Aaei-aR 159,53 ARSME79535

NASA-CR-159537
19790022123 b

LEHIGH UNIVERSITY

FOUNDED BY
ASA PACKER

OFF-AXIS IMPACT OF UNIDIRECTIONAL COMPOSITES
WITH CRACKS: DYNAMIC STRESS INTENSIFICATION

- 00-2>I0Mm3

BY

10 mHCH-402-
O-ron o2 muC+40>3"

G, C. SiH aND E, P, CHEN

LRI i ‘
Wl JAnuARY 1979
\\

(O
“\\\\\\ m,“"
11}
“l\“\““ ) “u""“"l' [

A
(}
I‘

SATIA b ks M "‘ VA LAMBTON, VIRGINIA
' MPTON,
GV R
R

)

0
1!
(i

!

!
!
“ul ,."

MATERIALS AND STRUCTURES DIVISION
NASA-LEWIS RESEARCH CENTER
CLEVELAND, OHIO 44135













1. Report No.
NASA CR 159537

2. Government Accession No.

3. Recipient’s Catalog No.

4. Titte and Subutte Qff-Axis Impact of Unidirectional Compositeg 5 Report Date
With Cracks: Dynamic Stress Intensification

January 1979

6. Performing Organization Code

7. Author{s)

Dr. G. C. Sih and Dr. E. P. Chen

8. Performing Organization Report No.

¢ Institute of Fracture
. Lehigh University
Bethlehem, PA 18015

3. Performing Organization Name and Address
and Solid Mechanics

10. Work Unit No.

11. Contract or Grant No.

NSG 3179

Washington DC 20546

12. Sponsoring Agency Name and Address
National Aeronautics and Space Administration

13. Type of Report and Period Covered

| Interim Report |
14. Sponsoring Agency Code

15. Suppiementary Notes

Cleveland, OH 44135

Project Manager, Dr. C. C. Chamis
Materials and Structures Division
NASA-Lewis Research Center

16. Abstract

the matrix material.

impact is analyzed by as

space variable and Laplace tr
is separated into two parts;

reference to the crack plane.
tractions are applied to a crac
composite. The two boundar

.

d conditions are solved independently
superimposed. Mathematically, these conditions reduce the problem to a system
of dual integral equations which are solved in the Lapl
the transform of the dynamic stress intensity factor. The time inversion is
carried out numerically for various combinations o
the composite and the results are displayed graphically.

The dynamic response of unidirectional composites under off-axis (angle loading)
suming that the composite contains an initial flaw in

e analytical method utilizes Fourier transform for the
ansform for the time variable.
one being symmetric and the other skew-symmetric with
Transient boundary conditions of normal and shear

k embedded in the matrix of the unidirectional

and the results

The off-axis impact

ace transform plane for

f the material properties of

17. Key Words (Suggested by Author{s})

18. Distribution Statement
composites, off-axis impact, elastodynamicsg,
stress analysis, through-cracks,stress
intensity, Laplace transform, Fourier
transform, Fredholm integral equations

Unclassified

19. Security Classif. (of this report)
Unclassified

20. Security Classif. (of this page}
Unclassified

21. No. of Pages
42

22. Price’

“ For sale by the National Technicai Information Service. Springfield. Virginia 22161

NASA-C-168 (Rev. 10-75)

A4 - 30394 %



FOREWORD

This research report is concerned with the dynamic response of unidirectional
composites under off-axis impact and represents a portion of the work performed
for the NASA-Lewis Research Center in Cleveland, Ohio for the period February 13,
1978 through February 12, 1979 under Grant NSG 3179 with the Institute of Frac-
ture and Solid Mechanics at Lehigh University. The Principal Investigator of
the project is Professor George C. Sih and the Associate Investigator is Dr. E.

P. Chen who has since left Lehigh University and joined the Sandia Laboratory
in New Mexico. The authors are grateful to the NASA Project Manager, Dr. Christos
C. Chamis who has carefully reviewed this report and provided a number of concrete

- suggestions.
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OFF-AXIS IMPACT OF UNIDIRECTIONAL COMPOSITES WITH CRACKS:
DYNAMIC STRESS INTENSIFICATION

by

G. C. Sih
Institute of Fracture and Solid Mechanics
Lehigh University
Bethlehem, Pennsylvania 18015
and
*
E. P. Chen

Sandia Laboratories
Albuquerque, New ‘Mexico 87115

ABSTRACT

The dynamic response of unidirectional composites under off-axis (angle
loading) impact is analyzed by assuming that the composite contains an initial
flaw in the matrix material. Because of the complexities that arise from the
interaction of waves scattered by the crack with those reflected by the inter-
faces within the composite, dynamic analyses of composites with cracks have been
treated only for a few simple cases. One of the objectives of the present work
is to develop an effective analytical method for determining dynamic stress so-
lutions. This will not only lead to an in-depth understanding of the failure
of composites due to impact but also provide reliable solutions that can guide

the development of numerical methods.

