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NUMERICAL MODELLING OF THE FORMATION PROCESS
OF PLANETS FROM PROTOPLANETARY CLOUD

N. N. Kozlov and T. M. Eneyev
Institute of Applied Mathematles, Moscow
1. INTRODUCTION

Modern nebular theories of the origin of planets of the /5¥
solar system have been formulated falrly precisely into two
main problems of planetary cosmogony -- the problem of the origin
of a protoplanetary cloud and the problem of formation of planets
from this cloud. Very probably no such sharp divislion exists be-
tween the two problems indicated, however, it is reasonable and
advantageous, at least 1na first approximation, to conslder both
problems independently of eaech other. Thls article presents a
study and development of the second problem, that is, the problem
of formation of planets from a protoplanetary cloud which 1s al-
ready formed arcund the Sun.

A gas and dust protoplanetary cloud which 1s already formed
around the Sun has, obviously, passed through a number of stages 1n
the course of 1ts evolution. One car propose that the initiail
stage of evelution of the cloud was characterized by a dust com-
ponent in the cloud thanks to the mutual non-elastiec colllsion of
its particles and also from friction of the gas, and that it grad-
ually began to settle in an equatorial plane forming a more or less
thin disk with high density of matter [1,2]. The opinion of sei-
entists varies as to the character of the last stages of development
of the structure of a dust disk. According to one concept, during
a2 gradual decrease in thickness of the disk, coagulatien of the
dust particles occcurred combining into larger and larger blocks
until the bodles were of asteroid dimensions [3]. The basis of
another concept 1s the theory of gravitation instablility of a dust
disk. The dust disk gradually thinning, bringing its density to

* Numbers in the margin indicate paginatlien in the foreign text.



the critical Rosh density 1s broken dewn into many dust clots in
which the internal gravitatlional forces are larger than the
perturbing (influx) forces of the Sun. The dust clots,continuing
to evolve with compresslon and partially combining with each other,
also in the end form more or less dense bodies of asterold dimen-
silons [1]. Thus, both concepts agree that in a certaln interval

of time, in the course of evolution of a protoplanetary cloud,
planet-like bodles wlth relatively small dimensions moved in 1ts
equatorlal plane; these bodles had almost eircular orbits initially.
The moment of evolution of the cloud, that 1s, the moment when in
its equatorial plazne a cluster was formed of more or less dense
masses moving in a2 cecircular orbit; this moment is the initial

point of the study whose results are presented in this article. LQ

The study of the process of evolution of a2 cluster of
gravitationally interdependent collidlng masses moving around the
Sun is extremely important and has great significance for planetary
cosmogony, since it 1s possible that as a result of thils process,
the seolar vlanetary system was formed.

The Kant LaPlace ldeas as to the accumulation of planets from
dust or gaseous matfer of a protoplanetary cloud rotating arecund
the Sun first appeared in 1943-44 in the works of 0. Yu. Shmidt
and K. Veytsekker; then in 1946 0. Yu. Shmidt developed a fairly
detalled mechanism for the process of accumulation of planets
based on a gradual Intrease in the embryo planet, by exhausting
the matter surrounding the latter whose particles moved in a very
eccentric orbit [4]. Since then, the problem of the mechanism of
accunmulation of planets has attracted the contilnuous attention of
sclentists and a considerable number of them have continued to
develop the system proposed in 1946 by O. Yu, Shmict. 1In this
connection one should note that the Shmidt system, aaving undergone



fairly significant changes and modifications over three decades,
has still retained its main characteristics [5]. The mechanism

of exhaustion by the embryo (or embryos) of the planets of particles
of matter of a cloud moving around the Sun in orbit with fairly
large eccentrics (approximately 0.2) 1s the basils for processes

of accumulation of planets studied by sclentists who more or less
support the 0. Yu. Shmidt system. It i1s not our purpose to give

2 hilstorical survey in thls artiele of works which to one or
another degree touch on the 0. Yu. Shmidt system, but we will
mentlion two very interesting works done in the last decade inasmuch
as these works are similar to the work presented In thls article in
thelr research methed.

In 1970, S. H. Dole published an article in which the results
of a numerical modelling process of accumulation of planets which
he had done on a computer were presented [6]. The model of a proto-
planetary cloud adopted in this work consisted of two components
which were, respectively, dust and gas. The essentlal feature of
the cloud model, then, was that the particles of dust iIn them had
orbits with the prescribed fairly large eccentricitles. In this
model of a eloud, according toc a definite rule, with randem fornm,
there was placed a "nucleus" -- an embryo of a planet, of approp-
riate mass and dimensions. It was proposed that the particles of Ll_
dust collided with the "nuclel" of planets connected to it. It
was also proposed that during collision of the "nucleus" combin-
ing of them ocecurred. Upon reaching bodles of certain dimensions,
the possibllity of aceretion of gas on them was reached. The
process of accumulation was traced until all of the dust in the
cloud had dlsappeared.

In [6], several examples of numerical mecdelling of the for-
mation of planetary systems were presented. In these examples,
one can track fairly presicesly the commensurablility in positioning
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of planetary orbits and also certaln other characteristic pec-
uliarities which exist in the solar planetary system.

In 1977, R. Isaacman and C. Sagan publlished a work whi:h is
a continuation of the studies begun in [6]. New examples were
calculated according to the method developed in reference [6];
using these, the effect of the change (in a very broad range)
was studied for a number of parameters of the cloud model [7].
The results of work [7] also were very interesting and produced
new material for improvement of our concepis as to the processes
which occurred during the formatlon period of the solar system.
One should note that, in splite of the large number of numerical
experiments done, neither in [6] nor in [7] was a planetary system
successfully reached which 1s falrly close to the numerical value
of the basic parameters (mass and orbit) for the solar system.
The authors of references [6] and [7] draw an important conclusion
on the basls of thls as to the possible very large morphologle
diversity of planetary systems in the Universe.

With all that has been published on the character of results
in works [6] an [7] in the end, a number of questions remain in-
volving certain characteristics used in the model [6] and [7] of
the properties of a protoplanetary clocud. We will point out two
properties of the cloud adopted for the model in [6] and [7] which,
in our opinion, need further study and foundation. As was already
noted earlier, the eccentricities of the dust particles of the
cloud have a fairly large significance and the dynamles of their
occurrence is not completely clear, mainly stabilization around
a given value. On the other hand, spontanecus birth of a "nuecleus"
-~ the embryo of a planet 1s the most important property of a
model of a ecloud and here it is necessary to create and substantiate
a2 quantitative theory of this process.



The research whose results are presented in this article was
first undertaken for a study including questions other than the
two listed above. During the research, gradually a new theory of
accumulation of planets from a protoplaretary cloud was
formulated; this will be presented in succeeding sections of the /8§
article.

As was already noted above, the evolution of a system consist-
ing of bodies of finite dimensions with spherical and symetrical
distribution of mass, gravitationally interacting with each other
and combining (flowing together) on contact is presented in the
article. It 1is assumed that all bodies move in a single plane and
in a single direction around a central massive body (Sun) and then
that the initlal orbits of the bodies are eircular. Eveolution of
such a system can be, in principle, with as high precision as de-
sired, described by a system of ordinary differential equations
whose sequence in sclution continuously decrease as a result of
combinlng of bodles comlng into contact. Unfortunately, the direct
use of such a system of equations for describlng evolution of a
cluster of bodies, using numerical and analytical methods, is
practically impossible in the case considered. Elementary eval-
uations indicate that a model which is more or less satisfactory
for a protoplanetary eloud ( in this case a cluster of bodies)
must consist of tens of thousands of particles. Numerical methods
for solving differential equations which rest even on very modern
computer equlpment, do not describe a more or less long evolution
of this system. The same can be sald of analytical methods.
Therefore, the initial model described above of the cloud must be
simplified. 1In order to simplify the cloud model the following
two important postulates will be used later on:

1) The mass of a protoplanetary cloud is negligibly small
in comparison wlith the mass of the Sun.

2) During evolution, the close approach of only two pailrs
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of bodles occcurs., Then, by a close approach one means that
the gravitational forces of interactlon here between the two
bodles are somewhat larger than the forces of attraction of each
of the bodies to the Sun.

The flrst postulate makes it posslble to state that from cne
close apprcach to another, the body moves along a Keplerian orbit,
The second postulate makes it possible to eliminate the complex
plcture of simultaneous interaction of several bodies (more than
two); however, this requires a certaln additional analysis. The
point is that the second postulate, like the first, does not make
1t possible to use any simple formulas whlch describe the results
of close approach of two bodies. Gravitational interaction of
two small bodies in the fleld of a third massive body can be
studied using the so-called problem of three bodies which how-
ever does not have an analytical solution. The numerilcal scelution
of thils problem, with each close convergence of a pair of bediles,
with the existing method, decreases the effectiveness of simplifying
the model using the two postulates listed., Because of this, the
necessity arises for constructing a simplified model of a pair of
two interacting bodies which, in 1its final results, would be ade~-
quate for an initizl model of thelr gravitalonal interaction.

For this purpose, we will present an analysls of solutions of the
problems of three bodies in which both small bodlies at the initial
moment of time move in a cireular orbilt.

2. The Problem of Three Bodies. Gravitational Cohesion. /10

Let us assunme Mo’ By, m2 are three masses interacting wlth
each other according to the law of universal gravity. Let us in-
troduce an absolute connucted by fixed stars to a system of
coordinates whose origin we will place at the barycenter of the

masses m, and m In this case, the equations of motions for these

1 2°



masses can be written in the following dimensionless form:

!’ 0/2 %: ’2‘
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Whére'PA(Z)'—é is'théhﬂégendre'pblynomials of g-magnitude

¥ *l’ ;jz -= are radlus vectors corresponding to masses M

_ Ql and m2, and. according to definltion of the systew of coordinates
Ea-- -Krl We note that equations (2.1) are invarlants in relation

to the following transform of variables t and;i

-t e/, ?;:c’z"i i=0.14,2.

Let ﬁs'con31der:nowfan.imbortént'casé'fdr'the entire sequential
analysis where the following relationships take place
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then, the relationships_(a.#)_are fulfilled for the entire field
of change of variables ?_. In this case, equations (2.1) can be
simplified. The effect of mass M, on motlon of masses ny and_ya

-relative to thelr common barycenter can be calculated with an

adequate degree of precision using the perturbing members of the
first magnitude from MO,_introduced in the right sections of
equations (2.1), that is, in (2.2) it 1s adequate to assume

. ¥y = Z *+ 1, Further one can say that the indicated simplified

equations of motion will be invariants in relation to transforms'
_g_and r1 of the following form

--

‘ﬁ"

| at=const

(2.5)

. 'The parameter K is aSSumed'theh to be constant. The relationships

(2.5) play an important role with the following construction of a
model of a protoplanetary cloud. '

Now let us conslider an important speclal case corresponding t
gravitational interactilon of two bodies'with equal masses (k = 1);
moving at the initial moment of time t, 1n a close circular orbit
lying in a single plane. Let us asuume that the distance between

. the initial heéliocentric (circular) orbits of the bodies equals

Aﬁo. Let us study the character of change of a separate kinetic

‘moment of these bodles relative to theilr common barycenter (that

is, relative to -the origin of the coordinates). Figure 1 shows
a family of curves for a Specific moment of bodles K12 for

~different values Aa i Here along the ordinate axis, values of

specific moment Klz’ are given and along the axis of the abelssa,

_the values of ¥ -- the distances of bodies m, and m, from the

origin of the coordinates (that 18, from the barycenter) Each
curve corresponds to a certain value of the parameter Aa . The
graph presented: in Figure 1 has a universal’ characer. It is

.
1
-

[.
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Figure 1. The specific kinetic moment of two
- gravitating bodies relative to thelr barycenter.

compiled ingdimensionless form and the_distance from the center
of the bOdY.ml (Or_ga) directed toward the center of the body
Mb(Sun) 1s the unit of length assumed; here, the force of attraction

”7ef'théiﬁédy=mi-(m2) equals the perturbing influx force from the

Mb-body. The appropriate dimensional values can be written as

dimensionless using the formulas:
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(2.6)
where a 1s the mean distance of bodles g, and m, from M . We ALl
note that formulas (2. 6) are the direct result of the relationﬂhip
of invariance (2.5). The universal character of the graph in Fig.

1 makes it possible to use it for a broad range of masses my and
m,, as soon as they satisfy the inequality (2.3). It stands to
reason that due to the asymptotic character of the theory on whose
basls the graph is constructed, that the'higher the precision glven
them the smaller the value ;n/M0 will be. However, calculations

- ghowed that for all masses of bodles possible iln this formulation,

which participate in accumulaticn of planets (to a mass on the
order of the mass of Jupiter) that the graph in Pig. 1 provides
completely satisfactory precision. ' :

_ We note now the important property of curves K12 (). Almost
all the curve families have two more or less different characteristic
sections -~ sections of rapid change of specific moment Yla(g > 0.5)

- and a section ¢f stabilization of this moment (F < 0.5). 1In other

words, when twe gratitationally independent bodies approach, thelr
kinetic moment relative to the common center of mass, changing

'-rapidly at first " begins at a certain distance (r L R g G 7)

stabilizes and remains practically constant up to maximum approach

~of both bodies. The eurVes.ﬁig (F) in Fig. 1 orbit to the left



'-K

‘at the moment when the bodies approach to the minimum distance.
Consequently,theblack curve which connects the left ends of
curve Kl, (), is the line of minimum distances.__

~Another 1nteresting feature of the curve K12 (r) involves the
sign of the moment K12 on a sectlion of stablllzation at the point
~of maximum approach of bodies. It 1s easy to see from Fig. 1
that for all values of & & :o’ which satisfy the 1lnequalilty

0 A go < 1,05, we have K12 >0 for the entire interval of change
F. Inthe 1,05 < Af < 1-60 range, on the stabilization section
‘and when P =5 P nin We have 12< 0. Finally, for the range 1.60

< Aé, < 1.75, for the section of stabilization agaln we have

15 > 0 "although then the curve K12 (r) has an intermediate
section where K12'<0(da~hedline) In such a characteristic of
eurves K 2(;9 it 1s extremely important that for the majority of
values of the parameter 4 & (70% of the range of change AE)

on stabilizatlon sections and at r=r Toin? we have K12 0. As
will be shown later, this characteristic of the gravitaticnal
interaction of bodles moving around the Sun on almost a circular
orbit stipuiated, in the final analysis, a predominantly forward
rotation of the planets around their axes. The main feature ofr
eurves K12 (3) is stabllizatlion with a predominantly positive
sign of Klz-completelyucaused.by gravitational interaction of

two bodies, and with the absence of such interaction, no such
characteristics would occur. For a comparison in, Flg. 2 curves /15
of ﬁlg'Qgg'constructed on the same scale as the curves of Fig. 1
are presented but with the absence of gravitatlonal interaction

- of the bodies m and m,. Actually the curves K (r) in Pig. 2
have a completely different character from the analogous curves
in Fig. 1. Here more or less expressed sections of stabilization
. are. absent and most important with maximum approach of bodies, the
kinetic moment of Kl2 has a negative sign. S

- i]_:
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Figure 2. The speclfic kinetic moment of two todles
relative to thelr barycenter with the absence of o
gravitational interaction.

