 
the crystal optic axis (i.e., parallel to the a-axis in 
negative crystals or to the 7,-axis in positive 
crystals). Choose units of time and distance to 
make the velocity of light in space unity. The 
equation of an entering plane light wave is then: 

ax+by+cz-t=O, (111.5). 

'T. Preston, Theory of Light, 3rd Edition (Mac.iltan
Company, Ltd., London, 1901), p. 397. 

EVANS 

where a, b, and c are the direction cosines of the 
normal to the wave front and t is the time. 

As the wave passes the origin in entering the 
crystal, it initiates a secondary wavelet which ex­
pands into an ellipsoid with the equation: 

2
S-

2x-+ity-+ v 2 2-/ =0, "(111.6) 

where r, 7), and v are reciprocals of the velocities 
along the x, y, and z directions, respectively. 

At a given instant, that portion of the plane 
wave which is inside the crystal, coincides with a 
plane tangent to the ellipsoid of Eq. (111.6) and 
containing the line of intersection of the plane 
wave of Eq. (111.5) with the first surface of the 
crystal (i.e., the plane z=0). The tangent plane 
through the point (x,, yl, zI) on the ellipsoid is 

xit-x+yiiry+ziirz-=0. (lll.7 

The lines of intersection of the planes of Eqs. 
(111.5) and (111.7) with the first surface of the 
crystal are, respectively, 

ax+by-t=O, z=O, (111.8, 

and 
xix+y'l2y-P'=0, z=0. (111.9, 

These two lines must coincide. Hence: 

xi=(a/t-)t and y 1 =(b/ 2)t. (111.104 

Since (x,, y, z,) must be a point on the ellipsoid of 
Eq. (111.6), we find for z,: 

;( 
Equations (111.10) and (111.11) define the path of 

a ray through the origin. 
Let d be the thickness of the crystal in the 

direction. The time, t, when a ray through the 
reaches the second surface is, then: 

,=dv/[l-(a./-(/f)J'. (111.12) 
On emerging from the crystal the plane wave ir 

parallel to the entering wave, with the equation: 

ax+by+cz---A)=0. (111.13, 
At time, t, this plane must contain the point
(x, i, td). Hence, 

A=t,-(axt+by+cd).1 
The distance, p, of the plane wave of Eq. (111.13, 
from the origin is therefore: 

P=t-A=t-t+ax +by,+cd, (111.14 
or, from Eqs. (I11.10) and (111.12): 

2 2 , 

p=t-d 0{-,- ) (111.15)r 1 
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Now, for the extraordinary wave 

", f--= , 

and for the ordinary wave 

= = 

Hence, the distances of the extraordinary and 
ordinary waves from the origin after their traversal 
of the crystal can be written, respectively: 

[(,a 2 b2)\ ] 

(I [.16) 

[t (_al+b2'_
-d ), 2 "1 

The retardation, n, is simply (p-p,)/X,or: 

ao b- ±b' 
n= [ - ') ]. (I1"1. 17) 

&2 C2 2 )J 
Equation (111.17) is the exact expression for the 

off-axis effect in uniaxial crystals. It is readily
reduced to the more convenient approximation of 
Eq. (I11.4). Expanding the radicals, and neglecting 
fourth and higher powers of a and b, we find: 

no 1 1 
------ b'-(&'b-)I (111.18)

-6n1 2w2 2e 2w 

The direction cosines can be expressed in terms of 
eand 0 by the transformation: 


a=sinpsinO'; b=sinpcoso', 
where 

8'=8 if 6-W>O, 

and 
0 ±=r/2 if. e-w< . 

Equation (111.18) becomes, then: 

1 /052 0 1 
n=n[ +f s s ]. (111.19) 

Equation (111.19) is identical with Eq. (111.4) for 
Uniaxial crystals. 

The corresponding exact equation for biaxial crys-
tals can be derived by the same methods, but the re-
suiting expressions become so lengthy and compli-
eated that it has not seemed worth while to push
them through. The accuracy of Eq. (III.4) is 
adequate for all practical purposes whether uniaxialOr biaxial crystals are considered. 

It should be noted that the use of the equations 

of isochromatic surfaces in the derivation of off-axis 
effects does not lead to an exact result, since they 
are derived on the inexact assumption that theAvo 
crr1ponents of light polarized at right angles 
traverse the crystal along identical paths. 

The usable field of a given filter is determined by 
the maximum permissible value of In-noI for thethickest b-element. 

The maximum permissible angle of incidence in 
the Climax filter in the 6=r/2 plane is 

0p 0 2 radian, 

if we require that over the field 
[n-nol <0.1
 

for the thickest b-element. 

IV. LYOT'S WIDE FIELD FILTERS 

The maximum total flux from a given light source 
that can be squeezed through a filter is roughly 
proportional to the square of the product of the 
filter aperture and the maximum usable value of p. 
The aperture is limited by, the sizes of available 
birefringent crystals, and it is therefore important 
to find means for obtaining large fields. The most 
obvious device is to find a birefringent material for 
which k is very small. Although the author knows 
of no such material which is available in useful 
sizes of optical quality, this is a definite possibility 
which should be investigated further. 

Lyot3 has described three wide-field filters with 

compound elements made of available materials. 
They will be referred to as Lyot's first-type, 
second-type, and third-type filters. 

The first-type filter differs from the simple filter
in having each b-element divided into two equal 
halves by a cut perpendicular to the fl-axis. The 
second half of each element is rotated about the 
a5-axis until the a-axes of the two components are 
crossed. A half-wave plate is inserted between'the 
components with its a-axis at 45' to the a-axes of 
the two. Itserves to rotate the planes of polarization
90' . Light which enters the first component' fromthe direction (,p, 0) enters the second component 

from the direction (V, 0+r/2). The, retardation 
introduced by the assembled element is then: 

n= l[n(f( ,6)+n(P., 0+) 

cos- sin-,
 
Inoi + -k - -

I AI 
+ no l+, :k
 

or
 
k I I (IV'1 

k 2 /
 

The loci of constant retardation are circles with 
radii larger than the axes of the hyperbolas of a 
simple filter (in the O=r/ 2 plane) by a factor of 
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[2,y/(-y-)]'. For a given tolerable value of 
in-noj, the radius of the useful field can be further 
increased by a factor of V2 if we set the retardation 
at the center of the field at one extreme of the 
range. 

Lyot's first-type filter, unlike the simple filter, 
can be used only over a small range of wave-lengths. 
If the wave-length differs greatly from-the optimum 
for which the half-wave plates are made, the 
residual light between transmission bands increases 
at the expense of light in the bands. The added 
residual light appears superposed on the field in the 
form of faint hyperbolic fringes very similar to the 
fringes produced by the equivalent simple filter. 
The fringes are loci of constant retardation, n', 
given by 

e 1two 
7=-k# -+ - cos2o. (IV.2) 

2 _Ya) 

If, however, the filter is either used for one wave-
length bnly, or supplied with interchangeable half-
wave plates for the different spectral regions, its 
performance is highly satisfactory. This is one of 
the many instances where the development of an 
achromatic half-wave plate would be very useful. 

Lyot's second-type wide-field filter has compound 
b-elements of two components of different materials. 
The quantity k is of opposite sign in the two 
components, which are mounted with their a-axes 
parallel. No half-wave plates are required. 

Let n, and n2 be the retardations arising from 
the first and second components for light entering 
from the direction p=-. The retardation for the 
assembled element is then: 

otcos[0_ sin 29 
nI 2kI(_Y _ 

Ti r , o s o s i n '°A ', 

niki n 2- 2 

ni=no+{/cos2O-+_) 

,nikI n2k22\ 
-sin 26(-+--J, (IV.3) 

Sa, a2 1 

where now . 

no =n1i+n 2 . (IV.4) 

It is evident that while the coefficient of 2 cannot 
be made to vanish by any choice of ni and n2 , we 
can obtain circular fringes by eliminating 0. The 
condition is 

_( k 2 ( 1 1 1 1 

a2,/,1a 1J vk. 

EVANS 

Equations (IV.4) and (IV.5) give n1 and n:. The 
retardation of the assembled element can now be 
written 

k n-k 2 
n= no+, - - -. (IV.6) 

721 

The second-type filter can be used over a wide 
range of wave-lengths, although the fringes do not 
remain strictly circular throughout the range. 

Lyot's third-type filter generally has the largest 
field. Each b-eleient consists of three biiefringeat 
components. Two of the components are of the same 
material and are mounted with their a-axes cros',ed. 
The third is of a different birefringent material with 
a k value opposite in sign to the k value for the first 

components. It is mounted with its a-anis 
parallel to that of one of the first two. By a proper 
choice of thicknesses it is always possible to make 
n constant over the whole field within the accurazv 
of Eq. (III.4). 

Let ax, 6,, yi and a 2, 12, 7 be the refractive 
indices of the crystals composing the single compo­
nent and the two crossed components, respectivey. 
The crystals must be selected to satisfy the condi­
tion 

"172> 7i"2-

Let n, be the retardation of the single comp)nEt. 
and nb and m, the retardations of the two corn.­
nents of the same material. Let the a-axes of "e 

nents e ia the a-es of tHe 
a and bhcomponents be in the 0=0 plane, and the 
Then 

n]/ r 1 t COS 26 s1n2.)] 

nalqk 1 ina 
r . ,c o s 20 s i n26- ].

7 a 

, snO cos ]
2
 

-nL1[+t,- 2 , 7 --- ) tl V-7 
If we set nf+nb-n=nlo, and require that -ae 
coefficient of p2 vanish, we find 

n / 
n _=-k.-2 

A a22 -- ) 

no / 1 1 
nh=-klk.[-- I1--8) 

A a i .1 2 

o / 1 1 

A x "172 7 1 a2/ 
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k1 k2 k2 

TYi 

A= k 
a 2 

k 2 

7Y2 

k2 (IV.9) 

a, 

1 

727 

-1 

2 

1 

Th retardation of the assembled element for any 
dir tion (v, 0) is then: 

n~n0 +n 6 -n=n0 . (IV.1O) 

The third-type filter, like the second-type, can 
be u ed over a wide range of wave-lengths. Thecoeiicient of p, however, will generally vanish 
accrately at only one wave-length.

The design of a wide angle filter does not neces-
sarE " require that the thinner elements be corn-
pound. Their transmission bands are so broad that 
the slight shift in wave-length for off-axis rays is
neggible in comparison. If the higher order corn-
pounid elements are made of two materials, however,
it nmay not be possible to use transmission bands in 
widdy separated regions of the spectrum, because 
the dispersions of different materials are generally 
not strictly proportional- If the rth element is thethickest simple element, (nr+)/n,=2at only one 
wave-length.

Thne following sections are devoted to the theory 
of various modifications of birefringent filters whichhave been recently developed. 

V. THE SPLIT ELEMENT FILTER 

The split-element filter resembles Lyot's first­type filter, and shares its wide field characteristics. 
The half-wave plates, however, are replaced by 
birefringent elements, and successive polarizers arecrossed. After the initial polarization, it requires
only half as many polarizers as the equivalent 
simple filter. The result is a considerable reduction
in absorption and scattered light if film polarizers 
are used, or a notable saving in bulk and expense if
polarizing prisms are used. 

The split-element filter has already been de-
scribed briefly. 5 A more detailed account of its 
theory is given here. 

A single unit of the split-element filter (which
would be mounted between crossed polarizers) is
ishoxn schematically in Fig. 4. The x, y, and z axes 
constitute a rectangular coordinate system. The 
positve r and s axes in the xy plane bisect theangics between the-positive x and y and the positive 
Y and negative x directions, respectively. The unit 

J. Evans, Ciencia e Invzetigni6tn (Argentina) Vol. III,No. 9, p. 365 (1947). 

M-


P 

FIG. 4. Birefringent components of a single unit of a split 

element filter. 

consists of a split element with components m and 
q, and a simple element, p, sandwiched between m
and q. They are all mounted with a-axes parallel to 
the z axis. The y-axes are aligned parallel to the 
x, r, and y directions, respectively, in the ta, p, and 
q components. Let the thicknesses of )n, p, and q be
d, ,1d,, and 4, and let the unit of time be the 
vibration period of the light.

Assume that the entering light is polarized in the 
r plane. The transmissions of the unit for emerging
light polarized in the r plane-and s plane are to be 
determined. 

The vibration of the entering light is 

r=asin2,t. (V.1) 

This can be resolved along the x and y directions 
giving 

x= (a/VZ) sin 2 rt, y=(a/v'2) sin2-t. "(V.2) 

In traversing m, a phase difference is introduced 
and the vibration of the emerging light is 

xm=(a/v2) sin2r(t-dy), (V.) 
y- = (a/vi2) sin2r(-da). 

The resultant disturbance along the r and s axes is: 

r.=acosrnm sin2rt', 
s ilm cos2,-', (V.4)

where 

t't--d,/2X)(a+y): 

In the traversal of p, an additional phase difference 
is introduced; 

r=a coswn, sin2,D'- (d,/X)y], (V.5) 
s,=asiirn-, cos2,rt'-(d,/X)a]. 

Resolving this vibration along the x and y axes, andadding the phabe difference clue to transmission 

LIQ
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x 
A 	 . 

'-II 

0 

through q, we obtain 

a /, d dq
cOsrfl n _c srnsin2Xr )---1'-

--- a sin rn,, ,d d0 

cosrQ ya- ) 

(V.6) 
a . d/,d- d, 


Y,= cosrf i27 --- 7) 


a 	 d, d, 
+csnrncos29r -a-- ) 

To determine the final transmission through a 
polarizer with its axis along either the~r or s direc-
tion, we must resolve this vibration along the r 

" and s axes: 

r=a cosrn, cosarn, sin2w[t"- (d,/X)-y] 
+a sin,-rn sinrm, sin2r[t"- (d,/X)&], (V.7) 

s,=asinrn cosrn cos2[t"- (d,/X)-y] 
-a cosrnm sinirn9 cos2r[t-(d,/X)a], 

where 
t"=t--[(dm+d)/2X](a+y), 

Let the emergent amplitudes be A, and A,. The 
transmissions in the r and s vibration planes are, 
then: 
r,=A/a2 =cos2r(n-n) 

-sin2nsin 2 ,,nq sin%-np, (\.8) 
r.=A.-/a2=sinr(n-nq) 

2+sin rn sin2rn, sin2 rn,. 

In the split-element filter the m and q components 
are made of equal thicknesses. Hence 

n- = n. 
If we let 


n=2n=2l, 


Eqs. (V.8) reduce to: 

,= 1 -sin 2 rn; sin2 nm,, (V.9) 
r, sin%rn-sin.fn, 

t 

\a/ 
Fia. 5. (a) Phase shifter of two 

quarter-wave plates. (b) Phas 
shifter of one half-wave and two 

'Vquarter-wave plates. 

b 

The transmission of an element of Lyot's first­

type filter is r, in Eqs. (V.9) if we set n,=j.
The transmission of a unit of the split-elementfilter is r,. A split-element filter of I elements has 

exactly the same off-axis characteristics as a filter 
of Lyot's first type with the first 1/2 elementssimple, and the 1/2 thicker elements compound. 

Whether the field is limited by the simple elements 
or the compound elements depends upon whether 
or not (n/n,.)(--a)/(2y)] is greater or less than 
1. If the simple elements limit the field, they can, 
of course, be made compound in any of Lyot'­
three types.

The transmission of assembledan split-element 
filter composed of two-element units between 
crossed polarizers is: 

r=sinrn,1 sin-2'rn 2 ..- sin-,-n. (V.10 

Since transmission bands occur only at wave­
lengths for which all tlie n's are half-integral, the 
n's cannot be simply proportional to the powers cf 
2. If we let n=n'+I at the wave-length of a 
particular band, the best we can do is to make the 

values of n' proportional to the powers of 2. This 
ne=2 -lns t+-. (.I11 

The transmission can then be written 

r = cos-rn1 ' cos2 r2n,'. - - cosr2 lni'. (V.12) 
Unfortunately Eq. (V.11) can be strictly valid at 
only one wave-length, and the usefulness of te 
filter is restricted to a limited spectral region in t 
neighborhood of that wave-length. This is a secord 

instance where achromatic half wave plates woulI 
be useful. If the r-th element of the filter we­

made to give a retardation n,'=2 u7tz', the additioz 
of an achromatic half-wave plate (two quartc-­
wave plates for split elements) would satisfy Ec. 
(V.11) 	at all wave-lengths.

The thought will doubtless have occurred to the 
reader that the middle element in each unit of a. 
split-element filter could itself be split, and a thi-­

http:sin%rn-sin.fn
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elcment inserted between the halves. This plan
dc.- not work theoretically, and so far no arrange-
rrrnt has been found that allows more than two 
el.ments in a unit between successive polarizers. 

V"L FILTERS OF ADJUSTABLE WAVE-LENGTH 
It is obvious that the usefulness of the bite-

frg;ent filter is enormously enhanced if a trans-
m:.. on maximum can be adjusted to center on an 
dts'red wave-length. The fine adjustment resulting 
frsm the control of temperature is generally quite 
inadequate as it has a range of only a few angstroms 
(azhough Lyot found that with the aid of tempera-
tue control it is possible to bring no less than six 
of the maxima of a quartz filter into coincidence 
wl:h lines of major importance in the solar spec-
trz7m). 

The obvious method of controlling the wave-
lergth of the transmission bands is by means of 
elements of variable thickness, made of pairs of 
weges which can be adjusted with respect to each 
odier like the components of a Babinet compen-
sa:or. It is then possible to set 

ni= an integer, 
anl 


at any chosen wave-length. Such an arrangement 
is ipcrfectly feasible and works equally well at all 
wave-lengths. In the split-element filter, both 
halves of the split element must, of course, be 
adjustable since n.-n,= 0.The range of variation 
in thickness need be only sufficient to shift the 
pnncipal transmission maxima of the filter through 
a range equal to their separation. With a proper 
choice of wedge angles all the movable wedges can 
be mounted and adjusted as a single unit. 

Although theoretically excellent, the variable-
thickness filter requires considerable mechanical 

refinement, and one wedge in each element musthave an aperture much larger than the instrumental 
apcrture (a matter of importance in filters of large 
aperture). The use of phase shifters for wave-length
adjustment is simpler and, for most purposes, 
equilly satisfactory. If achromatic phase shifters 
can he devised, they vill give results as theoretically
perfect as variable thickness. 

Suppose we equip each b-element of a filter with 
a phase shifter which permits the addition of a
small controllable phase difference, 2 r4, to the 
phase difference, 2rn, introduced by the b-element. 
The transmission of the filter is then 

halves of the split elements to keep nm-nq=O. A 
transmission maximum of the filter can then be 
centered on any given wave-length, X, by adjusting 
4 until n+ is an integer for each element. This is 
always possible if 4 can be adjusted over the range 
- to +2. If the phase shifter is achromatic, i.e., 
4 is independent of wave-length at a given setting, 
the result is merely a shift of the transmission curve
of the filter along the spectrum and its performance 

is eqbally good at all wave-length settings. If, on 
the other hand, 4 is a function of wave-length, the 
spacings of the transmission maxima of a given 
element are altered. Hence the relative positions of 
the transmission maxima and minima of the differ­
ent elements depart more and more from exact 
superposition as'the wave-length departs from Xi. 
The result is an increase in the residual light
transmitted in the intervals between principal 
maxima of the filter as IX-A[ increases. 

Lyot3 and Billingss have both made numerical 
calculations of the additional residual light resulting 
from the use of non-achromatic phase shifters. 
They concluded that over a reasonable'wave-length 
range (which can readily be isolated with glass or
gelatine filters) the increase in residual light is 
negligible. The adjustment of wave-length with 
phase shifters is therefore a practical possibility 
whether the phase shifters are achrohatic or not. 
Several forms of variable phase shifters have 

been proposed. 
Lvot3 made elements of variable thickness like 

P P A P
 
I / \
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0 	 b, p 

:I.-m.. 
0 = o , /'I '$fiW
 

pol//er P i.'s
 

4 	quarter wove plnat T =ITco0rbTn&-PA)
e-	 position angle of 

unit about OP p= ";"p = -'n, 

f ld i p-! f H n 

'ALP 
P424 2 , k P 

T= coal (1&rq-z'YI)¢4c O-zw)( 

r= 	i cos-ir(n+4,). (VI.1) FG. 6. (a) Simple filtcr of three elements with quarter-wave 
plate phase shifters. (b) One unit of a split element filter withAgain, with the split-element fifter, the added phase fractional wave plate phase shifters. 

difftrence must be divided equally between the two 8 Bruce H. Billmg., J. Opt. Soc. Am.37, 738 (1947). 
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those described above for the variable thickness amount, without altering their amplitudes. At a 
filter, but with the difference that the range of given wave-length, this is equivalent to a variable 
adjustment of retardation was restricted to one thickness of birefringent material with its y-axis
wave-length, along the x or y direction. Such an arrangement is 

Billings 6 made an experimental filter with photo- shown at a, Fig. 5. It consists of two quarter-wave
elastic phase shifters composed of sheets of poly- plates. The first is fixed with its 7-axis along the r 
vinyl butyrate under adjustable tension, axis (at 45' to the x axis). The second can be 

W,hile both these arrangements give a satisfactory rotated around the instrumental axis. At a given
wave-length adjustment, they are tedious to use. setting its -y-axis lies along the r' direction at angle 
Ordinarily each element must be individually ad- p to the r direction. 
justed. The alternative is a complicated mechanical The vibration of the light entering the system is 
synchronization of the adjustments of all the ele- generally represented by 
ments, which would make operation with a single x=bsin 2,l, y=csin2r(t+-). (VI.2) 
control feasible. Without some such arrangement
it would be impossible to vary the wave-length Resolving this vibration along the r and s axes and 
continuously, adding a phase difference of r/2 introduced by the 

A much more promising approach is the use of first quarter-wave plate we obtain for the emerging 
the electro-optical phase shifters discussed by vibration: 
Billings.6 A plate of the uniaxial crystal ammonium r=(b/v2) sin2rt+(c/V2) sin2r(t+a), 
di-hydrogen phosphate (NH 4H 2PO4), known corn- s= -(b/ V) cos2rt+(c/V2) cos2-r(t+ ). (Vl.)
mercially as PN, cut perpendicular to the optic axis
 
and mounted between transparent electrodes, be- Resolving this vibration along the r' and s' axes
 
comes biaxral and exhibits a retardation when a and adding another phase difference of r/2 intro­
potential difference is applied to the electrodes., duced by the second quarter-wave plate, we obtain,
 
The retardation is proportional to the potential r'= (b/-,_) sin[2,t-p]
 
difference and is independent of the thickness of the +(c/v2) sin[2r(t+a)+p],

PN plate. A filter made with a Billings plate added s'=(b/v2) sin[2vt-p] (A ..4)
 
to each element (to each half of the split elements -(c/,V2) sin[2-r(t-a)±-p].

in the split element filter) could be adjusted
 
electrically, and the problem of synchronizing the Finally, if we resolve this vibration along the x'
 
phase shifts of successive elements would be rela- and y'axes, at an angle of p+ (r/2) to the x and y

tively simple. At the present writing Dr. Billings axes, we obtain for the emerging vibration:
 
is actively engaged in the development of such x'=b sin[2rt-p],­
electrically tunable filters. y'=c sin[2(t--)- -


All three tuning methods have one difficulty in 
common. It is impracticable to push the phase shift A comparison of Eqs. (V1.2) with (VI.5) sh'ws 
beyond a very limited range. If a range from -- that while the emerging amplitudes along x' and y' 
to +-r is adopted, a continuous variation of wave- are the same as the entering amplitudes alorz x 
length involves a discontinuous adjustment of each and y, the phase difference has been increased f-om 

2phase shifter. The phase shift must progress ra to 2 r,+ 2 p+t i.e., the phase shift, 2 rt, is 
smoothly from -r- to +-r (at a rate proportional 2 ir =r+ 2p. (V[.6) 
to the thickness of the associated b-element) and Obviously the phase difference can be set to anv 
then jump back to -r. For most purposes there desired value by adjusting p. 
may be no serious disadvantage in this. If, however, This two-element phase shifter has the diad­
the filter is to be used for spectrophotometric work, vantage that the x' and y' axes rotate with the 
for example, it may be very difficult to avoid a second quarter-wave plate. For some applic-ons 
spurious bump in the filter transmission every time this is no inconvenience but in others it rez.ers 
a phase shifter passes a point of discontinuity, even this phase shifter useless. The x'and y' axe can 
with the electrical tuning. For such special purposes be restored to parallelism with the x and v axz by
phase shifters composed of rotating fractional wave the addition of a rotatable half-wave plate, w-ich 
plates can be used. They have already been de- has the property of reflecting any polarization nzure 
scribed briefly.5 A fuller account of their theory is in its y-axis. 
given here. The most convenient system, shown at b, FB.:. 5,

The specific problem is to devise a combination consists of two fixed quarter-wave plates wi: the 
of fractional wave plates which will alter the phase rotatable half-wave plate sandwiched he:veen 
difference between the vibrations along two mutu- them. Suppose the 7,-axes of both quarter-vave
ally perpendicular axes, x and y, by any chosen plates are in the r direction, while the -- axis cu the 
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haY-wave plate is along the u direction at an angle wave-length of the transmission band of the filter. 
4' :o the r direction. This seems a rather desperate measure, however. 

The vibration emerging from the first quarter- The construction of the fractional wave plate 
wave plate is given by Eq. (VI.3). Resolving this phase shifters is considerably simplified when they 
vib-ation along the u and v axes, and adding a -are used in birefringent filters. Some of the quarter­
pha-e difference of 'r, we obtain for the vibration wave plates simply take the form of an addition to 
en :rging from the half-wave plate: the thickness of the birefringent elements. In in­
u ="'v!) sinE2,7t- stances where the -y-axis of a quarter-wave plate is 

-(c/v2) sin2r-n[)-t-], parallel or perpendicular to the axis of an immedi­
/ V) icos[2[-rt-+p] (VI.7) ately following polarizer, it is evident that the 

c-/' co2 -)-polarizer utilizes only one component of the vibra­
- (c/V2) cos[2r+r)+P]. tion emerging from the quarter-wave plate. The 

Resolving this vibration again along the r and s r/2 phase difference therefore serves no real 
axez. and adding a phase difference of r/2, we purpose, and the quarter-wave plate can beomitted. 
obtain for the vibration emerging from the second Consider first an element of a simple filter. 
quarter-wave plate: Suppose the b-element, oriented with its y-axis 

along the x direction, is followed by a quarter-waver= b'v) sin[2t-2,]
+-(c/v'2) sinU2 r(-t-)+2], plate with its 7y-axis along the r direction. If we let

s=-(b'VE) sin[2)r--2#] . (VI.8) b=c=a/V, t=t'-(d/2X)p, and a=(d/X)p, Eq. 
+ (c/v) snU27rt+o)+ 2J]. (VI.3) for the vibration emerging from the quarter­wave plate reduces to: 

Finally, resolving this vibration along the original r=acosrnsin2rt', s=asinnsin2,rt'. (VI.11) 
x and y axes, we find 

x=b sin[2t-2,p], 	 This is a linear vibration at an angle of im to the 
r-axis. We can omit the second quarter-wave platey=c sin[2r(tQ+ )+2i]. (VI.9) 
and let the light enter a polarizer with its plane of 

The phase shift introduced by the three-element polarization at angle p to the r axis. The transmis­
system is, therefore, 	 sion of the assembly is then° ( ­2,r = 4,P. (VI. 10) 	 r o p.(VI. 12) 

The principal advantage in the use of fractional By adjusting p (i.e., by rotating the polarizer) until 
wave plate phase shifters in birefringent filters is 

integer, can for anyin the possibility of a continuous variation of wave- nx-p/=an n=t we set 
length without discontinuities in the adjustment of chosen wave-length.legth wvit t de iLyot 3 has utilized this device to effect a slight 
the moving elements. Since p or 4' can be increased shift in the wave-length of the transmission band 
or decreased indefinitely, 2wt is not restricted as it sf in te wave a teii bhn 

is in the other types 'of phase shifters dusd of his filter. He used a quarter-wave plate with the 
above. iscusse last (thickest) element, and provided for the rota-

It should be noted that the fractional wave plate tion of the final polarizer. The same method can 
pha-e shifter is in a sense achromatic, since is be applied to the whole filter, however. 

- independent of the wave-length for a given value An adjustable simple birefringent filter would 

of p or 4'-a very desirable property (see the consist, then, of a series of units shown at a, Fig. 6. 
discussion following Eq. (VI.l)). With ordinary each composed of a polarizer, a birefringent element 
quarter- and half-wave plates, however, this ad- with its 7-axis at 45' to the axis of the polarizer,

is somewhat illusory. Their usefulness is and a quarter-wave plate with its -y-axis parallel tovantage to thewatilsry. reir ofuthe s the axis of the polarizer. The three parts of each 
limited to the rather restricted region of the spec- unit remain fixed with respect to each other, but 
trumr where their retardations are very close to the unit itself must be rotatable around the instru­
quarter-wave and half-wave. This is another appi- mental axis. The angle p, is then the angle between 
cation where the desirability of achromatic frac- the y-axis of the rth quarter-wave plate and the 

tIon inuitpatestis axis of the immediately following polarizer. Theov entovf 
If continuity of adjustment over a large range of 'brefringent elements have the same thickness as 

the spectrum is a necessity, the fractional wave in the non-adjustable filter. The transmission of 
plates themselves could be made adjustable. The the whole is 
addition of an electro-optical Billings plate to each 
fractional wave plate would perhaps be the simplest r=cos-(rni-p)cos 2(r2n-p, ...
 
meth(xl. A relatively moderate potential applied to Xcos 2(rT2- 1n-p,), (VI.13)
 
the Billings plate would then adjust the retardation and
 
accuratelv to a half-wave or quarter-wave at the 	 P22-rpi. (VI.14) 
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Since the values of p are proportional to the powers 
of 2, it is a relatively simple matter to devise a 
gear train by which the wave-length of the trans-
mission band can be adjusted with a single control 
knob. A continuous variation of wave-length now 
involves no discontinuity in the adjustment of the 
various units, since p can be made to increase or 
decrease indefinitely, 

Matters are somewhat more complicated in the 
split-element filter. The wxde field characteristics 
depend upon the m and q components being crossed. 
Hence the phase shifts must be accomplished with-
out any relative rotation of the two- Various 
arrangements are possible, some of which involve 
rotation of the center p-elements, or rotation of the 
unit as a whole with respect to the polarizers, or 
both. However, the unit shown at b, Fig. 6, is as 
simple as any. 

The orientation of each element is indicated in 
the diagram by the short line above it for the fixed 
elements, or by the symbol (4-= /2) or 'k, for the 
adjustable half-wave plates. The angle (WP,/2) or 
;P, is the angle between the 7-axis of the half-wave 
plate and the -y-axis of the preceding quarter-wave 
plate. The second quarter-wave plates following m 
and p are indicated as an addition to the thicknesses 
of p and q, while that following q has been omitted, 
since its -y-axis would be parallel to the axis of the 
following polarizer. The transmission of a split-
element filter composed of such units is 

r,- D. 
i=f cos-rn,- 24,--'. (V I,5) 

r-i 21 

It should be noted here that the built-in quarter-
wave plates which are added to the thicknesses of 

b 
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Fur. 7. (a) One form of polaizing interferometer. MbHigh 

resolution ilter composed of polarizing interferometers and 
birefrdngent elements, 

EVANS 

the p- and q-clements are not included in the 
calculation of n for these elements. 

The values of 0, should be proportLional to 7, in 
Eq. (VI.15). Hence if n 7

2 " -)+j as in the 
non-adjustable split-element filter, the k,'s are pro­
portional to large odd numbers, and the problem of 
synchronizing the rotations of the half-wave plates 
becomes complicated (but not at all impossible). 
If, on the other hand, the n's are made proportional 
to the powers of two, the phase changers can 
compensate for the subtraction of , from each 
value of n in addition to their normal function. 
Then 

n,=2"-1n1 , (V1 16) 
and 

2P,=w/2+2'-[2il-(r/2)]. (VI.17) 

Since a rotation of the zero point from which angle 
4' is measured to r/4 reduces this equation to 

it is evident that the variable parts of the 4's are 
proportional to the powers of two, and the problem 
of synchronization becomes relatively simple. 

The synchronization of the other types of phase 
shifters (variable thickness, photo elastic, or electro 
optical) is similarly simplified in a split elemeat 
filter by constructing it with n's proportional to 
powers of two. Equations (VI.14) and (VIAT) 
apply if we substitute v4 for 2P. 

A final remark about filters of adjustable wa-e­
length seems worth while. The birefringent elements 
need not be made to any exact thicknesses as in t1e 
fixed wave-length filters. It is desirable, but Dot 
necessary, to preserve the relation n,= 2'-iz as 
closely as possible, since the synchronization of the 
various adjustments is then easier. There is no 
necessity, however, for i to be an integer for any 
specified wave-length. This simplifies the constrec­
tion somewhat. If W<0.03, the thicknesses of the 

can be adjusted with sufficient accura" 
by mechanical measurements alone. The error 
tolerance in thickness is inversely proportional to 
p and is about h0.001 mm for 1=0.0 3. 

VII. MATERIALS FOR BIREFRINGENT FILTERS 

For the benefit of potential builders of bL-e­
fringent filters, a brief discussion of available ma­

is given below. It must be emphasized th=at 
the list given is certainly far from complete. Toe 
author simply lists materials which have come to 
his attention and either have been successf-:23y 
used, or look promising. Unfortunately, lack of 
time has prevented a really thorough search for 
suitable and available materials, and it would besrrsn fsm eyueu nshdnt e 
surprising if some very useful ones had not been 
overlooked. 
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So-me of the desirable properties of crystals for 
bL-fringent filters are a large value of p with asmall 
te-perature coefficient; a high degree of hardness; 
chermical stability and insolubility in water; high 
bn-ansparency in the region of the spectrum for 
which the filter is to be used; and availability in 
lIae pieces of high optical quality, 

For filters with band widths of 3 angstroms or 
mcre, quartz is an ideal material. It is excellent on 
all counts except for its rather small value of 
p(=0.009). The birefringent elements of all the 
as:-onomical filters now in operation are made of 
quartz except for the final element of Lyot's filter, 
which is calcite. 

Calcite would be excellent for elements of large 
n values if it were readily available in large sizes. 
Uzfortunately it is so difficult to obtain that its 
ger:eral use in filters is probably impossible. While 
it "s not as easily ground and polished as quartz, 
it presents no real difficulty. g= 0 .1 7 . 

Gypsum occurs naturally in large crystals and 
should be readily available. Its birefringence is 
similar to that of quartz, and it should be useful in 
the same places. Unfortunately, it is quite soft 
and might be difficult to polish. =0.009. 

Ammonium di-hydrogen phosphate has excellent 
op:ical characteristics, although it is sensitive to 
prsure and must be mounted with care. It is 
available in large sizes. Its optical working has 
proved rather difficult, though not impossible, and 
its high solubility in water necessitates careful 
protection from atmospheric moisture. g = 0.045. 

Ethylene diamine tartrate has promising optical 
characteristics accompanied by the disadvantages 
of high solubility in water and softness. The author 
kmows of no attempts to- polish it, but it would 
probably be quite difficult. It is available in large 
sizes. g=0.08 4 . 

Sodium nitrate has a larger p-value than cal-
dite, and should be useful for elements of large 
n-values. However, it is very soluble in water and 
difficult to work. At present it is not available in 
large sizes with the necessary homogeneity. M= 0.25. 

VIII. POLARIZING INTERFEROMETER FILTERS 

An account of birefringent filters should not be 
closed without some mention of the polarizing 
interferometer, a device which has the effect of an 
impossibly thick birefringent element. It offers the 
Pos.ibility of filters of very high resolution with 
band widths in the range of hundredths or thou-
sandths of an angstrom. The advantages of the 
Polarizing over the usual forms of interferometers 
is in the possibility of an accurate and stable control 
of the wave-lengths of transmission maxima (by 
meanls of-phase shifters) and a high light efficiency. 

The essential feature of the pblarizing interfer-
ometer is that the emerging light consists of two 

coherent sets of waves which differ in phase (be­
cause of path difference) and are polarized at right 
angles to each other. The effect is similar to that 
of a birefringent element, and a series of polarizing 
interferometers can be used exactly like a series of 
birefringent elements to construct a filter. The 
wave-length of the transmission band can be 
controlled with adjustable phase shifters, and 
interferometers can be sandwiched between bire­
fringent elements to form split-element units. 

The advantage of the polarizing interferometer 
over a simple birefringent element is that very large 
values of n can be obtained in a comparatively 
compact element. The saving in bulk may not be 
important, but the difficulty of obtaining hire­
fringent material in very great thicknesses is 
significant. An element of calcite, for instance, must 
be about eleven times as thick as a path difference 
in glass. The principal disadvantage is the expense 
of construction, common to all interferometers of 
the split amplitude class. The field is small for 
large values of n, and while it is theoretically quite 
simple to make a birefringent field compensator, 
it is impractical because the thickness of bire­
fringent material required nullifies the advantage 
of compactness. 

Many forms of polarizing interferometers are 
possible- One type which is well adapted for the 
construction of filters is shown at a, Fig. 7. It is a 
modified solid Michelsbn interferometer with a 
polarizing beam splitter. It consists of two glass 
prisms, A and B, with a very thin slip, b, of sodium 
nitrate (or other highly birefringent material) 
cemented between them with its optic axis normal 
to the surface. If the angles are properly chosen, 
the b-layer totally reflects the light vibrating in the 
plane of the drawing and transmits the light 
vibrating at right angles to it. A spacer element, 
C, introduces a path difference. Surfaces S and T 
are silvered or aluminized. Light which enters in 
the direction OS, emerges in the reverse direction, 
SO, in two components polarized at right angles, 
with a phase difference given by 

2 7rn =47 (p'/X)dccosp (VILI.1) 

where r&'is the refractive index and w is the angle 
of incidence on S and T. The prism P (constructed 
like A, B) has the double function of polarizing 
entering light and separating out the desired part 
of the emerging light. It is shown in an incorrect 
orientation for simplicity in drawing. Actually 
prism P is rotated about the OS direction, to bring­
its axis to an angle of 45' to that of prism AB. 
The transmission of the whole dssembly for light 
emerging in the R direction is then 

r=sin-rn. (VIII.2) 

The remainder of the light emerges along SO. 
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The most serious difficulty in the construction of 
such an interferometer is the optical working and 
cementing of the b-layer to the required accuracy. 
The orientation of the S and T surfaces with respect 
to each other is not so critical, since a slight 
misalignment can be compensated by a thin wedge 
of birefringent material between prism P and the 
interferometer. 

One method of using polarizing interferoineters 
combined with birefringent elements in a filter is 
shown schematically at b, Fig. 7. Between each 
polarizer, P, and the following interferometer, I, is 
a b-element, which constitutes the m (for entering 
light) and q (for emerging light) components of a 
split element. The interferometer then takes the 
place of the p component. Between successive 
polarizers are purely birefringent split element 
units. The assembly includes 4 interferdmeters, 4 
polarizing prisms, and 10 b-elements. The interfer-

The Birefringent Filter: A Correction 
J. Opt. Soc. A.. 39. 229 (1949)l 


Join. IV. Ev, s

~arHard Observatory. HarvardUniersay.Cambridge Massachusets 

HORTLY after this paper went to press, the author was 
L greatly embarrassed to discover an error in his remarks 
concerning the field of the split element filter. The field, is, 
in general, approximately the same as that of the equivalent 
simple filter. Within this limitation, however, the split element 
filter performs satisfactorily, and for some purposes the reduc­
tion inthe number of polarizers required is important. 

If, using the notation of the original paper, we let 

nf-n--5 

n.- mtl 


Eqs. (V.8) reduce to 

rr I-cos-rn, sin S-sin.rnj sin',rn, 

7=cos'n, sin2tr+sin--n, sin ,Tn,. (2) 


The filter is constructed with n. and it, equal for light paral­
leito the instrumental axis (95=0). For light inclined to this 
axis, however, they are no longer equal, and, from Eq. (IV.2), 

( I 
5 =!:kq\+=,"cos28. (3) 

There is, therefore, a system of hyperbolic fringes (composed of 
light in the wave-length intervals between the transmission 
maxima of the p component) superposed on a field of broad 
circular fringes indicated by Eq. (IV.1). If n,is approdimately 
I over the spectral region considered, we have essentially
Lyot's first type filter, and the fringes are very weak. The field 
of the split element filter can be increased by constructing the 
two components of the split elements individually in any one 

ometers and b-elements should be equipped with 
phase shifters (not shown). As an example, the 
interferometers might have retardations of 245,760; 
122,880; 61,440; 30,720; and the b-elements, re­
tardations from 15360.5 to 30.5 at X=5000 ang­
stroms. The system would transmit bands of alout 
0.01 angstrom effective width, spaced about 150 
angstroms apart. Adjustment of the phase shifters 
will cause a selected band to scan the spectrum. 

If the light transmitted by the filter is received 
on a photoelectric cell, its output gives a high 
resolution spectrophotometric curve of the entering 
light. Such a filter would be preferable to a grating 
spectrograph for spectrophotometric purposes, be­
cause, in spite of its small field (maximum usable o 
about 0.0012 radian), it can be designed to transmit 
something like 1000 times as much light-a matter 
of considerable importance when such sharp bands 
are used, even in solar studies. 

of Lyot's three wide-field forms. Since the fringes are thet 
circular and identical in each of the two components, 5=0 
for all values of 0. The off axis effects are then given by the 
appropriate equations of section IV of the original paper. 

Since no gain in field results from crossing the y-axes of tha 
m and q components, it is pertinent to ask whether this cc­
struction is the most advantageous. The transmission of a 
split element unit with the 7-axes of the z; and q componens:­
parallel readily follows from Eq. (V.6) of the original pape- if 
we interchange a and 7 as multipliers of d,/X. We find 

r=cos'r(nm-n)-sin2n, sin2=rn cos"rn,. 
T.=sinZ(n-n)+sin27, sin2.- cos"-n.
 

Expressed in terms of sand ni, this becomes: 
-
r,=1- snr sin~ra-sinznj cos2 ,n 

r=sin2 n sinira+sintrn, cosm,. 

If S is zero for light parallel to the instrumental axis, it i­
mains zero at all values of 0. The field is the same as that of the 
equivalent simple filter. The expression for T. is then 

riniicos-rn,. 
This arrangement does offer some advantage over the sp-­
element unit with the 7-axes of the m and q conpon,.s 
crossed. A filter of I birefringent elements can be construe=­with its first 1/2 elements (i.e., the thin elements) sandwirhld 
between the halves of the 1/2 thick elements. Since the tra.­
mission of the middle element in each unit is cosin, -le 
n-values are integral at the desired wave-length, and can le 
made proportional to the powers of 2. The 2/2 thin elem--r 
therefore function equally well throughout the spect---
Since the burden of suppressing the light at wave-lengths j= 
removed from those of the transmission bands falls ma3 v 
on these thinner elements, this property is a real advantage. 
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A new typo of birefringont filter is described in which 
relatively small hirofrinoont plates, all of equal thickness, 
and two polaroids are used. A new method of analyzing two
 
complementary models is demonstrated, and an example is given
 
of the actual preparation of the filter. 

INTRODUCTION
 

In 1914, R. W. Wood -l_7 employed birefringence to isolate the first 

or second line of the doublet of Na, using a quartz plate cut in the di­

rection of the optic axis and inserted between two Nicol prisms. Since
 

then this experiment has been repeated mret times, but only in 1933 did 

B. Lyot [27 find a method for applying birefringence to obtain monochro­

matic light. Independently of him, in 1938, Y. dhnan /3_7 began similar 

experiments. He employed several quartz plates with interlayers of polaroids 

and obtained a monochromatic filter. Following this, Lyot /-42 again began 

work in this field and constructed a birefringent filter to be used for 

observations of solar prominences. Lyot also designed and engineered more 

complex filters. Recently, J. W. Evans -5 7, who also suggested con­

structing an interferometer on the birefringence principle, has made a 

detailed study of birefringent filters. At a number of astronomical ob­

servatories solar investigations are being carried out with birefringent 

filters; the advantage of a light monochromter rithout slits and with a
 

large field of vision affords ever increasing possibilities for application
 

of birefringent filters in science, technology, and industry.
 

JJrecedig page blank v)
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THE PESENT STATUS OF BIREFINGENT FILTERS 

The simplest kind of birefringent filter has been described inde­

pendent2y by Lyot and Ohman This filter is a system of quartz plates
 

prepared fr6m optically perfect crystal so that the optic axis z lies in 

the plane of the plate and the thickness of each successive plate is twice 

that of the preceding. Polaroids are inserted between the individual quartz
 

plates. The shortcomings of this filter (if a narrow transmission band is
 

required) are the negligible permissible convergence of light and the ex­

cessive thickness of the last plate. 
Lyot obtained a large permissible
 

convergence, using new kinds of birefringent filters, which are now referred
 

to as Lyotrs first, second, and third type filters. Lyotts first type
 

filter is similar to the above-mentioned basic resolution of the birefringent
 

filter; however, 'each quartz element is divided in two, and a half-wave plate
 

is insertedbetween the elements.two rn Lyott s second type filter connected 
birefringent elements are also employed, each of which, however, is prepared 

from a different material and both materials have -to satisfy a definite 

condition. The most ideal filter is Lyot rs third type, in which every bire­

fringent element of the basic filter is replaced by three plates, two of
 

which are prepared from the same material, and the third from a different 

material. -

Evans' work r6_7 represents a new attainment in the construction of 

birefringent filters. He developed a filter containing only half the number 

of polaroids required in previous filters. 
This filter, which Evans calls
 

the "split element filter," is a modification of Lyot's first type. At
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present the Evans filter is considered to have the most ideal construction.
 

Further investigations into the construction of birefringent filters have
 

been directed toward the perfection of a tuning filter. Already, during
 

the initial experiments, first results have been obtained by Lyot and bhman,
 

who have established that it is possible to shift the position of the
 

transmission-band maxima within known limits by appropriate inclination. 

Evans, who has indicated the possibility of employing wedge-shaped plates, 

is concerned with the general solution of the problem of filter tuning. 

Lyot discovered the possibility of fine filter tuning by temperature change. 
Finally, B. H. Billings r7_7 found a new method for tuning birefringent 

filters using electro-optical materials (e.g., ADP). 

Whole series of birefringent plates of different thickness are used 

in all filters known to date. In developing the birefringent filter with­

the narrow transmission band, i.e. with great resolving power, the construction
 

of the thickest elements gives rise to considerable difficulties: either very
 

thick plates of rare quartz are required or it is necessary to find very com­

plex combinations. What is more, the thickness of the plates must be kept
 

correct to the order of 10-
 nm. 
 Since each filter has an assembly of 

plates of different thickness, the manufacture of these filters is very 

difficult and expensive. 

In every filter there is a whole series of polaroids,*which leads to
 

large absorption (especially when imperfectly colored polaroids are used) and
 

thus there is a large loss of transmission. In this respect, the Evans filter
 

is a step forward, since only half the number of polaroids /-ormally required7
 

suffice, other conditions being equal.
 



A NEY TYPS OF BIREFRINOENT FILTER 

A new type of birefringent filter has been constructed in the labo­

ratories of the Scientific-Research Institute of Electrotechnical Physics 

in Prague. The advantage of this filter over the filters known to date 

is that comparatively thin birefringent plates of the same thickness are 

used and are ground from identical material. Another great advantage of 

this new filter is that two polaroids suffice. Furthermore, the resolution 

of the filter has two modifications, the second of which gives results 

eomplementary to the first, 

The general features of the filter are analyzed and described below, 

and an example is given of its actual construction from quartz. 

a) The first modification of the filter
 

In this filter, m birefringent plates of identical thickness d and 

2 polaroids are used. In each plate there are two principal directions in 

which the linearly polarized light wave is propagated, where the index of 

refraction in one direction is nl, and in the other n2; the directions are 

perpendicular to each other. The difference of the two indices of refraction 

determines the birefringence value of the material used. 

Using familiar methods we find both the main directions of the prepared 

plates within an accuracy of +10, and mark them.
 

+) Nauchno-issledovatel'skil Institut Elektrotekhnicheskel Fiziki v Prage. 
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The examined light passes through the first polaroid. The linearly
 

polarized light wave emerging from the polaroid is defined by the equation
 

r = sin 2nf t, 
 (1)
 

where r is the instantaneous deflection, f the frequency of the oscillations,
 

and t time. The amplitude of the entering light is assumed to be unity,
 

which does not affect the generality of the result. 
This linearly polarized
 

wave falls on the first birefringent plate. 
 One of the principal directions 

of the plate forms a small angle S , to the right, with the direction of the
 

vibrations of the polarized light. 
 The light, leaving the first plate, falls
 

on the second, which is turned with the same principal direction at the 
same 

.angle £ to the left of the plane of direction of the vibrations of the
 

polaroid. The third and all the remaining odd-numbered plates are in the 

sawe 
position as the first plate, and all the even-numbered plates are 
in
 

the same position as the second plate. 
We will use the conventional
 

symbol for wavelength, X. 
 The following definitions are introduced for
 

brevity: 

sinS =A, cos =B, sin2g = C, cos 2 F =D, sin 4 P =tU, 

sin 2n . t - (knl + jn2 = S(knl + Jn2), 

where k and j are whole numbers. 

After passing through a certain number of plates, the light always 

assumes the two principal directions of the last plate. Let us call the
 

instantaneous deflections in these two directions Xg and yg, when the light
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has passed through g-l plates. 
After the light has passed through the
 

first plate, the folloing expressions hold:
 

x = A oS(nl)( 
(2) 

Y= B S(n2).
 

The follwiwng recurrent formulas may be derived for the passage of light
 

through the succeeding plates. With even g + 1: 

xg+l g D - * C, 

1g(3a) 

Yg+l = Xg C +Yg D. 

With odd g + 1:
 
Xg+li
 
g+l = Xg C g . (3b) 

In these equations the dot above a letter means that S is followed by (nj), 

a dash means that S is followed by (n2). 

The calculation for the entire series of plates is carried out very
 
simply on the basis of the above formulas; the results obtained, however, 

are so extensive that they are not included here. 

A further step is the reduction of the rays leaving the last plate in 
two mutually perpendicular directions Xg and y 
to the general direction of
 
the vibrations V . This is accomplished by means of the second polaroid, 

whose direction of vibrations is exactly perpendicular to that of the first 

Polaroid. Thus, the polaroids cross. Yathematically this may be expressed 

by the equation:
 

xgg B - yg . A. 



Examining the expression for T, we derive the basic properties of the 

filter. I will give the results of the long calculation only: the filter 

shows sharp maxima, whose position in the spectrum is defined by equation 

d ° (al - n2) 2v - X ( 

In this equation v is a whole number, v - 1, 2, 3, ... 

Besides the principal maxima there is a considerable number of secondary 

maxima, whose intensity, however, may be disregarded. The centers of the 

minima are defined by the eqation: 

d * (ni - n2) v - X (5) 

Thus, the positions of the maxima and minima of the filter are completely
 

identical with the positions of the maxima and minima of one of its plates
 

placed between the crossed polaroids.
 

From this we derive the first significant result: The spacing of the
 

maxima and minima in the spectrum is determined only by the birefringence
 

and the thickness of one filter plate. The sharpness of the maxima is
 

determined by the width of the transmission bands: for the principal maxima,
 

the bandwidth AX is determined by the formula*
 

2 (6)Ax o. 6 ­
g -d " (nl - n2 ) 

where g is the total number of plates. Formula (6), which is only approxi­

mate, indicates that the width of the band is approximately the same as the
 

width of the.maxima of one of the plates, the thickness of which equals the
 

lo05 



sum of all the filter plates, in a diagonal position. This shows one of 

the substantial advantages of the new filter. If we place the second
 

polaroid in a position parallel to the first, a complementary phenomenon
 

occurs, in that the maxima and minima interchange in position and width. 

Thus, a series of sharp dark bands is observed on the spectrum; their 

position is determined by equation (h) and their width by (6). 

Angle 9 is relatively small and varies approximately within the limits 

.0.5' and 10 It is difficult to compute the optimum value of this angle 

mathematically. However, it is relatively easy to set it up by experimental 

means. 

'If we disregard the absorption in the polaroids and the reflection at
 

the individual polished surfaces (the plates may be cemented with Canada 

balsam), the transmission of the filter amounts to 50 pct, as indicated by
 

quantitative photometric measurements and an approximate theoretical evalu­

ation. In the case of the cemented filter, we need only consider the total 

absorption and the reflection from one plane. Therefore, with a given 

margin _/f error7 let us assume -the transmission of the filter for the 

position of the maxima to be 30 pot. Thus far, not one of the selective 

filters has attained this transmission capacity. A schematic sketch of 

the filter is given in Fig. 1. In the experimental part we give some 

results of measurements on a filter made of quartz plates.
 

0o
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b) Second modification of the filter 

In the second modification of tin 
filter, m birefringent plates of
 

equal thickness d and two polaroids were used, as in the first modification.
 

The difference between the two types lies in the plate arrangement only. 
In
 

the second modification, the plates are arranged in such a way that each
 

successive plate is turned at the same angle & 
and in the same direction as 

the preceding plate, Thus, a fan-shaped layout of the plates is obtained. 

The axis of sytmmetry of the fan of principal directions runs diagonally to
 

the input /irst7 polaroid. 
The second polaroid is parallel to the first.
 

Let us once again give a general description of the process taking
 

place in the 
filter. We will introduce the following notations, 

sin E = A, cos E = B, sin 2 F = C,cos 2 C = D, sin * = L, cos =, 

sin 2n [f - dt (knl + j) = S(knl + in2 ). 

is defined by the expression:
 

1 - m---~ 

4 2 

The polarized light from the first polaroid passes through the first plate.
 

After this light has passed through the first plate, the vibration is de­

fined by the expressions:­

° 
x1 = L * S(fll), yl = M S(n2)- (7)
 

The following recurrent formulas are valid for the passage through the
 

remaining plates:
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xg+l = Jg . B + g A 

g +J. g(8 g ) 
Yg~l = y g * B-x *.A( 

The dots and dashes over the x and y have the same meaning as before. 