The analysis method utilizes Fourier transform for the space variable and

Laplace transform for the time variable. The time-dependent angle loading is

*
This work was completed during Dr. Chen's tenure at Lehigh University.
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separated into two parts: one being symmetric and the other skew-symmetric with
reference to the crack plane. By means of superposition, the transient boundary
conditions consist of applying normal and shear tractions to a crack embedded in
the matrix of the unidirectional composite. Mathematically, these conditions
reduce the problem to a system of dual integral equations which are solved in
the Laplace transform plane for the transform of the dynamic stress intensity
factor. The time inversion is carried out numerically for various combinations
of the material properties of the composite and the results are displayed graph-

ically.
INTRODUCTION

Past work on the development of high performance composite materials was
mainly concerned with achieving high strength and modulus. This requirement
alone, however, may result in a composite that is excessively brittle and Tacks
the ability to resist impact loading. The energy absorption or toughness of the
composite is also an important property that must be accounted for in addition

to strength and stiffness.

The concept of fracture toughness has mostly been applied to homogeneous
isotropic materials [1] based on the linear fracture mechanics theories such as
those advanced by Griffith, Irwin and others. These theories, developed for
single-phase materials, have had limited success.in characterizing the fracture
behavior of composites which are inherently nonhomogeneous and anisotropic.
This is mainly because the fracture modes in composites are multi-facet and can

include interface failure, fiber breaking, matrix fracture, etc. The individ-

ual contribution of each of these failure modes is not clearly accounted for

and/or not related to the critical failure load. As a result, large discrepancies
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between the theory and experiment can result.

A study on the selection of appropriate mathematical models for different
unidirectional composite systems was made [2] in the case of static loading.
Many of the assumptions in [2] will also be used in the dynamic problem treated
here. One of them is the existence of inherent flaws or cracks which are the

sites of failure initiation.

Analytical investigation of the fracture of fibrous composite materials sub-
jected to impact loading has been meager because the elastodynamic stress analy-
sis involves numerous ﬁarametérs and is enormously complex. This is necessitated
by the complex nature of the dynamic load transfer characteristics in composites
containing initial imperfections such as flaws or cracks. The stress wave solu-
tion is not only time-dependent but it interacts with the material properties of
the constituents of the composite and the various geometric parameters. The in-
fluence of these parameters will be analyzed in this impact study with particular
emphasis placed on determining the dynamic stress intensity factors k] and k2
arising from normal and shear loading. Their combination (off-axis or angle
loading) determines the response to loading of a more general nature and reflects
the energy absorption property of the composite. Several examples of how k] and
k2 can be combined to predict crack behavior in dynamic stress fields are found
in [3]. The question of whether there is the need of how to define a dynamic
fracture toughness parameter differing from its corresponding static value has
been the subject of many past and present debates within the fracture mechanics

community. Thus far, no general agreement has been achieved.



This report is concerned with dynamic fracture analysis and, particularly,
with the development of an analytical method for obtaining effective dynamic
stress solutions to unidirectional composites with cracks embedded in the ma-
trix. Other possible failure modes will be dealt with in future reports. Ef-
fective stress solutions for k] and k2 are essential as they are the prerequi-
sites for formulating failure criteria and guiding the development of numerical

procedures.

ANGLE CRACK UNDER IMPACT

Figure 1(a) considers a crack in a layer of matrix material of thickness
2h. The composite is reinforced by unidirectional fibers that are aligned par-
allel with one another and make an angle with the time-dependent applied stress
o(t). Without serious loss in generality, the composite is assumed to be modeled
by a layer of cracked matefia] with elastic properties Hys Vq and P sandwiched
in between two dissimilar media with properties u,, v, and p,, Figure 1(b). The
number of layers surrounding the cracked layer is reasonably large so that the

average shear modulus Uy Poisson's ratio Vo and mass density p, can be used.