A case of gravitational interaction-of two identical bodies

(K = 1) was considered above. A similar analysis can be made
fer two bodies of different mass (K # 1). Then, the main charac-

teristic features of gravitational interdction of: bodies deseribed -

12
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interaction of two bodles. The essence of thils simplification is

- 1.

e Tl S s R M A S

ahove for K = 1 are retained in a2 general case of XK ¥ 1.

Relylng on the erfective stabilization of the kinetiec moment
given above we will_construct a.simplified model of grevitational.

based on a simple and well known principle of classical mechanies
according to which motion of a center of mass iIn a mechanieal
system can be studled independent of its motion relative to its
center of mass since the kinetic moment of the system relative to
the center of mase femains'conetant. This prineiple, in a given
case, can be used for the stabilizatlon section of kinetic moment
ﬁla.o,Following-the_princ%p;e_indieated one can consider that in.
the stabilization period Klz’ motion of the center of mass of
bodies m, and n, is absolutely equivalent to the motion of the _
center of mass of one body with mass (m 2) ‘and then the motion
of the center of mass of this body around M {(Sun) occurs acecord-
ing to_a Keplerian orbit. The state of the bodies m, and meg then, -é
can be defined as the state of a special type of bond -- adheslon, '
during which both bodies, in spite of thelr motion relative to each
other, can be considered as & single aggregate. This state later

on we will eall the state of gravitatlonal adheslon or gravitational
cohesion, because it is caused by gravitational interaction of the

) and m, bodies. Thus, in the period of gravitational cohesion,

the set of bodies m, and m2, independent of their relative position

1

. and velocitles, can be considered as a single body of’ mass El + m,

- and with a center of mass moving around the Sun 1in a Keplerian
~orbit. On the other hand, in this same perlod of gravitational /16
fdcohesion, motion of: the bodies ml and my relative to each other ”

can be considered independently from theilr motion around the body

_M and without taking into account its perturbing effect; In

certain cases, it can be considered Keplerian alse in relative
motion. Filnally, before a certain conventional moment correepond- .

- ing to the origin of gravitational cohesion, motion of the

approaching bodies gl and m, alsc can be considered as Keplerian

13



relative to a heliocentric system of coordinates. Thus, a model
of gravitational interactlion of two bodles moving in a field of
gravity of a third massive body is simplified in both character-
‘istiecs. As is clear from what has been presented above, the
basic achievement of this model is that for each stage of inter-
action of the m, and ge'bedieS5 their motion can be calculated
accerding to a comparatively simple final formula for the theory
of conical cross sections. Using the model 1indlcated, now cene
can move on to the construction of a common mathematical model
of a protoplanetary cloud.

‘3, _Effective;Body,. Mathematieal Model of a Cloud.

Dhe dynamies of graVitational'interaction of two bodies in
the case of a simplified model can be described using a graph

similar to the graph in Fig. 1. For this purpose, we will con~

struct a new graph which 1s a synthesis of the characteristic
sections of the graphs in Figs.l and 2. Each line of the family

presented in Fig. 1 we will put in as a broken line consisting

of two lires ~-- straight, tangential to the corresponding line
of the family and parallel- to the axis of the abcissa and

'corresponding to the -same 1ine of the famlly of curves taken

from the graph In Fig. 2. A synthesized graph is presented in

. Pig. 3. It 1is easy to see that'the'new'graph, in spite of its

approximate character both from a qualitative and quantitative
polnt of view, completely satisfactorily describes the main

 characteristics of the "precise" graph of Fig. 1. Actually, .

14

the lines of the families shown 1in Fig. 3 have sections of rapid

change of the kinetic moment Klé and sections of its stabilization.

On the other hand the values of Kl2 of the synthesized graph on
the sections for stabilization differ no more than.lo% from thelr

“values at minimum distances for a "precise" graph.
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Figure 3. A synthesized graph for specifilc kinetic
‘moment of two gravitational bodies.

Let us look at the dynamics of the approach of the bodles
@y and @, corresponding to any of the 1ines in the family in Fig.
3. The right section of the line (from the point of the break)
corresponds to Keplerian motion of both bodies in a heliocentric

- system of coordinates. The left part of the line (beginning with

the point of the break) corresponds to Keplerian motion in a /ig‘ -

15
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bodles m, and m

- the hellocentric orblts of bodies m

m, and &

heliocentric system of coordinates of the barycenter of bodies

ul and m, (section of gravitational cohesion) This same sectlon
of the line corresponds to the osculating motion of the nl and'm2
bodies relative to its barycenter, The break point of the lines
vhen ¢ = ﬁe is transitional -- the barycenter of the m, and i,
bodles changes after the motion regime due to stabilization
of its kinetle moment relative to the central body M (Sun).

It 1s very important that the kinematic parameters of the barycenter

(most of all velocity) at the break polnt can be calculated

~according to the theory of inelastie lmpact of two spheres with

radius ﬁe moving, before 1impact, on a heliocentric orbit of the
I, Consequently the bodles my and m, themselves in
such a simplified model éan be replaced by two nonelastiec spheres

with radius Re’ moving before the moment of contact on a Keplerian

~heliocentriec orbit. It 1s obvlous that simllar dynamics of the.

approach of bodies ml and m, will oceur for any other llne 1in the
family of Fig. 3 where, for each such point, it will have a

- contact radius Fe of the my and m, bodies.  In other words, the

=2
contact radius is a funetlon of the initlal distance Aéo between

, #nd m,, that is, §_ = R (a8).
After contact of the radil R of bodies my and m,, & period

of gravitational cohesion begins for these bodles whose length

tk also depends on the lines of the family (or, that 1s to say,

on Aa ) and simultaneously with this, on the actual (physical)
dimensions of bodies mn, arid m2 The latter factor is particularly
significant for constructing a mathematlcal model of a protoplanetary
cloud. This means that the duration of gravitational ccheslon of

bodles as much as the results of it affect the character of

~evolution of the cloud., This result can be twofold. The bodles

1 -2; approaching each other at a minimum possible distance .
can then move away from each other. These same bodies can combine

(Join) with each other in the period of gravitational cohesion..

PRS-



In the first case,the period of gravitational coheslon ends

with gravitational uncoupling of the bodies n,y and_g2. In the
second case, thils period is completed by accumulation or combin-
ing of the'mi and o, bodies into a new body with'mass'ml +'m2.

It stands to reason that the common mathematical model of a prote=~
planetary cloud must envisage both possible sources of gravitational

" cohesion. Undoubtedly, however, a special (maxlimum) case of a /19

model in which gravitational cohesion must end with Joining of
the bodies, is of definite and considerable interest. During
the study whose results are presented in thls article, this maximum

- case was first subjected to a thorough and detalled analysis. The
analysis of the maximum case indicated was of principle and pri- o
mary value for the theory of the origin of the planets and satellites."

It seemed that the accumulation of most planets of the solar ‘system
(except possibly Neptune) and also obviously the planetary satellites,

can best be described by Just this special (maximum) model .in

which each gravitational cohesion results in combining of bodies.

The model indicated will be an example for study in subsequent
~ sectlons of the article. : : :

Here, we propose that during evolution of a protoplanetary

cloud at separate moments of time, that between these bodies there

ocecur gravitational cohesions each of which ends by the joining

For this purpose we will take two important and, according to what

.~ has been said earler, thoroughly obvious assumptions:

1) Each body of the cloud is surrounded by a conventional

 spherical surface having an effective radius Re which depends on

the mass of the body m and on the mean distance of 1t a from the

center of the body M (Sun).m

i7

’,;

of these bodies. Let us make still another simplifying modification. -
~ of the evolutionary collision process in a protoplanetary cloud.
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;break of curves of the family 1n Fig. 3. Additional simplification

2) During contact of the bodies with these conventional
spherical surfaces, lnstantaneocus combination of them occurs.

~In other words, the period of gravitational cohesion i1s equal to

zero,
We will give more details of the assumptlons made.

On the basls of the first assumption, one can assume the

*phenomenon ‘noted earlier of a shift in the state of motion of the

barycenter of bodies my and m, at the transition points of the

in this case involves ignoring the relationship of dimensionless
radii of contact of the bodies R (corresponding to the point of
break) to the parameter Aao and replace them with a single "weighted
average" radius R Transition from dimensionless radii R to
dimensional radius R gives the relationship of the latter to the
mass of bodles m and to thelr average distance from the Sun, a. /20

Actually, thanks to the invariance of equations(2.l1) in relation

. to the transform (2.5) just as in the case of formulas (2.6); one S

can easily find B

JE—
Re =1-26 ’ Rav'a {% b
| (3.1) i
where R -~ 1s the "average ‘welghted" radlus Be(Ray V1), & -- is R
the average distance of the body m from M, (Sun). i

The second'assumptién is the direct result of the character

of the evolutionary process in the speclal model of the eloud
“used. MActually, inasmuch as the contact of conventional spherical -

gurfaces of bodles results in their gravitational cohesion, and

- the latter must end in physical combining of the bodies, the



dynamics of relative motion of the bodles in the period of
gravitational coheslon does not affect the general plcture and
the final results of evolution of a protoplanetary cloud. Then,
the actual period of gravitational cohesion can be fairly long
=~ during the pebiod'Of cohesion of both bodies a more or less
slgnificant number of rotations can be made ‘around the common
center of mass, gradually slowlng under the effect of influx
forees‘at the approach to each othér. It seems'rapid combining
of them with approaching combinations of kinematic parameters of
heliocentric orbits, however, in any case from the moment of the
origin of gravitational cohesion can occur and the character and
time of interaction of two bodles does not affect the subsequent
evolution of the protoplanétary c10ud§ 'therefore, coheslon time
can be ignored.

Thus, in final form, the mathematical model of a protoplanetary
cloud is a set of certain conventional bodies in spherical shape

'-‘moving along a Keplerian orbit and combining upon contact inter-

acting with each other according to the law of absoclute inelastic

. impact. Conventional bodles indicated will be called effective _

v bodies henceforth. Each effective body has a radius R s calculated
according to formula (3. 1), and also corresponding to the
_effective area of a cross section S and effective volume V‘. It
1s easy to see that the actual physical body occupiles only part‘

©of the volume of an effective body acting like a nucleus. Then,

if the actual body is in a compaet solld phase state, then the
radius and volume of 1t can be very small in comparison with the
‘corresponding radius and volume of the effective body. Thus, for -
example, the radius of the effective body of Earth equals approx-
imately 106km The mass of the effective body, as follows from /21
“what has been said, equals the mass of its huclei, that is, the
mass of the actual physical body m.

_ 19.:_ R
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The mathematlical body described above of a protoplanetary
cloud can be completely adequate both from a qualltative and a
quantitative point of view to describe the common evolution of

' an actual c¢loud; however, 1t is difficult to use for a direct

numerical experiment on imitating the evolution indicated for

_digital computers due to too large a number of evolutionary bodles

participating (approximately 108 + 10 . In connection with

‘this, the necessity has arisen for creating a certain generallized

model of a protoplanetary cloud capable, with corresponding luws
of similarity, of describing the evelution of an actual eloud
using a relatlvely small number of bodies. The mathematlcal
model described eariier of a cloud becomes then a special case
of thls generallized model. o

The generalized mathematlcal model of a protoplanetary cloud
also 1s a set of conventional bodies moving along a Keplerian
orbit and combining on contact; here, the effective radius of these
bodies is determined a.:ccording to the fcrnulas

R=2-a VR

(3.2)
A _='-g‘_-_;canst Y

(3.3)

where N «= is the total number of bodies contdineéd in the cloud
and S -- 1s the total effective area of the bodles at the initial
moment of time occurring per. unit of the area of a protoplanetary _
disc (in this case S = const.). ﬂ&megeneralized model of a cloud
in which the dimensions of the bodies are determined according to

- formula (3.2) is universal and useful with the presénce of the .
».corresponding theory of similarity for an adequately precise_

quantitative description of processes which occur 1n an actual

51 B

'protoplanetary ¢loud right ip to computation of the actual parameters i




of accumulated planets and: thelr orbits.. Such a generalized model
 of a cloud henceforth will be called a gravitational model. More~
over, from now on slong with a universal gravitational model we
will consider a cimplified model of & cloud whose body radil, in
distinction from the preceding, do not depend on the value‘g,' The

) fformuia for the radii of bodles of such & model have the form 22

CR=AVE

From now on, this model of a cloud will be called a 1iquid-
'drog model. When using & llquid-drop model, 1t will always be =
assumed that at the initial moment of time the masses of the
bodies m and, correspondingly, their radii R will be identical
‘and the effective area S, will not depend on the distance R.
A liquid-drop model of z protoplanetary cloud, in spite of its
© -simplified character, was an axtremely important and useful model
. because, using it one could understand the basic principles of the.
: prqcess_of_formation of the planets on simple examples, detect the
main effects of this process and,finally, obtain initial data for
caleulating the parameters of a more complex gravitétional model."

y, Basic Intégral—ﬁifferéntial"Equation. _

" The collision evolution process for the model of a protoplanetary
cloud presented above can be described.by an integral-differential
- -equation which is a specialized modification and generalization
of appropriate equations in the modern - theory of coagulation. For
this purpose, we will introduce into. consideration the function of
distribution of badies in 2 protoplanetary disk by mass and
distance : o SR

n
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where n 1s the number of bodles per unit area of the surface of
the disk, and at single intervals of change of relative mass Af = 1
and distance from the center of the disk r = 1; m m, is the char-

 acteristic (for example, the mean quadratic) mass of the body in

a protoplanetary disk at the initial moment of evolution. As was
briefly noted earlier, the eccentriceity of orbits of all bodles
in a cloud at the initial moment equals zero. In this case, we
will assume that the eccentriclities remaln equal to zero in

the following period of evolution of the disk. When constructing
the equation of coagulation of bodies on orbits, this assumption

1s fully verified by the results of analysis of numerical exper-
Iiments. In this case, similarly to that done in the theory of

coagulation, one can introduce the following equation for the
functions n(g, r, t): ' '

S
wiw
XIS
i
() -_..__w,‘
T

A (g, 3 ,_o LPIA( Tp ) niL-5 p) E)aport -

o= By

“!r‘?lf.' ‘1|| A{;gqp}-n(g,'Z-rﬁt)de;',

| (h4.2)
where e s :

Papeg!, W-Rif-¢ )V +HELT)  (4.3)

(4.4)

'=é%ﬂpr§553(?E'+VET),

The first member on the right in equation (H 2) corresponds to

“the number of bodies with mass E which fornm per unit of time on

a unit of ares of the disk due to combination of the masses £'

~-and E~E'.  The second member corresponds to the number of bodles

with mass £ which collide per unit of time on a unit of area

with,other_bodies. The parameter Ro depends_on theAtype of model



6f‘protop1anetary cloud and 1s determined according to the

formula ‘
. 3 .
Ro= AVHE

S | (4.5)
for a llquid-drop model, and according to formula:
Ro= 2 Vg2
(H,G)

for & gravitational model. 7
Both members of the right part of equatlon (4.2) involve
important parameter A, ordinarily called the coefficient of ~
cozgulation which is the probability of collision and combining
of bodies with different masses. So that equation (4.2) would
be in iumproved form, it 1s necessary to point out_the'relation-
' ship of parameter A to the values of these masses and also the
mutual positioning of their orbits and mean distance of the orbits
from the body M_ (Sun). This relationship can be easily found
- paying attention tc the probability of the nature of parameter
A. Let us assume bodies with radli R and R' moving in circular éggr
orbit corresponding to a distance r and p + p from the body M_.
Further let us assume for these two bodies the following in-
equality is true
pe R+R" .
g R : R _ . R (4.7).
In this case, the probability of contact of bodles per unit of
time can be defined by the following formula:
A'.. Vrar
=27t
S A TR I U - (4.8)
V,e == is linear velocity of the shift of the bodies relative
to each other. It 1s not difficult to show that v, ., can be

23 :



derined according to the formula.