After passing through a certain number of birefringent quartz plates,
 

the light passes through the second polaroid, after which both waves again
 

reduce to the general direction of vibrations. Mathematically, this process 

is expressed by the equation:
 

=T Xg L + yg Mo (9) 

The meaning of the letters is the same as before. Again we give only the
 

results of the analysis of the second filter modification. The filter has
 

sharp maxima, whose position in the specbrum is defined by the equation
 

d *(nI - n2 ) = v (10)
 

The centers of the broad minim are defined by a similar equation:
 

d n-n 2 ) 2v 1 X
 

The width of the transmission band is expressed by equation (6). 
 The second­

ary minima are quite insignificant. The transmission of this filter is the
 

sam as that of the first filter modification. If we place the second 

Polaroid in the crossed position, sharp minima are formed, whose position 

is determined by (10), and whose broad maxima are determined by (11). 

Thus a complementary phenomenon again occurs. In general form, the 

second modification of the filter is complementary in construction to the 



first modification. The filter assembly is represented schematically
 

in Fig. 2. 

In the experimental part of this work, several results are given 

which were obtained from a filter of quartz plates. 

OTHER POSSIBILITIES OF EMPLOING AN ASSEMBLY OF IDENTICAL 

BIREFRINGENT PLATES
 

It is possible to carry out a whole series of interesting experiments
 

with an assembly of birefringent plates of identical thickness, ground at
 

the same angle, from the same birefringent material. The filter construction 

is always identical in that two polaroids are used, between which the plates 

are placed (Fig. 4b). The various modifications of an assembly of this type
 

differ only in the changes of the position of the directions of vibrations,
 

and in the position of the principal directions of the birefringent plates,
 

i.e. the polaroids and the plates are gradually rotated, 
In these experi­

ments a very diverse distribution of the transmission and absorption bands
 

in :the spectrum is possible. Thus, for example, the whole spectrum consists
 

of sharp doublets, triplets, and quadruplets, light or dark. instead of a 

detailed account, in the experimental part of this paper we will give 

examples of several possibilities, which may be realized by keeping the 

birefringent plates stationary and simply rotating the polaroids. 
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EXPER1TAL RESULTS 

Of the experiments conducted with different birefringent plates, I 

will cite only the results obtained with one assembly of ten plates. Quartz
 

plates, cut in the direction of the optic axis, were used. The birefringence 

value of the quartz in this direction, relative to the wavelength of the 

light is shcwn-in Fig. 3o 

In this direction, the quartz also shows a slight capacity for turning
 

the plane of polarization. This capacity of the quartz is zero at a cut
 

of 56°10fO At the specified cut of 90, a slight capacity for turning 

remains, which causes an ellipticity of the light with an axis correspondence 

of about 0.02, so that it may be assuned that the light is propagated practi­

cally linearly along the principal directions of the vibrations. The measure­

ments 'ere conducted with plates lh417 mn thick, Two slightly colored 

herapathite polaroids were used, A spectroscope with spectrometer was used 

for the visual experiment, a spectograph for the photographic experiment. 

Several of the spectrograms are given here. The spectrograms show that in 

the red part of the spectrum they are limited by the sensitivity of the 

photofilma, while in the violet they are limited by the glass of the polaroid. 

a) Measurement of the first filter modification
 

The arc spectrum of iron, which may be used as a scale 
for wavelength, 

is given at the top of Spectrogram 1. Belm it follow: a) the spectrum 

obtained from the continuous spectrum after the light has passed through
 

the 10-plate filter, b) the same assembly with only 8 plates, c)with 6 plates, 



and g) with 1 plate.d) Yth L plates, e) with 3 plates, f) with 2 plates, 


For comparison, spectrum h was also photographed using the same plate
 

placed in a diagonal position. In all the other cases, it was assumed that
 

in the number of plates also resulted in
 
,angle E = 50. Since a reduction 

a reduction in the number of reflections on the individual surfaces, the 

exposure time was reduced correspondingly. Obviously, the exposure time 

was too short in the case of spectrograms e, f, and g. Spoctrogram 1 

upholds the validity of equations (i) and (5). These equations were also
 

accurately checked by spectrometric measurements. Furthermore, the validity 

established through photometric analysis of the spectro­of equation (6)y was 


gram The coefficient 0.6 was also determined through this analysis.

0 

F were also definedof the filter with respect to angleThe properties 

appears at 
on the basis of Spectrogram 2, The arc spectrum of iron again 

of angle E took place, namely loO, 3030?, 50the top. A gradual 	 change 

70, 100, 100301. in 	 the spectra that follow, i.e. a, b, c, d, s, and f, with 

In spectra d and a not all the _ values were identical,the same exposure. 

and in some plates the deviations amounted to approximately 20'. The effect 

of this deviation on the symmetry of the separate passages of light is
 

on the sketch On the given spectra, one may see the optimal
noticeable 

/of light7 can be ignored and where
angle S , at which additional passages 


the principal maximum is narrowest. The last two spectra, g and h, were
 

prepared for a final photometric check of equation (6). I will give,
 

the checking sequence: one of the polaroids was removed and placed
briefly, 


of vibrations was placed

in front of the first polaroid. Its direction 

parallel to the direction of the vibrations of the first polaroid. With this
 



layout, the ligjht first passed through the series of birefringent plates, 

then through both polaroids, placed parallel to each other. The total
 

result of the transmission was as follows: all reflections in the system
 

remained unchanged, 50 pct of the transmission was lost owing to the ab­

sorption in the polaroids; spectrum h was photographed in the same way as
 

spectrum g; however, the polaroids were placed in front of the birefringent
 

g and h,
plate assembly. Thus there is an identical loss in both cases 

owing to absorption and reflection, as in the case of the 10-plate filter. 

The photometric measurements have shown that the light intensity of the 

filter maxima is exactly the same as that in the g and h spectra at corre-

Thus, it was established that the filter transmission
sponding wavelengths. 


was exactly 50 pct, if we ignore absorption and reflections0 This 50 pct
 

is due to the natural polarization mechanism and therefore cannot be increased.
 

Furthermore, a partial polarization, caused by the plate assembly, appears 

in spectrum k. 

b) Measuring the second filter modification
 

first filter measurements.These measurements 	were a development of the 

again shown at the top of the spectrogram (No. 3).The spectrum of iron is 


was obtained
In this spectrum some wavelengths are approximate0 Spectrum a 

with 6 birefringent plates and two polaroids with the same arrangement 
as
 

in Spectrogram 2, h. This spectrum was also photographed to evaluate light
 

filter of the first
intensity. Spectrum b is the spectrum of the 6-plate 


the spectrum of the 6-plate filter of

modification. Spectrum c represents 

Both spectra taken 	together show that the filters
 the second modification. 


lit
 



complement each other. Spectrum d is also a spectrum of a 6-plate filter 

of the first modification, but one in which the polaroids were placed 

parallel to each other, Spectrum e represents the spectrum of the 6-plate 

filter of the second modification, but in which the polaroids were crossed. 

Again the complement is evident. Spectrum f represents 3 plates whose 

directions of vibrations were set uniformly in a diagonal position with 

respect to the crossed polaroids0 Spectrum g is similar, but with parallel 

polaroids, Both spectra f and g were photographed in order to evaluate the 

width of the transmission bands. In all previously known complex filters 

the bandwidth is approximately the same as the bandidth transmitted by one 

plate in a diagonal position, the plate being half the total thickness of 

all the plates. From the above spectra, it follows that the bands of the 

filter are considerably narrower, if we consider the width of the trans­

mission band of the 6-plate filter and thewidth of the transmission band 

with 3 such plates in a diagonal position. The measurements again verify 

the empirical coefficient 06 of equation (6).
 

c) Examples of several other exeriments with messurable plates 

The plates were placed as in Fig. 4. In all the spectra of Spectrogram 4 

this arrangement was kept constant, only the position of the direction of 

vibrations of the polaroids was changed. The spectrum of iron is given at 

the top. Spectrum a represents a 9-plate filter with directions of vibrations 

of the plates as in Fig 4. 

In the first polaroid as well as in the second, the direction of vi­

brations is parallel to thatl of plate No. 5. Spectrum b was obtained with 

IlkS
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the same plate assembly; the direction of vibrations of the first polaroid 

was parallel to plate 5, the second polaroid was crossed. Spectrum c was. 

obtained from the same plate assembly with the directions of vibrations of both
 

polaroids parallel to plates 2 and 9o Spectrum d was photographed with the 

same assembly; the first polaroid was placed parallel to plates 1 and 9; the
 

second was crossed. Spectrum e was obtained with the direction of vibrations
 

of both polaroids along the axis of symmetry of plates 1, 9 and 5. Spectrum f 

was photographed with the same assembly, however, the second polaroid was 

crossed. During the photographing of spectrum g the direction of vibrations
 

of the first polaroid was parallel to plates 1 and 9, the second, to plate 5. 

Finally, in the case of spectrum h the position of the vibrations of the 

first polaroid was parallel to plates 1 and 9 and the direction of vibrations 

of the second polaroid was perpendicular to plate 5.
 

From these examples it follows that there is the possibility of an
 

enormous number of combinations of positions of the principal directions of
 

the birefringont plates and of the directions of the vibrations of the polarcids.
 

Every new combination gives ever newer possibilities of the distribution of
 

transmission bands in the spectrum. It is also probable that this use of an 

assembly of identical birefringent plates will find its practical application. 

d) Some additional information
 

In making tneasurements. r also verified the possibility of shifting the 

transmission bands of the spectrum 17 inclining the filter. The results obtained 

verified the measurement results obtained by Ohman with the simplest filter. Tf 

one wishes to include all wavelengths, the first modification of the filter 

should be changed to the second when tuning the filter to include wider limits. 
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I also tried quartz plates ground at an angle of 56010t to the optic
 

axis. A filter can be constructed from such plates, but it is much more
 

sensitive to the convergence of light. This also follows from the equation
 

which expresses the change in birefringence with respect to the change in
 

the angle of cut:
 

- n2)t = (n I - n2)90 . sin2(n I 

In finding the derivative of this appraxiate equation, we obtain the relation 

of the change of birefringence to the change of the angle 

-(n, - n2)o. = (n I - n2 )& * sin 2 A. 

From this equation it clearly follows that the smallest change takes place 

at angle 900, that is, with the cut parallel to the optic axis0 This equation 

has its maximum at = 5°. Thus, in this region the filters are most 

sensitive to the convergence of light. When the bundle 'of light is parallel 

there are no objections to the use of'plates ground at an angle of 56010o, 

which has zero capacity for turning the plane of polarization, T did not 

measure the relation of the transmission maximum to the temperature. In the 

literature cited, a shift of 0.66 A in the direction of shorter waves for
 

a IOC rise in temperature is given for quartz. 

In constructing a filter with great resolving power, the direction of 

the cut must be maintained very strictly. in cutting quartz parallel to 

the optic axis it is expedient to keep the tolerance of the angle at +10'. 

X-ray verification of the cut, using a Zeeman spectrograph, is well suited 



to this purpose0 The thickness of the plates must also be strictly 

controlled. The thickness and planeness can be closely regulated inter­

ferometrically. 

Prof. Be~v' called my attention to the growing importance of bire­

fringent filters and thus led me to think about new possibilities.. In 

The present work is one
concluding, T wish tc express my gratitude to him. 


of a number of dissertations under way at the Scientific-Research Institute
 

of Electrotechnical Physics in Prague. 

submitted
 

20 April 1953 

Nauchno-issledovatel lnyi Institut
 
Elektrotekhnichesk63.Fiziki v ?rage.
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This continues an article which appeared in the Czechoslovak
 

Journal of Physics, 	 I: 53-66, 195h, where the relationship be-'.... 
the number of plates was found. A qualitativeteen the angle and 

study is made of the influence of the inclination of the filter
 

and an approximate expression is derived for the maximum permissi­
ble convergence of light and for the relation of the wavelength of
 

the transmitted light to the temperature. 

' 
In my article "A new type of birefringent filter" which appeared in 

of the size of the angle between the directionsthis journal, the question 

of the vibrations of the individual plates had been left unsolved when this
 

show the mechanism by whichfilter was constructed. In this work I wish to 

this angle E is determined 

did not lead to clear results.Analytical investigations of the angle e 

Therefore, I used the experimental method to study the influence of this 

angle on the birefringent filter. I used the visual spectrometer method, 

since the weak secondary maxima can be determined more reliably visuallr 

than by photographic plate and photoelectric cell. The aim of the measure­

numberments was to find the relation between the optimal angle E and the 


of plates, their thickness, and birefringenceo Furthermore, I was interested
 

in the influence of the departures of some plates from the optimal angle
 

on the quality of-the filter, and the influence of the irregular orientation
 

of the plates, their unequal thicknesses and optic heterogeneity. . Con­

of the influence of 	the inclination
carried out investigations
currently, we 


of the vhole filter 	with respect to the direction of the rays. The established 

relations are very interesting and have a practical significance. 
The
 

\recedina pae blank 
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measurements were conducted in air and in immersion. In all experiments 

quartz was used as the birefringent material.
 

Below is a short report on the oxperiments, which often had unexpected 

results. First of all it was established that the value of the optimal 

angle C does not depend on the thickness of the plates, and thus-it is 

also independent of the birefringence value of the material employed. Next 

it was established that the optimal angle is constant for all wavelengths. 

The optimal angle depends only on the number of plates, hence its value may 

be expressed very approximately by the following formula: 

8opt - g , (g being the total number of plates) (i)
 

This formala holds for the first and second filter nodifications. 

Since the limits of measurement of angle P must be defined accurately, r 

again give sketches of the plan of the first and second filter modifications 

-with final notations (Figs. la and lb). In these sketches the directions of
 

vibrations of the polarizers are depicted by broken lincs, the principal 

optic axes of the plates are represented by solid lines.
 

in the following I will give some of the details observed during experi­

ments with the first filter modification. The second modification in a
 

number of respects has the same properties.
 

T}E SMHAVIOR Or A FILTSE WITH FINE TUING 

Let us examine more closely the effect of the changes of angle E on
 

the behavior of a filter and let us define more exactly vinat constitutes 

the concept of the cptimal angle. The interference picture changes with a 



change of angle. Thus, the width and intensity of a transmitted line can 

be changed within given limits and can exert a strong influence on tha 

intensity of the secondary maxima, We tried in so far as possible to 

suppress the secondary maxima, at the same time keeping the transmission 

band as narrow and as light as possible. This requirement was satisfied 

at optimal angle Sp t ' By experiment I determined that in general three 

zones of angle L may be distinguished, where the following characteristic 

phenomena take place:
 

a) Zone 1: S smaller than c opt. When the angle becomes smaller, the 

band of the transmitted line gradually broadens, whereby the characteristic
 

!Purve7 of the transmission intensity ith respect to the wavelength becomes 

bell-shaped, while the characteristic of the optimal angle is nearly straight. 

As the angle decreases, the intensity of the transmission also decreases, at 

first slowly, then rapidly. However, the intensity of the secondary undesired 

maxim decreases simultaneously, and considerably more rapidly. The trans­

mission band becomes approximately 60 pot wider than the initial width. As
 

angle E approaches 00, the whole process becomes rapidly weaker When
 

,S o naturally the whole field of vision is dark. 

b) Zone 2: In this zone the angle =E Sop according to formula (1). 

In the first filter modification, the optimal angle may be changed within 

fairly wide limits, without causing any considerable change in the character 

of the spectrum. It was established by experiment that in this case a change 

of 10-20 pot in angle Co is permissible. Thus it seems that in the first 

filter modification it would be expedient to keep the E values approximately 
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10 pet below those given by the above formulas. The computed value of 

the angle is better for the second filter modification.
 

c) Zone 3- Angle e larger than Eopt o The width of the transmission 

band decreases somewhat at first, by several percents, but when the angle
 

increases, the transmission band begins to bifurcate. The intensity of the
 

secondary maxima quickly increases, the phenomenon loses its typical charac­

ter and the filter ceases to be monochromatic.
 

Such are the results of the experiments which established the directions
 

of vibrations and in which absolutely identical and homogeneous plates were 

employed.
 

T1E EFFECTS OF INACCURATE MOfNTING AND FETEROGENEITY 

If the directions of vibrations are not established accurately enough,
 

i.e. if the angles of the different plates differ, various changes occur in
 

the initial position of the spectrum of the birefringent filter. If the
 

departure of the mounting angle for the individual plates does not exceed
 

5 pet of the established 6 value, only an insignificant irregularity is
 

observed.in the distribution of intensities of the secondary maxima, and the 

transmission curve of the principal maximum ceases to be symmetrical. If 

the departure of any plate exceeds the above value, there will be a consider­

able increase in the intensity of one of the secondary maxima or a general 

irregularity in the distribution of intensities. "ith greater departures 

(20 pet or greater), the secondary maxima cause interference. An incorrect
 

arrangement of the polarizer will also have this effect.
 

http:observed.in
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The heterogeneity of the plates, their differences in thickness and 

twinning also cause undesirable phenomena, particularly in filters with 

great resolving power. However, the twinnings may be excluded in advance, 

and the thickness can easily be controlled interferometrically and by 

polishing within an accuracy of 0.0001 mm, which is sufficient in.all cases. 

Another question is the possibility of maintaining the direction of the
 

cut. 
In my first article on filters I wrote of the possibility of using
 

cuts that are not parallel to the optic axis of the crystal. I also introduced
 

a small permissible convergence of the bundle of light. I should amend my 

statement. Oblique cuts may only be used in filters with a small .number of 

plates. In other cases, oblique cuts should not be used. The reason is very
 

simple: 
 only in cuts parallel to the optic axis does the perpendicularly
 

incident ray pass in a constant direction in the direction of the extraordinary
 

ray, i.e., perpendicular to the plate, 
With other cuts, as follows from
 

Huygens' construction, the extraordinary ray departs from the initial direction,
 

as a result of which there is an ever larger divergence of the bundle of
 

light in the su.ccessive plates, which finally makes monochromatization im­

possible with-a larger number of plates. Thus in constructing birefringent
 

filters it is expedient to use only cuts which are parallel to the optic
 

axis of the crystals. These cuts may be adjusted with an accuracy of l0t
 

(by the optic method or the X-ray method), which is sufficient for filter 

production. 

Before assembling the filter, a simple control can be effected over the 

optic homogeneity and the uniformity of thickness of the plates. 
For this
 

purpose two prepared polished plates are placed one on the other so that the 
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direction of the maximum coefficient of refraction of the first plate will 

cross that of the second plate. The birefringence of the plates arranged 

in this manner will cancel. If this pair of plates is examined in parallel 

polarized light in crossed polarizers, on rotation the pair of plates 

should appear uniformly dark along the whole surface. This system will be 

highly sensitive to a* heterogeneity, irregularity in thickness, etc. This 

method, e.g., can also reveal electric twinnings in the quartz. 

4 


THE RELATION BETEEN THE BEHAVIOR OF TIE FILTER AND ITS 

INCLINATION TO THE LIGHT RAYS 

Usually a filter is placed in parallel light, whose rays are perpen­

dicularly incident on the filter. However, it is very useful to know the 

maximum permissible convergence of the bundle of light which still will not 

disrupt the interference to any appreciable extent, Then the filter can be
 

tilted somewhat so that the rays will fall on the surface of the filter at 

a different angle; in this way the filter can be tuned within wide limits. 

Experiments al6ng this line led to the following results: 

The first and second filter modifications can be tilted such that 

the axis of inclination coincides with the bisectrix of the optic axes of 

the maximum or minimum coefficient of refraction. Thus there are two
 

mutually perpendicular directions around which the filter can be inclined 

(the chosen direction remains parallel at all times during this process). 

The following uniform results were established for both filter modifications: ' 
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a) If the axis of inclination is the bisectrix of the optical axes 

of the maximum coefficient of refraction, the transmission bands will shift 

in the direction of shorter wavelengths, whether or not the filter is tilted 

in the same or in a different direction from that of the rays. 

b) If the axis of inclination is the bisectrix of the optic axes of the
 

minimum coefficient of refraction, the transmission bands will shift in the 

direction of longer wavelengths, whether or not the filter is tilted in the 

same or in a different direction to that of the rays. 

c) The directions of the wavelength are exactly the same, whether the 

filter be tilted around the bisectrix in one direction from the direction
 

of the rays or in the other.
 

d) The absolute value of the change in wavelength during the inclination 

around the bisectrix of the optic axes of the maximum refraction coefficient 

is the same as the absolute value of the change with inclination around the 

bisectrx of the minimum coefficient of refraction. 

e) Changes of wavelength in both filter modifications are identical 

with respect to the angle of inclination.
 

f) The following general law was found which defines the change in 

wavelength with respect to the angle of inclination of the filter T: 

-E = const X F(rp) . (2) 

In the case of not-too-large values of the angle, we can assume F(,P)
 

to be approximately o2 or sin 2p. The essential relationship of -7 to the
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number of plates or to their thickness was not found. 

After ta indicated value for F((p) is set up and the numerical constant 

computed, formula (2) becomes 

2=.h5 - x - lO-3. (3) 

where LX is the shift of the known transmission band, X the wavelength of 

the transmission band, T the angle of inclination (in degrees) of the filter 

from the perpendicular incidence of the light ray. 

The measurements were conducted on many filters for various wavelengths, 

in all cases with the angle E optimum By way of example I give the measure­

ments made with the first filter modification consisting of seven quartz
 

plates 1.5852 mm thick. This filter was constructed for observation of the 

solar corona. The required wavelength of the transmitted light was 5693 A. 

The relation of wavelength to angle of inclination of the filter was investi­

gated. The measurement results are shown graphically in Fig. 2. The ascending 

line pertains to the filter inclination around the bisectrix of the principal 

axes of the minimum index of refraction. The descending line pertains to the 

inclination of the filter around the bisectrix of the maximum index of re­

fraction. The measured filter was cemented with Canada balsam and was without 

frame; this made it possible to measure the filter up to an angle of incli­

nation of 850. The applicability of formula (3) to this case was also studied. 

The results are shovrn graphically in Fig. 3. The broken-line hyperbola 

indicates the computation according to formula (3), the measurements are shown 

by dots on the graph. The dots with crosses relate to the descending branch 

of graph 1, the dots in circles to the ascending branch.
 

Ilb
 



g) The width of the transmission band is practically independent of
 

the angle of inclination of the filter, which was established with incli­

nations up to 850.
 

These results show the possibility of tuning filters within wide limits, 

Since a filter has a whole series of transmission bands, it is easy to build 

a smoothly tunable birefringent filter. 

The inclination of the filter with respect to the direction of the light 

rays in the ordinary direction causes much more complex spectral changes.
 

However, with a known degree of accuracy, this inclination may be resolved 

into the sum of the inclinations in the directions of the bisectrix of the
 

optic axes of the maximum coefficient of refraction and the inclination
 

along the bisectrix of the minimum coefficient of refraction, these being
 

mutually perpendicular. As follows from the above, these directions exert
 

opposite effects. Therefore, with greater inclination, the lines should
 

bifurcate, with slight inclination the width of the transmission band should
 

increase, since both parts of the bifurcated line somewhat overlap or come
 

into contact with each other. Such phenomena are actually observed in their 

general features. This case of inclination of the filter in its general 

form is of great importance since it gives us data on the maximum permissible
 

convergence of the rays (as long as the required monochroatization is not
 

disrupted). Let us attempt to compute the permissible convergence on the
 

basis of the above relations, if we assume a lO-pct broadening of the trans­

mission band, these formulas make it easy to obtain the expression for the
 

maximum angle of convergence, whereKfX indicates the original'width of the
 

transmission band: 
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10 AXIpconv IO °VJ 'K (4) 

The maximum convergence, which in general can be assumed, is that for which
 

the bifurcating parts of the maximum are 
contiguous. The value of this
 

angle is approximately equal to three times the value computed from (4).
 

CONCLUSIONS
 

In the preceding I have shown that a certain optimal angle F 
exists,
 

which depends only on the number of birefringent plates from which the filter
 

is composed. This angle may be determined by formula (1); experience, however, 

has shown that with the first--modification filters it is expedient-to employ
 

somewhat smaller angles. 
The intensity characteristic can even be improved
 

somewhat by small deviations in some of the plates. This adaptation of a 

filter, however, requires great patience and experience; it may be compared
 

with retouching in sensitive optical systems. 
 Usually it is sufficient to
 

maintain a uniform angle E in all plates and to be sure the plates are 

uniform. 
The tolerances have already been indicated. Further, I proved by
 

experiment that it is possible to tune filters within wide limits in the 

directions of increasing and decreasing wavelength. The approximate formulas
 

for the computation of these-shifts are given. At thealso same time, an 
analysis of the maximum permissible convergence was made on the basis of the
 

foregoing results; this was also expressed by an approximation formula. 

The present work is part of a doctoral dissertation done at the institute
 

of Electrotechnical Physics, Prague. 

submitted
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CEAr- BIREFRIGENT FILTERS
 

by 

Ivan Sole
 

INTRODUCTION
 

We use the term chain birefringent filter to designate the arrangement 

of birefringent plates in which no plate is separated from another by pola­

roids and in which the path difference of the individual filter elements is 

repeated periodically. Hence, the simplest arrangement answering this de­

finition is a system of plates of equal thickness, ground from the same mate­

rial and with the same orientation of the angle of cut. Filters are either
 

asymmetrical (the filter effect can be changed by changing the direction of
 

the rays) or symmetrical (the filter effect is independent of the direction
 

of the rays), depending on the arrangement of the azimuths of the individual
 

filter elements. For practical reasons, symmetrical filters are the most
 

convenient, so we shall concentrate on them in this paper. Birefringent
 

filters are generally used to make light monochromatic, and thus it is our
 

object to attain the optimum effect along these lines,
 

BASIC A$SIDPTIONS
 

A ray may not change its path direction while passing through the filter.
 

Hence it follows that only one cut of a crystal is suitable, namely the cut
 

parallel to the plane of the optic axes (uniaxial crystals are cut parallel 

with the optic axis). Huygents construction of the refraction of light in
 

crystals shows clearly that all other cuts are unsuitable. I described the
 

simplest type of chain filter in an article published in 1953 [l1. A more
 

The system of equations
detailed analysis of such filters can be found in [2]. 


derived by Hsien-Y Hsu, ti.Richartz and YtIng-Kang Liang in 1947 £5) from the 

general formula for computing the intensity of polarized light passing through
 

a series of birefringent plates has proved to be effective for analysis of
 

the filter function
 

21' 21 21j
--2 (F
 

[T iot 0 - 2 t 
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In this formula, c'is the azimuth angle of the analyzer with respect to the 

azimuth of the polaroid, xi = tan 6, y . 63/2, 6 is the phase difference, 

the azimuth of the i-th plate, Jo the intensity of the light after the first 

polaroid. The phase difference and the path difference are related by the 

familiar relationship 

Tr d -D (2) 

in which X is the wavelength of light, d is the plate thickness and D is the 

index of refraction. 

To make satisfactory birefringent filters, one must use suitable, highly
 
homogeneous birefringent crystal material, maintain a strictly accurate angle
 

of cut, and nontrol the grinding such that the plate thickness remains
 

strictly within the assigned tolerances. A condition for the use of bire­

fringent filters is that they must fit into an optical system in which the
 

allowed angle of convergence of the rays is not exceeded.
 

GEIERAL RELATIONSHIPS FOR SfIAPLE CHAIN FILTERS 

For simple chain filters, with which we are concerned here, the individual
 

elements have the same path difference, which is expressed by the condition
 

YI Y= 3 = Ys Y' 

then, also,
 

x.. xs X. (3)
 

In further computations, intensity J0 will be taken as 1.
 

We will use Xn for the double brackets in general expression (1). Then,
 

for example,
 

X, coal 0 -[x, r., (it) h~
 
X, [cos 0- x,.r cos ((P ­

r [x, coS ((P - 2 )P j ' s( - 2I)j, 

XA - [Cos (P - X3 cos (0 -- 2,,l -I r. , 1 2,,,xx fill- 2,) ­

-- xr os (d, -- 2 2,)j- . [r,', (,I, 2v,) 
X cos ((P -- +-, ns (r - !,,) rr.., . 

-- o%((P - 2n, _ 2 _ 2n1 ),2 

etc.
 

Next, let us introduce the expression ,v 
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By successive substitution, we" get
 

( - --- , Cosos 	 o,) 

'o - / 22,,lff) - ..)c o s (-- 0 2 no, 	 + 
La I- v0 (4), ) (. (- (0 - 2a - 2) + Cos (P,-- 2n + ') 

' 
 ( -	2,, . 2,. -- 2,) , 

etc. 

For the sake of clarity, we may express these relationships by the following
 

numerical scheme:
 

1~ 	 .. 2, 1
LI.......... 21
 

.............. . 2,1. 
]'l., 12. :31, 21.. ...


L,. .... 321 
.4, 3,2, 1 
...,....... 43, 42. 41. 32, 31, 21 
...... .. 2, 431, 421, :121.... 

/I ....... 4321
 

etc.
 

By successive substitution of ,v and relationships (3)for Xn we arrive at
 

equations
 
X, = 	osb 0 + (xL j',
X, = [oca 0 - x*L,.1 1 + [xL,]' ,
 
X, = [ooe0 - zL,.,]' + [xLLI - X3L J*
 
X, = [cos 0 - x'L,, + xL,.,] ± [zL, -zL
 
X, = [oc. 0 - x'L,., + Z4LL' -4- [xL,1 - ZrL,4 + tLLd',
 

X, = 	 [coa 0 - x'L.., + z 4L... tL,,] + [XL.., - ZL. + ... 

In this equation, a is the largest even number that fulfills the condition
 

s 
 n, and t is the largest odd number that fulfills the similar condition
 

t n.
 

It is convenient to arrange these expressions by decreasing powers of x:
 

.X, -	 , --: nr'- (l ,
4X. 	 - 8L2. . -r .rx(1.{, - 2L.,cos ',)+ cos0 , 

a-- , ., x'(L., - 2L,,., + -. ,os ) + 
N4 -= a'rfL,4 a'rr(L 3 - 2L4 ..2L,) Fcx t(1, 2 - 2L .t 3. +}2L. cos 0) .,­i- . 

-t-~~ p) C82	 cost 	 y'j. -r"t-.r2(L ,, - 2LJ4.2 ('(IS) + eos 0 

- 2( 5.3L5 .3) + oz(L, - 2L.L,--4 2L, .L)+ 
L -- ')IfL 2L , cos 0) + x2(L2.1 - 2L,, cog 0) + 

et. 2 
5A 55 

etc.
 



functions ith values x of the of coef-The brackets with v wLu of are nature 

ficients and express the characteristic properties of a chain filter. Let us 

cal them Ak. Then, 

Aa., =L., 

=,.L4,4 
A4., = 144, 

A, I = L. 

A,.= eo. , 
A2 2 = - 2L.... (P,2., 

A, -- 2!:,1, a ,
 
A,.: = L , - "2fL4 .L. ,
 

.--L .- "2Ls52s. 

A,.. -J ,_ I " 2T. ..2 . 

A,, = 0, 

A, - L. , - 2L.2
 

A,.3 = L .2- 2L 'T. 2LJo),
 
A4 3 L1 3 2L5 2L,.4, + 4,2LLL 

A,,= L. - 2L,.,L :. "2L.., 

Ak.1 L .2 2L1., 1.LAI -; 2L,., L4". ; 

A,, - ), 

LIA . I -L2L).,
A5.4 LI 2'H "L 1,1+ L es,1
 
A7.4 L72.4 2L-31,. 7 .
 

A.. = L., - 2L.2 -


Ak, -- Lk.k- 2,k AL.4 " Lx. " .x ('),"
 
A,, "= . -2L , , F2 , , (. . . .
 

A, -: 0, 
L' '>1,. / 2~-L, - L, co (1 

i.3, ­6L $2." I.53A , .- I) , 

A, s -- L((I-S L. ,) q 

A*l8 = L£. - 2L, ,Io, H 2118,.t ci)q 

. - Li 7 I. /-17..L4 "- 2!L, tL~ - 2 L. , t'I'¢[ 

A,. = LI. - 2L.£L,., + 2L.,L, - 2L,.,L,., + 2L,, cos 0, 
A,. = L: 8 2L,.,L... + 2L,,L,. - 2L,,,L,., + 2L,.L,.,, 

A, = L't.,_ - 2f,, k S,,.L-. 3 I- 2L .,£*Lk._ -- 2Lk.,-.L,.., + 2L.kL.,,. 

etc. 
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The formulas combine formally if we introduce the symbol cos , - Lk,O Then 
the general relationship for expression Ak ,& has the form 

A k.I ,k --Z A-ZT'k~-t . _- *j- -	 (5)=L I .2I _+2tL k-i-I "j , 3 
.. -- 141 .2.J.k-Lkk±_- 2LL.,L& 	 (

If we use coefficients of Akt, the formula for Xn assumes the form
 

X, 
 q,,
 

X,= x -" . + xaAn.I(,(oS2 (1,
 

X, = x8A,., + x".1.2 I-x.4., I- x.A4, , (o. P, 	 (6)
X ,= 0A ,. I r flA. , + + . A , -rx 2 . -. cosx I1), 

2.l, i Xa2A,, co ' 

With the aid of formula (i) we may convert equation (6) into expressions suit­

able for direct calculation of intensity:
 

= 8i112 y . A 1 ,1 4 	 roS 7 ('o8 0. 
y .J,= sin'y.A,, • 4u1yC2H y. +C ( syc Q,0 8 

4
sin1Y • - s 	 y., = .1 .,i ('y y., A,.2 -I-ain cos ' Ay. +-, cosa y) 0o, 
J - s x "y A ,, in"'y " A ',.,+ $ n4 yAc- + V088 7 CfN2 8 A,42 y ci4 "A ,,+ + sin t'cusa Y (7) 

fsin"y .j 	 2-2 * ' y A - sin 2 y co "-2 y . A,, 1. 

± COt (( (' Pf). 

- Equations (4), (5)and (7) are general relationships describing simple chain
 
filters, both symmetrical and asymmetrical.
 

In what follows, we shall concentrate on symmetrical filters. We shall
 
use the term "ideal" to define the filter assembly with the simplest arrange­
ment of azimuths of the individual plates. We shall use the term "optimum"
 

to define the filter assembly in which the attempt is made to reduce the
 

secondary maxima as 
much as possible through arrangement of the azimuths of
 
the individual plates. We shall also distinguish two different casvi de­
scribed by angle Q . In the first case, anglep 
 will be either 00 jr 900
 
(basic positions), in the second case angle 
' will be general (genei.al po­
sitions). Of course, all cases will have to be divided into two mod 4
 -: ,ions,
 

the first and the second, which are mutually complementary. We shall ta-e up
 

all the aforementioned cases systematically but separately.
 

THE FIRST MODIFICATION OF THE CHAIN FILTER IN THE BASIC POSITION,
 

IDEAL ASSEIiBLY [OF PLATES] 

In this case,
 
' 90 1 	 Q3, U's= . ..- k+1= , (8) 

Q4- O .. zt -- Q 

http:genei.al
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Through substitution, equation (4) takes on the form
 

Lt.= sin 2 Q, 
Lz. = 0, 

L =. - sin 4o, 
L ., = sin,2e, 
L3.,= 0, 

L,.= sin 6p,
L .I --0, 

= - 2 sin 4 n,
L, = 0, 

L,= - sin 8n 

Ls., = sin 2n, 
L5,2= 0,
 
L6.3= 3 sin 60 -sm 21)
 
L 54 = 0,
 
L,. = in 10o,, 

ate. 

Equation (5) simplifies as follows: 
A,., ---sin 2-0,
A, = sin' 4n, 

A., = sin 2 6p, 
A,, = sint 8 q ,
 

z 1 0 0;
A,, = *in 

A. 2 = 0,
At .2t - 0, 

A = - 2 sin 6p sin 2a ,z 


A, = 4 sin-8o sin 4o,
 
A, = - 6.sin IOn siuifn -- 2 sin [On sin 2o
 

A1. 3 - 0, (5a) 
A2.3 
 0,

A,., sin2,) , 

A 4 3 = 4 sin 4 4n ,
 
p 2 o
A5 3 9sin2 U + sin .- (i bit nsin 2 r 2sun 10a sin 2o 

A . = 0,

At.4 = 0,
 
A., = 0, 

0, 
A . - - i sin (t siu 2, - 2 sin 2 ,
 
etc.
 

Due to substitution in intensity formulas (7), a condition is created by which 
the intensity is maximum in the main maxima. This is the case when A1 ,
1
 

A3 , I1 AAno. I, or 
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for 1 plate LI. =sin' 2e = 

for 2 plates L 2. = - sn 4 -- I 

for 3 plates L2., = sin'o 

for k plates LI., = sin' 2k0 = . 

The fundamental relationship for attaining maximum transmission
 

P . 45°0 (9) 
number of plates 

follows from the above equations. By substitution of condition (9) in equation 

(4), we can construct the following table of numerical values of Lni v 

Table 1
 

v 1 2 -3 4 66 '1 8 9 

I 1 

03 -O500 
4 0 1,414' 0 -1

a.0300 0 2 a.' 01 

a 0 - 1,5G 0 -4, 46 4 0 -1 
7 0,222 0 ' 441 6,376 0 1 

S530 ,0 - ,75 1 0 -9,137 0 -16.04 0 16.0 0 12,08 o 1 

Values of hv with higher indexes can be approximated roughly, e.g., by 

extrapolation on graph paper. 

Using table 1, we can construct table 2 for Ak g ' on the basis of re­

lationship (5).-

Table 2 

2 3 4 7 89 

3 - 1 ('0,0 

4 I 

,
 

5 1 104 1.491 0.0955 

fl - S.928 22.927- 13.302 1,250 0 
7 1 - 12,760 42,477 54.774 22.86-0 196 0.0497 - 1275 47 !_,-,7 4212 -2.10 0,0Z00
8 1 -18,274 103,001 -181.38 123,179 - 2959 2.141 0 
9 1 -24,164 178.97 -410,79 411.124 -203.,25I 42,224 

Substituting numerical values in formula (7), we establish the regularity of 

the variation of intensity of an ideal assembly of the first-modification 

chain filtert 



J,= sins y,
 
J,= sins
 

J. = sins y - sins Y coal y + 0,25 sins y coa8l,
J4= sin$ y - 2,818 sine Ycosa y +J = in'y -

2 sin' Y cos' y5,472 sins y co'8- + 8,104 sins y coal y - 1,691 (7a) 
. sins y cos' y + 0,095 sin' y cos ,
 

etc. 

By successive substitution of the path differences
3 we find the curve of

the transmission capacity of the filter. 
The expressions for intensity are
polynomial in form. 
The main maximum is characterized by the first term, the
subsequent terms pertain to the secondary maxima and minima. Their number 
also determines the number of secondary extremes. 

By analyzing the first term, we can arrive at the position of the main
 
maximum, which becomes
 

6 a 3 2k +l 

By substituting this condition in equation (2), we get the familiar relation­
ship for the wavelengths of maxima,
 

d D= 2 + 

The position of the second.y maxima can also be defined roughly as 
the ex­
tremes of the subsequent individual terms of the polynomial, which have the
 
form 

y = sin 2k y'cos22 Y 
The extremes of this function are given by the equation 

W kksin y 

In these extremes, the function has the value 

kk -Z 
Ymax: = 

(k+ Z) + 

The true position of the secondary maxima is always somewhat different, since
 
the extremes of the entire polynomial must be considered. Thus, only half
the extremes act as maxima, the other half correspond approximately to minima.
 

The curves of the transmission [of light ] for filters with one to nine
 
PO0
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-- . . plates are computed on the basis of equations (7). 
(f This is illustrated in figure 1. An interesting

fact becomes apparent from equations (7), namely 

do that a filter with tvo plates has no secondary max­
imum. This could be used in constructing a Eyot 

0filter. Further, computation shows that the trans­
mission curve is considerably steeper near the
 
main maximum than one would expect from the first
 

0 
 term of the polynomial itself. The main maximum
 
0 zo 40 do Sol) is always somewhat broader than the case of a
 

Figure 1. The variation of single plate which is as thick as the total number

intensity of first-modifi­
cation chain filters with of plates of a chain filter.
 
one to nine plates, ideal
 
assembly in the basic po­

sition.
 

THE SECOND MODIFICATION OF A CHAIN FILTER IN THE BASIC POSITION
 

WITH AN IDEAL ASSEUBLY [OF PLATES] 

In this case,
 
= 0°, Q,1= 0,ez = 3e, g2s 5e0., 0,(2n- 1) e.
 

By substitution in equations (h) we get
 

L1.= 0, 

L,., - coB 4e, 
L3.1 0,
 

L,.- 2sin 2o - coo 4L, 
L- 0 , 

L.1= 0 
4
L, = co o- cos 12 o, 

L,.3 0,(4b)
 

L,, = cos 8e,
 
L---0,

L, = 2sin 62 + 2 sin 20 - 2 cos 8e - cos 12e + co+ 4e, 
L,= 0, 

etc.
 

Equation (5) simplifies as follows: 

A,., = 0, 
As = co8 4D , 

A,., = 0, 
A,, coo 8a, 
A.1 = 0; 
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Al.1 = 1, 
A,., = 2 cos 4 o 
A,, = 4 Sin 2 2e + cost 4 - 4 sin 2o cos40 
A., = cos 1 2 L cos 80 - Cos 8L cos 4 0 

8A., = 	 cos' e 

A 1 .3 = 0
 
A2,3 = 1
 
A. 3 = 2 Cos0 - 4 8in2o 
A,., = COO 4 e + COO 12e - 2 Cos 4 e cos 12 e + 2 cos 8e 
A6.= 4 cos 8e + 2 cos 12e cos 8o - 4 Cos 8e sin 6e - 4 cos 8e sin 6e ­

- 2 cos 8e cos 4o; 

Al,4 = 	 0, 
A. = 	 0,4 

Aa. 4 = 	 1, 
A. = 	 2 cos 12n - 2 Cos 4Q , 

0 S 8 2A 6.= 	 4 sin 60 + 4 sin 2 + 40co2 - cos 12n -t (.osl 4o 
+8 sin 6o sin 2 e - 8 sin 6 e cos go -- 4 sii B;o co 12o 
+ 4 sin6e cos 4Le + 4 sin 2o cos 4- 4 sin 20 cos 12,­

12
- 8 sin 2o cos 8e + 4 cos o cos So - 4 cos 8a cos 4o-­
- 2 cos 12e cos 4E) _- 2 cos 8L, 

etc. 

The maximum intensity in the main maxima of the second modification need not 

be verified separately, since the last term of equations (7) has the coef­
2 ! 1.ficient cos
 

However, the second modification can be made complementary to the first
 
by proper choice of angle p. This angle is given by relationship (9).. Through 

substitution of its numerical values in equations (4), we can again construct 

a table for k ,jv 

Table 3
 

1 2 3 4 5 61 7 8 1 

40 1.414-	 1 

o0 2 736 1 0 0,309
 
6 j 4.464 0 1.500 0
7 II 6.375 0 1 4,418 0, '222 

01 .I37 0 •*I. 7.5X I' 1.5:1(1 I 'I 

* 22082 0 16.50 II 1,111 0 i.174 

A comparison of this table with table 1 shows the mutual relationship of 
coefficients L,. for both filter modifications. 



Again we can construct a table for coefficients of Ak,2 on the basis of 

relationships (5). 

Table 4 

IJ7 I 7 83 4 9
 

1 0
 
2 0 0
 
3 0 0,250 - I
 
4 (0 0 +2 - 2,8l8
5 0 0.0955 -I191 + 8,14 -- 5,472 
6 ) () +2.,2 ) - 13,392 + 229.27 .. 8,92H 
7 0 0,049 -1,962 +22,350 - 56,774 , 49,477 - 12.7508 o 0 +2,341 -29,859 -- 123,179 -181,38 + 103,0 - 18.274
9 0 0,030 -2,102 +42,224 -203,525 +411,124 -410.79 +178,97 -24,164 

This time we construct the equation for intensity in the reverse order of 
terms of the polynomial. This shows the complementary nature of the two modi­

fications more clearly: 

J, = 006' Y
 

J, = coal Y ,
 
J,= coal y - cos' 7 8h12 y - 0,25 cos' y sin'),
 
J= = coa y - 2,818 coS'y sin' + 2 coal sin' y, (b) 
J, = cos'0 y,- 5,472 cogs y sin' y + 8,104 coa' y ain y - 1,691 coa4 sin' ++ 

+ 0,0955 coa2 y sin$ y 

etc.
 

The system of-equations (7b) is formally identical with system (7a), ex­
cept that the functions of sin y and cos y are interchanged. We get complete
 
agreement by introducing a complementary angle. In other words, the trans­
mission curves of the second-modification filter are shifted 900 with respect 
to those of the first-modification filter, but otherwise are in agreement.
 
The condition for the position of the main maxima of the'second-modification 
filter, y ir, 2'i, ..., kn, follows from equations (7b), which leads to re­

lationship
 

d D = k *- Z 
Otherwise, the analysis of the intensity variation is the same as 
that dis­

cussed for the first filter modification.
 

(45 



THE FIRST MODIFICATION OF A SfIYETRICAL CHAIN FILTER IN THE BASIC 
POSITION, OPTflUt ASSEMBLY [OF PIATEs] 

It is quite difficult to define the optimum assembly, for it is difficult 
to define this case mathematically, since the variation of the mairj maximum 
deteriorates somewhat due to the condition that the secondary maxima be sup­pressed. Before we begin the main analysis of the requirements of optimum
assembly, let us derive the 

an 
general equation for a symetrical first-modi­

fication filter in the basic position.
 

In this case, 

0)I 2' kid = ==eIel,112Ie2, --r=-. ..t~ --I ,/

Again the signs of the azimuths alternate. The condition for maximum trans­
mission of the filter follows from the general equation 

Al,1 ..."'" = Anl 11, 

or else 

,2 2,2 33 n2n
 

According to equation (4), this relationship leads to the resultjelj + I521+ ")l +... + 1e' = 46' (1o)
which is the generalized relationship (9). 

-

Then, in equations CE), we will
 
substitute, successively,
 

for 1 plate e, 45' 
for 2 plates , e,, 1- 2,= 45, 
for 3 plates e3 20, - p, = 45o , 

2±,
for 4 plates L=- el, 2 ez2- e±=45 

@= - e@
f or pl at es 5, : , e -- . + 4 ° 

24 e, 

for 6 plates Qs 2a' -- 2 ,01, a. + = 450, 

fo - - . , 

etc.
 

The general -formulas (4) specialize as follows: 

L,., sin 2 , (4so)
L,,= 0,L (,1

=,--sin (2 2t .- 29,) (= _ 1) , 



L3.1 	 2 sin' E, sit ,,
L3.! 	 0,
 
L,.= sin (4 n, - 2,) (= 1) , -


L 4.= 0,
 
L4.2 - sin 4o - rn 4L., - 2 sin (2n - 2n,) + 2 sin (2,, - 2o,)
 

L43 = 0
 

L ,.,= sin ( 4a,- - 1 , (h )
 
L, = 2 sin 2, + 2 sin 2n,- sin 2 , cont.
 
L4. = 0,
 
L= 2sin (2,1 - 20, + 2o,) + 2si 2C,, 2 sin (t,, - 22) +
 

22 sin (2t, -- 2a, - 2n,) + sin (4, -- 2 ,.,) - sin (4a, - ), 
L. =0,
 

= sin (4C - 4 E),+ 2n3) (= I) 

etc. 

According to equations -(7a), one- and two-plate filters in the ideal assembly 

do not have secondary maximal therefore, they are, simultaneously, filters in 

the optimum assembly. The three-plate filter has secondary maxima character­

ized by the coefficients A3 ,2 and A3 :3, according to equation (7). Now let 

us seek such a solution for azimuths pl and P2 in which these c6efficients are 

minimum. According to formulas (5) 
A 3.2 = L[,-2L .L.,~ 

A, 	 Ll, - 2L., cos 0 

According to (4),the expressions reduce to
 

A,., = 	 - 2L3.1 

A3.3 = 	L, .
 

Then we need concern ourselves only with the expression L3, Let us seek
I 


the condition for its minimum, which can be used in this case to solve the 

equations
 

L,. = 	 2 sin 2e, + sin 2 9, = 0, 
2o, - e, = 450 

The quadratic equation
 

2 sin:2e, + 2 sin 2e, - I =0 

stems 	 from these equations) its solution gives the angles 
=
Pl 10.7, P2 - - 23.6'. 

With these plate azimuths, the three-plate filter has no secondary max­

imum. The equation for the variation of intensity has the form 

J = sin 6 y 
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Proceeding in a similar manner, let us seek the solution of the equation
 
h,2 - 0 for a four-plate filter, or
 

si 4 4-sin 4 ,),.+2 sin (2t, + 2n,) ± 2 sin (2 , - 2e) = 0, 

2e, - 2p- = 450, 

By a simple operation wie arrive at the equation
 

sin 4e,. (1+ 2cos45) - cos 4e,(l + 2 ain 46) + 2 sin 450 = 0, 

whose solution gives the angles
 

= 0P_ 7.605 P2 .h9. 

A filter with these azimuths of the plates again has only a main maximum and 
its intensity variation is given by the equation 

00 
 sin 2 y. 

6o ',Te can continue thus, but with ever-increasing
 
1 2 computational difficulties. For instance, the
 

40 solution of a single trigonometric equation no
 

longer suffices. The distinction between the
 
20
 

ideal assembly and the same assembly %without
 

0- secondary maxima is an important one. The two
 
0 20 40 60 W0 ? 

types of filters can best be judged on the basis
 
Figure 2. Variation of the of the intensity variation, which is shown in 
intensity of a first-modi ­
fication chain filt er with figure 2 for a four-plate filter. 
four plates in an -idealas­
sembly (the steeper curve It is easy to see that when the secondary
with the secondary maximum) maxima are eliminated, the main maximum broadens 
arid in an optimum assembly 
(the flatter curve without perceptibly. Therefore we need not concern our­

a secondary maximum) 
 selves with an exact analysis of the possibility
 
of eliminating the secondary maxima in filters with a large number of plates, 
but we can be satisfied with some compromise solution in the choice of the 
azimuths of the plates. Furthermorej we are concerned with a considerable re­
duction of the intensity of the secondary-maxima without essentially increasing
 
the width of the main maximum. The following method has proved best: Select
 
the azimuth angle of the first plate; for filters with more than two plates
 
this angle is less than that indicated by formula (9) and, according to circum­
stances, reaches 50-75% 
of the value of the angles for an ideal assembly. The
 
absolute values of the azimuth angles of the plates themselves increase pro-?
 
gressively toward the center of the filter. The growth functions can be chosen 
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differently, and the arithmetic progression will also serve the purpose well. 

+, e=s-(e2a), 2", =- (Q 1 +3a)Q=O++ 04 

es.=-- el+55o etc. 
The azimuths of all the plates must then fulfill condition (10) 

As an example of such an optimum assembly, let us analyze a filter with 
seven plates. We shall choose the coefficient of reduction of the first
 
azimuth as 70%, the azimuths increase in arithmetic progression. Let us com­
pute the angles
 

t 4,5°, 
° ,-6,0 +-- 7,5o, 

,- 7,5-, - -6 

07= 4,50 

For seven plates, equations (4)have the form
 

L,, 2 sin 2 e, + 2 sin 2e, + 2 sin 2Q. sin 2e-
L7.= 0, 
L=, 4 sin 2e, + 2 sin 2c, + 4 gin (2e, - 2 a, + 2e,) + 

+ 2 sin (2e, - 2e, + 2e) - 4 sin (2e, + 2o. - 203) + 
+ 2 sin (4e, - 2e,) + 2 sin (4Q1 - 2Q,) + 2 sin (4e, - 2e,) + 
+ 2 sin (2 0, - 2L7, + 2e) + 2 sin (2e, + 2 e3 - 2D) + 
+ 2 sin (2D, + 2Q, - 2ej) + 2 sin (2e, + 2e, - 2) ++ 
+ 2 sin (2o, - 2e, + 2e.) + sin (4 i, - 2qt) .a_ 
+ sin (4et - 2L,) +,sin (k, - 2e), 

L.4= 0 ,
4 = 2sin 2e, - 2 sin (4e, - 2(e,) ± 2 sin (2e, + 2e -- )4±) + 

+ 2 sin (2 D, - 20, + 204) + 2 sin (4ol - 2o, + 2o, - 2 e.) + 
4+ 2 sin (4e, - e, + 20) + 2 sin (2o, - 4n, + 20 + 2o,) + 

± 2 sin (4e, - 2e - 20, + 2e4) ± sin (4 e, - 40Q± 2o4) + 
-5 sin (4 o, - 4e, + 20,) + sin (4e, - 4 0a + 20 j + 
+ 2 sin (2e, - 2e. + 4e3 - 2e0)
 

tL.,= 0,
 
L7.7 = sin (4 e, - 4e, + 4 e3a - 2e .
 

From these formulas we get the following values of 1 1,v 

L,., = + 0,106, 
L7., = 01 
L7.1 = +2,851 , 
L7.4 = 0, 
L,., = 4,714, 
L.6 = 0, 
L7.7= 1. 

+) The azimuth of the first plate can even be chosen as 001 however, in this 
case the first and last plates will not function and one must reckon with a
filter which has two more plates. The first and last plates are omitted in 
constructing the filter. 
 I4,J 
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The corresponding coefficients of Ace for equations (5)are 

A7.1 = 1 , 
A.2 = - 9,428,
 
A ,. = 27,924
 

A 7.4= - 27,092,
 

A7.5 = 9,127
 
-47.6 
 - 0,6064 

A7. = 0,0123. 

Then the variation of intensity is given by the equation
 
10O
Jer 
 -- /--J, = sin" 9,428 sin" y coo* y +-


o[ -+ 27,924 sin 10 coo' y ­
- 27,002 sin 8 Y

7 
Cos' , -}­

+ 9,127 sin' y8cos Y -

Co -0,606 sin' r co1 0 Y +
 

1 + 0,012 sin 2 7 co's 7 . 
40 

2 
 A comparison of the intensity variation of
 
20-

I the "optimum" assembly of a chain birefringent
 

0e 2 __ filter with the "ideal" assembly shows a marked 
0 20 40 6 o suppression-of the secondary maxima (figure 3).

Figure 3. The variation of 
intensity of a first-modi- It should also be mentioned that when the azimuth 
fication chain filter with of the individual plates is changed, not only the 
seven plates, in an.ideal 
assembly (the curvevith the intensity but also the position of the secondary 
higher secondary maxima) maxima change.
and in the optimum assembly Analysis of the optimum filter assembly shows 
(the curve with the lower 

secondary maxima) that the concept of the optimum can be adapted as 
needed. For example, one may wish to find the sharpest main maximum without
 
considering the secondary maxima. 
Most often, however, it is important to
 

suppress the secondary maxima. Then the relationship of the azimuths based
 
on arithmetic progression is of use, and this applies not only to filters
 
with a
.small number of plates but also to filters with tens or hundreds of
 

plates.
 