The basic two-dimensional elastodynamic equations in the theory of elastic-
ity can be expressed in terms of two scalar potentials ¢j(x,y,t) and wj(x,y,t)
where i,j = 1,2 with 1 and 2 referring to the cracked layer and the surrounding
material, respectively. In terms of the Lamé coefficients xj and uj, the dy-

namic stress components are



(O’x)j = Ajvzd)j + ZUj (3x2 + BX_JByL)’
3%, 3%y,
- 2 -
(Gy)j AjTR05 + 25 (g -y
(1)
Ast2u.
- _J_ __J__J_
(o), = 7 Gl ) v

where V2 = 32/3x2 + 32/9y? and the thickness shear stresses are assumed to van-

ish. The corresponding in-plane displacements are given by

b, A,

= a4 _d

(“x)j "X T3y
(2)

b, Y,

(u) ==L-=l

Yy j ay ax

Under plane strain, the material elements are constrained in the z-direction.

The governing differential equations can then be obtained from the equations of

motion:
320,
Vzd)j = E‘_:z—ﬁzl
J
(3)
321[)'-
o _ 1
Vi = <35 ot



in which c]j and c2j are the dilatational and shear wave velocities defined as

1/2 1/2
As+2u. Us
= ._J___.J- = ..Al

The problem involves the determination of the potentials ¢j(x,y,t) and wj(x,y,t)

in equations (3) from the transient boundary conditions of the crack problem.

The analysis may be simplified considerably if the problem is separated in-
to two parts. The first concerns with normal stresses applied to the crack such.
that symmetry prevails about the x-axis in Figure 1(b) while the second deals
with shear surface tractions so that the problem is skew-symmetric with refer-

ence to the x-axis. Both of these problems will be presented separately.
NORMAL IMPACT

Let the composite body be initially at rest such that the stresses are zero

everywhere. Suddenly, at t=0, a normal stress of magnitude -o_, is applied to

0
the top and bottom crack surfaces in Figure 1(b) and kept on the crack of length
2a thereafter. Referring to the set of axes x and y that are placed parallel

and normal to the line crack, the following conditions are prescribed:

(0,)_(xs0,t) = -0 H(t); (r

y ) (x,0,t) = 0, O<x<a; t>0 (5)
1

X_Y]

where H(t) is the Heaviside unit step function. The symmetry conditions about

the axis y=0 are enforced by noting

(uy?](x,o,t).= 0; (Txy)](x,o,t) = 0, x>a; t>0 (6)
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Perfect bonding will be assumed along the interfaces between material 1 and ma-

terial 2. This requires the stresses and displacements to be continuous across

y = th. On account of symmetry, only the upper half plane y>0 need to be con-

sidered, i.e.,

(oy)](x,h,t) = (oy)z(x,h,t)

(Txy)](x,h,t) = (Txy)z(x,h,t)

and for the stresses and

(ux)](x,h,t) = (ux)z(x,h,t)

(uy)1(x,h,t) = (uy)z(x,h,t)

for the displacements.

Dual integnal equations. It is convenient at this point to apply the

(8)

Laplace transform to the time variable t which corresponds to p in the trans-

formed plane. Consider the standard Laplace transform on f(t):

f(p) = [ f(t) e Ptat

O+~ 8

- whose inversion is

F(t) = 5or [ ) ePtdp

(9)

(10)



in which Br stands for the Bromwich path of integration. The application of

equation (9) to equations (3) yields

2
2 =
VY = o 4
(11)
2
2 = *
v wg %55 wj

Again, the condition of symmetry requires only the consideration of x and y in

the first quadrant. The Fourier cosine and sine transforms defined by

(s) = ? f(x) cos(sx)dx
0

(12)
f(x) =-% ? £%(s) cos(sx)ds
0
and
f3(s) = ? f(x) sin(sx)dx
0
(13)
£(x) = 2 [ £5(s) sin(sx)ds
0

are now applied to the space variable x. This simplifies equations (3) to a set

of ordinary differential equations which can be solved giving

*® y Yqi1Y
ot (xoyop) = 2 [ A (s,pe T+ al2)(s,p)e 177 cos(sx)ds
0 .



