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FOREWORD

This research work deals with the normal and radial impact of composites
with embedded penny-shaped cracks which represents a portion of the program sup-
ported by the NASA-Lewis Research Center in Cleveland, Ohio. The program covers
the period from February 13, 1978 to February 12, 1979 under Grant NSG 3179 and

is conducted by the Institute of Fracture and Solid Mechanics at Lehigh University.

Professor George C. Sih served as the Principal Investigator while Dr. E. P.
Chen was the Associate Investigator who is now employed by the Sandia Laboratory
in New Mexico. The capable guidance of Dr. Christos C. Chamis who acted as the
NASA Project Manager is very much appreciated. His encouragement has led to the

success of this work.
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NORMAL AND RADIAL IMPACT OF COMPOSITES
WITH EMBEDDED PENNY-SHAPED CRACKS

by

G. C. Sih
Institute of Fracture and Solid Mechanics
Lehigh University
Bethlehem, Pennsylvania 18015
and
*
E. P. Chen

Sandia Laboratories
Albuquerque, New Mexico 87115

ABSTRACT

A method is developed for the dynamic stress analysis of a layered composite
containing an embedded penny-shaped crack and subjected to normal and radial im-
pact. The material properties of the layers are chosen such that the crack lies
in a layer of matrix material while the surrounding material pdssesses the aver-
age elastic properties of a two-phase medium consisting of a large number of
fibers embedded in the matrix. Quantitatively, the time-dependent stresses near
the crack border can be described by the dynamic stress intensity factors. Their
magnitude depends on time, on the material properties of the composite and on
the relative size of the crack compared to the composite local geometry. Re-
sults obtained show that, for the same material properties and geometry of the
composite, the dynamic stress intensity factors for an embedded (penny-shaped)
crack reach their peak values within a shorter period of time and with a lower

magnitude than the corresponding dynamic stress factors for a through-crack.

*This work was completed when Dr. Chen was a faculty member at Lehigh University.
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INTRODUCTION

Advanced composite materials are multi-phased nonhomogeneous materials with
anisotropic properties. This complicates the stress analysis for fracture, par-
ticularly if the loading is time-dependent and the geometry involves sharp edges
such as a crack. As a result, conventional and mathematical techniques for dy-

namic fracture generally fail to yield accurate results.

An effective approach for finding dynamic stresses in a nonhomogeneous com-
posite containing a through crack has been developed [1] by utilizing both the
Laplace and Fourier transforms. The transient boundary, symmetry and continuity
conditions were formulated by integral representations in terms of the rectangu-
Tar Cartesian coordinates x and y and the results for the stress intensity fac-
tors are determined numerically by solving a standard integral equation in the
Laplace transform plane. The crack geometry was assumed to be extended infinitely
in the z-direction or through the side wall of the composite specimen. Many of
the failures in composites, however, were observed [2] to initiate from embedded
mechanical imperfections such as air bubbles, voids or cavities. Hence, a more
realistic modeling of the actual flaw geometry would be an embedded crack that
has finite dimensions in all directions. This immediately suggests a three-di-
ménsiona] elastodynamic crack problem which cannot be solved effectively by ana-
Tytical means unless symmetry prevails. One approach for obtaining a solution is
to extend the integral transform formulation for a through crack in rectangular
coordinates [1] to that of an embedded crack in cylindrical polar coordinates.

This necessitates the use of Hankel transforms instead of Fourier transforms.

Although no attempt will be made to analyze the failure of the composite due

to impact, the dynamic stress intensity factors k](t) and k2(t) can be readily
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used in a given fracture criterion, say the strain energy density theory [3],

for determining the allowable level of impact l1oad. The new results can also
assist the construction of composite materials for establishing impact tolerance.
In this case, failure is assumed to initiate from a damage zone of material in
the composite that can be approximated by an embedded crack. The time-dependent
characteristics of the stresses for the through and embedded crack geometries are
compared and studied for different elastic properties and dimensions of the com-
posite. In particu1ab, the phenomenon of elastic waves reflecting from the crack
to the interfaces within the composite can be exhibited numerically when their
neighboring boundaries are sufficiently close to one another. As time becomes
very large, all of the results in this report reduce to the corresponding static

solutions [4].