Vear $1F
where u is the gravitational constant for Mo. Substituting
_(H.Q) in (M.S),_we finally find:
= P
Ao W
. (4.10)

Using (4.10), it is easy to find an éxpression for parameter A

_entering into bothk members of the right part of equation (4. 2)

Actually, using (b, 10) and taking (4.3) into consideration,

- one can write:

AL E-C 1P = U F (1o g
o | o (4.11)

‘A(;:;:z&9)==£? K;‘ zlfg'. |
(4.12)

Equation (4.2) ean be consideérably simplified if one takes /25

into consideration the small dimensions of the bodies in com-

. parison with the charaeteristic dimensions of a protoplanetary

disk. Considering that the contact between bodies of the cloud
can occur only when the conditions of (4.7) are fulfilled, and
also that R < < r, one ¢ah obviously write the following:

(32 2-2)ull ‘i‘;-d(;z 2R us(3d=2"G-2)u

(;’z IR cf+(;!z j)u (;J,z j}u

(4,14)
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Substituting (4.13) and (4.1%4) in (4.2) and in the first member
of the right part of (4.2) rejecting the component which contains
the multiplier p3, after transformation we will have the following
equation- :

4
4 g,.] (J)[nmén.a(iirf
o’ 5 {4.15)

_.g. '9n)]a/; zm[:f (&R0 320, o

(4.15)
where

| nan(l;,z,é)’ n'gn(g:?, ‘f‘), ﬁg”{;_::zlf). | _ (ll.lﬁ)

G R Y o

(4.17)
The parameter B inserted in the left part of equation (4.15),

~1s determined according to formula

_3. /R
35_"&7 ZrT

(4.18)
The parameter R is the radius of the body with mass m, ¢ and 1s

" determined aceording to formula (4. 5) or (4.6) depending on the
type of model of protoplanetary cloud used. For 1mproving the /26
formulation of problems on the eVQlution of a protoplanetary

cloud in equation (4.2} it is necessary to add two integral
relationships which express,respeetively, the laws of conser-
vation of matter and the moment of the quantity of motion of

the eloud: ' B

25
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M%2ﬁrfm.n};z dtaz =const

.1 J

| I =27 (ir [[ m,ng v dg e =const - (419

| : | (4.20)
The relationships (4.19) and (4.20) must be fulfilled at any
moment in time in the evolution process. Lét us note further
the relationship (4.20) has an approximate, asymptotie character
-= 1t is more preclse the smaller the initial dimensions of the
bodies. The approximate character of the relationship (4.20)is
due to the fact that the possibility of transition of part of
the moment of orbital movement of a body to kinetic moment of

‘their rotating motion during colliding interaction is not taken

into congideration. In principle, such a calculation is com-
pletely possible although it 1s not obligatory in the first
approximation. :

_51. A Qualitative Analysis of Solutions of the Basic Equation

and the Effect of Annula; COmpression of Matter,

Let ‘us present the desired solution of equation (4.15) in
the following form: . :
n=n.+Rny

= (5.0)

where R plays the role of the small parameter. Further let us

assume that n 1s defined from equation°

3 . | ,
, _Lan B P L J' ' oY’ g
B JQx"-"v"_’g R  x0)
wﬁere and i are defined according to formula (4.16).

-o’-o o
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In this case, for n, in an asymptotic approximation from (4.15),
it 1s easy to find the following linear equation relative to Dyt

i' n fa‘ {4 ‘)[)}, +ﬂ.n, +5 Q‘(_Jﬁ: an, _
(52)
..._n.' 3n‘ja/l,' /Q‘{ﬂ.ﬂ‘ fn,n‘ - 0‘"' )a;,

(5.2)
where Dy, nl and n1 also are defined according to formulas
(4.16). We note that equation (5.1) is a continuous analog
of the well known Smolukhovskiy equation used in the theory of
- coagulation. It is easily deduced from (4 15) if one assumes .
that 3ng/dr = 0. being thus a speclal case of o
equation (4.15), In the case considered, hcwever, generally
speaking, on,/3r # 0 and, consequently, r is introduced into
the function n (£, r, t) as a parameter.

'Let us give the dependence of the initial radius of the

bodies R, on r:
' Rom (%) .

(5.3)
and also, let us give the initlal effective area of a cross
- seetion of:the'body Som;"LEt us further assume that the=Rom
and Som-given;correspond to the solution n,. and Dy of
equatiens (5.1) and (5.2). Let us consider a new relationship

'Ro(g)g invelving with (5 3) the following formula:

(5.4)
and we willvassume that_the_initiai values_of new functions of
distribution n (£, r, 0) and n (&, r, 0) involve n_ (£, r, O)
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In this casé, 2 new solution of eQuaﬁions (5.1) and (5.2)

and n, (£, r, O) relationships:

o (;,gojz P‘”m{g, ?, 0): ”l(g- g 0}=P‘ﬂm(£, ?,0}
(5.5)

- Where p is a certaln constant number. It 1s not difficult to
~see that the new effective aréa of a cross section of the body

So equals the effective area of a cross section in case (5.3),

’s: ‘5"'"_ .

corresponding to formula (5.4) can be presented in the form:

n,=p "Ny , - n, =ptn,, .

(5.7)
The curves of formulas {5.7) are easily tested by direct
substitution of them in equations (5.1) and (5.2).. A decrease
in the characteristic initial radius of the bodies R, in p
times with conservation of the total effective area of the cross

'section S and with retention of the similarity of loss of

distribution of bodies according to relative mass § and the ,
distance r, it must unavoidably lead to an increase by p2 times
the total quantity of bodies per unit of area of the proto-

planetary disk which is reflected in formulas (5.7). Later on,

“transformation of the initial structure of the protoplanetary

(5.6)

disk described by the relationships (5.4) andr(S.S) will be called

_the transform of simllarity.

An analysis of formulas (5.4) -- (5.7) causes an important

_result both in the part concerning the content aspect of the

<o
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problem considered and in the method part concerning the direct
use of computation algorithms and interpretation ¢f the numerical

-results obtained. In order to show this, we will contlnue a
qualitative study of the character of change of the evolutioﬁary

process in a protoplanetary disk with similarity transform of
the initial structure of the disk described by formulas (5.4)
-~ (5,6). As was pointed out earlier, a transform of solutions
of equations (5.1) and (5.2) 1is described by formulas (5.7).
Using these formulas, we find the appropriate loss of trans-
formation of the characteristics of the evolutionary process

:which are most important in this case; namely the law of trans-

formation of surface density of matter in the protoplanetary disk

a. The surface density of matter o, beling an averaged charac-

terigtic quantity of matter, existing per unit of area of a

protoplanetary disk, is defined by the following obvious formula:

’
o _ S (5.8
Taking into consideration (5.0}, one can also write
6=6+6, (5.9
where
~ -3 _ (5.10)
70
6=k m. [ e de..
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na~f§f?,0)=0-; -
: _ o (5.14)
. In this case, from (5.11) 1t follows that: '

From (5.9) it follows that = o S /29

86 26, 26 .
9t Bt = Ot

(5.12)
On the other hand, inasmuch as the solution of equation (5.1)

'corresponds to the stationary state of matter (in the cgncept

of the absence of flow of mass from one fleld of space to
another), relating to this solution of the component of
surface density of matter Ogs it ‘must remain constant during
evolution at any point on the protoplanetary disk, and con-
sequently must be ldentical to 906,/3t 2 0 for all t of the time

- range for evolution studied. In view of this, taking into

consideration (5.12) and (5.11), we find

‘g§=&np%jcmdt.
(5.13)

Further, taking into account the structure of solution of the

- basie equation (4.15), given by (5.0) it is natural to use the

following initial conditions for functions n (E, r, t):

Taking into consideratien (5.14) and (5.15), it is not difficult
to introduce the following formula for the charactersitie initial

mass of the bodles m,: =

’ras  ’ :  (5.16)
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Substituting (5.16) in (5.13), we finally find

ol A

o
'%g= gL:[ Lndt,

o (5.17)
Using formula (5.17) we study the law of transformation of -
dynamiecs of development of surface density'c with & change in
the initial state of the protoplanetary disk according to the
formula of similarity transforms (5.4) and (5.5).

Substituting (5.4), (5.6) and (5.7) in (5.17), after cancellation,/30

“we have
86 . L GOm
¢t P @ y
where
86m _ 61 _ 5 Rim 6,
t o 0 m= = IC‘ oy .
: (5.19)

Formula (5.18) has an important value for establishing the char-

acter of change of evolution of surface density with transformation1--

of similarity (5.4), (5.5). Actually, from (5.18) it follows
that the evolution of surface density o(r,t) has a false spatial

- similarity to evolution of initlal density ‘dm(g,g),:only it cceurs

p times more slowly. Then, this change 1ln density Ac 1s achileved
in a transform of similarity (5.4) =- (5.5) for a larger time.
Further, from the law of conservation of matter (4. 19) taking
into consideration that aco/at 0, we find the identity'

{6, (z,¢)2d2=0
L] .
‘for all t. If one excludes the trivial case o,(r,t) = 0 for

31
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all E;from the consideration, then completion of the identity
(5.2) 1s possible only with conditions of simultaneous existence
of sections according to r, where o; >0 and 01'<0. In other
words, 1n the course of evolution in a protoplanetary disk,
according to (5.20) the annular zones of rarefaction and
thiokening of matter must be Insignificant. This is seen
particularly well if one returns to formula (5.9) and considers

the case where'od = const, that is, when g, does not depend on
r. Turning again to (5.18) and taking (5.20) into consideration,

one can formulate the followilng lmportant law of the evolution of
the protoplanetary disk type ecloud.,

In a dilsk type protoplanetary ¢loud, in the course of an
evolutionary collision process acgompanled by the combining
of bodles coming into contact, annular zones of rarefaction

‘and thickening of matter form whose number and dimensions, With

the appropriate times for comparison, and with other conditions

~ being equal, do not depend on the initial dimensions of the - - /31
protoplanets but depend only on the effective initlal ares of

thelr oross sectlion,

The law formulated has an asymptotlic character, its conclusion
is based on a qualitative analysis of the solutions of linearized. .

“equation (5.2) and therefore, strictly speaking, its use is limited

to the initial stage of evolution of a protoplanetary cloud.

- Nevertheless, as will be apparent Iater on from analysis of the

results of numerical experiments, the value of the law indicated
clearly is outside the frame work for description.of the initlal

'stage of evolution of a cloud and is the basis for assuming thato

this law 1s the basis of a more general law of the formation of '

- planetary systems.

- The effect of annular contraction of matter of,aoprotoplanetary
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cloud, directly involves the differential rotation of the latter
around the Sun and is caused almost completely by this rotation.
When differential rotation is absent, the effect of annular
contracticon does not occur, having conceded 1ts ordlnary process
of the combination of bodies studled in the theory of coagulation.
A planetary system could not have been formed as a result of this
process. |

The presence of differential rotation of the matter of a
cloud, belng the direct consequence of Kepler's laws, results
first of all in significant relative angular velocities of motion
of neighboring bodies in different annular zones of the cloud.

o Inm the zones with the highest relative angular velocities, com~

binatlion of bodles occurs more rapidly, showlng large bodies in
this connection and instead of them,a highradial gradient accord-
ing to the mass of bodies in the cloud ' The relatively large
bodies formed in this way, when combining with smaller bodies

- .in mixed zones, absorb (draw in) theilr matter in this zone,

creating thus an inereased surface density for 1t. Thus, a zone
of compression is formed and next to it a zone of rarefaction of

" matter, During the indicated process of absorption of small

bodies by the large, 1t 1s a fairly favorable pilcture of re-
strueturing of the 1initial density of the character of distribution

' of matter in a cloud (which, at the initial moment is distributed

in the form of a thin film in the equatorial plane of the cloud),
in an essentially volumetrie character. It is interesting to note
that the effect described above of annular compression of matter,

in principle absolutely does not involve chaotilc radial components -
of the velocity of bodies, caused by eccentricities of their orblt /32
and 1s realized completely at zero eccentricities. The accumulation

;_mechanism;for:the?formation.Of_plaﬁets’from a protoplanetary

cloud considered in this article differs considerably from other

well known mechanisms which rely mainly on the.presencenof_chaotic__
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components of a velocity which are very large as 1s indieated
above.

The surface density of matter of the initial structure of
the cloud G can be presented in the form:

65¥Q(U+¢m(1tb

_ v (5.21)
where oy (r, t) is defined by formule (5.19). In this case, '
taking into consideration relationship (5.18) for density g,
1t is not difficult to show the formula: : -

‘ e o

Comparing (5.21) and (5.22) we see that the state of the cloud

" with the initial structure (5.3) achieved in time t n? will be

echieved and with & structure obtained using the transformation
of similarity (5.4) -- (5.5), for time t, where.