0 “Yo1Y Yo1¥Y
UF(%,y,p) = £y B0 (s,p)e 21 + B2 (s,p)e 2177 sin(sx)ds (14)
0
for the cracked matrix and

= -Y19¥
95 (x5¥,p) =-% / C(])(s,p)e 12 cos(sx)ds
0
(15)

“Yo0¥
wg(s,y,P) ='% C(z)(s,p)e 22 sin(sx)ds

oO“— 8

for the averaged fiber-matrix material. In equations (14) and (15), the quanti-

ties Y]j and YZj are given by

1/2

Yy = (s? + B

2 1/2
s Yos = (52 + ) (16)
J c]j 2] c2j

The functions A(1), A(z), B(]),---, 0(2) in equations (14) and (15) are deter-
mined from the transient boundary conditions. To this end, equations (5) and

(6) will be written in the Laplace transform plane:
%
s = o e * =
(cy)](x,o,p) 5 (Txy)](x,o,p) 0, 0<x<a (17)
and
* = . % =
(uy)](x,o,p) 03 (Txy)](x,o,p) 0, x>a (18)

In the same way, equations (7) become



(0§,)](x,h,p) = (0§)2(x,h,P)

(19)
(T;y)](Xsh’p) = (T;y)z(x’h’p)
and equations (8) take the forms
(u§)](xsh,p) = (u;)z(x,h,p)
(20)

* *
(uy)1(x,h,p) (uy)z(x,h,p)

The stresses and displacements in equations (1) and (2) may also be trans-
formed into the Laplace transform plane. Without going into details, the appro-
priate Laplace transform of the stress and displacement expressions in equations
(17) to (20) may be used to satisfy all of the necessary boundary, symmetry and

continuity conditions. This leads to the following set of dual integral equa-

tions:
[ A(s,p) cos(sx)ds = 0, x>a
0
(21)
o mo,,
é sF1(ssp) A(s,p) cos(sx)ds = - Hp(1R)? x<a

in which FI(s,p) stands for the known function

-10-



1

~2(yy71+Yp7)h
Fi(s:p) = Sy (1 (s2r3y)" - sty qvgpdre@) - gl T

6Ma(® _ 4(2)53)y ~trptrgpdh

+ 5(52+'Y§])[Y21 - 'Y'”]e

@) B () omhy,

2
+ [ (s%73)) + s2yqq7,108 (22)

while the quantities Ky and AI are defined as

< = legy/e)/?

(23)

2 -2(yq7+Y97)h -2Y,qh
A, = -l%r- Y [8(2) + 8(3) e 1l + 8(4) e 21
I 2c21 11

=2ypqh

+ 8(1) e ]

such that 8(1), 8(2),---, 6(4) are given by

o) = (o)(6) _ 4@,y ¢ 52D < (o1 (6) _ (218

(24)
o) < (@) _ 430080y ¢ gl8) < (o1 (8) (81,80

where Ao is

b = aa(® 4@ (25)

The quantities a(1), a(z),---, a(8) in equations (25) are complicated functions

of s, p and the material constants. They are given by equations (I.1) in Appendix

1. -11-



The problem is now reduced to finding the single unknown A(s,p) governed
by equations (21). Once A(s,p) is known, the functions A(]), A(z),---, C(z)
that are required in equations (14) and (15) for the Laplace transform of the
potentials ¢§(x,y,p) and wg(x,y,p) can be obtained from equations (I.2) outlined
in Appendix I. What remains is the determination of a solution for the dual in-
tegral equations (21). This will be accomplished with the help of a method by
Copson [5] which has been used by Chen and Sih [6] for solving dynamic crack
problems involving single-phase homogeneous materials. Following the details
in [5,6], it can be shown that

70 a2 1

A(s,p) = - EE;E%T?EfT é E 9%(g,p) Jo(sag)de (26)

is a solution of equations (21) with Jo being the zero order Bessel function of
the first kind. The function @f(a,p) is calculated numerically from a Fredholm

integral equation of the second kind:

’ 1
(I).’f(gap) + {) ‘I’"f(n,p) KI(Em»P)dn = /g (27)

whose kernel

Ky (Eanop) = /::FZ SF;(S, p) = 11 9, (s8) 3, (sn)ds (28)

is symmetric in £ and n.