TIM SECOND MODIFICATION OF A SYmIETRICAL CHAIN FILTER IN THE BASIC
 

POSITION, OPTIAMI ASSEMBLY [OF PLATES] 

This example again yields similar results, so we will treat it but riefly.
 

Here
 

° -
 - ° -
,7' , = 90 ,, . I 90* Q,_ = 900 e+,. 

14-00 
-, 



When there is an odd number of plates, due to symmetry the middle plate will 
have an azimuth of L50. The condition of maximum transmission need not be 
determined separately. 

Formulas (h)specialize as foliovs:
 

L., - 0,
 
L22- cos 
 o 

L,= 0, 

L.aL4.1 =-- 0,0, 

4L= - co , - coge - 2 cos (2 n, 2Qi) + 2 ns (2o2- 2g) , 
L4.3 = 0, 

4L.,= cos (4 n, - e, )
 
L5 = 0,
 
L,.2 2 con (2n, - 2o2,)- 2 con (2, + 2()) -- co 4,, - cos24 4-.­

+ 2 sin 2ni + 2 sin 2 o,,
L, = 0, 

c(4o, 4L,) ­,= - -- 2 sin 2e1 (
4 e, 2o,) - 2 sin 2 ,,

1L,, = 0, 

etc. 

According to equations (7b), one- and two-plate filters do not have
 
secondary maxima. Again the elimination of a secondary maximum in three-plate 
filters is formulated by the condition 13,2 - 0, or 

2 sin 2 , - cos 4f= 0 

This equation has the same solution as in the case of the first filter 
modification; only angle p2 need be computed with respect to symmetry, hence
 

it is different:
 
Q. 10, 7 ' , 79,30. 

The curve of the transmission [of light] is the same as for the first filter 
modification, except that it is shifted by v/2. 

Once again, the solution is similar for a four-plate, second-modification 
filter rithout secondary maxima. Conditions L4s2 = 0 and kh = 0 must be 
fulfilled. Then-the folloring equations must be solved: 

4-eo 4o, -- o ,- 2cos ( 2 0, + 2C 2 cos (2o, - 2)= 0, 
4- 4, ± 900 

This system leads to equation ,
 

- co 4,1,(l -+ 2 con 450) + sin 4o,(I -- 2 sin 450) + 2 cos 450 = 0, 

141
 



which is equivalent to the equations derived for the first-modification filter. 
The solution gives the values
 

,01 = 7, 6 e3 = .59,90, 

.e3 = 3 0 ,1°, e4 = 82, 4 ° 

Again, this filter does not have secondary maxima. Solutions can be
 
reached for multi-plate filters, but greater difficulties are involved; how­
ever, what has been said about the first modification also applies to the
 
second modification, so let us be satisfied with the analogy of the arithmetic
 
increase of azimuths applicable to the first mOdification. In the second modi­
fication, the increase of the azimuths from the edge toward the center of the
 
filter can be expressed as follows:
 

33+5,0+, 0 3 =i+(I , +3) e, = 7 0 1 +(I +3 +5)a,0--9e, +(1 +3 + 5+7) .. -=[2(n -2) -11]Q + (1+ 3 + 5+ 
+7+...+7+5), j_=[2(n-1)-1]C+(1 +3+5+7+...+ 
+7+5+3)a, ,=(2n-) e+(1+3+5+7+...+7+5+3+ 

+ I)a. 

In selecting the azimuths, P and t can be defined as in the case of the first
 
modification. Thus, the seven-plate first-modification filter of which we
 
spoke in the preceding section has the same azimuths (rf -4.5°, 0 1.50) 
for the second modification:
 

4.50, 150, 28.50, 450, 61.50, 75', 85.5 ° .
 

'Further analysis of this filter shows that the transmission curve is shifted
 
by /23 as 
in the case of the first filter modification.
 

CHIN FILTERS IN THE GENERAL POSITION 

Up to this point, all types of birefringent filters have been calculated 
and constructed for the basic position of the polarizing elements only, whether
 
for parallel or crossed polaroids. However, these two fundamental 'positions
 
are not a necessary condition for good filter function. Therefore, at this
 
point we will indicate (albeit briefly) a method of solving for chain filters 

in a general position.
 

To explain the fundamental relationships, let us begin with one plate.
 
For intensity, according to (7):
 

,= 112 y cos (0 - 2 0,) + cos' y co82 . 

Angle D is arbitrary in the general position. 
The first step in the analysis
 

trjD 
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is to find angles pi that will correspond to the first and second modification 
of the filter. The first modification shows secondary maxima for y = 1/2. 

Then, 

J, = cost (0 - 2o,) 

or 0 
=l--; = -(i• 

Here, too, the maxima reach full values. The minima have the intensity
 

,=I=,-cost 0. 

The minima are not pure$ their intensities increase as the distance of 

angles 0 from i/2. The minima vanish when r = 0. 

The second filter modification has its maxima at y = 0, its minima at 

y = Tr/2. For one plate, 

J, = Cos2 (0 ­

or 

- 0 
(12)
 

The maxima reach values of
 

max 
Therefore, the analogy of the second modification has pure minima; how­

ever, the maxima do not reach full values and decrease as angle 0 increases. 

The maxima vanish when 0 = v/2. 

This analysis indicates that two distinct azimuths of a birefringent
 
plate, defined by equations (11) and (12), can also be established for a common
 

angle 0. In the case of equation (11), the plate behaves analogously with
 
the first filter modification; the maxima and minima have the same wavelengths
 
as when 0 u.T/2. 
 The intensity variation is then given by the relationship
 

J = sin' 7 + 008 7 c08 -• 

When the azimuth of the plate agrees with equation (12), the result is
 
analogous to the second filter modification and the intensity variation is
 

given by the equation
 

0082 7 0J = Cool 

If there are more plates, the general equations can be used in the analy­
sis. For the first filter modification we get the following result: the azi-


Is5! 



- 20 ­

muths of the individual plates deviate alternately to the left and right of the 

mean angle r, 

r = -

The following relationship holds for the azimuth angles measured from the
 

mean angle F, 

1 i O- (13)ItI".!- +f 2,. 
In filters with a large number of plates, there are also clear minima for
 

angles Z which differ considerably from u/2. By selection of angles ?i, a
 
filter with the ideal assembly of plates and one with the optimum assembly can
 
be constructed in a manner completely analogous to that used for the basic
 

position, except that equation (13) will apply instead of equation (8).
 

In the case of the second filter modification, again ve arrange the azi­
muths of the plates in the shape of a fan. The center of the fan must agree
 

with angle 02, according to equation (12). The azimuth difference of-the first
 

and last plate is determined by the equation
 

e.-Q f2. -(14) 
One can construct a filter with either the ideal or the optimum assembly, 

- depending on the arrangement of azimuths. Then the number of plates is in­

creased, the intensity in the maxima also increases and approaches full value. 
The special property of filters that operate at a general angle of the polar­

oids and analyzers is that they offer the possibility of tuning filters in the
 

basic position. Thus, through slight departures from the paralll or crossed
 
positions of the polaroids and analyzer, the filter can be tuned still more.
 

This generalization of the chain filters is also important from the theoretical
 

standpoint.
 

In their application, chain birefringent filters fall into the same cate­
gory as multilayered interference filters prepared by steaming in vacuum. The
 
most selective multilayered interference filters have a transmission band of
 

0about 20 A in the visible region and it can be assumed that, for technical 
reasons, the selectivity of these filters-will not be increased. Birefringent 
filters are suitable for a range of band widths of about 50 2 to O.5 R. 
Therefore it is desirable to develop birefringent filters with high trans­
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mission and, simultaneously, with the purest possible spectral characteristic. 

Apropos, the numerical analysis performed here shows a method for producing
 

filters~;Ath high transmission and nearly pure maxima without secondary trans­

missions.
 

Submitted 11 May 1959
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- Dioptra n.p., Turnoo-NJnesti,CSSR, Czechoslovakia 

(Received 20 August 1964) 

Birefringent chain Elters were flint described 10 years ago. Since then such filters have undergone con­
siderable development, and experience has been gained with their use. This article includes only a brief 
review of.previous work, which is supplemented with new information. 

FUNDAMENTAL STATEMENTS 

B IREFRINGENT chain filters' are composed of a 
pile of birefringent elements which have the same 

or periodically repeating phase difference. The azimuths 
of the individual elements are arranged in prescribed 
manners, mostly symmetrically with respect to the 
center of the filter. The filter is placed between two 
polarizers. The theory of chain birefringent filters was 
thoroughly described in Ref. 2. The simplest filter is 
composed of a series of equal birefringent plates, cut 
parallel to the optic axis of the crystals. The azimuth 
p of the plane of polarization of each plate is measured 
from the plane of polarization of the first polarizer. The 
total number of plates is designated X. 

There are two modifications 
. 

of birefringent chain 
filters. The first modification works between crossed 
polarizers. The azimuths of the individual plates are: 

Element 
Entrance polarizer 
Plate I 
Plate 2 
Plate 3 
Plate 4 

"5atei 
Exit polarizer 

The angle p is: pI= 

Azimuth 
P1=00 

p'=p 

p= -p

Np 

p=--p
 

"' 
P12= 90 ° 

0 =45°/N. (1) 

If each plate has thickness d and double refraction 
,-n=DIn 

A=d-D. (2) 

IL Sole, desk. Casopis Fys. 3, 366 (1953). 


2I. Sole, Cesk. Casopis Fys. 10, 16 (1960). 


The phase difference 0 or its half-value / are connected 

with the path difference A and the wavelength Xby: 
o= 2y= (2-'/X)- A. (3) 

The wavelengths of maximum transmittance of a chain 
filter of type I are: 

A=K-, (4) 
where K=0.5, 1.5, 2.S - . The detailed course of the 
transmittance of the chain birefringent filter was 
calculated with a matrix method by Evans) From his 
analysis follow all the properties of chain filters, 

c 
including comparisons of the transmictances of second­
arv maxima with those of Lyor's filter, in which the 
transmittances of the secondary maximia are consider­
aly 
b geater. on were inSimilar calculations first madeRef. 2, baused the theory originally given in Ref. 4. 

Here 2e gie on the f inal i no te tsHere we give only the fin~al equations for the trans­

mitted intensity relative to the intensity emerging from 
the first polarizer, for filters composed of one, two, three, 
four, or five plates: 

11=sini 

1_=sin5-,-sint-j cos2y+O.25 sins-1 cost, 
in3 -- 2.S1S sin% cos +2 sin coS­

sinuy-5.472 sin-/ cosl-+8.104 sin%7 cos'y 
-- 1.691 sin 4 cosy+0.095 sin% cos%-. (5) 

Table the coeffients of Eqs. (5) are given forfilters containing as many as nine plates. 

'. W. Evans. J. Opt. Soc. Am. 48, 142 (1958). 
4Hsu Hloien, Lang Yung-Kang, and 21. Richartz, -. Opt. Soc. 

Am. 37,99 (1947). 
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TALE I. Coefficients of Eq. (6)for filters containing as many as 9plates. 

X 1 2 3 4 

1 
2 

1 
1 0 

3 
4 

1 
1 

-1 
-2.818 

0.250 
2.000 0 

5 1 -5.472 8.104 -1.691 
6 
7 

1 
1 

-8.928 
-12.750 

22.927 
49.477 

-13.392 
-56.774 

8 
9 

1 
1 

-17.274 
-23.164 

103.001 
178.97 

-181.38 
-410.79 

The second type of chain filter works between parallel 
polarizers. The azimuths of the individual plates are: 

Element Azimuth 
Entrance polarizer P1=00Plate i P=p 

Plate 2 P=3P 
Plate 3 p=3pPlate 4 P4 = 7 

:l:t: :~:are) 
Plate X p,= (2 4v- 1)p 90-pExit polarizer P,--00 

The value of p is again given by Eq. (1). The variation of 
intensity with phase difference (or wavelength) can be 
described by equations resembling those given for type 
I filters: 

I1=cos27 
/-=COSY 
Is= cosay-cos y sin '+0.25 cos-y sin y 
I4= cos%-2.818 cos6-y sin-y+2 cost' sin4,7

-Is=cos1%y 5 -4 72 cos%7 sinz%+8.104 cosT sin1y 
-1.691 cos' sin--y+0.095 cos% sin8y. (6) 

$0~azimuths 
i o 

so 

70 

6 

40 ­

30. 

2 

10 
01 ' ' --

I Plate I pi=p
2.-Plate 2 p2=-ora)

Plate 3 ,=oIPlateN4P4=(..a
Plate 4 p4= -- (P+a) 

--- Plate X- pllte ~ - = = = ­

5 6 7 8 9 

0.0955 
2.250 0 

22.350 -1.962 +0.049 
123.179 -29.859 2.341 0 
411.124 -203.525 42.224 -2.102 0.030 

The values of the coefficients for filters containing as 
many as 9 plates are given in Table I. 

If we compare Eqs. (5) and (6) we find that only the 
siny and cosy functions are interchanged, which meansthat transmittance curves have the same shape; they 
are only mutually displaced 90'. The coefficients in the 
expression for the wavelengths of the principal maxima 

integers: 

A=K-X, (4a)
where K=0, 1, 2, 3 - --. The disadvantages of chain 
filters of types I and II are comparatively strong ad­
jacent secondary maxima, as Evans has shown.3 

IMPROVEMENT OF CHAIN FILTERS 

Types I and II of chain filters can be significantly 
improved by arranging the azimuths of the plates so 
that the adjacent secondary maxima are suppressed 
and have negligible values. M'vodified type-I chain filters 
with suppressed secondary maxima are constructed by 
making the azimuths of the end plates smaller than the 

of the central plates. In the simplest arrange­
ment, the azimuths increase according to an arithmetic 
series, from the end towards the center of the filter.
Theory (2) imposes the fundamental condition: 

2 IPiI=45°.  F (7) 

If Eq. (7) is not fulfilled, the main maximum is lower 
than the attainable value. The azimuths of the indi­
vidual plates are given by: 

Element Azimuth 

Entrance polarizer P,=00 

0 lO ZO 30 0 WO 60 70 80 50 Ezir polarizor P2=90° 

Fo. 1. Variation of intensity, of 7-plate chain filter with n 3 1.5 
compared with 7-plate chain fiter with f =45' (narrower principal 

,anmum, but greater neighboring maximum. at y57'). Angle p is given by p=P.!% where 2 is an angle smaller 

t6(0 
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than 45' . The value of Qdepends upon the number of formula for the intensity variation of this filter: 
plates and the desired characteristics of the filter. I.=sinW,.9.428 sinl cos.y+27.9 2 4sin0y cost; 
Smaller angles 9 cause better suppression of neighbor­
ing maxima, but the main maximum widens somewhat.-27.092 sin-0 9.127 siul coscos6 n - . 

Larger angles 9 give a sharper principal maximum but 

the neighboring maxima become more prominent. 
Angle a must be such that Eq. (1) is fulfilled. For 

example, consider a filter with 7 plates. We choose the 
angle between minimum and central, for example: 

3 1 4p= .5 0 /7= .5 '. We use angle a= 1.5'. The azimuths 

of the filter plates are then: 
4"5 , - = ,Pi ' p2= 6.0', P3 7.5 

P=7.5', p6 -6', M=4.5'. 
= 


By using the theory given in Ref. 2 we 

Element 

Entrance polarizer 
Plate I 
Plate 2 
Plate 3 
Plate 4 

Plate.V-2 
Plate Y-
Plate .V 
Exit polarizer 

The angle p is again determined by Eq. (8), the 
angle a is subject to condition (7). As an example of 
such a filter, consider again a filter with 7 plates: 

1 5 ',pi= 4.5', p2= p3=28.5', P4=45', 

5=61.5, p6= 75' , pr=85.5' 

From Ref. 2 we may derive the variation of intensity 
of this filter: 

Ir=cos'W-9428 cos"'-/sin'-v+27.924 cost07 sin'-; 
-27.092 cos8 y sin6--9.127 cos% sin%7 

-0.012 cos- sin 2-. 

Numbers of elements 

Lyot filter 


1 plate+2 polarizers
2 +3 

3 +S 
4 +5 
3 +6 
6 +7 
S +8 

8 +9 

= - 9°,  
P4
 

derive the 

P1=0
° 

p~p 
p!=3 p+a 

Theory indicates that the width oi the spectrum 
band transmitted by a chain filter can be approximated 
by the simple formula: 

A\--'(,/2K-N) H. (9) 

P51 

-0.012 sinai cos'27.
 

The main maximum of a filter of this type is given by 
Eq. (4). The variation of intensity of this filter is 
compared with that of the 7-plate filter with azimuths 
according to the simplest arrangement (Q=45) in 
Fig. 1. 

The suppression of the neighboring secondary max­
ima is evident in Fig. 1. Similar modifications of type 
11ffilters can be constructed so that neighboring 
maxima are effectively suppressed. By analogy with the 
previous case, the azimuths should be arranged as 

follows: 

Azimuth 

p,=5p+(l-3)a 
p4 7p+(1±3+5)a 

... +5+3+1)r
px-t2(.- 1) 1-++, --. 7l+p- )a 
p,- (2-V-1)p +(Il-S+7. -5+3-1)a 

2'(.1'- 12.. (1+3+5 + 7. . ' 

+ .7-
P= 0
 

The transmittance of this filter resembles that shown in 
Fig. 1, except that it is displaced jr. 

Chain filters can also be constructed for azimuths of 

the two polarizers other than 0' or 90'. Plates also 

can be used with different path differences. These 
examples are briefly analyzed in Reis. 1, 2, and 5. The 
width of the passband AX depends on the thickness of 
the individual plates and on their number. The high 

transmission of chain filters in comparison with Lyot 
filters is a consequence of the use of only two polarizers, 
which are all that are needed for chain filters. 

Numbers of elements Numbers oi elements 
of chain filters of chain filters 
with !=45 ° with .q=300 

I plate+ 2 

2 +2 
4 +2 
8 +2 

16 +2 

32 +2 
64 +2 

128 +2 

polarizers 1 plate+2 polarizers
2 +2
 
5 

10 +2 
20 +2
40 +2 
80 +2 

160 +2 

Here K is the same as in Eq. (4).XN is the number of 
plates and H is a correction factor corresponding to the 
widening of the main maximum, accompanying sup­

sL Solc, Czech. 5. Phys. 9, 237 (1959). 
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pression of neighboring maxima. The values of H are 
usually between l and 1.5. 

CHANGE OF WAVELENGTH BY INCLINATION 
OF FILER 

For double-refraction filters, plates cut parallel with 
optical axis are mostly used. (Other cuts are not suit-
able because the rays inside the plates would deviate 
from the original direction, which would interfere withI 
the proper function of the filter.) We can derive the 
dependence of passband wavelength on inclination by 
consideration of a single plate. The resulting relations 
are valid for both modifications of chain filters. 

(a) The best analysis of wavelength variation was 
given by Lyot.6 Approximate theory5 leads to simple 
results which are sufficient for the majority of practical 
calculations. With uniaxial crystals such as quartz, 
calcite, or ADP, rotation of the plate around the optical 
axis displaces the wavelength of the maximum toward 
the red end of spectrum.Ifthe angle of incidence isth 
o, and if the average index of refraction of the crystal 

is it, then the wavelength Xo transmitted best is: 

X~u=(d.D/K). En/(n2-sinc) 1]. (10) 

If we rotate the plate around a line perpendicular to the 
optical axis, the maximum is displaced toward the 
violet end of spectrum, approximately as given by the 
equation: 

\,X= (d.D/K).[(n2 -sin2 ,;)i/n]. (10a) 

If we denote by X0 the wavelength of maximum 
transmittance for perpendicular incidence, then ap-
proximately: 

~,~=X'n/(n2 -s 2c) F3, (11) 

X,,=Ao-[(n-sin )4/n]. (Ila) 

Curves based on Eqs. (11) are shown in Fig. 2. These 
results apply to type I and to type II chain filters, 

(b) The formulas given permit the determination of 
the transmittances of chain filters for planes of in-
cidence in different azimuths. Therefore, they can be 
used for analysis of convergent incidence. For small 
angles we can develop Eq. (10) in series and replace 
sin .wby the angle p,: 

X =X[1--(.9/_n-)J, 

We need not consider the second equation, because the 
curves are symmetrical in the neighborhood of e=0. 
Let us assume further that the change of wavelength 

of maximum may be at most li/D the width of the
passband. We may then write Eq. (9): 

(xo/20K.N) . H=Xo. (,o/2n2). 

B.Lyor. Ann. Astrophys. 7,31 (1944). 
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Fir. 2.Tuning of chain filter by inclination. Left: inclinationperpendicular to optical axis. Right: inclination parallel to optical
aes. 

Hence it follows for adrmssible angles of convergencethat: 

(12) 

For less severe requirements, when simple chain 
filters are used, even greater convergence is permissible 
than indicated by Eq. (12). That is because the inter­
ference pattern of the whole chain filter is almost 
identical with the interference pattern of one plate 
from which the filter is assembled. 

For extraordinary requirements, it is possible to 
increase the admissible convergence of rays on a chain 
filter, for example by replacing simple plates with Lyot 
or Evans split elements or with compound plates con­
sisting of positive.and negative crystals. 

PRACTICAL USE OF CILN FILTERS 

(a) Most often it is possible to work with simple 
plates in type I or II arrangement usual with sup­
pressed secondary maxima. These filters are made with 
as many as 80 plates, usually quartz, from 0.1 to 15 
mm thick, exceptionally with ADP crystals from 1 to 
10 mm thick, or with calcite plates 0.3 to 5 mm thick. 
The desired maximum is often isolated by use of a 
dielectric interference filter; or two chain filters are 
combined which fiffill the condition for the desired 
maximum Xat different orders K. There are two Dos­
sibilikies for changing wavelength by inclination of
combined chain filters. For the first the azimuths of both 
filters are identical. For rays incident at any angle to 
the axis the wavelength maxima of both filters are 

shifted by the same amount to the same side of the 
spectrum. Therefore, both filters can be tuned by 

common inclination, but convergent rays distort the 
main maximum. 

' In the second case, the azimuths of the two filters are 
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mutually perpendicular. Contrary to the previous 
case, rays incident at the same angle to the axis shift
the wavelengths of the maxima of the two filters in 
opposite directions in. the spectrum. In this case, the
main maximum is not distorted by convergent rays,
but the transmittance for convergent rays is lower than
for the parallel rays. Filters with narrow passbands 
must be thermostatted. 

(b) If large convergence is required with narrow
bandpass, there are two possibilities: either a chain 
filter made from wide-field elements of Lyot or Evans
construction, which are technologically very difficult, 
or a chain filter is combined with one or two Lvot or
Evans- split elements. The first alternative has the
advantage of less weight, but it cannot be tuned by use
of a quarter-wave plate (line-shifter); the second
alternative is easy to tune. Very much preferred, for
instance, is a combination consisting essentially of from 
one up to three chain filters of quartz, which are placed
in a thermostat. At both ends of this filter are calcite
split elements with tuning quarter-wave plates. This 
system is easily tunable over the usual range of wave-
lengths; at the same time it is possible to suppress
quite completely all of neighboring maxima. It is also 
very easy to isolate the wanted wavelength from all
other maxima in a wide spectral range. 

(c) With the help of the inclined arrangement, it is 
possible to construct a filter that can be tuned over a 

J'.
W. Evans, J.Opt. Soc. Am. 39, 229 (1949). 

CHAIN FILTERS 

very wide range of wavelengths, but this is usable only
for almost parallel rays. Combination of two such
filters enables us to choose any arbitrarv wavelength
without need for dielectric isolating filters. 

In special cases, a chain filter can be made of plates
cut at an angle to the optical axis of the crystal. This 
arrangement is convenient only for filters consisting of a 
few thin plates. 

(d) A tuned chain filter made of a pile of wedged
plates has a small aperture (e.g., 2 to 10 mm); the 
convergence of the incident beam can be several degrees.
Such a filter is very suitable, for example, for inter­
ferometric measurement where by pushing the wedge
the chosen wavelength is easily isolated from a line­
spectrum source. With a combination of two wedge
filters it is again possible to put together a continu­
ously tunable monochromator with resolving power
from about 100 up to 300. Such arrangement is usual,
for example, for colorimetr- or for microscope illumina­
tion with a selected wavelength.

Similar arrangements, in which wedged plates are
used with supplementar- wedged plates, were suggested
by Evans3 for isolation of high orders in grating spectra.
Also, it is interesting to note that the "achromatic half­
wave plates" described in Ref. 9, are, in fact, identical 
to the type II chain-birefringent filter with fewer plates.

The described arrangements of chain filters do not 
exhaust all possibilities and combinations. 

3J. W. Evans, Appl.Opt. 2, 193 (1963).9C. J.Koester, J. Opt. Soc. Am. 49, 405 (1959). 
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A new birefringent filter composed of a series of retardation plates between a single pair of polarizers has 
been described by Solc. The filter is analyzed and compared with the Lyot filter. It is found that the Sole 
filter is inferior to the Lyot filter in the suppression of parasitic light in secondary maxima near the primary
transmission bands, although its band width is slightly less, and its transparency is very much better if both 
filters use Polaroid film for polarizers 

B IREFRINGENT filters of the type invented by 
Lyot, with transmission bands ranging from 0.5 

to 5 A in width have become standard tools of solar 
research. While they are not excessively difficult to 
construct, and their performance is excellent, any 
possible simplification or improvement would be wel-
corned. A 'new form of birefringent filter recently de-
veloped in Czechoslovakia is therefore worth examina-
tion, and comparison with the Lyot filter. 

In 1953 to 1955 Ivan Solc' published three papers on 
a new form of birefringent filter which he apparently 
developed and investigated purely by experiment. He 
does not give a general expression for the transmission 
of his filter as a function of wavelength because of its 
mathematical complexity. He did, however, succeed in 
determining its more important characteristics experi-
mentally with considerable accuracy. The purpose of 
this paper is to derive an expression for the trans­
mission of the Solc filter, and to compare its perform­
ance with that of the Lyot filter. 

The Soic filter consists of a pile of identical retarda-
tion plates of birefringent material, with only two linear 
polarizers, one at each end. Figure 1 shows.the arrange­
ment. The plates are cut, as in the Lyot filter, with the
crystal optic axis parallel to the surfaces. Solc describes 
two possible arrangements of the orientations of the 
axes of successive plates, which we shall term the fan 
and folded filters, respectively, 

Let the electric vector of light traversing the first 
polarizer be the reference direction from which the 
orientation, w-, of the optic axis of the jth plate is 
measured. In the fan filter the two polarizers are parallel, 

Ppof 

FIG. 1. Section of a Soic filter, consisting of 16 retardation plates 
between a pair of polarizers, P. 

1. Sole, Czechoslov. Cosopis pro Fysiku, 3, 366 (1953); 4, 607, 
669 (1954); 5, 114 (1955). 

and w progresses monotonically. The angle w, is given by 

Wj= (a/2)+ (j- 1)a, (1) 
where a is a small angle which we shall determine. 

In the folded filter the polarizers are crossed, and w 
alternates between (a/2) and - (a/2). The angle w.,-is 
given by 

w,= (-1)''(a/2). (2) 

Solc determined eiperimentally that both forms of the 
filter appeared to work best when a =r/2n, where 
n= the total number of plates. He states further that 
the curve of transmission as a function of wavelength 
closely resembles that of a Lyot filter in which the 
thinnest element (which fixes the spacing of the bands) 
has the same thickness as one of his retardation plates, 

1. 

FI. 2. Transmission curve of a Solc filter of 16 plates as a function
of the retardation, y, of a single plate. 

and the thickest element (which determines the band 
width) has the thickness of the whole pile of Solc plates. 

It is difficult to see intuitively how either form of the 
Solc filter accomplishes its purpose. The problem of 
deriving an expression for the transmission by the usual 
methods does not appear to have an easy solution. 
However, the use of the matrix calculus developed by 
Jones2 proves to be effective. The reader is referred to 
his papers for a very clear explanation of the method. 
In the following application, we retain his notation for. 
convenience of reference. 

Let the light travel along the z axis of a rectangular 
coordinate system. The faces of the n retardation platesa Solc filter are normal to the z axis, and the electric 
vector of light transmitted by the first polarizer is 
parallel to the x axis. Let the electric vectors of light 

2 R. C. Jones, J. Opt. Soc. Am. 31, 488 (1941); 31, 500 (1941). 
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entering and emerging from the system be represented 
by the one column matrices, 

(= 	 E= 
and 	 E, (3) 

EE 

Then the initial matrix equations relating co and e, in 
the fan and folded filters are, 

( 	E.. ) 
EVF= PS(a/2)S(r/2)ES(- a)G 

xS(-a/P= (B ) , (4) 

G E)F.Id~d=(-1)("-)PS(a/2)[S(-)GS(a)G]p5 	 2) 

k > vle/ 

xS(-a)P=(E]0) , (5) 

E= 	 E 
.)F deo -1j2Pns(c,/2)) j(_I 


Evn dd 

XG[S(-a)GS()G](-I)/2 

XS(-)PtZ.) (6) 
Q . ( 

Here S (a) and G are matrices representing rotation 
through the angle a, and the retardation of a single 
plate, respectively. They are defined as follows: 

I cosa -sina), 

S(a)= (7)
sina cosa 

and 

(Ci= c ' (8) 
0 () 

wherey=T2r(d/X) (e-)in the fan filter, y=zr(d/X) (e-o)
+(r/2) in the folded filter, d= thickness of a single 

retardation plate, X=wavelength of the light, and 
and refractive indexes of the birefringent material. 
The matrices P.-and P, represent polarizers trans-

mitting the electric vector parallel to the x and y axes, 
respectively, and are defined by 

1 0' 0 0briefly, 
P 	 : an P,= (9) 

0 I a 

The transmission of the filter, rs, is the square of the 
ratio of the amplitudes of the entering and emerging 
electric vectors, eo and en. The problem of deriving a 
useful expression for rs is basically the problem of 
raising the factors in square brackets in Eqs. (4), (5) and 
(6) to the indicated powers without multiplying them 
out explicitly, an impossibly laborious task when n is 
large. These factors are two by two matrices. Jones has 
devised an ingenious method for raising such matrices

toJ. 
to any desired pdwer. His method leads to a single 

Fio. 3. Section of a 
Lyot filter of four bi- j In b4 

refringent elements, 
6,-b4 , sandwiched be­
tn een polarizers, P. 

P P In P 

expression for the transmission of initially unpolarized 

light through the fan and the even and odd folded 
filters as follows, 

2s=1 sin x t JI10) 

tThe 	parameter x is related to the retardation, -y, by 

the following expression: 

cosx=cosy cosa. 

The factor ts represents absorption and reflection losses 
in the filter. 

Examination of Eq. (10) shows that Solc was correct 
in his experimental finding that a= (1/n)(r/2) is an 
optimum condition. Adopting this value for a, we ob­

tain the transmission curve of Fig. 2, and derive the 
following conclusions: 

(a) At the principal transmission bands, rs=(ts/2), 
when x=a or X="r-a. The corresponding values of the 
retardation are y=k,,= where k is any integer.

(b) rs=Owhen x (l/n),=21a, where 1= 1, 2, 3--­
(n-l). 

(c) Secondary maxima occur between the zeros. 
Their exact positions are not readily determined, 
although they are very near the midpoints between 

= successive zeros. At these points, x (21+1)ca, where 
1=1, 2, 3, - - - (n- 2). The transmission at a midpoint
between zeros is, then, 

es sinn(21+1)a 2 

Tsn,=- cos(21+1)a tan (12) 
2 Lsin (21+ 1)a 

For purposes of comparison, the reader will find the 
theory of the Lyot filter and its split-element modifica­
tion in papers by Lyot,3 Evans,4 and Dollfus. 5To review 

the Lyot filter consists of a multiple sandwich 
of birefringent crystal layers and polarizers. The crystal 
layers, termed b-elements, are cut with the crystal optic 
axis parallel to the surfaces, perpendicular to the instru­
mental optical axis. In the simplest form, the thick­
nesses of the b-elements form a series in powers of 2. 
Polarizers, usually sheets of Polaroid film, are placed 
between successive b-elements and at each end, with 
their axes parallel. The arrangement is shown in Fig. 3. 
The b-elements are also oriented with their axes 
parallel, at an angle of 450 to the.electric vector trans-

B 
B. Lyot, Ann. astrophys. 7(l), 2 (1944).

Wt.Evans, J. Opt. Soc. Am. 39, 229 (1949).
'A. fllfus, Rev, opt. 35, 623 (1956). 
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r A 	 thinnest of which is identical with one of the Solc 
retardation plates. The total thickness of birefringent 
material in the Sole filter exceeds that in the Lyot filter 

rL 	 by the thickness of one retardation plate. This is not in 
accord with Solc's experimental finding that the two 
are equivalent when the thickness of his filter is approxi­

,* mately half that of a Lyot filter, an item of some 

71 economic importance. 

Fio. 4. Transmission curve of a Lyot filter of four elements as In transmission, the Solc filter is definitely superior 
function of the retardation, -y, of the thinnest element, 	 to the Lyot filter as usually constructed. The polarizers 

are usually Polaroid film, which has a transmission in 
the visible spectrum of about 0.75 for light polarizedmitted by the polarizers. The transmission, T L, of the parallel to the transmission direction. Thus in the Solc

assembly is given by the equation, 	 filter 1=0.56, while in the Lyot filter IL= (0. 75)N+i. 

TL= (L/2)[cosy cos2,yt1 cos4ty- -cos2N--iyj, (13) 	 The split element form of the Lyot filter is considerably 
better, with IL= (0.75)(Yn/)+l. In most practical filters,where N=number of b-elements, --- retardation 	 of with transmission band widths between 0.5 and1 5 

the thinnest element=,w(d/X)( e-), d1 =thickness of angstroms, N ranges from 6 to 10, and t L is between 
the thinnest element, and tL=a factor representing 0.14 and 0.05 in the simple Lyot filter, or 0.32 and 0.16 
absorption and interface reflection losses in the filter., in the split element filter. These losses in the Lyot filter 

Lyot3 shows that Eq. (13) can be written as follows can be avoided, however, by the use of more trans­

tL fsin2KTV¢12 parent (and much more expensive) polarizers like 
rL=-~ __;_ . (14) Rochon prisms. A Lyot filter of this construction is veryL 2 [21sin71]"( 	 nearly as transparent as the equivalent Solc filter, but 

with the practical disadvantage of some added optical 
He points out that this is identical to the expression for length which vignettes the field unless the aperture is 
the intensity curve of a diffraction grating of 21 rulings enlarged. 
at fixed angles of incidence and diffraction. The curve, The band widths of the two filters may be most 
shown in Fig. 4, consists of widely spaced sharp principal readily compared in terms of Ay, the increment in 
maxima or transmission bands. Between successive retardation of a single Solc plate (or the thinnest Lyot 
bands are 2N-1 zeros interspersed with 2,v-2 second- b-element) between the center of a transmission band 
ary maxima. The separation of successive bands is and the first zero on either side. For the Lyot filter, 
inversely proportional to -y, and the band width to AYL-(1r/2N). For the Sole filter, AX-2a. If n is 
29-L1. These are the retardations in the thinnest and large ( 16, say), a is small, and A-ys approaches 
thickest b-elements, respectively. (V/2)(s-/n). Since n=2N, we conclude that the Solc 

Lyot filters, in both the simple and split element filter has the sharper transmission band by a factor of 
forms, made of quartz and calcite, less than 20 cm long, (v3/2) = 0.87. 
are now widely used for observation of the sun in the The transmitted parasitic light in the secondary 
light of the Ha line of hydrogen and the 5303 line of maxima is approximately proportional to the trans-
Fe XIV in the corona. The band widths range from mission at the midpoint between zeros. This is given in 
0.5 to 5 A. 	 Eq. (12) for the Sole filter. For the Lyot filter, 

In assessing the practical value of a birefringent 
filter, the relevant characteristics are the transmission F 2r 
at the centers of the transmission bands; the band sin(21+1)i 
width between the first zeros on each side of the band; t.I (15) 
the transmission of parasitic light in the secondary 2 
maxima, particularly those near the primary bands; and [ 2 N sin-(2 +1)/2KJ 
finally, the cost of the filter. It is therefore of interest to 2 
compare the Sole and Lyot filters in these particulars. 
For convenience, the curves of rs and TL are superposed We are interested in the ratio (rsm/ts)/(rLm/L) 
in Fig. 5. = Sm'T/rLm' at the midpoints between corresponding 

A comparison of Eqs. (10) and (14) suggests that a zeros in the two filters (i.e., for the same values of 1). 
Lyot and Solc filter are equivalent if -Ys= TIL and n 2N This is 
Then the spacing of the transmission bands in-t (or X), r 21+12 
and the number of zeros and secondary maxima be- r-= [ cos 2 (/)tan,-/) ta J. (6(16)--= 2vcos 
tween bands is the same for the two. We therefore rL,_ L 
compare a Solc filter composed of 2Y identical retarda­
tion plates with a Lyot filter of N b-elements, the If it is large, the secondaries near the transmission 
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bands (Ismall) approach the ratio 

(rsm '/rL')= (r/2)2 = 2.47. (17) 

Thus the parasitic light in the immediate neighborhood 
of the primary transmission bands is roughly 2.5 times 
as great in the Solc filter as in the Lyot filter. Since the 
first secondaries on either side of the primary band of a 
Lyot filter transmit together about 0.05 as much light 
as the band itself, it is evident that the parasitic light 
of the Solc filter may be very serious in certain applica-
tions. A textbook example would be the observation of 
solar flares in the light of the Ha line of hydrogen. Here 
we must isolate the light at the center of an absorption 
line roughly one angstrom broad. The light intensity 
at the center of the line is 0.16. that of the neighboring 
continuum. Thus a Lyot filter with an interval of 0.5 A 
between the center of the band and the first zeros on 
either side has its first secondaries well out in the con-
tinuum, and the diluting parasitic light from these 
secondaries is roughly 0.05/0.16=0.3 times the light 
in the transmission band. This reduces the contrast of 
the solar Ha features very appreciably. With the Solc 
filter the diluting light would be nearly 2.5 times as 
great, and only the most contrasty of the solar features 
would de detectable. For the observation of emission 
line objects against a continuous background, however, 
.like the prominences at the solar limb, the Solc filter 
should function reasonably well, although it is still 
definitely inferior to the equivalent Lyot filter in 
contrast, 

One device for reducing the parasitic light in the 
Solc filter would be the addition of a secondary sup-
pressor plate, in the form of a single thick retardation 
plate with a transmission maximum coinciding with the 
passband, and zeros coinciding with the first secondaries, 
This calls for one additional polarizer. The same device 
applies equally to the Lyot filter, and in practice it 
improves the performance quite substantially. The 
suppressor plate does not change the relative merits of 
the two filters. . 

The off-axis performance of the Solc filter has not 
been investigated analytically. However, we should 
expect that when n is large, the folded form should 
have very nearly the same off-axis characteristics as 
the simple Lyot filter. The field characteristics of the 
fan filter, however, are not so readily apparent. Solo 
states that the two forms have the same off-axis 
characteristics, which is surprising. He further states 
that the wavelengths of the transmission bands can be 
shifted over a broad range by tilting the filter. This 
finding is correct in the same sense that it is true for a 
Lyot filter. As the angle of inclination increases, how-
ever, the angular field over which the wavelength of the 
transmission band is uniform within a given .tolerance 
(0.1 of the band width, for instance) decreases approxi-
mately with the reciprocal of the angle of inclination, 

.t 

L_ _ 

-Y 
FIG 5. Superposed transmission curves of a 16-plate SoIc filter 

(solid curve) and a 4-element Lyot filter (dotted curve). 

Thus this type of tuning would be useful for the observa­
tion of a point source at infinity, but is of little use in 
the observation of an extended field, or in a converging 
beam of light. 

The useful field of the Sole filter can be greatly ex­
tended by the same devices that are applicable to the 
Lyot filter. However, this calls for a compound con­
struction of each retardation plate, and multiplies the 
complexity of construction several fold. 

A Solc filter with only two polarizers is probably 
more expensive .than the equivalent Lyot filter for band 

*widths greater than 3 A, and most certainly so for 
sharper bands. A filter with a 5-A band width calls for 
60 or 70 retardation plates, and the number increases 
with the reciprocal of band width. Since they are identi­
cal, many such plates can be ground and polished in one 
operation. However, the loss in birefringent material in 
the sawing process would be very considerable, and 
the mechanical problem of mounting and cementing so 
many elements in their proper orientation might be 
expensive. If the material is quartz, the thicknesses of 
individual retardation plates presumably would be be­
tween I and 2 mram. For band widths of less than 2 A it 
is almost necessary to use calcite to avoid excessively 
thick filters. The thickness of a single plate is then of the 
order of 0.06 to 0.12 mm, and the problem of working 

- this rather difficult material to the requisite accuracy 
in thickness and flatness (about 0.2 micron) in several 
hundred plates becomes really formidable. 

In practice, one would avoid excessively thin plates 
in the Solc filter by compounding it. For example, a 
;-A filter could be made with a first stage of 25 quartz 
retardation plates about 1.1 mm thick and a second 
stage of 25, calcite plates 1.4 mm thick (the exact 
thicknesses depend upon the desired wavelengths of the 
transmission bands). An additional polarizer must, of 
course, be inserted between the two stages. I suspect 
that such a filter would be comparable in cost with an 
equivalent Lyot filter equipped with Rochon prism 
polarizers. Of the two the Lyot filter is preferable 
because of its superior suppression of parasitic light. 

In summary, then, the Lyot filter performs better 
than the Solo filter except for possible applications 
where the parasitic light of the latter near the trans­
mission bands is of no importance. 
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ABSTRACT
 

The theory of the Solc birefringent filter is complicated and the general formulae 
describing its optical properties do not invite to any simple physical picture. Due to these 

formal difficulties, many of its inherent possibilities have not been fully appreciated. In this 

paper we point out some new possibilities for filters based on this general design. 

The detailed shape of the transmission profile is a function of the angles of the crystal 

plate optic axes. It is shown how unwanted transmission sidelobes can be suppressed to any 
desired level by altering the distribution of plate angles. By the same means, the transmission 

band can be split into two symmetrically placed replicas, and the distance between the two 

bands can be varied. In this way the filter can easily be tuned over half the free spectral range. 

Some of the error sources that are important to the filter performance are discussed. An 
expression is given for the amount of parasitic light introduced by errors in the orientation 

of the plate optic axes and it is found that errors as large as 0 . Scan be tolerated. A labora­
tory experiment with 16 birefringent plates has shown that accuracies an order of magnitude 
better than this figure can easily be achieved. Manufacturing errors in the thickness of the 
plates can be compensated for by assembling the pile of plates in a particular way. The very 
strict tolerances usually quoted can therefore be considerably relaxed. 
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1. INTRODUCTION 

Birefringent filters with narrow bandpass li-ve been used for many years in astronomical 
research, primarily for monochromatic observations of the sun. The main advantage of such 
filters is their speed: within the selected wavelength band, the light from the whole field of 
view is available all the time. When observing with a conventional spectroheliograph, only a 
fraction of the total time is used for any one region as the slit is scanned across the field of view. 
The instant view of the whole field is also a great advantage when observing rapidly changing 
phenomena on the solar disc. 

The first type of birefringent filter was developed by Lyot (1933, 1944) and by Ohman 
(1938). A second type was designed by Solc (1953, 1959, 1960, 1965). Both types of filter 
have been further discussed by Evans (1949, 1958). 

Both filters utilise retardation plates (usually of quartz or calcite) cut with the optic axis 
parallel to the surface of the plate. In the Lyot-Ohman type filter, the plates are sandwiched 
between linear polarizers and the thickness of each plate is twice that of the preceding plate. 
All plates are oriented with their optic axes parallel and at 450 to the axes of the polarizers. 
On entering a plate from the preceding polarizer, the light is divided into vector components 
which travel through the plate at different phase velocities. The two components are combined 
in the following polarizer and the transmitted wave will have an amplitude proportional to 
cos y where 2"y radians is the phase difference (retardation) introduced by the birefringent 
plate at the wavelength in question. A. complete filter consisting of 1v such units with plate 
thicknesses in the ratio 1:2:4 . 2 1,will have a transmission proportional to 
[cos y1 " - - cos 2N1 71 cos 2"ytcos 4 -..... ]2 which leads to the well-known expression for this 
filter (Lyot 1944): 

( 2N sin y( 

where 2yj is the retardation of the thinnest plate. 
The Solc type of birefringent filter employs a pile of equally thick, but differently 

oriented, retardation plates and only two polarizers, one at each end of the pile. It is difficult 
to see directly how the Solc filter accomplishes its purpose. The general formulae describing 
the optical properties of such a pile of birefringent plates are complicated and do not invite 
to any simple physical picture of the relation between the orientation of the plates and the 
resulting transmission profile. Only for a few special cases has it been possible to derive ana­
lytical expressions for the filter transmission. However by following, on the Poincar sphere, 
the polarization of the light as it passes through the different plates, one can gain some under­

standing of how the filter works. 

Many of the inherent possibilities of this design have not been fully appreciated because 
of these formal difficulties and consequently Solc filters have not been as widely used as the 
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Lyot-Ohman type. However, since the Solc filter uses only two polarizers it has obvious 

advantages, especially in the near ultraviolet region, where available polarizers are either 

bulky or else give imperfect polarization and significant absorption (Fredga 1969a, b, 
Fredga and Hbgbom 1970). We shall here discuss the properties of the Solc filter and 

point out some new possibilities for filters based upon this general design. 

OPTIC AXIS OF OPTIC AXIS OF 
EVEN NUMBERED ODD NUMBERED 

PLATES
PLATES 


II 

POLARIZER RETARDATION PLATES POLARIZER 

Figure 1. Simple Solc filter of the folded type. 
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2. MAIN PROPERTIES OF THE SOLC FILTER 

Solc describes two main versions of the filler. In his type I filter, called the folded filter 
by Evans, the axes of the plates are all rotated the same angle with respect to the axis of 
the first polarizer, but alternate between co = + p and w = - p. The end polarizer is oriented 
at right angles to the first (Figure 1). In his type II filter, called the fan filter by Evans, the 
angles con of the retardation plates increase monotonically in the series p, 3p, 5p, .. (2N- 1) p, 
and the end polarizer is here oriented parallel to the first polarizer. For both filters the quantity 
p is given by 

p = yr / 4N (2) 

where N is the number of plates. 

Evans (1958), using the Jones (1941 a, b) matrix calculus, found that the on-axis 
transmission of the fan filter for unpolarized light can be written: 

t sin NX 2 (3)
T = 2 sin x 

The parameter X is defined by 

= cos X cos-y cos2p (4) 

2 -y (radians of phase) is the retardation of a single plate and related to the wavelength X by: 

2y=27rd/X (5) 

where d is the plate thickness and = n. - no) the difference between the extraordinary 
and ordinary refractive indices. The constant t represents the losses due to unwanted 
reflections and absorption in the filter. The same formulae are valid for the folded filter 
if cos -( is replaced by sin y. Transmission maxima occur at wavelengths for which 

2 7 = k .2 ir and 2 7y = ( k + , ) •2 7r for the fan filter and the folded filter respectively ( k is 

an integer). The main transmission bands are accompanied by sidelobes. the closest of which 
are as high as 12 %. In section 3 we shall see how these can be reduced to any desired level 
by choosing a modified distribution of angles co, for the plates in the pile. 

(7j 



The width of individual transmission bands expressed as an interval in "ycan be calculated 

from Eq. (3). Differentiating Eq. (5) we get the relation between this and the corresponding 
wavelength interval. The bandwidth between half intensity points becomes 

A X = 0.80 X2.. q (6)
N.d. g 

where q 1/( X aw ) 

The bandwidth is inversely proportional to the total thickness of the pile of retardation plates, 

N. d. 
The distance between successive transmission maxima (the free spectral range) is determined 

by the properties of the individual plates. 

m+i-Xm = d.p " q (7) 

and the finesse of the filter is 

F= ('m+t - Xm )A) = 1.25N (8) 

For quartz, the factor q is close to unity ( - 0.9) for wavelengths above 5000 A. but 

decreases rapidly as one approaches the ultraviolet part of the spectrum ( q = 0.72 at 

2800 A and 0.55 at 2000 A). This makes the ultraviolet transmission bands even sharper 
and closer spaced than indicated by the X dependance alone. 

The form of the-Jones calculus chain of matrices for a pile of birefringent plates shows 
that the most relevant parameters describing the filter are 1) the distribution of angle 

differences a (between adjacent plates or between plate and polarizer) and 2) the semi­

rerardaton-y of the individual plates. The latter is related to the wavelength by Eq. (5). 

Most equations become unnecessarily complicated when expressed directly in terms of 

the plate angles w and the wavelength X and we shall replace these by the more convenient 

parameters a and -y. 
i-n-' 
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3. CONTROL OF BANDWIDTH AND SIDELOBES 

The 12 % sidelobes accompanying the mair transmission bands are too lange for many 
practical applications. Soic (1960, 1965) describes how the sidelobes can be suppressed by 
tapering the distribution of plate angles. The quantity p is made larger near the centre of 
the pile and smaller towards the ends. Maximum transmission at the center of the band 
occurs when the distribution of p is normalized so that a more general version of Eq. (2) 
is satisfied: 

N+ 1 
_r Iu I,= 7r/2 (9) 

where C , is the angle difference between neighbouring elements in the filter: 

a = con - con-1 (10) 

For this purpose wo = 0 represents the orientation of the first polarizer, while the last 
polarizer is oriented at right angles to &v+I5 Thus for the folded filter, CWN+I = 0 and, 
for the fan filter, w,+I = Ir / 2. Eq. (9) can be derived by tracing the polarization of the 
transmission maximum wavelength on the Poincar6 sphere. 

From a theoretical point of view it is more satisfactory to consider the tapering as 
applied to the angle differences a rather than to the quantity p. A fan filter that is 
untaperedin a will have the plate angles 0 = first polarizer, a, 2aX, 3a. .. (the folded 
filter would have: 0, a, 0, a . . ... ) and a transmission: 

T = ( sinMx -sina (11) 

where cos X= cos rCos a 

and Al = N + 1 is the number of angle differences in the filter. The vdrsions discussed by 
Solc and Evans (Eq. 3) should then strictly peaking be regarded as tapered in that the two 
extreme angle differences are only half as large as the others. The transmission profiles are 
however practically identical when the filters contain a large number of plates. The same is 
true for the tapered iversions of these filters. 

It is instructive to investigate the transmission profiles resulting from different 
distributions of the angle differences a.. Figure 2 shows computed transmission profiles 
for differently tapered filters. The second example represents the simple untapered filter 
described by Eq. (I1). The third example shows the "roof" tapering xhich is similar to 
that often used by SoIc. This gives a sidelobe level which is acceptable for most practical 
applications. (75 
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Figure 2. 	 Transmission profiles for differently tapered filters. The absolute value of the 
plate angle differences a, are plotted to the right. The tapering functions are 
a) 'interferometer'. b) no tapering, c) roof with a 2:1 amplitude ratio. 
d) cosine, e) triangular and f) gaussian. truncated at 1/100 of its maximum 
amplitude. 171 
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Table 1. Bandwidth relative to that of an untapered filter and maximum transmission 
in the first sidelobes for different tapering functions. 

Tapering function Bandwidth First sidelobe Second sidelobe 

(in % of main peak) (in %of main peak) 

Interferometer 0.76 (90.7) (30.8) 
No tapering 1.00 11.6 3.9 
Roof (2: 1) 1.11 3.4 2.1 

Cosine 1.36 1.8 .22 
Triangular 1.47 .09 .47 
Gaussian (100:1) 2.00 .005 .0002 

Figure 2 and Table I illustrate the general trend towards reduced sidelobes and increased 

bandwidth as the tapering function is taken from the extreme "interferometer" shape to the 
smooth gaussian form. Many other shapes of the main peak such as, for instance, a flat-top 
profile can be produced by suitable tapering functions. In order to obtain wider 
bands than those shown in Figure 2, one simply applies correspondingly narrower tapering 
functions of the same shape. A Solc filter in which the plates can be rotated independently 
can therefore be used as a variable bandwidth device where, in addition, the detailed shape 

of the profile can be chosen to suit the particular application in question. 
The numerical calculations in this paper have been performed using various versions of a 

computer program developed by Beckers and Dunn (1965) and based on the Jones (1941 a, b) 
matrix calculus. 

4. RELATION TO FOURIER TRANSFORMS 

The general shape of the transmission bands and the changes in this shape resulting from 

the various types of tapering illustrated in Figure 2, suggest that the relation between the 

distribution of plate angle differences cx, on the one hand and the transmission profile on the 
other is similar to a Fourier transform. 

The general relation to Fourier transforms can be understood with reference to Figure 3. 

At each boundary between two plates (or between a plate and a polarizer) there is an exchange 
between the wave components travelling in the ordinary and extraordinary modes. A certain 
fraction,sin an,of the wave component previously carried in the ordinary mode will, after the 

boundary, add vectorially to the component in the extraordinary mode and vice versa. The 
wave emerging from the end polarizer can then be descnbed as the vector sum of field com­
ponents passing from the input to the output along all possible paths. The different paths 
will produce output field components of different amplitudes, but the phase of every com­

ponent must have one of the values k 2 7y radians (k = 0. 1,2 ....N) relative to that of 
the component that has travelled in the ordinary mode all through the pile (dashed in Figure 3). 



0a 2 1 
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Figure 3. 	 Illustrating the many different paths by which the light can travel from the input 
to the output of the filter. The heavy line represents an output vector component 
that has crossed over three times between the two propagation modes. It has 
passed through a total of six plates in the extraordinary mode and therefore 
emerges at a phase of 6 - 2-y relative to the component that has stayed in the 

ordinary mode all through the filter (dashed). 