= pt - N | (5.23)

One should note that, although from a theoretieal,point of view,
the applicability of (5.23) is limited to the initial phase of.
evolution of a protoplanetary cloud, the numerical experiments
with their different models showed practical universality of this

formula for the entire evolutionary'process. In particular, if -

T is the full time of evolution of the initial model of a proto-
planetary cloud, then the full time of evolution T for transfor-

‘mation according to (5.4) == (5.5) of the model is determined
by the formula

Plm . (5.28)
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6. The Kinetic Moment of Roteting lotion and the Theory of
Similaritz - :

In the course of the evblutionary colllsion process in a /33
protoplanetary disk, transition occurs of part of the orbital
kinetle moment of the bodles to the rotating moment of thelr
motion around thelr axes. In order to study the principle of
this transition, we will first consider the impact interaction
of two bodles moving in close circular orbits.

Let us assume as we did earlier two bodies with radii R and
R' end masses m and m' move 1n a circular orbit, respectively,
at.distances.g;aud'g + p from the'bbdy'Mo'and then, as ﬁreviously,
the inequality p € R + R' 1s true. One can show that at the
mement of contact, both bodies acquire an additional rotating
moment AK relative to their common center of mass (barycenter),

_expressed by the formula:

plr B B (ReR P (2-35°) o
where
£ 0sp<4 L
8 ——— - S5 [ . .
Prrw °f (6.2)

Formula (6.1) has an asymptotic character -- it comes from the =

" assumption that R/r<<l. Adding the increment of rotating moment

Aﬁ acquired by the protoplanetary cloud as a result of the
paired interaction of this body, one can find the total rotating
moments of the planets which form in the final stage of the
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evolutionary collision process. Unfortunately, & single over-
all formulae giving the total of accumulation of the rotating

moment for each of the planets formed and which would encompass
the entire evolutionary process of their accumulation, is very
difficult to obtain In analytical form for a variety of reasons.

- Thls causes, In turn, difficulties in studying the effect of

transformation of similarity (5.4) -~ {5.5) for acquiring the

- rotating moment K formed in the cloud by the planets. A study
‘of the effect of the transformaticn of similarity for rotating

moment Ks, however, i1s extremely important for constructing a

- general theory of similarity of evolutionary_proceeges,in a

protoplanetary cloud and, therefore; an attempt was made to study '
this effect without the direct use of a hypothetical general

 formula for the total rotating moment of the planets. For this /34

purpocsge, a semi-empirical theory of similarity of rotating

moments of the planets was developed with the change 1in structure
of the protoplanetafy disk, festing, on the one hand on-analytical
formulas for increments of moments at separate stages of the

‘process of accumulation of planets, and, on the other hand, on

the results of specially organized numerical experiments which
simulate the processes of gccumulation of planets in protoplanetary

 disks caused by the similarities (5.4) —= (5.5) between these
laws.

- The process of eccumulation of a rotatiné momeﬁt"in'bedies'of
a protoplanetary disk at the initial stage of its evolution can

" be studied using modern equipment for the theory of coagulation.

Relying on the formula of impact interaction of two bodles (6.1)

- and using the function of distribution n(g, r, ¢) introduced

'earlier, one can similarly with equation (4.15) introduce & -

formuls for the total rotating moment of all bodles of a proto-

‘planetary disk accumulated by them as a result of impact
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1nteraction for time T:

&R.

S Hf 25 A¢ (1"’ "(C ?f)ﬂfé'zzf)dzdgd;df
_ - (6.3)
Using formula (6.3), one can study the effect of transformation

of similarity (5 ) we (5, 5) for the total rotating moment of a
' protoplanetary disk. '

Let us assume K -~ 18 the total rotating moment accumulated
by the bodies of the disk for time T, the relationship R (r)
given for this initial model of it with characteristic initial
vadius of the protoplanets is true. We will complete the trans-
formation of similarity of the disk according to formulas (5.4)
. == (5.5). Taking into consideration that, as formerly, in this
case the following relationship will be true:

ng,zt)=p*n, g, 2 t)

- Y
~ where ng (E, ry, t) and n(g, r,t) are functions of distribution of
bodies, reSpectively, for an initial and a new model of a proto-

planetary disk, and substituting (5.14), (5 5) and (6 4) in (6. 3):
after simple transforms we find:

. _Kem
fo= e
| ' (6. 5) /35
where K 1s the total rotating moment for the structure of a T

L protaplanetary disk transformed according tc formulas(S ) and e
(5.5). Formula (6.5) is suitable for conversion of moments for
_the stages of evolutlon of a cloud when the bodies comprising it
“are adequately numerous and consequently, when it is possible to
 use continuous models of the theory of coagulation for deseribing
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evolution. Unfortunately, the entire evolution of 2 protoplanet-
ary cloud cannot be described to its end by these models. In '
its final stages, interaction of a few remaining large bodies
requires the use of other discrete methods for its analysis

and 1t requires moreover that quantitatively  the effect of

the final stage of evolutlon on the appearance of the planetary
system formed is comparable (in certain relationships more
significantly) to the effect of its basic perlod when there are

" many bodles. Due to this, wé will return to formula (6.1) and

attempt to use 1t for analysis of the final impact interactlons

_ of,bodies of the protoplanetary cloud. Then, for simplieity,
‘let us consider first the impact interaction of the last two

bodies remaining ln the accumulatlion zone of compresslion of matter
and the planets formed as a result of this interaction. As before,
we will study the effect of transformation of similarity (5.4) —
(5.5) on rotating moment of the planets formed. However, before

| beginning this study we note that the strict requireménts of

spatial similarity of evolutionary protoplanetary disks with trans-
formation of similarity (5.4) -~ (5.5)were obtained in an
asymptotic approximation for the initial stage of evolution.
Generally speaking, there are no theoretical bases for distribution

“of laws of such similarity'in the case corisidered. Nevertheless,

numerical experiments with different models of protoplanetary

. disks adequately verifiled that such similarlity, apparently, .

. oeeurs during the entire evolutionary process. Therefore, 1t is

possible at least in working hypotheses to assume that the spatial
similarity of interaction of bodles oceurs in the final stage of
evolution of the cloud. The adoption of the working hypotheses

1ndicated makes 1t possible, obviously, to consider the masses of

" bodies m, m' and the parameter B introduced into (6 1) as un-
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changed during transformation of similarity. As to the radll of

”bodies R:and R', this formula for their transformation will differ



from the formula of initial conversion (5.4). At the same time,

the total volume of all bodles of a eloud during transformation of
 similarity (5.4) -- (5.5) decreases by p times, Consequently, /36
the voiume of the last pailr of bodies found in the accumulation

zones of the planet decrease by p times. In other words, if Vh

and V' are the volumes of the bodies of masses m and m', for the
1nitia1 structure of a protoplanetary cloud, and V and V' are the |
volumes of the bodles of these same masses with transformation
according to (5.4) -- (5.5) structure, then the following relation-
ship will occur:

P Vg

(6.6)
Ir R and R' are the radii of bodies for the initlal structure
of a cloud, then taking into account (6.6) it is easy to find:

NS - -
, (6.7)
Substituting further (6.7) in (6.1), after simple transforms
we find similarly to (6.5):
akK.

(6.8)

) - Thus, for two maximum stages of evolution of a protoplanetary
cloud -~ the initial and final, one could successfully obtain

- fairly simple formulas involving the increments of rotational
‘moments of clouds with a different but similar initial structure.
‘Formulas (6.5) and (6.8) can also be deseribed in the following
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Taking (6.9) into consideration, 1t 1s natural to assume that

‘a relationshlp of similar type occurs for the entire evolutionary
process in a protoplanetary cloud and not only fcr its separate
stages. In other words, one can assume that a relationship exists
in the form: | | ' -

(6.9)

_ | Kem \°
Pkl

(€.10)

.
[¥8)
-

T i AT R L

here K and K are the total rotating moments of bodies of

the protoplanetary cloud acquired: in the entire time of evolution,

respectively, for two different initial structures of the cloud. ;

There is no strictly theoretical proof of the existence of relation- §
. . §

ship (6.10) at the present time. However, & number of numerical: |
experiments with different models of & protoplanetary cloud, ;
~including experiments especially posed for this, very convincingly _ %

give evidence in favor of the existence of such a relationship,
although this relationship would have an approximate character. é
Let us- note that using numerical experiments, the approximate value.
of parameter o was rellably defined. ' It was an even

- . inverse value of the mean arithmetic indices of the stages in
formulas (6.5) and (6.8), that is, o = 3/H ' ST

I T S ST

R Sl R c‘yﬁﬁh’#@.&m”f"&s&

: Pormula {(6.10) makes 1t possible to complete constructing _
the theory of similarity for generalized liquid-drop and gravitational
_ models of a protoplanetary cloud. Let_us_assume that R is the




1nitia1 radius of bodles of a given accumulation zone, T 1s the
full time of evolution of the zone and K is the.rotating
moment formed in the zone of the planet for a generalized model
-of a protoplanetary cloud and let us assume that K is the
rotatiorzal moment of an actual planet, whose formation process

- 1s modeled. In this case, the real initial radii of the proto-
planets R, and the real time of evolution of the accumulation
zone can subsequently be defined according to the formula:

| 3y | . | _ |
pP= (.g-!.'_") y R.= LPM'- » T=pTm
| o (6.11)

7. An Algorithm of the Computer Process of Modelling. Principle
- of Virtual Contacts

A study of the accumulation process of evolutlion of a proto-~
- planetary cloud was made by numerical modelling of the process.
indicated on a digital computer. For this purpose, a very
-effective and economical algorithm was developed which makes it
possible, with mﬁximummpOSSiblé'pfeciSion;-1n:the visible time
and to the end, to trace the development of the complex process

of combining &f bodies in a protoplanetary cloud. On the basis of
the algorithm, a speeific princliple was proposed called the'

-principle of virtual contqcts,_which provides, in the final analysis,

full solution of the'problem'inVa'strictly determinate formulation.

- The main goal. of the principle was to. provide calculation of /38

a precise sequence ‘of moments of collision for all bodies of the
_system, After this sequence is found, it requires a relatively

| ':short time for a calculation of the entire dynamies of the process
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We note that for a procedure of direct surplus of bodies for the
entire system, one needs a machine time proportional to N3 where
N 1s the number of bodles in the system. When using the method
of virtual contact, the necessity 1s avolded fora tremendous
volume of computations'involved in the need for a”direct surplus.
It is understood that in a large system of interacting bodies,

. the surplus procedure cannot be completely eliminated in the

computation process. Therefore, the most effort when creating
the method was directed towards making the surplus. as limited

as possible and, consequently as eccnomical as possible. Then

it was important, that the final result of solving the
problem by * me“hod of virtual contacts would colneide with the
results of sclving it by a direct surplus with a considerable
decrease in the amount of machine time required.

A method of virfual contacts 1s based on prediction of the

course of the collision process wilth subsequent corrections of

the predlction after each collision. The predlction is the matrix

of virtual (possible) contacts for all bodies of the system; this

" matrix is constructed at the initial moment on the basis of

initial data. For this purpose, for each body, & matrix 1s con-
structed of all possible moments of binary collision with all

‘other bodies which, in principle, ean collide with a given body.

From this matrix, for further calculation, the most recent

- collision in time 1s selected. A s=imilar calculation is done.

for all the remaining bodies of the system. In summary, a matrix
is formed consisting of the earliest moments of c¢ollision in ‘

‘time for all bodles. 'Further, this matrix is ordered according

to the value of moments of collision in order of their increase,

This is the matrix of virtual contacts. All of the moments of

collision entering into thls matrix are consldered potentially
possible but not a11 of them must be realized in actuality. an

‘*exception is the first element of the matrix of virtual contacts
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inasmuch as it 18 the earliest moment of collision for the entire
system of bodies. Computation of the dynamies of the process of
accumulation leads first of all to correction of the matrix of
virtual contacts in order to find the true sequence of collislons.
This correction is made using a similar computation: for a body

- which forms anew from all virtual contacts, one conslders the ‘
earliest one. Simllarity calculation must also be done for /39
bodies which, 1n the process of evolutlon; have lost their " 5
'primary claims to colli:ion as a result of their combination

with other bodies. In the end, the true moment of collision for
each step is obtained using a sSQuehtiai excess of elements of a
continuously corrected matrix of virtual contacts (true collision
at this moment is the earliest collision corresponding to the.
state of the System of the bodies for this moment). In this way,
at each step, a small volume of computation 1s realized without

an excess for the entire system of bodies as a whole. Making
corrections to the matrix of virtual contacts and finding the
actual moments of collision is achieved by the use of a specially

. ereated logic; one of the most 1mportant elements of this logic

is a multiplier, variable in time, which makes it possible to un-
ambiguously determine the zone of virtual contacts. Such zones
for each body'ére'reiatively'small and make up only & small part
of the entire system of bodies; this considerably speeds up cal-, :
culation of the process of accumulation. '

A method of virtual contacts was realized on a BESM-6 EVM -
”[elektronnaya vyehislitel nays mashina, eleetronie computer],
for a case N = 256C0, Due to the limitations of the operative

. and external (rapid) memory of the BESM~6, a number of other

problems arose for the algorithm. The most important of these
involved optimnm distribution of the blocks with the information
“container changing in time with ordering of the matrices with
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large.&imensidnalify. Special machine algorithms for realization

of & very important stage of the problem, computation of the
dynemics of the accumulation process, were also created and de-
veloped. During testing and numercus modernizations, the method
was carefully developed. The computation time for a single
variant of the problem took a total of a few hours which is four
magnitudes smaller than the time necessary for computing the

- same vardant using a direct excess..

8. A Liquid-drop Model of a Protoplanetary Cloud. Results of
Numerical Experiments. '

A method of virtual contacts briefly described in the preceding
section was used, primarily, for studying the evolution of a

generalized liquid-drop model of a protoplanetary cloud. The

- model indicated was a disk shaped flat structure consisting of

25600 sphere shaped bodies identical both in dimensions and in /40

mass distributed evenly over the entire area of the disk. 'The

initial ecircular orbits for each of the bodies were selected

._T

the relationship :

tdimensions -= the distance ‘of the internal edge of the disk —m

using a sensor for random numbers and then a method of selection

~guaranteed retention of the uniform identical densitles of
matter distributed over the area of the disk. The characteristic

relative dimensions of the disk were selected in such a way that
they would correspond with similar dimensions in the Earth groﬁp'
of planets. The values of distance from the center of the

external edge of the disk .ax_ggd_its_;nterpgl que;gmin sat;s£y

amaz
. ’
. @in.