Mode T dynamic stress intensity fgactor. The transmission of the time-de-
pendent 1oad to the vicinity of the crack tip can be best described by the in-

tensification of the local stresses. A quantity that has been used widely in

-12-



the static theory of fracture_mechanics is the "stress intensity factor" which
can be extracted from the asymptotic expansions of the stresses near the crack
tip. Referring to Figure 2, let ™ and e] be a set of local polar coordinates
measured from the right hand crack tip located at x=a and y=0 in the matrix
material, the singular character of the dynamic stresses is described only by
the space variables and hence can be more easily determined in the Laplace
transform domain. This observation was first made by Sih, Ravera and Embley

[7]. Following their procedure, the local stresses in terms of ry and 6, are

found:
ki(p) & .8 39
(02)1(P1,91,p) = cos — (1 - sin 5= sin —=) + 0(r})
r
]
( *) ( 8 ) k?(p) e] (-I + . e] . 391) + 0( o)
a*) (rys84.p) = —— COS 5 sin 5— sin —— r
y.l 1°1 JZFI- 2 2 2 1
(29)
*
(0*) (rq584sp) = k](p) 2v, cOS El-+ 0(rs3)
4 1 1°°71° /z—rT 1 2 1
k¥*(p) 6 6 36
1 .1 1 1
(t*.) (rqs8,p) = —— sin 5— cos 5 cos —— + 0(ry)
Xy 1 1’7 /?FT 2 2 2 1

Only the dynamic stress intensity factor, k?(p), in equations (29) need to be

inverted to real time t:

#5(1,p)

k'-’l‘(p) = —p— 0'0/; 4 (30)

where the function Qf(l,p) is found from @f(a,p) by letting the nondimensional

parameter £=1 representing the crack tip location. The functional dependence

-13-



of the stresses in ™ and e] as shown by equations (29) reveals that the dynamic
stresses also possess the inverse square root singularity in terms of ™ and

that the angular distribution in 6, is the same as the case for static loading.

Applying the Laplace inversion formula in equation (10) to (30) renders
the factor k](t) as a function of time, i.e.,
2 *

ki(t) = 52 | ePldp (31)
1 2mi By p

It is apparent that @f(],p) must be first known before the integration of equa-
tion (31) can be performed. Refer to Appendix II for a detailed account of the
procedure used for evaluating equation (31). Three different sets of @f(1,p)
values are plotted against the dimensionless Laplace transform wave number cz]/pa.
They are given in Figures 3 to 5 for Py = Py and Vi = Vy = 0.29 while the ratios
a/h and u2/u1 are varied. In general, all the curves tend to rise quickly and
then flatten out. It Qou]d be more meaningful to Qiscuss the influence of a/h

and p,/u, on the stress intensity factor k,(t).
2' 71 1

Figures 6 to 8 display the normalized stress intensity factor k1(t)/co/5
as a function of cz]t/a. In Figure 6, the crack length to layer thickness ratio,
a/h, is fixed at unity while the shear moduli ratio, “2/“1 is increased from 0.1
to 10.0 as indicated. The k](t) factor is oscillatory in nature reaching a peak
and then decreases in magnitude as time increases. The oscillation is more pro-
nounced when the shear modulus of the cracked materidal is greater than that of
the surrounding material, i.e., uy > u,. The values of k1(t) decrease below
those of the corresponding homogeneous case, ny = oo solved previously by Chen
and Sih [6] when Uy < Ho. The influence of a/h on k](t) is exhibited in Figures
7 and 8 for the two cases of 112/11.I = 0.1 and 10.0, respectively. For “2/“1 = 0.1

-14-



in Figure 7, a decrease in a/h tends to Tlower the stress intensity factor. Ob-
served also is a small step in the curve for a/h = 2.0 and small time t. This
corresponds to the reflection of elastic waves from the material interface.

The size and time scale are such that this effect showed up quantitatively in
the graph while the same effect was not noticeable in the other curves. For
the smaller ratios of a/h such as 0.5 and 1.0, the crack tips are further away
from the interface and the influence of the reflected waves are not as pro-
nounced. The opposite trend is observed in Figure 8 for uz/u1 = 10.0. When the
outer material is more rigid than that of the center layer, k1(t) tends to in-
crease in magnitude as a/h is decreased. Again, a distinct step in the curve
for a/h = 2.0 is seen for small time t. As time increases, all of the results

here reduce to the corresponding static solutions of Hilton and Sih [8].

Geneiaﬂ Loading. If the normal stress applied to the crack surface is not
constant in magnitude but may vary as a function of x, then the dynamic stress
intensity factor can be obtained by adding a sequeﬁce of solutions correspondiqg
to step loadings with different stress levels dps 97> etc. In other words, the

general loading o(t) may be considered as the sum:
a(t) = cOH(tO) + 01H(t1) + oZH(tZ) + ... (32)

This is illustrated graphically in Figure 9. From equations (31) and (32), the

factor k](t) that corresponds to o(t) may be written down immediately as follows:

#3(1,p)
() = o [ogh(ty) + opH(ty) + ... [ —=—eP¥dp

33
e (33)