Let g, be the sum of the amplitudes of all field components that have passed through 

the pile in such a way as to produce the phase n. 2 y . The output wave field can then be 

written (excluding the frequency factor eJW"'): 

N 
E(y) = gn exp (127 n) (12)

n=0
 

This has the form of a Fourier series. The filter transmission is proportional to the square of 

the field strength 

T() y I E()y 2 	 (13) 

Eq. (12) shows that, independant of the arrangement of the plate angles, the transmission 

profiles must obey certain well known rules of Fourier series mathematics. The transmission 

peaks will be repetetive at intervals of 7r in the coordinate y1. and the profiles will be 

symmetrical about all points -y= k. ,'r. Furthermore we can deduce that the finesse F for 

a particular 	filter cannot be made much greater than the number of plates N. The exact 

value depends upon how large sidelobes one is prepared to accept. An untapered filter for 

instance has a finesse of 1.25N but also 11.6 % sidelobes, while a cosine tapered filter has 

F=0.92N and only 1.8 % sidelobes. No arrangement of the plate angles can Rive a perfor­

mance that is significantly better in this respect. 
Each coefficient gn is the sum of the contributions from all possible paths that 

produce the phase n- 2-1. However. if all angle differences u < I radian, the by far greatest 

single contribution will come via the path that makes only one transfer between the two 

modes. The coefficient g. wil therefore be strongly influenced by the one particular angle 

difference at which this transfer takes place: this explains why the relation between the 

tapering function and the transmission behaves in a way that is similar to a Fourier transform.1-70 
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5. TUNING THE FILTER 

Many different shapes of the transmission profile can be produced by altering the dis­
tribution of plate angles. An especially interesting possibility, which does not conflict with 
the symmetry requirement derived in the previous section, is that the normal transmission 
band can be split into two symmetrically placed replicas of itself. The distance between the 
two components can be chosen at will and an individual member of such a pair can therefore 
be tuned in wavelength by rotatingthe plates. 

The modulation theorem in Fourier analysis shows that such a split peak will result if 
we can change the plate angles in such a way that the new coefficients G. are related to 
those of the original filter according to the equation 

GQ = 2 g. cos 2,rsn (14) 

The two component bands will then appear at a distance from the position of the original 
single band, which is ± s times the repetition interval. (Eq. 7) 

There exist general methods for calculating the plate angle distribution that will produce 
a set of desired coefficients G, (Harris, Amman and Chang, 1964), but the mathematics 
becomes discouragingly complex for large numbers of plates. Fortunately, the exact calculations 
will not be necessary in this case: the desired cosine modulation of the coefficients will, to a 
good approximation, result if one simply modulates the angle difference distribution a, in 
exactly the same way: 

An= 2 azn cos 2rsn (5) 

In Appendix I we discuss the effect on the transmission profile of a modulation of the angle 
difference distribution according to Eq. (15). 

Figure 4 shows the result of numerical calculations for a set of 16 retardation plates 
when a cosine modulation has been applied to the original angle difference distribution an. 
As the modulation frequency s (expressed in cycles per plate) is carried from 0 to 0.5, 
the filter changes from the fan type, via split peak versions, into the folded type. For s = 1, 
or any other integer, we have returned to the original angle distribution. 

Note that the original angle distnbution may be that produced by any desired tapering 
function. The shifted peaks keep the same shape as the unmodulated peak. In this example 
the calculations were made for a cosine tapered angle difference distribution characterized by 

an sin -,T (16)
4 (N+2) n N+2 

The first factor is the constant required, to satisfy Eq. (9) for maximum peak transmission in the 
unmodulated filter. III 
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The factor 2 in Eqs. (14) and (15) is only valid when the two components of the split 
peak are well separated. For small values of s, when the bands overlap, the constant deviates 

from the value 2, approaching unity as s - 0. '.-len calculating the examples in Figure 4 
we have used a modified version of Eq. (15): 

A n =2ca. cos (2rs[n-n.]+ir/3) 	 (17) 

The phase of the modulation at the filter centre, n, =--(N + 2) / 2, is then equal to ir / 3. 
This has little influence on the transmission profiles when the two bands are well separated, 
but it gives a good approximation to the desired shape also when they are so close as to 
overlap. For s = 0, this equation produces the original fan filter configuration. The actual 
plate orientations are calculated from Eq. (10): 

(0n = Wn- 1 + An 	 (18) 

where, as before, the first polarizer is oriented at cw0 = 0. Observe that the end polarizer, 
which is always oriented at right angles to wIN+ , will not necessarily be parallel to or at 
right angles to the first polarizer (Figure 5). 

The region around s = 0.25 is best suited for the tuning since neighbouring unwanted 
bands will then be at their maximum distance and may be rejected by other means. The use­
ful tuning range expressed in bandwidths will clearly be larger than in the example of Figure 
4 if the filter contains a larger number of plates. 

0 

90 

30­

i rI 
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Figure 5. 	 The orientation of the last polarizer as a function of the modulation frequency 
s for the filter shown in Figure 4. 
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6. ERROR SOURCES AND TOLERANCES 

When designing and building a filter it is important to know the tolerances within which 
the various design parameters must be kept. Many types of error can be treated as equivalent 
to errors either in the plate angles (on or in the plate thicknesses dn These two basic errors 
affect the transmission profile in different ways. Errors in the angles o. will always produce 
disturbances that are symmetrical with respect to the normal fan or folded filter band positions 
because Eqs. (12) and (13) remain valid. The first of these equations was derived on the 
assumption that all plates are identical and errors in the plate thickness can. as we shall see. 
produce both asymmetrical disturbances and small shifts in the position of the main trans­
mission bands. 

6.1 Errors in the plate angles 

In Appendix 2 we derive an expression for the average transmission level of spurious
 
sidelobes caused by errors in w. (Eq. 42):
 

Te =41Vw 2 sm2 7Y (19) 

w is the standard deviation of the errors in the plate angles cw expressed in radians. If aun 
is expressed in degrees, the constant 4 should be replaced by 1.22 . 103. 

The average parasitic transmission is zero at wavelengths for which a fan filter has its 
peaks ( where y is a multiple of ,r) and increases to a maximum at wavelengths for which
 
a folded filter has its peaks ( where -y is an odd multiple of ir/2 ). This is independent of
 
whether the actual filter is of the fan type, the folded type, or has been tuned to some inter­
mediate configuration. Figure 6 shows computed examples of sidelobes resulting from 
normally distributed random errors with a large standard deviation ( or= 10). 

The mean parasitic transmission averaged over all wavelengths (all 7) becomes 

e = 2NuV g (20) 

We have computed e for several filters with random errors in the plate angles o. The errors 
added to the correct angles were normally distributed with standard deviations a equal to 
00.3, 00.6 and 10.0 . The calculations were made for cosine tapered fan filters with 20, 40 
and 80 plates. The results are shown in Figure 7 and agree well with the values expected from 
Eq (20). 

\so 
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'Figure 6. 	 Examples of sidelobe patterns due to errors in the plate angles w with the large 
standard deviation a 1 .The expected mean level according to Eq. (19) is 
dashed and the errorfree profile is dotted; 40 plate cosine tapered filter. 
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The ratio of the total energy transmitted in the error sidelobes to that transmitted in 

the main bands will be approximately equal to e times the finesse F For normally tapered 

filters F - N (sections 2 and 4) and we get 

eF" 2W J (21) 

A 40 plate filter, in which the plate angles have been adjusted to a tolerance of ± 0* 5 

(corresponding to a.- 00.3) will thus have a total parasitic transmission due to the errors 

in w which is only 8 % of that in the main bands. This agrees with the empirical findings of 

Beckers and Dunn (1965) that angle errors of this magnitude have little influence on the 

filter performance. 

This result is somewhat surprising since errors of this magnitude are by no means small 

compared with the angle differences a, themselves, which for a 40 plate filter are of the 

order of a few degrees. In practice it is easy to control the plate settings to a considerably 

higher accuracy (section 7), and the angle errors should therefore have a negligible influence 

upon the transmission profile of a well designed filter. 

Apart from producing unwanted sidelobes, the angle errors can also distort the shape 

of the main band. However, it appears from computed examples that this effect will usually 

be less disturbing than the appearence of the sidelobes. 

6.2 Errors in the plate thickness 

The average sidelobe level away from the main bands of an untapered fan filter is 

derived in Appendix 2 (Eq. 47). From computed examples it appears that the formula 

can also be used for tapered filters. 

04 N" (22a):r "4.N', 


where ao is the standard deviation of the plates from their average thicknesses expressed 

in orders of birefnngence; the latter is related to the standard deviation ad in the actual 

plate thicknesses by: 

22 ir c0 = -y(adld) (22b) 

The effects of these errors are seen to be more serious for short wavelengths 

( larger y, see Eq. 5). Furthermore, the sidelobes increase very steeply as one approaches 

the positions of the main bands because sin' - becomes very small. The same picture 

emerges when the calculations are performed for a folded filter or a tuned filter: in contrast 

to the behaviour of the angle error sidelobes, this error pattern will accompany a main band 

as it is tuned to a different wavelength. 

It should not be concluded from Eq. (22a) that the situation improves for large N. The 

sidelobe level at any specified wavelength does indeed improve as more plates are added. At 

the same time. however, the bandwidth decreases and the sidelobe level at a specified number 

of bandwidths from the main peak gets worse. The result is that the total parasitic trans­
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mission becomes larger relative to the transmission in the main bands. Eq. (22a) leads to an 
expression for the ratio of the total error transmission outside the main bands - here taken 
to be the region for which Isin yI > 7" IN - to t! - transmission within these bands (compare 
Eq. 21): 

712
 

eF 
2 
- No2 (22c) 

According to this formula, a 40 plate filter with o = 1/40 order should have a total error 
transmission equal to 12 % of the main band transmission. Unfortunately, the tolerances 
must often in practice be set stricter than this because the main bands themselves (and
their immediate surroundings) are very sensitive to errors of this kind. The main profile can 
be seriously distorted and shifted in position by errors which would lead to an acceptable 
parasitic transmission according to Eq. (22c). Figure 8a shows the computed transmission 
for a filter with very large errors, a0 = 0.12 orders, in the plate thicknesses. The main peak 
has collapsed and the profile is dominated by the sidelobes whose general behaviour is 
described by Eq. (22a). 

The very strict tolerances on the plate thicknesses makes it extremely difficult to 
manufacture filters containing a large number of plates. However, it is relatively easy to 
measure the errors in the individual plates once they have been made. The whole pile of 
plates can then be assembled in such a way that the main effects of the known individual 
plate errors cancel. 

An error in the thickness of an individual plate may be looked upon as causing errors 
in the positions of all the angle differences along the filter axis relative to the positions they 
would have had in an errorfree filter of the same total length (Appendix 2, Eq. 43). If we now 
let one neighbouring plate have an error which is equal in magnitude but opposite in sign to 
that of the first plate, we shall find that all angle differences, except the single one between 
the two incorrect plates, will fall on their correct positions. The actual pile of plates has 
therefore become a much better approximation to the design configuration than when there 
was only one incorrect plate. The main detrimental effects of errors in the plate thicknesses 
can thus be cancelled if the filter is assembled in such a way that neighbouring plates have 
errors which are approximately equal in magnitude but opposite in sign. This can be done 
simply by ranking the plates according to their errors and pairing the plates with the largest 
errors of opposite sign, those with the second largest errors etc.. A further improvement is 
obtained by concentrating the plates with large errors towards the two ends of the pile where, 
as pointed out by Beckers and Dunn (1965), these errors are less critical to the filter 
performance, especially for tapered filters. The example given in Figure 8 and Table 2 
illustrates the general principle and the striking improvement of the filter behaviour that is 
possible by this method. 
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Figure 8. 	 Transmission profiles of a 3 1 plate cosine tapered filter with large errors in the 
plate thicknesses d corresponding to a standard deviation-C0 of 0.12 orders of 
birefringence. a) the plates assembled without attention to their individual 
errors, b) the plates assembled so as to cancel the effects of the errors (see 
Table 2). 
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Table 2. 	 Characteristics of the cosine tapereu filters illustrated in Figure 8. The plate 
angles are given for both the fan and the folded versions. Column A gives the 
plate thickness errors expressed in orders of birefringence as produced by a 
random number generator (normal distribution with a0 = 0.12 orders). 
Column B gives the rearranged distribution of the same plates. 

Plate nr. Plate angle w (degrees) Thickness error (orders) 

fan folded A B 

Pol. .0 .0 
1 .4 .4 .08 -. 29 
2 1.2 - .4 -. 02 .22 
3 2.4 .8 .02 -. 19 
4 4.0 - .8 .07 .20 
5 6.0 1.2 -. 08 -. 14 
6 8.3 -1.1 -. 29 .08 
7 11.0 1.5 -.09 -.09 
8 13.9 -1.5 -.22 .07 
9 17.2 1.8 .20 -.05 

10 20.6 -1.7 -.09 .05 
11 24.4 2.0 .04 -.03 
12 28.3 -1.9 .24 .04 
13 32.3 2.2 .22 -.02 
14 36.5 -2.0 .06 .02 
15 40.7 2.2 .12 -.01 
16 45.0 -2.0 -.02 .00 
17 49.3 2.2 -.02 .01 
18 53.5 -2.0 -.03 -. 02 
19 57.7 2.2 -.04 .02 
20 61.7 -1.9 .02 -. 02 
21 65.6 2.0 .05 .04 
22 69.4 -1.7 .20 -. 04 
23 72.9 1.8 .08 .06 
24 76.1 -1.5 -.19 -.08 
25 79.1 1.5 -.05 .08 
26 81.7 -1.1 -.17 -.09 
27 84.0 1.2 .04 .12 
28 86.0 - .8 .01 -.17 
29 87.6 .8 .00 .20 
30 88.8 - .4 -.01 -.22 
31 89.6 .4 -.14 .24 
Po. 90.0 .0 

rg5! 
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7. EXPERIMENTAL TESTS 

The theoretical conclusions arrived at above have been tested in the laboratory. The 
aim was to investigate the practical difficulties and main sources of error, but not to construct 
a final filter for some special purpose. 16 birefringent plates of quartz were used. These 
plates were originally part of a filter for the ultraviolet wavelength region built by SoIc's 
group at the Dioptra Company in Turnov, Czechoslovakia. Each plate is only 0.4116-t mm 
thick which gives a large free spectral range in the ultraviolet. 

The plates were mounted in a specially constructed filter holder where each plate could 
be independently rotated about the filter optic axis by means of micrometer screws (see 
Figure 9). The plates were immersed in a fluid (Leitz Immersion oil) of refractive index 
1.515 (NaD) which reduced the reflection at each surface to 0.01 %. HN 32 linear sheet 

polaroids were used as polarizers. 
The tests were carried out at the Technisch Physische Dienst in Delft, Netherlands, using 

a I-n Hilger-Watt scanning monochromator with a Tungsten ribbon lamp as light source and 
a 1 P21 RCA photomultiplier as detector. The filter was placed in the collimated beam after 

the exit slit of the monochromator. 

For convenience the tests were carried out in the visible region around 5000 A. The 
slitwidths of the monochromator were chosen to give a spectral resolution of 1.2 A which 
made it possible to study the detailed shape of the profiles. which in the 5000 A region had 
a bandwidth of about 30 A. 

The crystal optic axes of the plates were aligned in the following way. The monochro­

mator was set at a wavelength corresponding to maximum transmission for a folded filter. 
and the polarizers at each end of the filter were oriented at right angles to one another. At 
this wavelength each plate is a half-wave plate and, if its optic axis is aligned parallel to the 
axis of one of the polarizers, no light will be transmitted but a small deviation from the 
parallel position-is easily detected. The plates were aligned in this way one after the other, 
leaving the earlier aligned plates in their parallel position. This procedure turned out to be 
very accurate and allowed the angles of the optic axes to be controlled to = 0.02. This is 
much better than actually needed (section 6). 

The spectral response of the filter was determined relative to the transmission when the 
end polarizer had been placed in front of, and parallel to, the first polarizer. With this as a 
reference the transmission of the main peaks (ordinary peaks as well as tapered and shifted 

peaks) should be 100%. 
The absolute transmission of the filter at 5000 A was determined to 13%. The 

polarizers transmit 34% of unpolarized light while the quartz plates and the oil (21 cm long 
path) transmitted 56 % of the incident light. With more transparent polarizers (e.g. Rochon 

prisms) and a reduced pathlength through the oil, the transmission can be considerably 
improved. The filter may also be used in any wavelength region where quartz is transparent 

if a suitable immersion oil and suitable polarizers are chosen. 

No absolute wavelength calibration was performed but the experimental maxima as 

shown on the monochromator wavelength scale fitted the theoretical values to within a few 

Angstroms. The reduction of the measurements was done assuming that the experimental 

and theoretical transmission maxima coincided in wavelength for the unshifted bands. 
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Figure 9. 	 The filter holder used in the experimental tests. The polarizers andplates can be 
rotated independently about the filter axis by means of the micrometer screws. 

The first test run concerned the tapered profiles illustrated in Figure 2. Table 3 
summarizes the results giving theoretical and experimental parameters for the main bands 
and the first two sidelobes. The measured maximum transmission of the main peaks amounted 
to 100 ± 1% relative to the reference described above. The error of ± 1% may be due to 

slow fluctuations in the output from the light source which occurred between actual regis­

tration and calibration runs. When evaluating the rest of the profiles all transmission values 
are expressed in percent of the main peak. The experimentally determined transmission values 
fit the theoretical values to within 1.5 %. This means that the difference between the experi­
mental and the theoretical curves would hardly be noticable on the scale of Figure 2. 

InFigure IOthe sidelobes of the straight, the cosine and the gaussian tapered filters are 
shown on an expanded scale. The largest deviation from the theoretical curves occur in the 
second sidelobes of the straight filter and amounts to ± I %. The deviations are generally 
antisymmetrical with respect to the main peak and therefore probably due to small errors in 
the plate thicknesses. 	 19-1 
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Figure 10 Result of laboratory measurements on a set of 16 retardations plates. Theoretical 
(full drawn) and experimental (dashed) transmission curves are given for the 

straight (untapered). the cosine tapered and the gaussian tapered arrangements. 

Table 3. 	 Experimental results for a i6 plate filter with different tapering functions. Of
 
the two experimental values given for the sidelobes. the first refers to the long
 
wavelength side and the second to the short wavelength side of the main band.
 

Computed theoretical values are given in brackets. 

Tapering function Main band 	 First sidelobe Second sidelobe 

Tmax 	 A X ATmax Tnax 

24 (23) 91.6 (0.1) 29.3 (30.5)Interferometer 1.002 
88.9 32.0 

No tapering 1.003 30 (30) 11.6 (11.1) 2.4 (3.47) 
10.8 4.4-


Roof 0.990 35 (34) 3.4 (2.90) 1.5 (1.71)
 
2.9 2.4 

Cosine 0.997 41 (41) 1.6 (1.52) 0.1 (0.17) 
1.5 0.3 

Triangular 1.007 46 (44.5) 0.3 (0.08) 0.3 (0.32) 
0.3 	 0.7
 

(0.003) - -Gaussian 1.005 60 (61.5) ­
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Table 4. Experimental results of tuning a cosine tapered filter with 16 plates starting 
from the folded configuration (s= 0.5). Band I is tuned towards shorter 
wavelengths, band 2 towards longer wavelengths. Computed theoretical values 
are given in brackets. 

Modulation Tn ax Distance between A X A 
frequency s the peaks in A 

0.50 0.997 0 (0) 41 (41)
 
0.44 band 1 1.008 63.5 (65) 40 (40) 

2 1.007 41 (41.5)
 
0.38 1 0.997 139 (139) 40 (39)
 

2 1.002 44 (42)
 
0.25 1 0.995 303 (305) 38 (37.5)
 

2 0.998 42 (43)
 
0.12 1 1.013 561 (564) 37 (36)
 

2 1.004 
 42 (44)
 

Table 4 summarizes the results of shifting the peaks of a cosine tapered filter for some 
of the examples illustrated in Figure 4. Also in this case the agreement between the theoretical 
and experimental profiles is such that the discrepancies would not be noticable on the scale 
used in that figure. The largest deviation amounts to 1.3 % of the maximum transmission. An 
adjustable and tunable filter based on these principles is clearly feasible. 
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APPENDIX I 	 The transmission profile of a filter with a modulated angle difference 
distribution 

The state of polarization of light passing through a pile of birefringent plates can be des­

cribed in terms of the Jones (1941 a, b) matrix calculus (see also Shurcliff 1962). The light, 

as it emerges from a particular plate, is described by the Jones vector: 

U: +t= (e:: 1 c : s(23)
 
\ Ey + AE). 0 e - sin a Cos a Ey)
 

5 t "C'7) 

Ex and Ey are here the elements in the Jones vector description of the polarization of the 

light before entenng 	the plate. a is the angle difference between this plate and the preceding 

plate, and 2-y radians is the retardation of the plate at the wavelength in question (Eq. 5). 

We shall apply the Jones equation to Solc filters consisting of a large number of plates and 

in which all angle differences a, < I radian. Treating the pile of plates as a continuous 

birefringent medium in which the optic axis orientation cw is a function of the position 1 

along the pile, we can from Eq. (23) derive the differential equations for the Jones vector 

elements E. and Ey: 

XE4- j c2E,= +ia E. 
(24) 

E'+ f K/2 E = a 

Sand E are derivatives with respect to L a (1) is the derivative dc dl of the optic 

axis angle; for a filter consisting of a pile of plates. a (1) becomes an array of delta functions 

a . K is the retardation per unit length of the birefringent material at the wavelength in 

question. A plate of thickness d has a retardation 2-Y given by 

2 -f = K- d radians of phase 	 (25) 

Let the light be 100 % polarized and its intensity be normalized to unity as it emerges
 

from the first polarizer at / = 0. The Jones vector describing the light at this point is then
 

(EV'(0) =E. (0) k0 )(26)(0)) 

The end polarizer is oriented at right angles to the optic axis at? = L. The intensity of the 

light at the output of the filter is then given by, 

I= IE,(L) 12 1 O 	 (27) 
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In order to obtain the transmission of the filter for unpolarized light, this normalized output 
intensity must be multiplied by the absorption loss factor t / 2 (Section 2). 

Eqs. (24) can be solved for some special cases. a (l) = const. represents a 'continuous' 

fan type filter in which the optic axis rotates smoothly throughout the birefringent material. 

The solution 

T=- 2 032 sin 2 03L (28) 

where 3 [ ( t/2)2 +a 2 ] 

can also be derived from Eq. (3) or Eq. (11) as the limiting case for a pile of constant 
thickness L as the number of plates N - -. A single peak with t / 2 maximum trans­

mission is obtained at K = 0 when a = 7r / 2L, i.e. the optic axis has turned through one 
right angle between the input and the output of the filter 

There will clearly be other special forms of a (1)which can also be solved explicitly.
 

However we are interested in the effect on the filter transmission of a modulation of the
 

angle difference distribution as specified by Eq. (15). If the original optic axis derivative is
 

a (I), then the modulated version will have the derivative:
 

amod = 2 a(l) cos m l (29) 

where =n. d and m=27rs/d 

Introduce the new variables P and Q by the substitution 

Ex = P exp (+1 c /2 I) 

(30) 

Ey = Q exp (-j /2 I) 

Eqs. (24) then take the form 

P' = + Q a exp (-K c)1 

(31) 

- P a exp (+JFc) 

The corresponding eaquations for the modulated version of the same filter become 

P = + Qrn 2 a cos ml exp (- i ic I) 

(32) 

Q Pm 2 a cos ml exp (+J l) l1 
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The problem can now be stated as follows. Assuming that we know the solution to Eqs. (31). 
then what is the solution to Eqs. (32) for the modulated version ' 

If a (1)= 0. then Pm and Qm are constants all through the filter. We now make the 
assumption that a (1) is so small, that the increments ALP and aQm are always << I when 
calculated over an interval occupied by one full modulation cycle. We make the further 
assumption that the tapering function over the same interval can be approximated by its 
value at the centre of the interval. This essentially means that the angle differences a, in 

the unmodulated version of the filter do not change significantly over this interval. These 
conditions will. in general. be satisfied for normally tapered filters which are modulated in 
such a way that there are many full cycles along the filter. Eqs. (32) can now be integrated 
over individual modulation cycles while treating Pll Qm and a as constants. The modul­

ation cycle nr. k has its centre at 

1 = (k- 1,) 2-r/ (33) 

and the increments for the cycle centered at Ic become 

2K
 
A Pm = + Qm a sin(rK/m) eXp ( -j
,2 C 

(34) 
2K,
 
2 " Qm -PM a K 2 K--M2l sin(r /m) exp (+j KIC 

The same increments over the same intervals (or, for negative K, their complex conjugates) 
are produced by the functions P and Q defined by 

P' = + Q am exp [- / I -) l] 

(35) 

Q'=- Pam exp [+ (1KI-m)1 I 

where am = a- 2 1K I ( I + m) 

Thus, under the assumptions discussed above, these equations can replace the original Eqs. (32). 

They have the same form as those for the unmodulated filter (31) but with K replaced by 

( I - in). Consequently we shall now expect maxima at K= = i instead of. as before, at 

K = 0. In the neighbourhood of these maxima we have am - a which shows that the shifted 

bands will have the same shape as that of the unmodulated version. When the filter consists 

of a large number of identical plates, the double band pattern must repeat about the normal 

fan filter positions. In terms of the parameters - and s we find' that K = ± n corresponds to 

= tnteger.-r s-r (36) 

- (normal position of fan filter bands) = s Irepetition interval)
jq 2' 



25 

APPENDIX 2 The influence of errors in the plate angle co and the plate 

thickness d 

When dealing with filters consisting of a large number of plates between which all angle 
differences an < I radian, we can make some simplifying approximations 
for wavelengths (values of K ) well removed from the main transmission bands. Under 

these circumstances, the light will never depart significantly from a state of linear polarization 
parallel to the local optic axis direction. This becomes obvious if one traces, on the Poincar6 
sphere, the polarization of such a wave as it passes through the filter. Then I Q (1) I < I and 
we can use the approximation P = I since the deviations of P from this value will be of the 

order of IQ (1) 12. Eq. (31) for Q' can now be integrated directly: 

L 

Q(L) = - f a(l) exp(+j K l) dl (37) 
0 

If the filter contains N plates of thickness dn, mounted with the angle difference distri­

bution cn 

N+ 1 
Z a. exp(+jK1) (38)

n= I 

where l, is the position along the filter axis at which the corresponding angle difference occurs. 
The transmission of the filter is (Eqs. 27, 30): 

= IQ (L) 12T= -LE, (L) 12 

(39) 
=- IQ0 (L)+Q(L)12 

Q0 is here the ideal value according to the design and Q. the error in this quantity due to 
errors in the plate angles or the plate thicknesses. We are concerned with wavelengths well 
removed from the main bands, and the transmission if significant, will be caused mainly by 
the filter errors. The parasitic transmission T., expressed as a fraction of the maximum 
possible transmission, t / 2, then becomes: 

Te I Qe (L)I 2 (40) 

Errors in the orientations of the plates 

The error Acn in the angle difference an between plates number n and (n--l) is 

clearly equal to the difference between the errors A o. and AWn 1 in the actual plate 
angles. Hence, for a filter with errors only in the plate orientations, Eq. (38) gives 

1A5 
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= - N+ IQe(L) Z (Awn--AWn_l)exp(+j2Tyn) 
n=1
 

=2]siny Z Awn exp(+j27[n-]) (41)
n=l 

Assuming that the errors A w n are randomly distributed about zero with a standard 

deviation a. radians, we can derive an expression for the average sidelobe level T. I Qe (L) 12 

Te= 4N a.' sin2 t (42) 

Errors in the thickness of the plates 

Consider a filter in which all plates are identical apart from plate number ne that has a
 
small error Ad in its thickness. Compared with an ideal filter of the same actual total length
 

L, all angle differences a,n (except the'first and the last) will appear slightly displaced. The
 

error Al n in the position of the angle difference number n is easily shown to be
 

Ad.(n-1)IN (n < ne) 
At, = (43) 

Ad.(n-1)/N - Ad (n>n.) 

The actual position of the angle difference a, becomes: 

1, =(n-i1) LI N + A, (44) 

When this is substituted into Eq. (38) we can, after some algebra. derive the error Q. due to 

this one plate error. The answer depends in a complicated way on the distribution of the 
angle differences. For an untapered fan filter, i. e. one in which all angle differences are 

-equal. we get. 

Qe(L) a A exp(I 2,y [n.-]) (45) 

sin ­

where 2y is the retardation of a plate whose thickness is exactly L / ., ,and 

=2 Ay K Ad < I (46) 

is the retardation error in the faulty plate caused by the thickness error Ad. We now turn toI q 
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a filter in which all the plates have small errors Ad.. Adding the various individual error 
contributions statistically we get the mean sidelobe level. For a normally constructed 
untapered fan filter, z - 7r 2 (N + 1), and wc -et. 

IT.4 002 

Te -(47)4 Nsin'( 

a, is the standard deviation of the plates from their average thickness expressed in orders of 
birefringence; this is related to the standard deviation 0 d in the plate thicknesses from their 
average value d = L / N by­

27rao = 27'(ad/ d) (48) 
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A procedure for the synthesis of birefringent networks having arbitrarily prescribed transfer functions is 

-presented. The basic network configuration consists of n identical cascaded bireiringent crystals between an 

input and an output polarizer. The crystals are cut with their optic axes perpendicular to their length. The 

variables determined by the synthesis procedure are the angles of the optic axes of the crystals and the angle 

of the output polarizer. Any transfer function which is periodic with frequency and whose corresponding 

impulse response is real and causal can, in theory, be realized. A network of ; crystals allows the appromma­

tion of a desired function by (n+l) terms of a Fourier exponential series. Bandwidths of less than 1 A appear 
possible. 

I. INTRODUCTION may be employed, but for simplicity we will assume 

are used. Each crvstal is cut with its 
advent of the laser has made possible various uniaxial 	crystals

THE 
types of optical systems. This has produced a 	 optic axis perpendicular to its length and with end faces 

which are flat and parallel. The S's and F's in Fig. 1 
need for optical elements or networks whose transfer 

denote the crystals' "slow" and "fast" axes, respectively.
functions can be arbitrarily prescribed as a function of 
frequency. In a manner analegous to that used at radio 	 If a negative crystal is used, the fast axis will be the 

optic axis, while for a positive crystal the slow axis will 
frequencies, such optical networks could be utilized as 

be the optic axis. The variables to be determined by the 
discriminators and ratio detectors, equalizers and com-

synthesis procedure are the angles to which the crystals 
pensators, frequency selective hybrids, and delay 	net-

are rotated, the angle of the output polarizer, and the 
works, to name just a few. Of particular importance is 

length L of the crystals used. In the following sections, 
the possibility of realizing very narrow-band filters 

vill show that by properly choosing these variables, 
having prescribed transmission characteristics, we 

it is possible, in theory, to svnthesize any desired trans-
The purpose of this paper is to present a basic network 

fer function, subject only to the restrictions that it be 
configuration and synthesis procedure whereby optical 

be periodic with frequency and that it satisfy 	 the usual 
networks having arbitrary transfer functions can 

a real and 
constructed using a set of cascaded birefringent crystals. requirements imposed by the necessity for 

causal impulse response. The basic periodicity of 	 the 
Although synthesis procedures exist for other types of 

and network response is determined by the type and length
the very narrow bandwidthsoptical devices,-

tunability of birefringent devices make them particu- of birefringent crystals used. the basic period ofFor example, if calcite 
1 cm in length are used,

larly attractive for the above-mentioned applications. 	 crystals 

The type of network to be considered is shown in Fig. 1. 
In simplest form, it consists of a number of identical 
birefringent crystals placed between two polarizers. 
Although Fig. 1 pictures a network containing four 
stages (four birefringent crystals), any number can be 

used. In principle, either uniaxial or biaxial5 crystals 

* This work was supported at Stanford University by the Space 
Systems Division of the U. S. Air Force Systems Command under 03
 

Contract Number AF 04(695)-305 and at Sylvania by the Air
 
Force Avionics Laboratory at Wright-Patterson Air Force Base,
 
Ohio, under Contract AF 33 (657)-8995. 

111. PohIack, fenaer Jahrbuch, 1962, p. 181 (in German).
 
2L. Young, J. Opt. Soc. Am. 51. 967 (1961).
 
' J. S. Seeley, Proc. Phys. Soc. (London) 78, 998 (1961).
 
4R. J. Pegis, 3. Opt. Soc. Am. 51, 1255 (1961).
 
6 If biaxial crystals are used, crystals in the monoclinic and
 

triclinic systems will probably not be satisfactory since the direc­
tions of their principal axes are dependent upon temperature and FIG. 1. Basic configuration of optical network
 

(four stages). Polarizers are shown shaded.
wavelength-
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the response will be about 175 Gc (about 2 A in the 
red). 

An important modification of the basic configuration 
of Fig. 1 is the addition of a variable optical compen-
sator6 before or after each birefringent crystal. The 
compensators allow one to tune the network transfer 
function without distortion over its basic period and, 
in addition, compensate for slightly incorrect crystal 
lengths. 

The optical network described here is a lossless or 

nondissipative network in that it does not contain any 
internal polarizers; if the final polarizer is nonabsorbing, 
e.g., a Rochon prism, then all of the optical energy 
incident on the first birefringent crystal is, in principle, 
available at the network butput. It is planned to con­
sider the synthesis of dissipative birefringent networks, 
i.e., networks containing internal polarizers, in a follow-
ing paper. 

A central idea of this paper is the consideration of the 
impulse response of a system of birefringent crystals. 
This approach, was used by Mertz7 to analyze the Solc 
birefringent filter and was independently suggested as 
an approach to the synthesis problem by Harris.8 It is 
first presented and then used to obtain an exact synthesis 
procedure. The question of tunability is considered and 
an example given, 

I. HISTORY OF BIREFRINGENT DEVICES 

Before proceeding further, it is appropriate to note 
that two birefringent filters having particular transfer 
functions have been proposed considerably earlier. The 
first of these was proposed in 1933 by the French astrono- 

mer, Lyot,9 who suggested a birefringent filter consisting 
of alternating polarizers and birefringent crystals. The 
length of each crystal is twice that of the preceding 

20. 
"I 

Fro. 2. Four-stage Lyot filter. Polarizers are shown shaded. 

6'H. G. Jerrard, J. Opt. Soc. Am. 38, 35 (1948). 
7L. -Mertz, J. Opt. Soc. Am. 50 (June 1960) (advertisement 

facing p. xii). 

s 

F 

FIo. 3. Four-stage Solc fan filter. 

crystal. A four-stage Lyot filter is shown in Fig. 2. The 
transfer function of the Lvot filter has the form sinx/x, 
repeated at periodic intervals. More recently, Soldc 
proposed two types of birefringent filters, termed fan 
and folded filters. Figure 3 shows a four-stage Solc fan 
filter. These filters have the same structural form as our 
basic network. In the Solc filters, however, the relative 
rotation angle between each successive crystal is related 
in a simple manner to the number of birefringent crystals 
employed. In contrast, the relative angles of the crystals 
in our network are determined by the choice of optical 
transfer function--which may be arbitrary. Complete 
discussions of both the Lyot and Solc filters have been 
given by Evans.'.1 2 

Numerous Lyot and Soic filters have been built 
-and operated.""'5 These filters are used primarily in 

astronomy where their very narrow bandwidths are 

utilized to observe solar prominences. Recently, Steel 
et al.'7 have constructed a Lvot filter with a bandwidth 
of A 'in the red. By using the synthesis techniques 

proposed in this paper, it should be possible to attain 
similar bandwidths with prescribed transmission 
characteristics. 

III. GENERAL CONSIDERATIONS
 

A. Impulse Response of a Series of
 
Birefringent Crystals
 

Analysis by means of impulse response is a concept 
that is familiar to electrical engineers. 19 If an impulse, 
i.e., a Dirac delta function in time is applied to a 

0I. Solc, Czech. J. Phys. 3, 366 (1953); 4, 607, 669 (1954); 5, 
114 (1955).

S]J.W. Evans, 3. Opt. Soc. Am. 39, 229 (1949).
V. Evans. . Opt. Soc. Am. 48, 142 (1958). 

1"Y. Ohman. Nature 141, 157 (1938); Nature 141, 291 (1938); 
Fop. Astron. Tidskrift, No. 1-2, 11, 27 (1938).

"aJ. W. Evans, Publ. Astron. Soc. Pacific 52. 305 (19-0). 
1.5 W. Evans, Ciencia Invest. (Buenos Aires) 3, 3653 (1947). 
"6B. M.Billings. J. Opt. Soc. Am. 37, 738 (194D.
 
17W. H. Steel, R. N. Smartt, and R. G. Giovanelli, Australian
 

J. Phys. 14, 201 (1961). 
18J. W. Evans, Appl. Opt. 2, 193 (1963).
'J. A. Aseltine, Transiorm Metlod in Linear Sstem Analysisa S. E. Harris and'E. 0. Ammam, Proc. IEEE 52, 411 (1964).

B. Lyot, Compt. Rend. 197, 1593 (1933). ~M(lcGraw-Hil Book Company, Inc., New York, 1958). 
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linear network, the Fourier transform of the impulse 
response of the network is the frequency domain trans-
fer function of the network. 

We first consider the impulse response of the single 
birefringent crystal of Fig. 4. The crystal is cut with its 
optic axis perpendicular to its length and with end faces 
flat and parallel. A linearly polarized impulse of optical 
electric field is assumed to be normally incident on the 
crystal. Since the incoming signal is normally incident, 
double refraction will not occur. The impulse will divide 
into orthogonally polarized ordinary and extraordinary 
impulses whose amplitudes are dependent on the polari-
zation of the incident impulse with respect to the prin-
cipal axes of the birefringent crystal. These impulses 
travel with different velocities, therefore emerging at 
different times. The difference in the times at which 
they emerge from the crystal is given by 

ts-t LAl/c, (1) 

where Ai is the difference between the extraordinary 
and ordinary indices of refraction of the crystal, L is 
the crystal length, and c is the velocity of light in a 
vacuum. 

We assume here that An is a constant independent of 
frequency. This is not the actual situation, however, for 
1n7 will be a function of frequency, at least to some de-
gree. The birefringence of calcite, for example, varies 
approximately 111 between 4000 and 8000 A. The 
effect of the dispersion of A71 has been ignored in this 
paper for two reasons. First, to include its effect would 
greatly complicate the synthesis procedure and obscure 
the basic ideas. Second, the effects of dispersion upon 
the resulting transfer function will, generally be small, 
particularly if the synthesized network has a small 
bandwidth. Existing analyses of the Lyot and Sole 
filters have also neglected dispersion; yet experimental 
results have agreed quite well with theory. 

Thus, the impulse response of a single birefringent 
cr-stal is two orthogonally polarized impulses whose 
amplitudes depend upon 6, the angle between the prin-
cipal axes of the crystal and the incident optical polar-
ization. If q is equal to zero, all of the light will emerge° at time is; if 0 is equal to 45 , the light will emerge as 

two equal impulses at times IF and Is. 
We next consider the impulse response of several 

cascaded birefringent crystals having arbitrary lengths 
and orientations, as shown schematically in Fig. 5. This 

figure contains information about the time of emission 
of the impulses, but none about their polarizations. First 
consider the case of two crystals. The output of the first 
crystal is, in general, two orthog6nall polarized im-

Each of these impulses is incident on the second
and produces two more impulses. Thus, in 

general, the impulse response of two cascaded bire­
fringent crystals is four impulses, two of which are polar­
ized along the fast axis and two along the slow axis of 
the second crystal. With more crystals this process 
continues, giving us the result that the impulse response 
of n birefringent crystals having arbitrary lengths and 
orientations is a set of 2" impulses. The magnitudes and 
polarizations of these impulses are determined by the 
crystal angles, while their relative times of emergence 
from the crystal are determined by the birefringence 
and lengths of the crystals used. Thus we reach the 
important conclusion that the impulse response of a 
series of birefringent crystals is a train of impulses of 
finite duration. In contrast, the impulse responses of 
Fabrv-Perot and multilaver dielectric-flm filters con­
sist of infinite trains of impulses. 

Now suppose that all of the nicrystals are chosen to 
be identical, i.e., the same material and equal lengths. 
The output will now consist of only (u +) rather than 
2n impulses. Furthermore, the emerging impulses will 
beequally spaced in time.Thereason that fewer impulses 
emerge when the crystals are chosen of equal length is 
seen bv examining the two-crystal case. For two crystals 
of equal length, the impulse which travels along the 
fast axis of the first and the slow axis of the second will 
emerge at the same time as the impulse which travels 
along the slow axis of the first and the fast axis of the 
second. These two combine, and the output, therefore, 
consists of three rather than four impulses. 

Thus we are led to the network configuration of Fig. 1. 
The basic idea of the synthesis procedure is to utilize 
the relative angles of n bireiringent crystals and one 
output polarizer to control the amplitudes of (n+ 1) 
equally spaced output impulses. The first step of the 
procedure is to specify the desired impulse amplitudes 
at the output of the final polarizer. These amplitudes 
may be selected arbitrarily as is seen in the following 
section. We then use a systematic procedure to arrive at 
angles for the network elements so this final set of im­
pulses is obtained from a single impulse incident on the 
first crystal of the network. This is equivalent to saying, 
of course, that the desired set of impulses is the impulse 
response of the network. 

P ' p ' 
IMPULSES2 CRYSTALS OUTPUT 

: 
FIG. 5. Impulse re- . .......
 

sponse of several bire- a CRYSTALS2' OUIPUTIMPULSES 
fringent crystals. 
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aCRYSTALSLU UNGtr SPI EALrLYOF 
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FIG. 6. Impulse responses and corresponding transfer functions 
for a network whose impulse response is (a) g(l), and (b) g() 
sampled. 

B. SpecifyingLet~~thehausDesirednoorsieResponsey 

Let us now consider what types of responses we can 

realize and how we specify them. As in lumped-element 

circuit theory, a convenient approach is to first ch6ose 

an ideal response and then approximate this to the 
necessary degree. 


We should note that the frequency transfer function 

of the optical network must be periodic. This can be seen 

readily from Fourier theory or sampling theory. Suppose 

that a network has an impulse response g(t) and a cor-
both gQ)responding transfer function G~e), where 

and G(o) are continuous and aperiodic as shown in Fig. 

6(a). Next, suppose another network has an impulse 

response which is g(t) sampled at a uniform rate of 1/a 
for a network consistingsamples/sec. This is the case 

s
of a set of birefringent crystals, each of whose length 

such that ts--F of Eq. (1) equals a seconds. This net-

work will have a periodic transfer function like that 

shown in Fig. 6(b), which is the original G(w,) replicated 
-

with a period of 2w,/a rad/sec Figure 7 shows the trans-

fer function periodicitv that can be obtained using 

readily available lengths of some common crystals, 

Assume that a desired periodic transfer function G(@) 

has been chosen. The next step is to find a satisfactory 
which can be realized using theapproximation to G() 

optical network of Fig. 1. The approximation is made 
a finite number ofby an exponential series containing 

terms. 
C - -	 ' + C .-
e- 'a
 --L- .
C(w)=Co+Ci t	 ~


(2)-

k 0 

k-0 

The impulse response corresponding to Eq. (2) is 
found by taking the inverse Fourier transform, giving 

C(t)=Co(t)+CiS(t-a)+Ce8(-2a)+ " 

(3) 

E CO8(t- ka). 
___ k-4-___ 

5E. A. Guillemin, Theory of Linear Physical Systems (John 

Wiley &Sons, Inc.,New York, 1963), p.430. 

Thus it is clear why an exponential series is used to 
approximate the desired transfer function. The exponen­
tial series has a Fourier transform consisting of uniformly 
spaced impulses, and this is the form of the impulse 
response of our optical network. If there are n+ 1 terms 

in C() [as there are in Eq. (2)], an n-stage optical 
network is required. 

are various methods available for finding the 

C, of Eq. (3) from a given G().One obvious possibility 
to choose the C; to be the Fourier coefficients of the 

series. However, if the desired G() contains discontinu­
ities, some other approximation such as a Cesaro ap­
proximation may well be more desirable. Such topics 

have been treated in detail elsewhere,21 so we will not 
discuss this problem further.) ag G(wo) will sometimes 

It is likely that aG(w) 
be given instead of G(w). It will then be necessary to 

approximate IG(w)I 2 or arg G(o) in a suitable manner 

and calculate C(w) from this. 
Two points should be noted concerning the approxi­

mating functions C(w) and C(t). First, since the impulse 

response of a physical network must be real, the real 

and imaginary parts of C(&) must be even and odd 

functions of frequency, respectively. This means that all 

Ci must be real. Second, it is not necessary that C(w) 

and C(t) be causal. While it is true, of course, that the 

impulse response of a network must be zero for 1<0, we 

are free to shift our time scale to a new origin when writ­

ing C(o) and C(t) if this will be more convenient. Thus, 
we have neglected most ofin writing Eqs. (2) and (3), 

the uniform time delay associated with the network, 

ie., the time delay accumulated by passage of the signal 

through each crystal, in the space between crystals, 

and in transit to the point of detection. We have chosen 

our new time origin to be the time at which the first 

output impulse occurs. For this choice of origin C(o) 

is causal, but equally well, we could have chosen a time 

origin which results in a noncausal C(Q). As far as the 

synthesis procedure is concerned, the important point 

is that only the relative positions in time of the various 

impulses are important. In this paper, we will always 

Io~10.0 

a 5.0 
Cj . 1 

1.0I 

0.5 i I N 

. . 
+0- ) 50) 	 00ooo00
oG1o 

PERIODICITY OF TRANSFER FUNCTION-- G Asc 

FiG. 7. Periodicity of network response for several types of 
birefringent crystals. Q. quartz, An=O.O0 9 ; M: mica, Ax=0.04;
C: calcite, An=0.17; S: sodium nitrate, 2.n=0.24 . 
a
 

Ref. 20, p. 408. 

,2_00
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I0 

Fac. 8. Summary of impulse 
notation: Impulse pyramid for S 
a two-stage network. Top: 

fromi st crystal; next to 
bottom: output from second 
crystal; bottom: output from 
polarizer. Solid strokes: polar- 
ized along fast adas of crystal.
Broken strokes: polarized along 
slow axis of crystal. 

Fo 

c0
j 
t-o 

$2Fe 

c, 
Ij 

t-a 

S 

j 
1=7A 

choose our time origin to be synonymous with the 
occurrence of the first impulse of the train, 

The number of birefringent crystals that are neces-
sary to synthesize a desired function will depend. on the 
nature of the function and on the closeness of the appros-,, 
imation desired. Many applications of the synthesis 
procedure to problems of optical communications will 
require functions which do not possess discontinuities 

and whose width is equal to their basic periodicity. 
(One such function is the triangular waveform of Fig. 11 
which might be used to convert a frequency-modulated 
light signal to an amplitude-modulated light signal.) 
For functions of this type, the first five or six terms of an 
exponential series (and, therefore, four or five bire-

fringent crystals) will generally yield a satisfactoy 
apprximaidndescribing
approximation. 

For narrow-band filter applications, it is necessary to 
functions whose basic periodicitysynthesize transfer

is considerably wider than their width..An estimate of 

the number of crystals necessary for this case may be 
obtained from sampling considerations and can be 

teind fleaves 
periodicity 

Number of crystals necessary=-q , (4) 
bandwidth 

where q is an integer which generally will be between 
2 and 7. This statement can be understood by noting 
that the length of the time-domain impulse response is 
approximately related by the reciprocal width property 
of Fourier transforms to the bandwidth of the transfer 
function, and may be written as q/bandwidth, where q 
is the aforementioned integer. By the length of the im-
pulse response, we mean the time between the first and 
the last impulses which have significant amplitude. The 
number of necessary impulses is then the length-of the 
impulse train divided by the spacing between impulses, 
plus one. Since the spacing between impulses is the 
reciprocal of the periodicity, and since the number of 
necessary birefringent crystals is one less than the neces-
sary number of impulses, Eq. (4) follows. The integer q 
will depend on the function chosen, the degree of ap-
proximation desired, and on. the definition of band-
width. As an example, q= 2 if the desired function is 
sinx/x and bandwidth is defined as the number of cycles 
between its first zeros. 

IV. SYNTHESIS PROCEDURE 

The object of the synthesis procedure is to find the n 
birefringent crystal angles and the output polarizer 
angle which give the desired transfer function C(). 
The C, of Eqs. (2) and (3) can have any value, provided­
that each is real. 

A. Notation
 

The notation and conventions used in the synthesis 
procedure are discussed here. We refer repeatedly to 
Fig. I which pictures the basic optical network. 

Rather than dealing with the q)'sof Fig. 1, it is more 
convenient to solve for the relative angles (additional 
angles of rotation measured from the preceding corn­
ponent) of the crystals and output polarizer. Therefore, 
we define 

- 01= 

.,-- (,
 

The maginmitdes of the impulses composing the ib­

pulse train emitted from the network are denoted by 
C, of Eqs. (2) and (3). It is also necessary to de­

scribe quantitativelyv the impulse trains which occur 
sbe qnt the implse tains he or. 
between the various stagesthem, must convey informationnetwork. 
decri in we musco in,as well as about 

we within the aboutIn 

the polarization of the impulse tri 
the magnitudes of the individual impulses. For although 

we know that Ct) is polarized parallel to the transmis­
sion axis of the output polarizer, the impulse train which 

one of the birefringent crystals on its way toward 
the output has components polarized parallel to both 
the S and F axes of that crstal. This points up a 
fundamental difference between the synthesis procedure 
described here and conventional synthesis procedures
in other fields. Namely, we must be concerned with 
not only the time variation of the signal, but also with 
its polarization as it passes through the network. 

We illustrate the impulse notation with the aid of 
the "impulse pyramid" of Fig. 8. Suppose a single 
impulse (polarized parallel to the transmission axis of 
the input polarizer) is incident upon a network consist­
ing of two birefringent crystals plus an output polarizer. 
The resulting output from the second birefringent crystal 
contains components polarized in both the S and F 
directions of that.crystal. 

Iz(t)=Fo'-()+Fi(t-a), (6a) 
S-(/)= S (t-a)+Se8(1-2a). (6b) 

S denotes that an impulse is emitted polarized parallel 
to the slow axis of the crystal, while F denotes polari­
zation parallel to the fast axis. In Fig. 8, slow-axis and 
fast-axis polarizations are denoted by dotted and solid 
lines, respectively. The superscript 2 means that we are 

2-0t 
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Fir. 9. n-stage network. Compare with two-stage 
network in Fig. 8. 

dealing with the output from the second crstal of the 
network. The subscripts give the time of occurrence of 
the impulses. The first impulse, emitted at 1=0, has 
the subscript 0; the next two impulses, emitted at t=a, 
have the subscript 1; and so on. Notice, in particular, 

-that So-2 and F are zero. 
Since the impulses are evenly spaced in time, it is 

not necessary henceforth to"write the delta functions 
when describing an impulse train. All the information of 

-Eqs. (6) is given when F0 , F, S1, and S. are stated. 
As noted earlier, the desired transfer function and 

corresponding set of impulses are denoted by C() 
and C,, respectively. There is also an orthogonally polar-
ized component which is stopped by the output polar-
izer. This signal and its corresponding set of impulses 
is denoted by D() and D. Finally, the area of the 
impulse incident on the first crystal of the network is 
denoted by lo'. The notation is further summarized in
Fig. 9. 

B. Procedure 

At the outset, two points should be stressed. First, 
it is assumed that the birefringent crystals of the net-
work are lossless. This means that at-all points between 
the input and output polarizers, energy must be con-
served. Energy conservation places certain important 
restrictions on the F, and S, which are derived and listed 
in Appendix B. Secondly, it should be noted that 
F=- So:= 0. This is just a statement of the fact that the 
first and last impulses out of the ith crystal must have 
propagated along its fast and slow axes, respectively. 

We begin by assuming that C(o) and, therefore, the 
desired C, of Eqs. (2) and (3) have been chosen. We 
must next find the orthogonal signal, i.e., the signal D (w) 

that is stopped by the output polarizer. By conservation 
of energy, we have 

D(w)D*(o)= (I)---C(w)C*(). (7) 

The left side of this equation must be non-negative for 
all frequencies and, therefore, for the equation to be-

-valid, (IP) must be chosen greater than the maximum 
value of C(wOC*(w). As long as (/o)2 exceeds this value, 

generally be
its choice is arbitrary. However, it will 

desirable to choose (I)2 equal to the maximum value of 
C(w)C*(), since this insures 100% transmission at the 
frequency at which this maximum occurs. Appendix A 
shows one method for calculating D(w) from D(o)D*(). 
It is al o shown in Appendix A that as long as (Io)2 

is chosen sufficiently large, at least one real set of Di 

can always be found. Once (Io°)2 has been chosen, D(Q) 

is calculated and written in the form 

0 Dra+~riR. +~~~ (8) 

The corresponding orthogonal impulse response is then 

D()=Do+D(t-a)+D.(-2a)+... 
+D (8-na).(9) 

With the Ci and D, specified, we now have a complete 
description of the input to the output polarizer. This, of 
course, is also the output from the last (nth) crystal. 
It is convenient here to transform this output into the 
principal axis system of the final crystal. With the help 
of Fig. 10(a), we have 

r'lFn - CJ(, 
(10) 

LS ,J Lcos9, sin,J LID, 
where 6, is the relative angle of the output polarizer. 

As mentioned earlier, a requirement is that 

F '-S 0 =0. (11) 
Using Eq. (10), we see that Eq. (11) will be satisfied if 

tanOp = DT/C, (12a) 
and 

tano= -Cot Do. (12b) 
In order for Eqs. (12a) and (12b) to be satisfied smul­
tner for Eqs be a t o u­
taneously, it must be true that CoC+DoDn=0. But 
we know this is satisfied from conservation of energy,
since it is Eq. (B13) of Appendix B.Thus by using either Eq. (12a) or (t2b), the angle of 
the final polarizer is determined. Then, substituting this 
calculated value of 6, into Eq. (10), we obtain F.3 and 
S,3, the outputs along the fast and slow axes of the last 
crystal. We now must find the rotation angles of the n 
crystals. 