AXIAL SYMMETRIC DEFORMATION: PENNY-SHAPED CRACK

Consider a penny-shaped crack of radius a that 1ies in a layer of material
of thickness 2b with material properties Hys V15 Py This layer is bonded be-
tween two media with properties Hos Vos Pp S illustrated in Figure 1. With
reference to the system of coordinates (x,y,z), the z-axis coincides with the
center of the crack and is normal to the crack situated in the xy-plane. The
outer boundaries of the composite.are assumed to be sufficiently far away from
the crack such that the reflected waves will have a negligible influence on the
lTocal stresses. Only those impact loads that produce an axisymmetric wave pat-

tern will be considered.

For an axially symmetric deformation field, material elements are displaced
only in the radial and axial direction and remain unchanged in the 6-direction.

With reference to the cylindrical polar coordinates (r,8,z) in Figure 1, the
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two nonzero displacement components can be expressed in terms of the wave poten-

tials ¢j(r,z,t) and wj(r,z,t) as follows:

3. A,
- J J
(ur). Tar 3z
J
(1)
3. W, Y.
- \] \]__i
(uz)j "3z ‘o r

where j = 1 refers to the layer with the crack and j = 2 to the surrounding ma-

terial. The four nontrivial stress components are given by

9: o,
= 8 (3 _ 13
(“r)j =245 37 (Fp - 57) + AV
3. A,
= 173 J
(o), = 2uy v (e - 32) * 4474y
od; . U ?)
- 3 (d J .1
(Gz)j "?uj 5z ot et Ajv2¢j
9. Y. 9b: Y.
= 9 (o _J _ 1y 49 3,3
(Trz)j = Hy [az (2 or  az ) + or (ar r )]

in which Aj and Hs are the Lamé constants and V2 represents the operator

2 .32 .13 32
Vit yor a2

The governing equations can thus be obtained from the equations of motion which

yield




%9, 3. 9%, 324,
i, 1773 j -1 J
572 Ty ar T oAz NG
(3)
3%y, M. Y. 3%, %Y,
—t s L i j
TR T F% 9z° Céj at?
with é1j and €23 being the dilatational and shear wave speeds:
1/2 1/2
As+2u, U
R A M A L= (=L
cqj = ( 5 ) s Cp; (pj) (4)

If the composite body is initially at rest, the Laplace transform of equations

(3)‘further give

(5)

Here, p is the transform variable in the Laplace transform pair:

f*(P) = ? f(t) exp(-pt)dt
0
(6)

£(t) = oor ér £"(p) exp(pt)dp

The abbreviation Br stands for the Bromwich path of integration. Moreover, since

the composite geometry is symmetrical about the Xy-plane, it suffices to consider
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only the solution in the upper half-space, z > 0. For the penny-shape crack ge-

ometry, the Hankel transform pair [5] may be used:

fM(s) = | xf(x) 3, (sx)dx
o] .

(7)

#(x) = f sf(s) 3, (sx)ds
0

where Jn is the nth order Bessel function of the first kind. Applying equations

(7) to (5), the following results are obtained:

o (rzp) = § A (spde 117 4 A2 (s,p)e 1177 g (rs)ds
0

(8)
* @ : ~Ypq2Z Yoq2
Y (r.z,p) = | 80 (s,pe 21 + 8(B)(s,p)e 2V Jy(rs)ds
0
for the cracked layer and
* ® =Y122
¢2(r,z,p) = [ C(])(s,p)e 12 Jo(rs)ds
0
| (9)
* 2 =Y992Z
wz(r,z,p) = f C(z)(s,p)e 22, J1(rs)ds
0
for the surrounding material. The quantities Yij are given by
2 1/2 2 1/2
= 2 = 2
Y]j (s +%ﬂ) ’Y2j (s +%§'J‘) (10)




2)

The six unknowns A(1), A(z),..., C( are determined from a given set of tran-

sient boundary, symmetry and continuity conditions.