Equation (33) may be used to derive k](t) for any time-dependent normal surface

tractions which in turn can also simulate any loadings that are applied at dis-
-15-



tances away from the crack by means of the principle of superposition.
SHEAR IMPACT

Suppose that the crack in Figure 1(b) is now sheared suddenly by a pair of

shear stresses of magnitude -t, such that the upper and lower crack surfaces

)
move in the opposite direction. This creates a deformation field that is skew-

symmetric with respect to the y=0 plane. Following the footstep laid out in the
previous example on normal impact, the Laplace transform of the transient bound-

ary conditions on the x-axis inside the crack are
To
%* s = - — . = N <X< :
(rxy)1(x,o p) 5 (c;)](x 0,p) = 0, O<x<a (34)
and the skew-symmetric conditions outside the crack are given by
(u*) (x,0,p) = 0; (o*) (x,0,p) = 0, x>a (35)
X ] .y 'l - .
Continuity of the stresses across y=h is expressed by

(o*) (x,h,p) = (0§) (x>h,p)
2

Y
(36)
* = *
(Txy)](x,h,p) (rxy)z(x,h,p)
while the displacements are also required to be continuous, i.e.,
(u;)](x,h,p) = (q;)z(x,h,p)
(37)
(u¥) (x,h,p) = (u¥) (x,h,p)
Y Y2 -16-



Integnal nepresentations. Under the above considerations, the following

wave potentials ¢§(x,y,p) and wg(x,y,p) are selected:

it 1Y Yq1Y
3 (x5¥5p) ='% i [A(1)(S ple + A(z)(s,p)e 179 sin(sx)ds
0
(38)
YT (x,y,p) = %‘? [B(”(s,p)e—yz1y + 8(2)(s,p)eY2]y] cos(sx)ds
0
for the cracked layer and
@ “YqY
o5(x.y.p) = 2 1 cM(s,p)e 12 sin(sx)ds
0
(39)

wﬁ(x,y,D) = %-? C(z)(s,p)e-Yzzy cos(sx)ds
0

forvthe outside material.

Equations (38) and (39) may now be substituted into the Laplace transform
of the stresses and displacements in equations (1) and (2). Making use of the
conditions in equations (34) to (37), the solution can be expressed in terms of
the functions A(1), A(z),---, C(z) which are related to a single unknown B(s,p)
as shown by equations (III.1) in Appendix III. The function B(s,p) is governed

by the system of dual integral equations

[ B(s,p) cos(sx)ds = 0, x>a
0

(40)

mT

/ sFII(s,p) B(s,p) cos(sx)ds = , X<a
0

0
4u1p 1-K1

-17-



The function FII(s,p) is related to FI(s,p) in equation (22) as

A
Frp(ssp) = AI? Fr(ssp) (41)

where
2 ~2(y11+Yp7)h ~2Yp1h ~2y1;h
AII=§%rY2][B(2)+e(3)e 21 (a), T2 (DT (g
21

(1) 4(2)

The other parameters such as SE AI, g/, B¥°', etc., are the same as those de-

fined earlier for the case of normal impact.

A solution to equations (40) is again found by application of the Copson's

method [5]:

mt.a®z 1

B(s,p) = @Tp—c(’j_?]yé VE 0%1(£.p) J,(sak)de (43)

provided that @fl(g,p) satisfies a Fredholm integral equation of the second kind:

1
q)’fI(Esp) + .6’ q)’fl(n’p) KII(E,n,p)dn = l/g (44)

whose kernel KII(E,n,p) takes the form
Kp(Ensp) = /B [ sLFyp(G ) = 11 9,(s8) Jy(smhes (45)
Mode I1 dynamic stress intensity factorn. As in the case of Mode I, the

asymptotic expressions of the dynamic stresses in the Laplace transform plane

are first obtained in terms of ™ and 61 defined in Figure 2. The results are

-18-



kg(p) 8 8 36

(0;) (r1,91,p) = - sin E-(z + Cos il-cos —Elo +0(r])
1 2r]
§ i ks(p) & 8y 36, .
(oy)1(r],6],p) = - sin 5 cos 5~ cos —— + O(r])
1 ,
(46)
*
1 ¢2r]
k%(p) 8 6 36
'(T;y)](r1,6],p) = 2 sin El-cos El-cos —§l-+ 0(r3)

"

with kg(p) being the only quantity that depends on time through the parameter p:

3*.(1,p)
#1ip) /2 (47)

k3(p) = —5 o

Equation (10) is then applied to invert the Laplace transform of the stress in-
tensity factor in equation (47). This gives

tva 9% (1,p)
_ 0 I
ko(t) = 73

ePtap (48)

in which @fI(l,p) is computed numerically from equation (44).