To accomplish this, we first find expressions relating 
the input and output of each crystal. This is a matter of 
taking projections along S and F axes of the crystals. 
With the help of Figs. 10(b) and 10(c). we find that 

F OUTPUTPOLAI 
/" AXIS 

OUTPUTOLARIZER 
REJECTIOlNAXIS 

tnh	CRYSTAL
 
F
 

. F Is FIG. 10. ngle conven­
dons used in the synthesis 

S 	 procedure: (a) cutout polar­
mger; (b) relativ crstal 

'l CRYSTAL 

,.it CRYSTAL
 
s
 

POLARIZER
 
-'-_TRASMlSSION AXIS
 

/ st CRYSTAL
 

F._-- INPUT 

(0 



October 1964 OPTICAL NETWORK SYNTHESIS 1273 

First Crystal Third Crystal 

[F0 ]
S. 

f sin~ il [Zoo,
[ cose,1 

(13a) Fo3 
F1 

3 -rcose 3 0cos 0-sin 3 0 rFo-I0[ 
F 0 0 -sine Sxl 

Second Crystal ?o°-]=S2o lIol s sin3 00~ose 0co-e3 00 
F021 
F1 

2 

Sv12 
S2XJ 

=rcO5O2
j0Isin- 2 
L 0 

0 
-sinGe 

0 
cosoJ 

[FO'1si (130b)13 off 
1b S 0 
(3 From the pattern established. 

crystal 

o0 
we can write for the zth 

ith Crystal Fo 

Fi 
F2, 

=coi 

0 
0 

0 

cot, 
0 

0 

0 
co 

"-

.-

.... -. 

0 

0 
0 

0 

0 
0 

0 

0 
0 

Fo­1 
F, ­' 
F' - l 

.... .. .. . .. .. . . .. .. .. 

F,-' 
F.- 2 ' 
F, 1 ' 
SI 
52. 
S, 

...... 

0 
0 
0 

sine, 
0 
0 

... 

0 
0 
0 
0 

sin0e 
0 

. . 

0 
0 
0 
0 
0 

sinai 
. 

-

... 

*-" 

-
• 
... 

. 

... 

-sine 
0 
0 
0 
0 
0 
.. . 

. .. 

0 
-in 

0 
0 
0 
0 

. . . 

.. 

0 
0 

-sine,
0 
0 
0 

.. 

. . 

F, '-t 
F, ' 

$1.i 
S 1 -

S '-I 

S '-1 
. . 

(13d) 

S-2: 
SI_ 
Si 

0 
0 
0 

0 
0 
0 

0 
0 
0 

... 

-. 
... 

coSO. 
0 
0 

0 
coA, 

0 

0 
0 

co, 

i-2E-l 
Si-I -

Our procedure is to start with the output from the last the coefficient matrix 

crystal. From these F, and Sfn, we calculate the crystal C013 0 0 

angle and the input to the crystal (the Fc' and S-). 0 cos8, -sinez -0[ 

Since the input to the nth stage is the output from 0 0 0 -sint?| 

the (n-1)th stage, we can repeat the entire process for sine, 0 0 0 

the ()-l)th crystal. Thus we work our way back 0 sin 3 cos93 0 
0 0 0 cose,through-the entire network alternately finding crystal 

angles and crystal inputs. equals the rank of the augmented matrix 

The calculation of the angles and inputs is accom- 0 0 0 F 

plished as follows: Consider,forexample,Eq. (13c) which c 0 cos0-sinoz 0 F,' 

relates the input and output of. the third crystal. We 0 0 0 -sine F2'.| 

know the output (the F,3 and S,'and wish to find 03 and sinG 0 0 0 S,| 

the input (the F,' and S$). In the language of linear 0 sine, cosG, 0 S23 

equation theory, the problem may be restated as, "Does 0 0 0 cosoG S,31 

the system of nonhomogeneous equations (13c) have a Since the rank of the coefficient matrix is 4, the rank of 

solution?" the augmented matrix must also be 4 for a solution to 
-

A set of nonhomogeneous equations has a solution if exist. Several procedures exist for determining the 

and only if the rank of the matrix of the coefficients is rank of a matrix. Applying one of these, we find the 

equal to the rank of the augmented matrix.? For Eqs. rank of the augmented matrix to be 4 if 

(13c), this means that a solution exists if the rank of tan63= - (F9/S,') (14a) 

D. C. Murdoch, Linear Algebra for Undergraduates (John and 

Wiley & Sons, Inc., New York, 1947), p. 30-51- FeF-1+SS,--0. (14b) 
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TaL 

Solutions for Di 
Ist 2nd 3rd 
set set set 

DoD2 D 
A, 
AtAt 

-A 0 
-At-62 

An 
AA.-I 

I. Related sets of Di and their corresponding O;.
 

Corresponding crystal and polarizer angles
 
4th 1st 2nd 
set set set 

-An att 6 - er 
-A.,.. 62 (E± -e2-A. 83 9 _e, 

... .. . . ....... 0± _' -4 


D- h- -A- At -At 
D. An -An A, -A 

The first equation, gives the angle of the crystal. Using 
this angle in Eq. (13c), we can now calculate the input 
(Fo,, F,2, S,7, and S2'). The calculation is an easy one, 
involving for any stage no worse than the solution of 
two simultaneous equations. Appendix C shows a 
systematic niethod of performing this calculation. Equa-
tion (14b) is seen by comparison with Eq. (B9) to be 
simply a restatement of the fact that the F, and S 3 

must satisfy conservation of energy. This requirement is 
automatically satisfied by the F, and S of all stages 
since D(a) was calculated using conservation of energy. 

In a similar manner, the conditions for existence of 
solutions to Eqs. (13a), (13b), and (13d) result in the 
equations: 

First Crystal 

tanB1= - (Fo,/Si), (ISa) 
2
(Fo) 2 (S1) (I0)', (15b) 

Second Crystal 

tan-2= - (F-i/S22), (16a) 
-= Fo'F,'+S 2S 0, (16b) 

tan,= - (F,7 1/S.,), (17a) 

FoT;-..+S~tS,--0. (17b) 

The crystal angles are given by Eqs. (15a), (16a), and 
(17a), while Eqs. (15b), (16b), and (17b) are statements 
of conservation of energy. We now have all the infor-
mation necessary for performing the synthesis. The 
entire procedure is summarized below, 

C. Summary of Synthesis Procedure 

(1) Choose the desired output response C() and 
write it in the form of Eq. (2). The Ci must be real. 

(2) Calculate the crystal length L from L=ac/An. 
The quantity a is obtained by comparing the C(z) 
written in step (1) to C(J) as given by Eq. 2. A rough 
estimate of L can be obtained from Fig. 7. 

(3) Choose a value for -ou; the choice is arbitrary so 
long as (IoO)2 exceeds the maximum value of C(ca)C*(w). 

On . -e. 
el -, 


It will often be advantageous 

3rd 4th 
set set 

e, -,
On_:_4-1­-O 

e " -el 

e2 -­
e, -1 

-to make (IoO) equal to 
the maximum value of C()C*(W). 

(4) Calculate D(,)D*(o) from Eq. (7). Solve for 
D(w) from D(w)D*(w) using the method of Appendix 
A (or some equivalent method). The D, must be real. 

(5) Calculate the output polarizer angle 0, from 
Eq. (12a). 

(6) Calculate the Fi and Si from Eq. (10). 
(7) Calculate the crystal angle 0. of the last stage 

using Eq. (17a). From Eqs. (Cl) and (C2) calculate 
the input to the last stage (which is the output from the 
preceding stage). 

(8) Repeat the procedure of (7) on each succeeding 
stage until all crystal angles have been found. 

D. Number of Possible Networks 

It has been stated that at least one real set of D­
can always be found. It would perhaps be more correct 
to amend this to read that at least four real sets can 

always be found, for the calculated sets of Di can always
be placed conveniently into groups of four. The rela­
tions between the Di of these four sets and between the 
corresponding O; are shown in Table 1. We see that these 
four sets give four network configurations which are 
related. For example, the optical network corresponding 
to the second set is the "mirror image" of the network 
obtained from the first set. It can be obtained from 

it simply by rotating each crystal and the output polar­
izer a negative, instead of positive, angle. 

In addition, it is of interest to note that the network 
of the third set is precisely the same network that is 
obtained by turning the first set network end for end. 
This means that the output of a network will be the 
same, regardless of which end is used as the input end. 
Finally, the network resulting from the fourth set is the 
mirror image of that network obtained from the third 
set. Therefore, these four sets of Di do not really give 
four different networks, but rather one network and 
three variations. 

It is stated in Appendix A that a desired transfer 
-function can be realized by 2(n 1-r1 different networks, 

where m is the number of complex roots of Eq. (A8). 
If we consider that the networks of Table I represent 
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only one, rather than four, networks, the statement 70 
should read 2(n-jn-i) networks. 

V. EXAMPLE 

A sample calculation will now be performed to illus­
trate the synthesis procedure of Sec. IV. Suppose that ON 

90 180. 270' 360' 

the ideal transfer function G(w) which we wish to ap­
proximate is the triangular wave of Fig. 11. A network C 
having such a transfer function might be used as a 
linear discriminator to accomplish the conversion of 
frequency-modulated light to amplitude-modulated To I 

light. As shown in Fig. 11, G(o) is real and has a basic FIG. 11. Ideal and approximating transfer functions of example. pIdeal transfer function is shown by dotted line and approximating
peiod of 27/a md/sec. We must first approximate G()) transfer function by solid line. 

by a finite exponential series. A series containing six 
terms will be used. The number. of terms is arbitrary, 0.87059. Let us choose -o=1. Equation (21) then 
but in the case of the triangular wave six terms give a becomes 
satisfactory approximation. For this example the Fourier 
approximation is used to find the series coefficients, i D() 1-=0.66691-0.40443 coshw-0.09928 cos2bo 
although there are other approximations which could -0.03034 cos3&-0.00292 cos4k' 
have been used. . -0.000526 cos5bw. (22) 

The exponential Fourier series approximated to the 
triangular wave is We will now use the method outlined in Appendix A to 

' calculate D(w). We first form Eq. (As)K(o,) =41,r{(1/25)e+saQ+ (l/9)e13aI+i w -0.4 , OZ&3 
q-e-taw+(!i9)e-L aw+(1/5l '*] (1) V5~ -0"01517-d-0-04964--0"00146" ~ 

--0.20222x+0.66691-0.20222x--0.04964x -

which is plotted in Fig. 11. Note that K(Q.) is the trans-- -0.01517x-0.00146x- 4 --000263x-5=0. (23)
 
fer function of a noncausal network. It is often more
 
convenient to first calculate the approximating function We next wish to put Eq. (23) in the form of (A6). To
 
in a noncausal form such as Eq. (18), and then make the determine the B, we equate similar coefficients in (AS)
 
function causal. We can make K(o)- causal by multi- and (A6) which gives
 
plying it by e- 1a, which gives B5=A , .
 

C(w°) = -"K(&,) = 4/{1125"+-(b'9)e-z"--t -40w BL=.B = -0.00146,4 

+,-'6'+(1/9)ie-sw+(1/25)e-1t°w . (19) B3=A-5A4 = -0.01385,5 
-Multiplication by e 15- is equivalent to introducing a B2=A2 -4-4 4 = -0.04380, 

pure time delay in the time domain. Thus the network Bt=A-5A.5-3..= -0.15803, 
impulse response and transfer function are essentially Bo--4o-2A4-2A=,+0.76327. 
unchanged by-this operation. 

Since alternate harmonics in Eqs. (18) and (19) are Substituting these into (A6) and letting (x-ar-= 
zero, we may let 2aco=bw. Using this in Eq. (19), we we have 
obtain the final form for C(Q) _0.000263y5_0.00146y,_0 013 0.04380y. 

-C(.) =0.01621±0.04503e-b+0.40528 b -0.15803y-0.76327= 0. (24) 
-0.40528e- 1-L0.04503t-t -+0.01621e-5-. (20) The roots of (24) are 

We must now calculate D(w). From Eq. (7) we have 4 -= +.2.t,i3.93269, y2= --. .07379-io.93269,. 2.D(w) I=D(w)D (w)= (o)' C(w)C (), yI= -4.07379 
)y=0. 18957+i6.39532, y4=O.18957-i6.39532. 

- (I,) 2 -0.33309-0.40443 cosbo' y=--2.21289. (25) 

-0.09928 cos2bw-0.03034 cos3b( 

-0.00292 cos4bw-0.000526 cos5b. (21) From Eq. (Al) the corresponding. are found to be 

The area Lo' of the input impulse must now be chosen xi=-3.95066+i4.05920, x2= -3.95066-i4.05920, 
in order to obtain ID (w) . It may have any real value x3=0.18525+i654791,; x4=0.18525-i6.54791, 
as long as (IO)2 is larger than the maximum value of x5=1.57997; (26)

tC()C*(). From Fig. 11 we see that the maximum x1-
1=-0.12313-i0.I2652, x -= -0.12313--iO.12652, 

value of C(cw)C*() occurs i0.1o50,at w=O and has a value of .x---. cf-=0.00432-0 2 " ,-i x -=0.00432-i0.15260, 

S. E. Harris, Appl. Phys. Letters 2, 47 (1963). x.--=0.63293. 

?,OC" 
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TArx U1. The 16 real sets of Di. 

Di D3 D, Do
Do D1 

0.02091 0.00207 0.00035-0.75607 0.29887 0.07414 
-002901 -0.00207 -0.000350.75607 -0.29887 -0.07414 

0.75607-0.02091 -007414 -0.29887-0.00035 -0.00207 002091 0.07414 0.29887 -0.756070.00035 0.00207 

-0.01762 0.01334 
0.01762 -0.01334 

-0.01491 -0 09415 
0.01491 0.09415 

-0.01115 0.01901 
0.01115 -0.01901 

-0.02356 -0.17107 
0.02356 0.17107 

-0.47854 0.64236 
0.47854 -0.64236 

-0.00055 -0.00379 
0.00055 0.00379 

Since there are four complex roots to Eq. (24), there will 

be 2( - 1 1) 16 real sets of Di which can be obtained= 

by multiplying the factors (x-x,) together in various 

Eight of these sets are simply the negatives ofways. 
the other eight. Consider the set that is found by con-
structing the polynomial 

' )" (z--r) (X-X 2 ) (X-.- ) (X-X) ( "x-x 

Performing the indicated multiplication, we obtain 

.xo+-5.95085.&+60.16845.+213.29090 2 

+859.85121x-217 5 .2086 2. 

As stated by Eq. (All), a set of Dj is proportional to 
the coefficients of this polynomial. 

D0 =-2175.20862q, D1=859.85121q, 

D2 =23.29090q, D,=60.16845q, - (27) 

D4 =5.95085q, 5.Forth of 

The value of q is different for each set of DF.For the 

above set, a is found from (A12) to bej 

q=±.z.47586Xlo-

we find thatSubstituting this value back into Eq. (27), 
one set of D, is 

D,=-0.75607, DL=0.29887, 

D2=0.07414, D3=0.02091, 

D4=0.002068, "D5=0.000348. 

-0.75640 0.29188 0.09415 0.01491 
0.75640 -0.29188 -0.09415 -0.01491 

0.01762-0.29188 0.75640 -001334 
0.29188 -0.75640 0.01334 -0.01762 

-0.48006 0.63730 0.17107 0.02356 
0.48006 -0.63730 -0.17107 -0.02356 

-0 0.01115-0.63730 0.48006 01901 
0 63730 -0.48006 0.01901 -001115 

0.000550.15462 003696 0.00379 
-0.15462 -0 03696 -0.00379 -0.00055 
-0.03696 -0.15462 -0.64236 0.47854 

0.03696 0.15462 0.64236 -0.47854 

We first calculate the output polarizer angle from 
Eq. (12a). Doing so, we obtain 

tan0,=DiC=0.02144,
 
which gves
 

O'= l14. 

Several equations provide checks on the numerical 

computations and should be used during the synthesis. 
For example, we should also calculate 8, from (12b) 
to verify that (12a) and (12b) do indeed give the same 

result. These checks are available at various points in 
the synthesis procedure and will be pointed out when 
appropriate. 

Equation (10) is now used to calculate the F,5 and 

S', giving 

= - F0.756251 
F,5 -0.29784 

F -0.06543 


F5 -0.01222 

F4 -o.oonoj 

S5= 0.05143' 

5< 0.40678 

Si' 0.40564 . 

S-1 0.04507 

0o.01621J 

We are now able to calculate 0s, the angle of the last 

birefringent crystal. Using (17a) we find 

tan05=- (F4
5,'S5 =0.06799, 

which gives 

3 =3053" 

As a check, we should see that Eq. (17b) is satisfied.
All 16 real sets of Dj are shown in Table II. We now go 

The input impulses to the fifth crystal are calculated 
through, in detail, the synthesis procedure for the first 

next from Eqs. (CI) and (C2).set. 

{Foqi {F 
 Sp r s l=;0.7599]
~ 1 fFo5 s FSs 1 [5{Fo
Ii So L-F -0.26955Fs. = 
FF2I S I -0.03-771 

F 4 Sfs j.00913 
5

F4,J 
-

F4 S,5 0 

CG 
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Set 

xIx.x4xax 
xix~r3t 4X 
xt-3%-'5-4 kxs -

xr-'xc-xr-r-r-
.x-Xi X - 5 

xrtxrxf-Tx 1 

XI 
Xx ,xX-t 

X,-- x xr-

XzXo -- .


1 .5h1 xx 3.X3-'X4-
XL-- X3X4x. 

Xt-x'--vxx 4 s 
xIx2X .x6-' 


-
x x2x2 xVx6a 
x1x- t xxx 

T. Ls M1.Summary of results of example. 

01 62 03 04 8s 6p 

- -88°46' 30531 9o2 1 29'21, 3053 10141 
88046 -3053 -29021' -29021' -*33o _1°14, 
-1°I -3'53' -29'21' -29'21' -3053 88041'1014 , 3053 29021 29021? 3053' -88.M6' -47023 60'25 -6834' -6o34 , 60o25, 42037'' '47°23' -60025' 68034! 68°34' -6025 -42037 , ,-42o37 -6025' 68034, 68°34' -60*25 47'23'

' 
 '
42037 
' 

' 60025 -68034' 43034? 
' 

60'25 -47023'' 
-34°32 64028 -4241 -64024 6W028 ' 55028 ' ' 
 '
34032' -64'28 64024 64024 -4W28' -5528 
-55*28' -64°28' 64024! 64024 ' -64028' 31'32' 

55028' 64°28' -64024' -6424 40281 -3432' 
-88004! 7°56' 

' 
45'40' 45o.0' 7°56' 1056' 

'
88004y -7056 -45o40 , -45'40' -7056 -1056,' --i'56' -7056' -4540 -45040 -7*56 ' 88004! 
1056 7056 45°40' 45'40' 756' -88'04! 

S F4[° S F,.] = 0
 
= ({(F4

5)-+(S)}i 5Fs. S 0.45
 

I5 S55 l.O-5791i lF4 S 0.01625 

We can now calculate the angle of the fourth birefringent crystal using Eq. (17a), which gives tan64 = - (F3
4/S 49 

=0.56197, and 04=29'20' . Equation (17b) again affords a check. 
The synthesis procedure may now be completed by alternately using Appendix C and Eq. (17a) until all crystal 

angles have been determined. The steps are given below: 
' 
 1F FS S 4 1 

3F1 = ( F S4 F -F'j
1 )2 

- F2~ (F3 (S441
LFal F3[So31i F04 S',4 4]~=

(F,~2+,S~ IFO S2: tS 

=-- 0.86952) 
-003454 
-0.0104 1


L40 .
 
0 o2[-F-oF,
0.48.873OOSJ 

0.01864-S 


tan63= -(F 3 /S3 )=0.56268, 6,=29*20'.=++ 2 [Fo' st+] [F&]= 0
 
1SF, F0 ' S' =[0.99746)
 

F lF3j F000145
 

Fol] = [F 2 Sel [0.0 6 7 8 5 1r sn_____ _3 __(S1') 1 122 [=1.9977],
S {(F2

3)+( 0-~otIF"(I(F,)2,(S)_.+|F1' S12I L-F,7
F' SJ [0.02139J I 

' .tan0 2= - (Fj 2/S ) =0.06802, 02=353 

E . S10] [F =[0.002]3 

Eo, l [ r l [:sl~ = 

IS,, =((F,2)-+(S22)2}iLF,- S-2- LS.-2] 2o1o44 

tan6j= - (Fo'/S,1)= -46.62959, ,=-88°46', 

and the synthesis is completed. 
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The angles calculated from all sixteen real sets of D, 
are summarized in Table HI.Notice that it is necessary 
to go through the-synthesis procedure for only four of 
the sets of D,.The angles for the other 12 sets can be 
deduced from Table I. The results of the example have 
been verified by applying the matrix method of Jones " 

to the resulting networks. 

VI.DISCUSSION 

An important modification of the basic network of 
Fig. 1 results from associating a variable optical com-
pensator with each crystal of the network. Such compen­
sation can be accomplished either internally to the 
crystal (for example, by thermal control) or externally6 

(for example, by using a Soleil compensator). To the 
extent that the transfer function is sufficiently narrow 
band that the compensation may be considered achro-
matic, the transfer function may be tuned, without 
distortion, over its basic period. If we associate a 

compensation of 3 rad with each crystal of the network, 
the resulting transfer function becomes 

-satisfied 
-


Ct,,d() ,Ce

k-- (28) 

=Cu~tu..,(w-/a). 


The tuned C(wo) is thus equal to the original C(w) shifted 
by 0/27 of its basic period. Since the required compensa­
tion for each crystal is identical, a simple method of 
tuning such as uniform temperature variation of the 
entire filter might be attempted. Methods of tuning 
birefringent filters have been considered by a number of 

-1 7 
authors. 

The synthesis procedure is based on the assumption 
that all crystals have the same length. At first this may 

seem to be a rather severe restriction, but in reality it 

is not, for networks containing crystals of different 

lengths can result from the procedure. It is possible 
that one or more calculated angles 0. will be zero, and 

two crystals with a relative angle of zero degrees are 
equivalent to a single crystal of twice the length. 

An exact procedure for the synthesis of birefringent 
networks possessing arbitrary transfer functions has 

been presented. Interesting problems which merit 
further investigation include: (1) consideration of the 
effects of crystal misalignment, changes in birefringence, 
and errors in crystal length; (2) analysis of the angular 
aperture of these networks and maximization of it; and 
(3) consideration of the effects of dispersion of Ail. 

APPENDIX A 

give a method for calculatingIn this Appendix, we 
D (w)from ID@)12. In addition, we show that at least 

one real set of D,exists, provided ID(w) 2 never becomes 
negative. 

x R. C.Jones, J.Opt. Soc. Am. 31, 488 (1941). 

Suppose we are given the positive semidefinite 
polynomial 

FD(1)I"=Ao±2A cosad- -- +2A cosnac. (Al) 

Rewriting (Al) we have 
"' 
iD(w)[2=A enaw+A.-ei¢n-ta+ +A e-+Ao 

--
Aie-a .-. +A ,(n aw+Ane nas. (A2) 

Notice that the zeros of (A2) appear in reciprocal pairs. 
Equation (A2) can, therefore, be factored as 

ID(1 2 (D+Deiaw+Deee.aw..+." ,,e' o() 
' 
 mn).X (Do+Die-a+ - -+ D ... (A3) 

The D,are not unique, but rather there are 2n+L possible 
sets of them. Since ID(w) 2 is even and always positive, 
we may write it as 

l D() 21-=D()D*(w). (A4) 

Comparing (A3) and (A4), we see that (A4) can be 

only if the D, of (A3) are real. Therefore, at 
least one real set of the coefficients must exist. 

The following method of obtaining the D, is due to 

Pegis.4 For more details and explanation of the pro­
cedure, the reader should refer to his paper. We begin 
with ID(w) I"as given by Eq. (Al). Form the equation 

A , A_A,-x4'+ - +Aix+A Ao+-4x-'+­
+A,_ix-(,-)+Ax-n=O. (AS) 

Put Eq. (AS) into the form 

(A6)+---Bo=O.B,(x+r'I)n+B,,_(x+.)-'+ ­

and obtain the B, from the A, by equating similar coef­

ficients. Mfake the substitution 

(A7)XrX= V 

into Eq. (A6), which gives 

B,,y-+B.-y-'+ . - --- Bo=O. (AS) 

Solve for the n roots of (AS) and call them Yi, y2, 
y.. Using Eq. (A7), solve for the reciprocal pairs of 
roots 

Xi, lixi, 
z2, 1/x2., (A9) 

x.. izx. 

having realNext, construct all possible equations 

coefficients d, using one root from each row of (A9);
egoepsiiiywudb
 

ei
 
(x-x)(x- /x )(x- . (x-x,.)
 

-=x.+d.-tx-L . -d.,-+dx+do. (AO) 

t.og 

http:D+Deiaw+Deee.aw
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The D, are proportional to the d, 
Do=qdo, 

Dl=qdl, 


D fJ 

The quantity q is found from 

'..+d,2)=Ao,
(do+d --­

(All) 

(A12) 

and upon substituting this value into (All), we obtain 
the Di. 

The number of real sets of , will depend upon the 
number of yi which are complex. If M of the yi are corn-
plex, there will be 2("-i"+ real sets of Di. Half of these, 
however, will just be the negative of the other half, for 
q can be negative or positive. 

APPENDIX B 

We derive here the conditions which the F. and S, 
satisfy because of conservation of energy. Assume, for 
convenience, that we are dealing with a four-crystal 
network. Since the birefringent crystals are assumed to 
be lossless, the energy in the fast-axis output plus the 
energy in the slow-axis output of the fourth crystal 
must equal the input energy. Mathematically, this is 

expressed by 

( 0 )2.  F4(,)F4*(,i)+S(,)S*(,) = (l) 1):: 

Writing out (E1) and equating similar coefficients, we 

obtain 

-+ (S3 + (S4)2= (I62, (32) 
4 4 4 4
FoF,4+F 4F2+F 

4F3+S14S2+S2
4S3 +SeS 4

4=0, (33) 


4F 0 F2
4+F,'F 1 +S 1

4S3 + S2 = 0, (B4) 

F0
4F 3

4+St'S 4
4=0. (BS) 

Similarly, we can derive for the ith stage 

+ - -­+ . .+ (Fi ,:'+(S)2+ (2)(F )2(F Y)2+ 
,+(Si12=(I0o)2 (36) 

F0'Ft+ F,%F2.'+.- ecourse-+ F 	-2F -,t-$'Si 

--Si --Sf-LiSi'=0, (B7) 

,SSa++S-201
 

F0 'F.+. •.- Fc-+S11S+-- -+S.'S.i=0,(38) 
F0 'F,-1'+S1Sj=0. (B9) 

It should be pointed out that C(o) and D() also satisfy 
conservation of energy, giving the equations 

''
 (Co)0+ (C) 2+. + (C )"+ (Do)+ (D02+ . 

+(D.)2= (Io)2, (310) 

CGCI+CIC2+ -- C,+D D DD 2+-•"_+C,, 1

+D-,D=O, (Bil) 

C+QCi"...+C 4.2C,+DoD+DiD3+. 
+D,_D=0, (B12) 

CoC,+DoD,,O. (B13) 

APPENDIX C 

ThisAppendix gives a systematic and rapid method of 
calculating the input to a crystal once the output is 
known. This is simply a formalized procedure of solving 

-
for the FL-I and S' of Eq. (13d) once the F, and S' 
are known. In matrix form, the expressions are 

) 
fFO '1 -F: f F"' S 

'
 F2,-1 {(F-)+ (S, SL F-] 

(Cl) 

fF 0 S') fF ,j. 

I = ) 
S--., S" 

(C2) 

One convenient- check is that the calculated values- and St'F ,-' should alwvays be zero. 
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Optical Network Synthesis using Birefringent Crystals. II. Synthesis of Networks
 
Containing One Crystal, Optical Compensator, and Polarizer per Stage*
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A second technique for the synthesis of birefringent networks having arbitrarily prescribed spectral 
transmittance is presented. The network consists of an input polarizer followed by n cascaded stages. Each 
stage contains (in general) a birefringent crystal, an optical compensator, and a polarizer. The quantities 
determined for each stage by tie synthesis procedure are the angle to which the crystal is rotated, the amount 
of delay to be introduced by the optical compensator, and the angle of the polarzer. A desired function con­
sisting of (n+1)terms of anexponennal series can be realized by an n-stage network and. in certain cases, 
by a network containing fewer than n stages. The synthesis procedures of Part I and Part IIare compared, 
and their relative merits discussed. Finally, two examples are given using the procedure of Part II. 

L INTRODUCTION 

TN Part I a procedure for the synthesis of birefringent
i networks having arbitrarily prescribed periodic 
spectral transmittance was given.' The basic network 
consisted of it identical cascaded birefringent crystals 
between an input and an output polarizer. Such a net-
work was termed a lossless or nondissipative network, 
since it does not contain any internal polarizers. 

Part II describes a second procedure for the synthesis 
of birefringent networks, which results in a network 
containing internal polarizers. As before, this procedure 
allows realization of an arbitrary spectral transmittance, 
provided it is periodic. 

The type of network obtained from the synthesis 
procedure of Part IIis shown in Fig. 1. It consists of an 
input polarizer followed by a series of stages, each stagebirefringet crystal, optical sa 

containina a brfipicrsaotalcompensator,and polarizer. This network contains three stages: how-

ever, any number of stages may be used. The birefring-
ent crvstals in all stages are identical (with a few im-
portant exceptions, noted later), each crystal being cut 
with its optic axis perpendicular to its length and with 
end faces which are flat and parallel. The crystals' 
"slow" and "fast" axes are denoted by S and F, respec-
tively, in Fig. 1. The quantities determined for each 
stage by the synthesis procedure are the angle to which 
the crystal is rotated, the amount of delay to be intro-
duced by the optical compensator, and the angle of the 
polarizer. In addition, the length L of the crystals is 

* This work was supported at Sylvania by the Air Force
Avionics Laboratory at Wright-Patterson Mr Force Base, Ohio, 
under contracts AF 33(657)-8995 and AF 33(615)-1938. and at 
Stanford University by the U. S. Office of Naval Research under 
contract NONR 225(24).K 

S. E.Harris, E.0. Ammann, and I. C. Chang, J. Opt. Soc. Am. 
54, 1267 (1964). LEditor's note: the term "transier function" used 
in this reference (Part I of this series) has been changed to the more 
explicit "spectral transmittance" and "amplitude transmittance," 
as the case may be,in this Part 1-1]. 

,In principal, either uiadal or biaxial crystals may be em-
ployed. For simplicity we assume that uniaxial crystals are used. 

Preceding page blank 

determined by the periodicity of the desired spectral 
transmittance. 

The optical compensators contained in the network of 
Fig. 1 are assumed to be achromatic and are therefore 
impossible to realize in practice. For the range of 
frequencies over which their behavior is approximately 
achromatic, the network spectral-amplitude transmit­
tance is the desired C(u). Outside this range of fre­
quencies, the actual and desired characteristics diverge. 
This is not a severe limitation, particularly since bire­
fringent devices are used primarily to obtain extremely
 
narrow bandwidths. 

In the synthesis procedure of Part II and the pro­
cedure of Part I, we have two different techniques (and 
two different birefringent networks) for realizing a given 
spectral transmittance. The relative merits of these two 
synthesis procedures are discussed, and the expected 
performances of the two types of networks are corn­
pared. Finally, two examples are given, one of which 
shows how a Lyot filter can be obtained from the syn­
thesis procedure of this paper. 

F 
-
\ 3
 

-

%,
 

F 
-

r 2 

-

-

FiG 1. Basic configuration of optical network (three stages). 
Polaizers are shown shaded.F and S denote the "fast" and "slow" 
axes of the birefrngent crystals and optical compensators. 
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V, 

F, 


FRi. 2. Components which make up a single stage of the net-
work: birefringent crystal, optical compensator, and polarizer. 

r.SYNTHESIS PROCEDURE 


In this section we show that the network of Fig. I is 

capable of producing any desired spectral transmittance. 

Expressions are derived for the crystal angle, the optical 

compensation, and the polarizer angle for each stage. 

Several of the topics pertinent to this section are dis-

cussed at greater length in Ref. 1. 

We begin by assuming that a desired spectral-

amplitude-trauniittance function, written in the form 

of Eq. (1), has been chosen, 
C()=Ce+C -u.+cCf,-°+...+C,,c"" . (1) 

The C, may be real or complex. (Recall that the syn-

thesis procedure of Part I requires all Cs to be real.) 
Equation (1) can be considered a polynomial in 

e-,w and rewritten as 
-


IC n) C +, *.+r f.... (2)
C,)=C (CoC .)+ 

(3) 

of the polynomial. Thesewhere the s's are the zeros 

zeros are, in general, complex. If we express each zero in 

terms of its magnitude Izaand phase angle e-, Eq. (3) 

becomes 

I2d t'+r+e- -z + )C( x)=C.(-
X z (4) 

We now show that each factor in Eq. (4) can be as-

sociated with one stage of the network of Fig. 1. 
Let us consider one stage (say the jth stage) of the 

network of Fig. 1. This stage contains a crystal, an 

optical compensator, and a polarizer as shown in Fig. 2. 

Using the Jones-calculus formulation,3 the input and 

. 31, 488 (1941).R. C. Jones, 5.Opt. Soc 

output of the jth stage are found to be related by 

×(;1--lw0 
X cos(y,- ) 

where E denotes the complex amplitude of the electric­

field vector of the light. The z axis is parallel to the 

transmission axis of the polarizer of the preceding stage. 
The birefringent crystal introduces a phase difference of 
"orad between the S and F components, with a- LAn/­

crystal length, An the hire­(The quantity L is the 

fringence, and c the velocity of light in vacuum.) The
 

quantity b is the phase difference introduced by the 

optical compensator and is always between 0 and 2r% 
to be achro­rad. The optical compensator is assumed 

matic; this is the only approximation involved in this 

procedure. 
Perhaps a more familiar form than that used in Eq. 

(5) for the matrix of a birefringent crystal is 

0 e )" (6) 

If we factor e"a- out of (6), the matrix used in Eq. (5) 

results. Furthermore, the factored &,,t2 term can be 

dropped without affecting the results.' 
From Eq. (5)we see that it is more convenient to deal 

with relative angles (measured from the preceding com­

ponent) than absolute angles. Consequently, we define 

O3=03--'11, (7) 

and 

Performing the matrix multiplication indicated in 

Eq. (5) and noting that E, is zero, we obtain 

E,= e-Cosa, cosa,(-el b tanG; tandi ;-+o)E,. (9) 

The amplitude-transmittance function for the entire net­

work (all stages) is the product of the amplitude­

transmittance functions of the individual stages. Thus 
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we have for the entire network,'4 

C'() =6-r cos01 cosg1 cos 2 cost% ... cos3cos8O 
-X (-e'5 ' tan01 tanl-+e"'.) 

X (-ein' tan02 tanB.+e-..) . -.  

X (_ei6 tanG, tan$,-e+-i), (10) 
where 

(r-
ibt) (e ib ) (e-Ci)... (e- bn) = g-ib? (11) 

If all C, are real, then e- T ±-1, since all complex roots 
will then occur as conjugate pairs. 

We see that Eqs. (4) and (10) have the same form. 
Equating similar terms, we find 

tana1 tan. i= zll, b1=a, (12a) 

tan0, tang 2= Iz2-, 62a2, (12b) 

tan, tanfgl-=[z,I, hI=ai. (12c) 

In Eqs. (4) and (10), the order of the factors is, of 
course, unimportant. It is only necessary to equate each 
of the factors in Eq. (10) with one of the factors in Eq. 
(4). Note that if a root is real and positive, a=b=0, and 
an optical compensator is not required for that stage. 

Terms in Eqs. (4) and (10) may also be equated in aslightly different manner, namely, 

tan01 tant=-zj, bi=ai+r,, (13a) 

tan82 tan4S2=-jz2j, b.=a2+r, (13b)
:-: 


tanG, tanfl-=-[s-I, b,=a~q-,+r. (13c) 

Here if a root is real and negative, an optical com­
pensator is not required for that stage. Either Eqs. (12) 
or Eqs. (13) may be used for obtaining 0, t,and b for 
particular stage. 

We have shown that it is possible to choose a crystal 
angle, polarizer angle, and value.of optical compensa-
tion to match any factor of Eq. (4). Thus any C(ow) can 
be realized to within a multiplicative constant, by use of 
the network of Fig. 1. This multiplicative constant will 
be real if all C, are chosen real, and will be complex if 
one or more of the C, are chosen complex. That the 
actual and ideal C(o,)'s differ by a complex constant is 
not of consequence provided the net-work spectral trans-
mittance is relatively narrow band. 

Returning to Eqs. (12), we see that 0 and 13are not 
uniquely determined for a particular stage. There are an 

infinite number of combinations of 0; and 13i which 
satisfy the equation tanoetan,= Iszi. Thus an addi-
tional criterion may be imposed when choosing the 
particular 01 and 3,to be used. 

One important possibility is to choose 0f and .lso 
that the magnitude.of the output is maximized. When 
we satisfy Eqs. (12c) [or (13c)], we ensure that the 

C'() refers to the actual amplitude-transmattance function of 
the birefrmgent network, while C(J) refers to the desired 
amplitude-transmittaace function. The two differ only by a con- 
stant multiplier. 

C/ have the proper relative values. However, the magni­
tude of the entire response depends upon the particular
choices for the Gi and 03,. We therefore wish to maximize 
the magnitude of one of the C/ subject to the con­
straints imposed by Eqs. (12). Let us maximize the 
magnitude of C,', which is found by comparing Eqs. 
(4) and (10), to be 

1C'I = cos01 ccsl3l cose,cos ,...-cos, cos3,. (14) 

This problem can be solved by the method of La­
grange multipliers.We obtain for the result
 

tan01= tanBf1= . I1It
 
tanG2= tanf 2= 41 Z2, (15)
 

tan0j tan " ,I I. 

If we maximize Eq. (14) using Eqs. (13) instead of 

Eqs. (12) as the constraint, we obtain 
tan 1 - tan&l= :-IaI 
tan02= - tan3 2= - 2­

tan0=- tan6js=tIzi'• (16) 

It is interesting to note that if the Eqs. (13) and (16)
are used, all of the polarizers of the network will be 
oriented with their transmission axes parallel to the 

transmission axis of the input polarizer. This occurs 
because /,= -6j for each stage of the network. If Eqs. 
(12) and (15) are employed, the polarizers will be
rotated at various angles. 

Networks Containing Crystals of Unequal Lengths 
I 
In general, the synthesis procedure just described
 

requires an n-stage network to realize a C(o) containing 
(,,+1) terms. Occasionally, however, it is possible to 
realize a C(w) using fewer stages with longer crystals in 

those stages. This comes about in the following manner. 
We have shown that each of the factors of Eq. (3) 

can be associated with one stage of the network. Each 
stage contains a birefringent crystal of length L, an 
optical compensator, and a polarizer. Suppose now that 
two of the factors of Eq. (3), when multiplied together, 
give a term of the form 

(z-e-ao.) (17) 

It is apparent that (17) can be realized by a single stage 
containing a crystal of length ZL, an optical com­
pensator, and a polarizer. In general, if r factors of 
Eq. (3) multiply together to produce a term of the 
form 

(s+et...), (18) 
this term can be realized by a single stage containing a 

crystal of length rL, an optical compensator, and a 

5 Since the relative values of the C's are fixed, maximizing any 
one of them ma'imizes all of them. 

http:magnitude.of
http:value.of
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polarizer. As before, the crystal angle, polarizer angle, 
and the optical compensation are calculated from the 
magnitude and phase angle of z. 

Once the zeros of C() have been found, it is an easy 
task to determine whether factors can be combined to 
produce a term similar to (18). The following rule is 
useful. If r of the zeros have the same magnitude and 
have a's which differ by 2,r/r, the corresponding factors 
can be multiplied together to produce a term of the 
form of (18). 

mI.DISCUSSION' 

Suppose we wish to realize some C(a) with all C, real. 
We now have two methods of accomplishing this-the 
synthesis procedures of Part I and Part II. It is of 
interest then to consider the relative merits of the two 
procedures (and their corresponding networks) in order 
to determine which should be used in a particular 
situation. We compare them on the following points, 

A. Number of Components Required to 

Synthesize a Given C(o) 


It is usually desirable to have an optical network 
composed of as few components as possible. By mini-
mizing the number of components, we reduce the 
number of surfaces at which reflection can occur, and 
also minimize the number of crystal surfaces which 
must be ground and polished. The required number of 
components is of particular interest when a C(w) con-
taining a large number of terms is required. We com-
pare the two synthesis procedures by discussing for 
each procedure: (1) the number of components re-
quired per stage; and (2) the number of stages required 
to realize a given C(w). 

Theoretically, each stage of the network of Part I 
consists of only a birefringent crystal while each stage 
of the network of Part II contains a birefringent 
cr-stal, optical compensator, and polarizer. In practice, 
however, an optical compensator is probably also 
needed with each crystal of the network of Part i. Thus 
the main difference between the two networks is often 
one component (a polarizer) per stage.

Both types of networks, in genera, require n stages 

to realize a C(w) containing (n+1) terms. However, in 

certain instances, it is possible to reduce the number of 

stages needed for the network of Part I, while in still 
other instances, it is possible to reduce the number of 

stages needed for the network of Part IL 
two orConsider first the network of Part I. When 

more successive crystals are rotated to the same angle, 
the situation is equivalent to a single crystal of greater 
length. Unfortunately, efforts to determine what 

must be placed on C(w) to cause severalrestrictions 
crystals to have the same angle thus far have been 

unsuccessful. 
On the other hand, it is relatively easy to determine 

which C(o')'s result in fewer stages when the synthesis 
all 

procedure of Part II is employed. Section II notes that 
if r zeros (written in polar form) have the same magni­
tude and differ successively by 2,-/r phase angle, then r 
of the stages can be combined into a single stage having 
a crystal of length rL. Therefore, once the zeros of C() 
are known, it is immediately apparent whether multiple­
length crystals can be used. In some cases, it may even 
be feasible to adjust some of the zeros so that they 
satisfy the above condition. It is necessary, of course, to 
make certain that this does not cause an unacceptable 

change in C(w). 

B. Magnitude of Output 

A second basis of comparison involves the magnitudes 
of the outputs of the two types of networks. Suppose 
that we use both the synthesis procedure of Part II 
and that of Part I to obtain networks having the same 
desired C() with all C, real. Will the amplitudes of the 
responses of the two networks be the same? If not, what 
will the relative magnitudes be? 

To answer these questions, we first assume that 
"perfect" polarizers are used in both networks. In 

addition, we assume that the desired C() has a max­
imum magnitude of unity. Consider the network ob­
tained from the procedure of Part L Its amplitude­
transmittance is identical to the desired C(w); i.e., both 
the relative and absolute values of the C,' are identical 
to those of the C,. 

Next consider the network obtained by the synthesis 
procedure of Part IL Its amplitude-transmittance func­
tion contains C/ whose relative values are correct (i.e., 
C0 /C ', C1 /C ', ... C,_,'C,'), but whose absolute 
values probably are not. This discrepancy occurs 
because we are trying to use n stages to produce the 
(n+l) different Ci. Thus we have one less degree of 
freedom than is necessary. 

In most instances, the actual C,' obtained from the 
network of Part II are smaller than the desired C,. In a 
few cases, the two are the same. The C/ can never be 
larger than the C [unless the maximum magnitude of 
the desired C(w) is less than unity]. We determine 
below: (1) under what conditions theC,' and C, have 
the same magnitudes; and (2) what the reduction in 

magnitude is when the C/ and Ci are not the same. 
Let us begin with point (1), keeping in mind that the 

following discussion assumes that all C, are chosen real. 
As stated earlier, the desired C() has a magnitude of 

unity at least once per period. In order for the network 
of Part II to have unit transmittance at some fre­

quency, each stage must have unit transmittance. 
Consider two stages of the network which correspond to 

two complex roots (a conjugate pair). From Eq. (9), 
their amplitude-transmittance functions are 

(-e , bsin20+-4 cos2 )(-b sin0+ .. cos'e). (19) 

We have made f =0, as prescribed by Eq. (15), for 
maximum transmittance. 
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In order for the first factor of (19) to have unit the networks of Part I. Polarizer losses are especially 
magnitude, it must be true that damaging if the network contains a large number of 

_eb= ~ . stages. 
The relative merits of the two networks can also be

which gives 	 argued on the basis of various other criteria such as 
-b=a+pr, (20) angular aperture, effect of crystal misorientation, etc. 

where p is any odd integer. If we similarly require the These and other topics remain to be investigated. 
second factor of (19) to have unit magnitude, Nve obtain As a final comment, it is of interest to note that the 

synthesis procedure of Part II is computationally much 
+b=a-+qr, (21) easier than the procedure of Part I. Once the roots of 

C(w) have been found, the work is essentially com­
where q isany odd integer. Solving Eqs. (20)and (21) 	 pleted.
simultaneously, we find that the only possible values 
which b can have (between 0 and 2) are 0 and T.These IV. SUMMARY OF SYNTHESIS PROCEDURE 
values result in unit transmittance at 

(1) Choose the desired spectral amplitude transmit­
a Or, w, 5',... tance C(w), and write it in the form of Eq. (1). It is 

and usually desirable to choose the C; so that C) has a 
aw=0, 27, 4 r,., iaximum magnitude of unity. The C, may be real or 

respectively. - complex; however, in most instances it is expedient to 
In other words, the networks of Part II can have use a real set. 

unit transmittance (once per period of their transmit- (2) Rewrite Eq. (1) in the form of Eq. (2) and solve 
tance function) if: (1) all roots of the desired C(w) are for the roots (the -,) of the polynomial. Each root 
real and positive; or if (2) all roots of C(w) are real and 	 should be written in polar form, i.e., in terms of a 
negative. Only under these two conditions do all stages magnitude I; and a phase angle efa,. Each factor of 
have 100% transmittance at the same frequency, Eq. (3) can be associated with one stage of the network 
thereby resulting in C/which are identical in magnitude of Fig. 1. 
to the desired C,. (3) If r of the zeros have the same magnitude and 

If the roots of C(wa) do not fit into one of these two have a's which differ successively by 27,rr, the factors 
categories, the output from the network of Part II will containing these zeros can be multiplied together to 
be smaller than the output from the corresponding produce a term of the form of (18). This makes possible 
network of Part I. We now determine how much the replacement of r stages by a single stage containing 
smaller it is. To do this, we compare the magnitudes of a crystal of length rL, where rL=rac/Aq?. (Otherwise, 
C' of the two networks, the required crystal length L for a stage will be L 

For the network of Part I, C"' is identical to C.. For = ac/An.) 
the network of Part II, we find from Eqs. (14) and (15) (4) If maximum transmittance through the network is 
that desired, the crystal angle 0, polarizer angle d3,and 

C.,=cos'8 cos Oe... cos09. (22) optical compensation b1 of the jth stage should be 
calculated from 

We can solve for cos20M,in terms of Iz,by noting from 
(15) 	 that 0-= 3,= tan%(_ , 6.=a, 

tan2%= Iz,. (23) or 

From 	(23), it is easily shown that t+ 
If the condition of maximum transmittance is not 

cos*-Oi=l(l+izD. (24) necessary, Eqs. 	(12c) or (13c) should be used. Some 

Equation (22) can now be rewritten as other criterion is then necessary to determine 0 and 
j uniquely.

C'=[1/(+si))J[/(+z )J..-*E/(1+Id)J, (5)If the 0,and Ej are calculated to give maximum 
(25) transmittance, the amplitude of the network's actual 

which is the desired result. Thus, by calculating C.' spectral transmittance can be compared to the ampli­
from Eq. (25) and comparing this to C., we have our tude of the ideal spectral transmittance by calculating 
comparison between the amplitudes of the outputs of IC'l from Eq. (25) and comparing it to C,. The actual 
the two networks.6 spectral transmittance usually is smaller than the 

If nonideal polarizers are used in the birefringent desired transmittance. 
networks, the networks of Part II will fare even more 
poorly on'the basis of output magnitude compared with V. EXAMPLES 

Equation (25) can also be used to calculate IC.'] when one or Two examples are given to illustrate the synthesis 
more of the C'iscomplex. procedure. The first example is concerned with obtaining 

Y~ 
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1.0 Let us choose the crystal angles 0, and polarizer 
angles Oj so the output amplitude is maximized. Using 
Eq. (13) to calculate the b, and Eqs. (16) to calculate 

the 0, and j, we have 

a 90- 0O= -#,= tan-' Izil =2432', bi=a+180°=280°14, 

.04=-34=tan' 

FIG. 3. Ideal and approximating amplitude-transmittance func­
tions of first example. Ideal amplitude-transmittance function is 
shown by dotted line, and approximating function by solid line. 

a network whose spectral amplitude transmittance 
approximates a triangular wave. This is recognized as 
the example used also in Part 1. As before, we approxi-
mate the triangular wave by the first six terms of its 
exponential Fourier series, 

° - " aKG(')= (4/,i)E(1/25)&'5o+(1/9)eiI+&ou+ 
+(1/9)e-aow+(1/25)-sai. (26) 

The ideal and approximating transmittance functions 

are plotted in Fig. 3. We next multiply K(w) by c-i- to 

cast the transmittance function in the form of Eq. (1), 
-C( ) = e-tsawK (4)= (4/,r)[(1/25)+ (1/9) t 

3+e-,4.o+e-.o+(1/9)e-,'s +(1/25)e- 100]. (27) 

Finally, letting 2ao,=bw, we obtain the final form for 

C(w) =0.0O6 2 1+0.04303-ibt 
0 40528e-126 0 

- a ­
+0.40528e-06- +0.04503e-rOb+0.01621e b. 

(28) 

Putting Eq. (28) in the form of Eq. (2), we have 

C&())=O0.01621(t+2.7778-ib+ 25.00000e-' ­

+25.00000e -b+2.77778e-4bw+e-15b) (29) 
-

= 0.01621 (- Iz l e i+e-b) (-I z, em-e 
' X (- Iz,le "+H-C ") (- Is4!eta4+e-tbr4) 

Solving for the roots of Eq. (29), we obtain 
',
 

z~ ='0.208275, a=- 100°14 

1z a2 =-100'14',21=0.208275, 
10014' ,  IzI =4.801344, a== 

z4 1=4.801344, a =--100 14 , 

= 

Iz5 = l000000, as 180'00 ' . 

Upon inspecting these roots, we are unable to find r 

roots whose amplitudes are equal and whose phase 
angles differ by 2wir. Five stages are therefore required 
in the birefringent network and the length of the crystal 

for each stage is given by L=bc/An. 

2I(c 

0 = 02=_-1=tan-'IzI*f=2432', b.=a=+180 79046!, 

8#=_-3I=tan' Iz i =65028', b3=aa+1800=28014, 
=1z41[_6528, b 4=a 4 +180 79046 ' , 

0-=_0s=tan-Iz Il=4500 ' , bs=ai+180= 0'00', 

and the synthesis is complete. Notice that by using 
Eqs. (16) and (13) on the fifth stage instead of Eqs. 

(15) and (12), we have eliminated the need for an 

optical compensator. 
We now compare the amplitudes of the spectral 

transmittances of the networks of Parts I and II. The 
network of Part I has C6'=C6=0.01621.The C5' for the 
network of Part II is found from Eq. (25) to be C-' 
=0.01018. Thus we see that the amplitude-transmit­
tance function of the network of Part I is greater than 
that of the corresponding network of Part II by a 

factor of 1.592. 
turn to the second example. Suppose weLet us now 

wish to obtain the amplitude-transmittance function, 

K(o)= (cosaw+cos3aw+cos5aw+csTa +cos 9ao 

+cosllaw+cosl3aw+cosl5aw) . (30) 

I I 

Equation (30) is plotted in Fig. 4 where it is seen that 
K() has the form of a bandpass-fi lter characteristic. 

To put the amplitude-transmittance function in the 

form of Eq. (2), we multiply Eq. (30) by e-,15, and let 

i.a 

0
 
90 8 u
 

", 

- 0L 

FiG. 4. Amplitude-transmittance function of second example. 
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bc=2aw, which gives 
'
C(co) = (+-b+-'+- e 

(31) 

Solving for the roots of Eq. (31), we find F 	 V 

Iz2l =1, a,= 22.5', jzsj = 1, as= 180.00 , \ '51 

121==, a2= 45.0'
, Iz1l=1, a=202.5" 4 

[= 1=, a,= 67.5', lsol= 1, ao= 2 2 5 .0, 
°1z41 =1, a,= 900', Izul =1, aux247.5 , 

Fro. 5. Birefringent network obtained in second example 
S1, a,= 112.5*, 1Z11 =1, a12 = 270.00, (4-stage Lyot filter). 

= 1, a6= 135.0', I'1I =1, ala-2 9 2.5° , 

Iz;I 1, a,= 157.50, 1,41 =1, al,=315.0O L, 2L, 4L, and 8L,where L=bc/A-. The four zeros of 

1jZ151 =1, as=337.3. IEq. (32) are 

The fact that all roots have the same magnitude sug- ' , 0 
gests that we should look carefully for possible group- (33) 
ings of roots which will result in fewer stages for the 	 IzI =1, a3 = 180', 

network. We find that the roots can be grouped in the [z4 = 1, a4= 1800. 
following fashion: 

Using Eqs. (13) to calculate the b,and Eqs. (16) to 
r=1 and calculate the 0,and j3,, we obtain 

[zs[= 1, as--180, 	 r=8 81=-3 1=tan-'Iz'I 1=45' br=a,+180o=0', 

r=2 	 !zi[ =1, a1= 22.5", &2=-2=tan t i:2i=450, b=_a2+180'0-, 

[z'j = 1, a,= 90, jaj =1, a3= 67.5', 	 'j i=45', b =a3+180=0',.=-0,=tan-

01z%21= 1, ai27Q, II =1, a=112.5', O4=- =tan'Iz 4 l=4o5, b4=a4+180=0,
 
r=4 -. a7= 157.50,
s1 =1, 


and the synthesis is complete. Optical compensators are 
Isi I= 1, a2= 450, z=1, 202.5 , notrequired (in theory) on any of the stages of this net-

Z' I =1, a6 =135', iZuI 1, a11=247.5', 	 work since all b"are zero. The synthesized network is 
shown in Fig. 5 andis recognized to be a four-stage Lyot

=10[=1, axo=225 ', i Ztl 1, Iau= 292.5 I. 
, 

filter.' Thus it is interesting to note that the Lyot filter 
iz141=1, ai1 -315, !5t=o.5". can be obtained by use of the synthesis procedure of 

Part II, while the Soic filter can be obtained via the 
Each group consists of r roots of the same amplitude 

whose phase angles differ successively by 2r/r. This synthesis procedure of Part I.
 

means that the 16 factors can be combined to give four ACKNOWLEDGMENTS
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Part I of this series reported a procedure for synthesizing birefringent networks having a prescribed 
amplitude transmittance. The desired transmittanceC(o)wasw-dttenasC() =Co+Ctera"+Czea -+.+ 
C~c", , where the C, could be arbitrarily chosen as long as each was real. The synthesis procedure of this 
paper is a generalization of the procedure of Part land allows for the realization of C(W) having complex C. 
The resulting network consists of n stages between an input and output polarizer, with each stage containing 
a birefringent crystal and (achromatic) optical compensator. The form of this network is essentially the same 
as the practical form of the network obtained from Part I, and hence the additional versatility is obtained at 
no extra cost in network complexity. 
INmEx EAlDINGS: Polarization; Crystals; Filters; Birefringence. 