NORMAL IMPACT

Let the penny-shaped crack be subjected to a uniform impact 1oad* such that
the upper and lower surface will move in the opposite direction. The magnitude
of this normal load is % and since it is applied suddenly from t = 0 and main-
tained at a constant value thereafter, the Heaviside unit step function, H(t),
will be used, i.e., -coH(t). Making use of equations (6), the conditions on the
plane z = 0 for r < a and r > a take the forms

%o

(57 (r0p) = - 5

*
> (.Trz)1(.r’°sp) = 0, 0§r<a

(11)

Ki%hmm)=m(¢ﬁﬁmmm=o,r3a

If the interfaces at z = #b is bonded perfectly, the stresses and displacements

can then be considered continuous across these planes, i.e.,

(02)1(r,b,p) - (o§)2(r,b,p)

(12)

<r:z>1<r,b,p> = (1), (b:)

*There is no loss in generality in formulating the problem in terms of a.uniform
step load. The principle of superposition may be used to obtain the solution for
general loading from a series of step loading solutions as discussed in [1].
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and

(u’;)1<r,b,p) - (u)_(rsb.p)

(13)

(u7) (rsb2p) = (u) (r:b:p)

Under these considerations, the six functions A(1), A(Z),..., C(z) may be ex-
pressed in terms of a single unknown A(s,p) as indicated by equations (A.1) in

the Appendix.

Fredhofm integrat equations. Without going into details, the function A(s,p)

can be obtained from the system of dual integral equations

[ A(s,p) Jo(rs)ds'= 0, r>a
0

(14)

) g
- . 0
[ sPy(s:p) A(s.p) Jy(rs)ds = - mrryp m < @

in which Py(s,p) is a known function:

-2 ip7)b
_ 5(3), (Ya1+v27)

Pr(sp) = piy U7 (s2+13;)" - s2vqy7py 2062 ]

- b
+ 5(52+Y§])e (Y]]+Y2]) [Y21(6(1)5(4) - 6(2)6(3)) - 'Y'”]

~2Yp1b 6(1)e'2Y11b]}

+ T} (s73) + sPyqrpdrse (15)




The form of A(s,p) that satisfies equations (14) can be found from Copson [6]:

s 5/2
Ms.p) = - /E ﬁu—,g)'f JE J(E:p) 3y p(saE)de (16)

%*
Here, J-|/2 is the half order Bessel function of the first kind and AI(E,p) satis-

fies the Fredholm integral equation

A;(E,P) + i A;(n,p) M (Esnspldn = £ (17)
whose kernel
MI(Em,p).= ZS[P Gp) - 11 Jy/2(sE) Jy jp(sn)ds
= %Z [P;(3:p) - 1] sin(sg) sin(sn)ds (18)

is symmetric in £ and n. Figures 2 to 4 show the numerical results of equation
(17) by varying uz/u1 and a/b while P1 = Po and V] =V = 0.29 are kept the same
for all cases. The function A;(E,p) evaluated at the crack border, £ = 1, gov-
erns the contribution of the geometric and material parameters on k;(p) which

represents the Laplace transform of the stress intensity factor.

Stress intensity factorn gfon nonmal impact. In order to evaluate k:(p) or
k1(t), the stresses in the matrix layer are first expanded in terms of the local
coordinates r and 61 for small values of r- The Tocal coordinates (r1,e]) are

related to (r,8) in Figure 1 as follows:




a + ry coséy = r cose
(19)

r sin6] = r sing
The Teading term in the Laplace transform of the local stresses that possess the
1//?; singularity is

* A‘;(]sp)
k] (p) = D

Lo &

Application of the Laplace inversion theorem yields the dynamic stress field

around the crack border as a function of time. The result is

) & L .
(or)](r1,e],t)~= o cos 5 (1 = sin 53— sin =) + 0(r})
(o) (ryp0p5t) = L L4 o(rs)
0,) (rqy:8,,t) = — 2v, cos r
8] 171 o 1 2 1
] (21)
4 &3 |
(Gz)l(r1,61,t) = - cos 57— (1 + sin 5= sin —=) + 0(rg)

1

kq(t) 8, . 8 36, )
(Trz)](r],e],t) = ;%%ir-cos 7~ §in 5~ €0S —5— + O(r])

and k](t) becomes

*
200/5 1 A;(1,p)

pt
. eP “dp (22)
T 2mi Bre p

kg (8) =

Note that equation (20) is, in fact, the Laplace transform of equation (22).