The following were taken as unlts for measurement: 1) for linear

from the center of Mo’ 2) for time -- the period of rotation

min qf_the_bpgy re;ative.to M, for the distance émih’ 3) for -

gt el
s g e R e

(8.1)
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mags -- the total mass of a prctoplenetary cloud»(diek)hﬂd. Thue,
one can write:
. arm'naj ..!. Tmin"' 1 » Md=f
o o _ o (8,2)
Taking into consideration the first two equalities in (8.2), -
according to Kepler's law for a gravitational constant uwe find:

Mo 4T*
(8.3)
From the first and last equalities of (8 2) it also follows that

6, = 0,0091

The basilc varying parameter in the numerilcal experiments
with a 1iquid-drop model of a prouoplanetary eloud was the 1nitial
total effectlive area of the bodies So' During numerical experiments
. 1t was clear that this effective area S, is the chief parameter
which determines the total appearance of the planetary system
formed and, primarily, the number and positioning of the planets

| and their orbits.

- The first exemple considered for a 1iquid-drop model of a
cloud was an example in which, for effective area So, the value
of S, = 0. 126 was taken, that is, it was assumed that the total
initial effective area of the cross section of all bedies of the’
cloud consists of slightly more than 12% of the total area of the
~disk. In the course . of the numerlcsl experliment, the effective

' annular contraction of matter was confirmed, it was detected earlier”

with a qualitative study of sclutlons of the equation of coagulation
- {4.15): The protoplanetary disk during evolution was broken down
into annular zones of contraction and rarefactlon of matter and
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. each contraction zone completed its own evolution by combining
21l of the bodies belonging to it into & ‘single planet. In all /41
twelve planets were formed in the plane of the disk moving in |
orbit with small eccentricities (e < 0.001). Between the large
semiaxes of the planets the law of commensurability cen be traced
very clearly according to its character which is-close to geametric

progression,

The ratios of large semiaxes of planets which succeed

the preceding ai+1/a s vary in average limlts around a mean value

- equal to 1.16.
presented in Fig,. h.
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Figure 4, Distribution of mass

and specific kinetic moments
along a planet (variation 1.1,

So-

ng

= 0.126)

~ . presented for calculation of
it possible to draw lmportant
“latest direction in numerical

- experiments. First of all,
- it became clear that in an

The ’inal results of the numerical experiment are
In the upper graph one sees distribution
- of mass according to the planets :

formed; on the lower graph .
algebraie values are given for
specific moments of the rotat-
ing motion of the planets |

around their axes. ©On both
_graphs, along the axis of the

abscissa the distance from the
central body M (Sun) is

© applied along. the axis of the .

abscissa in the units of length
presented above,

An analysis of the variant
the evolution of & cloud made

conclusions and to note the

actual protoplanetary cloud,

 “the initial effective area of a

eross section of a protoplanet
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was very large and in its total expression was comparable to the
‘general area of a protoplanetary disk. Actually, in real planet-
ary (including satellite) systems, the number of planets in the
range of relatlive distances used, between the internal and external
edge of a protoplanetary disk do not exceed 40or 5. In order to
obtain the indicated number of planets, instead of twelve as was
"given in this example, it 18 necessary to considerabliy increase
the lnitlal effective area of the cross sectlon of the body So‘
However, a result relating to the rotating motlion of planets
‘around their axes was most unexpected and interesting. From the
lower graph on Fig. 4 we see that eleven of the twelve planets
‘have asequired a forward (that is, like an orbital) rotation
around thelr axes and only one (the seventh from the center) has
backwards rotation. An explanation of the effect of the rotating
motion of planets was fairly simple; 1t is in complete agreement -
wlith the mechanism of gravitational coheslon of interacting bhodies
presented above and an analysis of thls effect will be glven in
one the succeeding sections in this article. 'Here, we note'only
that obtaining in this very first example a primarily forward
‘rotation of the planets gave evidence of the correctness of the
approach for selecting and constructing a mathematical model of

~ & protoplanetary cloud and proved the usefulness of the concepts éﬂ_
on which this program of research was based.

'With*succeedihgfnumerical experiments the initial- effective
_area S was considerably increased. 8Six varlatlons of the evolution
_of a protoplanetary cloud were calculated with the progressive

”increase of the parameter S from variation to variation.3 Table

I gives the characteristies of these variations,

TABIE I

Var.| I-2 | 1.3 | I.4 L5 | 1.6 | L7
& 0.41 ] 0445 [ 0.49{ 0.53 0.57 | 0.79

7




The results of numerical experiments are presented by analysis

- in Fig., 5. : : /44
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The final results of all six variatlons of numerical experiments
are presented on this drawing. Fig. 5 contains six horizontal
palrs of graphs and each palr contains data on the distribution

of mass by planet and on the rotaticnal motion of the planets for
the corresponding computation variation. A survey analysls of the
- variations presented in Fig. 5 confirms the existence of basic
principles of an evolutionary procecs of accumulation of pianets
observed during a qualitative study of solutions of equation
(4.15) and an analysis of the results of a numerical experiments of
variation 1.1. Here, also, in all of the varlations, the proto-

~ planetary disk 1s divided sequentlally into annular zones of
contraction and rarefaction of matter and these zones completed
its evolution by combining the bodies contained in them into a
single planet. The circumstance then that the_values'sb included
in a range 0.4 <8,<0. 8 is extremely important; the number of
planets which form during evolution of a protoplanetary cloud

18 close to or equal to their number in actual planetary and
satellite systems. The "working" range indicated for the parameter
:S attests also to the especially tight compact position of

, effective bodies of protoplanets at the beginning of evolution of
a protoplanetary cloud. This fact is extremely important when
"analyzing and determining the characteristics of a more complex .
gravitational model of a protoplanetary cloud. Further,turning

-~ to the right half of Fig. 5, we see from 1t that in all the
variations, as in variation 1. 1, predominantly forward rotation

of the planets around their axes occurs. There 1s an exception

- in two cases relating respectively to variations 1.2 and 1.5. /45
Fach of these variations occurs in a planet which has a forward
vrotating motion. Variation 1.5 1s particularly interesting in

this respect where a planet with backwards rotation has a negative'

specific-moment of rotational motion which is very significant
.in absolute value. This negative moment was acquired by the planet
during evolution as a result of a certain regular process whose

‘19

R e ¥ 3 YA S e




dynamics will be developed in one of the succeeding sections in
the article., It is also important to note that in both varlatlions
(1.2 and 1.5) the values of the parameter S  are close to thelr
eritical values which are maximum from the point of view of the
numbers formed in the protoplanetary cloud of planets. From this
point of view, variations 1.2 and 1.5 themselves are c¢ritical and
the occurrence of planets in them with backward rotation is not
random. Variations 1.3, 1.4, 1.6, and 1.7 contain planets only
with forward rotational motion. In these vaviations, the effect
of a decrease in specific rotatlonal moment for the second from

‘the origin of the axis of the abscissa of the planet (in comparison

with the first planet) is interesting; here, this decrease 1s

particularly great in variations 1.4 and 1.7.

Figures 4 and 5 show the final results of evolutlon of a
protoplanetary cloud. The dynamics of evolution of a protoplanetary
cloud developed in time, however, 1s very interesting. Such
dynamices, in more or less detail, within the limits of the possibil-

ities of the article will be presented for variation 1. 7 in Figs.

6.1 -~ 6.6. The dynamlcs of evolution of other varlations, in thelr
main characteristics, are very similar to the dynamlcs of variation
1.7. In Fig. 6.1 -~ 6.2 and 6.3 -—— 6.4, histograms are presented,
respectively, of distribution of mass and specific rotating moments

‘of accumulated bodies along the radial coordinate of the proto-~

planetary disk for different moments in time (an exception is

- Fig. 6.4 where, for a number of technleal reasons, not histograms

but individual specific moments are presented for the largest bodies'.

belonging to a different zone of the histogram)., In Figs.6.5 -- 6.6

for all zones of the histograms in Figs. 6.1 == 6.2, on the scale :
of the radial coordinated disk, the dimensions of the largest
bodies are presented -~ one on each zone of the histogram. In

Figs. 6.1 -- 6.6, for the corresponding time, twelve characteristic

phases of an evoluticnary protoplanetary cloud are presented. 1In
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 Figure 6.2. Continuation of Fig. 6.1
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- the drawings, for each phase, moreover, the number of bodies exist-

-~ ing at a given moment in the cloud are indicated. The masses and /52
specific moments are applied along the axis of the ordinate in 8
logarithmic scale,

_ Figures 6.1 -~ 6.6 give 2 graphic concept of the dynemics
of an evolutionary protOplanetary cloud -- as to the sequentlal
'phases of its development. Moreover, an analysis of the drawlng
-indicated brings up & number of questions involving the correct
interpretation of the results obtained; a discussion of these
results will be presented in the next section.

: ~ The Law of Formaticn of Planetary §ystems. ‘The Titius Bode

As was already noted in the preceding section, durlng analysis _
‘of numerical experiments, in all of the variations the
effect of annular contraction of matter 2
of a2 protoplanetary cloud was detected which led in the final
analysis to the formation of a'planetary system, Attention was
given to the possibility of ldentificatlon of the effect indicated <
- with the effect of contraction of matter detected during qualitative %

study of solutions of the equation of coagulation (4.15). Moreover,
this same analysis raised doubts as to the possibility of suoh ar . _
identity; these doubts were based mainly on an analysis of the }
dynamies of growth of dimensions of bodies during the accumulation '

~ process., For clarifying what has been said, let us turn agaln to
the dynamics of the evolution of a cloud, variation 1. 7.

_ 'uxFiguresvﬁ;sgiié;S'olearlyeshow'ﬁow‘the"hatter”of'the'oloud;'
first a thin fi1lm 1lying on both sides of its equatorial plane -
__(see upper graph in Fig. 6.5), during the course of evolution »a»,a%;
gradually began to be agglomerated in drops with large dimensions
which were coverted at the center of condensation of the accumulation
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zone, However, In the final stages of evolution of each zone,

the dimensions of the drop became So large that the possibility
arose fcr mutual interference between zones, with a breakdown,

in the final analysis of'the'"correcf" course of the evelutionary
process. Then, by "eorrect" course of the evolutionary process

we mean the course which taking into account the laws of similarity
(5.22), (6.11) would correspond to the course of the evolutionary
process of an actual ecloud. The possibility indlicated was supported
by an analysis of the course of evolution of the accumulation zone

‘closest to the central body M . The final graph of Fig. 6.6 in
‘which a planetary system which 15 fully formed is presented is

evidence of this to some degree. It 1s apparent from this graph /53

~that the distance between the surfaces of the planets, in the case

where they are located on a single radial beam, 1s noticeably smaller

'than the diameters of the planets themselves., In connection with
what has been sald, a proposal has arisen that the accumulation

process of the formation of planets which has been cbserved in a

_numerical experiment, for certain zones, to varying degrees,are

involved not with the solution of the equation (4.15) found from
analysis, by the effect of annular contraction of matter, but with
the mechanism of its exhaustion in a way similar to that which

was presented in 1946 by 0. Yu. Schmidt. Here, in a given case,
the mechanism of exhaustlion of matter is caused not by the large
values of eccentricitles of the exhausted bodies but as is accepted
in the 0. Yu. Schmidt system, by the large dimensions of inter-

-acting protoplanets. The proposal indicated was shown as partially =

true and as & result numerical experiments resulting from it were
condueted with a more complex gravitational model. However, the

~entire thorough analysis of all the numerical experiments made
satisfactorily showed the veracity of the effect of annular con-

traction of matter in the model processes of evolution of a proto-
planetary cloud. This effect 1s falrly clearly apparent in all

the accumulated zones of the protoplanetary disk even in those



very undesirably Jlocated close to the internal edge where, due
to a relatively small number of bodies, it 1s shaded and at the

final stages of evolution will break down as indicated above by
‘& "parasltlc" mechanism of exhaustion. Undoubtedly, 1t is *rue

that the "parasitic" mechanism of exhaustion, being a truly
geometric effect of rejection by large bodies of large areas in

the disc, as a whole 1is caused by the approximate nature of the

cloud model used, or, to sPeak more precisely, by the inadequately
large (25600) number of bodies contained in it. An lincrease in

‘the number of b.dies in the mathematical model of a cloud un-
. doubtedly leads to a decrease in the effect of the "parasitic"

effect indicated, and, in the final analysis, with an adequately
1arge_number of bodles to 1lts disappearance.

In order to study the effect of the "parasitic" mechanism
of exhaustion of matter, on the one»hand,,and-to be convinced of
the significance of the effect of annular contraction of it on
the other hand, special numerical experiments were conducted for
studying the similarity of processes of accumulation of planets
with a different number of initial bodles. One of these exper-
iments related dlrectly to a more detailed study of internal
sccumulation of the zone of variation 1.7. The process of
evolution of a protoplanetary disk whose maximum radius coineided
with the upper boundary of the accumulation zone of the first ..
planet of variation 1.7 and with the meximum possible number of

‘bodies (that 1is, 25600) was considered for this purpose. Accord- /56

ing to the dynamics of variation 1.7, the indicated upper boundary.

satisfied the value a Bax = 2,07 (a2 2nin = 1). In Figs. 7.1 and 7.2,

‘a2 comparison 1s presented of the processes of accumulation in the .

first zone of varlation 1.7 and in the entire field of the proto-'
planetary disk of a new variation 2.1. PFig. 7.1 presents &

“:comparison of histograms of ‘distribution of mass: for both variaticons. -

In Pig. 7.2, by a similar method, the dimensions of the largest

Eg'v” .
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60



61

- Pigure T.2. Dimensions of ,
for the appropriate intervals of histograms in -
‘Fig. T.l:and;gnalysis;gf the similarity of the

K200, 5278 Ko25600, Se0T9

e : ;

-

(S L]
dl!?»

s g
z%
3

Lol B —
wef

PR o

&
£y

l
-

processes. . 'E'QQE'”-
oo .. ).\ A
LY P po0R
GoUCE g 19
QQAGXS o .

eita - -
o2 ' o

the largest podies



bodles relating to the appropriate zohe-of the histogram indicated £§§‘
are compared. As 1s clear from the preceding, with uniform width

of the accumulation zone, both variations differ significantly in
the initial number of bodies accumulated, respectively, 2400 for
- the first zone of varlation 1.7 and 25600 for varlation 2.1, A _
comparison of both variations, both in the histograms of distribut-
ion of mass and in dimensions of bodies, clearly indicate the
significance of similarity in the evolution of a protoplanetary
cloud in both varliations. Actually, by comparing the right and

left halves of Fig. 7.1 we see 1n both varlations a uniform
"process of concentration of mass in two more or less separate
regions of the cloud. The indicated concentration is expressed in
‘"Flg. 7.2 where dimensions of the largest bodles are given for the
intervals of the histograms. It is interesting to note that the
flelds of concentratien of mass in varlation 1.7a is somewhat
broader (more spread out) than the corresponding fields of variation
2.1. This was the expected because the model of the cloud in
variation 1.7a in this case is considerably rougher than the model
of variation 2.1 (radii of the initlal bodies in varlations 1.T7a
1s 3.1 times 1arger than the corresponding radii of variation 2. 1, o
and the bodies are 10 times less). During evolution, one observes
& tendency towards the formation of two planets in the accumulation.
zone considered. The tendeney indicated breaks off before the end
of evolution in both variations due to the "parasitic" mechanism

of exhaustion and differing from variation 1.7a, combining of the -
last two planets in variation 2.1 occurred as the result of sig-
*_nificant eccentricity of the planets closest to ‘the central body
(e = 0.1),  Thus, in varietion 1.7, with a more ‘complete model
~(with a larger ‘number of initial bodies) four large planets had

'to -form, : ‘and not three as in this case. ‘This relates, apparently,
to the preceding variation. Too coarse a description of the in-
xterior zone of the protoplanetarJ disk resulted in the fact that

due tothe"parasitic" effect of exhaustion, the closest planets'
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-zone equal corresponding to 2

in the final stage of evolution had to combine. In particular, /57
with a more detailed analysis of the dynamies of evoliution variation
1.1, one obaerved that in the interior zone of the protoplanetary
disk three planets had to form larger than were actually obtained.
Thus, with a more complete model, in variation 1.1, fifteen planets
were formed instead of twelve.