I. INTRODUCTION 	 input and output polarizer. The networkmaybe thought 

lART Iof this series' described a procedure for of as composed of several stages, with each stage con­
A.synthesizing birefringent networks whose api rsispin of one birefringent crystal. A network containingI irefrinent etrks woset 	 purpose ofnrude transmittance could be specified. The purpose of 

this paper is to describe a generalization of that pro-
cedure which provides still greater flexibility in the 
synthesis 	of birefringent networks. -theTheprocedurefart Iallows. thereliztinTheThe procedure of Part I allows the realization of a 

birerinentnetorkamlitde tansittncehosbirefringent network whose amplitude transmittance 
C(w) is of the form, 

C(o)=Co+Cxraw+Ce''a+..+-nau (1) 

The number of terms employed in C(w) is finite but 
arbitrary. The choice of the coefficients (the CO is also 
arbitrary as long as each C, is real. The form of the net- 
work obtained from the synthesis procedure of Part I 
is shown in Fil. 1. The network consists of a series of 
identical cascaded birefringent crystals between an 

2The 

stages is required for a C(w) having n+1 terms. OnceC() has been chosen, the rotation angles (the 6j;)of the 
cry)tas bnc the otaion angle (thelat) frth 
crystals and the output polarizer can be calculated from 

synthesis procedure.
synthesis procedure of this paper allows greaterfedmi h hieo ~ )adrslsi ewr 

freedom in the choice of C~co) and results in a networkwhose basic form is shown in Fig. 2. The desired ampli­

tude transmittance C(w) is still written in the form of 
Eq. (1), but the C, may now be complex. An n-stagenetwork is again required to realize a C(w) having n+1 
terms, but each stage now consists of an optical 
compensator2 and a birefringent crystal. The synthesis 
procedure determines the rotation angle of each crystal, 
the retardation introduced by each compensator, and 
the rotation angle of the output polarizer. 

The networks of Part I have been termed lossless bi­
refringent networks since there are no energy-dissipating 
components between the input and output polarizers. 
The networks of this paper are lossless in the same sense, 
since no internal polarizers are required. 

following sections contain a description of the
Vsynthesis procedure and give an example of its applica-

F 03 

0 
1 2birefringent-crystal 

FIG. 1. Basic configuration of birefringent network (4 stages) 
obtained from the synthesis procedure of Part I. F and S denote ­
the "fast" and "slow" axes of the birefringent crystals. 

* Work supported by the National Aeronautics and S 
Administration under Contract NAS8-20570. 

IS. E. Hams, E. 0. Ammann, and 1. C. Chang, J. Opt. Soc. 
Am. 54, 1267 (1964). 

tion. 
4l. SYTTHESIS PROCEDURE 

A. General 

The object of the synthesis procedure is to find the n 
angles, the retardations of the n+ I 

optical compensators, and the output-polarizer angle 
which result in the desired amplitude transmittance 
C(w). For a given C(o), 2n+2 network parameters are 
to be determined. This matches the number of quantities 
in 0(w) which we are free to choose, for we may specify 
the real and imaginary parts of the n+ 1 coefficients C,. 
The length L of the crystals (all crystals have the same 
length) is determined by the periodicity of the desired 
amplitude transmittance. 

2 3. G. Jerrard, J. Opt. Soec. Are. 38, 35 (1948). 
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The notation, conventions, and approaches used here 
follow closely those used in Part L Hence for brevity it F 

is assumed that the reader is familiar with that refer-
F
 ence, and much of the information contained therein is 

not repeated here. Because of this, an understanding of F : \ 
Part I is important to the understanding of this paper. _ . -s 

In this paper, optical compensators play an important S '-.-s 
role. A compensator is used with each crystal of the 
network and with the output polarizer. Since compen­
sators were not required (in theory) in Part I and hence 
were not discussed, we briefly describe their operation 
and analysis. Optical compensators behave essentially 
the same as very short birefringent crystals. A com­
pensator introduces a phase difference of b radians 
(where O<b< 2w) between slow-axis (S)and fast-axis 
(F)components. It is assumed that this phase difference FtG. 2. Basic configuration of birefringent network (4 stages) 
is independent of t, an assumption which is appro.i- obtained from the synthesis procedure of this paper. 

mately valid for most cases of interest. If this assump­
tion is valid, light passing through the compensator is also complex. The explanation of this apparent para­
polarized in the S direction is operated upon by e-6, dox and its significance is given in Sec. III. 
while light polarized in the F direction is operated upon In the synthesis, we begin with the desired C(w) as 
by unity. given by Eq. (1). This is equivalent to prescribing the 

We assume in this paper (as in Part I) that the tire- impulse reponse C(t) of the network. We next proceed 
fringent crystals and optical compensators of the net- from the last component of the network (the output 
work are lossless. This means that energy must be con- polarizer) back to the first (the input polarizer), calcu­
served at all points within the network between the lating the impulse trains which exist at all intermediate 
input and output polarizers. Energy conservation points. The areas of the individual impulses of these 
places certain important restrictions on the Fj and S,, trains are denoted by the F and S,' of Fig. 3, where 
and on the C, and D_ These restrictions are derived and the Fs impulses are polarized along the fast axis of the 
listed in Appendix B. preceding (jth) crystal and the 3' impulses along the 

As in Part I. it is convenient to deal with relative slow axis. In the course of calculating these impulse 
angles (0,) of the stages instead of absolute angles (0,). trains, the crystal angles, compensator delays, and-
By relative angle, we mean the additional angle of rota- output polarizer angle are detennined. 
tion measured from the preceding stage. The relative Assume that C(a) and therefore the desired C-of 
angles are given in terms of the 6. of Fig. 2 by Eqs. (1) and (2) have been chosen. We must next find 

the signal D(w) which is polarized perpendicular to 
01=01, 	 C(w) and therefore is stopped by the output polarizer. 

Since the network is lossless (between the input and 
output polarizers), the signal energy entering the first 

6 =O,--95-1, crystal must equal the sum of the energies in the C(u) 

p=OV--. and D(w) outputs. In equation form, this gives" 
C (w)C*(w)4-D ()D* (w)= (Io02, (3a) 

B. Procedure where 10 is the area of the impulse which is incident 
As mentioned in Part I, a useful approach to the upon the first crystal. Rewriting this, we havesynthesis problem is to consider the impulse response 

of the network. Since the inverse Fourier transform of D(o)D*@) (IcP)--C(c)CA(w). (3b) 

the amplitude transmittance of a network yields its 
impulse response, we obtain, by taking the inverse INPUT l9 2M d 3 aan 

9nfE fRIZRthe impulse response of F 9 $TAM V-n
Fourier transform of Eq. (1), 

, liltthe network of Fig. 2: 	 V'a s II 1 

COA,,cSUZA
+C,(t-na). (2) 
FIc. 3. n-stage network. Each stage contains a birefringent 

network consists of - crystal and optical compensator.Thus the impulse response of our 
a series of equally spaced impulses whose areas are given -Asterisks are used in this paper to denote the complex conju­
by the C,. Since the C, are complex, the impulse response gate of a quantity. 
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FINAL 
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(A) 	 REJECTION AXIS) 


nth STAGE 


FF\ 

SL L(and 
X 


A 
AA \To 

(B) 	 ith STAGE 
-Ith STAGE 


S 

I--,
J 1 

F 
INPUT POLARIZER 
TRANSMISSION AXIS 

ist STAGE 

FIG. 4. Angle conventions used in the synthesis procedure:
(a) final compensator (and output polarizer); (b) ith stage; (c)
input polarizer, 

We are now ready to choose a value for 100. The left 
side 6f (3b) must be nonnegative for all frequencies; 
thus (i")-must be chosen greater than, or equal to, the 
maximum value of C(o)C*(o). Having chosen IoO, we 
can calculate D(4)from D(c4)D*(w&) using the method 
given in Appendix A. 

Doing this, we obtain D() in the form 

D (w)= Do'+Di'e-&w+D,'cL.,+...+D 5 'ri 

where the D, are in general complex. It is important 
to note, however, that if D(w) is a solution of Eq. (3b), 
then eFD() is also a solution. Hence a more general
solution for D(w) is 

D(w) =e'Do'+Dt'e-i" D2te-a ... 

+ -e-' ]+D 


=Do+Dl 
 -'Dea"-+'"-+D.e-i. (4) 

2__2o
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Although the method of Appendix A gives us the values 
of the D,, it does not determine a value for 1. The quan­
titv .u must be determined from other considerations 
and, as is described shortly, has a value which is fixed 
by the manner inwhich the synthesis is formulated.

Let us now relate the inputs (the F,n and Se) and 
outputs (the C, and D,) of the final compensator. It 
should be remembered that the F, and S.C are com­
ponents along the fast and slow axes of the preceding(nth) stage while the C, and Di are components along 
the slow and fast axes of the compensator. With the aid 
of Fig. 4(a), we find 

F] Fexp~sb,).sinO,F -cos0o Ct (5) 
.S Lexp(ib,). co.sO, sinJLeDJ 

hence also of the output polarizer), and b,is the 
compensator delay. 

We must next determine the quantities A, 0,, and b,.do this, we derive and solve three simultaneous 
equations. The first of these equations is obtained by
noting that the first impulse to leave the nth stage musthive a real area. This is equivalent to stating that Fon 
must be real. This condition arises from our convention 
of Sec. UA which states that light passing through a 

compensator 	polarized in the S direction isoperated 
upon by e-' while light polarized in the F direction is 
operated upon by unity. Since the first impulse to leave
the nth stage must have been polarized along the r
axis of each preceding stage, this impulse will have been 
operated upon by unity in each compensator and willtherefore be real. From Eq. (5) we obtain for Fn 

Fo =exp(ib,)- (sin0,). Co-ei. (cos0,). D0'. 

Equating the imaginary parts of the left- and right-hand
sides of this equation, we obtain the first of our three
desired equations, 

0= sin0,[Im(C0) cosb+ Re (Co) sinbJ 

-cosG8,m(Do') cosp+Re(Do') sinu], (6a) 
where Im and Re denote the imaginary and real parts
of the quantity in question. The remaining two equa­
tions result because the first and last impulses leaving
the nth stage must have been polarized along its fast 
and slow axes, respectively. This means that 

F. =So'=O, 

which, with (5), gives 
exp[i(b.-)1 tanO,=D.[C, (6b) 

and 
exp[-i(bp-)], tan0,=Co/D'. (6c) 

Taking the complex conjugate of both sides of Eq. (6c), 
we obtain 

exp[i(b,-g)].tan0,=-(Co*/Do'*). 
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Combining this equation with Eq. (6b), we obtain 
Co*C,.+Do'*D.'=O, (7a) 

the relation which must be true if Eqs. (6b) and (6c) 
are to be satisfied simultaneously. Noting that 
D!=e- D,,we can rewrite (7a) as 

Co*C,+Do*D,,=0. (7b) 

But Eq. (7b) is automatically satisfied from conserva-
tion of energy since it is identical to Eq. (B9) of Ap-
pendix B. 

Since the C, and D,' are complex, we can rewrite 
(6b) in the form 

expj(b,-pu)J. tan6,= nI/.C.1 exp(ia,), (8) 
where in (8)we have expressed (D/C,)as a magnitude 

and phase angle. It is apparent from (8) that the rota-
tion angle 8, of the polarizer and compensator should be 
chosen to be 

, ,0l/C.
tan, i/C, (9)

By further manipulations of Eqs. (6a), (6b), and (6c), 
we obtain 

tanb,= -Im(C0)/Re(Co) (10) 

FF0f 
F3 

I. c0s, 
0 
0 

0 
cos0 30 

S i b,. i obo 
eS.p s exp(- ib)•sinG, 

SJ 0 0 
and in general; 

jth Stage 
Fios 
F 

5
0 

0 
cosO, 

0 
0 

... 

... 
Fo 0 0 coso- ... 

F1-:i 0 0 
F,-," 0 0 0 ... 

Ft' ' 0 0 0 
- 0 exp(-ib,)--sno, 0 ... 

0 


S-2 0 

S~ii 00 

Putting j=n in (12d), 

0 exp(-b)-srni ... 

we have the input and output 
relations for the nth stage. We know the output (the
Fin and Si) and wish to find 8, h., and the input. As 
discussed in detail in Part I, an input exists which 
produces our given output provided that 

exp(ib,) tand,= -Fn_i/Sn'= IF_i1/S,, 
Xexp(ia,) 

and 

Fe"*F.-,+S*S,,=0. 

(13a) 


(13b) 

and 
,9=b,-a. (11) 

Having determined a,, b,, and gz,we can substitute 
these values into (5) to obtain Fin and S,-, the outputs 
along the fast and slow axces of the nth stage. We must 
next find the rotation angles and compensator delays
of the it stages of the network. 

To do this, we write expressions relating the input 
and output of each stage. With the help of Figs. 4(b) 
and 4(c), we obtain 
First Stage 

V Kt" -sin0 1 

[1=L] IF, 1aSI.] exp(- ibi)-cosf, 

Second Stage 

0Fo1 f cOS 2 

-sin2 Fo', 1s = exp(-ib) -sin0.. 0 s1' 
IS J 0 exp(-ib2 ). c ""(2b 

Third Stage 

0 0 
-sinG 0 F 

0 - sin0s IF1 
0 0 s-I 

exp(- i) 01c) Ls%-J' 
0 exp(- ib) .cosoJ 

0 
0 

0 
0 

0 
0 F,­

0 0 0 F,-1 

0 -si-ng,1 0..' 

0 -sn0 0Sn-o 

0 
0 
0 

0 
0 
0 

0 
0 
0 

1"-. (12a) 
S21-1 
Si -i 

0 0 ... eyp lb,) 0 0 S,_cosO 

o_ . 0 o exp(-ib)-cosg, 000 00 ... 0 0 ep-r e 

Note that a. includes the effect of the minus sign 
which precedes F,._,iS.". 

We can satisfy Eq. (13a) by properly choosing b. 
and 0, while (lab) is automatically satisfied by con­
servation of energy. Knowing b.and 6,., we can then 

calculate the input to the nth stage from (12d). This,
of course, is also the output from the n-I stage; hence 
we can repeat the procedure just described to determine 
b.- and 6,,. In this fashion, we can work our way 
back through the entire network until all rotation angles 
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and compensator delays have been determined. The 
general equations for the jth stage are 

exp(ib,), tanO1= -Fj_i 1/SI= [F,_?/S, 
Xexp(ia,), (14a) 

and 
FoF-1J-+S1irSi=0, (14b) 

which gives 
b'=ai (ISa)

and tan = Fji/SJ. (15b) 

As seen from Appendix B, Eq. (14b) is always auto-
matically satisfied by conservation of energy. 

Note that if a;=0, a compensator is not required (in 
theory) for that particular stage. Furthermore it is 
possible to eliminate the compensator from a stage 
which has a,=,. This is because when ai=r,an alter-
nate solution to Eq. (14a) is 

b,= 0, (15c) 
and 

tanO,= - (15d) 

Hence whenevera, =r, Eqs. (15c) and (15d), rather than 
(15a) and (l5b), should be used to determine b- and 0,. 

We now have sufficient information to synthesize a 
birefringent network. The procedure to be followed is 
summarized below. 

C. Summary of Synthesis Procedure 

(1) Choose the desired amplitude transmittance 
C(w) and write it in the form of Eq. (1). The C. may be 
complex.

(2) The required length L for all crystals is givenequredlenth 
by L= ac/,An, where c is the velocity of light in a vac­
uum and Ai is the difference between the extraordinary 
and ordinary indices of refraction of the crystal. The 
quantity a is determined by comparing C(w) as written 
in step (1) to C() as given by Eq. (1). 

2) he fo al crstas i gien 

I0° . (3) Choose a (real) value for The choice is 
arbitrary as long as (,)) 2 is greater than or equal to the 
maximum magnitude o C( o)C*(o). 

(4) Calculate D(,)D*(w) from Eq. (3b). Use the 
method of AppendixA to solve forD (4) from D(w)D*4). 
This gives the D,' of Eq. (4), but does not determine . 
Several different D(o) result, and each of these, when 
used with C(w) results in an acceptable network. The 
D,'of theseG) are, igeneral, omplex. Theremaining 
steps should be carried out for each D(w). 

(5) Calculate the rotation angle 0, of the output 
polarizer and final compensator from Eq. (9), the phase 
delay b, of the final compensator from Eq. (10), and p 
from Eq. (11). 

(6) Calculate the F,n and Sin from Eq. (5). 
(7) Using Eq. (15b), calculate the rotation angle 0n 

of the last stage. The compensator delay b. for that 
stage should be computed from (15a). Using Eqs. (Ci) 
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and (C2), calculate the input to the last stage (which 
is the output from the preceding stage). 

(8) Repeat the procedure of step (7) on each suc­
ceeding stage until the rotation angle and compensator 
delay of each stage have been determined. If a,=x, for a 
particular stage, Eqs. (15c) and (lSd) rather than (15a) 
and (15b) should be.used to calculate b3and 6y. 

HI. DISCUSSION 

We now consider the implications of being able to 
choose C, which are complex. In Part I, we were limited 
to amplitude transmittances having all Ci real. This 
meant that we were limited to C(o4's whose real parts 
were even and whose imaginary parts were odd. These 
restrictions have now been removed; the real and 
imaginary portions of C(w) can now be asymmetrical. 

An objection might be raised that since the C, are 
complex, our network has an impulse response, given 
by Eq. (2), which is complex; but it is well known that 
the impulse response of a physical network must be real. 
This dilemma arises because our theory requires the 
use of achromatic optical compensators in the network. 

The theory assumes that these compensators introduce 
a delay which is independent of w. Such a delay is notrealizable in practice. Compensators can approximate 
this behavior over a limited frequency range however. 
Hence the response of the synthesized network closely 
approximates C(o) over the frequency range for which 

the compensators may be considered achromatic. 
Outside of this frequency range, the transmittance 

departs from C4w). Since birefringent networks are 
ordinarily designed for use over a limited frequency 
range, this is an acceptable situation. 

Thus we see that Cco) accurately describes the net­work's transmittance over only a limited spectral 

range. But when we take the inverse Fourier transform 
of (1) to obtain the impulse response given by (2), we 
are (incorrectly) assuming that Eq. (1) is valid for all 
possible values of w. Hence it is not surprising that the 
result is a complex impulse response for the network. 
Even though (2) does not accurately give the network 
impulse response, the time-domain approach is very 
useful for visualizing and understanding the synthesis 
procedure. 

Part I of this series4 described a second synthesis 
procedure which achieved the same goal as the pro­
cedure of Part I, but via a different form of birefringent 
network. Moreover, the procedure of Part II can be 
used when complex C, are present in C( o). The network 
which results, however, contains internal polarizers and 
hence is not a "lossless" network. For that reason, the 
network of this paper is preferable to that of Part II for 
most applications. 

The network resulting from the synthesis procedure 
of this paper contains an optical compensator next to 

E. 0. .umann and I. C. Chang, J. Opt. Soc. Am. 55, 835 
(1965). 
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the output polarizer. In practice, it is often possible to 
remove this optical compensator. Suppose for example 
that we have synthesized a network which has a desired 
C (w). If we now remove the final compensator from that 
network, the new transmittance is exp (ib,) -C(,). Thus 
the new transmittance differs from the desired transmit­
tance by only a constant phase factor. Often the intro-
duction of this phase factor is of no consequence, and 
hence the final compensator can be removed. Further­
more, we note from Eq. (10) that if Co is chosen to be 
real, bh,=0 and the need for the final compensator is 
automatically eliminated. 

Finally, we note that (as seen in Figs. I and 2) the 
network of this paper contains a greater number of 
components than the network of Part I. It should be 
emphasized, however, that Figs. 1 and 2 show the net-
works predicted by theory. In practice, the network of 
Part I requires the use of an optical compensator with 
each crystal of the network to compensate for slightly 
incorrect crystal lengths. Thus the practical forms of 
the networks of this paper and of Part I are identical; 
the additional flexibility is obtained at no expense in 
actual network complexity. In this paper, each optical 
compensator serves the dual functions of (a) introducing 
the delay required by theory, and (b) compensating 
for incorrect crystal length. 

IV. EXAMPLE 

A sample calculation is performed to illustrate the 
synthesis procedure of Sec. II. Suppose we wish to 
approximate the real transfer function G(w) shown in 
Fig. 5. Since G(a) is neither even nor odd, complex 
coefficients are required in the approximating exponen-
tial series. For this example we use a seven-term complex 
Fourier series. 

-

.- r ­

go,0 / 

lK/ 

-1.-
FIG. 5. Ideal and approximating amplitude transmittances of 

example.rIdeal transmittance is showi by cotted line and ap-

The Fourier-series approximation to the ideal transfer 
G(w) is given by 

' K&) (1/,)[(4/9-i2/9)ea"--esa 
+ (4+i2)e"+'2/4+ (4-i2)r- 'a-J 

+(4/9+t2/9)s- aw], (16) 
which is plotted in Fig. 5. Following the method of 
Part I, we convert this noncausal approximating func­
lin to a causal function by multiplying by -'3"' 
which gives --whic g- () 

CQ(,) =-.raK&J)= (1/'r)[(4/9- i2/9) -e7' 
--+ (4+i2)mn-r '+ (.'/4)r-30c+ (4- i2) '4 " 

-e-5a-+(4/9-i 2 
/9)s-]. (17) 

-_'Multiplication by e '" is equivalent to introducing a 
pure time delay in the time domain, and thus the im­
pulse response and transfer function are essentially 
unchanged. Since the series contains seven terms, the 
synthesized network contains six stages. 

We now calculate D(w). From Eq. (3b) we have 

D(.) j2=D(w)D*() = (U) -C()C*%c)- (r,0)2 0.4 4 257- (0.11139+ i0.14695)e'l"- (0.11139- z0.14695)eb..
 
' 2--


- (0.C9990+i0.12775) e 12 - (0.09990- z0.12775)e - a (-0.05961- iO.05232)e 0.. 
- (-0.05961+i.05232)-1.,--0.05589ea,- 0.05589e"--,4 - (- 0.00913+i0.00456)e0rJ 

- = - - l w - (-0.00913-i0.00456)e 5'- (0.00152-i0.00203)e 6a (0.00152+i0.00203)e i o . (18) 

The area Io of the input impulse must now be chosen in order to obtain! D(w) !-. It may have any real value as 
long as (Jo0)2 is larger than the maximum value of C(w)C*(w). The ma.ximum of C(o)C*(o) has been calculated 
to be 1.035. Thus let us choose It,= 1.050, which gives (joO)2= 1.1025. Equation (18) then becomes, after making 

- ,the substitution x=e 

[D(s) 12= - (0.00152+i0.00203)x 0- (-0.0913- i0.00456)x 5-0.05589.- (- 0.05961+ i0.05232)x 
- (0.09990- i0.12775)x- (0.11139- i0.14695)x+0.65993- (0.11139+ i0.14695)x ­

- 2- 3 ­- (0.09990+iO.12775) - (-0.05961- i0.05232)x - - 0.05589 
-- (-0.00913+ iO.00456)x- 5- (0.00152-iO.00203)x 6 , (19) 

which is in the form of Eq. (A2). Following the procedure of Appendix A, we find the roots of (19) t6 be 

xj=0.06608-i0.275338, 
x2= -0.09690- iO.27436. 
x, - 0.67656- i0.06373, 
. 4= 0.17633+iO.17387, 
x6= 0.57518+0.17898, 
x6 0.59387+l1.30936, 

(1/xi)=0.82394- i3.43353, 
(1i/x 2)*= - 1.14455-i3.24064, 
C1/xa)*= - 1.46526-i0.13704, 
(1/x4)-= 2.87546+i2.83537, 
(1/xs)*= 1.58510+iO.49323, 
(1/xe)*=0.28729+i0.63342. 
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There are 128 (2n+I) possible sets of Di which can be obtained from these roots. However, sixty-four of these sets 
are simply negatives of the other sixty-four. We consider only the set that is formed by constructing the polynomial 

(x-x) (.- X2) (x- x%) (X-x4) (.x- X) (X- X6). 

Performing the indicated multiplication, we obtain 

6x - (-0.63801- 1.04187)x + (0.02599- iO.29300)x'+ (0.06553+i0.44610). 
+(-0.23903-i0.05436).2+(0.04871-iO.00793)x+(-0.00721+i0.00961). (20) 

As stated in Eqs. (A9), a set of A' is proportional to the coefficients of this polynomial. Evaluating IqI using 
(A10),we find that 

I I=0.45943, 
and so 

D=-0.00331+iO.00441, D3'=0.03011+i0.20496. D5'=-0.29312-i0.48203, 
Dj'=0.02238-i0.00364, D4'=0.01194-iO.13461, D 1=0.45943. 
D2'= -0.10982-i0.02495, 

From Eqs. (9), (10), and (11) we may now calculate 0,, b,, and A. The results are 

0,=83045' , b,=046365 rad, p=-5.35589 rad. 

Using Eqs. (A9), we find that 

Do-e'Do'= -0.00552+iO, D3=e 'D,'=-0.14590+i0.14706, D5 =eiD 5"=0.20976-iO.52372, 
D=ei'D'=0.01634+i.0572, D4=eAD '=0.11485-iO.07122, D'=e1%De'=0.27566+i.36755, 
D2=e'AD2'= -0.04593-i0.10282, 

and hence D() is completely known. Equation (5) is now used to calculate the F,6 and S,6, giving 

Foe
61 0.05065+iO.00000] fSiG 0.00637+10.01069] 

1I -0.09187- i.04675 Ia i-0.01604-i0.06272f 
6F2 0.27526+iO.37154 / I -0.12067+,0.158361 

=
0.23817+i0.09512|' [Si [ 0.1653-i0.07079[ 
F4 

6 0.43791+iO.00776 IS 0.19863-zO.52554 
Fs. -0.11293-i0.01201J (S66J 0.27731+i0.36975J 

-As a check, we should note that F0
6 must be real and summarized results of the synthesis are 

that F6 and Sol must be zero. As a further check, we ­

can verify that Eq. (14b) is satisfied. 616 15. b, 2.10838 
°
We are now able to calculate 06and be, the relative 81 13 48' b2 2.96994 

angle of the last stage and the optical compensator 63 36° 45' 6, 0.74123 
delay. Using (15b), we find 64 = 43000' , ,41 = 0.74123 radians. 

05 36 45' bI5 2.96994 
6= 13' 48' Be 13 0 48' b61 5.24997 

and from (15a), 8, $30 451 , 0.46365 
b6=5.24997 rad. The Jones calculus3 can be used to verify that these 

The input impulses to the sixth stage are now calcu- angles and compensator delays give the desiredtransfer 
lated from Eqs. (C3) and (C4). Equations (15b) and function of Eq. (17). 
(15a)are then applied again, yielding 
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APPENDIX A 

We describe in this appendix a method for calculating 

D () from jD(w)12. The method is similar to that given 
in Appendix A of Part I, but differs in its details. The 

now begindifferences are necessary because (a) we 
with a C(w) containing complex C,, and (b) complex 
values of D, can now be tolerated in D(wo). 

We begin with the positive semidefinite polynomial 

D(~.) j1=D&4)D*() - (stant 

Letting x=eia and reversing the order of the terms, 

A) (ei°°)A-­ )*-+A 1 -+A' 

+A *--+ " -+A *-l* - c 
+A*C - o. (Al) 

-

Eq. (Al) becomes 

ID(x) IAn,*x+ ,*x,+.-+41*x+Ao 

Assume that x,isaroot of Eq.(A2).Then 


An*xt+An,_*xin-+. .+Ai*xi+Ao+Aixr-'+--.-. 

+A._zj7(1-+A.xj-"=0. (A3) 

If we now take the complex conjugate of Eq. (A3), we 
obtain 


A.(xi*)n+A._j1(xz*)'-+... 

+A,_i~t*(I)-(-+A *(i*)-= 0. (A4) 

Equation (A) can be rewritten as 

mAd(1/x.)_t+Ao+A(1/X1)+.. 

+A,.*(l/x1*)-1+An*(1/x*)n=O. (A5) 

But we now see that (A3) and (AS) have identical 
coefficients, with .x1 being the variable in Eq. (.A3) and 

(l/xC*) the variable in (AS). Thus if x, is a root of (A2), 
then (1/xi*) is also a root. One of these two roots is 
associated with D(x) and the other with D*(x). HenceD 
we associate half of the roots of Eq. (A2) with D(x) 
and half with D*(x). D(x) Eand hence D(w)] can then 
be constructed (to within a multiplicative phase factor) 
from a knowledge of its roots. 

To summarize, begin with ID() 12 written in the' 

form of Eq. (Al). The Aj are in general complex. Form 

the equation 
- - ' " +AA*x""+A ,*x t*X+A o+A x:¢- -.. 


+A..r( - 1 +A =O. (A6) 

for the 2n roots of this equation. These rootsSolve 
always exist in pairs of the form 

X1, 1 


X2, 1/1 2*, 
x,, l/xa*, (Al) 

x,,, l/,*. 
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Construct all possible equations using one root from 

each row of (A7). One possible grouping, for example, is 

(x--xi)(x-xs)(x-1/xa"). (x-1ix&*) 
(A8)
 

Each different grouping of roots results in a different 
D(w).
 

The D, are proportional to the di, where q, the con­

of proportionality, is in general complex. Writing 

q in the form q= Iqje, we obtain 

D0 = qjedoe=P Do', 
D1= I~I edk=eiPDi', 

w e= jqje';d,=ezAO,/= Jqje'A, (A9)
where 

D"= qId,.
 
The necessity of allowing q to be complex can be seen 
by noting that if D(&) is a solution of Eq. (3b), then
 

ipD(w) is also a solution.
 
The quantity IqI is calculated from
 

.
jql'-dodo*+drdl* +.d-dl*+l]=4A. (A10) 

In order to calculate the phase angle p, however, addi­
tional information must be provided. The necessary 
information is obtained from the restriction that F0n 

must be real, a condition which results from our 
re­formulation of the synthesis procedure. With this 

striction, g is uniquely determined (see Sec. fib) and 

D(w) can be obtained. 
Thus the method of this appendix allows us to find 

D(w) to within a multiplicative phase factor ei'. We 
obtain values for the D, where 

D(.)=e'"[Do D" e D-._e ."
 

- (All) 

APPENDIX B 

In this appendix, the restrictions placed upon the 

F, and Si (and upon the C, and D) because of conserva­
the ith stage ofdon of energy are derived. Consider 

the network of Fig. 2. Since the network is lossless, the 
energy in the fast-axis output plus the energy in the 

slow-axis output of the ith stage must equal the energy 

incident upon the first stage. Stated mathematically, 
this gives 

Fi(w)F,()+S()S*(,)= (1o)). (B1) 

If we write out Eq. (131) and equate the coefficients of 

corresponding terms, we obtain the equations
Eo* t+tFi+. 

'
 +S*S*V= , (B2)+S '*S.J+... (IoP) 
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.- FF-- 
.-S2%*S3:- +S -t*Si=0, (3) 

' 

Fo' F,'Fi' F2'+. F 

Fo*F 2'+F*F3s± " +F"-F?"Fi_-+Sil'S3 
+S2'*V+..+Si-2iS,i=O, (B4) 

= O.Fo*Fij+SI*SIU (B5) 

C(w) and D(w) must also satisfy conservation of 
energy, giving the following restrictions on the Ci and Di. 

" Co*Co+C*CI+- "+C.*C,+Do*Do+DhD 

+D *Dn 2=(Io), ( 

+D,-_*D.=o, (B7) 

CO*C+C*Cc3 +""-+C 2C. +Do*Dh+D- Ds+"". 
+ D._ -2D.=0, (B 

Co*C,+Do*D,=0. (B9) 

APPEffDIX C 

This appendix gives a systematic and rapid method 
of calculating the input to a stage, once the output is 
known. This is simply a formalized procedure of solving 
for the F1 -' and S-' of (12d) once the F " and S "are 

EQUAL-LENGTH CRYSTALS 

known. The expressions are similar to those of Appendix 
C of Part I but differ somewhat due to the complex 
quantities involved.

We begin by defining Fj-_i and S/ in polar form: 

Fi_=IF, -jIexp(if,-,) (Cl) 
Sg= ISAI exp (is/). (C2) 

Using these definitions, we find the expressions for 
-the F - and S in matrix form 

r a6) fF 1~ 
S 11,=iF1j2+13j121j* i _FjIJ" 

LFJ-J F,-_ S" (C3) 

)Sj-jSt' jI exp(ib,)-expffs/J F,' 7 'Fj ut]
~i 

flIjL~j) . SI~'i'~SIJ(V1 
1._siJ- LF,-_ Sti (C4) 

-As before, the calculated values Fi-Ii ' and Sos-' 
should always be zero. 
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Birefringent Filter for Millimeter Waves
 

BERNARD M. SCIIIW:MAN, MlNIILtu 

Abstract-A scale niml'd! (r,= 20 GI1,) of a Sole-vin' hirefringent 
waic,filler for inilioetvr wavelcgh,i dstrltd'i. 't hc Ill l o htt (1 
tfie cascaded idenfical half-. eiplates, or crysaI%, each composed of a 
atificial anisol rome cljielecltriced nwcjithil its reference ax~is tilled at 
mine precrihd angle to the piane of the input ilbhrinttion.The design 
Rtd analysis ofan idinidual plate, ushigColli's second-order theory of 
the birefingeace of artilcial ,.isotropic dielectrics, and the analysis of 

..muticlennt filters (hiters ComoseO d t- i.) plllat s), aided by lI 
:-matrix method, are discussed. The eperintenal filter "as tested in the 

mnge of 18 to 33 GIi,, and its ineasured perfornue was foind (o 
compare well with the theoretical performance over a major portion of 
the range of frequencies used in the tests. 

A syntlsis procedure for optimum (equal-ripple stophand) response 
multielement filters is given, together with tables of plate angles for such 

* iters. In this procedure, the Dolph approximation and the Harris syn. 
-tiesis are combined, 

1. INTRODICTION 
A. General 

S ESCOPE of this research included the design and 
j testing of a scale model of a plate of artificial bire-

fringent medium for the millimeter-wave region, the 
construction and testing of an experimental filter composed 
of several plates, and the investigation of methods of syn-

Ithesizing optinmum configurations of the plates of a filter,
'with a view toward providing convenient tables of filter de-

igns (plate angles). 
7 Optical filter techniques that were originally developed 
to exploit the birefringence property of certain naturally oc-
curring transparent crystals (such as quartz and calcite) can 
be adapted for nuilhrmeter or shorter wavelengths. This idea 
was first proposed by one of the authors.iin 

Birefringent filters were first invented in 1933 by Lyot,tl 
aFrench astronomer. These first filters required crystals or 
plates of unequal length and lossy polarizers between each 
pair of adjacent plates. Later, SoleI-'-tGl in Czechoslovakia, 

'inivented the form of filter in which all plates are equal 
lkngth and only two polarizers, one at each terminal, are 

-roquired. The birefringent filter has recently been further de-
'vloped at Stanford.I.Si Tile Sole-type filter is the subject 
'of this article, wit leiplftsis oil the design of filters with 
* qual ripples i tile stopband. l'I 
Z 	 ptical birefiingent filters have %,crynatow lpassbands,tlq 
owing to the large number of optical wavelengths in the 
path through the birefringent material. Tile presentation of 
inexact design theory, plus nimerical tables, shotld there-
fore be of sonie significance. The experimental confirmation 

Manuscript received October 26. 1967; revised February 5, 1968.
.This work was sponsored by the NASA Elceronics Resarch Center, 
Cambridge, Mass., under Contract NAS 12-126. 
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of" itheniCs ilalitq to III(' tii i)i',eitchjl'.'ni lillc lit 
nnlhlile[ teW ve lt [It vi;Vlt'Cdli ted tat .1 CCIutin tCl wave­
lcigl hs, and It was thus tcnionstrated that hircfrigeit[ filters 

Cal also be const tcted and operated down to mici owave 
fequcne ies. Ilere they atie equivalent to drectinnl t1111(n­
releeting) filters, and should be suitable for use itt higher­
anode-f[ c ben wavegn dls, patLieuIa y at iillhi meter wave­
lengths. 

Other lilt design techniquesi ll 11 oinn to both 
"optical and muicrowavc technology are not discussed herein. 

B. The BireJ'n'hgent Eilter 
The birefringent filter is a four-port, intrinsically reflection­

less passive device. Its mode of operation is similar to that 
of a directional filter in muicrowave technology and is differ­
eat fron conventional ieflcetion-type filters. The four 
"ports" are sinply the two oi thogonal polarizations of a 
plane wave at the input and output ends of a birefringent
filter. The filter response depends on: I) the length of a 
plate, 2) its birefringence (differential phase shift per unit 
length for the two polarizations, which is a function of fre­
queney), 3) the angles between the plate axes and the input 
polarization, and 4) the choice of output port (angle of out­
put polarizer).

A transmission line equivalent circuit of the birefringent
filter is shown in the Appendix. 

C. The Bircfringent Plate (Filter Component Element) 
1)General Propertiev Requiredfor FiterWork: The tern 

birefringence means double refraction as applied to an un­
polarized beam of light striking the surface of an anisotropic 
plate, as shown, for example, in Fig. 1. Howeser, the condi­
tion tinder which no beamsplitting occuts, as shown in Fig. 
2, is precisely that required for birefrinaent filters. In this 
report, the reference axis will be a direction normal to the 
optic axis rather than the optic axis itself. Here the optic 
axis, also called the fast axis (of polarization), in con­
formance with the characteristics of the lanninated dielectric 
satdwieh type of at tificial birefringent nediun used in the 
iitci s desctibed herein, is noinial to a lamination. 

2) T'ihelhtif Voce late; Cascades "! ll/ Ih-I.'acc Plats: 
Fig. 2 shows a bitefringent plate that we will assume is 
inpedance-matched to free space. We further assunle that 
linearly polarized waves normal and parallel to the plate 
reference axis suffer a dill'erenttal phase change of 180 
degrees atfo. the design center frequency. 

Note that in Fig. 2 the output wave is at an angle 0 to 
the plate axis. Thus. a rotation of the axis of a half-wave
plate by an angle 4 Irom the plane of polarilation of tile 

incoming wave causes the plane of polarization of that 
wave to be rotated by an angle 2%3.The horizontal and verti­

http:i't:i.l.OW
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Fig. 1. Optical birefringence An unpolaried ray 
into two linearly polarized rays. 
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oflight is split 
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WAVE (REFERENCE AXIS) 
NORMAL


(In) 
Fig. 2. Rotation of the plane of polarization of a linearly polarized 

wave by a half-wave plate. 

cat components of the output wave are 

: .rflulIl¢fllrtltl['hll
 

lonid t,, ' nof Atil:,,t 
nt filler fur millimeter 

icqniics an artificial biefringent crystal or medium. 
Our choice was the air-dieleetric sandwich, which has been 
analyzed by Collin.I Cullii's .econd-orde theoiy or bire- . 

a ghefli 

iingence in an air-dielectric saiulwichlnalci ilenables itsto 

predict how the bi liinlgeiice-ve: sus-fi equency function 
deviates from lincarity ald helps us to choose suitable dinten­
sions for the liltcr st ucture. 

1. DESIGN OF AN Awtilit CAi lIREFuNclNT ['LATE 

A. The Anivotropic Medtan 
Rough plate dimensions were calculated, based in general 

o the equipment to be used in testing the filter and in par­on 
ticular on the cross section and extent of the radiant beam, 
that could be generated. On that basis, it was decided to 
make each plate aperture ten inches square. so that it would 

encompass the test beam, and to make the length of the filler 
not much greater than its width to minimize the effects of ­

any beam divergence. An upper limit of about three inches 
was thus placed on the thickness of a single plate in, say, a 
four-element filter. 

Fig. 3 shows four possible response shapes Or a four-plate 
filter. The lowest passband, at frequency f,. was chosen as 
the main passband (the lower right sketch in Fig. 3), in 

Ar', = LN Cos 20 and E'n = l'N, sin 20. (1) order to keep the overall length of the filter reasonably short. 
The width of the passband to the half-power points was 

When 0=45 degrees, it is seen that the half-wave plate can computed from an approximate formula derived from one 
become a one-element filter, because all power at frequency given by Solc31 (also approximate) for filters with equal plate 
fJ emerges as a horizontally polarized wave (E,= 0, Eat= 1). angles 

Consider now, a cascade of two half-wave plates. Let j,be 
the angle of polarization at the output. It can then be shown f/f, --1.2/Nk. (4) 

that Here, N is the number of elements or plates and k is an 
,3 - 13 = 1/2J, (2) integer representing the order or the passband. In this case, 

is the general solution for the necessary plate angles of a 
two-plate filter. 

D. Frequency Response of a One-Plate Filter 
Consider now the complete frequency response of a 

single-plate filter with unit input. Instead of a frequency 
variablef, we will use the birefringence parameter -, which 
is one-half the differential phase shift of the plate. The fre-
quency response of the single-element filter is given by the 
well-known formulas 

we use k= 1.According to (4) for N=4 and k= 1,we can 
expect passbands of the order of 30 percent of the center 
frequency. Each plate would thus have to be matched over 
a wide band by tapering or stepping the edges of the dielec- ]: 
tric laminations. These were made of Rexolite 1422 (relative'
dielectric constant K,,=2.53), which has good machinability ­

and dimensional stability, as well as low loss. 

B. Design of A Half-Wave Plate 
The plan for plate construction, excluding framework, is-X 

shown in Fig. 4. Heic, t is the nia\inun thickness of the 

diclectiic material ('Rexolite) and S is the spacing of the 
/""tcos 7 ati Ln - J sinl @.() sheets of this nlterial. I the lapcicd regions, which occupy 

Equation (3) is based on an assumption that at y=r/2, the 
fast axis advances the phase by 90 degrees whereas the 
slow axis retards the phase by the same amount-all re-
ferred to some output reference phase which these equations 
state is zero.' The plate angle is$=45 degrees. 

'Physically, the rate of change of phase with frequency is proper-
tilonl,to nme delayand must be positive. There is no similariestrction 
on phase, and the initial value of phase is like aconstant of integration
that may be assigned an arbitrary value, conveniently zero. 

two-thirds of the plate length (thickness), the sheet thick. 
ness t'varies linearly from 0 to tover more than a wave­
length for both polarizatlions. yielding wide-band impedance 
iatching. The normalized design parameters for the con­
posite material arc th,:ratios tuS ror the inner region, t'7S 
(varying from 0 to t/S) in the two tapered regions, and SX 
where X is the wavelength in free space. The reference axis 
is parallel to thz thin edge of"a sheet of dielectric. 

d r i ib 
The most efficient use of the dielectric laminations isob-'. 

tained when the ratio i/S is approximately 0.5. The birKV 

226 ci Jhl A L,' illJ.5 
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Fig. 3. Fundamental rcsponbc ch,,ractcrisiics or 

equal-length birefringent filters 

A B a C D 

Fig. 4. Sketch of the internal construction of an impedance-matched 
artificial birefringent plate. 

fringence for the static case is then near maximum for a 
given material. When frequency effects are considered, as in 
Collin's theory, 11' the optimum ratio is a function of fre-
quency and generally is less than 0.5. Excitation of grating 
lobes will be prevented if S is less than Xa. where Ad is the 
wavelength in the material of the dielectric sheets.- With a 
relative dielectric constant of -d= 2 . 53 and a free-space wave-
length of 0.59 inch (at fo=20 GHz). we find that S/1 , 
should be no greater than 0.628. A sheet thickness (t=0.125 
inch) was chosen for the plate, and the value t/S was chosen 
as 0.4, which provided near-optimum efficiency, according 
to calculations based on Collin's theory. Combined, these 
values yield S/G= 0.53. which is less than the 0.628 calet-
lated above for the allowable ma\inuat with respect to the 
generation of grating lobes. 

The dimensions of each tapered lamination are given It 
Fig. 5. These dimensions were based on interpolated data 
with respect to the tapered regions, and the complete plate 
was designed forj ,=20 GHz. A direct Iccalculaiion of the 
center frequency, rather than an interpolation from previ-
ously computed data, yielded f 0 =20.35 GHz as the half-

IThis limit is for the extreme case, i/S-. 
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'lg. 5. Sketch of a pite tdlination. showing dimensions. 
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Fig. 6. Front view of a half-wave plate assembly. 

wave plate center frequency. A sketch of the front view of 
the plate is shown in Fog. 6. 

C. Test Results oni the Haf-Wace Plate 
Two horn-reflector antennas were lined up in parallel 

(without the half-wave plate) so that the" maximum signal 
. (which was made the reference level) was received. The test 

frequency used was 19.9 GHz. The half-wave plate was then 
inserted midway between the transmitting and receiving
antennas, and at various positions, the level of the received 
signal was noted, and compared with the reference level. 
The results are plotled as attenuation (ilB) vei mis orientation 
of plate (degices) in Fig. 7. Two experimental curves of this 
characteristic, plus a theoretical curve based on (I) are 
given in Fig. 7. 

In addition to testing the plate near the calculated value 
off, at various angles, tests were made to determine the ac­
tual center frequency. These yielded a center frequency 

fo=20.65 GHz, with an estimated measurement accuracy of 
±0.15 GHz. (Later measurements on a filter composed of 

'five identical plates gavef,= 20.4 GHz.) 

http:fo=20.65
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04 

-"THEORETICAL 	 0 " 60 
N 	 0 12 24 36 48 60IMETAL 

%FEQUENCY - 014:00_16I20 30 401 
ORIENTATION OF PLATE 	 Fig. S. Computed relative power of the direct and orthogonal outputs 

-deg 	 o ra five-element equal-angle filter with the filter-element structure 
of Fig. 7. 

Fig. 7. Theoretical and experimental direct-wave transmission of a 
linearly polarized beam through a half-wave plate for varying 
plate anigles. 

In naking the &scribcd measurements, it was necessary 
to fully absorb or divert (that is, reflect out of the system) ­

the output wave orthogonal to the desired wave. Since the RSOSC 

undesired component was horizontally polarized, plane 

gratings made of parallel thin wires spaced one-eighth inch ­
apart were placed on each side of the test plate. The wires 
were horizontal, and the grating planes were at 45 degrees ,MEASUREO 

to the propagation path. The undesired component was thus 
reflected out of the system, while the desired component was 0 , ,- ZO 2 - 0 3 4 

.transmitted freely through the two gratings. Also, thin M UNY-

absorbent cards were placed inside each horn so that the Fig. 9. Measured and computed attenuation response of the orthog­

desired component was transmitted freely and the undesired onal (bandpass) output of a five-element equal-angle filter. 

component was absorbed. These precautions were necessary 
to provide proper termination of all four possible ports of however, this is only because their amplitude is impercep­
the network. tible on the scale used in Fig. S. These minor ripples are 

In this first test on a single birefringent element, there shown in some of the following figures. (There are actually 
appeared to be little or no reflections from the plate; the two ripples in the lowest stopband-four in all the others 

insertion loss was found to be very low, the measured center of a five-element equal-angle filter.) 
frequency was quite close to the design value, and the 
transmission-versus-plate-angle characteristic was generally B. Test 
close to theoretical. The five-clement folded-type filter was tested as a band­

pass filter over the range of 8-35 GHz. The test results to-

III. 	DESIGN AND TEST OF A FIv-EEMEN-r FILTER gether with the calculated response (filter attenuation versus 

frequency) are shown in Fig. 9. (The method used in cal-
A. Design culating the response of birefringent filte'rs is outlined in the 

The formulas used here for the plate angles of the folded next section.) Here, measurement accuracy depended on 
type of filter are precision attenuators. Photographs of the assembled filter 

respectively.
S=, (i odd), fi = - #, (i even), (5) and the test set-up are shown in Figs. 10 and 11, 

The experimental points plotted in Fig. 9 were obtained by 
and two methods. In the frequency range above 22 GHz, the 

00 degrees (6) measurements were made at discrete frequencies; at lower 
frequencies, the frequency was swept electronically. The 

where experimental points in the tegion below 22 Gliz also in­
S-45/Ar th-g'", (7) eluded soie point-bv-point IncaMulcments as a further 

check. The reference levels were measured when the test 

= 

Four additional plates identical to the first test plate were horns were (polarized) parallel and the filter was absent 
constructed so that a filter with up to five plates could be from the path of transmission. The receive horn was then 
tested. The computed response of a five-plate filter is shown rotated 90 degrees, causing the received signal without the 

in Fig. 8. filter in position to be attenuated by about 40 dB or more. 
The dashed line in Fig. 8 is the complementary output The filter was subsequently inserted- in the path of trans­

(absorbed component) of the five-element filter and is mission and the signal lcel wa :again measured. 
labeled "direct wave," since its E field lies in the same plane A plot of the. filter response for the bandstop mode is 

as the input wave. It would appear that the stopband rip- shown in Fitt. 12 ovr"tlie range 16-33 GIl. For reference 
pies, other than those closest to the passbands, are missing, purposes, thti ,4j4lat&theoretical responses of both modes 
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Fig, 10. Photograph of fthe¢prmaa fivcelniet flter. 
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Fg. 11. Photograph of the instruancriation used for rnm suring the 
attenuation versus freqtcy reFponse of the filter of Fig. 10. 

are€plotted on the same scale in Fig. 13; however, here the
abscissa is the-birefringence paramtetfrh so that there is no 

_c.wding orthe response shape in the upper part of the 
spetrum such as occurs when rrequency is used as theindependent variable (Figs. 8. 9 and 12). The filter response 

shown in Fig. 12 was made with both antennas aligned paral­
, and they remained so throughout the test; no rotation 

of a horn was required. 
9 and 12) Lend to confirm theThe test results (Figs. PiOOe 

validity of Collin's wcod-order theory of the bircfringnce 
of+artificial anisotropic dielectrics.'"' and Sol's theory with 
repect to equal-length birefringent filters.111Solc had, of 

course, constructed filters at optical. frequencies, while the 
ork at Stanford Research Institute was done at frequencies 

manyordes omagitue loeran 
The deviation of the measured points from the computed 

line in the upper stopbuand (Fig. 9) may have been caused 
y trapped rsonant modes of the undesired (direct-wave) 

msponse, in turn due to imperfect horns and the qu-si­
aFig nature of th43ppuete 

OMIGIWA. . (S,AGE 

Fig. 12. Metricdi cok re. rtnw of"the. filter of Fig. 10 for¢tmputedI 
the: direct wave (ha~ndstop) niode.lidsl
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angle filer with ,the indpent variable.Fig. 13. Computed attenuation mn,so Or the five-clentt equaml-

IV. ANALYSIS AND SYNTHBIS 
A. Acalysis Filters wioh Equa-Leirf litsteo 

Evans["'l has described a method of calculating the re­
sponse of birefringent filters composed of equal-length ele­
mets using a matrix multiplication technique attributed tojonds.'4 4 f 

A complex output wave %.ctorEOVt' is found by pre­
multiplying the input wave vector TI. by a matrix [M]representing the bireringent filter 

-(8) 

angl heideedtvribe 

a 2X 2 square matrix. ts 
The wave vectors arewih.,atwo-cienient column vectors and M is 

. _ Ex El.v
 
:t'OU - xl'')a d zl", 

The X- Y nd V-I[ axes are independent, with the X axis at 
angle 0, to the Vaxis. Expanding (15), we obtain 

E, = M1nEr + M[i2EH (9)
a 

ttnt,= aio + 012Li' tEV.of -n. (10) 
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For a Nertically polairized input wav.e of 
(E,- = I I, ,=) compo Cthe output wave l tls 

*. = .1/ t' = 312. 

The matrix for it plate is given by 
0

Ic" (1 ,I 

tI.ANS:%I I I )NN (1N %I1( 4 It I I, Y)rAND T11INIQItFN, JINK 1l 

unit amnplit Icpriodie in -yan1d of comni se. oilike a CThclbyshev polynonitl, 
ale seen to lh it is always linlite. 1 lie power series is then rewritten in the 

I f'orm or a Fourier serie., :is requircd for the IHarris synthesis 

(1.2) 


where, Is before. 2 -y is the differential phase shirt of the two 

orthogonal waves on the principal axes of the plate. The 
matrix for a rotation by an angle 0 is 

- oso -sin\ '(1) 
[,'I ft Ce ) 

The [S] matrix rotates the wave vector and plate (as a sys­

tem) so that the plate axis is aligned with the vertical axis,((An 
and then rotates them back again to the original angle. so 
that the vertical and horizontal complex components of the 

output vector are obtained. This is done for a single plate 
through a combination of premultiplication and post-
multiplication by the [S] matrix as follows. 

:U= (14) 
For several plates we obtain a chain matrix, which-after a 
simple substitution-can be put in the following form. 

K•UT[I[ 
(15)

~3) 

Here the pi are the plate difference angles. Equation (15) is 

easily programmed, and it has been used to compute filter 
responses. Since the independent variable in the [P] matrix 
is y, the frequency response of the filter was obtained by 
substituting frequency values corresponding to values of -Y 
used in the filter response calculations, that had been cal-
culated by Collin's theory["' for the specific plate structure 
of the filter. 

B. Synthesis of Optimum Response Filters 

1) General: Harris et al.I' described a general procedure' 
for the synthesis of lossless birefringent networks. 

The first step is to find a Fourier series representation of 
the desired response. Dolph's 7 method of obtaining a 

Fourier series with equal-amplitude ripples is employed 
here as the first step in the synthesis procedure, then the 
Harris method I' is used to obtain birefringent filters with 
equal-amplitude stophand ripples. It has been found coil-
venient to construct a Fourier cosine series with passband 
at zero, leading to a fan-type filter. 

2) Finding the Fourier Series: Dolph'sti' design method 
is to take the coefficients of a Chebyshev polynomial term 
by term and make them the cefiCients of a polynonlial In 
the variable (cos )y with the same equal-ripple behavior as 
the Chebyshev polynomial; however, the new function is 

This shall be known throughout the rep&WS the Haris pro-
ccdure or m-thod. 