Hence, the functional dependence of r and e1 is not affected by the Laplace
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transformation and can be evaluated separately. This observation was first made

by Sih, Ravera and Embley [7].

Making use of the resuits for A?(],p) in Figures 2 to 4, k1(t) in equation
(22) can be found as given in Figures 5 to 7. The dynamic stress intensity
factors k1(t) for the penny-shaped crack exhibit an oscillatory behavior rising
quickly to a peak. As time increases, all curves approach the static value of
Ky = 200J57n [4]. For a crack diameter to layer thickness ratio of a/b = 1, the
peaks of the k1(t) curve are sensitive to changes in the shear moduli ratio uz/u1.
Figure 5 indicates that k](t) tends to decrease in amplitude as “2/“1 is reduced
from 0.1 to 10.0. The influence of the composite interface on kl(t) is exhibited
in Figures 6 to 7. When the shear modulus of the surrounding material Uy is
much smaller than the matrix layer with My the dynamic crack border stress in-
tensity increases as the crack diameter becomes large in comparison with the layer
thickness. This effect is clearly evidenced in Figure 6. As expected, k](t) in-
creases with decreasing a/b when the shear modulus of the cracked layer is made
smaller than the surrounding material, i.e., B <Yy as illustrated in Figure 7.

The result of Embley and Sih [8] is recovered for the homogeneous case, U = By

RADIAL IMPACT

If the penny~-shaped crack is sheared uniformly in the radial direction such
that axial symmetry is preserved, then ¢;(r,z,p) and w;(r,z,p) in equations (8)
and (9) remain valid. Let this shear of magnitude T, be applied suddenly and
hence the surface tractions, -TOH(t), are to be specified for 0<r<a with H(t)
being the Heaviside unit step function. Laplace transform of the conditions on

the plane z = 0 thus become
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~

* *
(T,.z)](r,o,p) = - p—o; (Oz)](r,o,p) = 0, 0<r<a
(23)
* %*
(ur)1(r,o,p) = 03 (°z)1("’°’p) =0, r>a
Continuity of the stresses across the interface z = b is satisfied if
%* *
(GZ) (r.b,p) = (GZ) (rsb,sp)
1 2
(24)
* - %*
(O'rz)](r’bsp) = (GPZ)Z(r’b’p)
and the same requirement is imposed on the displacements:
%* %*
(u,) (rsbsp) = (u,) (r,b,p)
1 . 2
(25)
* *
(u,) (rsbsp) = (u,) (r,bsp)
1 2

Integral equations. As in the case of normal impact, the six unknown func-
tions A(1)(s,p), A(z)(s,p),..., C(z)(s,p) in equations (8) and (9) can be ex-
pressed in terms of a single unknown B(s,p). Refer to equations (A.5) in the
Appendix. Hence, equations (24) and (25) are satisfied. The remaining boundary
conditions in equations (23) are employed to obtain the system of dual integral

equations
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[ B(s,p) J](rs)ds =0, r>a
0

(26)
0 TO
‘J; SPII(S:p) B(S,P) J-I (Y‘S)ds = - 211] ]-K] pa r<a
in which
A
PII(S’p) = K;; PI(S3p) (27)

where PI(s,p) is already known through equation (15) while AI(s,p) and AII(S’p)

are given by equations (A.2) and (A.6), respectively.

Solving for B(s,p) [6], it can be shown that

5/2
T A 1
8(s0) = - /B oty | 7E Mp(E:0) dyplsat)e (28)

and A;I(E,p) satisfies the Fredholm integral equation of the second kind:

1
* * .