The value of variation 2.1 was not limited by the study on
the basis of its laws of similarity in the evclutlonary processes.
In the numerical experiment with the boundaries of the accumulation
8nan = i, 8 Brax = 2,07, as soon as two
planets were actually formed, the question arcse as to the maximum
allowable relative width of the ring shaped cloud in which one
planet must form. For this purpose, a new series of numerical
experiments were undertaken with a liquid-drop model of a proto-
planetary cloud. At thils time the external boundary of the
prot0p1anetary cloud g Brax with constant values gmin and S were
taken as the variable parameter. Then, 1t was proposed that

= 1, S = 0.79. A total of three additional variations of

&min
a. liquid-drop ‘model of a cloud were considered. Table 2 gives
the characteristics of these variations. In the course of
TABLE 2
Vap| 22 | 23 | 24

et 1088 | 172 1.50

numerical experiments with the variations indicated:the'following

Hinteresting result ~was obtained. Variation 2.2 In 1its main

characteristics did not differ from variation 2. 1, as in variation -
2.1, a  tendency was detected toward concentration of matter in

two flelds of the accum_nl_ation zone a_.-nd_, .‘Ln: the final_a_na_lya_is,



the formation of 4‘wo planets (if one does not take into account

the final "parasitic" effect). However, when transferring to
variation 2.3, agualitative jump occurred 1ln the character of
evolution of a protoplanetary cloud -- instead of the former,

& new tendency was apparent clearly for the formation of a

single planet. Then, one should ealculate that |Ag | with
transition from 2.2 to 2.3 15 smaller than with transition

from 2.1 to 2.2 (0.16 and 0.19, respectively). Evolution of

both variations was illustrated in Fig. 8 where only the evolution
of dimensions of the bodies is ' presented for simplicity and /59
visual clarity. Here, as before, the dimensions of the largest
‘bodies relating to the appropriate interval of the histograms of
mass are indicated. The drawing illustrates well the significant
difference. in both variations. As to variation 2.4, qualitatively
it 1s no different from variation 2.3 which 1s clearly visible A
on Fig. 8. Just as in variation 2,3, in 2.4 a clear tendencey
- towards the formation of the singie'planet'is apparent and this
formation 1s more compact (for example, a smaller "tail" =zone
and a compressed cloud similar to that which was observed in 2.3).
Thus, the fact of the existence of the critical width of a ring ;
~ shaped protoplanetary disk was established in which a single planct
forms and the value appropriate to it for a given So (0.79) was ;
~evaluated. It seems reasonable then that each effective cross _
sectlion of the body S corresponds to its characteristic critical a
~wldth of the disk For Sg = 0.79, this width can be evaluated ,
using the following approximate relationship. - -
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-Presenting the results of analysls made in thils sectlon,
. we will formulate the main results of 1t. This result includes_“
“the following. Numerical experiments with a 1iquid-drop
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model of a protoplanetary cloud, 1ln splte of secondary inhibiting
phenomena involved with the coarseness of this model, confirmed

the significance of the effect of annular compression of the matter
of a cloud observed during theoretical study of the Initlal phase
of its evolution using equations of coagulation (4.15). Then, it
is possible with high reiiability to conflirm that the effect in-
dlcated i1s present not only in the initizal phase of evolution of
the ecloud but also accompanies its evolution at all of its stages
to the final formation of a planetary system. The spatlal parameters
of annular compression of matter are invariants in relation to

the initial dimensions of thé'protoplanet; with conditicns of
their retention of the initial total effective area of the cross
section which exists per unit of area of the protoplanetary disk
~and also when retaining the 1nitial distribution of bodles accord-
ing to reletive mase., For each initial total effective_aréa of
the cross section of a protoplanet, a critical-upper'limit exists
for the relative width of the protoplanetary disk during which

no more than one planet is formed.

The numerical total results of the analysis presented above /60
make it possible to move to consideration of one of the most
~Qifficult gquestions of planetary cosmogony -- the question of
the law of planetary distances. In light of what has been presented
above, the question of moving to any plane of consideration in
which 1t has been considered up to ‘the present time is advantageous.
Apparently, trying to find any single, universal, simple rule resting
on the physical essence of the problem considered 1s not promising,
'one which temporarily guarantees a precise ca’culation of planet-
ary distances for any planetary systems. The character of the
processes leading to the formation of such systems 1s too complex
and depends too much on the initlial parameters of the protoplanetary
eloud so that such a possibility could be realized. It seems
reasonable that one can take the approach indicated —- to £ind
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' masses and distarices of planets in a planetary system are formed.

initial charaotoristio rgdigs_of the protoplanet Ra.

67

_(Maﬁ),_So-—— 1s the initial total effective area of the cross

D =nu(£.r.0). where n.-R n. Inthis case, aprotonlar\etarv cloud -

_the essence of the law of formation of planetary systems, Relylng -

similarity of the solar system to satellite systems. Actually,

ceriain simple empirical and approximate rules which have
particularly been discussed and drawn attention to over the last
two centuries beginning with the Titius Bode law. However, while
it is not advantageous to look for a simple and p”ecise law of
planetary distances, it is expedient and correct to pose the 3
question for finding any more general law, namely, & law of § |
formation of planetary sxstems._ Such a law, not producing 3_'
directly formulas for calculation of planetary distances, must
indicate simple and indisputable principles on whose basis both

Sueh a law can now be formulated on the basis of existing material.

s

The law of formation of planetary systems. Let us assume
Ro and m, are the initial characteristic radii end masses of the
effective bodies when r = 1, caused by relationships (4.5) or

i

section of protoplanets per unit of area of a protoplanetary

disk, n(g r,t) -- are functions of distribution of bodies according
to relative mass £ = m/m'-and distance pr. Let us assume further
for t = 0, the following functions are given =~ S = So(a),

s

described by the parameters and funetions indicated occurring in
the course of evolution, the annular zones of compression and
rarefaction of the matter itself, dre formed into a planetary .
system, whose masses_and large sémiaxesrdornot depend on the

The final aceentuated part of the latter proposal comprises /61

on the law indicaued, one gan easily explain the maln principles
in the construction of planetary systems, in particular, the

inasmuch as the initial dimensions of a protoplanet, with other
conditions being equal (in,the.first_p;ace,_with_gquality of

A — e e



effective cross sections of S }, they do not affect the for-
matim of relative planetary distances, but gravitational constancy
which characterizes only the scale of the phenomena also cannot
affect them. Therefore, from the polnt of view of the relative
proportions of orbits, all planetary systems must more or less

be similar to each other although the masses of the centeral
bodles and the dimensions of the initial protoplanets can differ
'by many'magnitudes.- It seems reasonable, when one assumes that '
the functions indicated earlier —- S (r), nyg(f , z, 0), must not
differ too strongly for different systems.

Further, from the law presented above, an explanation exists
observed in planetary and Satelliteesystems,'an approximate -
correspondence of the law of planetary distances and the law of
geometric progression which, in particular, 1s expressed in the
Titius Bode law. Actualiy, as'is pointed out'earlier, there

exists a maximum critical value for the width of a protoplanetary
 disk in which only one planet forms. Because, due to the law
- considered, this width does not depend on the initial dimensions
of the protopianets, due to the dimensionleés character of the
distance of the internal edge of the disk {a 8dn =”l), the indicated
width has a relative character and with distance of the ring '
from the center, it must increase in absolute value. Introducing,

-1in a rough approximation, a protoplanetary;disk, we will compile

from independently evolving rings adjacent to each other, with

an initial strusture satisfying the principle of similarity, and
we will obtain, in this case, for planetary distances, a law of
geometric progrnssion. Actually, however, between separate

- accumulation zone (rings) of a protoplanetary disk, a more or
less strong interaction exists and evolution of these zones,
in the general case, cannot be considered independently. The i
~ ‘interaction indicated results in- the fact that even an approximate__;
correspondence of planetary distances to the 1aw of geometrice o
progression can break down essentlally which one observes in
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- planets, Still earlier, in the section discussing the study

actual planetary systems.

'In 1ight of what has been indicated above, now the concept /62 §
of the Titius Bode law has become clezrer. This law, like other
laws*however; resting on the principle of geometrlic progression,
corresponds to a very rough model of a'protoplanetary cloud con-
_sisting of a number of geometrically similar non-interacting
accumulation zones adjacent to each other. From the point of
~view of the Titius Bode law, one must conslder 1t as an approx-
imate rule and not as a law in the strict meaning of the word.

- 10, Forward and Backward Rotation of Planets. Rotation of
Venus and Uranus.

~ In the Sectioh presenting a survey of the results of the
numerical model of the processes ofraccumulation,of planets from
a protoplanetary cloud, attention was given to the interesting
and important effect that most of the planets formed acqnire a
forward (that 1s colnelding ‘with orbital) rotational motion
 around their own axes. This effeet has an extremely stable
charactér_dnd 1s observed in all, without exception, variations
of the numerical model of the processes of accumulation of
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of the phenomenon of gravitational cohesion, also attention was
devoted to the interesting characteristic of gravitational
" interaction of two bodies including stabilization in the process
~ of cohesion, of kinetic moment of both bodies relative to their -
barycenter with a primarily positive sign of this moment. Eariier
1t was established that gravitational interaction of two bodies,
in the case of their final joining, from the polnt of view of
‘thelr gecquiring basic canonodic and dynamic characteristics
both of motien of the center of mass and motion around it,
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1s equivalent to absolutely inelastic impact of two conditional
épheré-sh&péd bodies which 1later on were called effective bodies.
It is significant and advantageous‘in this connection that the
mechanism of acquiring rotatlonal motion, gravitationally inter-
aéting and éombining, be studied using an analysis of the collision
process of absolutely inelastic spherical bodies moving hefore
impact in a circular orbit. ' '

- Flgure 9 shows a diagram of impact of two spheres moving in
& closed circular orbit. The plane of velocitlies of these bodies

aKkpO - BReO

-0<p<0816(R'+R‘J.” Q816 (ReR)<p< ReR!

Figure 9. Diagrams of frontal and glancing impacts
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18 presented in the same drawing. It 1s obvious that the'increment'

of the moment AKB slgnificant for the sign acquired as a result
of impact is the direction of relative velocity of overtaking

(that is, close to M ) body m'. For acquiring a positive slgn
for AK gs the indicated veloclty must be directed counterclock-

however, depends on the radii of bodies R and R' and on the
distance between their orbits p. Naturally, in this connection,
one attempts to find the critical value p = py (with given R

and R'), during which the vector of relative veloclty of the over=-

‘taking body m' will, at the moment of contact, be directed at

the center of the overtaking body m. In this case,when p < Py,

‘the vector of relative velocity of the body m' will be directed

counterclockwise relative to the center of the body'g and then,
obviously AK  >0. When p >py, a contradictory picture will exlst

and consequently, as a result, we will find AK <0, In order to .

find the ceritlcal value py, we will turn to formulas (6.1) and

(6.2). Assuming AK_ = 0, according to (6 1) and (6.2) we will

Vv_findi

On the other hand it is obvious that R + R' is the maximally
, allowable value R Emax’ during which contact of moving bodies

w = VE(R4R)

(10.1)

in combined orbit is still possible. In this case, drawing
attention to (10.1), one can write: R :
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wise relative to the center of the overtaking body m. The latter /6&
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From (10.3) and (10.4) it is easy to see that more than 80%
of the potential orbits permitting contaet between two bodies
lead to a positive increment of rotational moment and only 20%
correspond to a negative increment of it. Qualitatively and
quantitatively this completely colncides with the results of
analysis of the phenomenon of gravitational cohesion.

From the analysis presented we see that two types of impacts
for interacting'bodies exlst «~ the type resulting in a positive
increment of rotational moment of the combining bodies and the_
type which creates its negative increment. Impact of the first
type will henceforth be called frontal, and impact of the second
type -- glaneing. One should note that by itself the high percent
of potential orbits corresponding to frontal impact still does not /65
guarantee a positive moment at the end of the evolutionary process.
Combinations of orbits corresponding to glancing impact contain
a body with high relative velocities and, consequently, with high
probability of realization of contacts. The actual density of the .
orbital flow of the bodies plays an important role In the total
eourse of accumulation. By the 1atter we mean the number of |
“actual crbits which occur per unit cof length along the radius from
the central body M High density of orbital flow favors the
predominance of frontal impacts. With low density one can have
a2 predomlinance of glancing impacts; As to density of orbital flow,
it is determined by the main mechanism of the evolutionary process --
by the effect of annular compression of matter --and direetly involves
~the degree of interaction of different accumulation zones among
 each other. Among the accumulation zones, during evoution, an
unusual bond is established through attraction of the boundary
-substance between them, which, in turn, affects the density of
orbital flow inside the zones themselves. In certain zones, the
main mass of matter breaks off this bond early and more or less

i
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rapidly combining them creates a hlgh orbital density of flow
and moreover a high final rotating moment for the planet. Other

Zones subjected to the main mass of the matter, with a longer
'period of pull by their nelghbors, break off from them conslderably

later and enter into the final stage of evolution with weaker
density of orbital flow; as aresult of this,; they create the planet

formed. with a small positive or even negatlive rotatlonzl moment.