Pan of the Ch",sh L functior isdiscarded in this procas. 

procedure. A scaling procedure must also be used. This is 
done before the substitution of the variable, described 
above, is 1made. Its purpose is to transforin the equal-ripple 
region of the Chebyshcv i oi iii ,l from peak values of 
+- I to +t where t i, the peak anplitudc of the wave in the 
stiplatnd. relait i to the rn)iit wavc, and to sinmultaneously 
lix the width of the passtaud a't the t l The two results 
are interdependent. 

We will not go into the details of the Dolph method since 
this has been covered very adequately in the literature. The 
cosine series is next converted 
illustrated f'or the case N= 5. 

JlLi&Y) y-efi 

Ifi 

+ lgy) e- + 

+ C ) ,-A. 

to an exponential series as 

1A 1\ 
+ 

/A\(1)1g G- (16) 

Equation (16) is in a form suitable ror use with the remainder 

of the Harris procedure, which is given in outline form in 
the following section. 

Network Srilhesis (Findig the Plate Angles): The 

next step is to find the orthogonal output. (We assume, at 
this point, that the coefficients of M(7y) have been corn­
puted for a particular value of A.) By conservation ofenergy 

, + / 1. (17) 

This equation states that the total output power normalized 
to the input power is unity at all frequencies in a lossless, 
nonreflective, birefringent filter. Equation (17) is then solved 

for IM [ 

j . = I - j . . (18) 

M., is in the form of an exponential series. How to find that 
series from iM - is explained by Harrisi using a pro­
cedure described by Pegis that includes complex root-finding 
methods. (During this process, one-half of a set of 2N roots 
are chosen for use in ensuing operations, and the remaining 
roots are discarded. The correct roots to choo.e are those 
with absolute magnitude less tham or equal to one.) 

After the exponential series M., has been found, a matrix 
multiplication method is used to scquentially find the plate 
dillrence angles p,. This series of steps starts with finding 
the output polarizer difference angle p,= ,--.v. and then 
works backwards from the last plate difference angle, py, to 
the first. pi. thereby obtaining the p,of every pair ofadjacent 
elements of a fan-type filter. Then, by changing the signs 
of alternate p,of the fan-type filter, we obtain the design of 
a folded-type lier, and inally. the plate angles . As cx­

plained earlier, this implies a change of the output plane of 

2 3zi 
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polarizaition fromt [ie lticet to the oiliogouai wave. boil ~ ~ T F V F 
this change is ttulatically ticcoilpli shed by tie sign re­

aI tinatC p,, including ti. 

4) An Equal-Ripplo Desg, (N-5): The response shape ofo, .


versal of all tile .l tO$I41M'M+ 

." I 
"an optinurn design is shown in Fig. 14 for a Foiled-typefilter with A=.Tile abscissa itlevatriable -y.Since the 

response is Syllnieti tcal with icect to y= 90 degrees, only 
the lower stopband and half ofthe first pftssband are shown., 
The edge of the stopband is y,'=43.4 deglecs, and the 
ripple level is e=0.02 . Tile exact plate angles obtained from 
the synthesis by computer are 

3= 

/32 

' 


[3,' 

13G'= •1.902-10 degrees 


= = - 10.1365 degrees 


= 14.9221 degrees 

= 10.0 degree. 

computer synthesis wasThe input for tile y,=46.6 degrees 
for the fan-type fitter, corresponding with -y,= 90-46.6 

=43.4 degrees, the edge of the stopband of the folded-type 
filter response of Fig. 14. 

5) Formulas for Equal-Ripple Filters with Any Vahe of N: 
In order to compute the plate angles for any value of N and 
various values of yl, the following iterative formulas were 

developed. These formulas give the Chebyshev coefficients, 
the coefficients of the two Fourier exponential series M, 
and IM-ils, and the coefficients of the polynomial (AS) of 

.the Pegis procedure, as described in Harris.t7 
] 

a) Chebyshev Coefficients: The coefficient of y" of the 
Nth-order Chebyshev polynomial of the first kind T.v(y) is 
given the notation t vk for N both even and odd. An iterative 
formula for tile txvk
isthen 


LNL = 2 tA.k.- - IA_2j, for k = I to N (19) 

efollowing iial condiions: 
"
 = (--) ', for N even, 

t'vo = 0, for N odd, 
= 1, 

fork>1,D,-
tN-., 0, for k > (N - 2). 

b) Coefficients of the Fourier Exponential Series M11: 
First compute efrom the Chebyshev coefficients5 

-t=Z+,xay, for k odd. (20) 
kl 


We then have for the coefficients of the cosine series, 

L 

AX-A = 

N- (21) 
(+t,v,.V-k ."
 

____ -­2t.2-0)tv..uJ-2),N-k) • 

sAn alternate procedure, replacing (20), would be to choose Ein-
stread of -', and then compute 

I I-­
:1:1. 
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Fig. 14. Computed relative power output of a folded type of equal­
ripple five-element filter. 

The Av- values are to be computed for even values of k, 
over the range k =0 to N- I. Note that if k=0 in this equa­
tion, the summation term is understood to be zero. The 
coefficients of the exponential series M,1 ((16) in general 
form) are then obtained from A.v- values as follows 

(N - 1) 
e; = C,., = A.vz2,, j = 0 to (22) 

These are analogous to the coefficients of c"c) in Harris' 
eqs. (2) and (20)111 and are given in the same order. Here, 
unlike its function in the previous cosine series, the sub­
scriptj does not directly indicate the power of the exponen­
tial variable. 

c) CoeJficients of the Exponential Series IMu[ 2: 

V 

1- C 2 (23) 
k-O 

and 
XN-1 

D = - CC;+k, for k = 1 to N. 

Here, again, the Dk coefficients are analogous to those of 

D(w) in Harris' cqs. (8) and (21), and they are given in the 
same oider. 1 

1 

d) Coefficients Bx of eq. (AS) in llarrr Method: First, 
construct tilefollowing set of numbers. 

= RR kjL-i+ Ri,.-2, i = 0 to .Y, A-= j Yt, (24) 

excluding those R,& iii which (Q+k-) is an odd number, with 
the initial conditions 

R4,= 1 fur all j 

-
y,-' = cosh cuI -I-1 , and -Y = cus t Iw.." fork 0.
I u5 2 k 

http:Harris.t7
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Pegis polynomial (coefficients in 
eq. (AS) in Ilirrisre at.(") are then computed for k=0 to i procedure lire those with absoute anis less than or 
The coeficients of tile 	 or this paper. tle proper roots of M20 2 to use in the synthesis 

witude 
v.k jua to One. 

=? ( l~I11k41Y I- d (25) e) Dkcsian: OF' further interest a±re the comlputer­
determined distributions of the one real zero and the 

with the summiation over] to be made only for even values (IV- 1)/2 pairs of conjugate zeros or thle Pegis eqs. (AS) and 
ofj !(N--). (A1I0) in IHlt is.7 tOr the- fan-type filter. Here, [hle variables 

The remainder of the synthesis procedure is as ,.iven in are Y' and X, where I= X+ X". The zeros of ell. (AS) are 
ef alI''I It requires complex root-finding procedures. round to lie onl .tn ellipse, thle major axis of which lies on the 

the reconstruction of the polynomial M- from half of the real ,\is of the Y-plane. The roots are equispaced on the 
root factors of IM211. and matrix multiplications for deter- ellipse in the eIbe that they areprojections (toward the real 
mining plate angles. As mentioned Section axis) of N equispaced points on the circumscribing circle,::. 

-Harris 
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with conjugate rools in both the right and left h+alf-planCS, the tables 
and the one real root at the vertex of the ellipse Y=2. The values for 
sen imajor diamet4x of the ellipse isa=2+h,where 0<h<2. from the 
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were compnlcd, are within 0.1 till of the nominal 
most of tie cases listed, the greatest deviation 

nominal value being 0.22 dB, and these exact 
The point Y= -2 appears to be the opposite focus of the cl- values are given directly below the lust given value of 1' for 
lipse. Furthermore, tile h. each case. Since the rohled-type filter is synmctrical aboutcenter of the ellipse is itY= -
The locus of the half-cycle in y, 0<y<-/2 (see the lower 
left sketch of Fig. 3,which shows a full cycle or the Elthogo-
nal response of the fan-type filter) seemingly is transforned 
in the variable Y to -2< Y<2 on the real axis. The equa-
tion for such a displaced ellipse in the (Y, Y) plane is 

- +h) )2 
( + -- = 1 (26) 
(2 + It) 2 Sh 

where Y= Y+-JY2 . This distribution of zeros is to be corn-
pared with the zeros of IM2,12 in -the variable y/Y, 

1121 -= I - e' IV2 . (27) 
(\Y) 


Here, the zeros can be shown to lie on al ellipse centered on 
the origin, with 2Nzeros (2 of which are real) that are equi-
spaced on the ellipse in the same sense as stated above. The 
locus 0<y<r/2 is transformed to O<y/yl< l/y' on the 
real axis ofy/y,. The exact location of the zeros, derived by 
amethod illustrated by Weinberg,i] are 

(y\ /kr\ /L-\ 

- = s -)}cosh -' - j sin W) sinh.y.I(28) 

for k = 0, 1, 2, .- , 2 1V- . 

It should be possible to find the coefficients of M2, by 
formula, rather than by general (polynomial) foot-finding 
procedures, as was done here for the tabulated optimum-
response filter designs. The two zero distributions are linked 
by eq. (A8)?i whose zeroes were found to lie on a pear-shaped 
curve. The vertex of the curve is at X=1 and there is one 
real zero at X= I, and (N- 1)/2 pairs of conjugate complex 
zeros'(absolute magnitude less than one) arrayed around the 
origin, on the rounded portion of the curve, which is almost 
circular in shape. The locus of the half-cycle in y, 0<-y<r/ 2, 
ishere the unit circle starting at X= 1(y=0) and ending on 
X= -I. As explained in Harris,(71 these zero locations are 
obtained from those of eq. (AS) by the solution of a qua-
dratic equation. 

V. DESIGN TABLES FOR OPTMUM RESPONSE FILTERS 

The design tables in this section give the plate angles 3/ 
of the folded-type filter for all odd values of N from N= 5 to 
19,and for N=25 (see Figs. 3 and 14). In each case, five 
separate designs are given for various values of the stopband 
ripple parameter e.Tables I-IX give the value of ein terms 
of attenuation L,, defined by 

L, = 20 log,, c t dB. (29) 

The output wave is orthogonal to the input wave for these 
designs. Heading each column are nominal values of L, 
from 10 to 40 dB. The exact attenuation values, from which 

a central plane, only the first half or the g' values, including 
i=(N+1)12, is given in the tables. The angle Y,' [from 
which L, (exact) was computed is also given for each 
design. 

Tile approximate values of attenuation (nominal values) 
were found by interpolation in published tables of the 
squared Chcbyshev functionh3i listed against values of N 

and yl-. A more direct approach would have been to solve 
the equation in footnote 5 for exact values of )-, for givenvalues of f. Several of the designs, including N=25, were 
analyzed by the matrix multiplication technique of (I5). and 
the responses at ihe ripple peaks were found to be within a 
few hundredths of a dB of the exact value of attenuation. 
The f3,' values (i= I to N) were computed in sequential 
order from 3W'to 3'and were found to be symmetrical to 
better than 0.001 degree for the N=25 designs, and to bet­
ter than 0.0001 degree for the designs with lower values of 
N, with increasing symmetry as Ndecreases. Since the tables 
give 0' values that are rounded off to the fourth decimal 
place (in degrees), all listed values except for N=25 retain 
the full accuracy of the computations; for N=25 there is 
some (but not complete) loss of accuracy in the last decimal 

place. In any case, the precision of the tables generally ex­
ceeds the state-of-the-art of setting devices to precise angles.

A previously unsuspected feature of equal-ripple designs 

that is-brought out by the tables is the fact that many of the 
designs(those with the smaller L,values) have 3' values that 
do not alternate in sign. They do, however, alternate in posi­
tion about some average (nonzero) value of 3' and are there­
fore of the folded-type design. The corresponding fan-type 
filters have monotonically increasing 0 values, and both types, 
of course, are symmetrical, or antisyrnmetrical, about a cen­
tral plane. 

A formula for computing the plate angles of the fan-type 
filter from those of the folded-type design is given below. 

132= 91 + (31' - 132') 

g. = P2 - (32' - 6a') 

34 = 3 + (33 - 34) (30) 

3 =3,-1 ± (3.-i' -3/) 

4 = 3 + (dx' - 4') 
where the prime indicates the folded-type filter. The output 

filter 
response for the fan-type filter will be identical to that of the 
folded-type filter but shifted by 7/2 in y. 

The value of y' for a 3-dB loss in the passband may be 
computed from the following formula. 

polarizer angle 3, will be found to equal zero, arid tile 

7_-5"
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Fig. I5. Equivalent circuit for a birefringont filter. 

0.115} 

-
sill, (sin "y') cosh {O--- (L. + 3)]. (31) 

The primed values ofy denote the folded-type filter, and the 
values of 71' and L.(attenuation) are given in the design 
tables. 

Equation (31) is accurate for ripple levels of 10 dB or 
greater and may therefore be used with all the design tables 
in this report. 

VI. CONCLUSION 

Extrapolation of the results of research on the microwave 
scale model (reported herein) to millimeter wavelengths 
should not be difficult. The necessarily smaller size and 

reftheresulting structure would then de-
greater fragility of t621-625. 
mand different methods of manufacture from the standard 

machining techniques used for the scale model, 
The optimum-response birefringent-filter design tables, 

their derivation, and the numerical tables, represent an im-
portant advance in the state-of-the-art. The analytical tech-
niques and tile numerical results should prove useful at opti-

cal as well as millimeter wavelengths. Topics relating to arti-
ficial anisotropic dielectrics that are worthy of investigation 
include: 1) improved methods of construction aimed at 

making them light, compact, and inexpensive, and 2) study 
of the effects of reflections from interfaces between plates
and between a plate and free space, and means of dealing 

with such effects. 

APPENDIX 


TRANSMISSION LINE EQUIVALENT CIRCUIT 

An equivalent circuit for a birefringent filter is shown in 

Fig. 15.tli It could be constructed inwaveguide, for instance, 

using cascaded forward directional couplers. To make the 

correspondence exact, the coupling of the directional cou-

piers should ideally be independent of frequency (corre-
sponding to the difference angles between adjacent optical 
crystals, which are independent of frequency).

The difference in line length between each upper and 

lower connecting line is equivalent to the difference in path 

hetween lie two p lari'cd cuiponiecnts in each opti­

.a crystal. Tie amplitude coupling coeflicient isequivalent 

to either the sine or to the coine of the difference angle be­
tween adjacent optical crystals. 
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Achromatic Wave Plates for the Visible Spectrum* 

C, M. MCI.N'Tv ASM S. E. HIRRIS 

Stanford Uniuersity, Stanford, California 94305 
(Received 19 June 1968) 

We report the experimental demonstration of an optical quarter-wave plate having a retardation of 
90°-el in the region from 4000 to 80G0. The device is based on the synthesis procedure of Harris, Am­
mann, and Chang and consists of six sapphire wave plates with appropriately oriented principal axes. The 
device does not suffer from thermal or angular problems as do longer, narrow-band birefringent networks. 
Results comparing a 10-plate unit with the above 6-plate unit are given. 
INmx HE.aDGs: Wave plate; Birefringence; Sapphire; Crystals; Filters 

OPTICAL networks having prescribed transmit-
tance-vs-frequencv characteristics can be svni-

thesized by using recently reported procedures.'- The 
procedure for the synthesis of networks consisting 
of cascaded, equal-length, birefringent crystals between 
an input and output polarizer,' is also applicable to the 
design of certain networks which do not contain 
polarizers. In particular, wave plates which are nearly
achromatic over a large portion of the spectrum may 
be synthesized, 

In this paper we present theoretical considerations 
and experimental verification of the design of such 
achromatic wave plates. A quarter-wave plate consist-
ing of six sapphire wave plates which has a retardation 
of 90-_+1' in the region from 4000 to 8000 . is de­
scribed. We include a systematic method for the syn­
thesis of wave plates of any desired retardation as a 
function of optical frequency. The degree of approxi­
mation of the synthesized wave plate to the desired 
transfer function is determined by the number of plates 

employed in its construction. 
Achromatic combinations of birefringent plates have 
Work was supported wholly by the U. S. Army Research 

Office, the U. S. Air Force Office of Scientific Research, and the 
Office of Naval Research under the Joint Services Electronics 
Program under Contract Nonr-225(83).
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been discussed previously by several authors. Combina­
tions of plates having'different dispersions of bire­
fringence are considered by West and Makas,r who also 
cite references to earlier related work. Destriau and 
Prouteau.3 and Pancharatnam -10 describe achromatic 
combinations of two and three birefringent plates, 
respectively, where the plates are of the same material 
but different thickness. These procedures are however 
far less accurate than those reported here. .ks an 
example, Destriau and Prouteau give results for an 
achromatic quarter-wave plate with a retardation which 
varies from 830 at X=6100 A to 950 at X=5890 A to 
840 at X=4360 A. Achromatic retardation may also be 

FIG. 1. Basic configuration of achromatic wave plate. 

7 C. D. West and A. S. Makas, 3. Opt. Soc. Am. 39, 791 (1949).
8M. G. Destriau and J. Prouteanu, 3. Phys. Radium 10, 53 

(1949). 
9 S. Pancharatnam, Proc. Indian Acad. Sd. A41, 130 (1953). 
10 S. Pancharatnam, Proc. Indian Acad. Sci. A41, 137 (1955). 
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Io. 2 Basicconfiguration of optical network including polarizers, 

obtained by means of a Fresnel rhombi which makes 
use of the phase difference between orthogonal polariza-
tions upon total internal reflection. A disadvantage of 
the Fresnel rhomb is that the optical beam is displaced 
laterally during passage through the device. 

The physical configuration of our achromatic wave 
plate is shown in Fig. 1. Four crystals are shown here, 
but any number may be used. In the figure, a set of 
reference axes, the x. y axes, are shown as solid lines for 
each crystal. The broken lines indicate the principal 
axes of the crystals. The angles to which the principal 
axes df the crystals are rotated are the variables of the 
synthesis procedure. 

ANALYTICAL CONSIDERATIONS 
A. Review of Synthesis Procedure

The examination of the impulse response of optical 

networks composed of birefringent crystals is the basis 
for the development of a synthesis procedure for these 
networks.' The crystals are assumed to be dispersion
free and to have their end faces flat, parallel and normal tee nd ethig. nder tese cnt tn neionsallel 
to the incident light. Under these conditions, the net-
work shown in Fig. 2, consisting of X equal-length 
crystals between an input and output polarizer, has an 
impulse response gven by 

h" -H(f)
T-. Cj(1- mr), 

(1) 
C. =-f(i,,e2, . op,),


where L is the crystal length, An is the difference of 

wher L s telegthAn te diferncecrsta sindex of refraction between the orthogonal principal 

axes of each crystal, 0, is the angle to which, the slow 
axis of the ith crystal is rotated, p, is the angle to which 
the transmission axis of the final polarizer is rotated, 
and c is the velocity of light. 

In Eq. (1), the time origin has been chosen such that 
the first impulse appears at the output at 1=0. This 

" See, for example, M. Born and E. Wolf, Principle of Optics
(Pergamon Press, Inc., New York, 1964), p. 51. 
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choice is arbitrary; a more convenient choice is 

(t)- Z c (t-,n ). (2) 
m-V/2 

where the impulse response is centered around 1=0. 
The frequency-domain transfer function for this net­

work is the Fourier transform of Eq. (2) 

F_:)V5-Cme .... (3) 

Here H(f) is a periodic function of frequency with a 
period 7 determined by the crystal length and hire­
fringence. The desired arbitrary transfer function mustfirst be made periodic by extending it outside of the 
frequency range of interest. The transfer function is 
then expanded in the form of Eq. (3) and the synthesis 
procedure' is used to determine the crystal angles to 
yield the coefficients Cr.A If n is the number of crystals 
used, then the exponential series approximation to the 
desired function may have n+1 terms. 

B. Achromatic Wave Plates 
In applying the synthesis procedure of Harris, 

Anmann and Chang,' the transfer function H(f) is 
obtained between an input and an output polarizer. In 
general, the transmission axes of these polarizers are 
not parallel, and the angle between them is v,. This 
angle is determined by the synthesis procedure and is 
dependent on the -value of H(f) at f=0 (see Appendix 
B). Though achromatic wave plates do not have either 
an input or an output polarizer, they may be synthe­
sized by using the procedure of Ref. 1. 5" correctly
choosing the desired transfer function, and then simplyleaving the polarizers out of the finished network. To 
understand this, it is convenient to look at the two­
dimensional descriptions of an optical network without 

polarizers, using the conventional Jones calculus.13
 

In order to utilize earlier r~sults,l we define an x-y
coordinate sxstem where the x axis is parallel to the
 
transmission axis of the input polarizer and a u-v
 
coordinate system where the u axis is parallel to the
 
transmission axis of the output polarizer. We define
 

as the transfer function relating incident light
which is linearly polarized along the x axis to output 

light which is linearly polarized along the it axis. We 
also define G(f) as the transfer function relating inci­
dent light which is linearly polarized along the x axis to
output light which is linearly polarized along the v axis. 
By conservation of energy, these transfer functions mustBy teraton 
satisfy the relation 

H(f)H*(f) +G(f)G(f)= 1. (4) 

Appendix A shows that the Jones matrix for the 
network of crystals without polarizers can be written in 

"Experimental results for networks of this type are reported by
J. M. Yarborough ana.E. 0. Ammaan, J. Opt. Soc. Amt. 58, 776
(1968). 

n R. C. Jones, 1. Opt. Soc. An. 31, 488 (1941). 

http:calculus.13
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the factored form 

s inso, H(f) *(f)Gt (
Y s=n I -F 
Lino' cos~ iL-Go') H*(f) 

when expressed in the x-y coordinate system. The first 
matrix epresednt re -yotationat tem. e ands 
matrix represents a rotation through the angle ,and 

is independent of frequency. The second factor depends 
only on the desired transfer function H(J). 

To synthesize an achromatic wave plate of retarda-

tion 8,we take 
" Hd(f)=ejm, flf _f., (6) 

where Ois independent of frequency. From Eq. (4) we 
have G(f)=-0, and thus 

in,0 
- ' i f : f 2. (7)- cos0 i o ec f 

The second factor is identical to the Jones matrix for a 
conventional wave plate except that here 0 is indepen-
dent of frequency over the interval f, to fa. The first 
factor in Eq. (7) represents an achromatic rotation ofand 

the principal axes of the wave plate. 
Note that, unlike the conventional wave plate, theit 

achromatic wave plate includes a rotation through the 
angle w,. For many applications of wave plates, for 
instance the conversion of linearly to circularly polarized 
light or vice versa, this rotation is of no consequence. 
However, Appendix B shows that by placing a restric­
tion on H(f), namely H(0) = 1,then o,will equal 0 and 
there will be no rotation. In general, this restriction 
will require more crystals in the network in order to 
achieve a desired degree of approximation. In the special 
case of an achromatic half-wave plate, the network may 
have principal axes at no cost, in the desired degree of 
approximation. 

C. Approximation Problem 

The coefficients, C-, in the network transfer function 
of Eq. (3) are chosen to give the best approximation to 
the desired transfer function of Eq. (6). These coeffi-
cients must be real since they are the magnitudes of 
the delta functions in the impulse response of the net-
work. Because of this, the real part of H(f) must be 
even and can therefore be expressed as a cosine series 

Y12 
Re[H(f)]= Z B,, cosmnzr. (8) 

m.-


Comparing this with Re [Hd(f)J, we see that the choice 
Bo= cosO/2, B,=O for m>1 is exact; therefore, 

Co=Bo=cos0/2. (9) 

The Im ['H(f)] must be an odd function and can be 
represented as a sine series 

.V;--

Im[H(f)]= E K.smmor. (10) 

rn-I 

We now choose the Km's to give the best rms approxi­
mation to Tm [Hd(f)]. To do this, we could incorporate 
Im [Hd(f)] into a periodic function and compute the 
usual Fourier-series coefficients. However, specifying a 
particular function outside the interval fi_f <Afwhich 
would give the best approximation within the region of. 
interest is difficult and unnecessary. The optimum
approximation is obtained by minimizing the rms error 
only over the region of interest. With Tm [f (f)] 
n ove have 

-I Tsin--2 1s, f-o ' 
f[ 

This leads to X equations in X unknowns for the Km's 

h- A I+ K nBmi=. (12) 

where 
-


-i-= sin- sinltrd f 
and Jt 2 

Bmf=f sinnran sinkwrdf. 

The solutions to Eq. (12) give the coefficients K. 
which minimize the rms error over the range fi f<f0. 
For a wave plate of retardation 0, the coefficients in the 
exponential series (3) are 

C cos0/2 
Cr=-4K, m>O (13) 
C_=QK, m<O. 

The system of Eq. (12) could include another 
equation 

.±Ifh'- 0 v s a 0-- sin- Z2 K sinmwrj dr /' (m4) 
OTr IJqL2 - - ­

to optimize the period of H(f). This is a transcendental 
equation and does not lend itself to normal solution 
techniques. Numerical results show that the optimum 
period lies in a very broad minimum. Intuitively, we 
expect that the optimum period would correspond to a 
crystal length such that each -crystal would have a 
retardation 0 at the center of the band. Because of the 

but is veryrms criterion, this is not precisely the case 
nearly so, and this choice of crstal length is very close 
to optimum. 

EXPERIMENT
 

A. Example 

Am achromatic quarter-wave plate covering the, 

region from 4000 to 8000 A was chosen as an important 
example of the procedure. To synthesize this particular 
network, we chose r so that the individual crystals 
have a retardation of r/2 (not -r2__2 r) at the 
center of the band. This interval of interest extends

t2.3c(
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T.axL I. Coefficents in the erpansion of 11(f) for a 6- and 
10-element achromatic quarter-wave plate. 

Quarter-wave plate 
6 Crystal 10 Crysttl 

Co -0.052707 -0011329 
C,
C, 
C, 

0.0000 
-0.405376 

0.707107 

0.000000 
-0.077093 

0.0000O0 
C4C, 

0.405376 
o.OOOoo 

-0.419377 
0.707107 

C,
C7 
C& 

0.052707 0.419377 
0.000000
0.077093 

C, 
CID 

o.000000 
0.011329 

from f 1=3.75X104 hertz to fi.= 7.5X10'4 hertz: there-
fore 2irf0T=r/2, where fo=5.625X1014 hertz corre­
sponds approximately to the center of the band; thus 
r-=0.44XI - 5 sec. Equations (12) and (13) were used 
to calculate the coefficients of the exponential series 
that approximates the desired transfer function over 
the region f, to f2. These coefficients are given m Table I 
for two networks, one containing six elements and the 
other containing ten elements. 

The procedure of Ref. 1, was then used to calculate 
the crystal angles. These angles are tabulated in Table 
II for both the six- and ten-element networks. TII 

Finally, the resulting networks were analyzed using ach. Th 
computer program which includes dispersion. The 
results of this analysis show that for the six-crystal
network, 0=90=:I' from 4000 to 8000 A; and for the 
ten-crystal network 0=90*1St from 4000 to 8000 A. 
(These results are indicated-by the solid curve in Fig. 5.) 

B. Preparation of Crystals 

The material used for both the six- and ten-element 
wave plates was sapphire. This was chosen from a 
consideration of the periodicity requirements. From 
r=L(An)/c, we obtain L(An)= 1.333XI0- cm. Cry-
stals 1 mm thick were chosen for experimental con-
venience, yielding An=1.33X10-'. One method of 
obtaining this small An is to cut the crystals thatso 
light propagates in a direction which makes an angle 

TALt I. Crystal angles for a 6-and 10-element 
achromatic ouarter-wave plate. 

Quarter-w/rye plate 
6 Crystal 10 Crystal 

4426t 
7336' 93°10,


03 15036' 98056 ' 
, -29o18' 25'43t 

2 8042 , 19 57 ' 060 3 2906' - 25:02' 

07 - 19016'
' 53057 

-2o53t' 

ORIGINAL PAGE IF 
OF POOR QUALIT 
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( with the optic axis. For sapphire, a 0 of approximately 
7 , "­gives (An) ---1.333 X 10 '. 

Crystals 1 mm thick and 8 mm square were ground 
and polished. The retardation was measured with a 
S6narmont compensator, using a He-Ne laser (6328 A) 
and a conventional quarter-wave plate for that line.
The grinding and measuring process was continued
until all crystals were within 1/100th wave of the 

a ­
desired retardation. 

The individual crystals were then held as shown in 

Fig. 3. This gimbal-type mounting provides a rotation 
adjustment around three orthogonal axes for aligning
the cr-stals. These were mounted in an index-matching 
oil bath. The overall length of the device is 457 nm. The 
size was for experimental convenience only and has been
reduced to 51 mm in recent work. 

C. Measurements 
The measurements on the achromatic quarter-wave
Te m ea enon achmp i uctnwte 

plate employed axenon arc lamp in conjunction with a 
s prism monochromatr having 50- resolution to 

scan the visible spectrum. If linearly polarized light is 
incident at 450 to the principal axes of a quarter-wave 
plate, then this light is circularly polarized after passage 
through the plate. For the achromatic quarter-wave
plate, this property should hold approximately truefrom -bo00toe8000 A.d To-eemn conirttisoteravspat
from 4000 to 8000 A. To confirm this, the wave plate 
was placed between two polarizers, with the input
polarizer at 45' to the principal axes of the plate. Ateach wavelength, the output polarizer was rotated 

through 3600 and the ratio of maximum to minimum 
transmittance was recorded. This ratio may vary fromor ircla pored lht to ny forlinarlone for circularly polarized light to infinity: for linearly 

polarized light. A plot of this ratio vs wavelength for our 10-element achromatic quarter-wave plate is shown 
in Fig. 4. The computed ratio is indicated bv a solid 
line. The broken line indicates the equivalent ratio for 
a single crystal which is a quarter-wave plate at 6000 A. 
fn this figure, the measured transmittance ratio is 1.13 
or less, throughout the range of interest. 

- . ,.'
 

FIG. 3.Individual crystal holder. 
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FItc. 4. Eccentricity (a/b) vs wavelength for 10-element quarter-
%iaveplate. - - - single-crystal X/4 plate at 6000 . - theory.

e'perimenr, 10-crystal X,4 plate. 

From the transmittance data, the retardation of the 

networks can be inferred. The results of this calculation 
are shown in Fig. 5. Again: the broken line corresponds 
to a single crystal which is a quarter-wave plate at 
6000 A. The retardation of this single-crystal wave 
plate varies from 600 at 8000 A to 1300 at 4000 A. or 
700 over the portion of the spectrum where the retarda-
tion of the achromatic quarter-wave plate is approxi-
mately constant. The solid line indicates the computed 
retardation, which is 90[ 15' from 4000 to 8000 A. The 
experimental points shown agree with the theory within 
the expected experimental error. The computation lead-
ing to the solid curves takes dispersion into account, 

11o 

Ioo-

95-

-

5 
Q_ 

75-
I I I I 

500 6 0 0  4000 WAVELENGTHn A 7000 8000 

Fro. 5. Retardation vs wavelength for 10-element quarter-wave 
plate.--- sngle-crystal X/4 plate at 6000 A.- theory.... 
expenmeat, 10-crystal X/4 plate. 
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[FiG. 6. Rate of change of retardationwith crystal length vs 
wavelength for 6-element Quarter-wave plate. 

and we believe that the smaU discrepancies between 

theory and experiment result from experimental errors. 

DISCUSSION 

Because of the flat transfer function of the achromatic 
wave plate, changes of the variables that affect the 
period of the transfer function [explicitly, I and (An) : 
and implicitly. temperature] will not significantly affect 
the retardation except near the ends of the interval 
f 1 <f_< f2. Small changes of these parameters simply 
result in small shifts of the interval over which the 
retardation is constant: regions away from the edges ox 
the interval are unaffected. 

For example. consider the variation of retardation 
with respect to crysta[ length. For a single crystal, 
we have 

\d/dl=2f(An)/c= 15.7 (rad/cm)
at 

f 0 =5.625 X10 H-z.
 

For the achromatic wave plate, we have
 

8 0 Tm[H(f)] 
-=- tan­
81 al Re[H(f)] 

This expression has been evaluated numerically for the 
6-crystal network (see Fig. 6) for all wavelengths 

throughout the region from 4000 to 8000 A. With the 
exception of 200 A at each edge of the band. we find 

"dO rad 
-<0.5- "200 A<X<7800 A. 
il cm 

Q4q 
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The sensitivity of the retardation to crystal length is 
therefore better by a factor of 30:1 as compared to the 
sensitivity of a single-crystal wave plate.

The methods presented here are applicable to the 
synthesis of achromatic wave. plates of any desired 
retardation over any portion of the spectrum. The 
number of crystals necessary is determined by the 
required degree of approximation and the interval over 
which the network is desired to be achromatic. 
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APPENDIX A 
If the x, y coordinate system is chosen with the x axis 

parallel to the transmission axis of the input polarizer, 
then the Jones matrix for the network of Fig. 2 is 

S(.,'" 

S6POYS.I(Al) 

where N is the Jones matrix for a birefringent plate 
with its fast axis parallel to the x axis, P is the Jones 
matrix for a polarizer with its transmission axis parallel 
to the x axis, S(r) is the unitary matrix for rotation 
through an angle p, and the matrix A with elements 
a,1 is defined by the above relation. Then the frequency-
domain relationship between the input and output light 
vectors is 

D0 =M=.Di. (A2) 

In order to express the matrix representing an identical 
network, but without polarizers, in terms of H(f) and 
G(f) as previously defined, it is necessary to determine 
the elements a, 1 in terms of these transfer functions. 
By definition of the transfer function H(f) we have 

Dfrcosi
jH=(fDit 

where cosbi = (0). From Eqs. (Al) and (A2), e 
obtain 


cosautomatically
F [z=a FcoDs0 

os tin-sm 

and therefore an esH(f). 

By definition of the transfer function (f), if the 
output polarizer in the network of Fig. 2 is rotated 90' 
clockwise, we have 

Don F sin0 1 
D C=G(f)D o .

D L'Cos 
If this 900 rotation of the output polarizer is included, 

AND S. E. HARRIS Vol.58 

then from Eqs. (Al) and (A2) we obtain 
Do sin1 

_I 
D cos 

and aei= -G(f). With the polarizers in their original
positions and if all of the crystals are rotated 90, the 
Jones matrix of the network becomes 

. 

where N* is the complex conjugate of N. Then we have 

[Do2 = F cospl'1 
=LD0 ,J ''L sinol " 

In terms of the elements of the matrix A. we find 

D Fcos9,'1 
= L J 

and a22=H*(f). In a similar manner, it can be shown 
that a,-=G*(f). Then the Jones matrix for the identical 
network, but without polarizers, is 

= [cosc, -sino ,j G*(i) 
sing, cos,1, (-Gf)(f)Jr 

APPENDIX B 

The requirement that an achromatic wave plate have 
principal axes (i.e., axes such that light which is polar­
ized along them at the crystal input, remains linearly
polarized in the same direction at the crystal output)
is equivalent to the requirement that the Jones matrix 
for the network have linear eigenvectors. For an 
achromatic wave plate, G(J)2-4 over the frequency 
interval of interest and the Jones matrix may be 
written in the form 

. ( ) cos, - H*(f) sin0ll, 
_I
=F H 

LH(f) sinr H*(f)cos-,
where H(f) and , are defined in the text. The require­
ment that this matrix have linear eigenvectors leads to 

the condition 
ReCH(f)] sinp,= 0. 

For the special case of an achromatic half-wave plate,H(f)Ge i is purely imaginary and thus this case will 
.p 

have principal axes. Achromatic waveplates with any other retardation will have principal 
axes only if p=0. 

Referring back to the network of Fig. 2with a transferfunction H(f), we notice inthe long-wavelength limit, 
when f-- 0, that the phase difference between the fast 
and slow axes goes to 0. In this limit, the network 
transfer function is determined by only the input 

polarizer, i.e., H(O)=coso,'4 Therefore, if we require
that H(0)= 1, the input and output polarizers must beparallel and the wave plate will have two principal axes­

1E. 0. A.aann, private communication. 
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Improvement of Birefringent Filters. 

2:Achromatic Waveplates 

Alan M. Title 

By use of Jones' matrix techniques, nine-element achromatic waveplates are developed. These combina­
tion plates are achromatic to within 10 throughout the visible (3,500-10,000 A). In addition, a two-section 
general retarder rotator is demonstrated. The retardation of the combination is twice the complement of 

the angle between the halves, while the rotation is equal to the angle between the halves. For a 90' retarda­

tion, the dual five-element combination is also achromatic to within 1° throughout the visible. 

Introduction The four- and ten-element combinations are espe-

The ability to readily produce good scatter-free cially interesting because of their use as variable re­
waveplates from polyvinyl alcohol makes it useful to tardation plates. It will be shown that if the combi­
investigate properties of multielement achromatic nations are made in two halves, that is, a pair of two­
combination waveplates.' A number of authors have element plates or a pair of five-element plates, all re­
previously investigated properties of achromatic tardations can then be achieved by rotating the 
combinations of simple waveplates. In particular, halves with respect to each other. The retardation is 
PancharatnaM2 developed a procedure for three-ele- just twice the complement of the angle between the 
ment combination waveplates. Further, Harris and plates. 
McIntyre 3 have developed a scheme for achromatic 
combinations of n waveplates. The Harris scheme, Mathematical Preliminaries 
however, does not always produce a pure waveplate, In order to simplify mathematical operations, it is 
but rather a retarder plus a rotator. useful to state some mathematical relations. Fol-

In this paper, combinations of three and nine ele- lowing the notation of Jones, 4 a retardation plate of 
ments that can yield achromatic waveplates and retardation 27 at angle 0 with respect to the x axis is 
four- and ten-element combinations that can yield represented by the matrix product 
achromatic rotator waveplate combinations will be Vw(7, 8) = R(-O)G(-)R(O). (1) 
discussed. Jones' matrices will be used to develop 
the conditions for achromaticity. The product of Eq. (1) can be rewritten in the form 

Pancharatnar assumes that for three-element M(-(, 8) = cosYI! - i sinyER(20), (2) 

combinations, the first and third waveplates must be where 
equal and parallel, and the center plate must be a COSe- sin0 
half wave at the center frequency. With matrix R(8) = (scos0 " (3)
 
techniques it will be demonstrated that these as- 1 0)
 
sumptions are consequences of achromatic retarda- I= ( 1 (4)
 
tion and stability of the axis of retardation.
 

E= 0- 0), ()
More importantly, the matrix form shows that the 

three-element half waveplate is extendable to supera­

chromatic nine-element waveplates. Also, the ma- G(y) = (exp (-i-) 0 ( 
ex i (6)trix form makes clear that it is possible to construct 


four- and ten-element achromatic rotator waveplates. The matrix E behaves like a mirror, thus:
 

ER(o) = R(-G)E. (7) 

and 
=E' (8) 

The author is with Lockheed Solar Observatory, Lockheed Palo 
Alto Research Laboratory, Department 52-14, Palo Alto, Califor- It has been shown by Jones that any combination 
nia 94304. of retardation plates is equal to a retardation and a 
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cos(283 ) = tanyI/any/3 , (17)
TFw(Yi,e,) = R(w)M (j,a) () and 

or cos(282) = -(tanyiltany2). (18) 

-[M(y1,s8) = cos7R(w) - i simER(2fl - w), (10) Both 02 and 03 are fixed in space and are thus inde-
W pendent of frequency. In order that the relation of 

where 7- are an arbitrary set of retardations and 8 Eq. (16) hold, either the ratio of the tangents given 
are an arbitrary set of angular positions, w is the by Eq. (17) and (18) must be constant and equal to 
amount of rotation, Q is the position angle of the re- plus or minus one or the relation of Eq. (16) must be
 
tardation axis, and ' is the retardation of the combi- independent of Eq. (17) or (18). If
 
nation. Since the yi are functions of frequency, 4, o,
 
and P will in general vary with frequency. It will be 71 = =,(19)
 

our aim in this paper to demonstrate waveplate corn- cos (203) has magnitude unity and the sine of 203 is
 
binations for which 1 varies more slowly with fre- zero. Hence, the relation of Eq. (16) holds. If
 
quency than it does for a single waveplate, while 2,
 
the tilt of the retardation axis, remains nearly fixed. . = (20)
 

For the purpose of this paper, we will assume that similarly the sine of 202 will be zero and the relation 
the birefringence of an individual retarder is con- of Eq. (16) will also hold. But Eq. (20) represents a 
stant, so that the variation in retardance of a single redundant solution in that the first and second plates 
plate can be written are parallel and could be replaced by a single plate. 

y() = y(1 4 c). (11) For the purposes of this paper, it will be assumed 
that all plates are of the same material. Only the 

where 70 is the half retardation at the design (center) positive solution of Eq. (19) will be used. The rela­
frequency z0 and tion of Eq. (17) then implies 

AV = v - V0 . (12) 01 = 80. 	 (21) 

e = 	 AV/v. (13) Thus, it has been shown that the parallelism and 
equality of the input and output plates is a conse-

Epsilon will be referred to as the relative frequency quence of the requirement that the combination be a 
difference. The superscript zero will denote retarda- waveplate and be made of materials with the same 
tion at the design frequency. sign index difference. 

Then, with Eqs. (20) and (21), the matrix Eq. (14) 
Three-Element Combinations becomes 

It is easy to show that there are no achromatic .13 = (cos2- cos',, -sin27I sIm), cos2-A)R(0) 
waveplates with only two elements. The general 

"- zE[-sinv 1 siny2 R(-2A) - cos -,1 stnY2 R(2A)three-element combination M3 can be written as 	
2 

sin2., cos,2R(0)I (22) 
M3 	 = '1(73. 8)11(72, 8,)11(71. 1)
 

- cosy 3 cos-y2 cosy'j where 1 = 02.
 
-{cosy73 sit' 2 sinyjR[2(81 - 02)] 	 From Eq. (22) it is possible to calculate the condi­

tions under which the combination is achromatic. 
- cos7 2 s1n-/ 3 sinr1 R[2(81 - 8,)l For a simple waveplate, the first derivative of gamma 

- cosy1 sM, siny-2 R[2(8, - 8,)11 with respect to epsilon is non zero. At the least. for a 

- zE{-sny, siny,2 sinyR[2(803 - 8, -- V)l waveplate combination to be achromatic, it is re­

- sin7 COSy 2 cos7jR(283 ) quired that 

.- slny2 cosy3 cosy1 R(200 ) =0. 

± stay 1 COSY 3 Cos}2 R(208)}. (14) 

Although Eq. (14) looks formidable, it really has a From Eqs. (22) and (10),
 
quite tractable form. The requirement that the cos= co2 cos2-. - sin2 1 sm) cos2A. (23)
 
combination be a pure waveplate means from Eq. so that
 
(10) 	that as = --Is2o cos;(G, cos2 - 2)1) 

2 (ssiny 2 cos2A - 2 ] 
Real(A312) = Real(A13 21) = 0. (15) OE' -ic 


= .
 can 	be set equal to
With no loss of generality, 01 

zero, since choosing 01 only locates the combination 
Equation (24) has three groups of solutions:in space. Then, from Eqs. (14) and (15) 

sin2(8, - 803)= (tany1/tan- 3 ) sin2, - (1): (1) cos2A = 2 (25) 
- (tanyj/tany2 ) sin283 . (16)- (2) cos2-, sin-,2 = 0: (26) 

(2): 	 (1) cos2-s = -(:-,,/ 2 , u), (27)The result of Eq. (16) has the form of the sine ad-
dition relation, which implies ; (2) sin271

1 cosy,0 = 0: (28) 
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(3): (1) 2-, 0 = r,/2, (29) 

(2) y = /_. (30) 

All of the solutions, (1), (2), and (3) yield wave-
plates that are independent, to first order, of the rel-
ative difference. However, the location of the retar-
dation axis 12 may vary to first order. The condition 
that the retardation axis be stationary to first order is 

= . (31) 
8E ,= 

From the imaginary part of Eq. (10), 


tan 2 n = Imag (413 21)/Imag (MS3t). (32) 

so 


13n
ail . cos 2 2f 
E - 72 casy2 sin2A -

M3tI s 
x l-sin2y sinv: (2Y, cos2A - y,2) 
-- = c .11311 

y)Icos2y1 eaSY, (-,2 cos2A - , (33) 
= 0. 1 

Only solution (2) and the condition 

2= /2 (34) 

cause the first derivative of Q2to be zero for all values 
of achromatic retardation. There are, however, iso­
lated solutions for specific values of -"0 that also 
yield a zero value of Eq. (33). Thus. it is seen that 
the requirement that the middle element be a half 
waveplate is necessary so that the retardation axis be 

.stationary and the solution be general. 
With solution (2) and Eq. (34), the second deriva­

tives of -y and Q can be calculated by Taylor's formu-,/ 
la to second order. 

= -, ( /2)-] , (35)
2 \ta 57]6 -r 

and 
Q + ([(2,,0)2 - 2(7/2)1E2 (36)"'i/ 

\8 )\$n2y-O) 

From Eqs. (35) and (36). it can be seen that for all
 
retardations other than a half wave, a three-element 

plate can be made with the desired retardation at two
 
frequencies. For a half waveplate, the second-order
 
term in the retardation is identically zero.
 

Achromatic Range of Three-Element Waveplates 

For waveplates other than half wave, it is clear 
from Eq. (35) that for frequencies near the design 
frequency, the retardation decreases quadratically 
with the relative frequency difference. Hence, if the 
retardation at the design frequency is chosen to be 
greater than the desired retardation, the desired re­
tardation will be attained at two frequencies; one 
above and one below the design frequency. With Eq. 
(35) it is-simple to calculate the range in the relative
 
frequency e, so that the retardation is within a toler­ance of =±/3. By recalling that 37 is half the retarda-

tion of the combination, at the design frequency the 

retardation should be 5.0 + j3/2, while at Ed thesetar-

dation should be jo - 3/2. So, 


Cs = {etan( 0 - 0/2)/((2y,)2 - (r,/2)21}" 2 , (37) 

where 3iy0 and A are obtained from 

cos(j7 " 9/2) = (r/2)(sin2Y1 '/2Yj1 ), (38) 
and 

cos2A = -Gr/2)[1/(2-.%]. (39) 

Equation (38) is derived by evaluating Eq. (23) at the 
design frequency and by substituting for cosine 2A 
with Eq. (39). 

Plotted in Figs. I and 2 are the differences in retar­
dation and tilt, respectively, from their values at the 
design frequency for several values of 2 j 0 as a func­

tion of epsilon, the relative frequency difference. 
The values for the figures were calculated with the 

program WPLATE, which can calculate properties of 
up to one hundred waveplate combinations. Pro­
gram WPLATE uses the Jones matrix equations to 
exactly calculate the properties of combination wave­

plates. However, for retardation tolerances of 2' or 
less, the Taylor series solutions are adequate. 

For retardation of other than a half wave. from Eq. 
(38) the outer waveplates will have a retardation less 

than a half wave. For example, for a quarter wave­
plate 2Xh10 = 115.50. Because of the availability of 

,0 ,bo C'. 0 . 

' 

/7/ 

;
 

y 

/ 

, S- -

Fig. 1. Retardation difference vs relative frequency difference 

for 1800, 90', and 60' three-element combinations. For 180' re­
tardation 2yi = 1800, 272 = 1800. . = 600; for 900 retardation 2 -t 
= 115.5- 2- = 180, A = 70.6'; for 60' retardation 2 7 = 101.75', 

2-, = 1800, A\= 76.096 °. 
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Fig. 2. Tilt difference vs relative frequence difference e for the 

above three-element combinations. 

quarter and half wave material, the use of four-ele­
ment designs discussed below should be considered, 
since any retardation can be achieved with only quar­
ter and a half wave material. 

For half waveplates, the coefficient of the cuadrat­
ic term in Eq. (35) vanishes, because 2j10 is a half 
wave at the design frequency. Evaluation of the 
third derivative combination shows that the variation 
in retardation is cubic. For nonhalf wave combina-
tions. range adjustment was accomplished by adjust-I 
ing the center frequency retardation. For the half 
wave case there is no advantage to this. However, 
another possibility exists: A can be varied to allow a 
first-order term that can cancel the third-order term 
in the vicinity of the tolerance range frequency. 

It is quite straightforward to calculate the effect of 
adjusting A. By expanding Eq. (23) in terms of epsi-
Ion, 

cosY = sin(mr/2)e[A cos 2(r/2)E - sin2 (/2)c], (40). 

where 
A = (1 + 2 cos2a). (41) 

By expanding the sines and cosines to third order, 

cosj = (./2 {A - [1 - (7/6)A1[(w/2)11a}. (42) 

In general, A will be small compared to 1. This can 
be seen by evaluating A in terms of small changes in 
plate angles. For a half waveplate the unadjusted 
delta is ri3. So if 

A = (w/3) - 6.. (43) 

where 5 is the small variation, 

A = 2136. (43) 

For 5 equal to 10, 
A = 0.061. (44) 

With the assumption that 6 is small, Eq. (41) be­
comes 

"cos)= (-/2)E {A - [(w/2)e] 2}. (45) 

retardation is r/2 when 

/ ' 

o :s-r/ 

o"r' 

I 
, 

. 

, 

. 
C 

Fig. 3. Retardation difference vs relative frequency difference 

for three-element combination half waveplaEes for several adjust­

ments of the central plate. The dashed curves indicate negative 

values of the relative retardation differences. All three waveplates 

have 1800 retardation. The angle from the central plate is 600 
minus 0. 
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10o-	 E > Eex 3/A (51) 

--	 Hence, the range in which the retardation is within 
some tolerance fi can be rewritten as 

.E 1.04 (0/ 2 )"fl	 (52) 

Shown in Figs. 3 and 4 are the retardation and tilt 
differences from the values at the design frequence vs 
epsilon for several values of 8. In Fig. 5 is shown the 
tolerance 0 vs the change in angle of the central plate 
8. In Fig. 6 is the tolerance vs range in frequrency dif­
ference ER. 

14 	 In order to get an idea of the improvement in 
range obtained by adjusting 8, note that if A is zero, 
the first derivative equals zero. Then a glance at Eq. 
(40) shows that 

ze 	 0.637 (/3/2) 1' 3 . (53) 

Thus, by optimizing 6 for a given tolerance, the 
- range for that tolerance increased by 57%. 

The price paid for nonzero values of 6, as seen in 
Fig. 3, is that for small values of Ethe retardation dif­

70" ference is greater than for zero 6. 

Nine-Element Plate 

Since the half waveplate of three elements has a 
cubic retardation variation and is made of three half 
waveplates that have a linear retardation variation, 

tO4 

.2 .3 .4 .5 

E 
Fig. 4 Tilt difference vs relative frequency difference e for three­
element combination half waves for several adjustments of the 

central plate. 

E 1, 2 = =A12(2/-)
 
11 2 (46)
- _-(2/-)(2f36) 

= ± 1. 18561/2. 

The local extremal value of the retardation occurs 
when 

)At1 2lEe = = (2/(7)[(1/v e	 (4) ­

= 0.6846 4 

and the extremal values are 

cos,,,, .. 21123-3/46312 (48)­
= 2.482 63/2. 

Now. if the retardation tolerance is 0, 
d/2 = cos't[(2/3'f )(2F-6) /

2 
1. (49) 4 5 7
 

or g(o)
 
6 = 0. 55($/2) -13. (50) 

Fig. 5. Tolerance Avs adjustment angle 5 for three-element com-
The tolerance 0 will be exceeded when bination half waveplates. 
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-
10 M90 = 6osy21+ i sin7 2 E(R(0) - cos 2yzR(120) 

cos'2R(O) + cosS- 2R(0)]. (58) 

For both systems the retardation variation will be 

ninth-order in epsilon: 

cosy = sin9 (r/2)E. (59) 

So, for a tolerance /, the range in epsilon is 

E, = (2/w) sin" [sin (0/2)]1'". (60) 
a LEMENT 9 ELEMENT

3 E N As with the three-element plate, the range for a 

given tolerance can be increased by varying 6. A 

computer evaluation shows that either all the angles 
between plates can be changed by 6 or the angle of 
the central group alone can be adjusted. There is a 

slight advantage in range to adjusting all the plates. 
However, if the nine-element system is made of three 
three-element subsystems, there is a significant prac­

tical advantage to adjusting just the central group. 
The value of 5for a given tolerance 03 is the same 

10" 	 for nine-element systems as for three-element half 
waveplates (see Fig. 5). However, the value e6 for a 

given /3 is greatly increased. To show the increase 
more clearly, /3 vs E#for a nine-element system is 
shown in Fig. 6(b), while the curve for a three-ele­
ment system is in Fig. 6(a). In the calculation for 
Fig. 6(b), the angle of the center three-element group 
was varied. 

.1 .2 .3 .4 5 6 

RANGE 

Fig. 6. Tolerance 0 vs the range of the relative frequency differ­

ence eg for (a) three-element and (b) nine-element combination 
half waveplates. 

there is reason to suspect that a combination of three 	 " 
. /'

three-element plates may be superachromatic. The 

matrix for the three-element half waveplate is 

M3 = cos 3yl + isiny2E[-R(-2A ' cos 2Y2 R (0)], (54) 

where yo = ,r/2 and A = ,r/3, which has an appear- z 

ance similar to that of a simple waveplate, except for 'f ./
 
the third-order dependence of the real (retardation) ,o., / ,
 

term and an additional second-order term in the z/
 
-imaginary (tilt) term. 

-There are two possibilities for the nine-element 

plate. The center three-element group may be rotat­
ed in the same direction as the central element of the
 

-	 Ithree-element group, or in the opposite direction. 