AII(E’p) + é An:('ﬂsP) MH(E,n,P)dn =g (29)
whose kernel takes the form

MH(E,n,P) = /gﬁ,‘o’ S[PII(%’ p) - 1] J3/2(SE) J3/2(5T1)d5 (30)
Plots of A;I(l,p) as a function of c,q/pa are shown in Figures 8 to 10 for dif-
ferent values of uz/u] and a/h. The curves show that A;I(1,p) rises rapidly at

first and then levels off.
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Stress intensity facton for nadial impact. The dynamic crack border stress
field corresponding to radial shear can be obtained in the same way and expressed

in terms of the coordinates (r1,61) in equations (19):

k,(t) 8 8 36,
(Or)1(r1’_e1 ,t) = r1 sin 5 (2 + cos 5 cos —2—) + O(Y‘?)
(05).(ry181:8) = b 23, sin gL+ o)
g r:s04, = Vv, SIn 57— + re
) 1 1’1 ’/"E 1 2 1
(31)
(0,) (rys8q5t) = - sin 5 cos 7 cos —— + 0(r3)
1 Zr]
k,(t) ;] 8 30
(Tp,) (rys65t) = 2" cos §l (1 - sin gl sin -Elo +0(ry)
1 2r1
Note that kz(t) can be evaluated from
/A A7;(1.p)
T s

Br P
once A;I(l,p) as given by Figures 8 to 10 is known.

The numerical results in Figures 11 to 13 for kz(t) as a function of time
refer to P1 = Py and VTV, T 0.29. The curve with M = is the solution for
the homogeneous material treated previously by Embley and Sih [8]. In general,
kz(t) oscillates with time and can be greater or smaller than the corresponding
homogeneous solution depending on whether “2/“1 <T1or “2/“1 > 1. Figure 11
displays the variations of kz(t) for different values of uz/u1 while a/b is

fixed at unity. The influence of the ratio of crack size with layer thickness
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is exhibited in Figures 12 and 13 for “2/“1 = 0.1 and uz/u1 = 10.0, respectively.

These two cases show the opposite effeﬁt which is to be expected.

CONCLUDING REMARKS

The previous discussion has shown that the dynamic stress intensity factors
for an embedded crack can be evaluated analytically by a method similar to that
developed for a through crack [1]. An important consideration is to compare the
resﬁ]ts for these two crack configurations and to draw some general conclusions.
First of all, the k1(t) or kz(t) factor for the penny-shaped crack tends to rise
more quickly than the through crack, i.e., the peak value of k1(t) or kz(t) is
reached within a shorter period of time. This is because waves emanating from
the neighboring points on the periphery of the penny-shaped crack interfere with
each other much earlier as compared to a line (or plane) crack where the waves
must travel from one end to the other before interference can take place. In
general, the maximum value of k1(t) or kz(t) for an embedded crack is lower than
that for a through crack. For example, Figure 5 gives a peak value of approxi-
mately 1.6 for nk1(t)/200J5'which corresponds to a/b = 1.0 and uz/n.l = 0.1. This
occurs at cz]t/a = 1.6 and yields k](t) = 1.02 co/E. The corresponding case of a
through crack [1] renders k](t) = 2.40 GOJE and c21t/a = 3.0. The difference in
kT(t) is more than a factor of two and is more pronounced as the ratio a/b is in-
creased. For embedded cracks that are non-circular in shape, approximate esti-
mates of k1(t) can be made by taking the solution for the through crack as an

upper limit and that of the circular crack as a lower limit.-

In the absence of axisymmetry, the dynamic stress analysis will become ex-
ceedingly difficult and it will be more feasible to solve the crack problem nu-
merically. In such cases, the solutions obtained here can be used to guide the

development of numerical procedures.
-15-



ApPENDIX: EXPRESSIONS FOR A1) (s,p),..., c{1)(s.p)

Normal impact. The functions A(1)(s,p), A(z)(s,p),..., C(z)(s,p) for the
wave potentials in equations (8) and (9) can be expressed in terms of a single

unknown A(s,p) for normal impact

-2y,,b - (Y17+v,7)b
KD (s,p) = 3 (st (6120 + e 2%y gy TPy M)
I

- b -2y44b -2Y44b
(ryy#v) RELPRORBNE I

A2 (s,p) = - [svyye + 3 (s23)De

A(s,

X
Ay

81 (s,p) = - [5(1)A(1)e-y1]b + G(Z)A(z)eY1]b]