Figures 10 to 12 display the values of ®f1(1,p) as a function of the normal-
ized quantity cz]/pa for various values of a/h and uz/u.I while Vi =V, = 0.29 and
'p1 = p, are used for all cases. With a knowledge of @fl(l,p), the integral in
equation (48) may be evaluated by a procedure outlined in Appendix II. In gen-
eral, kz(t) increases with time reaching a maximum and then decreases to the

static value for sufficiently large time. The trend is very similar to k](t)

- =19-



for the case of normal impact in that a higher value of kz(t) is obtained when

the modulus of the surrounding material is less than that of the cracked layer,
i.e., uz/u] < 1. Comparing the results in Figures 6 and 12, it is seen that for
uz/u1 < 1, normal impact yields a higher crack tip stress intensity factor than
shear impact, i.e., k](t) > kz(t). The opposite is observed when uz/u1 >1, i.e.,
kz(t) > k](t). The curves in Figures 14 and 15 for kz(t) also show the absence
of a small fluctuation for small time which was present in Figures 7 and 8 for
k](t). This is because the influence of the reflected incident shear wave from

the interface is considerably weaker even for the ratio of a/h = 2.0.
CONCLUSION

As composite materials are currently being applied to major primary structure
designs, it is necessary to have an in-depth understanding of the mechanical be-
havior of these materials, particularly with reference to the allowable applied
load both statically and dynamically. This investigation is concerned with the
dynamic stress distribution around a crack.embedded in the matrix of a unidirec-
tional composite. The time-dependent loading can be of a general nature applied
in an arbitrarily direction with reference to the crack plane. For those com-
posites which fail predominantly by matrix cracking under impact, the present re-
sults can be used effectively for determining the ability of the composite to

absorb energy and to withstand load prior to total destruction.

The other modes of failure such as fiber breaking and/or debonding of fibers
froﬁ matrix are not treated but may be significant in other composite systems.
The redistribution of dynamic stresses in these cases may also be analyzed such
that their individual contribution can be assessed quantitatively. These cases

will be left for future investigations.
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APPENDIX I: EXPRESSIONS FOR ofli) anp AlT)(s,p),---, c{T)(s,p)
IN NORMAL LOADING

This section gives the expressions for a(1), a(z),---, a(g) in equations

(25) in terms of the variables s, p and the material constants

M2 o p2 .y, Y1 Vo2
A 2
By 2C59° 'S5 =YY

o = -s[(1 - ])Yz] -

(2) _ u2 p? \, Y2172
a'" = s[(1 - )Y ( ) (
w121 7wy t2e5, 7 s ovq075,

2
o) 2L (s2g)) - 2 [5% + R (D22
2 LT T
24
(4) _ 1 (ec2pn2.y Eg 2 p2 5 TM1722
g ) - I e, G,
(1.1)
2
(5) _ _ 1 jc2po2 "2 p2 ,S5"7Y12Y2
ar = - 5 (sPHy5y) F ——-[s -
2 217 7w 2C55 'ST"Y15V20

" 2Hy10Y
al®) = - 3 (strgy) + ﬁ%'[sz étéz ( Z-leng)]

H H 2 Yy9=Y
(7) - 511 - 2)Y1] b o) (= 1712
Hy M1 "eCo2 'S Y12Y22

Y1712
s5T12Y22

8 < oo - E_?Yn - & <2cz ) (52

in which Yi] is given by equations (16).
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The functions A(1), A(Z),---, C(z) are related to the single function A(s,p)

as follows:

h

-2 =(v71+27)h
AN (s,p) = AL%?EL E% (52+Y§1)(B(2) + g4 ¢ YAy | S1yq @ e,

-2yqqh (M

= (Yq7*Yrp7)h
A2 (s,p) = - AlSR) gy o TRV L L (qagz
I

-2v,.h
a(3) ¢ Y21 )]

+

(1) St oy e it e

(72
")
Rl
~—
n

8(2)(s,p) = 03 e—(Y”Wm)h A (s,p) + g4 e(Y”-Ym)h Al2)(s,p)

19N

o2 o
S7=Y12Y22

e A(1)(s,p)

o
L)
—
~
—
(7]
-
o
~~r
]
[

[(52‘Y11Y22) e (I.Z)