The two nine-element matrices are
 

M9SS = M3R[(-r/3)A'f3R(r/3)h'f 3, (55) 

and 
M90 = .,i3RCr/3)MS3R[-(r/3)]M3. (56) 

.With appropriate rotations the matrices can be put 	 ! ­

* 55 .6" 2 
in the form 

M9S = cost, 21 ' i siny2E[R(0) - cosy R(120)(1 
6 Fig. 7. Retardation difference vs relative frequency difference e 

2 	 for nine-element combination half waveplates for several adjust-Cos)- cosyR(-20)], (57) 
ments of the central group of three elements.and 
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M4 = sina R(90 - a) 	- sin3 (,/2)E cosa R(-a) 
cosa EI-RlY - 2(7,/3)](/2) sinrc 

- sin'(-,/2)oE !R(a). (63) 

From the real part of Eq. (63), the retardation and 
rotation can be obtained, since by Eq. (10), 

sinuo cosy = Real (M4,1). 

cosw cosy = Real (11f411). (64) 

After some algebra, 
27 = cosi[sin2a + cos	 a sinu(,7/2)E]. (65) 

So that when 

z 	 sin' (/2)E << sin2a, (66) 

cos7 =cos(90 - a){I 	- ![sin' (r/2)c/tan2al}. (67) 

X 	 tanw = tan (90 - a){1 - sin3 (-/2)E/sin2 a]}. (68) 

Equation (67) indicates the particularly pleasant 

result that all retardations can be achieved by merely 
rotating a pair of combination plates with respect to 
each other. The resulting retardation is simply twice 
the complement of the angle between the plates. Ac­
companied by the retardation, as shown by Eq. (68), 
is a rotation by the complement of the separation 

13 4 6 7 

Fig. 8. Tilt difference vs relative frequency difference for the S 

and 0 configurations of the central group of three-elements.
 
a ELEMENT
 

b, 4 ELEMENT 

From Fig. 6(b), E = 0.48 for a tolerance of 1'. If 
the design wavelength is X5200 A, the range in wave­

'0ELEMENTlength for 10 tolerance band extends from 3514 A to 
10,000 A. For a 20 tolerance the band is from 3510 A z 
to 10,947 A. 

The difference in retardation vs Efor several values 
of 8is shown in Fig. 7. _ 

Although the retardation variation for M9S and 
M90 are the same, the variation in tilt is nor. -
Shown in Fig. 8 are plots of difference in tilt vs Efor 
the S and 0 cases, for 5= 0. Both the S and the 0 
cases have less tilt variation than the three-element 
half waveplate, as can be seen by comparison with 
Fig. 4. 

Four-Element Waveplate Rotators 
The three-element half waveplate has a very sym­

metric structure. 
.113 = .1(v/2. 0)M(r/2. ;/3)11(7/ 2 . 0). (61) 

If this structure is split in half and two halves ro- , . . . 

tated with respect to each other, the resulting matrix ' . .2 .3 .4 .5 6 

has the form 

.114 = R(-a).l(;/2. O)A~f,/4. %I/3)R(a) 
(62/ -Figure 9. Retardation difference versus relative frequency differ­

,, 3).( /. 0,. (62) ence for 3(a). 4(b), and 10(c). element combination quarter 

This equation can be put in the form 	 waveplates. 
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Figure 10. Rotation difference (a), and tilt difference for positive 

(b), and negative (c), values of a versus relative frequency differ-
ence, e. 

angle. The behavior of the retardation axis can be 
obtained from the imaginary part of Eq. (63). Thus 

tan[2f - (90 - a)] -an[(2w/3) + a 

[ - a 2 /2i)] 


x [1 - ssn ,/2)c/sin2 - +- a+ (69) 

Note that in Eq. (69) to second order tcombinations,the location of 
the retardation axis is independent of a, while from 
Eqs. (67) and (68), it is clear that the magnitude of 

are unaf-the retardation and the rotation variations 
fected by the sign of a. The retardation differences 
VS E for three- and four-element quarter waveplates 
vse fhornthe and bThis 
are shown in Fig. 9(a) and (b). Shown in Fig. 10(a), 
(b), and (c) are the differences in rotation and tilt 
with positive and negative values of a, respectively, 
vs e for the four-element quarter wave retarder. 

Equation (62) was written down with only a short 
plausibility argument. However, it is possible to 
show, with arguments similar to those for three-ele-
ment combinations, that there are no other combina-

tions of four half and quarter waveplates that are 
achromatic in both retardation and tilt. 

Ten-Element Systems 
Since the three-element half waveplate was direct-

ly extended to. a superachromatic nine-element plate, 
it is reasonable to expect that by splitting the nine-

236 APPLIED OPTICS / Vol. 14, No. 1 / January 1975 Q5t 

element half waveplate in a manner similar to th 
three-element combination, a superachromatic wave 
plate rotator may be constructed. In fact, such 
ten-element combination is quite successful. A ma 
trLx representation of a ten-element plate is 

M10 = (-a)M3M(r/2,r/)M(-/4, 27/3)R(a)t 
×<M(/4, 2.,/3)M(,-/2, (w-/3)M3. (70 

The mathematical verification of properties of th 
ten-element plate will not be carried out here, but th 
results will be stated. The retardation is 

cos7 = cos(90 - a){1 + (sin'(3 0n/2)E/2 tan"'a]}, (7: 

and the rotation is 
tanw a tan (90 - a){I (- (7:[sin 9 (ir/2),/sin2aJ}. 

Shown in Fig, 9(c) is the retardation variation of 
ten-element quarter waveplate vs. E. As can be see 
from Fig. 9(c), the ten-element quarter waveplat 
gives e=0.59 for j = 1I. If the center wavelength: 
5500 , the waveplate is within a degree from 3400. 
to 13,500 A. 

Equation (70) represents a split of M9S, the car 
tral three-element group rotated in the same direc 
tion as the central plate; a split of M90, the centn 
group rotated opposite to central plate, also gives ris 
to an achromatic rotator retarder. However, the pos 
itive and negative rotation of the two halves he 
slightly different effects on tilt. 

Experimental 

A number of sets of three-element half waveplate 
have been constructed of Polaroid Retarder plasti 
waveplate with the procedure described in Ref. 
They are quite achromatic and appear to agree get
erally with theoretical predictions. Nine-elemen 

combinations have been constructed from thre 
groups of three-element plates. While it is clear the 
they are more achromatic than the three-elemen 

precise measurements have not yE
been made. There is some difficulty because sucplates, made of the standard plastic plates, are withi 

a degree in retardation from 3510 A to 10,000 A. Ai 
rangements have been made to use an accurate polai 
imeter in order to measure the nine-element plate! 

work will be reported on as soon as completed.
The transmission of three group combinations i 

typically 99% throughout the visible. 
Combinations of four- and ten-element group 

have also been constructed. These also generally be 
have as predicted. But again, they are impossible t 
measure accurately without a more accurate polari 
mere 
meter. 

Discussion 
The prime goal in this series of papers is to im 

prove Lyot filters. A key aim is to achieve tunabilit 
over a wide spectral range. Tunability requires (I 
achromatic half waveplates; (2) achromatic quarte 
waveplates; and (3) broad-band polarizers. 



With nine-element half waves and ten-element 
[uarter waves, it is possible to achieve achromaticity 
o within a degree from 3500 A to 11,000 A. The 
nly remaining problem is polarizing materials that 
an operate over the entire visible spectrum. The 
roblem of polarizers will be discussed in some of the.hewng aperinthisseresstruction 
ollowing papers in this series. .plates 

The matrix method described above is very useful 
or searching out achromatic plate combinations. 
.he form of the achromatic three-element matrix 
7as the suggestive clue for the superachromatic nine­
lement combination. The three-element matrix 
plit in half formed the basis for the four- and ten­lement achromatic waveplate rotator combinations. 

Evaluation of three-element systems also shows 
hat achromatic rotators cannot be formed. How-
ver, systems that are achromatic rotators with re-
pect to a single fixed axis can be formed. Koester5 

has described such single-axis 900 achromatic rota­
tors. The Koester-type deviceg do not work as rota­
tors for Lyot wide-field elements, since they only ro-­
tate one axis of polarization achromatically. 

I 	would like to thank H. E. Ramsey for the con­
i o lie thaHem fo te con­of the three-, four-, nine-, and ten-element 

and for tests on Lyot filter elements. 
This work was supported by Lockheed indepen­

dent research funds. 
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Improvement of Birefringent Filters. 3: Effect of Errors on 

Wide Field Elements 

Alan M. Title 

The properties of nontunable and tunable Lyot wide field elements are examined when the components of 
the elements deviate from their proper values. Special emphasis is put on determining what variations 
cause light to be transmitted at the transmission minima. The analysis shows that the nine- and ten-ele­
pent plastic waveplates described in Paper 2 of this series can be used to make a Lyot filter that is tunable 
from 3500 A to 10,000 A. 

Introduction 
This is the third in a series of papers dealing with 

he improvement of birefringent filters. The princi-
al purpose of this paper is to critically examine the 
ffects of deviations from perfection of tunable and 
ontunable wide field elements. The method of the 

alysis is to expand the error effect terms in powers 
f the sine while retaining the analytic form of the 
avelength-dependent terms. The value of such an 
alysis is that it clearly distinguishes between those 

lasses of imperfections that cause asymmetric trans-
ission functions -and those that cause additional 

ransmission at the transmission minima. A pure 
ower series analysis such as carried out by Jefferies 
nd Giovanelli' does not distinguish so clearly be-
ween the asymmetry and transmission minima ef-
ects. In general, asymmetry errors introduce less 
ight outside the primary maximum than do trans-

ission-minima errors. 
The prime goal of this paper is to provide the de-

ign tradeoffs for widefield Lyot elements that use 
chromatic waveplates such as those discussed in 
aper 22 of this series. For multielement achromatic 
aveplates the properties that vary are the retarda-

ion, the rotation, and the location of the fast axis. 
he analysis that follows will allow deviations in re-

ardation and in the fast axis location. Rotation is 
eglected because half waveplates have none; for 
uarter waveplates rotation is unimportant. In this 
d all successive papers in the series the word tilt 
ll be used to describe deviation of the fast axis 

rom its nominal position. 

The author is with Lockheed Solar Observatory, Lockheed Palo 
Ito Research Laboratory, Department 52-14, Palo Alto, Califor­

ia94304. 
Received 11 March 1974. 

In the first section below, a standard wide field ele­
ment whose halves may not have exactly the same re­
tardation and whose central half-waveplate may not 
have exactly 1800 retardation or be exactly aligned at 
equal angles to the two halves of the element will be 
discussed. This configuration is examined for three 
basic reasons. First, the two halves of a wide field el­
ement are seldom exactly the same in real elements. 
Second, the central half-waveplate will in general de­
viate from 1800 as a function of wavelength. Third, 
when multiple plate achromatic half-waveplates are 
used, the retardation axis of the combination plate 
can vary. 

The following section concerns tunable elements. 
It is current practice to tune Lyot elements by rotat­
ing a polarizer with respect to a quarter-waveplate at 
the end of the element. The quarrer-waveplate's re­
tardation axis is at 45' to the element's axis. The 
tuning properties will be examined as a function of 
deviation from quarter-wave retardation and exact 
angular location with respect to the element. Again 
the rationale for the investigation is the under­
standing of the error effects so that achromatic plates 
can be used most effectively. 

There are other methods for tuning elements that 
involve additional waveplates. In one the entrance 
linear polarizer is replaced by a circular polarizer. 
Then each element can be tuned individually. In the 
single quarter-waveplate method rotating the exit 
polarizer forces all succeeding elements to be rotated. 
A second method of tuning is accomplished by rota­
tion of a half-waveplate between the exit polarizer
and the quarter-waveplate. With this technique 
only the half-waveplate need be rotated. 

Wide Field Element 

With the notation of Jones,3 the matrix for a wide 
field element with the variances noted above is 
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M = R(-45)G(a)R(45)R(--)G(7)R()R(45)G(3)R(--45), (1) To = MWi 
2COS2 E cos226 sin2 coswhere 	 = 

O
7 2 i 2 - c 4 

(eoso -sinGe2 
R(8) = s9ine cosS), (2) + cs-E Sin02 - sin2E sin21, sin26 (14) 

3, and 
G(y) = (Xi(+i) 0 

-
a = 2lTAnd0/X, 	 (4) = sin>7 cosE cos' 26 sin2
1
c sin2 

(3= 2,rAndJX, (5) + cos2 O Cos2 	 sin225 - T sin2c sin26 sin24. (15) 

7 = (-/2) - E, 	 (6) Before a further expansion is made, we must deter­

mine which terms are small. If waveplates whose bi­
d, and d3 are the thickness of the two halves of the 	 refringent axes and tilts are not wavelength-depen­
element, Xis the wavelength, An the index difference 	 dent are used, the terms in 6can be made small. For 
of the crystal, e the half deviation from half-wave re-	 the polarizers used in normal Lyot filters, the crossed 

- 4
tardation, and a the deviation from correct location transmission is between 10-3 and 10 . For the re­
of the axis. In this analysis it will be assumed that mainder of this paper, tolerable errors will be on the 
the birefringence is wavelength-independent. The order of the cross polarizer leakage. In order to 
matrix mathematics simplifies somewhat if the ex- make the terms in 6that small, 0.344 min of arc < 6 < 
pression for a retardation plate at angle 0 is written 3.44 min of arc. This limit is placed by the linear 
in the form terms. In fact, at least Eand probably Ewill be small, 

and 6 can be at least ten times the minimum value. 
R(-G)G(v)R(O) = cosy 1 + i sinyER(20), (7) The effect of 6 will be negligible if b is less than 2 min 

where 	 of arc. 

E = ( 0). 	 If we neglect the effect of 6, 

T'. = T' 005277 + sin%(I - sin'), (16) 

Note that it = T' sin'77 su"r sin2 t, (17) 
where 

E 1, (9) T' (1 - sln-E). (18) 

and 	 If $ is close to a multiple of ,r/2,there will be a clear 
ER(e) =R(-O)E. (10) advantage to Eq. (16) if E is nearly an odd multiple or 

Eq. (17) if $ is an even multiple. For quartz elements 
Rewriting Eq. (1) using the form of Eq. (7), the ma- it is quite straight forward to make nearly zero, 
trix for the element is since the ratio of the index difference to the index is 

-
5.8 X 10 3 at 6000 A. Hence if the two quartz ele-
M =[cos a 1 -i sinaER(90)][cosyl . i siuER(26)] 

ments are equal to within 1.72 waves (1 ) the hire­
x (cosojl + i sin$ER(-90)]. (11) fringence difference 	will be %0o wave. That is, $ = 

1.80. Hence, for well-matched (<I Ai difference) 
Let p = a + , and 7= 2a + $, then the total retarda- quartz elements it is much wiser to use crossed polar­
tion of the element is n and the difference in retarda- izers on the wide field element. 
tion of the two halves is E. For calcite the ratio of the index difference to the 

When used between parallel perfect polarizers, the mean index is 0.109 at 6000 A. To get %100wave hire­
transmission amplitude of the element is just M11. frihgence difference requires that the individual 
Direct 	evaluation of Eq. (11) shows thicknesses be the same to within I/o wave. This is 

not impossible, since the two element halves can be 
crossed and polished for a black center fringe in 

I=easi cos4 + siv sin2O sine% 	 white light. But even if the calcite element halves 

+ 	 i sinv cos25 cos7. (12) are only the same to a wave, the errors introduced by 
the half-waveplate are down by a factor of 9 with 

It is also reasonable to operate a wide field element crossed polarizers. Another possibility is to make 
with crossed polarizers, in which case the transmis- nearly an odd or even multiple of ,/2 at the wave­
sion amplitude is length of the filter and then to choose the appropri­

ate polarizer configuration. 
To demonstrate the symmetry between 5 and e of 

V!t, 	 = -sirn7 cos26 siny - ztcos4 sin26 smay the error situation, suppose that E and not 6 can be 

- eos sin . (13) neglected. Then from Eqs. (14) and (15) 

T, = T cos27 - sin2 san-26. (19) 

Since the main region of concern is when the retarda- and 
2tion of the central element is nearly a half-wave, it is T. = T' sin-1 - sin226(1 - smn ), (20) 

reasonable to expand in terms of 6. Then where 
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T' = (1 - C0s226). (21) 

used above, the crossed 
same argumentsSo by the 

polarizer mode is again the most insensitive to tilt er-
rors when the thickness error is minimal, 

When the element is used in the crossed polarizer 
mode [Eq. (15)], the dominant error term will be sin2E 
sin 2$ if 

6 << OE< . (22) 

It is desired that 

sinlE sin- 0 

oI0 

, 


If is a wave or less, 

sin5:_ 10'
 
.
-51.80 (23) 

This implies that an element could be tuned thermal-
ly (bn is a function of-temperature) over a range of 

±-34 A near 6000 A. 
In Paper 2 it was shown that a nine-element half­

waveplate could be made achromatic to within a de-

gree from 3500 A to 10,000 A. However, the tilt axis 

varied by as much as several degrees at the ends of 

the range. It is therefore necessary to have mechani-

cal adjustment for tilt when achromatic multielement 
half-waveplates are used. If mechanical adjusters 

are not used, there is no advantage to greater than 

three-element waveplates. 

Tunable Elements 

In the standard tuning configuration, a quarter-
field elementwaveplate is placed behind the wide 

If the matrix forand a polarizer rotated for tuning. 
the ordinary wide field element is denoted by M, the 
tuned element is 

Q = PR(B)R(-f-)G(p)R()M, (24)
where 

P 2,5) 

and 
p = (-/4) + q, (25) 

where 0 is the angle of the polarizer, q is half the re-
tardation error and I is the tilt error of the quarter-
waveplate. In Eq. (24) R(-6) is omitted and when 
this is done, Qn1 is the proper transmission ampli-
tude. 

In order to understand the basic operation of the 

quarter-waveplate, suppose for the moment q and I 
are zero and the tuned element is fed by linearly po-
larized light. Then it can be shown that the trans-
mission amplitude is 


Q= (1 + i)/f2[cosc cos26 sin(g - o) 

- sirc cos(t - 9) + z cosE cos2d cos(G + a)]. (27) 

The transmission is 

T = QQ#, 

or 

- a) cos c c0S226 + cos E sin'2 sin2(Q a)T = cos2(7 2
1 

2

+s11 2E cos 2( + a) - 1 sin2c smn26 sw2( + 0). (28) 

Comparison of Eq. (28) with Eqs. (14) and (15) shows 
that varying 0 tunes the element and that as 0 goes 
from zero to i the dominant error producer changes 
from 5to E.The error term in e dominates when (E+ 
0) is an even multiple of ,r/2. By making § 2' the 

dominant error will come from e, so that if e -S1.80 
the error will always be below 10-4. If achromatic 

waveplates are used, the angular variation of the tilt 
must be adjusted out if the tilt errors are not to dom­
inate. 

If 5 is made small, as the exit polarizer is rotated 
the transmission at a minima caused by the inaccura­

zerocy in the half-waveplate will modulate between 

and sin2e. The minima will occur at 

( + a) = n(r/2), n odd, (29) 

or 
0 = n(i/2) - g. (30) 

By measuring the angle modulo (rI2) at which the 

minima and/or maxima occur, the thickness differ­

ence error can be easily measured to better than %00 
can be used in a produc­wave. This measurement 

tion technique for precisely matching element halves. 
The ability to make accurate element halves is use­

ful if the elements are temperature-tuned or the filter 
For tunable widejieldworks at a fixed wavelength. 

elements, exactly matched halves is of marginal utili­
ty, since the thickness error only changes the angle at 

which the maximum half-waveplate error occurs. 

In order to understand the errors introduced when 

q and I are nonzero, it is convenient to write 

Q 1 cos sin co I. 0 

( 1sinq- 2/ sin?(sinqilsnsiq(0 -1 - i 

.4 )) (-sin! cosi) ] (cosi n 

Here the error terms of the wide field element have 
been neglected because they are already second­
order.
 

The transmission amplitude is
 

1 2Qt1 = (1 '- i)[cosq cos(71 - 0) - i sinq cos(l - 9)] 

2i sinl(sinq -'cosq)[cosn sin(O - 1) 

- i sir cos(8 - 0]. (32) 

The transmission is the complex square of Q11. Un­
fortunately, the complex algebra for the transmission 

is rather messy. To clarify the algebra, note that 

vr2Q,, = (1 + i)(a - ie) - ib(c - id). (33) 

So 
2QQ,,# = 2(a 2 + e2) - b2(c2 - d2) + 2ab(c - d) 

2be(c - d), (34) 

where 
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a = cosq cos(7 - 0), (35) waveplate should therefore be adjusted at least as 
e = -smq cos(n + a), (36) well as the half-waveplate, or about 2 min of arc. 
b = 2 sinl(sinq + cosq), (37) When both nonzero tilt and retardation are consid­ered, additional second-order terms occur from the 
c = cosansin(e - 1), (8) expressions ba(c - d) and be(c + d). The addition­

and al tilt and retardation terms are to second orderd = sin7 cos(o - 1). (39) 

The transmission can be put in the form - 2 cos 2 (l - 0) sinl sinq - m sinq[2 cos 22O sin 
T 2( - a) - sin4B] (49) 

T = a2 + e2+ b( - d)[a + (b/2)(c + d)] 	 Here again both asymmetry and transmission at Min­
+ 	be(c + d). (40) ima occur. The error term in sine2 (7 - 0) causes 

pure asymmetry, and the cosine2 (7 - 0) term allows
From Eqs. (35) through (40) the effect of a pure error additional transmission at minima. Finally then, the 
in retardation (no tilt),is transmission effects of the quarter-wave errors are 

2 2T = a + e T = ' cos% - ) sin2l stn2(-0
 
= cosZq cos 2 (7 - a) + sin2 q cos(7 + e). (41)
 

x sin 242 cos2a - sin28 sin2(q - 0)]
 
Writing the cosine of q in terms of the sine of q and
 
expressing sin2q[sin229 1
 

(q + a) = (7 - 8 + 28), (42) -sinI sinq2 cos 22e sin2(7 - 0) - sm4O], (50)
where 

2expression (41) becomes 	 T' = (1 - 2 sm q sin2 28 - 4 sin2 l sin8 

T = cos267 - ej+ sinq[-cos 22(7 - 8) sin 22O 	 - 2 sin! sinq sin40). (61) 

-r sin2 (7 - a) sin228 - isin2(7 - 0) sin4G], (43) Using a single quarter-waveplate to tune requires 
or that the exit polarizer rotate with respect to the ele-
T = T1 cos2 (7n- a) ment. But since the exit polarizer for one element is 

sinq[sin22a -fsin2(7 - a) sin4o], (44) the entrance polarizer for the following element, the 
where entire following element must rotate in order to 

T' = ( sin22O). maintain an angle of 45' between the entrance polar­
(1 - 2 sin-q izer and the fast axis of that element. In order to ob­

viate rotating entire elements, a quarter-waveplate isResult (44) demonstrates that transmission asymme- often attached at 450 to the entrance polarizer on the 
try can be introduced by an imperfect quarter-wave- side toward the first section of an element. In this 
plate. The term in sine 2 (7n-0) is zero when cosine case circularly polarized light enters the element, so 
(7-0) is zero. Therefore, the term does not add trans- the properties of the element are independent of ori­
mission at the minima, but rather transmission entation of the entrance polarizer. The exit polariz­
asymmetry. The term in sine220 does introduce ad- er still allows tuning because the linear polarizer
ditional transmission at the minima, faces the last portion of the second quarter-wave-

If the retardation error is zero but a tilt of the plate. 
quarter-waveplate exists An analysis of the errors that can be introduced by 

a quarter-waveplate on the entrance polarizer pro-
T = a2 + b(c - d)[a + (b/2)(c + d)]. (46) ceeds in the same manner as for the quarter plate on 

the element. The same order of errors is introduced
After some algebra and expansion in terms of (7 - 0) by the second quarter-waveplae. The analysis will 
to second order, not be carried out here. Instead an alternate method 

T = T' cos2(7 - 0) - sini si2(7 - 6) to tune elements independently is suggested. In­
stead of rotating the final polarizer, it is equivalent 

- sin'42 cos20 - sin20 sin2(n - 8)], (47) (except for a plate factor) to rotate'a haf-waveplate 
where between the quarter-waveplate and the exit polarizer. 

T' - (I - 4 sinl sin2o). (48) The half-waveplate need only rotate by half the angleat which the polarizer must rotate. In matrix nota-
Note that tilt of the quarter-waveplate causes a first- tion, 
order error. Fortunately, the error causes an asym­
metry of the transmission profile and does not create 
additional transmission at the minima. The second- PR(0) = -iPR[-(9/2)]G(/2)R(a/2). (52) 
order terms in the tilt cause both asymmetry and 
transmission at the minima. The term in sine2(7 - The left-hand side of Eq. (52) represents a rotated 
0) only introduces asymmetry, while the term in co- polarizer and the right-hand side represents a half­
sine20 causes transmission at minima. The quarter- waveplate at an angle 6/2 in front of a fixed polarizer. 
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be -i in Eq. (52) removes the arbitrary plate factor. 
Use of the half-waveplate does not introduce any 
Iditional first-order errors. Another advantage of 
Le haif-waveplate occurs if prism polarizers are 
;ed, because rotating the haif-waveplate eliminates 
e necessity of rotating the mass of the prism and 
nplifies the problem of eliminating the rejected 

;ht from the prism, 

scussion 

The analysis of a single wide field element shows 
at the nine- and ten-element achromatic half- and 
iarter-waveplates described in paper 2, it is possible 
construct a tunable filter over the range 3500-

),000 A if appropriate correction of tilt is accom-
ished. When tuning is accomplished by rotation of 
lf-waveplates, all the normally nonrotating ale-

ents could be coupled to a single shaft, which could 
used to adjust the angles of all the fixed wavep­

tes. The rotation variation of the quarter-waves 
id the axis location of the tuning half-wave ele-
ents can be corrected for by the programming sys-
n used for tuning the filter. 

Besides mechanical tuning of filter elements, elec­
trical tuning by electrooptical crystals is also possi­
ble. If a wide field element that has a nine-element 
achromatic half-waveplate is tuned by a pair of elec­
trooptical crystals, complete tuning throughout the 
visible would be possible without any mechanical ad­
justments. This would occur because the entrance 
and exit polarizers could be placed in a configuration 
that minimizes the effect of rotation of the retarda­
tion axis of the half-waveplate. Good electrooptical 
crystals are now available. Their use in Lyot filters 
will be discussed in a subsequent article in this series. 

This work was supported by Lockheed Missiles 
and Space Corporation independent research funds. 

The author is deeply indebted to H. E. Ramsey for 
construction of a large family of wide field elements 
with known errors. These provided experimental 
verification of the calculations presented here. 
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rnprovement in birefringent filters. 4: The alternate 
,artial polarizer filter 

Man M. Title 

A design for a birefringent filter is proposed in which alternate polarizers are partial polarizers Calculated 
performance characteristics of alternate partial polarizer filters (APP) are compared with those of Lyot and 
contrast element Lyot filters. These calculations show that the APP design has significant advantages in 
both transmission and profile shape. Using pulse techniques, partial polarizer systems are shown to be a 
natural evolution from the standard Lyot and contrast element LyoL systems. The APP filter using achro­
matic waveplates discussed in earlier papers of this series has been used to construct a universal alternate 
partial polarizer filter. This filter has a measured full width at half-maximum (FWHM) of 0.09 A at 5500 
Aand a transmission in polarized light of 38%. It is tunable from 4500 A to 8500 .. The measured charac­
teristics of the filter agree well with theoretical predictions. 

ntroduction 

In previous papers of this series, 1" components of 
irefringent filters have been discussed. Here a new 
lesign is suggested that utilizes partial polarizers. The 
hharacteristics of birefringent filters with intermediate 
3artial polarizers have not had much attention. al-
hough the cases of filters with perfect or no interme-

- 0iate polarizers have been studied extensively. The 
tandard birefringent filter, the Lyot-Ohman, has 
erfect intermediate polarizers. The Sale filter, which 

as seen significant but much less use, has no interme-

Iate polarizers. In this paper the properties of several 


with imperfect intermediate po­
ilter configurations 
rizers shall be investigated. It will be shown that such 

ilters have significant advantages m transmission and 
profile shape to both the standard Lyot and the contrast 
lement Lyot filters. These theoretical advantages are 
emonstrated by the measured properties of an actual 

ilter that uses partial polarizers, 
It has been analytically shown by Giovanelli and 


efferies,' t and verified using a computer technique by 

eckers and Dunn.' 2 that interior imperfect polarizers
 
o not have deleterious effects on Lyot filter perfor-

,,ance if the ratio of polarized to unpolarized light is 
reater than (i0N2 - 1):1, where N is the number of 
ntermediate polarizers. The physical reason for this 

The author is with Lockheed Palo Alto Research Laboratory, 

lectro-Optics Laboratory, Palo Alto. California 94304.
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effect has been explained by the author.)3 For the Lyot 
case, it was shown that the partial polarizers between 
the longest and next longest element are helpful while 
all other partial polarizers have a deleterious effect. 

The Lyot and contrast element Lyot filters are dis­
cussed from the point of view of their pulse response. 
This is done to provide a basis of comparison with the 
partial polarizer systems. Partial polarizer filters are 
then shown to be a natural evolution from the previous
designs. Finally. the measured performance of an al­

ternate partial polarizer filter is shown to agree with 
theoretical prediction. 

Lyot Systems 
A Lyot filter is formed by two or more modules. each 

of which consists of an entrance polarizer, a birefringent 
crystal, and an exit polarizer. When a pulse of light is 
incident on the first polarizer, pulses are propagated 
down the fast and slow axis of the crystal with ampli­
tudes 

Af = A1 cosB. 

A, =A; sin.
 
where A,, Af, and A, are the amplitudes of the incident.
 
fast axis. and slow axis pulses. and theta is the angle the
 
entrance polarizer makes with the fast axis of the crys­

tal. Exiting from the final polarizer are two pulses with 
amplitudes 

A, = A; cosd cosb', 

A,, = A, sin sinG', 
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Nwhere 
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OUP uIII 

I I I j ounri, 
Pulse diagram of two Lyot modules with length ratios of 1: 

Fig. 1. 

where theta prime is the angle the exit polarizer makes 

with the fast axis of the crystal. Both outgoing pulses 
have the same polarization state. In order that the two 
pulses have equal amplitudes, theta and theta prime 
must be equal in magnitude, to 450. The time differ- 
ence between the fast and slow pulses is 

t= pd/c, (1) 

where g is the difference of the indices of refraction of 
the crystal, d'is the crystal length, and c is the speed of 
light,

Lyot modules have equal output pulses, and hence 
they have parallel or perpendicular polarizers, and the 
crystal fast axis is at ±:45 deg to polarizer axis. 

For convenience, the origin of time is usually rede-
fined so that one pulse is delayed by half of the time 
difference while the other is advanced by the same 
amount. The pulse response and frequency response 
are Fourier transform pairs, so the transmission am-
plitude of a Lyot module that gives rise to a pair of 
pulses separated by the time given in Eq. (1) is 

A(') = cos(2rpdv). (2) 

The simplest Lyot filter consists of two modules. If 
the crystals are not of equal length, for every input pulse 
to the first module four pulses emerge from the second. 
The situation is shown in Fig. 1 for the case in which the 
crystal lengths are 1;1/2. The 1:1/2 length ratio has the 
effect of making the output pulses equally spaced in 
time. 

The number of modules in a Lyot filter can be in­
creased indefinitely and equal pulse spacing main­
tained, if the length ratios of adjoining elements are 
1:1/2, that is, equal pulse spacing occurs when the 
crystal lengths are in the ratio 1:1/2:1/4: ...:112N-. 

The output pulse structure for a single input pulse 
into an N element filter is 

P(W)= RL(t)l" (, (3) 

where , 

-OltI> (4) 

and 

L = 2d,,-" = ­2
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tN = (pdO/(c2N-), (6) 

d1is the length of the longest crystal, that is, thi 
pulse response can be considered as the product of an 
infinite series of pulses with a time separation equal t 
the time delay of the shortest crystal times a functio: 
that is unity for times less than twice the time delay c 
the longest crystal and zero at all other times. Th 
pulse response is written in the form given by Eq. (3 
because the Fourier transform of Eq. (3) is just a con 
volution of the sinc function and a dirac comb. Th 
amplitude frequency response, the Fourier transfort 
of the pulse response, is 

A') =sinc(LP)lf (T--l. ( 

From Eq. (7) the Lyot filter has aseries of transmih 
sion maximum, each of which is separated infrequenc 
by vN. [The separation of successive transmissio 
maxima is called the free spectral range (FSR).] Nes 
each transmission maximum, the transmission intensit 
has the form of sinc squared. 

Because of the substantial secondary maxima of sin 
squared, it is desirable to modify the standard Lyc 
profile. In terms of the pulse response, this require 
introduction of a tapering or apodizing function. Th 
adjustment of the pulse amplitudes can be done in tw 
ways: by adjusting the angles of the entrance and ex: 
polarizers with respect to the crystals which adjusts thi 
relative amplitude of the fast and slow pulses and/or b 
adjusting the crystal lengths such that pulse overla 
occurs.
 

Normally, the technique used to reduce the trans 
mission side lobes of Lyot filters is to add anothe 
module with a crystal whose length is equal to the sec 

5ond longest crystal in the filter.14" Figure 2 shows th 
pulse response tree of a series of modules with lengt 
ratios 1:1/2:1/2:1/4:1/8. 

From the figure there are only five pulses emergin 
from the contrast element instead of the eight tha 
would normally occur from the third module of a norm 

,NPUM
 

u(1) 
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Fig. 2. Pulse diagram for a contrast element Lyot module. No 

that the second and third Lyot modules have equallengths, and th= 
pulse overlap occurs at the output of L3. 

0 

http:filter.14


-- 

"2 

Lcurve 

G -

N 

s 


" 'The 

1. 2 a 3.0 4 5 a 6.' 

WAWJGT 

Fig. 3. Transmission vs wavelength (solid) and contribution function 

(dotted) from a transmission peak for a pure Lyot filter. The graph 
is plotted to half of the FSR. 
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Fig. 4. Transmission (solid) and contribution function (dotted) vs 

wavelength for a contrast element Lyot. 

Lyot filter. Because pulses that arrive at the same time 

are indistinguishable, the effect of more than one pulse 

arriving at a given time is to create pulses whose am-

plitudes are the sum of pulses that arrive at that time. 

Here the time overlapping pulses have the same am-

plitude: thus center three pulses from contrast element 

have twice the amplitude of the outer two. 

After the contrast element each successive module 

doubles the number of output pulses and preserves the 
As can be seen from Fig. 2, theamplitude distribution. 

contrast element tapers the pulse response. 
The analytic form of the contrast element pulse re-

sponse 
PW[Rt{(t) + R-t)J17( (8) 

where 
L. = 3-L (9)-

and 
5 d dYv d1 d1 

= S- -- -=-d,. (1)2 219h 1 2 

The amplitude frequency response is then 

A() = [sinc(Li) + sincL:v )li(L--). (11) 

The transmission vs waveleng-th for Lyot and a contrast 

element Lyot are shown in Figs. 3 and 4. The dotted ­
in the figures is the contribution function, the 

ratio of the light outside the wavelength to the total light
in half of the free spectral range (FSR), that is, 

5s12 ,FSR/2 

c(X) = T(\dX/ J T()d,\. (12) 

main design points of a Lyot system are (1) the 
!,1111 'AP i" .1111.'lt' [ I ±450speet toanglethe theparallelaentrancefast axis of theandcrystalsexit polarizers,make withwhichre­!IItlllliil~lil]
0- A 

" " "1 "
 , ,.., .i,''uu u v jl'sis to obtain equal amplitude pulses from a single mod­
ule. and (2) the 1:1/2 length ratios of adjoining crystals, 
which is to obtain equally spaced equal amplitude 
pulses. 

Alternate Partial Polarizer Systems 

The basic Lyot module produces two output pulses 
for each input pulse. Hence, the first logical extension 

is to examine properties of filters built from modules 
have three or four output pulses for each input 

pulse. Such modules must have at least two crystals 

with an intermediate element and/or a relative orien­
of the two crystals. Here only the case of a par­

tial polarizer intermediate element shall be discussed. 
designs that have either an intermediate perfect 

polarizer or no polarizer have already been handled by 
the general techniques in the literature. 

A single partial polarizer module consists of an en­
trance polarizer, a crystal, a partial polarizer, a crystal, 
and an exit polarizer. All the polarizers are parallel. 
while the crystals have their fast axis at plus and minus 

45' from the polarizer axis, that is, the crystals' fast axis 

are orthogonal. The reason for the orthogonality of the 

crystals will be made clear below. The configuration 

is shown- in Fig. 5. Because a sequence of modules 

would form a filter with alternate partial polarizers, the 

basic partial polarizer module shall be called an alter­

nate partial polarizer (APP) module. 
Unless the two crystals of the APP have equal 

lengths, there will be four output pulses for every input 

pulse. The relative amplitude of the pulses is easy to 

estimate because the pulse response of the partial po­

larizer is just the pulse response of a perfect polarizer 

plus a neutral density filter. The perfect polarizer gives 

rise to four equal intensity pulses, since it makes the 
The relativeconfiguration just a pair of Lyot modules. 

orientation of the crystals has no effect for Lyot mod­
ules. The neutral density filter, however, allows the 

orthogonal crystals to subtract birefringence which has 

"--


CRYSTALDI'Z'v PLARI WIAR DL 

CRYSTALI III 

pCLAI C 

Fig. 5. Optical schematic of an alternate partial polarizer module. 
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Alp) = {PM(ai,45)PPM(a,-45)P]si, (16) 

"Fur , or using Eq. (15), 

AW)= (Px - Pj)[PM(at,45)PM(a 2,-45)P 

V11:W + ePM(a,,45)M(a2,-45)P~ii, (17)1 

+ Iwhere 

inprN urtAtOe rTY =--P/(Pz - P), (18) 

M(a,4-45) = cosal + i snaER(.96), 

OPUTU42 l = 2-.gd~v, 

- E = (0o_,). 

I I i POUAPPM0A R is the rotation matrix, and I the unit matrix, so 

Fig. 6. Pulse diagram of an APP module illustrating the perfect that 
polarizer and neutral density concept. A(v) = (p, - pJ(cosa, cosa 2 + ecos(ai - a2)], (19) 

which is the expected result. Expanding the cosine 
product term, Eq. (19) becomes 

rIKFru1SE A') = (Pr - p3{cos(a + ao) +(1 +26) cos(a - a2)j. (20) 

Equation (20) demonstrates that the response of the 
single partial polarizer module is also identical to the 

WPM sum of the responses of a Lyot module of length d, plusAPft. W? 
d. and one of d1 minus id,and that the amplitude of the 
inner pulses are greater by a factor of (1 + 2e) than the 

i OTPMU1a outer pulses. From Eq. (20) equal pulse spacing occurs 

the crystal length ratios are 1:1/2. The relativeA I\ Awhen AI 
pulse amplitude time sequence is 1, 1+ 2e, 1 + 2 , 1. 

OWT 11 ] JI ]Since the pulse output of the APP is tapered. a ta-
Fig. 7 Pulse diagram for an APP module followed by two Lyot pered pulse sequence quite similar to that of a contrast 

modules with length ratios of 1:1/2:1/4:1/8. element Lyot can be achieved by using Lyot modules 

in conjunction with an APP module. The pulse re­
sponse of a filter consisting of an APP module and two 

the result that the system behaves like a single Lyot Lyot modules in which the crystal length ratios are 1: 

module whose length is equal to the difference of the 1/2:1/4:1/8 is shown in Fig. 7. For the figure. the partial 
two crystal lengths. Relative to the perfect polarizer polarizer factor epsilon is %. A comparison of Figs. 7 
pulses, the neutral density pulses are decreased in am- and 2 shows that the pulse response, and hence the 

plitude proportional to the neutral density factor. In amplitude response, of a Lyot filter plus an APP module 
the case where the two crystals have 1:1/2 length ratios, are very similar to a contrast element Lyot filter. The 

the neutral density pulses coincide in time with the transmission vs length near a transmission peak of an 
inner Lyot pulses. The situation is illustrated in Fig. APP plus Lyot is shown in Fig. 8, which should be 

6. compared to the transmission of the contrast Lyot 
The argument above can be carried out quantita- shown in Fig. 4. 

tively. The Jones matrix for a partial polarizer is Note that an APP plus Lyot can be made from a pure 

pr(=P--0X P.,0) (13) L 

G­where 
T 

==p.2, A 2 
I; = p2 ~2,(14) s, -1 I 

T. and T,are the transmissions of the partial polarizer M
 
in the high and low transmission directions. The ma- ,
 
trix can be rewritten as, M M)-,
 

pp = (Pr - p.) [() + p./(p - p )(0?)1. (15) Ia Z.A :.e 4 8 5.0 6.e 

The terms in brackets are the matrices for perfect po- .Malinl 
larizer and a neutral density filter. The transmission Fig. 8 Transmission (solid) and contribution function (dotted) vs 

amplitude then can be written as wavelength for APP-Lyot system. 
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crystal lengths are 1:1/2:1/3:1/6. The relative pulse 

P amplitude sequence is 1, (1 + 2E2), (1 + 2E2), (2+ 2eq),
(1+ 2el) (I + 2c2), (I + 2cr) (I + 262), 2,(1 + 2EI) ...... 

In order that the pulse amplitude sequence does not 
oscillate, it is required that e2 = 1b. Epsilon one-half 

/ ' AP I * , is the mean of the pulses immediately preceding andT4- causes the overlapped pulse to have an amplitude that 

following the overlapped pulse. An APP filter can be 
made of an arbitrary number of APP modules when 
crystals on either side of a perfect polarizer are in the 

I Ih h ratio of 1:2/3, and all partial polarizers after the first 
OUTPPPZ,4. , have epsilon equal to one-half. As more modules are 

Fig. 9. Pulse diagram for a pair of APP modules with Lyot filter added, the taper of the pulse sequence becomes 
length ratios, smoother. The transmission amplitude of the APP 

is 
9 N12.%'12 r[COS Tpdlv\ [~~ \ 

AG, =®N2~ [os-) +2cos (j-91 (21) 

INUt ?IAE 
and the crystal lengths are 

d= dt - -t 

Lx' andOI APPI It. 1,2, 

I., I = (
4 d)/32, (22) 

1 1 tI I I i where dcdd and deen are the lengths of the odd and even 
CUFLTAPP2,,,3. I, numbered crystals. The transmission near a peak of 

Fig. 10. Pulse diagram for a pair of APP modules with length ratios a four-module (eight-crystal) APP filter is shown in Fig.
1:i/2:1/3:1/6. II. 

The desire for equally spaced pulses has caused all 

Lyot by removing the perfect polarizer from between 
the longest and next longest crystal and replacing it by 
a partial polarizer and rotating the first two crystals so L 

0that their fast axis are orthogonal. It is tempting to 

imagine that the pulse response of the Lyot could be r ILRtapered even more advantageously by replacing the 

polarizers between the other crystals with a partial 'S r 
polarizer. The pulse sequence for the case of a pair of _ .t - -

APP modules with length ratios of 1:1/2:1/4:1/8 is shown 11 LI 
in Fig. 9. 

The relative amplitudes of the time sequence of six- i J_/. , PI+LL.teen pulses are 1, (1 + 2eq), (1 + 2E.2), 1, (1 + 2EI), 

2qv) (1 + 2eq), (1 + 261) (1 + 2E9), (1 + 2e1),..., where 61 1 a 2A- 2 a5 5. 5.2
 

is the partial polarizer factor of the first module, and E2 NE,
 

is the factor of the second. Unless e is zero, the pulse Fig. IL. Transmission (solid) and contribution function (dotted)
 
amplitude sequence amplitude oscillates in magnitude, for a four module APP filter. Half of the FSR occurs at 6 wavelength
 
which gives rise to objectionable secondary maxima in units.
 
the filter's transmission.
 

A monotonic taper can be easily restored, however, 
by increasing the lengths of the crystals in the second 
module relative to the first. Figure 10 illustrates the
 
case where the crystal lengths have been adjusted so t&IA.ft2 :RS, 


that output pulses from the second APP modules due
 
to successive input pulses just overlap.
 

In the situation illustrated by Fig. 10, there are three CRSTAL2I
 
F"T MiI
net output pulses from the second APP module of the 


filter for every input pulse instead of four. Thus, the
 
interpulse space is 4/3 the interpulse space of the Lyot - CASTL~l,
 

case. Since in each module the crystal lengths are 1:1/2, , "
 
the ratio of the lengths of crystals that adjoin a perfect
 
polarizer must be 1:2/3. Therefore, the ratios of the Fig. 12. Optical schematic of double partial polarizer module.
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Expanding Eq. (26) into a series of sums of cosines, 

o 	 sines,
G 

T 
2C 

= (A) + (1 + 2') a2 - a3)4 (cos(ax + a2 + a) cos(aj + 
N *.4 

S 
MA + (I+ 2) cos(a - a, - a,) 

I-3- + (I + 2(f + e) + 4e'] cos(al - a2 + as)]. (27) 

o-	 In order to create eight equally spaced pulses, the ratios 
N 	 of dt:d,2:ds must be some permutation of (1,2,4). If E > 

,, .e' 	 in order for the pulse response to taper, the ratios of1.9 2.9 3.0 .8 .6 6'9 dt:d:d3 must be 1/2:1:1/4, the relative pulse amplitude 

2 e'), (1 + 20, 1 + 2(e + e') + 4EE',...sequence is 1. (1 +Transmission (solid) and contribution function (ote3. 	
The half uS occurs at 6 Using a similar analysis one can show that a network

fora DPP plus two APP module filters. 
of four crystals and three partial polarizers does notwavelength units. 
result in a tapered pulse response. 

previous analysis to be limited to birefringent networks Regardless of the amount of pulse overlap allowed, 

in which all.crystals are multiples of a constant length; a monotonic taper cannot be achieved with more than 
one DPP module. However, the taper can be carried

however, as seen above, equally spaced pulses can be 
achieved without common multiple length crystals. on by indefinitely adding APP modules with epsilon 

one-half. The transmission near a peak vs wavelength 

Three Crystal Modules for DPP module followed by several APP modules is 

Having obtained a useful configuration with a single shown in Fig. 13., 

partial polarizer, it is worthwhile to investigate how Pulse Interleaving" 
many partial polarizers can be in a single module. 

In the sections above, pulse amplitude shaping and
Using pulse sequence diagrams. it appears that ofily the 
system of three crystals and two partial polarizers pro-	 pulse overlapping have been investigated. Another 

vide useful pulse tapers. The three crystal system 	 usdful operation on the pub structre is pulse inter­
consists of entrance polarizer, crystal, partial polarizer, 	 leaving. Using pulse interleaving, it is possible to 
crystal, partial polarizer, crystal, and exit polarize I 	 double the number of pulses and half the pulse spacing 

and hence double the FSR without using shorter crys­
polarizers are parallel while the fast axis of the outer tasTi:*i a'"ikifcat advantage because very thin 

tals. Thisis a' nificat advantae as erymthi
crystals is at 450 and the inner at minus 45O . The 

The module shall be- crystals ar botlifficult to manufacture and extremely
configuration is shown in Fig. 12. 
called a double partial polarizer (DPP). -fragile. Consider a string of pulses separated by t,/2N, 

The transmission amplitude for the module is from 
the Jones matrix calculus: 

AG)(A O Py,)(Px' - P.,') i~~e"f 

[PM(a,45)PPM(p2,-45)PPM(a,45)PsI,, (23) 

where 
ah= 2-rpdi, (24) /,, 1 1 1 .G IT-Lto.. 

Wematrices as the sum of Fig. 14. Segent ot a pulse diagram illustrating end and taper etfects 

Writing the partial polarizer mintroduced by pulse interleaving. 

perfect polarizer and neutral density filter and ex­
panding, Eq. (23) becomes 

A(P) = c[PM(a1,45)PM(a_,-45)PM(a3,45)P 
L 

- ePM(a 1 45)M(a,-45)PM(aa,45)P 0 

+ CPM( a1,45)PM(a2,-45)M(ai,45)P 	 " 1
+ e'PM(a,45)M(a2'-45)M)a3'45)PIiz, ­

(25) A -Z 

M­where 
C = (p, - Py)( D' - Py'), 

=Py'/P' - P. 0IPy , /P - P'.	 - 1fW101"4 

The expression in brackets represents just a sum of 	 a 29 Z=' +0 5 a 6 .8 
different numbers of Lyot modules. Hence, by in-	 WtER 

spection, Eq. (25) is 	 Fig. 15. Transmission (solid) and contribution function (dotted) 
vs wavelength for a seven element Lyot filter in which the last element 

Ai) = c(cosat cosaO cosa3 + f cos(a1 - a2) cosas is three times normal length. The length ratios are 1:1/2:1/4:1/8: 

a2 + a,). (26) 1/16:1/32:3/64+ e' cosa1 cos(az-a)+'COS(al ­
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theoretical maximum transmission of the filter is 0.43 
-of the incident polarized light when the losses due to the 
t transmission factors of the perfect and partial polarizers- are taken into account. When the Fresnel reflection 

loss of the index matching fluid-calcite interface is 
. . added, the theoretical transmission becomes 0.41. 

- Thus, the filter has 93% of its theoretical transmission. 
The use of four partial polarizers raises the maximum 
transmission by a factor of (0.94/0.86)4 = 1.43, compared 

........ jll a .. to a Lyot.
 

1.9 	 2.0 3.4 . Te APP filter constructed is designed as an opera-
WAVS( tional filter for use on a solar telescope. In addition to

Fig. 16. Transmission (solid) and contribution function (dotted) the partial polarizers, it contains achromatic-half wave 
mwavelength for three module APP plus two Lyot modules the last and quarterwave plates made of polyvinyl alcohol The 
Wwhich is three times normal length. The length ratios are 1:1/2-. filter can be tuned to any wavelength from 4500 A to 

1/3:116:19.1/18:1/32:3/64. 	 85 A.on command from a teletype console. The filter 

can be stabilized to 0.01 A by referencing the X6328 
Helium-Neon laser line. The filter is tuned by stepping 
motors that are commanded by a PDP1I/10 minicom-

POORQJAn 
I S I I 

Rig. 17. Measured filter transmission in the neighborhood of X5324. 
The FWHNI is 0.11 . The spectrograph instrumental profile is 0.02 

A wide. so that the measurement agrees with the theoretical
 
FWH,-M.
 

ifthe next crystal has a time difference of t/2N(1 + 2p), 	 Al 
interior pulses will be separated by t1/2Nv' , and only 
the pulses at the ends of the string will be missing. The 
effect of interleaving is shown in Fig. 14. Unfortu­
nately, pulse interleaving also affects the taper, so that 
for apodized systems there is some disadvantage. A Fig. 18. Photograph of LAPPU filter before installation of outer 
pure Lyot filter transmission profile in which the sev- corner. 
enth module introduces interleaving is shown in Fig. 15. 
An APP filter with two Lyot modules, the second of 
which introduces interleaving is shown in Fig. 16. 
Figure 15 should be compared with Fig. 3 which is the 
corresponding filter without interleaving. Similarly, A~ 
Fig. 16 should be compared with Fig. 4. r 

ExperimentalS 
A four module, eight crystal, APP filter has been built / . 

using Polaroid HN-38 for the perfect polarizers and two I 
laminated sheets of HN-55 for the partial polarizers. 
The largest crystal of the filter is 79.312 mm long. At
 
X5324, the filter has a full width at half-maximum of "
 
0.09 A. The transmission vs wavelength at X5324 is 
shown in Fig. 17. 

The measured maximum transmission is 0.38 of the 
incident polarized light at X6328 (He-Ne laser). The Fig. 19. Photograph of complete LAPPC filter. 
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W4 Pig. 20. Explode view of an APP 
module that is both wide field and 

tunable. 

12 

a u 
C" I -LOr 

a o C-YOt 

0410 XGLW< 

S ;amB FINSSE 

Fig. 21 Transmsion vs finesse for APP. Lyot. and contrast element Fig. 22. Number of crystals v finesse for APP. Lyot. and contrast 
Lyot filters, element Lyot filters. 

puter. The filter is shown without its case in Fig. 18. The reason for the behavior illustrated by Fig. 21 is that 
The completed filter with stepping motor drivers is the contrast element filter adds a polarizer to achieve 
shown in Fig. 19. Figure 20 shows an exploded view of apodization. whereas the APP uses higher transmission 
a typical partial polarizer module. polarizers to achieve apodization. 

If one measures apodization quality by the ratio of the 
Discusso light outside the first zero of the transmission profile to 

From measurements above, a filter using the alter- the total light transmitted to the FSR, again the APP 
nate partial polarizer design operates substantially as is superior to the contrast element Lyot. The ratio for 
predicted. The partial polarizers yield an increase in the APP is 0.0095, while for the contrast element Lyot 
maximum transmission, and the nonstandard crystal it is 0.035. A pure Lyot has, for comparison, a ratio of 
length ratios result in an apodized transmission profile. 0.085. 
For a filter with the same number of crystals, the APP From the standpoint of both transmission and profile 
is clearly superior in transmission to the Lyot. How- shape, the APP is clearly a superior design to a Lyot 
ever, the pulse overlap of the APP diminishes the fi- system. However, the design does have some practical 
nesse, the ratio of FSR to FWHM, of the APP compared disadvantages. More crystals are required in the APP 
to the Lyot. This diminition, however, is not sufficient for a required finesse. The number of crystals vs finesse 
to remove the transmission advantage. The maximum for the APP. Lyot. and contrast Lyot is shown in Fig. 22. 
theoretical transmission vs finesse for the APP, Lyot, Also, slightly more calcite is required for the APP than 
and contrast element Lyot is shown in Fig. 21. The the contrast Lyot. But since extra calcite is required 
data for the figure were obtained by using 0.86 and 0.94 only in elements after this third, there is not a signifi­
as the transmission factors of perfect and partial po- cant disadvantage. By far the most serious drawback 
larizers. The plot shows there is a transmission ad- of the APP is the problem of compensating any residual 
vantage to the APP design that increases with finesse. birefringence of the partial polarizers. A detailed 
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inalysis of the effect of birefringence on partial polar-
zers modules will be discussed in a later paper. How-
wer, anyone attempting to build an APP should be 
,ware that Polaroid polarizing material is birefringent, 
md birefringence at the location of the partial polarizer 
urprisingly quickly destroys the apodization taper. 

The concept of pulse response and its great utility was 
ntroduced to me by Larry Mertz. I gratefully ac-cnowledge his patience and understanding. Al the 
ptical elements of the LAPPU were made by Harry
lamsey. The mechanical structure was designed and 
onstructed by Ralph Reeves, the electronics and logic 
y Russell Lindgren. The computer design and pro-
,ramming was done by Stephen Schoolman. I grate-
ully acknowledge the skill, patience, and tenacity used , aolg construction problems of the filter.tthe 

n solving r(1954).
The theoretical analysis of birefringent systems has 

een supported by Lockheed Independent Research 
unds. The filter was constructed under NASA con-
ract NAS5-20783. The aid and cooperation of Goetz 

Oertel and John Mangus of NASA are gratefully ac­
knowledged. 
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