~Yq¢b Y+4b
8(2)(s,p) = - [s(3)al1)e 117 4 5(44(2) 1117 (A.1)
(1) 120 (1) "Y11P (2) Y11P
Ct /' (s,p) = gz:;;;;g; [(SZ'Y11Y22)A e + (Sz+Y11Y22)A e
-Yoqb Yoqb
- SCY21-Y22)B(])e s S(Y2]+Y22)B(2)e 2
(2) o122 (1) “Y1pb Y11P
C (ssp) = ?T:Y-'-I-ZT_ZZ- [S(Y]z'Y”)A e + S('Y‘”'PY]z)e
-Yoqb ' Yoqb
+ (52'Y21Y]2)B(])e 21 + (52+Y2-|Y12)B(2)e 21 ]
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in which AI stands for

AI(S’p) = ?%%;’Y]] [5(2) + 6(3)e-26Y1]+Y2])b + 5(4)e'2Y21b

+ 60 ] (A.2)

and 6(1), 6(2),..., 5(4) are further expressed in terms of e(1), e(z),..., e(8)

as the fo]lowing:

{1 s.p) = (eMel6) - (@), ((104(6) _ o(2),(5),

52 (5.0) = (e®el8) _ o(2)(8)),((1a(6) _ ((2),(5),

(A.3)

s, MelT) _ (3(8)y (o (el6) _ ¢(2)(5),

s,p) = (e

5@ (s.p) = (eMel®) _ (B)8)y (1 (6) _ o(2),(5),

The quantities in equations (A.3) are complicated functions of the materials pa-

rameters and transform variables. They are given by

Sk
“Y12Y22)

3(1)(5’p) = - SYoq + u](S‘ [%'(Yz]‘Yzz)(52+Y§2) + Y22(52’Y2]Y]2)]

Sk,
u1(5“Y12Y22)

e (5,p) = Svyq - [ (YoqHpp) (524¥39) = Yop (s%1p7¥75)]

Ha

- 1 2 -
“1(SZ'Y12Y22) [2 (52+Y22)(52 Y]]Yzz)

eB)(s,p) = 7 (s%v3;)

+ st 1171y
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oM (s,p) = ] (s*3)) - smrmior [ (s*3p) (s2h1y 7))
> 2 21 u](s‘-ylzyzz) 2 22 11722

R CYINCTRAtPIN

el5)(s,p) = - & (s2+y) + 2 [s*v12(vp17720)

+‘% (52+Y§2)(52‘Y2]Y]2)J

U

(6)
= #y(s7-7q5722)

$:p) = = 5 (s2+v3,) - [s*v12(v214122)

= %‘(52+Y§2)(52+Y2]Y]2)]

(7)(5.0) = syor - g2 ] 1 (s24y ;

e saP) = Sy - e ) D128t Tee) * g (sthgp) (rygerp)]
su

a(8) 2

(A.4)

- 1
(s,P) = - SY1] - H1(5“Y]2Y22) [Y]2(52+Y]]Y22) =7 (52+Y§2)(Y]1+Y]2)]

Radial impact. For radial impact, A(1)(s,p), A(Z)(Ssp)3-'-a C(z)(s,P) in

equations (8) and (9) can be expressed in terms of B(s,p) as

“2y,b ; b
A (s,p) = = [svpy (62 - 68)e 217 4 1 (522 )6 1721 B(s.0)

21

=2Yq4b - 2Y,4b
A@(s,p) = [svype 11 (st - 50T T2

< Bgs,p)
A1

+ 7 (s*vjy)e

-18-
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where
=2(yy9+Yoq )b -2Y5b
Ao = Ry [6(2) 4 5(3) TR (4) TR T2
I~ 2c3; "2

-2Y4+b
- 6(1)e i ] (A.6)

The remaining functions 8(1)(S,p), B(Z)(s;p), etc., can be related to B(s,p)
through A(1)(s,p) and A(z)(s,p) since the last four expressions in equations

(A.1) for normal impact also apply to radial impact.
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Figure 3 - Plot of A?(],p) versus c,q/pa for u,/uy = 0.1
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Figure 6 - Dynamic stress intensity factor k (t) for penny-shaped
crack with “2/”1 = 0.1
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Figure 7 - Dynamic stress intensity factor k1(t) for penny-shaped

crack with “2/“1 = 10.0
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Figure 11 - Stress intensity factor kz(t) versus time for a penny-shaped
crack with a/b = 1.0
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