In a2 similar way, apparently, the backwards rotational motion
around their axes was formed in Venus and Uranus. In & common
gravitational model of & protoplanetary cloud, the picure of -
distribution of accumulation zones of different types can be fairly
complex. As to the liquid-drop model, alternation of "strong”

and "weak" accumulation zones is characteristic for it. This
explains, in particular, the strange, at first glance, oscillating
character of distribution of moments and mass in the variation 1.1.
In common in both the liquidudrop and the gravitational model, in
all the numerical experiménts, there was a decisive predominance
of frontal impaets with the very first accumulation process of
evolution of the cloud. This is clearly obvious, in particular,

in the example of varlation 1.7 (see Fig, 6.3 ~~ 6.4). The. /66

significant role of glancing impacts was apparent in certain
accumulstion zones even at the end of their evolution. Due to
this, the concept was presented in more detail in variation 1.5

in which the planet formed according to the model with a large = -

negative rotational moment. In spite of the flaws in this variation
(distortion, due to the final effect, of the plcture of formation of
the first planet), it is of considerable interest inasmuch as 1t '

demonstrates in precise form one of the possible regulating processes

- which creates backward-rctational_mqtion of the_plangt formed.

Figure 10 shows histograms of distribution of mass and

-3speeific;rotational’moménﬁs-of“accumulated-hcdies along the radial
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coordinate of the prbtoplanetary ¢cloud and alsb on the scale
of the rgdial coordlnate, the dimensions of the largest bodiles
for corresponding intervals on the histogram. The histograms
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Figure 10. The dynamics of formation of backward
rotation of a planet for variation 1.5 (So = 0.53)

and dimensions of the bodies are presented for five characteristic
- moments of time of formation of the first planet of the cloud which
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- 1s olosest'to the central body MO. It is ciearly apparént from

the drawing that when t = 8.1, actually the nucleus of the first

-planet was formed with a very significant specific kinetic moment

of rotational motion. Thls nueleus, however, maintains contact

with the boundary substance of the neighboring accumulation zone.
Continuing to maintain its contact, with t = 8.1 to t = 14, T,

the nucleus indicated, by attempting a seriles of glaneing lmpacts,
gradually moved away from the central body M s decreased practically
to zero the value of rotational moment and significantly inereased
its mass. Finally, when t = 14, 7, using the last glancing blow,

‘the nucleus acquires a oonsiderable negative rotational moment,

inereases its mass for -the ‘last time and, breaking off from the

nelghboring accumulation zone, forms the first planet. We note
that besides what has been dlscussed, there exists at least one

more regulatisg process in the 1lmpact interaction of bodles result-

. ing in backwara rotation of a planet. This process was detected

when working with a gravitational model and differs from that
considered by the appearance in the zZone of aoounulation, in the
final stage of formation of the planet, of several large bodies
with backward rotation. '

At the conclusion of the section, we will stop to consider

'an important question involving rotational motion of planets. It |

is well known that in most planets, the axis of_rotation is falrly

‘strongly slanted from the perpendicular to the plane of the ellipse.

Asftu'Uranus, its inclination reaches 83°., In any theory of the
orlgin of planets the facts indicated must be explained and the

‘theory considered must not exclude it. Moreover, here certain /68
-@ifficulties arise. The mechanism considered above for accumulation
~of planets does not favor a slope of the axes of their rotation

from the normal to the plane of the orbit larger than the mutual

slant of planes of the orbit of different planeto. In particular,
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~according to the theory considered, it 1s very difficult {not

to say impossible) to obtain combinations of interacting bodies
which could be created with a2 similar slant to the axls of
rotation such'as Uranus has. One could say that it 1s necessary
7 to find the cause for the slant of the axié in planets outside
the mechanism of thelr accumulation from a protoplanetary cloud.,
'One can apparently point out the cause 'at the present time. '

V. V. Beletskly, in reference [8] studied the question of
evolution of the axis of rotation of a2 planet subjected, thanks
to the perturbing body (Sun), to the effect of influx moment.
 The qualitative analysis of averaged evolutionary equations made
it possible for Beletskiy to construct the following interesting
pPhase picture of the behavior of the axls of rotation of a planet.
Figure 11 shows integral curves of averaged evolutionary equations:

of rotating motion of a planet. In this drawing, along the axils
of the abscissathe angle of slope of the axis of rotation of the
plaret to the plane of orblt @ is appllied along the ordinate axils
a5 parameter 9 which 1s the ratio of angular velocity of rotation
of the planet ws to angular velocity of motion of it along the
orbit w, that is, o = ms/m.' We see from this drawing, then, all
of the integral curves of the phase picture meet at the critical
point (0 Qy) where 9* depends on the eccentricities ¢ and then
when e = 0, n, = 0. In this way, the influx moment always tries
to direct the evolution of rotational motion, in the final analysis,
_'So that it will become forward. Rotation of the planet first
being backward (& = 1), under the effect of'influxnmment, will
‘have to evolve toward forward rotation. Beletskiy, because of
this, turns his attention to the possibility of explaining
backward rotation of Venus by its capture in resldence due to
- the effect of .influx moments. In the light of the theory of
the formation of a planetary system presented, however, this is
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Figure 11. Integral curves of evclution of the
slant of the axis of rotation of a planet under

. the effect of influx forces (aceording to
Beletskiy [81)

is explained by the mechanism of accumulation of planets from a

o protoplanetary cloud. The absence of the evolution noted of the

7

axis of its rotation is ‘also explained by very slow rotation of

the planet so that it 1s practically devoid of influx peaks. It

‘is.different 1n the casevof_Uranus,:-Thg.rapid backward rotation

- not necessary. The backward rotation of Venus -in a natural way -

~



¢ number of initilal principles which descrilbe the initial structure

and powerful influx peaks of Uranus lead one to think that the
axls of its rotation, first close to normal to the plane of the
orbit, evolved strongly and approached the indicated plane.

The Beletskly theory also explains the significant tilts of the
axes of planets with forward rotational motlon, From Fig. 11 we
see that the axls of & planet which has high angular velocity

of forward rotational motion, during evolution can deviate from
the normal with the ‘existing method, even approaching the plane
of the orbit (6= 7/2). Unfortunately, at the present time it 2
1s difficult to say in which phase of evolutlon the planets with
forward rotational motion were evolved, that 1s, the quantitative
slde of the theory considered has still not been developed. One b
‘ean say however that it is very probable that the main part of o
evolution, which has already been undergone by the planet indicated
(the same as, for example Uranus) were completed very recently and
comparatively rapidly, so that poeeibly it is Just in this period
when the planets have not completed formation as fairly dense
‘bodies. Future studies must be made to clarify this question.

P eey

ot A

Ve

e e
e i R

bl e et

‘11, The parameters of 2 protoplanetary cloud and grevitational
instability. Calculation of parameters of 2 g;avitational model
‘of a cloud. o .

A AT S N

. The results of numerical experimente presented make 1t possible
to make the first, although preliminary, evaluations of the
evolutionary parameters of a protoplanetary cloud. One should note
_that when making the indicated evaluations, certain difficulties = -
arise, inasmuch as the liquid-drop model of a cloud 1s not. completely
__adequate as an actual prototype. A gravitational model of a cloud
has the adequacy, however, its use is not free from very oonsiderable
difficulties in view of the lack of clarity in determining a

ik
AT

” of the.cloud. For example, the character of. initial relationehips
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from r 18 unclear for the effective area of the cross section

and the radli of the protoplanets, that is, the relationships

S, = 8,(r) and R = R(z). It was proposed that numerical experiments
with a liguid-drop model would have to clarify the question as

to the character of the relationships indicated. These hypotheses

‘were correct to a significant degree. Thus, numerical experiments

fairly rapldly show the "working" range of the effective area of
a cross section of bodles S which would correspond to the actual

geometry of the solar planets and the satellite eystems. As was /71

noted earlier, this range corresponds to a very tight compact

“Initial placement of effective bodles of the protoplanetary cloud.

Speaking deseriptively, the effective bodies of protoplanets, at
the initial moment of evolutlon, are more or less tightly pressed

-against each other. This fact made 1t possible later on, as &an

adequately good 1initial approzimation, to form a hypothesls as to
the independence of the total effective area of a cross section of
the protoplanete on the radlal dlstance r, that 1s, to assume that
So = const. Thls same fact was the starting point for the search
for dependencles on r for another important characteristic of the
protoplanetary cloud, the initial radius of effective bodles of

the protoplanets R(r). However, before going on to a consideration
of the question of character of the dependence R(r), we will make
certaln estimates of the evolutionary parameters of an actual

protoplanetary cloud. For this purpose we will use the theory of

similarity constructed in section 6 for the results of numerical

~experiments.

We note, first of all, that using the variation of a liguid-

-+ drop model considered earlier (when R, = .const), the formation -

of the solar system or its separate parts cannot e modelled with
adequate precision. This applies both to the Earth group of '
planets and to the group of planets called the gilants. However,
it was possible to model with complete satisfaction from the
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quantitative point of view the process of individuval formation of
& number of planets relying on certain specific properties of the
accumulation zones of a protoplanetary cloud. It was noted earlier
that among the accumulation zones it is possible, from a certain
point of view, to separate at least two types =- the "strong" zones
and the "weak" zones., The accumulation zones of Mercury, Earth, _
‘Mars and Neptune belong to the filrst type. The second type includes
the zones of Venus and Uranus., The question of accumulation zones

of Juplter and Saturn 1s somewhat different. The "strong"
accumulation zone type, as was noted earlier, is characteristic

for the well known autonomy of 1ts method of cdevelopment. The

maln mass of its matter interacts fairly weakly with the neighboring
accunulation zones and therefore,'for the type of zone considered,

it 1s possible to have an isolated model of the accumulation process.
Also the circumstance that the relative width mfthe"Strong“'type

zone 1is comparatively small facilitates this circumstance consider-
ably; in this case ,max/émin “ 1.5 (for a_"weak" type zone,

—max/ "b2) Thanks to this circumstance, to a known degree,

the question of the character of dependencies R(r) loses 1its /72
acuteness. In a first approximation, in this case, one can assume
that R = R(gav) = const, where r__ = 1/2 (agy, + amax). One

should note further that the evolutionary process of formation of
Mercury, unfortunately, is not suitable for purposes of evaluating
the parameters of a protoplanetary ecloud by using the theory of
similarity constructed earlier., All of the data attest to the

fact that the rotational moment of Mercury, due to its proximity
‘to the Sun, lost 1ts significant evolution for the time of existence
of the solar system, and therefore cannot be used as the criterion
of -similarity. Three planets remaln -- Earth, Mars and Neptune.
Here, one should note that with a comparison of rotating moments,
the real and the model, in this case, apparently, it was correct

to consider the Earth<Moon system and not the Earth separately.
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| The kinetic moment indicated above must be recalculated for the :
'new distances of the actual modelled planets which can be done

_The coribined data, as a result of using the theory of similarity
for calculation of actual times of evolution of accumulation zones

The fact 1s that independent of the solution of the question of

the origin of the Moon, present day data convincingly attest to
the fact that the initial,almost entire moment of the system of

the Earth-Moon was concentrated .in the Earth and only during a long
period of influx evolution was it redistributed for the Moon.

One should add to this that the hypothesis abﬁut_the common origin
of Earth and the Moon satisfies more the principle of the concept
of the origin of the solar system considered as a whole than does
the hypothesis as to the capture of the Moon by Earth.

In order to model the process of accumulztion from matter of
a protoplanetary cloud, the planets Earth, Mars and Neptune are
closest to variation 2.4 for WhiCh-gmax/Emin = 1.5. In variation
2.4,”as a result of the accumulation process, a planet 15 formed
with a large semiaxis of the orbit ayy, = 1.26 and specific kinetic
moment of rotating motion K_ = 0.083. The time of evolution and
the initial radiil of effectlive bodies equal Ty = 19.1, R = 0.00619.

b it e N R A R T s B R RS R AR

om

using the formula:

n.) N r“‘““'&‘

(11.1) -

where 24 1s the large semlaxes of orbit of actual planets,

-_;K(i) is the model specific kinetle moment of rotating motion

£,

%

4

i
recalculated for the appropriate semiaxis. The actual specific 7§
kinetlc moments of the planet were calculated in a system wherethe %
3

:

)

. Earth's year was used as the unit of time, the astronomical unit

as the unit of length and the mass of the Earth as aunit of mass, / 3




T and actual radll of effective bodies of protoplanets of these
zones R sare presented in Table 3. ' '

PABLE 3
S Y R : 1 72 Ta~sE |
77 pranera , o, (€) : . -
Hs Ksm | P | T | Ra | Tyvemsu |
(Tate At} ( x87) Jedemncran
4 Bewmalyna | 0,72.1075 [ 0,74.10~T | 1020 174 | 720 400
5| Mape  |0.83,107 | 0.91,10™T | 12000 {800 | o5 76
6| Hentyn | 0.88.16°%| 0,41 1060 | 2400 | 21000 | 160000
' op'rﬁm
RonncmmITY
REP PAGE 1S POOR

Key =-- 1) planet. CEHGUNAL
. 2) T(thousand yea»s) L
3) Gurevich

Lebedinskiy

4) Earth-Moon

© . 5) Mars - :
6)

Neptune

In this table, the actual specific kinetic moments of
_rotational motion of planet. h are sequentially presented as well
as their model analog K(i’, obtained uSing variation 2.4 and
formula (11.1) and calculated using the theory of similarity --

. the parameters of-Simiiarity:E;*actual'full time of evolution =
T and actual radii of effective bodies of the protoplanets F
An analysis of Table 3 shows that the time of evolution of a proto—

”'planetary eloud, on a cosmogonous scale, was very small. Effective

bodies of the protoplanets at the beginning of evolution of the

-~ -cloud were the smallest. However, this does not exhaust the

information presented 1ln the table. As willl be seen helow, it

82



. problems of gravitational instabllity of a protoplanetary eloud

. radius (large semiaxis) of a clot:

83

properties of a protoplanetary cloud.