Tt a2

+

-y,h
(s%+v17700) € $:p) + S(vpy-vpp) € O 81 (s,p)

21" 4(2)(5,0y7

s(vp1*vp0) €

Ypoh

¢®(s,p) - g Ll e AN (s,p)

h : “Yoqh
m A(z)(ssp) + (52'Y12Y2]) e ‘a1 B(])(s,p)

S(Y]]+Y22) e

Y2 5(2) (5 0y

+

(s%172121) e
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APPENDIX II: METHOD FOR EVALUATING THE DYNAMIC STRESS
INTENSITY FACTOR EQUATION (31)

The integral in equation (31) is basically of the form

-] f*(1,p) pt
g(t) = 5= f e “dp (11.1)
21 Br p
The Bromwich path, Br, consists of an infinite line parallel to and to the right
of the imaginary axis in the complex p-plane. The function* f*(1,p) is considered
to be known for discrete values of p. There are a number of available methods

for finding g(t) as a process in the Laplace inverse transform. The method

adopted here can be found in [9,10].

The integral f*(1,p)/p in equation (II.1) is first evaluated at the points
p = (1+n)s, n = 0,1,2,--- (I1.2)

in which & is a real and positive number. According to equations (9) and (10),

f*(1,p)/p may be written as

£(1.p) . [ g(t)ePtat (11.3)
0

The above infinite integral is now transformed to a finite integral on the in-

terval [-1,1] by making the substitutions

*f*(l,p) stands for @f(],p) in normal impact and @fl(l,p) in shear impact and

they are calculated from the Fredholm integral equations of the second kind,
namely equations (27) and (44).
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x = 2070t -4 ' (11.4)
and

6(x) = glt(x)] = o[- + Tog(3p1)] (11.5)

Therefore, equation (II.3) becomes

1

f*[1i£l+")5] = 2l+] j] (+x)" G(x)dx (11.6)

in which G(x) can be expanded in series form consisting of Legendre polynomials

Pn(x) which are orthogonal on the interval [-1,1], i.e.,
G(x) = ] C; Pi(x) (11.7)
i=0

Similarly, the function (1+x)" in equation (II.6) may also be expanded in the

form
n n
(1+x)" = T D, Ps(x) (11.8)
i=0
such that
D; = 2M(2i+1) (11.9)

Putting equations (I1.7) and (II.8) into (II.6) and applying the orthogonality

conditions for the Legendre polynomials, the following sum is established:

-24-



1, (1+n)s] _ § _n(n-1)---[n-(i-1
1+n h izo n+1)(n+2)---(n+i+1 Ci (11.10)

Thus the coefficients Ci may be found with C0 given by
C, = f*(1,6) (I1.11)

For a finite number of N coefficients, a partial sum for G(x) in (II.7) is ob-
tained and an approximate evaluation of g(t) can be made since from equation
(I1.5)

N-1
g(t) = ]

C.P. [2e75% - 1] (11.12)
i=g 11

The parameter § is chosen such that g(t) is best described for the range of t

considered.
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APPENDIX III: EXPRESSIONS FOR A(i)(_s,p),---, C(i)(s,p)
IN SHEAR LOADING

In the skew-symmetric problem, the unknown functions in equations (38) and

(39) can also be expressed in terms of a single unknown B(s,p) in accordance with

the following relationships:

-2y (Y]]+Y2])h

h -
1)+ 5 (s e

AW (s.p) = - BRh oy (52) - g1%)e ]

a@) (s o) = Bgs,g)‘[SYz]e'2Y11h () - g3 2"
Il '
- (¥q7+17)h
+ 1 (s24v3 e Y,
5 (s.p) = - s M Q0 gy @ TNy

e

5@ (5.p) = - g@e 2N )y @ S @

(M (s,p) 12! [(s? e 1" A0 (s,p)
C Ssp) = —— L{s®-vivy9)e A S,p
$°=Y12Y22 11722
Y440 -Yn-h
+ (s2ryrggle 1T AR (s.p) - s(ryovppde BT B (sp)

+

h
5(Y2]+Y22)EY2] B(z)(ssp)]
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Yaoh -

h
= [slrpvype 1 a0 (s,p) (111.1)

¢ (s,p) = .

h L (2) )e‘Yz1h 2 (s.p)

+

S(Y]2+Y]])e (s,p) + (sz'Yz]Y]z

+

h
(32+Y2]Y]2)9Y2] B(Z)(Ssp)]

where AII is given by equation (42).
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