‘and almost simultaneously was first studied in the works of 7

‘equatorial plane, forming & more or less thin disk with increased
density of the matter. Upon achieving a disk with certain -

" force of the Sun. On the basis of the approach given in [1],

potentially contains key data for determining a number of important

‘The compactness of initial confilguration was noted earlier ;
in the posiltioning of the effective bodies of the protoplanets. i
Naturally the assumption oeccurred that thls compactness is not
random and somehow 1hvolves important processes which cccur in
the initial period of formation of a protoplanetary cloud. Here,
the logic of common 6onception'which is the basis for the study
made, directed the search for this connection in the field of

SEIS POR T RO A

in the period of the dust comppnents settling into its equatorial
plane. This problem, considered in all its aspects, 1s independent

K. Edgeworth (1949) and L. E. Gurevich and A. I. Lebidinskiy (1950).
The most 1ntere$t1ng results were obtained by L. E. Gurevich and

A, I, Lebidinskiy [1] who successfully made a signiricant step in
the study of the early phases of evolution of a protoplanetary
cloud.  Aecording to references [1,2], the dust component of the
cloud, thanks to mutual nonelastic collision of its particles, -
and also their friction as gas, gradually began to settle to its

critical thickness, it broke down into many Qust elots in which
the internal gravitational force was larger than.the perturbing R

the following formula was successfully obtalned for the maximum

(11.2)




where 0 18 the surface density of matter of the disk, y = const.
The values R for different accumulation Zones of a protoplanetary
eloud calculated according to formula (11.2) are located in the
last column of Table 3. The quantity of matter in each unit of
~area of an accumulation zone is taken as the value of surface
density ¢ for each accumulation zone in the hypothesis'that the
entire mass of corresponding planets "spread" evenly over the

' _entire area of the zone. - The dimensions of the area of the zone
are caleulated from the condition that

. amﬁx - 1.'5‘ )

min

From Table 3 we see that the dimensions of effective bodiles
of a'protoplanet and the dimensions of the clots obtained accord-
ing to formula (11.2) have the same magnitude for Earth and Mars
and differ oﬂly in magnitude for Neptune. The latter difference
. can be explained by the fact that the maximum model used in this
" work for a protoplanetary cloud Ain which each gravitational
cohesion ended in combining with the body, is not fully satisfactory
-in the case of Neptune. According to Table 3, the time of
evolution of accumulation zones of Neptune 1s fairly large.
(n2.5. 106 years). In this time, the clots which first occurred

could evolve strongly toward compression. As a result the /75
nuelel of effective bodles of protoplanets (and which are inherently

protoplanets) can acquire fairly small dimensions at which a

large part of the gravitational cohesions ends not in combination o
of bodies but in detachment. The bodies which had separated
acquired a,marked'eceentricity, disturbing the regular system

- of frontal and glancing impacts described earlier. In the system
of impacts, a chaotic component occurred which slows down the
transition of the orbital kinetic moment to rotational. As a
result, Neptune could not acquire the entire potentially allowable
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‘rotational kinetic moment (having'discarded no more than 20%

of 1t). If this moment was completely rejected, then the divergence
in the radii of clots and effective bodies for the Neptune zone '

'*would have had the same magnitude as in the case of Earth and

Mars.

'Iﬁdependently from the method of interpretation of data
related to Neptune, and giving attention to the roughness of

- the mathematical model of a protoplanetary ¢loud, one should

recognize the existence on the whole of a close correspondence
between the dimensions of the clot. and the effective bodies of

'the protoplanets in all three examples given. This correspondence

could hardly be random. The dimensions of the clots and the

effective bodles of protoplanets are defined, 1in the final

analysis, from common initial samples (interior gravitational
forces are larger then external perturbing forces). On the other
hand the prineiples on which the numerical values of dimenslons
of clots and effective bodles are based vary considerably. In

- the first case, this theory of gravitational instability of a

preplanetary cloud, in the second place -- the theory of occurrence
of rotational_motion of a planet. A comparison of numerical

results obtained from both theories give evidence

in favor of their truth..

Thué, a comparisonvof the data in Table 3 and the results
of the theory of gravitational instability makes 1t possible to -
£ind the missing link with which there is the possibility of
completing the description of the structure of a more common

- gravitational ‘model of a protoplanetary cloud. This‘lihk‘is
i idﬂntification of the initlal dimensions of effective bodles

of protoplanets with dimensions of c;ots, 1nto_which the pre~

.planet gas dust cloud decomposes dﬁe'toigravitatibnal”instability;_



Formula (11.2) becomes the formula for determining the initial
radil of effective bodies of protoplanets of & gravitational
model of a protoplanetary cloud.

|

12, Conclusion S N ' ' 7 - /76

At the conclusion of the article we will present the results
and attempt to give an evaluation of the basic results obtained.
Undoubtedly, the main effect observed during the study is the
. effeet of annular compression of matter which occurs during
evolution of a plane protoplanetéry cloud. The existence of

this effect 1s confirmed by two independent methods -- by qualitative

study of equations of coagulation of bodies in orbit and by
numerical modelling of the process of accumulation of protoplanets
on a digital computer. A correlation is established between
results obtained by the two different methods. During a qualitative
study of the equation of coagolation, and using a comparison of
the results of this study with the results obtained by numerical
‘modelling, a theory of similarity was constructed which makes it
”possible to show the invariant prineiple of evolutionary processes,
and, by kinetio characteristics of rotating motion of planet& to
establish the connection between the parameters of a mathematical
model and an actual protoplanetary cloud. Using this connection,'

»thefinitial and evolutionary parameters of an actual protoplanetary

cloudworesucceSBfully calceulated. The theory of similarity made -
it possible to establlish the independence of a proportion of the
orbit and. thus the total appearance of the planetary system formed
from the initial dimensions of the protoplanets of the ecloud when
_similarity is retained in the relative on-off time ratlo of the
Cinitial configuration of the protoplanets in the cloud (or, in
other words, in the relative compactness of thls configuration).

One should note that the last result - applies mainly to the actual

Vprotoplanetary;ﬂouds'whose-bodies had small relative dimensions.
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In the numerical model qf the c¢loud, due to its coarseness,
caused by an inadequate number of bodies, the proportlions indicated
broke down somewhat due to transition of a significant part of

‘the orbital moment of motion to rotational and due to this trans-

| itlon, a more or less marked "collapse' of the orbits. Finally,

the theory of similarity could formulate a common prineiple of

33fofmatian of plénetary systems and in this framework one could

assume the concept and character of the Titius Bode law.

Fufther, the circumstance that annular compression of matter
of a cloud ocecurred with very small eccentric orbits of accumulated

‘bodies is very important. Even in a numerical model of the cloud,

the overwhelming majority of bodies, in the course of evolution,

had orbits with eccentrlieities which did not exceed 0.001. Even

at the end of the sccumulation process in a given zone, the last /77
few bodies, in some cases, could acquire a more or less important
eccentricity (e~ 0.,1), 1In a real protoplanetary cloud, in most

of the accumulation zones (execept for the zone of Neptune), the
eccentricities had,apparently, even smaller values_(the values of
eccentricities are the same as the values of rotational moments of

- the planets and Increase along with growth of relative dimensions

of'th§>bod1es'participatingiin the accumulation process). In the
same principle, annular. compression of matter can exist, not
disturbing the laws noted above for invariants of the total picture
of the zones of compression and rarefaction of matter and with.

. practically zero eccentricities. For this ‘it is only necessary

that the 1nitial dimensions of the protoplanets be adequately
small. All of this produces the accumulation process considered =

' in this work in a considerably poorer way for similar processes

of most of the preceding works which use a system of exhaustion

by "nuelei" -= by the embryos of planets of the ratter of a

protdplénetary eloud whose'particles nad very large eccentricities

(e nv0.2).




From the preceding studies, the closest to the results of
| this work are the interesting ideas of Alfven about jet streams §
and their role in the structure of the asteroid band presented ‘
by him in 1964 [9] and also touching on the ildeas of the results j
from reference [10]. In the opinion of Alfven, nonelastic ;
collision of particles rotating around the Sun which results in
averaging of their orbits played an important role in the formation
of large bodles in the protoplanetary cloud. Due to this, a
unique tendency occurred for mutual attraction of orbits which
foree particles into a series of Jet streams made up of particles
moving in a close orbit. As the mutual veloclitlies of particles
'decrease, due to inelastic oollisions, the processes of thelr
combination began gradually to predominate over the processes of
.breaking up.and in the flow large bodies began to form. Alfven
considered the existence of an asterold band and Jet streams of
asteroilds observed by him and by Arnold as one of the proofs for
his hypothesis. In reference [10] the phenomencn described -
above of orbital focuslng of particles was modelled using the
~ Boltzmann equatlon and by numerical solution of the latter on
' 2 digltal computer. The authors of reference [103] successfully
showed that a uniform plane system of small particles, during
evolution, due to rionelastic collisions can be transformed into
more or less dense annular flows in the system. In splte of the 7
difference in models in this work and [10], it is not exelu- [18
" de@ that the mechanism of annular compression of matter studied = .
in this work and the mechanism of formation of the annular flow
- in [10] have a2 common nature. Future studies must be made %o
answer this question. -n general, the ‘mechanism of annular
compression of matter needs further careful study inasmuch as
1t is completely possible that a number of its existing details
could be pointed out beyond the limits of the fileld of vision
of our study. -
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Ancther very important result of the work considered 1s an
explanation of the forward and backward rotation of planets. The
mechanism of the formation of primarily forward rotating motion in
planets detected then is given a clear and simple explanation by
the system of frontal and glancing impacts. From the preceding
studles, the closest to the actual nature of the phenomencn in--
dlcated was presented in the work of A. V. Artem'yev [111 and
A. V. Artem'yev and V. V, Radzlevsky [12] conducted, respectlvely,
in 1963 and 1965. In the opinion of these authors, the acquisition
of a rotating moment by a planet is explair ° h* gapture as a
result of nonelastic collisions in its field v. gravitatlon, of
particles which have come from outside with subsequent fall of the
latter on the surface of the planet. Although the true mechanism
for acquiring a rotational motion by planets differs considcrably
from that indicated, the suthors have started on the right path
inasmuch as the phenomenon of frontal and glancing impacts is similar
to those deseribed earlier in implieit form with predominance of
the former over the latter. Generally speaking, frontal impacts

‘predominate over glancing not in all cases -- 1n some, although

in rare cases, the opposite picture 1s true and as a result, 1t Is

fully possible that a planet can acquire backward motion which

apparently, is what occurred in the cases of Venus and Uranus.

- The gquestion of the aggregate state of matter of protoplanets
during evolution of a cloud and also the planets thenselves
immediately after their formation applies directly to the problem

"of rotational motion of the planets in this case.. That is to say;

the system of frontal and glancing impacts, which guarantees a

_.primarily forward rotation of the planets,can be realized only

in a case where the gravitational cohesion of protoplanets, as

‘2 rule, ends 1n thelr combining in the entire range of allowable

relative trajectories of cohesion whose parameters are presented -
in Pig. 1. This applies particularly to the trajectory of the
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upper sectlon of the graph in Fig. 1; here the maximum distances
of protoplanets with approaches are characteristically very large /79

with, at the same time, a considerable kinetle moment of forward
rotation of the protoplanets relative to their barycenter and
‘whieh particularly provides predominantly forward rotation of k
the planets formed., As was noted earlier, for combining of proto=-
planets; it is not necessary that they be in direct contact on

the first half loop of the approach. This contact car come later
after a varying number of rotations around the common

center of mass with slowing of relative motion due to iuflux
Torces. However, so that this slowing down would be effective

- and result in combining of bodies in the exemplary time necessary,
 so that their dimensions would be adequately great, the aggregate
state made 1t possible to evolve large influx retarding moments
during interaction of the bodies. This question requires a special -
study, but right now it 1s possible apparently with some assurance
to state that the density of protoplanets during evolution, and
also of the planets immediately after thelir formation, was several
maghitudes smaller than the density characteristic for solid
bodies. In other words, it is very probable that protoplanets
and planets when they first exlisted were gas and dust bodies.,
This does not contradict the existing evaluation of the time for
existence of protoplanets In the form of gas dust bodies, in the
period - of evolution of the ecloud, if one takes into consideration
the relatively short time period for this evolution [S5]. If the
conclusion as to the gas~dust structure of planets in the initial
period of their existences is true, then this would lead to a
conslderation of a number of points of view for the question of

- .the origin of satellite systems. Within the framework of this
concept, i1t is natural to consider that the satellites' distance

occurred_from gas~dust disks separated as a result of the_ocourrencc

of rotational instability from gas and dust masses of the planet
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rapldly éompressing due to gravitational forces.

The results of numerical experiments relating only to the

liquid-drop model of a protoplanetary cloud are presented in this

- article., The result. of numerical experiments with a gravitational
model 1s planned for a separate publication., Here we will note only
that'basically noc new effects differing from those observed during
work with a liquid-drop model were found in the dynamics of the
gravitation model. Nevertheless, the gravitation model of a
_protoplanetary cloud 1s extremely lnteresting inasmuch as only with
this model can one obtain the actual parameters of the solar system

~ and prove the correctness of certain important conclusions following

- from the analysis of numerical experiments in a liquid-drop model _-§
of a cloud. Thus, in the first numerical experiments with a /80 1
grav;tation model of a protoplanetary cloud of the Earth group 5
of planets, a strong pull from the accumulation zone of Venus was .
detected much earlier than expected on the basls of the data of

‘the liquid-drop model; it ocecurred with a corresponding weakening

of density of the orbitzl flow in 1t and 1n one of the experiments,
backward rotation of this planet was obtained. One must expect

- that the gravitation model of a protoplanetary cloud can answer

many important detalls as to the origin of the solar system which

- are unclear at the present time. '
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In conclusion, the authors wish to express thelr deep appreciation
 to V. S. Il'ina for the great assistance given by her when conducting
this work.




REFERENCES

l. Gurevich, L. E., Lebedinskiy, A, I., Izv., AN ASSR, ser.

2. Ed%ew§r§h, K. E., Mon, Not. Roy. Astron. Soe. 109, 600,
1949),

3. Cameron, A. G. W., "Models of the primitive solar nebula," Symp.
_o¥ Ehe

origine syst. solaire, Nice, 1972 [Symposium on the origin
soler system, Nice,1072] Paris 1972, p. 56, Discussion p. 60.

4, Shmidt, O. Yu., Dokl. AN SSSR 52/8 673 (1946).

5. Safronov, V. S., Evolyutsiya doplahetnogo oblaka 1 obrazovaniye
zemli 1 planet [Evolution of a preplanetary cloud and the
Tormation of Earth and the planets] Nauka Press, Moskow, 1969.

6. Dole, S. H., Icarus 13,494 (1970).
7. Isaacman, R., Sagan, C., Icarus 31,510 (1977).

8. Beletskiy, V. V., Dvizheniye sputnika otnositel’'no tsentra
mass v gravitatsionnom polye [Movement of the satellite
relative to the center of mass in a gravitational fileld]
Publication of Moscow University, Moscow, 1975. :

9. Alfven, H., Icarus 31,510 (1977).
10, Baxter, D. C., Thompson, W. B., 'Tet stream formation through
inelastic collisions," Phys. Stud. of Minor Planets, Washington

11. Artem'yev, A. V., Uch, zap YaroSlavSk. Gos. Ped. in-ta 56,

9 (1963).
12, A?te%?gev, A. V., Radzievskiy, V. V., Astron. zh, 42,124
(1965). S : e et

92

Lot iy R



